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Abstract

This thesis proposes several multivariate count regression models in insurance. In
today’s life, given that insurance companies often write multiple lines of insurance
business, where the claim counts on these lines of business are often correlated,
there is a strong incentive to analyze multivariate claim count models. Motivated
by real insurance datasets, we construct a number of multivariate count models
to deal with various types of characteristics exhibited in the data. Some distribu-
tional properties concerning the models are examined. The inferential procedures
are completed either via the expectation—-maximization (EM) algorithm or the
Markov chain Monte Carlo (MCMC) algorithm.

First of all, we investigate multivariate count modeling with dependence.
One possible way to construct such model is to implement copula directly on
discrete margins. However, likelihood inference under this construction involves
the computation of multidimensional rectangle probabilities, which could be com-
putationally expensive especially in the elliptical copula case. Another potential
approach is based on the multivariate mixed Poisson model. The crucial work un-
der this method is to find an appropriate multivariate continuous distribution for
mixing parameters. By virtue of the copula, this issue could be easily addressed.
Under such framework, MCMC method is a feasible strategy for inference. The
usefulness of our model is then illustrated through a real-life example. Both the

in-sample analysis and out-of-sample prediction demonstrate the superiority of



using copula-based mixture over other types of mixture.

The fact that a large proportion of insurance policyholders make no claims
during a one-year period highlights the importance of zero-inflated count models
when analyzing the frequency of insurance claims. There is a vast literature fo-
cused on the univariate case of zero-inflated count models, while work in the area
of multivariate models is considerably less advanced. In the second part of this
thesis, we develop a multivariate zero-inflated hurdle model to describe multi-
variate count data with extra zeros. Our model offers flexibility in modeling the
behavior of individual claim counts while also incorporating a correlation struc-
ture between claim counts for different lines of insurance business. We develop an
application of the EM algorithm to enable the statistical inference necessary to
estimate the parameters associated with our model. Our model is then applied to
an automobile insurance portfolio from a major insurance company in Spain. We
demonstrate that the model performance for the multivariate zero-inflated hurdle
model is superior when compared to existing multivariate claim count models.

In contrast to the previous section, the third part of this thesis investigates
a multivariate zero-truncation problem. In the general insurance modeling litera-
ture, there has been a lot of work based on the univariate zero-truncated models,
but little has been done in the multivariate zero-truncation case. There are three
types of zero-truncation in the multivariate setting: only records with all zeros are
missing, zero counts for one or some classes are missing, or zeros are completely
missing for all classes. In this chapter, we focus on the first case, the so-called
Type I zero-truncation, and a new multivariate zero-truncated hurdle model is
developed to study it. The key idea of developing such a model is to identify a
stochastic representation for the underlying random variables, which enables us
to use the EM algorithm to simplify the estimation procedure. This model is

used to analyze a health insurance claims dataset that contains claim counts from
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different categories without common zero observations.

In the process of insurance underwriting, policyholders tend to report un-
true statements especially when they can benefit from this act, like paying lower
premium. However, it is a demanding task to fully investigate the unobservable
misrepresentation status, and models without accommodating the misrepresen-
tation tend to result in biased estimates. So in the fourth part of this thesis,
we address the issue of misrepresentation in multivariate frequency setting. A
multivariate Poisson model is developed with a binary misrepresented risk factor
incorporated. The fact that each margin depends on this factor complicates the
covariance structure. For inference, the EM algorithm is implemented. Two small
simulation studies are then carried out to compare the performance of the model
adjusted for misrepresentation with the unadjusted model. Then we perform a
frequency analysis using real data obtained from the Australian Health Survey
1977-1978, where a binary variable indicating the health score is regarded as the
misrepresented factor.

At last, we present some concluding remarks. The limitations of the research
conducted in this thesis are discussed, and several potential future research prob-

lems are also specified.
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Introduction

Designing a proper tariff structure for an insurance company is a key actuarial
task. Such pricing becomes complex when there exists heterogeneity in the port-
folio. One way to resolve this problem is referred to as a priori ratemaking. It
involves classifying the whole portfolio into numerous homogeneous groups so that
fair premium is charged based on the risk level of a particular class.

Claim count modeling has always been an important building block in in-
surance for ratemaking analysis. The number of claims can to a great extent
reveal the riskiness of the policyholders. By examining the relation between claim
counts and the insureds’ characteristics, risk classification can be accomplished.
A thorough review of ratemaking procedure when modeling claim count data in
automobile insurance can be found in Denuit et al. (2007).

The starting point for modeling the number of claims is the Poisson distri-
bution which was introduced by Siméon-Denis Poisson. This fundamental model
handles a number of insurance datasets of interest to actuaries. However, the
requirement of mean being equal to variance in Poisson distribution somehow re-
stricts its application. It is often the case that the unobserved heterogeneity in
the data will lead to overdispersion (variance greater than mean). This cannot
be fully remedied by a simple Poisson model. To account for overdispersion, we
can generalize the Poisson distribution to the mixed Poisson distribution by in-
troducing a random heterogeneity term. A detailed illustration of mixed Poisson

distributions can be found in Karlis and Xekalaki (2005).



Even the mixed Poisson models fail to capture some important features ex-
hibited in the insurance datasets. For example, the no-claim discount (NCD)
system widely adopted by automobile insurers leads to a high proportion of zero
claims, as policyholders prefer not to make a claim if the amount is small. An-
other example is the dataset managed by the claims department in a health insur-
ance company which could only keep records for policyholders who make claims.
Counting data without zero category is a common issue in such insurance port-
folio. The above facts motivate the need for more complex count models such
as zero-inflated model (see Yip and Yau (2005)) and zero-truncated model (see
Grogger and Carson (1991)).

A hurdle model (Mullahy (1986)) provides another mechanism to modify
standard count distributions. It is motivated by a two-stage decision-making pro-
cess confronted by individuals. For example, in health care services, the decision
to seek the service is an initial process dependent on the individual, while the
amount of expenditure or the positive number of visits is a second process depen-
dent on the health care provider. The superiority of hurdle model is that it can
handle both zero-deflation and zero-inflation phenomena.

Nowadays it is not uncommon to find the need to model claim counts from
different types of coverage in an insurance policy. For example, after a car acci-
dent, the driver’s comprehensive car insurance policy could face up to three types
of claims, e.g., bodily injury claims, damages to policyholder’s car and third-party
property damages. A private health insurance policy usually covers medical care
costs of office-based visits, hospital stays and emergency room visits. When ac-
tuaries face the problem of pricing an insurance contract which contains multiple
types of coverage, they generally assume independence among each type of claims.
However, it remains to be established whether this assumption is realistic. Several

studies have shown that there exists dependence among different types of claims



(Frees and Valdez (2008); Frees et al. (2009); Young et al. (2009)). This fact
highlights the importance of dependence modeling for insurance datasets.

A natural method to introduce correlations among multivariate counts is to
take advantage of common shock variables. This approach proves to be useful
in the multivariate Poisson model, since the sum of independent Poisson random
variables still follows Poisson distribution. A simple version of the multivariate
Poisson model is to assume a common covariance structure, implying that an
identical covariance term is shared by each pair of margins. This model has been
described by Kocherlakota and Kocherlakota (1992) and Johnson et al. (1997).
However, the complicated form of the joint probability function renders the infer-
ence a hard job. To address this issue, Tsiona (1999) and Tsiona (2001) proposed
a MCMC method under the Bayesian framework. Karlis (2003) implemented an
EM algorithm for inference. The application of this multivariate Poisson model
in actuarial setting can be found in Bermudez (2009) and Bermidez and Karlis
(2011).

A more straightforward way to construct a multivariate discrete model with
flexible dependence is to employ copula. Copula was introduced by Sklar (1959)
in the context of probabilistic metric spaces. However, dependence modeling
using copula was introduced to actuarial science until 1998 by Frees and Valdez
(1998). That article explored some of practical applications, including estimation
of joint life mortality and multiple decrement models. After that, the copula with
generalized linear models (GLMs) (see McCullagh and Nelder (1989)) as margins
has been a useful tool to describe the dependence in actuarial literature.

A copula is a function that links univariate margins to their full multivariate
distribution. The key advantage of the copula approach is the separate treat-
ment of marginal distributions and dependence structure, see Nelsen (2006) for

more details on copulas. However, copula models with discrete margins are more



challenging than with continuous margins, both for theoretical and computational
reasons (Genest and Neslehové (2007)).

There are basically two types of copulas: Archimedean copulas and elliptical
copulas. With only one dependence parameter embedded in Archimedean copulas,
this class of copulas assumes an exchangeable dependence structure and thus
could be restrictive in real application. The family of elliptical copulas provides
unstructured dependence and allows for both positive and negative relations. So
when dealing with more than two dimensions, elliptical copulas are more preferred
as they can accommodate flexible pair-wise dependence. The most commonly used
one is Gaussian copula. See Song et al. (2009) for the example regarding Gaussian
copula on discrete data. Some actuarial applications can also be found in Shi and
Valdez (2014) and Frees et al. (2016).

However, Gaussian copula may not be computationally tractable for multi-
variate discrete outcomes due to the involvement of multidimensional integration.
To circumvent this problem, several methods have been developed aiming for the
estimation procedure. Zhao and Joe (2005) proposed a composite likelihood es-
timation to simplify the inference procedure, which is a two-stage method based
on both univariate and bivariate margins. The approach enjoys satisfactory ap-
proximation when the dependence among each margin is not strong. The jitter
approach inspired by the pioneer work of Denuit and Lambert (2005) can also be
applied to the estimation process. The key idea is to convert the discrete varia-
bles into continuous ones and then to implement copula to the jittered continuous
variables. Also, Nikoloulopoulos (2013) introduced a maximum simulated likeli-
hood method, which is based on evaluating the multidimensional integrals with
randomized quasi-Monte Carlo method. Furthermore, Bayesian approach can also
be used for inference purposes (Pitt et al. (2006)).

A separate line of constructing a multivariate discrete model is based on



mixture of independent Poisson models. One important property for the mixed
Poisson models is that they can account for overdispersion. There are very limited
candidates for multivariate mixing distributions in the literature. One popular
choice is multivariate lognormal (Aitchison and Ho (1989)) due to its flexible
covariance structure. Multivariate gamma distribution has also been considered
as a potential selection (see Chatelain et al. (2009)), yet it is too complicated
to incorporate covariates in this case. Chapter 2 constructs multivariate mixing
distributions with the help of copula that offers some advantages. It permits
arbitrary distributional choices of margins, while at the same time, the association
parameters in copula can capture the dependence among margins. A simplified
version is to assume the marginal Poisson distributions share a common mixing
parameter and thus the mixing distribution reduces to a univariate one. In this
setting, Ghitany et al. (2012) proposed an EM algorithm for the corresponding
regression problem.

Similar as in the univariate case, the insurance dataset may also exhibit zero-
inflation or zero-truncation feature in the multivariate context. Regression models
aiming at addressing these two issues are singled out for special consideration in
Chapter 3 and Chapter 4 respectively.

In the literature, there were a few papers discussing multivariate zero-inflated
models. Most of these models concentrated on the case where the marginal claim
count distributions are Poisson. Li et al. (1999) proposed a multivariate zero-
inflated Poisson model as a mixture of m 4+ 2 components of m-dimensional dis-
crete distributions. The complexity of this model renders the implementation of
maximum likelihood estimation not an easy job for large m. Bermidez and Karlis
(2011) considered zero-inflated versions for the multivariate Poisson model with
common and full covariance structures. The inference procedure was completed

within a Bayesian framework. Using a similar structure as in Li et al. (1999), Dong



et al. (2014) presented a multivariate zero-inflated negative binomial model. Liu
and Tian (2015) examined a new multivariate zero-inflated Poisson model which
could avoid the computation issues caused by large dimensions. In Chapter 3, we
further extend this model by assuming each margin follows a hurdle distribution
rather than a simple Poisson.

As for the zero-truncation problem in the multivariate setting, there are typ-
ically three types: only common zeros for all classes are missing, zeros for one or
some classes are missing, or zeros are completely missing for all classes. In this
thesis, we study the first type, namely Type I case. To our best knowledge, only
a few papers discussed the modeling using Type I zero-truncation data and most
of them focused on the bivariate case (Charalambides (1984); Jung et al. (2007);
Piperigou and Papageorgiou (2003)). However, those models cannot be readily
extended to the multivariate case and to the regression context. Recently, Tian et
al. (2018) proposed a Type I multivariate zero-truncated Poisson distribution to
fit some count data of this type. This model starts with m independent Poisson
distributions, and then uses a Bernoulli latent variable to truncate common zeros.
In a similar spirit, we introduce our hurdle model in Chapter 4 which permits
more flexibility to handle different marginal behaviors.

Another common issue existing in actuarial modeling is insurance fraud. Pol-
icyholders are prone to hide their true status in their best interest when disclosing
their information for insurance pricing purposes. For example, in health insur-
ance, smokers purposely conceal the fact of smoking in order to obtain a lower
premium level. In automobile insurance, misstatements on annual mileage often
occur especially in the process of online underwriting. However, from the insurers’
point of view, it is either time consuming or laborious to verify the true status
for this particular risk factor. There is thus a strong incentive to build models

accounting for potential misrepresentation, which contributes to a more robust



ratemaking system.

There have been a number of papers on the misrepresentation phenomenon
in recent literature. Xia and Gustafson (2016) investigated the identifiability of
Bayesian regression models where a binary covariate was subject to unidirectional
misclassification. The term unidirectional represents the type of measurement
errors in categorical variables can only occur in one direction, which is more
favorable to respondents. Sun et al. (2017) further established the moment identi-
fiability of regression models for a general misclassified ordinal covariate. Akakpo
et al. (2019) adopted the frequentist inference for severity analysis where the un-
derlying loss distribution was assumed to be lognormal. Xia (2018) established the
misrepresentation models for some heavy-tailed loss distributions in the Bayesian
context. In Chapter 5, we work on the misrepresentation problem in a multivariate
setting. Specifically, a misrepresented covariate is introduced in the multivariate
Poisson model, on which all margins depend. This renders a more complicated
dependence structure.

Chapter 6 presents some concluding remarks and possible areas of future

research.



Chapter 1

Preliminaries

In this chapter, we present a brief introduction for count models and some relevant
preliminaries. After specifying some commonly used univariate count models, we
summarize several methods of generalizing univariate models to multivariate ones.
Some numerical methods including Newton-Raphson and EM algorithm are then

provided. We conclude the chapter with the Bayesian approach for count models.

1.1 Univariate Count Models
1.1.1 Poisson Model

If we denote the random variable for claim count as Y, then the pmf of the Poisson

distribution can be expressed as

Ae A
Pr(Y =y) = — =012, (1.1.1)
y!

where A > 0 is the mean parameter. One special property the Poisson distribution

has is equidispersion, meaning E(Y') = Var(Y').

1.1.2 Mixed Poisson Model

The requirement that the mean is equal to the variance in Poisson is not satisfied

in many datasets of interest. If the variance exceeds the mean, then we say there

8



exists overdispersion in the data. To cope with this feature, we can generalize
the Poisson distribution to the mixed Poisson distribution by adding a random
heterogeneity term:
* (Aa)ve N
Pr(Y = y) = / %g(a)da, y=012,..., (1.1.2)
0 Y-
where A is the Poisson parameter, « is the mixing parameter and g(a) is the
pdf for the mixing parameter. To ensure identifiability, we assume E(«a) = 1.
In the following subsections, we introduce some commonly used mixed Poisson

distributions.

Negative Binomial Distribution

When the mixing parameter follows a gamma distribution of mean 1 which is

expressed as

¢cf>
(o)

we obtain the negative binomial distribution:
Py +¢) ( A )< 0 )¢
Pr(Y =y) = . 1.1.3
W= e ) 49
It can be proved that E(Y) = X and Var(Y) = A+ % This form is often called a
negative binomial 2 (NB2).

a® e ™ a6 >0,

gla; ¢) =

Poisson-Inverse Gaussian Distribution

When the mixing parameter follows an inverse Gaussian distribution of mean 1
which is expressed as
o\ oo — 1)
9(c; @) (ng exp 5| we>0,

we obtain the Poisson-inverse Gaussian distribution:

Pr(Y — y) — ; (%)05 et (1 + %y; K(2), (1.1.4)
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where s = y—0.5, 2 = (¢?+2¢\)*? and K;(-) denotes the modified Bessel function

of the second kind that satisfies the following recursive properties:

T\05
K—0.5(2’)=<§> €,

K0.5(Z) = K—0.5(Z)7

Kep1(2) = Ks_1(2) + ?Ks(z).

It also can be shown that E(Y) = A and Var(Y) = A + )‘7;

Poisson-Lognormal Distribution

When the mixing parameter follows a lognormal distribution of mean 1 which is

expressed as

9(a; ¢)

1 { (log o + ¢?/2)?
= exp | —
V2Tpa P 202
we obtain the Poisson-lognormal distribution:
00 Y, — A 1 1 2 2 2
Pr(Y =) :/ (Aa)ve exp {—(Oga:gb/ ) ]da. (1.1.5)
0 y! V2T pa 2¢

Unfortunately, we cannot express this pmf in closed-form. The mean and variance

are E(Y) = X and Var(Y) = A + [exp(¢?) — 1] A? respectively.

}7 a7¢>07

1.1.3 Other Count Models

We introduce some generalized count models with the help of stochastic represen-

tation.

Zero-Inflated Model

Zero-inflated count model provides a way to model count data with excess zeros.
Let Y follow a standard count distribution defined on N, then Z is said to follow

the zero-inflated distribution if

) 0, U=0,
72Uy = (1.1.6)
Y, U=1,

10



where U ~ Bernoulli(r), 0 < m < 1, and U is independent of Y. The pmf of Z

can be derived as

l—7m+7Pr(Y =0), z=0,

Pr(Z =z) = { (1.1.7)
T Pr(Y = 2), z>0.

Zero-Truncated Model

The model for incompletely observed count data due to zero-truncation is pre-
sented. Let Y follow a standard count distribution defined on N, then Z is said

to follow the zero-truncated distribution if

) 0, U=0,
YLUZ= (1.1.8)
Z, U=1,

where U ~ Bernoulli(rw), 1 = 1 — Pr(Y = 0), and U is independent of Z. The

pmf of Z can be derived as

Pr(Z =z) = f)ig - 3 - Pr(Y: Y (1.1.9)

An alternative representation is to define Z < Y|Y > 0. This stochastic repre-

sentation helps us to generate random values of Z.

Hurdle Model

Hurdle model is a two-part model that separates the occurrence of an event from
the number of those events actually observed. Let W follow a count distribution
defined on N, then Z is said to follow the hurdle (zero-modified) distribution if
J 0, U=0,
Z =UW = (1.1.10)
w, U=1,
where U ~ Bernoulli(n), 0 < m < 1, and U is independent of WW. The pmf of Z
can be derived as

1—m, z =0,
Pr(Z =2z2) = (1.1.11)
rPr(W =2z2), z>0.

11



Remark 1.1.1. Typical choices for W include zero-truncated distribution and

unit-shifted distribution.

1.2 Multivariate Count Models
1.2.1 Multivariate Poisson Model

The multivariate Poisson distribution with common covariance is defined as fol-

lows. Let

Zi=Y;+Yy, j=1,....m, (1.2.12)
where each Y;, j = 0,...,m, independently follows a simple Poisson distribution
with parameter \;. Then Z = (Zy,...,Z,)" is said to follow the multivariate

Poisson distribution. The joint pmf of Z is given by

s ;] om )\ij—l
Pr(Z =z) =exp(-\)>_ [% 1T J—] : (1.2.13)

— (z =)

where z = (21,...,2m) ", N = > o Aj and s =min(z, ..., 2n).

J=1

1.2.2 Multivariate Mixed Poisson Model

To generalize the mixed Poisson distribution from univariate case to multivariate
case, a simplified version is to assume each Poisson margin shares a common

mixing parameter. Specifically, the pmf is given as

Pr(Y = y) = /0 h I1 eXp(_a;i!)(aAj)yj g(a)da, (1.2.14)

where Y = (Y1,...,Y)", ¥y = (Y1,...,%m) " and g(a) denotes the pdf of the
univariate mixing parameter. When the mixing parameter « is assumed to follow
gamma, inverse Gaussian or lognormal distribution with E(a) = 1, we obtain the
multivariate negative binomial, multivariate Poisson-inverse Gaussian or multi-

variate Poisson-lognormal distribution respectively.

12



A potential disadvantage of this form is that it only allows for positive correla-
tion between each pair of margins. A further extension to overcome this limitation
is to assume a multivariate mixing distribution g(a)) where e = (g, ..., ).

Specifically, the pmf is given as

1Y = y) /mHeXp LY O‘JA) g(@)da. (1.2.15)

+ j=1

1.2.3 Copula-Based Model

A copula is a multivariate distribution function with uniform margins. Let Uy, --- ,U,,

be m uniform random variables on (0, 1). Their joint distribution function
C’(ul,...um) :PI'(Ul Sul,...,Um Sum), (1216)

is called a copula.

Of course we seek to use the copula that is based on more than just uniformly
distributed variables. Therefore we consider arbitrary marginal distribution func-
tions Fi(y1), -+, Fon(ym), and define a multivariate distribution function using

the copula such that

F(y, ... ym) = C(Fi(y1), -+, Fon(Ym))- (1.2.17)

For continuous outcomes, we can write the joint pdf as
f .. Hfj yi) - c(Fi(y1), -+ Fn(ym), (1.2.18)

where f;(+) is the pdf of the marginal distribution and ¢(-) is the copula density

function. For our interested discrete count data, the joint pmf can be written as

2 2
fYyr, . Ym) = Z Z DI Cluy gy U, (1.2.19)

where u;; = Fj(y; — 1) and u;2 = F}(y;) respectively.

13



1.3 Numerical Methods
1.3.1 Newton-Raphson Method

The Newton-Raphson method iteratively solves nonlinear equations to determine
the values of parameters that maximize the log-likelihood function. Mathemat-
ically, we assume the log-likelihood function is ¢(0) with parameters 0. Let u
denote the score equation with elements

06(6)

Uu; = 9, i=1,...,dim(0),

and H denote the Hessian matrix with elements

~3(e)
9 06,00,

i,7=1,...,dim(0).

Let u® and H® be u and H evaluated at 8® for step t (t = 0,1,2,...). Starting
from appropriate initial values 8, the Newton-Raphson algorithm is based on

the following recurrence relation:
00+ — o) — (HD) " ), (1.3.20)
assuming that H® is nonsingular.

Remark 1.3.1. (Fisher Scoring) An alternative iterative method is to replace H
by Z = —E(H). The formula for Fisher scoring is

e(t-‘rl) _ e(t) + (_’Z"(t))il ’U,(t) (1321)

1.3.2 Expectation-Maximization Method

The EM algorithm (Dempster et al. (1977)) is a powerful iterative method for
finding the maximum likelihood estimates (MLEs). It provides an alternative
to the Newton-Raphson method when directly solving the scoring equation is

quite complicated. The EM algorithm has been widely used in mixed Poisson
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distribution (see Karlis (2005)), zero-inflated distribution (see Lambert (1992)

and Hall (2000)) and zero-truncated distribution (see Tian et al. (2019)).
Formally, let y be the observed data and z be the latent or missing data. Let

(y, z) be the complete data having the probability function f(y, z|@). Then the

algorithm can be described as follows.

e E-step: At step t, compute
Q(0,0") = E [log f(y, 2/0)|y, 0] .

e M-step: Maximize Q(0,0") as a function of @ to obtain (+1).

e [terate through E-step and M-step until some convergence criterion attains,
for example, the relative change of observed log-likelihood between two con-

secutive iterations is smaller than a tolerance level €.
Remark 1.3.2. (GEM) If the M-step is replaced with:
M’-step: Find 8*Y so that Q(8*V,00) > Q(6",0W),

the resultant algorithm is called the generalized EM (GEM) algorithm.

1.4 Bayesian Count Models

Bayesian method provides a quite different way to view statistical inference. The
traditional approach (often referred to as frequentist) regards parameter values as
fixed effects. The Bayesian approach, however, applies probability distributions to
parameters. This yields inferences in the form of probability statement regarding
the parameters given the data. It can provide relatively simple solutions for models

where frequentist method fails, or at best, is difficult to implement.
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1.4.1 Prior and Posterior Distributions

The Bayesian approach involves prior and posterior distributions for parameters 6.
The prior distribution, denoted as p(@), describes knowledge about 6 before we see
the data y. The posterior distribution, denoted as p(6|y), combines information
from the current data y with distribution f(y|@) and prior information. By Bayes’

theorem, we have

f(yl6)p(6) _  f(yl6)p ( )
) T fwlene)de (1.4.22)

With the denominator being independent of @, we can omit this normalizing

p(0ly) =

constant and write

p(Bly) o< f(y|0)p(0). (1.4.23)

1.4.2 Markov Chain Monte Carlo (MCMCQ)

In most cases, the posterior distribution has no closed-form expression. We need
to make use of simulation methods to approximate the posterior distribution. The
primary method for doing so is MCMC. In the following subsections, two basic
Markov chain simulation methods: the Metropolis-Hastings (MH) algorithm and

the Gibbs sampler are introduced.

Metropolis-Hastings Algorithm

The MH algorithm was first introduced by Metropolis et al. (1953) and later
generalized by Hastings (1970). The algorithm is illustrated as follows. Generate
a proposal 8* given ¢~ from a proposal distribution ¢ (0*\9“’_1)) at iteration t.

The proposal 8 is then accepted with probability a(8%=1 *) where

a (01, 0%) = min (1, ng (©"y)q (6 V16) > (1.4.24)

6¢~ly)q(6*]60~1)
If the proposal is accepted, then 8® = @*. Otherwise 8® = (-1,
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Gibbs Sampler

The Gibbs sampler was introduced by Geman and Geman (1984) in the context
of image restoration and later to the statistics literature by Gelfand and Smith
(1990). Suppose the parameter vector @ is divided into d components or subvec-
tors, @ = (04,...,604). At each iteration ¢, Hj(-t) is sampled from the conditional

distribution given all the other components of 6:
0§t) Np<9j‘0§t)7'"701(2170]('3511)7'"70((jt71)7y> ) ] = 17"'7d' (1425)

There are thus d steps at iteration t. Each subvector 8; is updated conditional on
the latest values of the other components of @, which are values at iteration ¢ for
the components already updated and the values at iteration ¢ — 1 for the others.

The Gibbs sampler can be shown to be a special case of the MH algorithm.

In the following chapters, we present our multivariate count models to deal

with different features exhibited in real datasets.
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Chapter 2

Bayesian Multivariate Mixed
Poisson Model with
Copula-Based Mixture

2.1 Introduction

In this chapter, we propose a novel copula implementation based on the multi-
variate mixed Poisson model. To be specific, a certain copula is implemented on
continuous mixing parameters of the Poisson margins. The introduction of cop-
ula provides a flexible way to construct the multivariate mixing distribution. It
permits high freedom in marginal distribution selections for mixing parameters.
The dependence parameters embedded in the copula could also handle the com-
plex relations among margins. In addition, we can get rid of some identifiability
and computational issues existing in the discrete copula models (see Genest and
Neslehova (2007)).

For inference, we shall adopt the idea of Bayesian hierarchical model (see,
e.g., Ntzoufras (2009)). The main advantage of the Bayesian approach over the
frequentist approach is that we can obtain posterior samples for the parameters
of interest instead of just point estimates. This would give us some insight for the

variability of the quantities. Besides, no effort needs to be made on computing the
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multiple integration under Bayesian formulation. However, the over-complexity of
our model would make it almost impossible to complete the full Bayesian analysis
analytically. Fortunately, a battery of powerful tools have been developed over
the past few decades aiming for generating posterior samples. One of the most
popular methods is the well-known MCMC method. A detailed illustration can
be found in Brooks et al. (2011). Recently, a new type of MCMC implementation
has emerged, which is called Stan. Stan uses the No-U-Turn Sampler (NUTS) (see
Hoffman and Gelman (2014)) which further extends a type of MCMC algorithm
known as Hamiltonian Monte Carlo (HMC) algorithm. It allows us to analyze
the models without having to worry about the implementation of the MCMC
algorithm itself. In this chapter, the MCMC algorithm is implemented in STAN
called from the R package rstan.

The rest of the chapter is organized as follows. Section 2.2 reviews the for-
mulation of the multivariate mixed Poisson distribution, followed by our proposed
version with copula incorporated. In Section 2.3, we present the inference method
based on the MCMC algorithm. In Section 2.4 we conduct some simulation stud-
ies. Section 2.5 explores and compares several potential models for a given real

dataset. The last section concludes the chapter.

2.2 The Model
2.2.1 Multivariate Mixed Poisson Distribution

Multivariate mixed Poisson distribution, as a generalization of univariate mixed

Poisson distribution, can be defined as

oexp(— ;)\
Pr(Y =y) = / p(—lj)Jg()\; dA, (2.2.1)
=1 Yi-
where Y = (Y1,...,Y,,)" denotes a vector of m counting random variables and

Yy = (YY) Y, Um € N X = (A1,...,\n) " is a vector of mixing
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parameters. g(A;-) denotes the pdf of a multivariate mixing distribution.
With the existence of covariates, we shall adopt another formulation that
allows us to link certain parameters with given predictors. In this setting, the

pmf of a multivariate mixed Poisson distribution can be defined as

;)Y
1Y = y) / H exp( O‘J O‘J )" o Ve (2.2.2)
+ 7=1
In this case, @ = (a1,...,q;,)" is a vector of mixing parameters and \;, j =
1,...,m, are Poisson parameters which can be linked with covariates. g(a;-)

is the joint pdf for mixing parameters. To ensure the identifiability under this
definition, we assume E(q;) = 1. Some properties of the distribution (2.2.2) are

given as follows.

e The marginal distribution of Y} is a univariate mixed Poisson distribution

with the marginal mixing distribution denoted by g;(c;; -).

e The mean of Y} is

e The variance of Y is

Var(Y;) = \j + Nio?

395
where o7 is the variance of ;.
. — Ly
e The covariance between Y, and Yy, 7,7' =1,...,m, j # 7', is
Cov(Y;, Yjr) = AjAjojogpjj,
where p;;s is the correlation coefficient between o; and a;.

e The correlation coefficient between Y; and Y} is

AjAj O30 pjs

\/)\ + Xo \/)\ + X202

and |Cor(Y;, Yy)| < |pjj| if pjj # 0.

Cor(Y;,Y))
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Remark 2.2.1. When p;;» =0 for all j,7’ =1,...,mand j # 7/, (Y1, ..., V)

follows a mutually independent multivariate mixed Poisson distribution.

Remark 2.2.2. The distribution (2.2.2) has limitation in modeling strong corre-

lation between Y; and Y when %JJQ or /\J';Uf/ is significantly larger than 0, as in

this case |Cor(Y}, Y;)| < |pj;| significantly.
The most relevant candidate for the mixing distribution is multivariate log-

normal (Aitchison and Ho (1989)), given as

1 1
— exp |~ (loga —p) ' E7 (loger — p) |,
(2m)% 27 [T, o 2

gla; p, %) =

with g = (p1,..., )" as mean vector and ¥ as covariance matrix. Using the
parameter set (¢, 0) where ¢ = (¢1,...,¢,)" and @ = (f12,...,0m_1.m)", the

covariance matrix X takes the form

¢t 0120102 -+ Oimd10m
0120102 3 o Oomdadn,

elmqél(bm 92m§z'52¢m an

To ensure identifiability, we let p; = —%¢?, j=1,....,m.
A simplified version of the multivariate mixed Poisson distribution given in
(2.2.2) can be obtained by assuming each Poisson margin shares a common mixing

parameter. Specifically, the pmf is given as

Py —9) = [ ] exp(_azf!)m")ng<a; Jda, (2.2.3)

where g(a;-) denotes the pdf of the univariate mixing parameter. For the sake
of identifiability, we assume E(«) = 1. It is worth noting that the correlation

between each pair of margins is always positive under this formulation.
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2.2.2 The Copula Approach

As mentioned in the introduction section, we aim to build the multivariate mixed
Poisson model by employing copula in constructing the mixing distribution. In
this chapter, we shall consider Gaussian copula in a general case of m.

The cdf of a Gaussian copula is given by
Clu; X)) =, (Q*l(ul), o @ (u); 2) ,

where w = (u1,...,uy,)" € (0,1)™. Here ®,, is the cdf of a m-variate normal
distribution with zero mean vector and covariance matrix equal to the correlation

matrix X, where

L 0 -+ bim
mo | L
elm ‘92m 1

®~! is the inverse cdf of the standard normal distribution. The density of the

copula is then given by
1
c(w;3) = |2 exp §qT(Im ~ 2 Yq|,

with ¢ = (@ Y(w),...,® (u,))" and I, being the m-dimensional identity ma-
trix.

Making use of Gaussian copula to formulate the multivariate mixing distri-
bution g(a;-) in (2.2.2) gives,

m

glei-) = [Taslass) - e(Gilars ), .., Glam;-); 6) .

j=1
Here g;(j;-) and Gj(cy;-) are the pdf and cdf of the mixing parameter «; re-

spectively. ¢(-,...,+;0) is the copula density function with pair-wise dependence

parameters 6 = (01, ... ,Qm_lﬁm)T which are elements of correlation matrix X.
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Available choices for g;(c;;-) include gamma, inverse Gaussian and lognor-
mal. Given E(a;) = 1, these three cases all have modified pdf with only one
dispersion parameter ¢,.

e Gamma: 5
9i(ay; ;) = %af"_le‘d’j%, aj, ¢; >0,
J
Var(a;) = 1/¢,.

e Inverse Gaussian:

o\ /2 (s —
¢J> exp {_%(O‘J 1)?

3 .
e 2005

gilaj; o) = (2 } , a0 >0,

Var(o;) = 1/¢;.

e Lognormal:

o1 _(1ogaj+¢§/2)2] L
gj(a]7¢]) - \/ﬂgbjozj eXp|: 2¢§ ) O'/]7¢] > 07

Var(a;) = exp(¢3) — 1.

Within the rest of the chapter, we only consider gamma, inverse Gaussian and
lognormal as our potential candidates for marginal mixing distributions g;(c;; ¢;).

When m = 2, there is only one dependence parameter . Several Archimedean
copulas in addition to Gaussian copula are also introduced, as displayed in Table

2.1 and Table 2.2.

2.3 Model Inference
2.3.1 Likelihood Function

We use Gaussian copula to demonstrate the process. Covariates can be incorpo-

rated through a log-link function, namely
Nj=exp(z;B;), i=1,....,n, j=1,...,m,
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Table 2.1: Characteristics of selected copula families.

Copula Co(u,v) Range of 0 Kendall’s 7
Gaussian Dy (&1 (u), @ 1(v)]0) -1<60<1 2 arcsin()
Clayton (u™? +v=? —1)"1/0 6 >0 7og

Frank —Llog [14 2l on)] 0£0  1—21-DyO)"
Gumbel  exp {— [(—logu)? + (—logv)?] 1/9} 6>1 -1

0
“Di(0) = § fy #qde

Table 2.2: Copula density of selected copula families.

Copula co(u,v)
i 20071 ()1 (v)—62 | (071 () *+(271(v))”
Gaussian \/11_92 exp{ 2(£(92) ) +( ) ] }
Clayton (0 + 1) (uv) 01w 4 o0 — 1) 1/6-2
Frank B(1—e=9)e—0(utv)

[e=0—14(e=0u—1)(e—0v—1)]?

Gumbel  (uwv)(logu - logv)?=t [w9=2 + (0 — 1)w!/0~2] exp(—w!/?) @

2w = (—logu)? + (—logwv)’.
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where B; = (Bjo, Bj1,---,8jp) " is a (p + 1)-dimensional vector of coefficients for
the j-th component, ; = (1,2;1,...,2;)" is a (p + 1)-dimensional vector of
covariates for individual i. ¢ = (¢1,...,¢,,)" is the dispersion parameter set.
We denote the observed values as yq,...,vy, and mixing variables as a;, ..., o,
where y; = (i1, -+, Yim) | and @; = (i1, ..., Q) - Let © = (By,. .., Bm, @, 0),

a=(ay,...,a,), then the joint likelihood function of @ takes the form

i e exp —Oél>\z ozi-)\i'yij
v@) = [ Tt o 6.6y,
=1

T =1

and the joint likelihood function of ® and « is

i exp —Oéz)\l Oéz)\l Yij
L(@,a) _ HH ( J y])'( J J) .
ij-

i=1 j=1
2.3.2 Priors
For the purpose of illustration, we assume the following prior distributions:
® Bik~N(0,03),j=1,....m, k=0,...,p.
o (i1, Qim) ~C(Gy(ain; 1), o, G Qi &m);0), i =1,...,n.
o ¢, ~Galag, Bs), j=1,...,m.
e 0,y ~Uni(—1,1),7,j/=1,...,m, j <j’

Remark 2.3.1. a4 and 3, are shape and rate parameters for gamma distribution.
To express prior ignorance, og can be chosen as a relatively large number, and «
and (4 can be chosen as relatively small numbers. It is not unusual to assume
the above common parameters, og, oy and Sy, unless we have particular prior

knowledge on individual cases.
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2.3.3 Posterior Estimation

The posterior distribution of the parameters ® and mixing variables « is

p(©,alyy, ..., yn) < L(O, alys, ..., yn)7(O, ),

where
m p 6 m—1
:HH(b( jk) Hm’ ¢ilas, By) - HHWG(HJJ)
J=1k=0 J=1j'>j

n m n

X HHg] il ;) HC (Gr(051]@1)s - -, G (i | D ); 9).

i=1 j=1 i=1

Here ¢(-) denotes the pdf of the standard normal distribution; m,(-) denotes the
pdf of the prior distribution for ¢;; my(-) denotes the pdf of the prior distribution
for 0, ;.

In general, the Bayesian parameter inference is based on the posterior distri-
bution of the parameters under consideration which is proportional to the product
of the likelihood function and the priors for all parameters. There is no explicit
form for the posterior distribution, yet we could generate posterior samples by
virtue of MCMC method. The following computation results are all obtained
with the help of rstan package in R.

2.4 Simulation Studies

In order to illustrate the performance of our proposed model, two simple simula-

tion studies are carried out in this section.

Study 1. This study aims to test the proposed algorithm in Section 2.3. We
simulate data by setting n = 2,000, m = 3 and p = 1 under the framework of
(2.2.2), choosing different mixing distribution for each margin, which is gamma,

inverse Gaussian and lognormal respectively. For the purpose of simplification,
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the single covariate is simulated from Uni(—1, 1) distribution. The choices of the
priors follow the discussions in Section 2.3.2.

The true parameter values, priors as well as posterior estimation results based
on 10,000 iterations (excluding the first 1,000 iterations as burn-in) are summa-
rized in Table 2.3. It is noted that the posterior mean estimates are very close
to the true values and they all reside within the 95% credible intervals as well.

These results validate our proposed algorithm.

Table 2.3: The parameter values, prior choices and sample posterior estimates.

Prior Posterior
Parameter Distribution Mean Std. Dev. Mean  95% Cred. Int.
Bro =1 N(0,100%) 0 100 0.993 (1 0.925, 1.060)
B =1 N(0,100%) 0 100 1.029  ( 0.909, 1.147)
P = 2 N(0,100%) 0 100 1.964  (1.920, 2.010)
Ba1 = —0.5 N(0,100%) 0 100 -0.497  (-0.569, -0.426)
Bso = 1.5 N(0,100%) 0 100 1.491  ( 1.312, 1.685)
B31 = 0.5 N(0,100%) 0 100 0.545 (1 0.351, 0.734)
¢ =0.5 Ga(0.01,0.01) 1 10 0.512 (1 0.471, 0.557)
P =1 Ga(0.01,0.01) 1 10 1.095  (0.989, 1.209)
p3 =2 Ga(0.01,0.01) 1 10 2.060 ( 1.955, 2.170)
01, = —0.5 Uni(—1,1) 0 1/V/3 -0.477  (-0.526, -0.425)
fi3=0 Uni(—1,1) 0 1/\/§ 0.033  (-0.028, 0.096)
B3 = 0.5 Uni(—1,1) 0 1/\/§ 0.492  ( 0.441, 0.540)

Study 2. The second study compares the level of dependence between two dif-

ferent copula implementation approaches:

e Constructing copula at the mixing parameter level (continuous);

e Constructing copula at the counting variable level (discrete).

We only consider the bivariate case here as it can effectively demonstrate the dif-
ference between the above two options without unnecessary computational chal-

lenges. According to Remark 2.2.2, model (2.2.2) has a limitation in modeling
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strong correlation at the counting variable level. To illustrate this point, we simu-
late data by implementing copula on continuous mixing parameters of Y; and Y5,
both adopting a gamma mixing distribution. The parameters for data generation

are set as follows:
1 d A1 = 17 ¢1 = ]-7
o \y =2, ¢ =2.

The dependence is measured by Kendall’s 7, calculated from the model with
copula directly implemented on discrete margins (negative binomial in this case)
using the simulated data.

Four different underlying copulas are examined and the relationships are dis-
played in Figure 2.1, where the horizontal axes give the Kendall’s 7 of the mixing
parameters whilst the vertical axes give the Kendall’s 7 of the counting varia-
bles. In the Gaussian copula case, it is as expected that the two different copula
implementations are consistent in the independent case with Kendall’s 7 both
being 0. The curve in the Frank copula case is quite similar to the one in the
Gaussian plot, with an exception that 7 cannot be 0 in the Frank copula. A con-
sistent observation among the four cases is that the level of correlation between
the counting variables is much restricted when data are simulated from model
(2.2.2), under the above assumptions of marginal distributions. This confirms the
fact that the discrete copula model might capture a broader level of dependence

than our proposed continuous copula approach.
2.5 Application

2.5.1 Data Description

This section showcases a real-life application based on the data quantifying the

demand for health care in Australia that were collected from the Australian Health
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Figure 2.1: Dependence relation plots between two different copula implementa-
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Survey 1977-1978. The data were also used in Cameron and Trivedi (1998) to
study a variety of count models. The whole dataset consists of 5,190 individuals.
For this study, we randomly take 80% of the observations as training data to
develop the models and the remaining 20% are reserved as the holdout sample for
validation purposes.

We make use of three response variables in the dataset: the number of pre-
scribed medications used in past 2 days (Y;); the number of non-prescribed med-
ications used in past 2 days (Y3); and the number of admissions to a hospital,
psychiatric hospital, nursing or convalescent home in the past 12 months (Y3).
The descriptive statistics of three marginal counts are displayed in Table 2.4.
For each margin, the variance is obviously larger than the mean, indicating an
overdispersion associated with our data. Thus our mixed Poisson models would
well cope with this feature. In addition to responses, we have access to a set
of covariates including respondent’s sex, age, income and health status. These
selected predictors with description and summary statistics are also displayed in

Table 2.4.

Table 2.4: Summary of response variables and selected explanatory variables.

Variables Description Mean Std. Dev.

Responses

Y; The number of prescribed medications used in past 2 days 0.877 1.434
Y, The number of non-prescribed medications used in past 2 days  0.358 0.718
Y; The number of admissions to a hospital, psychiatric hospital, 0.175 0.515

nursing or convalescent home in the past 12 months

Predictors

Sex 1 if female, 0 if male 0.521 0.500
Age Age in years divided by 100 0.406 0.205
Income Annual income in Australian dollars divided by 1000 0.580 0.369
CHCOND1 1 if chronic condition(s) but not limited in activity, 0 otherwise 0.399 0.490
CHCOND2 1 if chronic condition(s) and limited in activity, 0 otherwise 0.118 0.322
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2.5.2 Fitted Models

We initially perform a marginal analysis on the claim frequencies of each type.
Specifically, three candidate distributions are considered for the counts of each
margin: negative binomial (NB), Poisson-inverse Gaussian (PIG) and Poisson-
lognormal (PLN). The log-likelihood values for the marginal models are exhibited
in Table 2.5. The results indicate the best marginal distributions for Y7, Y5 and
Y3 are NB, PLN and PIG respectively. Therefore we choose gamma, lognormal

and inverse Gaussian as potential mixing distributions in modeling Y7, Y5 and Y3.

Table 2.5: Log-likelihood values for three margins under NB, PIG and PLN dis-
tributions.

Margin NB PIG PLN
Y] -5,328.07 -5,365.77  -5,373.99
Y, -3,251.72  -3,246.42 -3,245.06
Y3 -2,027.90 -2,025.49 -2,026.45

Having the best marginal mixing distributions determined, the MCMC algo-
rithm is used to fit our proposed copula model. We run 11,000 iterations in total
with the first 1,000 iterations treated as a burn-in period. Within the remaining
10,000 iterations, we reserve every 4th sample to reduce some auto-correlations.
Also, four chains are performed in parallel to detect any convergence problems.
The choices of the priors still follow the discussions in Section 2.3.2. The posterior
estimation results of the model are summarized in Table 2.6. We also display the
trace and density plots for 3 dependence parameters in Figure 2.2. For brevity,
we omit the plots for other parameters, where similar patterns can be observed.

We make use of the potential scale reduction statistic R (see Gelman and Ru-
bin (1992)) to monitor convergence. In our model, R for each parameter is close to
1, indicating chains are at equilibrium. There is also no indication of convergence

problem as read from the trace plots. The significance of each parameter can be
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Figure 2.2: Trace and density plots for three dependence parameters.

32



Table 2.6: Posterior estimates for our proposed copula model.

Y Y, Y3

Mean 95% Cred. Int. Mean 95% Cred. Int. Mean 95% Cred. Int.
Intercept -2.435 (-2.614, —2.259) -1.142 (—1.338, -0.941) -2.049 (—2.351, —1.750)
SEX 0.601 (0.507, 0.695) 0.231 (0.1057 0.362) 0.172 (—0.014, 0.359)
AGE 2233 (1.995, 2.467) -0.839 (-1.175,-0.517) 0.014 (-0.457, 0.488)
INCOME -0.027 (—0.156, 0.109) 0.209 (0.0357 0.380) -0.456 (—0.730, —0.180)
CHCOND1 1.096 (0.987, 1.207) 0.368 ( 0.235, 0.505) 0.417 ( 0.203, 0.633)
CHCOND2 1.548 ( 1.419, 1.679) 0.327 ( 0.129, 0.520) 1.382 ( 1.136, 1.626)
10} 2.298 (1.932, 2.736) 0.858 ( 0.775, 0.940) 0.494 ( 0.357, 0.677)
012 20.238  (-0.382, -0.088)
013 0.595 ( 0.456, 0.727)
O -0.114  (-0.305, 0.072)

deduced from the corresponding 95% credible interval. Several conclusions are
drawn from Table 2.6. First of all, females take medications more frequently than
males irrespective of the types of medication. Secondly, when people are getting
older, they tend to take more prescribed medications but less non-prescribed ones.
However, gender and age are not significantly associated with admissions. Further,
income is a key factor in modeling the frequency of taking non-prescribed medi-
cations as well as admissions, but no evidence showing that it affects the intake
of prescribed medications. As expected, chronic conditions are good indicators
for all three response variables. In respect of dependence parameters, it can be
seen that the frequency of taking prescribed medications and non-prescribed med-
ications are negatively associated, where the former exhibits a positive relation
with admissions. Furthermore, there is no strong evidence to suggest significant
dependence between the intake of non-prescribed medicines and admissions.

For comparison, we also fit two models with following mixing distributions:
e Multivariate lognormal (MLN) based on (2.2.2),
e Univariate lognormal (ULN) based on (2.2.3).
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The posterior estimates are displayed in Table 2.7 for the MLN case and Table
2.8 for the ULN case. In addition, the results for the independent model (named
as Ind) with NB, PLN and PIG as margins are given as a benchmark in Table 2.9.
The same conclusions can be made regarding the significance of the estimates for
covariates. The dependence relations among individual margins obtained in the

MLN case agree with the results obtained in the copula model.

Table 2.7: Posterior estimates for the model with MLN as mixing distribution.

Y, Y, Y3

Mean 95% Cred. Int. Mean 95% Cred. Int. Mean 95% Cred. Int.
Intercept  -2.462 (-2.643, -2.281) -1.139 (-1.338,-0.943) -2.055 (-2.362, -1.754)
SEX 0.628 (0.531, 0.726) 0.229 ( 0.103, 0.356) 0.183 (-0.001, 0.370)
AGE 2238 (1.999, 2.470) -0.841 (-1.171,-0.506) 0.012 (-0.472, 0.479)
INCOME -0.021  (-0.155, 0.113) 0.208 ( 0.038, 0.377) -0.461 (-0.742,-0.189)
CHCONDI 1.102 (0.994, 1.213) 0.368 (0.231, 0.509) 0428 (0.218, 0.645)
CHCOND2 1.566 (1.435, 1.697) 0.326 (0.125, 0.521) 1.401 (1157, 1653)
& 0.636 (0.580, 0.692) 0.856 (0.775, 0.938) 1.107 (0.983, 1.239)
01 20240 (-0.386, -0.084)
015 0.592 (0.4537 0.724)
O L0121 (-0.309, 0.062)

Table 2.8: Posterior estimates for the model with ULN as mixing distribution.

Y Y, Y;

Mean 95% Cred. Int. Mean 95% Cred. Int. Mean 95% Cred. Int.
Intercept -2.439 (—2.617, —2.269) -1.176  (-1.353, -0.997) -2.101 (—2.374, -1.835)
SEX 0.593 ( 0.500, 0.687) 0.229 ( 0.112, 0.342) 0.200 ( 0.039, 0.364)
AGE 2.267 (2.043, 2.495) -0.799  (-1.106, -0.503)  0.090 (-0.314, 0.501)
INCOME  -0.047 (-0.176, 0.081) 0.231 (0.079, 0.380) -0.447 (-0.686, -0.207)
CHCOND1 1.102 ( 0.997, 1.210) 0.378 (0.255, 0.501) 0.410 ( 0.219, 0.604)
CHCOND2 1.558 ( 1.435, 1.685) 0.336 ( 0.154, 0.513) 1.364 ( 1.159, 1.568)
10} 0.549 ( 0.508, 0.590)

To compare the performance of the above models, we compute a number
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Table 2.9: Posterior estimates for the independent model.

Y Y, Y3

Mean 95% Cred. Int. Mean 95% Cred. Int. Mean 95% Cred. Int.
Intercept -2.450 (-2.630, —2.274) -1.143 (—1.336, -0.945) -2.028 (—2.334, —1.729)
Sex 0.610 ( 0.514, 0.708) 0.225 ( 0.097, 0.355) 0.135 (—0.052, 0.324)
Age 2.253 ( 2.021, 2‘491) -0.828 (—1.1627 —0.495) 0.047 (—0.424, 0.520)
Income -0.030 (—0.162, 0.102) 0.208 ( 0.037, 0.377) -0.481 (—0.758, —0.212)
CHCOND1 1.096 (0.985, 1.207) 0.369 ( 0.228, 0.505) 0.417 ( 0.202, 0.632)
CHCOND2 1.554 ( 1.423, 1 682) 0.324 ( 0.125, 0.517) 1.368 ( 1.128, 1.614)
10} 2.256 (1 1.897, 2.688) 0.856 ( 0.773, 0.941) 0.502 ( 0.360, 0.690)

of information criteria that are summarized in Table 2.10. The log-likelihood
values, AIC and BIC are obtained using posterior means as approximations of
MLEs. The DIC statistics in our mixture models are calculated based on the
conditional likelihood values. It can be concluded from the table that our copula
model outperforms the others in the light of several goodness-of-fit statistics.
The improvement of the copula model against MLN model is marginal telling
from AIC and BIC, suggesting this trivariate dataset is not very sensitive to the
choices of mixing distributions under the premise of pair-wise association being
correctly captured in the frequentist context. However, the DIC values indicate
that the MLN model performs even worse than the independent model. A possible
explanation for that is this Bayesian criterion puts more emphasis on the choices
of marginal distributions. The ULN model fits the data worst. It reveals the
danger of adopting a uniform mixed distribution when the data actually exhibits
various pair-wise dependence features.

We conclude the analysis with the Vuong test (Vuong (1989)) under the fre-
quentist context to examine the closeness of four considered models. The test
statistics with corresponding p-values are displayed in Table 2.11. A test statis-
tic with a larger absolute value indicates that the two models being compared

are further apart. As the independent model is nested in our copula model, the
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Table 2.10: Different information criteria of four candidate models.

Mixture LogLik AIC BIC DIC

Copula  -9,640.94 19,329.87 19,481.82 18,541.11
MLN -9,643.57 19,335.14 19,487.09 18,656.23
ULN -9,808.55 19,655.10 19,775.40 19,340.97
Ind -9,678.50 19,399.00 19,531.96 18,601.41

comparison between these two models is conducted using the likelihood-ratio test
instead. One can observe that the ULN model has the worst performance, which
has been foreshadowed by the information criteria in Table 2.10. The better per-
formance of our copula model against the independent model demonstrates the
necessity of incorporating three dependence parameters. Although our copula
model outperforms the MLN model, the difference between them is not substan-

tial.

Table 2.11: Vuong test statistics and p-values.

Model 2
Copula  MLN ULN Ind
Copula 1.221 6.451 75.127
(0.222) (< 0.001) (< 0.001)
Model 1 MLN 6.427 2.587
(< 0.001)  (0.010)
ULN -5.619

(< 0.001)

2.5.3 Bivariate Study

To evaluate the impact of copula selection on modeling the dependence between
response variables, we conduct a bivariate dependence study between Y; and Y5.

Archimedean copulas are taken into account to model the dependence in addition
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to Gaussian copula. We also include a case based on bivariate lognormal mixing

distribution (BLN) for comparison purpose. Since there exists negative relation

between Y] and Y5, only the Frank copula is applicable here. Estimation results

for these three models are summarized in Table 2.12.

Table 2.12: Posterior estimates for three bivariate models.

Gaussian Frank BLN

Mean 95% Cred. Int. Mean 95% Cred. Int. Mean 95% Cred. Int.
Yi:
Intercept  -2.449 (-2.627, -2.260) -2.446 (-2.629, -2.265) -2.474 (-2.658, -2.203)
SEX 0.610 ( 0.516, 0.707) 0.609 ( 0.515, 0.705) 0.637 ( 0.539, 0.737)
AGE 2.246 ( 2.014, 2.486) 2.245 ( 2.011, 2.482) 2.252 ( 2.020, 2.489)
INCOME -0.028 (—0.159, 0.104) -0.030 (-0.164, 0.102) -0.024 (—0.158, 0.113)
CHCOND1 1.097 (0.987, 1.207) 1.096 (0.985, 1.208) 1.104 (0.995, 1.216)
CHCOND2 1.553 ( 1.424, 1.684) 1.553 ( 1.423, 1.682) 1.570 ( 1.437, 1.701)
1 2.263 (1.906, 2.693) 2.273 (1.903, 2.722) 0.638 ( 0.582, 0.695)
Ys:
Intercept -1.145 (—1.341, —0.953) -1.145 (—1.3417 —0.949) -1.141 (—1.340, —0.945)
SEX 0.234 (0.103, 0.363) 0.233 (0.104, 0.362) 0.230 ( 0.101, 0.358)
AGE -0.838 (—1.176, —0.503) -0.833 (—1.1687 —0.498) -0.838 (—1.176, —0.502)
INCOME 0.210 (0.041, 0.377) 0.210 (0.043, 0.373) 0.209 ( 0.042, 0.377)
CHCOND1 0.368 ( 0.232, 0.505) 0.368 ( 0.230, 0.504) 0.368 ( 0.232, 0.504)
CHCOND2 0.328 ( 0.125, 0.523) 0.324 ( 0.129, 0.520) 0.324 ( 0.125, 0.523)
s 0.859 (0.777, 0.944) 0.858 (0.776, 0.943) 0.860 ( 0.775, 0.944)
0 -0.231  (-0.373,-0.088) -1.618 (-2.720, -0.598) -0.229 (-0.379, -0.083)
LogLik _7.727.80 _7.727.33 _7.729.73
DIC 14,891.43 14,894,43 15,002.70

Several interesting observations can be made from the results. First, esti-

mates for covariates and dispersion parameters coincide with each other under

the two copula models. The log-likelihood and DIC results indicate that there

is no substantial difference between these two copulas for this particular dataset.

Second, we notice the closeness of estimated regression coefficients for Y; and

Y5 under this bivariate case and the previous trivariate case, in both the cop-

ula model and the MLN model. They are also consistent with the estimates in
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marginal analysis. It implies that the two-step composite likelihood estimation
method proposed by Zhao and Joe (2005) might provide good approximations for
estimates under these two models. Overall, the results suggest superior fits of the

copula models to the BLN mixture model.

2.5.4 Predictive Analysis

We conclude the chapter with an illustration for predictive analysis using the out-
of-sample. The predicted frequencies are calculated in contrast to observed ones
under three different mixture models mentioned in Section 2.5.2. x? statistics and
corresponding p-values are also provided for comparison.

Marginal predictions for the three response variables are provided in Table
2.13. The small y? statistic with a p-value greater than 0.05 indicates the suf-
ficiency of our copula model in describing the marginal behaviors. One can see
that on individual dimensions, the prediction performance of our copula model
is better than MLN and ULN cases in general. This again confirms the benefit
of separating marginal distributions from dependence structure through the im-
plementation of the copula model. The model using MLN mixture has almost
equal prediction power as the copula model except for Y;. It implies that the first
margin suffers a biased estimate when using lognormal as mixing distribution in-
stead of gamma. Again, the model with ULN mixing distribution has the worst
performance.

Next, we would like to evaluate the predictive performance under the multi-
variate case. In our setting, we compare the predicted numbers with the observed
ones in the following situations: no occurrence for each event, occurrence for only
one event, occurrence for two events and all three events. The results are given in
Table 2.14. The model with ULN mixing distribution results in poor predictions

in the multivariate context as it fails to consider different dependence relations
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Table 2.13: Goodness-of-fit for three margins under three models.

Y1 Observed Copula MLN  ULN

0 629 597.88 595.75 585.75
1 199  228.69 231.74 237.18
2 101 98.82  99.38 103.42
3 53 49.47 4889  51.06
4 29 26.77 2597  26.79
5 12 15.07  14.45 14.52
6 8 8.68 8.33 8.05
7 3 5.07 4.94 4.56
>8 4 7.55 8.55 6.66
Y2 9.16 10.82 11.68
p-value 0.33 0.21 0.17

Yo Observed Copula MLN  ULN

0 764 763.54 763.35 741.66
1 215 205.50 205.73 234.01
2 40 49.51  49.53  50.30
3 15 13.12  13.11 9.70
>4 4 6.33 6.29 2.33
e 3.39 3.36 8.42
p-value 0.49 0.50 0.08
Y; Observed Copula MLN  ULN
0 896 899.54 899.44 883.19
1 117 110.42 110.73 133.89
2 19 19.80 19.48 17.62
>3 6 8.24 8.36 3.31
X2 1.05 1.04 4.62
p-value 0.79 0.79 0.20

39



among the responses. Our copula model outperforms the other two models, al-
though the improvement against the MLN case is only marginal. This is consistent
with the observations in our previous in-sample analysis. The y? statistic and p-
value again show excellence and sufficiency of adopting Gaussian copula to deal

with the dependence structure in this trivariate case.

Table 2.14: Predicted counts of three models under eight different scenarios.

(Y1,Y5,Y3)  Observed Copula MLN  ULN

(0, 0, 0) 401 393.68 392.44 394.68
(>0, 0, 0) 255 266.26 267.16 246.97
(0, >0, 0) 155 147.81 146.84 128.85
(0, 0, >0) 53 41.59 41.71  43.11

(>0, >0, 0) 85 91.80 93.02 112.68
(>0, 0, >0) 55 62.03 62.06 56.90
(0, >0, >0) 20 14.78  14.76  19.11
(>0, >0, >0) 14 20.06  20.01  35.69
e 9.07 9.41  28.02
p-value 0.25 0.22 0.00

2.6 Concluding Remarks

To generalize the mixed Poisson model from the univariate case to the multivari-
ate case, several methods are applicable. One is to assume multivariate lognormal
as mixing distribution. The other is to let each Poisson margin share a same
mixing parameter. However, these two methods are limited in incorporating flex-
ible dependence relations and/or marginal distributions. To address these two
limitations, we propose a novel multivariate mixed Poisson model with copula
implemented on continuous mixing parameters. This is a different treatment of
copula in multivariate count modeling compared with the traditional way of con-

structing copula on the counts directly. For the multivariate case, Gaussian copula
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is a prior choice due to the flexibility of dealing with pair-wise associations. When
restricted to the bivariate case, some Archimedean copulas are also applicable. In
respect of the marginal mixing distributions, three typical choices, namely gamma,
inverse Gaussian and lognormal, are introduced.

As for the parameter estimation, we apply the idea of hierarchical modeling
under the Bayesian framework. The implementation of MCMC method makes the
whole inference process applicable. One major advantage of the Bayesian approach
over frequentist approach is that we could obtain a distribution for the quantity of
interest instead of just a point estimate. This provides some insight to capture the
uncertainty of our estimates. When the sample size is relatively large and priors
are non-informative, the posterior mean estimates are good approximations to
MLEs as illustrated in our simulation studies.

A comparison of a number of multivariate mixed Poisson models is conducted
with some real data from the Australian Health Survey. The example expresses
the superiority of our proposed copula model in comparison with the others. The
improvement achieved by the copula model are grounded in the flexibility in both
selecting marginal distributions and modeling the dependence relations. By fa-
cilitating the out-of-sample observations in the dataset, predictive analysis shows
that our copula model is sufficient to predict this dataset both at marginal and
multidimensional levels. Failure to properly deal with the dependence among
individual response variables would lead to poor predictions, especially in the

multivariate case.
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Chapter 3

Multivariate Zero-Inflated Hurdle
Model

3.1 Introduction

This chapter aims to address the issue of multivariate zero-inflation. It is often
the case in automobile insurance that policyholders do not incur any loss in the
period of insurance coverage. Even if the insureds do incur a loss, they may opt
not to put forward a claim in order to maintain a high level of no-claim discount
(NCD) to their annual insurance premium. In short, insurance claim frequency
data is often characterized by a large number of zero claims. This, in turn, leads
to the study of zero-inflated versions of the typical count distributions (see, e.g.,
Yip and Yau (2005) and Boucher et al. (2007)). In practice, an insurer may
provide multiple lines of insurance business, where claims from different sources
are bundled into one single policy. For example, in automobile insurance, one
policy may cover the payment in respect of third party liability and also losses
sustained by the insured party. It is clear from data that claims from these two
forms of insurance are often triggered from the same event leading to correlation
between observed claim counts. Such facts give rise to our study on multivariate

zero-inflation with dependence.
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Recently Liu and Tian (2015) examined a new multivariate zero-inflated Pois-
son model. This model had the advantage of avoiding the computation issues
resulting from an increase of dimension. However, all components in this model
share a common zero-inflation parameter which restricts scope for application of
this model. In addition, the fact that each marginal distribution is assumed to
be Poisson imposes a restriction on the ability of the model to work with many
different datasets. In an attempt to alleviate these limitations, we propose our
multivariate zero-inflated hurdle model. Assuming each marginal distribution fol-
lows a hurdle distribution has several advantages. First, it can easily handle the
zero-inflation or zero-deflation feature in each margin. Second, it provides us with
greater choices to describe marginal behaviors.

In our work, the inference process is enabled using the EM algorithm (Demp-
ster et al. (1977)). The EM algorithm is a two-step iterative method to find the
MLEs. It is particularly useful when working with zero-inflated models. Examples
illustrating the implementation of the EM algorithm in zero-inflated models can
be found in Lambert (1992) and Hall (2000). Unfortunately, when covariates are
introduced in our model, there is no closed-form representation in the M-step. We
could find the optimal values in the M-step using the Newton-Raphson method
however this was shown to be computationally expensive. Rai and Matthews
(1993) provides an alternative approach in which the Newton-Raphson method
is carried out for only one step in the M-step. This can reduce the computation
time considerably.

The rest of the chapter is organized as follows. Section 3.2 provides the
definition of general multivariate zero-inflated distribution and investigates some
of its distributional properties. In Section 3.3, we propose our multivariate zero-
inflated hurdle model, followed by the corresponding EM algorithm for model

inference. In Section 3.4, the proposed model is applied to an automobile insurance
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dataset. The last section concludes the chapter.

3.2 Multivariate Zero-Inflated Distribution
3.2.1 Definition

Let Y = (Y1,...,Y,,)" denote a discrete random vector where Y;,j=1,...,m,
are independent of each other and defined on N. Then Z = (Zy,...,Z,,)" is said

to follow the multivariate zero-inflated distribution if
4 0, U=0,
Z =UY = (3.2.1)
Y, U-=1,
where U ~ Bernoulli(m), 0 < myp < 1, and U is independent of Y. The pmf of
Z can be derived as

Pr(Z =z) = [1 — 7o + 7o ﬁPr(Yj = 0)] [71'0 ﬁPr(Y} = zj)] _ , (3.2.2)

J=1 J=1

T

where z = (21,...,2,) "' is a vector of observed values, v = [(z = 0,,).

3.2.2 Properties of Distribution
Marginal Distributions
We first derive the marginal distribution for a single variable.

Proposition 3.2.1. The marginal distribution of Z; is
7T0fyj (Zj), Zj > 0,

Pr(Z; = z) =
1—7T0+7T0fy].(0), ZjZO.

Proof. If z; > 0,

Pr(Zj:zj):Z--- Z Z Z Pr(Z = z)
z1=0 2j—1=02;11=0 2Zm=0
=mfv(z) [1 D M=)
k=1,k#j 2,=0
= 7T0fyj (Zj).
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Pr(Z; = —1—ZPr —1—7T0+7T0fY()

zj=1

O
Next we derive an expression for the marginal distribution of an arbitrary

random sub-vector of Z.

Proposition 3.2.2. Denote J = (j1,72,...,7,) C (1,2,...,m) where 1 <r <m
A

and JC = (j41, Jrs2, - - - jm) as the complementary set. Let Z, = (Z;,, Z; )T

J1o =J2y 0
and 2z, = (2j,,2j,,- - -, 2,) ", the distribution of Z, is
WOHij(Zj)7 Zr # 07’7
jeJ
1—7T0+7T0nyj(0), Zr:Or.

jedJ

Pr(Z, =z.) =

Proof. If z. # 0,,

Pr(Z, = z,) Z ZPr

Zj 41 =0

—WOHfY Z_] H ny ZJ

jeJ jEJCZ]—

ZWOHij(Zj .

JjeJ
Thus,
Pr(Z,=0,)=1- Y _ Pi(Z =z

||er1>0

—1-m Y [[mG)

lzr|l,>05€J

=1-m (1= > [

lzrll,=035€J

:1—7T0+7T0nyj<0>

jeJ
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Conditional Distribution

Proposition 3.2.3. Let Z,,,_, = (Z;. ., Zjr oo+ Zj) | a0 Zin—r = (2,015 Zjrans - - 5 Zjm) |-
The conditional distribution of Z,.|Z,,_, is
Pr(Z, = z.|Zp— = Zim—r)
(Hij(Zj)v Zm—r #Omfra
jed
— WSH]CYJ(Z])’ Zr %Orazm—r :Om—r7
jeJ
1_W6+7T8nyj(0)a 2 =0, 2 =0y,
( jeJ
« _ molle; 0 fy;(0)
where 7 = T T o RO
Proof. If z,,_, #0,,_,,
mo [Ij21 fv; (%))
Pr(Z, =2z.|Zp = 2py) = J ! =11 fv(z).
7o [ ;e e fr; (%)) E 7

Ifz, ,=0,_ and z. # 0,,
Pr(Z, =z |Zp— = 0y—y) = o HJEJ Fi (%) HjeJC Jy;(0)
1 — 7o+ mo [ 5e0 fr;(0)

= L1 M (z)-

jeJ

If z,,_, =0,,_, and z, = 0,,

~1=m+m ][} fy,(0)
1 —mo+ 7o [ ;50 fr;(0)

=1—m;+m [ (0).

jeJ

Pr(Zr = 07“|me7“ = Omfr)

Expectation, Variance and Covariance
Proposition 3.2.4. The expectation and variance of Z;, j = 1,...,m, are
E(Zj) = ToM1yj, Var(Zj) = Tof2j — W(Q)M%j,
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and the covariance between Z; and Z;, j, 7' =1,...,m, j# 7', is
Cov(Z;, Zj) = mo(1 — mo) pajperr > 0,
where p11; = E(Y}), puy = E(Yy) and pg; = E(Y}).
Proof. This is easily obtained from Z LUy, O
Moment Generating Function

Proposition 3.2.5. The moment generating function of Z is

Mz(t) =1- o + WOHMYj(tj)7

J=1

where t = (ti,...,t,)".
Proof. The moment generating function of Z is
Mz(t)=E [exp(t' Z)| = E [exp(Ut'Y )] = E{E [exp(Ut'Y)|U]}

=E[My((Ut)]=1—m+moMy(t) =1—m + WoﬁMyj(tj).

j=1

3.2.3 Two Commonly Used Distributions

In this subsection, we introduce two commonly used multivariate zero-inflated

models. The corresponding EM algorithms for inference are given in Appendix A.
Multivariate Zero-Inflated Poisson Distribution

Let Y;~Poisson(\;), for j =1,...,m. Then Z is said to follow the multivariate
zero-inflated Poisson distribution with the parameter vector A = (A,..., A\pn) "
and a zero-inflation parameter my, denoted by Z ~ M ZIP (A, m). The pmf of Z

is

= Y T NTe N o

o (1 Py j

Pr(Z =2z) = <1 T + moe ™ &i=1 J) ﬁgl_[l o )
]:
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Multivariate Zero-Inflated Negative Binomial Distribution

Let Y,~NB(\;,¢;), for j = 1,...,m. Then Z is said to follow the multi-
variate zero-inflated negative binomial distribution with two parameter vectors
A=, ), d=(¢1,...,6m)" and a zero-inflation parameter my, denoted

by Z ~ MZINB(X, ¢, ). The pmf of Z is

m ¢' ?; !
o )
0 Ojlj[l )\j"{'qu
o T(z + ¢)) A ¢ "
Xlﬂog 6! (Aﬁ]%) <Aj¥¢j) ]

3.3 Multivariate Zero-Inflated Hurdle Model

1—v

3.3.1 Model Characterization

We shall assume that each underlying random variable Y; in (3.2.1) follows a

zero-modified distribution, which can be characterized as follows:

p 0, U; =0,
Y; = U;W; = (3.3.3)

w;, U; =1,
where W; follows a count distribution defined on Ny, U; ~ Bernoulli(n;), 0 <
7; < 1, and Uj; is independent of ;. Again, we assume that all Y; are independent
of each other. Then Z constructed by (3.2.1) is said to follow the multivariate
zero-inflated hurdle distribution with parameter vectors @ = (my,...,m,)", © =
(©1,...,0,,)" and a zero-inflation parameter 7. Here ©; is the set of parameters

related to W;. The pmf of Z can be expressed as

m

Pr(Z =z)=|1—m+m [ [(1-m)
= 1—v
X | mo H (1—m;) H i fw, (%)) : (3.3.4)
J:z;=0 jizj#0
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3.3.2 Model Inference

Suppose each Z;, i = 1,...,n, independently follows a multivariate zero-inflated
hurdle distribution. The corresponding observed values are zi,...,z,, where
zi = (21, .., zim) . The latent variables are vy,...,v,, where v; = I(z; = 0,,).
Now we introduce some covariates, &y, ..., ®,, where &; = (1,z;,...,7;,)". The

parameter m;; can then be modeled as

exp(x; B;)

i = , 3.3.5
7 1+ exp(x) B)) ( )
where B; = (Bjo, Bj1,---,Bjp) - For the purpose of easy interpretation, we do
not inject covariates in my. We denote 3 = (8, ...,Bn) as the set of parameters

related to all m;;, and © as the set of parameters related to all W;;, the likelihood

function then can be written as

L(B,0,m) = H [1 — 7o + T H — Tij ]

1—v;

xH m [ C=my) T mifw, (21) . (3.3.6)

Jizi5=0 J:zij#0

The observed log-likelihood function can be divided into two parts:

61(,6,71'0) = Zvi 10g [1 — T + o H(l — 7Tij)

i=1 j=1

+ Z(l — ;) log mo

i=1

+Z(1_Ui) Z log(1 — ;) + Z log ;| ,

j'Zi]'—O J: Z’LJ;&O
Z Z 1 —V; lOg fW le Z Z log fW Zz]
=1 j:z;;7#0 J=1 i:z;;#0

Thus, the maximization procedure can be completed for ¢; and /5 respectively.
For /5, the estimation can proceed in respect of the zero-truncation part of each

margin separately. For /1, we implement the EM algorithm as described below.
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Denote Z’ = (Zi,...,2},)" where Zj = 1(Z; > 0). The corresponding ob-
served values are denoted by 2/, ...,z where 2/ = (z};,...,2,)". The observed
log-likelihood function ¢; can be rewritten as

n n

0(B, m) = Zvi log |1 — 7o + 7o H(l — )| + Z(l — v;) log mg

i=1 j=1 i=1
+ Z Z(l — v;) [2);log mij + (1 — 2;) log(1 — m35)] -
j=1 i=1

In addition to the known values 2., suppose we also know the value u}, one for
each individual to take the value 1 if the observation of common zeros is inflated

and 0 otherwise. The complete data log-likelihood function then becomes

n

(B, m) = Z [uiv; log(1 — o) + (1 — wjv;) log 7o)

=1

- Z Z 21 log i + (1 — wjv; — z};) log(1 — my;)] .

j=1 i=1
Note in our case, v;z;; = 0. Given initial values of parameters 8 and 7, the EM

algorithm proceeds as follows.

e E-step: Replace u; by

_ 1 —m
ui: m )
1-— To + 7o Hj:l(l - 7Tij)

1=1,...,n,

exp(%T,Bj)

where 7;; = Trexp(®] 5,)°

e M-step:

- For 7y, we can get

n
mo=1—-— U, ;.

%
=1
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- For 3, let

n

Z 2 log iy + (1 — wv; — Z;j) log(1 — Wij)} :

=1
There is no closed-form representation for 3;, so we update the regression
parameters respectively for each j by implementing the Newton-Raphson

method for one step. The first and second order derivatives are given as

follows:
ors, Z”
—_— = Z/-v— 1-@;’(}1 T | Ly,
aﬁ] p [ 1] ( ) .7:|
0215 &
8,6]6,8; i:1( ) ]( .7)

e [terate through the E-step and the M-step until some convergence criterion
is met, for example, the relative change of observed log-likelihood between

two consecutive iterations is smaller than a tolerance level .

Remark 3.3.1. The initial values of parameters 3; for EM algorithm can be ob-
tained by implementing univariate logistic regression with observed values 21, ..., 27,

The initial value of parameter 7y can be set as 0.5. The standard errors for the

estimates can be approximated using the approach in Louis (1982).

For the case without covariates incorporated in m;;, the EM algorithm is

simplified as shown below.

e E-step: Replace ] by

i =1 = L= 7o i=1 n
v 1—7T0+7T0H;n:1(1—7'('j)’ ’ ’

Initial value for 7; can be set as the proportion of non-zeros for margin j.
e M-step:
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- Update my through the following equation:

n

,a/
7T0:1——E V;.
n “
=1

- Update each ; through the following equation:

i %

o i=1 %ij 1
= J=1L...,m
n—uy v

3.4 Application

3.4.1 Data Description

This application is based on an automobile portfolio from a major insurance com-
pany operating in Spain in 1995. The dataset contains information for 80,994
policyholders. Eleven covariates are considered in our analysis. The detailed de-
scription for each predictor is presented in Table 3.1. The mean of each covariate
is also provided in the table to show the proportion of corresponding group. For
example, the mean of v1 tells us that 16.0% of policyholders are female. The sim-
plest policy only includes third-party liability (denoted as Z; type) and a set of
basic guarantees such as emergency roadside assistance, legal assistance or insur-
ance covering medical costs (denoted as Zs type). The comprehensive coverage
(damage to one’s vehicle caused by any unknown party, for example, damage
resulting from theft, flood or fire) and the collision coverage (damage resulting
from a collision with another vehicle or object when the policyholder is at fault)
are excluded from this simplest policy. This simplest type of policy forms the
baseline group, while the variable v9 denotes the policies which also include com-
prehensive coverage (except fire) and the variable v10 denotes policies which also
include comprehensive and collision coverage. This dataset was previously used in
Bermudez (2009) and Bermudez and Karlis (2012) for analysis of bivariate count

models. To achieve a better comparison between our model and other models
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including the ones in Bermudez (2009) and Bermudez and Karlis (2012), we use
the whole dataset for model fitting.

The empirical joint distribution for claim numbers Z; and Z, is displayed
in Table 3.2. The overall Pearson’s correlation between these two types of claim
is 0.187. This observed correlation is consistent with our model’s assumption
that there exists a positive correlation between the two margins. We also analyze
the correlation when both claim counts are not zero. The Pearson’s correlation
drops to 0.126, indicating a small right-tailed dependence. Thus our model which

assumes independence in the right tail will likely work very well with these data.

Table 3.1: Description for explanatory variables.

Variable Description Mean
vl = 1 for women; = 0 for men 0.160
v2 = 1 when driving in urban area; = 0 otherwise 0.669
v3 = 1 when zone is medium risk (Madrid and Catalonia)  0.239
v4 = 1 when zone is high risk (northern Spain) 0.194
vh = 1 if the driving license is between 4 and 14 years old 0.257
v6 = 1 if the driving license is 15 or more years old 0.719
v7 = 1 if the client is in the company for more than 5 years 0.856
v8 = 1 if the insured is 30 years old or younger 0.092
v9 = 1 if includes comprehensive coverage (except fire) 0.156
v10 = 1 if includes comprehensive and collision coverage 0.353
vll = 1 if horsepower is > 5,500 cc 0.806

3.4.2 Model Fitting

Prior to fitting our proposed hurdle model, we need to determine the distribu-
tions for the zero-truncated univariate components W;, 7 = 1,2. In addition
to the commonly used zero-truncated Poisson (ZTP) and zero-truncated nega-
tive binomial (ZTNB) distributions, we also try unit-shifted Poisson (USP) and
unit-shifted negative binomial (USNB) distributions. Implementing a unit-shifted
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Table 3.2: Empirical joint distribution of Z; and Zj.

Z Zy

0 1 2 3 4 5 6 7
0 71,087 3,722 807 219 51 14 4 O
1 3,022 686 184 71 26 10 3 1
2 574 133 55 15 8 4 1 1
3 149 42 21 6 6 1 0 1
4 29 15 3 2 1 1 0 0
5 4 1 0 0O 0 0 2 0
6 2 1 0 10 0 0 O
7 1 0 0 10 0 0 0
8 0 0 1 0O 0 0 0 O

distribution on W is equivalent to using a standard count distribution for W; —1.
The comparison results are summarized in Table 3.3. Both the log-likelihood val-
ues and the y? statistics indicate that the USNB distribution outperforms the
alternatives for both claim type counts. The small distance between observed and
fitted frequencies demonstrates the adequacy of adopting a USNB distribution for
both margins.

We next turn to parameter estimates when covariates are introduced in our
multivariate zero-inflated hurdle (MZIH) model. The estimation results in Table
3.4 correspond to 7;, j = 0,1, 2. The 95% confidence interval of 7y is (0.300, 0.322),
where the upper bound is far away from the boundary 1. This reveals the zero-
inflation feature reflected in the dataset. Focusing on the third party liability
claims, parameters v2 and v4-v7 are statistically significant. It can be concluded
that factors like driving in urban area (v2), drivers with more experience (v5,
v6), policyholders with more years with the insurance company (v7) reduce the
probability of claiming. Whereas driving in a high risk region could increase the

chances of making a claim. If we focus on the rest of guarantees, we notice that
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Table 3.3: Goodness-of-fit of marginal models.

Wi Observed ZTP ZTNB USP USNB
1 4,003 3,859.22 4,026.70 3,814.73  3,999.98
2 796  1,023.18 780.45  1,100.20 813.68
3 226 180.85 199.72 158.65 202.65
4 51 23.97 57.31 15.25 53.55
5 7 2.54 17.51 1.10 14.56
>6 7 0.24 8.31 0.07 5.59
X2 293.32 11.12 958.45 7.48
LogLik -3,546.53 -3,483.17 -3,604.39 -3,481.01
Wy Observed ZTP ZTNB USP USNB
1 4605 4,375.24 4,649.53 4,302.22 4,603.02
2 1,071  1,398.38 1,026.10 1,520.45 1,079.10
3 315 297.96 298.98 268.67 308.13
4 92 47.62 97.68 31.65 93.24
5 30 6.09 33.99 2.80 29.01
>6 13 0.71 19.73 0.21 13.50
v 436.79 6.34  1,321,19 0.28
LogLik -4,864.86 -4,755.15 -4,963.00 -4,751.31
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v2-v5, V7, v9-vll are all statistically significant. It tells us that driving in an
urban area (v2), driving in a zone of medium risk (v3), driving license between
4 and 14 years (v5), policy with comprehensive and collision coverage (v9, v10),
greater horsepower (v11) would increase the chances of a claim in this category.
However, driving in a high risk zone (v4) and clients with the company more than
5 years (v7) can decrease the occurrence probability. Table 3.5 is associated with
the estimates for W;, 7 = 1,2. In this table, we report the coefficient estimates
when a linear model with logarithmic link function is used to describe the location
parameter in the USNB marginal distributions of the MZIH model. As can be
observed from this table, conditional on the occurrence of claims, only v9 is a

significant predictor for the expected number of Wj.

Table 3.4: Estimates and ¢-ratios associated with the covariates of ;.

T U
Estimate t-ratio Estimate t-ratio
Intercept -0.932 -6.615***  -3.330 -18.449%**
vl 0.021 0.448 0.031 0.557
v2 -0.077 -2.123* 0.117 2.655%*
v3 0.005 0.123 0.227 4.614%**
v4 0.280 6.361*%**  -0.161 -2.898**
v5 -0.296 -2.561* 0.432 2.925%*
06 -0.453 -3.707FFF 0 0.058 0.377
v7 -0.175 -3.692***  _0.326 -5.837***
v8 0.108 1.564 0.102 1.247
V9 0.051 0.999 3.831 52.118***
v10 0.051 1.325 2.207 42.112%**
v1l 0.070 1.552 0.363 5.999%**
Estimate 95% CI
0 0.311 (0.300, 0.322)

Signif. codes: 0 “*** 0.001 “**’ 0.01 “*’ 0.05.
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Table 3.5: Estimates and ¢-ratios associated with the covariates of W;.

W1 W2
Estimate t-ratio Estimate t-ratio

Intercept -1.178 -5.022%F* 1,429 -5.588H**

vl -0.112 -1.290 0.023 0.338
v2 0.008 0.118 -0.025 -0.447
v3 -0.105 -1.330 0.067 1.137
v4 -0.071 -0.900 -0.034 -0.451
V5 -0.067 -0.350 0.071 0.355
v6 -0.066 -0.324 0.029 0.138
V7 -0.005 -0.065 -0.119 -1.744
v8 0.066 0.543 -0.019 -0.193
v9 0.109 1.178 0.832 7.460***
v10 0.040 0.564 0.170 1.505
vll 0.019 0.231 -0.078 -0.892
Estimate 95% CI
o1 0.695 (0.561, 0.829)
" 0.830 (0.699, 0.961)

Signif. codes: 0 “*** 0.001 “**’ 0.01 “*’ 0.05.
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3.4.3 Model Comparison

In this section, we aim to compare different available models. Apart from our
proposed MZIH model, fitted with the USNB marginal distributions, candidates
also include the MZIP and MZINB models as well. It is worth mentioning that
for zero-truncation parts in MZIH model, only significant predictors are adopted
to avoid over-fitting problem. Furthermore, a model with two independent hurdle
margins (Ind) is fitted as a benchmark. Regarding the distributions for zero-
truncation parts in the independent hurdle model, they are same as in our MZIH
model. Different information criteria are listed in Table 3.6. By assuming the
existence of zero-inflation parameter, we are able to improve the model fitting
considerably. This confirms the fact of extra common zeros in our dataset. Also
the superior performance of MZIH model over MZIP and MZINB models verifies
the flexibility of our model for handling marginal distributions.

It is interesting to compare our models with previous ones. The best model
from Bermudez (2009) is the zero-inflated bivariate Poisson (ZIBP) model with
regressors on the third Poisson parameter \g. And the best model from Bermudez
and Karlis (2012) is the 2-finite mixture of bivariate Poisson (2-FMBP) model with
regressors on the mixing proportion p. For readers’ convenience, description of the
ZIBP and 2-FMBP models are given in Appendix B. The results of comparison
are shown in Table 3.6. As noticed from the table, all information criteria agree

that our purposed MZIH model performs best.

3.4.4 Predictive Analysis

To evaluate the predictive performance, we randomly take 70% of the observations
from the whole sample as training data to develop the models, and the remaining
30% are reserved as the hold-out sample for validation purposes. We then calculate

the predicted claim frequencies and compare these to the observed ones based
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Table 3.6: Information criteria of several relevant fitted models.

Model  Parameters  LogLik AlIC BIC
MZIH 30 -44.777.18  89,614.35 89,893.41
MZIP 25 -45,471.08  90,992.17 91,224.72
MZINB 27 -45,069.46  90,192.92  90,444.08
Ind 29 -45,721.80 91,501.59 91,771.36
Z1BP 27 -45,414.80 90,883.60 91,134.76
2-FMBP 53 -44,842.22  89,790.44 90,283.45

on the out-of-sample for the following scenarios: no claims in any line, claims
occur in only one of the lines and claims occur in both lines. Model candidates
include MZIH, MZIP, MZINB and Ind models. The goodness-of-fit results are
shown in Table 3.7. Conclusions are consistent with those made for Table 3.6. As
anticipated, we observe very poor performance of the Ind model, which can be
explained by failure to consider the excess of zeros in the dataset and the positive
correlation between the two lines. The more accurate prediction of MZIH model
against MZIP and MZINB is largely due to the introduction of hurdle margins.
The tiny discrepancies between observed and predicted frequencies of our model

suggest a satisfactory quality of fit for this particular dataset.

Table 3.7: Predicted frequencies of four models under four different scenarios.

(Z1,Z5) Observed  MZIH MZIP MZINB Ind

(0, 0) 21,319 21,331.53 21,313.06 21,322.39 21,050.73
(>0, 0) 1,151 1,133.47 1,257.60  1,184.15  1,408.17
(0, >0) 1,462  1,438.02 1,280.19 1,451.14  1,719.48

(>0, >0) 367 395.98 448.16 341.32 120.63
x> 2.80 49.56 2.94 592.10
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3.5 Concluding Remarks

In this chapter we introduce a new type of multivariate model, the so called mul-
tivariate zero-inflated hurdle model (MZIH). We start with the definition for the
multivariate zero-inflated distribution and provide some of its properties. Next,
two commonly used models, namely the MZIP and MZINB, are reviewed with
associated EM algorithms necessary for estimating their parameters given in Ap-
pendix A. However, these two models often cannot accommodate observed char-
acteristics in the marginal distributions for claim counts. To overcome these
restrictions, we present the MZIH model where each margin is assumed to fol-
low a zero-modified distribution. The separation of zeros from the positive parts
provides us with more freedom to deal with zero features in each dimension and
the marginal distributions as well. The usefulness of our model is illustrated with
the help of real data from automobile insurance. The results from fitting several
relevant models are shown and compared. As expected, the superiority of our
proposed model is supported by different information criteria as well as predictive

performance.

60



Chapter 4

Type I Multivariate
Zero-Truncated Hurdle Model

4.1 Introduction

The previous chapter resolves the multivariate zero-inflation problem, whereas in
this chapter we deal with another often encountered issue in insurance: multivari-
ate zero-truncation. Counting data without zero observations are common in ac-
tuarial literature. Univariate zero-truncated models have been routinely applied
by practitioners to the analysis of this type of missing information. The com-
monly used ones include zero-truncated Poisson (ZTP) model and zero-truncated
negative binomial (ZTNB) model (see Grogger and Carson (1991)). However, uni-
variate zero-truncated models have obvious limitations, one of which arises from
policies with multiple claim types. This is not uncommon in the health insurance
industry, where policyholders can make claims on the grounds of disease, acci-
dents or other. The corresponding claims data will usually only contain policies
with at least one claim recorded. This type of zero-truncation is referred to as
Type I multivariate zero-truncation. Throughout this chapter, Type I multivari-
ate zero-truncation indicates that there are no observations with all zeros for the

variables under consideration. One key characteristic of this type of multivariate
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zero-truncation is that there is no zero-truncation in respect of any individual
variable under consideration. Instead, we have zero-modified data for each one of
them. This is why univariate zero-truncated models are not directly applicable
here.

Aiming at the Type I multivariate zero-truncation, Tian et al. (2018) pro-
posed a multivariate zero-truncated Poisson distribution. A drawback of this
model is the restricted choice for the marginal behaviors. To address the issue,
we propose a Type I multivariate zero-truncated hurdle model, which allows us to
assume different zero count patterns for individual variables and offers us flexible
options to describe marginal counts. Following the idea in Tian et al. (2018), we
identify a stochastic representation of the Type I zero-truncated counting random
variables, which facilitates us to make use of a novel EM algorithm (Dempster et
al. (1977)) for the parameters’ estimation.

The rest of this chapter is organized as follows. Section 4.2 gives the defini-
tion of general Type I multivariate zero-truncated distribution, followed by some
distributional properties. Two commonly used distributions: Type I multivariate
zero-truncated Poisson distribution and Type I multivariate zero-truncated nega-
tive binomial distribution are then presented. The associated EM algorithms for
parameters’ estimation are provided in Appendix C. In Section 4.3, we propose a
new Type [ multivariate zero-truncated hurdle model, followed with its parameter
estimation via EM algorithm and some simulation studies to test the model per-
formance. In Section 4.4, the proposed model is applied to a real health insurance
dataset and both model fitting and prediction results are exhibited. Concluding

remarks are given in Section 4.5.
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4.2 Type I Multivariate Zero-Truncated Distri-
bution

4.2.1 Definition

Let Y = (Y1,...,Y,)" denote a discrete random vector where Y;,j = 1,...,m,
are independent of each other and defined on N. Then Z = (Zy,...,Z,,)" is said

to follow the Type I multivariate zero-truncated distribution if

d 0, U=0,
yiuz-= (4.2.1)
Z, U=1,

where U ~ Bernoulli(mo), mo = Pr(Y # 0,,) = 1 = [[}L, Pr(Y; = 0), and U is
independent of Z. The pmf of Z can be derived as

r 7-”,1 Pr(Y; = z;
Pr(Z =2) = ];rig — 1)) = HJ* 7:0 ), |z]|; >0, (4.2.2)

An alternative representation is to define Z < Y|Y # 0,,. This stochastic

representation helps us to generate random values of Z.

4.2.2 Properties of Distribution

Marginal Distributions

We first derive the marginal distribution of a single variable.

Proposition 4.2.1. The marginal distribution of Z; is

fr;(2)

, Zj > 0,
To

1 (0
L )7 =0,
0 o

PI’(Z]' = Zj) =

where mp = 1 — H;nzl fv;(0).
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Proof. If z; > 0,

Pr(Zj:zj):Z--- Z Z ---ZPr(Z:z)

Thus,

Pr(Z; = —1—ZPr p=1- L KO

o o
zj=1

a

Next we derive an expression for the marginal distribution of an arbitrary

random sub-vector of Z.

Proposition 4.2.2. Denote J = (j1,72,---,4r) C (1,2,...,m) where 1l <7 <m

and JC = (jy41,Jrs2, - - - » jm) as the complementary set. Let Z, = (Z},, Zj,, ..., Z;.
and 2z, = (2j,, Zjp, - -, 24.) |, the distribution of Z, is
H fY Zj Zr 7é 07"7
Pr(Z, = 2,) = ]E“’

1
P — 11 . =0,.
7T0+7T0, ny(O), z 0
jeJ

Proof. If z,. # 0,,

Pr(Z, ==z,) = Z Z Pr(Z = z)

er+1 =0 Zjm =0

:—ny (%) H ny z)

]EJ jeJC z;=0

= %nyj(zj)'

jeJ
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Thus,

Pr(Z,=0,)=1- Y  Pr(Z =

IIZTH1>0
11 5 Tl
O Jlzll, >0 j€7
1
=1—-—11- (z;
Loy H ol
lzrll,=0j€J
=1-— + — H fy; (0
]EJ
O
Conditional Distribution
Proposition 4.2.3. Let Z,,_, = (Zj,,\, Zj,rsr s Zj) " a0d Ziner = (250115 Zjryas - - s Zjm) |-
The conditional distribution of Z,|Z,,_, is
H fYJ (Zj)a Zm—r 7é Om—Ta
Pr(Z, = 2,|Z ) =7
W4y = 2p|lm—r = 2m—r) =
Hjej ij (Z])
y  Rr 7é 07“7 Zm—r = O
1—[Tjes /v, (0)
Proof. If z,,_, #0,,_,,
1
Pr(Zr = zr|Zm—r = zm—r) = TO H] : fY HfY Z]
o HJGJC fY ( jeJ
If z,,_, = 0,,_,, it is obvious that z,. # 0,. When z, # 0,.,
7%0 H]GJ fY ( ) HjeJc fY (0)
Pr(Z, =z.|Zy_ =0,_,) = T
1—7?0 = e fv;(0)
= fY Zj
1 H]GJ fY E ]
]

65



Expectation, Variance and Covariance

Proposition 4.2.4. The expectation and variance of Z;, 7 = 1,...,m, are
Hij H2j 13,
E(Z;)) =", Var(Z;) =" -2,
(2) =", Var(z) =2 -
and the covariance between Z; and Zy, j, ' =1,...,m, j# j', is

(1 —
Cov(Z;, Zy) = Mgt (1—mp) <0,
4
where p1; = E(Y}), p1y = E(Y)/) and g = E(Y}?).
Proof. This is easily obtained from Y LUz. O

Moment Generating Function

Proposition 4.2.5. The moment generating function of Z is

m

where t = (t1,...,tm)".
Proof. The moment generating function of Y is
My (t)=E [exp(t'Y)] =E [exp(Ut' Z)] =E{E [exp(Ut' Z)|U] }
=E[Mz(Ut)] =1—m+ moMz(t).

So the moment generating function of Z is

114
Mz(t)=1— s [Ty, t5).
j=1

4.2.3 Two Commonly Used Distributions

In this subsection, we introduce two commonly used Type I multivariate zero-
truncated models. The corresponding EM algorithms for inference are given in

Appendix C.
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Type I Multivariate Zero-Truncated Poisson Distribution

Let Y;~Poisson(};), for j = 1,...,m. Then Z is said to follow the Type I
multivariate zero-truncated Poisson distribution with the parameter vector A =
(A, Am) T, denoted by Z ~ MZTP(X). As a result, my = 1 — e~ 2i=1%_ The
pmf of Z is

mn /\Z.jef)‘j

1
Pr(Z=2z2)= o J .
'(Z = 2) l_e_wjjﬂ o

—

Type I Multivariate Zero-Truncated Negative Binomial Distribution

Let Y;~NDB(\j, ¢;), for j =1,...,m. Then Z is said to follow the Type I multi-
variate zero-truncated negative binomial distribution with two parameter vectors
A=A, A" and @ = (¢1,...,0m)", denoted by Z ~ MZTNB(X, ¢). As
aresult, mo = 1 — [[72, [¢;/(\; + ¢;)]”. The pmf of Z is

['(z + ¢5) ( Aj )Zj ( 9, )¢j
L)zt \ A+ ¢ Aj+ & '

4.3 Type I Multivariate Zero-Truncated Hurdle
Model

m

1
Pr(Z - Z) - m & éj H
=TI, (m) =1

In this section we shall define the so-called Type I multivariate zero-truncated
hurdle model, then we discuss the model inference in details followed by some

illustrative simulation examples.
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4.3.1 Model Characterization

We shall assume that each underlying random variable Y; in (4.2.1) follows a

zero-modified distribution, which can be characterized as follows:

) 0, U;=0,
Y, L uw; = (4.3.3)
W, Uj=1,

7
where W; follows a count distribution defined on Ny, U; ~ Bernoulli(n;), 0 <
7; < 1, and U; is independent of W;. Again, we assume that all Y; are indepen-

dent of each other. Then Z constructed by (4.2.1) is said to follow the Type I

multivariate zero-truncated hurdle (MZTH) distribution with parameter vectors

w = (m,...,7n) and ©® = (Oy,...,0,,)". Here ©; is the set of parameters
related to Wj. Let mo = 1 —[[;_,(1 — m;), then the pmf of Z can be expressed as

Pr(Z — 2) _Wio T =) I mfw, (). (4.3.4)

Jizj= Jiz;#0
4.3.2 Model Inference

Suppose each Z;, i = 1,...,n, independently follows a Type I multivariate zero-
truncated hurdle distribution. The corresponding observed values are zq, ..., 2z,,
where z; = (21, ... ,zim)T. Now we introduce some covariates, x1,...,x,, where
x; = (1,2;1,...,25)" . The parameter m;; can then be modeled as

@B
Y14+ exp(m?ﬁj)’

where 3; = (Bjo, 81, - -, Bjp) - We denote 3 = (B1,...,Bm) as the set of para-

meters related to all m;;, and © as the set of parameters related to all W;;, the

(4.3.5)

likelihood function then can be written as

18.0) - H[ Hl—%] 1| T =) TT 7o

_]:1 =1 j:zij:O j21]7£0
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The observed log-likelihood function can be divided into two parts:

:Z Z log(1 — m;;) + Z log 7;; Zlog ll—H —mj)],

i=1 | j:z;;=0 j'Zl'j;éO Jj=1
=30 3 loxfi (e = 30 3 log fn (s
i=1 j:z;;7#0 J=1 4:2;;7#0

Thus, the maximization procedure can be completed for ¢; and /¢y respectively.
For /5, the estimation can proceed in respect of the zero-truncation part of each
margin separately. For /1, we implement the EM algorithm as described below.
Denote Z’ = (Z1,...,2)},)" where Z; = 1(Z; > 0). The independence be-
tween U and Z indicates the independence between U and Z’. The correspon-
ding observed values are denoted by 2z, ...,z where 2z, = (z/4,...,2,.)". The

?7rm

observed log-likelihood function ¢; can be rewritten as

B):ZZ [Zl{jlogmj—i_(l_ ;) log( 1_7TZJ Zlog ll_H 1—7Tij)] .
i=1 e

In addition to the known values z., suppose we also know the value u; from

U; ~ Bernoulli(my;). The complete data log-likelihood function then becomes

m n

- Z Z [wizjjlog mi; + (1 — wizj;) log(1 — 7)) -

j=1 i=1

Given initial values of parameters 3, the EM algorithm proceeds as follows.

e E-step: Replace u; by

m
T | R
j:].
. exp(m?ﬁ’)
where m;; = Trexp(@y ;)
e M-step: Let

Z(ljj(ﬁ]) = Z [ﬂZZ;] log 5 + (]_ — ﬂZZZ,]) lOg(l — ﬂ-ij)} .



There is no closed-form representation for 3;, so we update the regression pa-
rameters respectively for each j by implementing Newton-Raphson method

for one step. The first and second order derivatives are given as follows:

s, <,

8_6]- = ;(Uz% — Tij )i,
0215, .
- (1 — ) T
aﬁjaﬁ; izlﬂ—]( 7T]>w wz

e [terate through the E-step and the M-step until some convergence criterion
is met, for example, the relative change of observed log-likelihood between

two consecutive iterations is smaller than a tolerance level «.

Remark 4.3.1. The initial values of parameters 3; for EM algorithm can be ob-
tained by implementing univariate logistic regression with observed values zy;, .. ., 2;,..

The standard errors for the estimates can be approximated from the Hessian ma-

trix of the observed log-likelihood function.

For the case without covariates incorporated in m;;, the EM algorithm is

simplified as shown below.

e E-step: Replace u; by

w=1u=1-][J0-m), i=1...n

J=1

Initial value for 7; can be set as the proportion of non-zeros for margin j.

e M-step: Update each m; through the following equation:

_ n /
U Zi:l Zij
)

n

7Tj:
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4.3.3 Model Testing

In this subsection, we shall conduct two simulation examples to test the perfor-
mance of our proposed Type I multivariate zero-truncated hurdle (MZTH) model.
The examples aim to compare MZTH model with MZTP model when data are
simulated from these two models respectively. As we only deal with Poisson mar-
gins in a MZTH model, we use the name of MZTHP to be specific. For simplicity,

we set m = 3. The data generation process is as follows:

e Simulate 3 numbers from 3 independent corresponding distributions. If the
three numbers are simultaneously 0, discard them and continue the simula-
tion until at least one of the three numbers is non-zero. Record them as one

observation.
e Continue with this procedure until the sample size reaches n = 10, 000.
e Generate T' = 500 replications of samples.

Using the EM algorithms provided, we can estimate the unknown parameters
under different model assumptions. We then calculate the average parameter
estimate and the variance of the estimate as follows. For parameter -, its average

parameter estimate is
oo L i (1)
T=7 - 7

and the variance of 4 can be estimated as

(70 =4)",

where 4 is the estimation result from the ¢-th iteration.

Example 1. Covariates are not incorporated here. The parameters used for the

generation of MZTHP-type of data are set as:
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L4 )\1 = 05, )\2 = 1, )\3 = 15,
® T = 03, Ty = 04, T3 = 0.5.

The parameters used to generate MZTP-type of data are: \; = 0.5, Ay = 1,
A3 = 1.5.
Example 2. In this example we introduce a single predictor x; which is generated

from a folded standard normal distribution. Assume \;; = exp(«jo + oj12;) and

T — exp(Bjo+Bj124)
] 1+exp(Bjo+PBj1x4)’

generation of MZTHP-type of data are set as:

i =1,2,...,n, 7 = 1,2,3. The parameters used for the

e ayp=—1,an =1, fio=—1, fuu =1,
o g = 0.5, ag; = 0.5, B9 = 0.5, P21 = 0.5,
® azxp =1, a3 =—1, 050 =1, Bs1 = —1.
The parameters used to generate MZTP-type of data are
e ayg=—1,a1; =1,
® a9y = 0.9, an; = 0.9,
e a3 =1, azg; = —1.

The estimation results are summarized in Table 4.1 and Table 4.2 when data
are generated from MZTHP and MZTP models respectively for Example 1. Ta-
ble 4.3-4.4 summarize the estimation results for Example 2. Average parameter
estimates are given in the tables as well as the standard errors of the estimates.
The average AIC values are calculated under the two models for comparison. For
Example 1, the average zero-truncation parameter 7 is also provided.

Several observations can be made form these tables. First, the estimates are

anticipated when the model is correctly specified, which verifies the efficiency of
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our proposed algorithms. Second, when data are generated from the MZTHP
model, the estimates suffer using the MZTP model. However, when the MZTP is
the underlying model, the MZTHP model can still give us proper estimates for the
parameters \;, j = 1,2,3 or oy, j = 1,2,3, k = 0,1, though with larger standard
errors. This makes sense as the MZTHP model only uses positive numbers to
estimate the parameters \; or ay.

To examine the overall goodness-of-fit, we further compare the AIC statistics
from the model fitting. Figure 4.1 and Figure 4.2 display the scatter plots of
AIC values between the true model and misspecified model based on the 500
replications in Example 1 and Example 2. One can clearly see that the MZTP
model does not work very well when the data are generated from the MZTHP
model. Reversely, when dealing with MZTP-type of data, the performance of the
MZTHP model and the MZTP model has no significant difference.

In short, the above two examples have demonstrated better robustness of
our proposed MZTHP model than the MZTP model. It showcases that when the
underlying model is unknown, our proposed MZTH model seems to be a more
robust candidate to study the multivariate claim frequency data with Type I

multivariate zero-truncation feature.

4.4 Application
4.4.1 Data Description

In this section we provide a real-life application of our proposed model. The
dataset was obtained from a Chinese health fund that contains health insurance
claim records in the period of 2015-2017. The underlying health insurance poli-
cies provide full insurance covers on payments associated with in-patient and out-
patient treatments as well as emergency services. The age of the insured ranges

from 28 days to 60 years. There are no out of pocket payments for policyholders,
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Table 4.1: Estimation results of MZTHP-type of data.

MZTHP model MZTP model

True value estimate s.e.(x1073)  estimate s.e.(x1073)

A =05 0.50 0.64 0.43 0.28

A= 1.0 1.00 0.73 0.72 0.46

A3 =15 1.50 0.80 1.09 0.58

m = 0.3 0.30 0.21

my = 0.4 0.40 0.22

3 =0.5 0.50 0.25

Ave. mg 0.79 0.89

Ave. AIC 68,808.18 70,873.96

Table 4.2: Estimation results of MZTP-type of data.

MZTHP model MZTP model
True value estimate s.e.(x107%)  estimate s.e.(x107%)
A =05 0.50 0.66 0.50 0.30
Ay =1.0 1.00 0.68 1.00 0.43
A3 =1.5 1.50 0.71 1.50 0.56
st 0.39 0.21
P 0.63 0.24
3 0.78 0.21
Ave. mg 0.95 0.95
Ave. AIC 75,241.75 75,238.55
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Table 4.3: Estimation results of MZTHP-type of data.

MZTHP model

MZTP model

True value  estimate s.e.(x1073) estimate s.e.(x1073)
ap=-1 -1.00 1.43 -1.15 1.04
an =1 1.00 0.80 0.98 0.75
a0 = 0.5 0.50 0.59 0.28 0.71
a1 = 0.5 0.50 0.46 0.53 0.59
g =1 1.00 0.81 0.79 0.78
a1 =—1  -1.00 1.42 -0.96 1.02
Bio=—1  -1.00 1.65

=1 1.00 1.75

Pao = 0.5 0.50 1.81

fo1 = 0.5 0.50 2.03

B30 =1 1.00 1.74

P31 = —1 -1.00 1.72

Ave. AIC 86,225.97 89,409.50

Table 4.4: Estimation results of MZTP-type of data.

MZTHP model

MZTP model

True value  estimate s.e.(x1073) estimate s.e.(x107?)
app = —1 -1.00 1.52 -1.00 0.84
app =1 1.00 0.80 1.00 0.54
gy = 0.5 0.50 0.57 0.50 0.48
az =0.5 0.50 0.46 0.50 0.41
asg =1 1.00 0.72 1.00 0.58
azp = —1 -1.00 1.28 -1.00 0.85
Bio -0.95 1.66

81, 1.58 1.92

Bao 1.33 2.32

Bo1 1.39 3.60

B0 2.26 2.19

Ba -1.62 2.02

Ave. AIC 88,787.80 88,751.02

1)



72000
1
76000
1

MZTP model
70000 71000
| |
MZTHP model
75000 75500
| |

69000
1

68000
1
74500
1

68000 69000 70000 71000 72000 74500 75000 75500 76000

MZTHP model MZTP model

Figure 4.1: Comparison of AIC between the two models without covariates when
data are generated from MZTHP model (left) and MZTP model (right) respec-
tively.
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Figure 4.2: Comparison of AIC between the two models with covariates when data
are generated from MZTHP model (left) and MZTP model (right) respectively.
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which means that all claim amounts in the dataset are full payment amounts. The
dataset consists of 40,030 policyholders. There are three main causes of claims
in the dataset: disease, accident and other. As the total number of claims for
each policyholder is positive, the number of claims of each type cannot be 0 si-
multaneously. Apart from information regarding claims, the dataset also contains
some explanatory variables such as time exposed to risk, age, gender, region and
smoking status. Such information is useful for risk classification and ratemaking
purposes.

For this study, we take a random sample of 30,000 as training data to develop
the model and the rest is reserved as the holdout sample for validation purposes.
The descriptive statistics of claim counts are displayed in Table 4.5. In this table
we present the average of total claim counts as well as the average counts of each
claim type. From the table one can conclude that the youngest insureds (0-7 years
of age) have higher total claim counts compared with other age groups. There is no
significant difference in average counts among different regions and genders. The
smoker group shows lower frequency than the non-smoker one, which somehow
contradicts to our common sense. As for the specified claim type, the youngest age
group (0-7) is prone to incurring more claims for disease yet less for accident and
other compared with other age groups. Non-smokers have more frequent claims
due to disease and less frequent claims from accident compared with smokers. We
also present the corresponding percentages of various observations in the table.
Nearly half of the policyholders are between age 19 and 44. Policyholders aged 8
to 18 only account for 2.1%. There is an approximately equal number of females
and males in the portfolio. It is also noted that the majority of the policyholders

are non-smokers.
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Table 4.5: Average claim frequencies under each category.

Category  Count Disease Accident Other % of obs
age:

0-7 1411 1.365 0.017 0.030 18.4
8-18 1.098  0.961 0.067 0.069 2.1
19-44 1.134  1.001 0.066 0.067 46.3
45-60 1.164  1.027 0.053 0.084 33.2
region:

central 1.215  1.099 0.058 0.058 19.9
north 1.193  1.060 0.058 0.075 6.7
northeast  1.212 1.124 0.041 0.047 22.7
northwest 1.158  1.052 0.051 0.055 2.1
south 1.174  1.022 0.061 0.092 4.7
southwest 1.191  1.063 0.047 0.081 23.9
east 1.168  1.034 0.064 0.070 20.0
gender:

female 1.180  1.074 0.042 0.065 56.0
male 1.213  1.079 0.066 0.068 44.0
smoke:

no 1.196  1.078 0.052 0.065 98.0
yes 1.130  0.955 0.084 0.092 2.0
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4.4.2 Model Analysis

Table 4.6 gives the observed claim counts of each claim type. The empirical
distribution for disease claim frequencies obviously has a heavier tail than the
ones for accident and other, indicating that Poisson and negative binomial models
might not be appropriate for it. Also, our data show negative correlations among
different claim types which is summarized in Table 4.7. This coincides with our
model assumption. We start with the no covariate case and use Z; and W,
7 =1,2,3, to represent the claim numbers and positive counts for disease, accident
and other. Table 4.8 gives a comparison among the MZTP model, MZTNB model
and our proposed MZTH model. Regarding the marginal distributions of the
positive claim counts in the MZTH model, we choose the Poisson-inverse Gaussian
(PIG) model for the shifted count W) — 1, the zero-truncated Poisson model
(ZTP) for Wy and the negative binomial (NB) model for the shifted count W — 1.
These models are selected based on AIC statistics. To further demonstrate the
necessity of introducing the hurdle part in our model, we also fit a multivariate
zero-truncated (MZT) model with three different margins, namely PIG, Poisson
and NB without any modifications for Y;, Y5 and Y3 respectively. The result is
also included in Table 4.8. Using AIC and BIC as our main criteria for model
selection, one can see that because of the extra flexibility on choices of margins,
the MZT model performs better than the MZTP and MZTNB model, but still
not as good as our proposed MZTH model when fitting the training dataset. This
is because the MZTH model separates all zero counts from positive counts in the
margins so that both zero and positive parts are fitted more accurately.

Next we add covariates into our MZTH model to see the significance of each
explanatory variable. The main results regarding 7; and W; are summarized in
Table 4.9 and Table 4.10 respectively. It is noticed that some groups classified by

certain covariates always have a constant number 1 for W5 and W3, causing the
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Table 4.6: The marginal empirical distributions of three claim types.

Disease Accident Other

Count Observed Percent Observed Percent Observed Percent

0 2,887 9.62 28,448 94.83 28,063 93.54
1 23,511 78.37 1,525 5.08 1,899 6.33
2 2,700 9.00 26 0.09 35 0.12
3 280 1.93 1 0.00 3 0.01
4 164 0.55
) 76 0.25
6 37 0.12
7 18 0.06
8 13 0.04
9 7 0.02

> 10 7 0.02

Table 4.7: Pearson’s correlation coefficients among three claim types.

Type Disease  Accident  Other

Disease - -0.299 -0.276
Accident -0.299 - -0.032
Other -0.276 -0.032 -

Table 4.8: Log-likelihood values, AIC and BIC of four candidate models.

Model = Parameters  LogLik AIC BIC
MZTP 3 -30,143.14  60,292.28 60,317.21
MZTNB 6 -29,273.42  58,558.84  58,608.69
MZTH 8 -28,841.18 57,698.37 57,764.84
MZT 5 -29,093.36  58,196.73  58,238.27
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estimation of the parameters drifting to infinity. To address this issue, we discard
the involved covariates. The standard errors of Bj can be approximated using the
Hessian matrix from the observed log-likelihood function ¢;. The Hessian matrix

is given as follows:

L;I;

8281 _ i ﬂ-ij(ﬂ-ij — W’O)me 8261 _ i Wijﬂij’(l - 7Ti0) T
0B;08] = i TT0BioB; = T °

. i . . ex CBT 1
for 4,7/ =1,2,3, j # j', where mjp = 1 — H?;l(l — mij) and Ty = 1+eii>(:c?]ﬁ)j)’

Table 4.9: Estimates and t-ratios associated with the covariates of ;.

m o 3

Estimate t-ratio Estimate t-ratio Estimate t-ratio
Intercept -1.529 -5.524%F* _3.942 -14.218%*%*%  _3.910 -14.432%**
agel(0-7) 1.138 7.543%*F*  _0.446 -2.905%*  -0.370 -2.710%*
age2(8-18)  -0.900 -2.171% -0.586 -1.410 -0.967 -2.342%
age3(19-44) -0.235 -2.388* -0.004 -0.044 -0.441 -4 581 ***
central 0.463 3.272%* 0.294 2.083* 0.246 1.767
north 0.322 1.649 0.087 0.442 0.302 1.589
northeast 0.568 3.896**F*  -0.062 -0.422 0.025 0.179
northwest 0.200 0.553 -0.187 -0.515 -0.140 -0.394
south 0.227 1.048 0.088 0.395 0.455 2.156%*
southwest 0.071 0.505 -0.146 -1.016 0.310 2.251*
female 0.347 3.725%*F* _0.207 -2.201%* 0.080 0.880
non-smoker -0.524 -2.010%* -0.578 -2.215% -0.448 -1.756
LogLik -14,387.16

Signif. codes: 0 “***’ 0.001 “**’ 0.01 “*’ 0.05.

As can be seen from Table 4.9, most covariates are significant on the occur-
rence of each type of claims. As being empirically observed, the youngest age
group is most likely to incur claims by disease compared with other age groups.
Smoking status has a positive effect on the occurrence of claims by disease and
accident. For the positive counts, only age and region are significant covariates

for modeling the expected number of Wi, yet no covariate plays a significant role
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Table 4.10: Estimates and ¢-ratios associated with the covariates of W.

Wi Wy Ws

Estimate t-ratio Estimate t-ratio Estimate  t¢-ratio

Intercept -2.536 -15.400%**  -3.729 -14.003***  -3.660 -3.250%*
agel(0-7) 1.114 22.798%**

age2(8-18)  -0.395 -2.424%

age3(19-44) -0.169 -3.738%**

central 0.231 3.933%** -0.272 -0.533
north 0.128 1.526 0.425 0.771
northeast 0.216 3.800*** -0.128 -0.259
northwest 0.050 0.354 0.098 0.087
south 0.050 0.496 -0.527 -0.656
southwest -0.040 -0.692 -0.971 -1.810
female -0.017 -0.439 0.224 0.596 -0.403 -1.199
non-smoker  0.216 1.342 -0.064 -0.058
10) 0.298 18.680*** 0.222 1.337
LogLik -13,021.07 -138.79 -190.50

Signif. codes: 0 “***’ 0.001 “*** 0.01 “*’ 0.05.
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in modeling the expected count of W5 and Wj3. This makes sense as the number
of claims by accident or other reasons should be totally random in nature so that
the impact of the covariates on the number of claims is negligible.

Overall, we preserve all the covariates when modeling 7;. As for the positive
counts of disease claims, we use age and region factors as well as exposure in the
PIG model for W; — 1. For claims due to accident and other causes, only the
covariate of exposure is adopted in the ZTP model for W5 and the NB model for
W3 — 1 respectively.

4.4.3 Predictive Performance

Making use of the test data, we calculate the predicted claim frequencies for the
three claim types using the best model obtained above and then compare with the
observed numbers in the data. Some cells are grouped to comply with the rule of
5.

The goodness-of-fit results for three univariate marginal models are exhibited
in Table 4.11. The small out-of-sample y? statistics suggest a good fit on the
marginal counts. The prediction results for three bivariate cases are displayed in
Table 4.12. In this table, the predicted numbers are put in parentheses next to
the observed numbers. One can see that the overall performance is acceptable in
each case except one cell (Z; > 2, Z3 = 1), where the predicted frequency seriously
underestimates the real figure. It indicates that there could be further dependence
between Z; and Z3.

In addition, we also generate a joint prediction on the multivariate claim
frequencies and summarize the results in Table 4.13, where the predicted numbers
are put in parentheses below the observed numbers. It can be seen that the overall
prediction suffers due to two cells: (Z; > 2,7, = 0,73 = 1) and (Z; = 1,7, =

1,73 = 0). After excluding the two problematic cells, the overall x? value drops
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to 20.22 and the result is acceptable considering the number of cells.

Table 4.11: Goodness-of-fit under three univariate cases.

Disease Accident Other
Count Observed Predicted Observed Predicted Observed Predicted
0 945 960.01 9,515 9,514.85 9,376  9,386.05
1 7,931 7,861.11 503 505.84 641 631.41
2 879 905.80 122 9.322 132 12.542
3 172 189.87
4 58 60.94
5 24 24.86
6 9 11.77
7 3 6.17
> 8 9 9.46
X% (p-value) 5.81 (0.67) 0.79 (0.67) 0.17 (0.92)

& Values are corresponding to Z > 2 and Z3 > 2.

4.5 Concluding Remarks

To our best knowledge, few papers have discussed multivariate models with Type
I zero-truncation. The model proposed in this chapter, i.e. the MZTH model, is
very flexible when handling multivariate count data with features of zero-inflation
and/or zero-deflation in each dimension as well as various marginal count distri-
butions for the positive observations. We implement two simulation studies to
compare the performance of the MZTHP model with the MZTP model. The re-
sults confirm the better robustness of the former one. The MZTH model is then
applied to a real-life health insurance dataset. The in-sample comparison among
four candidate models demonstrates the superiority of the MZTH model. The
out-of-sample prediction results also exhibit satisfactory predictive performance

of our MZTH model at single dimensions as well as at the multidimensional level.

84



Table 4.12: Goodness-of-fit under three bivariate cases.

Zy
0 1 >2
Z 0 497(528.59) 437(423.61) 12(9.32)"
1 7 878(7,787.94) 52(71.86)
2 868(897.74) 14(10.37)
3 170(188.26)
4 57(60.44)
5 24(24.66)
6 9(11.68)
7 3(6.13)
>8  9(9.39)
x> (p-value) 16.08 (0.19)
Zs
0 1 >2
Z 0 111(426.21) 500(523.40) 13(12.54)°
1 7 834(7,765.47) 94(93.79)
2 851(894.87) 47(14.22)°
3 161(187.61)
4 54(60.22)
5 20(24.57)
6 8(11.64)
7 2(6.10)
> 8 5(9.35)
x? (p-value) 91.11 (0.00)
Zs
0 1 > 2
Z 0 8,871(8,877.14) 631(625.28) 13(12.54)"
1 493(499.708) 10(6.12)"
> 9 12(9.20)
X (p-value) 3.47 (0.63)

& Cells are grouped in terms of the count of disease.
b Cells are grouped in terms of the count of accident.
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Table 4.13: Goodness-of-fit under the multivariate case.

Zy =0 Zy =1 Ly > 2
s 0 1 > 2 0 >1 >0
Z; 0 493 13% 430 10# 12#
(518.20) (12.42) (418.50) (6.13) (9.32)
1 7,783 92 50
(7,693.22)  (92.90) (70.96)
2 841 46* 13%
(886.91)  (14.09) (10.24)
3 159
(186.01)
4 53
(59.73)
b} 20
(24.38)
6 8
(11.55)
7 2
(6.06)
> 8 )
(9.29)
x? (p-value) 98.68 (0.00)

& Cells are grouped in terms of the count of disease.
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Chapter 5

Multivariate Poisson Model with
A Misrepresented Covariate
Incorporated

5.1 Introduction

In insurance underwriting, misrepresentation represents a scenario where an ap-
plicant purposely reports untrue status on particular risk factor(s). Such phe-
nomenon frequently happens in both life and non-life insurance sectors. Typical
examples of risk factors with high misrepresentation risks include the smoking
status (health insurance) and annual mileage (automobile insurance). However,
it is not an easy job to individually investigate the true status of the affected risk
factors by the insurance companies due to potentially high costs. This gives rise
to the necessity of model adjustments allowing for misrepresentation.

Regarding the misrepresentation problem, the paper of Xia and Gustafson
(2016) seems to be the first one to study it from a statistical point of view. Later
the misrepresented model was introduced in actuarial setting to study insurance
fraud, see Xia (2018) and Akakpo et al. (2019). However, these papers only dealt
with the problem of misrepresentation in the univariate case. In practice, an

insurance policy can often cover multiple types of claims, highlighting the need of
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introducing misrepresentation in multivariate dependence modeling.

One straightforward method of introducing correlations amongst multivariate
count variables is through a common additive error. Kocherlakota and Kocher-
lakota (1992) and Johnson et al. (1997) gave a detailed discussion for the one-factor
multivariate Poisson model. However, assuming a common covariance structure
in this multivariate Poisson model has several limitations. First, it cannot ac-
commodate flexible pair-wise correlation. Aiming at this restriction, Karlis and
Meligkotsidou (2005) proposed an extension which allows for full covariance among
Poisson margins. Another drawback is the failure to account for overdispersion.
One possible attempt to alleviate this limitation is to construct the model based on
negative binomial margins (Winkelmann (2000)). In this chapter, we consider the
misrepresentation problem based on the one-factor multivariate Poisson model.
Specifically, a misrepresented binary risk factor is incorporated in each margin of
the multivariate Poisson. The resultant model then could address the above two
issues simultaneously. As for inference, we implement the EM algorithm proposed
by Dempster et al. (1977). The lack of no closed-form representation in the M-step
motivates us to use a generalized EM algorithm (see Rai and Matthews (1993)),
where the Newton-Raphson method in the M-step is carried out for only one step.
The EM algorithm is working more efficiently by this technique.

The rest of the chapter is organized as follows. In Section 5.2, we develop our
multivariate Poisson model that accounts for misrepresentation. The correspon-
ding EM algorithm is provided for inference. The impact of misrepresentation on
model estimates is highlighted in Section 5.3 through two simulation studies. In
section 5.4, we present the application of the model to the data from Australian

Health Survey. Our conclusions are discussed in Section 5.5.
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5.2 The Model
5.2.1 Multivariate Poisson Model

For readers’ convenience, we restate the definition of the multivariate Poisson

distribution with common covariance. It can be defined as follows. Let

Z;=Y;+Y, j=1,...,m, (5.2.1)
where each Yj, j = 0,...,m, independently follows a simple Poisson distribution
with parameter \;. Then Z = (Z;,..., Zm) " is said to follow the multivariate

Poisson distribution. The joint pmf of Z is given by

Pr(Z = z) = exp(—\ Z[ H e 7—z ] (5.2.2)

where z = (21,...,2,)", N = > oA and s = min(zy, ..., z,). We may allow
for covariates = (1,71,...,x,)" by considering that

N =exp(x'B;), j=1,....m, (5.2.3)
where B; = (Bjo,Bj1,-- -, ij)T denotes the corresponding vector of regression

coefficients. For the purpose of easy interpretation, we do not inject covariates in

Ao-

5.2.2 Misrepresentation

As motivated at the beginning of this chapter, now we further introduce an unob-
served binary risk factor v that is subject to misrepresentation. For this predictor,
we assume v = 0 results in the outcome that is favorable to the individual poli-
cyholder, whereas v = 1 leads to an unfavorable result. With a log-link function,

the whole covariate set is formulated as

N =exp(x' B+ Bpv), j=1,...,m, (5.2.4)
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where f3;, is the regression coefficient for the risk factor v.
Due to the misstatement on this risk factor, we denote v* to be the observed
and reported status. Then under the assumption of unidirectional misrepresenta-

tion, we have
Prlv=1p*"=1)=1, Prlv=1p"=0)=¢q, 0<g<],

where ¢ is referred to as the prevalence of misrepresentation (see Akakpo et al.
(2019)). It is assumed that once the true status v is known, the response variable
Y; is no longer dependent on the reported status v*. The unidirectional property
of the underlying factor ensures the identifiability of the model. The multivariate
Poisson model with misrepresentation considered above becomes

1—v*

falele ) = 19 [P+ 0-0=] . (629)
where
g)(z) = fz(zlx,v=7), r=0,1.
The properties of the model are given as follows. When v* = 0,

e The margin Z; follows a 2-mixture Poisson distribution with parameters
)\5-1) + Ao, )\5»0) + Ao and mixing proportion ¢, where )\5-1) = exp(z'B; + Bjv)
and A§O) = exp(z'3;).

e The mean of Z; is

E(Z;) = o2 4+ (1= A + xo.

e The variance of Z; is

2
Var(Z;) = g\ + (1= A + 20 + q(1 = ) [\ = A"

J
So it can account for overdispersion.
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e The covariance between Z; and Zj, 5,5’ =1,...,m, j # 7', is

Cov(Z;, Zy) = o+ a(L = q) AV = 2P| A = A]

J

So
> Xo,  BjuBie >0,
Cov(Z;, Zjy) § = o, BjwbBiw =0,
<X, BB <0.
When v* =1,

e The margin Z; follows a univariate Poisson distribution with parameter

A 4 2.

e The mean of Z; is

E(Z;) = 2V + .

e The variance of Z; is

Var(Z;) = )\gl) + Ao
e The covariance between Z; and Z;, j,j' =1,...,m, j # 7', is
Cov(Z;, Zjy) = Xo
5.2.3 Model Inference

Suppose we have a random sample of size n. The corresponding observed values

are zi, ..., 2,, where z; = (2i1,...,2m) ", i = 1,...,n. Now we introduce some
covariates, @i,...,x,, where ®; = (1,2;,...,2;)", and observed binary risk
factors v ...,v’. To further explore the potential effects of predictors on the

prevalence parameter ¢;, we shall allow for the incorporation of covariates in g;

via a logit-link function:

-
exp(x; a
q; = ( )

=t 7 5.2.6
1 +exp(z] )’ (5:2.6)

91



where a = (ag, oy, -+ ,a,) . The likelihood function can be expressed as

n
1—v’

1 1 1 0 i

L@ =[] e +0-wE)] . 627
where ® = (B4, ..., Bm, P1vs - - - » Bmws Ao, @) is the parameter set to estimate. The
log-likelihood function is

. 1 0
= > witog £ () + D1 - i) log [afy (z0) + (1= a) S5 ()]

i=1 i=1
The last summation contains a mixture of two components, which complicates
the maximization problem. We implement EM algorithm by introducing u; as the
unobserved binary indicator on whether observation ¢ is misrepresented. Further-
more, we assume the value of Y; is known. The complete data likelihood function

then becomes

Lc( ) H [fYo yzO HfY yz] ] H [%fYo yzo H yz] ]

=1 =1 =

m (1- ul)(l vl)
anl_quYoy'LOH yzy] :
7=1

u;i (1-vy)

where
yzj)ze v, Z.:]-w"vn; j:17"'7ma T:O,].,

with )\E = exp(z] B; + Bjv), A i O _ exp(x, B)), yi; = 2ij — Yio and Yi; = Zij — Yio-
The complete data log-likelihood function is then written as

°(©) = i [ZP - v;} log g; + i 19%0g(1 — ¢;)

i=1

+Zlf (= Ao + yio log Ao) +Zl (= o + ¥iglog o)
=1

=1

+3 {Z 1 1A + gy 10g AT | + D1 <AL + iy log AY | } +C,

j=1 Li=1 i=1
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where ll(l) = vl +u; (1 —vf), ZZ(O) = (1 —u;)(1 —v}), C is a constant not related to

©. The corresponding EM algorithm is illustrated as follows:
e E-step:

- Replace u; by

(1)
i Zi .
U; = & 4z (%) © , 1=1,...,n.
4ifz (z) + (1 = @) fz (z)
- Replace y;o by
A (1) zZ; — ]-m

- o/z ((1) ), min(z;1, . .., Zim) > 0,
Yio = > (z:)

0, min(z;1, ..., Zim) = 0,
where 1,, = (1,...,1)T denotes the vector of dimension m with all elements
equal to 1.

- Replace v}, by
Nofy (2 — 1
B 0/z ((())z ), min(z;1, ..., Zim) > 0,
Yio = Z (zi)
0, min(z;1, ..., Zim) = 0.

e M-step: The expectation of complete data log-likelihood function /¢(®) can

then be decomposed into several parts:
I )—Z[l_(l)—v}log%-i-Zl_()log i),

gc )\0 Z Z( )\0 + giO lOg )\0) -+ Z ljo)(—)\o + 3];0 IOg )\0),

=1

B],Bﬂ, Zﬂ1 [ —I—ywlog)\ }—1—2%0[ —i—ymlog)\ ]

where TEI) = vf+u;(1—v}), Z_Z(O) = (1=u:)(1=v}), Yij = 2i5—Yio, Yi; = Zi5—Yio-

The maximization step can thus be accomplished separately.
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- For @g(a), there is no closed-form representation for a, so we update the
regression parameters by implementing Newton-Raphson method for one

step. The first and second order derivatives are given as follows:

agc n
aolj - Z(l — v ) (W — ¢;)z,
i=1
82@6 n
8048;T ==Y (1 =v)g(l - gz, .
i=1

Remark 5.2.1. If no covariates are incorporated in the form of ¢, there
exists a closed-form for each individual in the M-step:

_ Z?:l(l — v )i
Z?:l(l —v;)

- For ZZO ()\0),

n

1 ) 7H{0)-
do == |50+ 15|
0 n ; i Yio i Yio
- For Zgj (Bj, Bjv), there is no closed-form representation for (3;, 8;,), so we
update the regression parameters respectively for each 7 by implementing the
Newton-Raphson method for one step. The first and second order derivatives

are given as follows:

ole n
Yj 7(1) = 700) = 7(1)y (1) _ 7(0) y(0)
- Vg 4+ g — A — 9N
a,Bj ;[z yj_'_ 1 yzy 1 1] 1 1] x
ol n
Yj 7(1) = 71y (1)
a2 Ly — 1 )‘z“]a
aﬁjv ;[ y] J
2 pc n
o, S [I0AD + 1020wl
aﬁj@/@g‘l’ — 1 1] 1 1] 2
82?0 n
Yi _ 7(1)y (1)
o7, ~ 2
i=1
825% n
Yj 7(1)y (1)
Y = NN
B,
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We can iterate through the E-step and the M-step until some convergence
criterion is met, for example, the relative change of observed log-likelihood between

two consecutive iterations is smaller than a tolerance level .

Remark 5.2.2. The initial values of parameters 3; and (;,, for EM algorithm can
be obtained by implementing univariate Poisson regression with observed values
215, .-, %nj. The initial values of parameters a can be set as 0. The initial value
of parameter Ay can be set as 1. The standard errors for the estimates can be

approximated via standard bootstrap method.

5.3 Simulation

In this section, two simulation studies are carried out. The first example studies
the effect of the prevalence parameter ¢ on other estimates under the multivariate
Poisson models with and without considering misrepresentation, that are referred
to as adjusted and unadjusted models respectively. The second study aims to eval-
uate the performance of adjusted and unadjusted models when a single predictor

is also embedded in the form of q.

5.3.1 Simulation 1

For illustration, we set the sample size n = 10,000. Without loss of generality,
we set m = 2. A single covariate z; is generated from a standard normal distri-
bution. The data generation process from the model with misrepresentation is

demonstrated as follows.
e v is generated from Bernoulli(0.1).

e For the individual with v =1, v; = 1. If v} = 0, then v; is generated from

Bernoulli(q).
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® 1, is generated from the Poisson model with \g = 1; y;; is generated from
the Poisson model with \;; = e %72 45 is generated from the Poisson

model with \;y = e 27,
o Set 21 = yi + Yio and 22 = Yi2 + Yio-

A total of 99 equally spaced values of ¢ are considered in the interval (0, 1).
Then the adjusted and unadjusted multivariate Poisson models are fitted to the
generated data. The corresponding plots are displayed in Figure 5.1 and Figure
5.2.
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Figure 5.1: Effect of the prevalence parameter ¢ on the estimates of ¢ and Ag.
Red solid curves represent the adjusted model and blue dotted curves represent
the unadjusted model.

Several interesting observations can be made from the figures. First, the
adjusted and unadjusted models are consistent when ¢ = 0. Second, the parameter
estimates under the adjusted model are consistent with the true values for majority
of the explored values of g. However, the parameter estimates for 519, 51v, 820, B2v
become more volatile under the adjusted model when ¢ approaches 1. A possible
explanation is when ¢ is getting closer to 1, the implied dummy variable v has a

greater proportion of being 1, making this predictor less differentiable from the

96



Bro

Bll

-25 -2.0 -15

-3.0

15 20

1.0

05

0.0

0.0

BZO

EZI

-05

=25 -2.0 -15

-30

-15 -1.0 -0.5 0.0

-2.0

-05
1
1

B

-2.0 -15 -1.0

-2.5

Bov

0.0 05 1.0

-0.5

Figure 5.2: Effect of the prevalence parameter ¢ on the estimates of £19, 511, B1v
and Sag, P21, P2,- Red solid curves represent the adjusted model and blue dotted
curves represent the unadjusted model.
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intercept. It would therefore result in higher variance in the estimates of [,
By, Poo and Pa,. In the extreme case of ¢ = 1, this implied dummy variable
v is completely non-differentiable from the intercept, causing an identifiability
problem in the adjusted model. Third, estimates of Ay, 11 and [2; can be correctly
captured regardless of model selection under this setting, whilst other parameter
estimates suffer in the unadjusted model. The estimates of those parameters
become increasingly biased as q gets larger. When ¢ = 1, the estimates of 3y, and
B2, are both roughly equal to 0 in the unadjusted model, indicating v* becomes
an irrelevant predictor in this model. Interestingly, the estimates of (¢ + 1, and
Bao + Ba, are barely affected by the underlying ¢, which are both approximately

equal to the true values.

5.3.2 Simulation 2

In this simulation, we further introduce a single predictor z; in the form of ¢,

exp(—14x14)

Trexp(—Tiz1)) " The setting for other parameters is same as the one

namely ¢; =
in Simulation 1. The estimation results based on 200 replications are provided
in Table 5.1. Mean estimates with their standard errors under the adjusted and
unadjusted models are given.

As expected, the estimates for all parameters are consistent with the true
values when the model is correctly specified. However, we observe that when the

same set of covariates is embedded in the form of ¢;, all estimates suffer bias in

the unadjusted model, yet the influence on \q is only marginal.

5.4 Application
5.4.1 Data Description

This application showcases a real-life application based on the data quantifying

the demand for health care in Australia that were collected from the Australian
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Table 5.1: Estimation results of data generated from the adjusted model.

adjusted model unadjusted model

parameter  estimate s.e.(x1073) estimate s.e.(x1073)

ap = —1 -1.00 8.68

ar =1 1.00 6.38

Ao =1 1.00 0.76 0.98 0.76
fro=-1 -1.00 2.46 -1.23 1.90
pn=1 1.00 2.01 0.66 1.95
B, =—2  -2.01 5.94 -1.37 9.54
fog=—2  -2.01 3.98 -1.56 2.19
for =—1  -1.00 1.48 -0.84 1.52
B =1 1.01 4.39 0.73 3.28

Health Survey 1977-1978. The data were also used in Cameron and Trivedi (1998)
to study a variety of count models. The whole dataset consists of 5,190 individ-
uals. The selected covariates with detailed description are summarized in Table
5.2. A self-assessment health index was also obtained from the questionnaire,
where a high score indicates bad health. We construct a binary factor HSCORE
to indicate whether the score is higher than 5 or not. In our analysis, we as-
sume the policyholders underestimate the health index for some purposes, e.g., to
qualify for lower premiums in health insurance. This rationalizes the assumption
of unidirectional misrepresentation. We make use of two response variables in
the dataset, where Z; represents the number of consultations with a doctor or a
non-doctor health professional (chemist, optician, physiotherapist, social worker,
district community nurse, chiropodist or chiropractor) in the past two weeks, and
Z5 denotes the total number of prescribed and non-prescribed medications used
in past 2 days. The corresponding empirical joint distribution for Z; and Z, is

presented in Table 5.3
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Table 5.2: Summary of selected explanatory variables.

Variables Description
SEX 1 if female, 0 if male
AGE Age in years divided by 100

INCOME Annual income in Australian dollars divided by 1000

CHCOND1 1 if chronic condition(s) but not limited in activity, 0 otherwise
CHCOND2 1 if chronic condition(s) and limited in activity, 0 otherwise
HSCORE 1 if general health questionnaire score greater than 5, 0 otherwise

Table 5.3: Empirical joint distribution of Z; and Z,.

Z1 ZQ
0 1 2 3 4 5 6 7 8
0 1,910 1,072 442 229 95 35 19 14 10
1 212 218 177 100 67 41 24 10 17
2 70 26 55 31 25 14 9 5 6
3 11 17 12 11 6 4 2 0 O
4 6 11 12 6 6 2 2 1 0
) 3 2 3 2 2 2 4 0 1
6 4 0 3 3 4 2 0 1 1
7 4 8 6 6 4 2 0 0 3
8 ) 2 ) 2 3 0 1 0 0
>9 4 3 8 3 6 1 2 1 2
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5.4.2 Model Fitting

We fit the multivariate (bivariate in this case) Poisson models with and without
considering misrepresentation to the data described previously. In the first ad-
justed model we shall not incorporate any covariates in modeling q. The main
estimation results are given in Table 5.4 and Table 5.5. Standard errors are cal-
culated based on 1,000 bootstrap replications. We examine the model fitting in
the light of the log-likelihood value as well as commonly used information crite-
ria including AIC and BIC. All statistics demonstrate the superiority of adjusted
model over the unadjusted one. The estimated prevalence parameter ¢ within
this bivariate adjusted Poisson model is 0.181, indicating a chance of 18.1% of
misreporting for any respondent claiming a health score no more than 5. The
dependence parameter \g in the unadjusted model is 0.062 with a 95% confidence
interval of (0.046, 0.076). It indicates the significance of the covariance term
in this model. However, )\q is not significant in our adjusted model, suggesting
that we could possibly start from two independent single Poisson models when
misrepresentation is incorporated.

We then turn to the effect of each predictor on Z; and Z5. Our findings from
Table 5.4 and Table 5.5 are generally consistent. Females are more frequent to
visit doctors or non-doctors and take medicines than males. The usage of health
care and medications increases with age. Annual income is a good indicator
for predicting the frequency of visits, yet it has no association with the intake
of medications. As anticipated, chronic conditions are significant predictors for
both response variables. Intuitively, the health score can reveal the risk level of
respondents as observed from the tables. It is worth noting that the estimates of
b1, and (o, get inflated in the adjusted model compared with the unadjusted one.

Next, we would like to explore the potential effect of predictors on the preva-

lence parameter. The corresponding results are exhibited in Table 5.6. We observe
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Table 5.4: Estimation results for the unadjusted bivariate Poisson model.

)\1 )\2
Estimate t-ratio Estimate t-ratio
Intercept -1.930 -21.160***  -1.387 -24.001°7%%*
SEX 0.267 5.381%%*  0.447 14.816%**
AGE 1.233 0.972%** 1424 18.595%**
INCOME -0.251 -3.574%*F* 0.016 0.397
CHCOND1 0.530 9.134***  0.780 21.214%**

CHCOND2  1.225 18.856™**  1.079 25.340%**
HSCORE 0.794 13.313***  (.423 10.086%**

Estimate 95% CI
o 0.062 (0.046, 0.076)
LogLik -12,666.51
AIC 25,363.02
BIC 25,461.34

Signif. codes: 0 “*** 0.001 **’ 0.01 “*’ 0.05.

some slight differences in estimates compared with the previous adjusted model.
Gender is no longer a significant predictor on Z; when covariates are incorporated
in ¢q. It can be concluded from the table that females and people with chronic con-
ditions are more likely to misstate their health scores. Other explanatory variables
seem to be irrelevant on predicting q.

For this case study, both AIC and BIC reveal the evidence of misrepresenta-
tion in this particular dataset. This phenomenon more frequently occurs in the
groups of females and people with chronic conditions. It is crucial for the insur-
ance companies to recognize the presence of misrepresentation and its potential

impact in order to better manage relevant risks.
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Table 5.5: Estimation results for the adjusted bivariate Poisson model without
covariates incorporated in q.

)\1 )\2
Estimate t-ratio Estimate t-ratio
Intercept -2.762 -23.383*%**  _1.448 -24.976***
SEX 0.192 3.616%**  0.420 13.609***
AGE 1.213 8.912%**  1.384 17.851***
INCOME -0.195 -2.503* 0.015 0.358
CHCOND1 0.392 6.179*%**  0.726 20.574%**

CHCOND2  0.836 11.886***  0.967 23.5017%#%
HSCORE 2.364 35.579*1FF 0.722 21.571%%%

Estimate 95% CI
q 0.181 (0.157, 0.206)
o 0.012 (0.000, 0.026)
LogLik -11,931.72
AIC 23,895.43
BIC 24.000.30

Signif. codes: 0 “*** 0.001 “**’ 0.01 “*’ 0.05.
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Table 5.6: Estimation results for the adjusted bivariate Poisson model with co-
variates incorporated in q.

Al Ao q

Estimate t-ratio Estimate t-ratio Estimate t-ratio
Intercept -2.629 -18.460***  -1.405 -23.498*** 2189 -6.933%**
SEX 0.042 0.646 0.377 11.172%*%*  (0.541 3.234**
AGE 1.300 7.676¥F* 1411 17.606*%**  -0.270 -0.687
INCOME -0.245 -2.433* 0.000 0.000 0.216 0.929
CHCOND1 0.242 2.659** 0.691 17.266***  (0.422 2.053*
CHCOND2 0.610 6.490***  0.904 19.806***  0.922 4.107F*F*
HSCORE 2.447 34.964**%*  (0.732 22.306***

Estimate 95% CI
Ao 0.017 (0.003, 0.031)
LogLik -11,914.40
AIC 23,870.80
BIC 24.008.44

Signif. codes: 0 “*** 0.001 “**’ 0.01 “*’ 0.05.
5.5 Concluding Remarks

In this chapter, we introduce a misrepresented covariate in the multivariate Pois-
son model. Furthermore, predictors are included in the form of prevalence pa-
rameter to detect the inclination of being dishonest for specific groups. The
incorporation of misrepresentation in the count model helps to deal with more
complicated covariance structure. On the other hand, the restriction of equidis-
persion in the Poisson model could be alleviated to some extent. Through two
simulation studies, we conclude that failure to accommodate the existence of mis-
representation often leads to biased estimates. The application part uses a dataset
from Australian Health Survey by treating the health score as the misrepresented
covariate. All goodness-of-fit statistics agree that the adjusted model outperforms

the unadjusted one.
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Chapter 6

Concluding Remarks and Further
Research

In this thesis, we investigated several multivariate count regression models with de-
pendence. The work was motivated by the characteristics of several real datasets.

From the perspective of dependence modeling, we considered a multivariate
mixed Poisson model with copula constructed on continuous mixing parameters in
Chapter 2. This formulation allowed for rich dependence structures and different
marginal selections. The superiority of our copula model was supported by a real
dataset form Australian Health Survey when compared with several alternatives.

When the dimension is greater than two, we only implemented the Gaussian
copula on mixture as a typical example in our model. One limitation of Gaussian
copula is its inability to handle tail dependence. A possible solution is to use
other types of copulas on mixture to accommodate a wider variety of dependence
structures.

Analogous to the univariate setting, data might also exhibit zero-inflation or
zero-truncation feature in the multivariate case. Chapter 3 and Chapter 4 aimed
to address these two issues respectively. Both models started with independent
hurdle margins. A Bernoulli variable was then applied to add or truncate common

zeros. The assumption on that each margin followed a hurdle distribution per-
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mitted high freedom in dealing with various zero features and different marginal
selections. The interpretation of the two hurdle models was illustrated in the
context of two real datasets from automobile insurance and health insurance re-
spectively. The satisfactory performance of our proposed models was confirmed
by several goodness-of-fit statistics.

Assuming independent margins in these two models can easily handle high
dimensional data without any computational issues. However, it fails to cope
with more complicated association structures. It therefore highlights the need to
employ copula to deal with a wider range of dependence cases in future research.

In the process of insurance underwriting, policyholders have a tendency to
misreport their status on particular risk factor(s) in their best interest. This mis-
representation problem in insurance was explored in Chapter 5. We incorporated
a binary misrepresented risk factor in the multivariate Poisson model. This for-
mulation permitted more flexible dependence relations. As illustrated in the given
simulation studies, failure to take misrepresentation into consideration would of-
ten lead to biased estimates. Our adjusted model was compared to the unadjusted
one using the data from the same source as in Chapter 2.

Chapter 5 leads to several possibilities for future research. First, the unob-
served feature of misrepresentation can also be shared by the regression models
on the claim frequency and severity. This can relax the independence assumption
between the two parts in traditional sense. Second, the binary misrepresented
covariate can be generalized to an ordinal one. Third, we must admit that the
prevalence parameter is subject to the model selection. It would be interesting to
explore the effect of model selection on misrepresentation.

Overall, this thesis demonstrated how to carry out inferential procedures un-
der both the Bayesian and the frequentist framework. In Chapter 2, the inference

was completed in the context of Bayesian statistics by virtue of MCMC. We could
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easily derive posterior summaries for our interested quantities to account for the
uncertainty. In Chapter 3, Chapter 4 and Chapter 5, we adopted the GEM algo-
rithm within the frequentist setting. Different techniques were applied to find the
standard errors of estimates in these three chapters.

Throughout this thesis we adopted a priori ratemaking mechanism based on
cross-sectional data. The underlying assumption is that all the factors influencing
a risk could be identified, measured and introduced in the tariff system. The
classified groups are then assumed to be homogeneous. However, this is not always
realistic as there may exist some risk factors that are not taken into account
in the a prior: structure. For example, in motor vehicle insurance, a driver’s
aggressiveness is difficult to quantify. In health insurance, it is also hard to rate the
impact of environmental factors on policyholder’s health. As a result, tariff groups
can still be quite heterogeneous. This gives rise to a posteriori mechanism, which
sets an individual premium based on the past claim history of each policyholder.
In that respect, the longitudinal models can be applied to deal with the involved
panel data. In addition to the dependence among different types of claims, we
should also take serial dependence or time dependence into account in relevant

models.
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Appendix A

EM Algorithms for Two
Multivariate Zero-Inflated
Models

A.1. Multivariate Zero-Inflated Poisson Model

Suppose for each independent individual, Z; ~ MZIP(X\;,7), 1 =1,...,n, where
A= (N, - )\im)T. Taking covariates into account, the parameter \;; can be
modeled as \;; = exp(z, 8;) with new parameters 3; = (B0, Bj1, - .., Bjp) - If we
denote 3 = (B4, ..., Bm), the likelihood function becomes

n m )\z” zj 1—wv;
L(ﬁ,Tro):H(l—TFO—Fﬂ'Ueizj 1 ”) H (TfoH Y > .

=1 i=1

Following the same data augmentation method as for the multivariate zero-

inflated hurdle model, we obtain the complete data likelihood function given as

n , n m (1—uf)v;
LB, m) = H(1 | (noe* Z;-;Mu)

-.
Il
MR
o
I
—
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The complete data log-likelihood function is

n

(B, m) = Z [uiv; log(1 — o) + (1 — wjv;) log o)

i=1
m n
+ Z Z [Zij 10g /\ij — (]_ — U;UZ)AZ]] + Co,
j=1 i=1
where Cj is a constant not related to (3, m). Note in our case, v;2;; = 0.

The associated EM algorithm is given below.

e E-step: Replace u} by

1 —m .
u, = — i=1,...,n,

v -3
1 — mp + mee™ Zi=1 N

where \;; = exp(z] 3;).
e M-step:

- For 7, we can get

n
1 —/
m=1—— E U, 0;.
n“
1=1

- For 3, let

n n

Z;(Igj) = Zzij log Aij — Z(l — ﬂ;vi))\ij.

i=1 i=1
There is no closed-form representation for 3;, so we update the regression
parameters respectively for each j by implementing the Newton-Raphson

method for one step. The first and second order derivatives are given as

follows:
o &
(9,6] — [ J ( ) .7]
O .
-1 = E 1-— ﬂ'-vi /\ZZL‘ziB;r
aﬁgaﬁj 7;:1( 7 ) J



For the case without covariates incorporated in \;;, the corresponding E-step

and M-step can be simplified as follows.

e E-step: Replace u; by

, ].—7T0

o =u, = —, 1=1,...,n
1 —mg + moe YR
e M-step:
- Update 7y using the following equation:
T
mo=1—— ;-
0 n Z V;
=1
- Update each \; using the following equation:
i1 Zij .
A= 2iz1 % 7=1,...,m.

J —/ n )
n—u'y v

A.2. Multivariate Zero-Inflated Negative Bino-
mial Model

Suppose for each independent individual, Z; ~ MZINB(\;, ¢, m), i = 1,...,n,
where A; = (Ai1, ..., Aipn) T Similarly, the covariates could be introduced as \;; =

exp(z; B;). The likelihood function becomes

n

m ¢ ¢].’Ui
L(B, ¢, m) l—mg+m ( J )]
o-11[1-mosnll (5525

=1

1-v;
(2zij + &;) Aij Zij P; ”
XHIWOH T(¢;)z;! ()\ij+¢j> <Aij+¢j) ]

Following the same data augmentation method as for the multivariate zero-
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inflated hurdle model, we obtain the complete data likelihood function given as

m ;i (1—u§)’ui
" H (Aw + aﬁ]) ]
T T (2 +¢g)( Aij )ZJ( o; )¢j
XH[ Ojnl L(gj)zi! \Nij + &5 Aij + ¢;

The complete data log-likelihood function is

n

LE(B, ¢, m0) ZH (1—mo) ule
=1

1—1}1'

n

(B, ¢, m0) = > [ujvilog(1 — o) + (1 — ujv;) log o]

=1
+ Z Z{ — wjv;)djlog ¢ — [(1 — wjvi)@; + 2i5] log(Nij + b5)
Jj=1 =1

+Zz‘j IOg )\ij + log (F(Zz] + ¢])) — IOg (F((%))} + Cl,

where C} is a constant not related to (8, ¢, 7). Note in our case, v;z;; = 0.

The EM algorithm can be described as follows.

e E-step: Replace u; by
_y 1 —mo
m j ¢’
1 —m+mo Hj:l (Aij+¢j>

where \;; = exp(x; B;).

e M-step:

- For 7, we can get
mo=1-— 1 zn:u{v»
0 n — 77T
- For (ﬂ’¢)7 let

Bja ;) Z {(1 = wvi)¢;log ¢; — [(1 — @wi)g; + 23] log(Aij + &)
+Zz'j log Aij + log (I'(zi5 + ¢5)) —log (T'(¢5)) } -
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There is no closed-form representation for @3; and ¢;, so we update the
regression parameters respectively for each j by implementing the Newton-
Raphson method for one step. The first and second order derivatives are

given as follows:

. )
%‘ ) Z:: - Aw e ;;)Aij] Y,
% - Zil {(1 — wv;) log )\ijﬁ]—' . n (1- Ki]v:):\;]_ 2
Tl 00) - w(@ﬂ ,
2 7C §
ijgjﬁT B _Z 2t o :i?;j;bﬂ] Aij®; -
a;;?c - Z { ¢jL ;\); )—\;J;J‘)Zm@ + by (i + ¢5) — P1(95) |
0 AAVAD W
32327(;5] — Z 21 — )\U —it (;J;)))\w] Aij i,

where ¥(-) and () denote the digamma and trigamma functions respec-

tively.

For the case without covariates incorporated in J;;, the corresponding E-step

and M-step can be simplified as follows.

e E-step: Replace u; by

e I —mg 1
u = u; = -, 1=1,...,n.

¢
d). J
1 — 7o +7T() H;nzl <)\]T%>

e M-step:

- For 7y, we can get



- For (A, @), let

Ajs 1) Z{ — ;)i log ¢ — [(1 — wwi) g5 + 5] log(A; + ¢;)
+Zz‘j log Aj +log (T'(2i; + ¢;)) — log (T'(#;))} -

- Update each A; using the following equation:

N Y
Ton—w ]

- Substitute the value of \; obtained from the last step into ZJC, update

j=1...,m.

¢; using the one variable Newton-Raphson method.
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Appendix B

Description for Two Previous
Models

B.1. Zero-Inflated Bivariate Poisson (ZIBP)

The bivariate Poisson (BP) regression model is defined as follows. Let Yy, V)
and Y5 denote three independent Poisson random variables with parameters ),
A1 and Ay respectively. Then Z; = Y] + Yy and 7y, = Y5 + Y, follow jointly a
BP distribution, denoted as Z = (4, Zy) ~ BP(\g, A1, A2). Covariates can be

introduced into the model through the following schemes:
)‘j = eXp(wT/Bj)a j - 07 17 27

Where r = (1, L1y .. ,l‘p)—r and ,6] = (5]0? ﬁjh N ,5]'1))1—.

A zero-inflated bivariate Poisson (ZIBP) model is specified by the following
pmf:
1 —mo+mofpp(0,0), (21,22) = (0,0),

fZIBP(ZbZQ) = {
Wopr(lezg), (2’1,2’2) 7é (0,0)
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B.2. 2-Finite Mixture of Bivariate Poisson (2-
FMBP)

Let Z1 = (Z11, Z12) and Zy = (Zy1, Zas) denote two independent BP random
variables with parameters (A1g, A1, Ad12) and (Mg, A1, Ag2) respectively. Then the
2-finite mixture of bivariate Poisson (2-FMBP) model is defined by the following
pmf:

f(z1,22) = pfz, (21, 22) + (1 = p) 2, (21, 22).
Covariates can be introduced into the model through the following schemes:
Ak] - eXp(mTIBkj)a k= 17 27 .] = 07 17 27

where = (1,21,...,7,)" and Br; = (Brjo, Brj1,- - Brjp) |- Covariates can also

be incorporated in the mixing proportion p through a logit-link function.
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Appendix C

EM Algorithms for Two Type I
Multivariate Zero-Truncated
Models

C.1. Type I Multivariate Zero-Truncated Poisson
Model

Suppose for each independent individual, Z; ~ MZTP(\;), i = 1,...,n, where

A= (N, - )\im)T. Taking covariates into account, the parameter \;; can be
modeled as \;; = exp(z, B;) with new parameters 3; = (B0, Bj1,- .-, Bjp) - If we
denote B = (B4, ..., Bm), the likelihood function becomes

n . n m )\” —Nij
L8 =T -] I
=1 i=1 j=1

Following the same data augment method as for the multivariate zero-truncated

hurdle model, we obtain the complete data likelihood function given as

The complete data log-likelihood function is

m

=1 i=1
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where (Cj is a constant not related to 3.

The associated EM algorithm is given below.

e E-step: Replace u; by

where \;; = exp(x] 3;).

o M-step: Let

n

i=1
There is no closed-form representation for 3;, so we update the regression pa-
rameters respectively for each j by implementing Newton-Raphson method

for one step. The first and second order derivatives are given as follows:
o & D2 (¢ u
] 7 i (3 ] T ijtglg -
0B i=1 aﬁﬂaﬁj i=1
For the case without the covariates incorporated in \;;, the corresponding

E-step and M-step can be simplified as follows.

e E-step: Replace u; by

e M-step: Update each A; through the following equation:

_ n
N — Uy iy %
j = n )

j=1...,m.

117



C.2. Type I Multivariate Zero-Truncated Nega-
tive Binomial Model

Suppose for each independent individual, Z; ~ MZTNB(\;,¢), i = 1,...,n,
where A; = (i1, ..., Ainy). Similarly, the covariates could be introduced as \;; =

exp(z; B;). The likelihood function becomes
wo =11 -11(: 25 )|
’ i=1 j=1 Aij + &5
L sz + ¢] < Az] )Zij ( ¢j >¢]
X :
H H [ L(j)zit \Aij + ¢, Aij + ¢,

=1 j=1

Following the same data augment method as for the multivariate zero-truncated

hurdle model, we obtain the complete data likelihood function given as

n

O Tz +65) (N \"™ (¢ \?
HH [ ¢J juzzz]; (AZJ —:QSJ) ()\U—ij_%) ] |

=1 j=1

The complete data log-likelihood function is

=) ) " llog (T(wizij + ¢;)) — log (T(¢5)) + wizi; log Ay
j=1 i=1

+¢jlog d; — (wizij + ¢5)log(Aij + ¢;)] + C1,

where (] is a constant not related to (3, ¢).

The EM algorithm can be described as follows.
e E-step:

- Replace u; by

where \;; = exp(z; B;).
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- Replace logI'(u;2;; + ¢;) by

o M-step: Let

658y 05) = Y [wslog (D(zi5 + ¢5)) — wilog (T'(¢)) + iz log A

i=1

+¢;log ¢j — (Uizi; + ¢;) log(Nij + ¢5)] .

There is no closed-form representation for 8; and ¢;, so we update the re-
gression parameters respectively for each j by implementing Newton-Raphson
method for one step. The first and second order derivatives are given as fol-
lows:

06 _ 5~ iz = Niy)ey

- (2

aIBJ i=1 )\z] + ¢]
(‘%C

= Z (i + ¢) — () + log

8@5] —

8265 (ﬁzzw + 0i) i ¢ T

+
Aij + ¢; Aij + @;

i Aij — u121]:|

T, ,
0B8] L Dgro Ui
;= (255 + ¢5) — w1 (@ +w—ﬂ]
067 = 12+ 95) 1(03) ¢j(Nij + ;)
D¢ " (Wizif — Nij)Nij
J ) 1, 1] 1)
= ;.
9B;0¢; Z; (Aij + ¢;)?

)

For the case without covariates incorporated in A;;, the corresponding E-step

and M-step can be simplified as follows.
e E-step:

- Replace u; by

- (e \Y
u:ulzl—H(m> s Z:L...,Tl.

Jj=1
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- Replace logI'(u;z;; + ¢;) by
ulog (P(zi; + ¢5)) + (1 — ) log(l'(¢;)), i=1,...,n.

e M-step: Let

n

(5(Nj, 6) =Y [alog (T(zi; + ¢;)) — wlog (T(6)) + Tz log A

i=1

+¢;log ¢; — (uzi; + ¢5) log(A; + ¢;)] -
- Update each A; through the following equation:

ay" Zid .
)\j:—Z:l ], jzl,

co,Mm.

- Substitute the value of \; obtained from the last step into 675, update

¢; using the one variable Newton-Raphson method.
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