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Lp Stability of Networked Control Systems
D. Nešić1 and A. R. Teel2

Abstract

Results on input-output Lp stability of networked con-
trol systems (NCS) are presented for a large class of
network scheduling protocols. It is shown that static
protocols and a recently considered dynamical protocol
called Try-Once-Discard (TOD) belong to this class.
Our results provide a unifying framework for generat-
ing new scheduling protocols that preserve Lp stability
properties of the system if a design parameter is chosen
sufficiently small. Our results are always guaranteed to
be less conservative than existing results in the litera-
ture and we illustrate this via an example of a batch
reactor.

1 Introduction

Networked Control Systems (NCS) are currently re-
ceiving considerable attention in the literature as il-
lustrated by recent articles [2, 6, 8, 13, 14, 15, 16, 18]
and references listed therein. Most existing literature
considers only stabilization of linear NCS whereas non-
linear NCS have received little attention (with few ex-
ceptions, such as [14]). Moreover, most results treat
NCS without disturbances and we are aware only of
limited results on stability of NCS with disturbances,
such as the L∞ to root-mean-square stability of a class
of NCS considered in [7] and results on input-output
stability of linear jump parameter systems in [4] that
can be exploited for certain NCS with static protocols.
Also, in some cases it is possible to use tools for lin-
ear sampled-data systems [5] for analysis and design of
certain classes of linear NCS.

In this paper we consider input-output Lp stability
of nonlinear NCS with disturbances. We follow the
method proposed in [14, 15], in which one first designs
the controller without taking into account the network
and then in the second step one determines a design
parameter called the maximum allowable transfer in-
terval (MATI) so that the closed loop remains stable
when some control and sensor signals are transmitted
via the network. This approach was shown to produce
stabilizing controllers for linear NCS in [14] and non-
linear NCS in [15].

Our main result states for a large class of protocols that
if the controller designed in the first step of the above
described procedure achieves Lp stability in an appro-
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priate sense, then for sufficiently small values of MATI
the NCS preserves Lp stability properties. Our result is
presented for a very general class of static and dynamic
protocols in a unified manner. Indeed, both static and
TOD protocols are special cases of the general class of
protocols we consider. Moreover, our results can serve
as a framework for generating new classes of protocols
that have good properties. The bound on MATI that
we obtain has a very simple form and we prove that it is
better than the bounds obtained in [15] when our result
is specialized to the case of NCS without disturbances.
In particular, we show that Lp stability of the system
is preserved if MATI is smaller than (see Theorem 2)

1

L
ln

(
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ρL+ γ

)

,

where ρ characterizes the stability properties of the pro-
tocol and it typically depends on the number of nodes
` in the network; L characterizes the possible growth
of the error between the real values of inputs and out-
puts and their last transmitted values via the network;
γ is the Lp disturbance gain that captures robustness
properties of the system without the network.

We show that, even when using an estimate of the Lp

gain that is the most conservative one possible, the
above bound is at least 2(`+ 1) times better than the
bound in [15, 18] for linear NCS with TOD protocol and
without disturbances, where ` is the number of nodes.
Similarly, for the so called Round Robin (RR) static
protocol our bound is at least 2

√
`+ 1 times better

than the bound in [15, 18] for linear NCS. Our bounds
compare in a similar manner to the bounds from [14]
for nonlinear NCS. Hence, the larger the number of
nodes in the network, the less conservative our bound
is when compared to the bound from [15]. This is also
illustrated via an example of an unstable batch reactor
with the TOD protocol considered in [15] where our
results provide 1000 times larger bound on MATI than
the bound obtained in [15] even though ` = 2.

The paper is organized as follows. In Section 2 we
present mathematical preliminaries. The model of the
NCS that we use is formulated in Section 3. A large
class of protocols is defined in Section 4 and it is shown
that the recently considered TOD protocol and static
protocols belong to this class. Section 5 contains the
main results of the paper results. Comparisons of our
bounds with existing bounds in the literature is pre-
sented in Section 6 and an example is given in Section
7. Summary is given in the last section.

2 Preliminaries

R and N denote, respectively, the sets of real and nat-
ural numbers. R≥0 denotes the set of non-negative in-



tegers. All vector norms, denoted as |·|, are Euclidean
norms unless otherwise stated. The same notation |·|
is used for the induced 2-norm of a matrix. λmax(A)
denotes the maximum eigenvalue of a symmetric ma-
trix A. Given a measurable, locally integrable signal
ϕ : [t0, t]→ Rn and p ∈ [1,∞), we denote its Lp norm

as follows ‖ϕ[t0, t]‖Lp
:=
(

∫ t

t0
|ϕ(s)|p

)
1
p

. If p = ∞,

we denote the L∞ norm as follows ‖ϕ[t0, t]‖L∞ :=
ess sups∈[t0,t] |ϕ(s)|. If ϕ(·) is defined on [t0,∞) and
for some p ∈ [1,∞] there exists K ≥ 0 such that
‖ϕ[t0, t]‖Lp

≤ K,∀t ≥ t0 ≥ 0, then we write ϕ ∈ Lp.

For the systems we consider in this paper, a monoton-
ically increasing sequence of times tsi

∈ R≥0 is given
where i ∈ N and ts0 = 0. Moreover, we assume1 that
there exists ε > 0 such that ε ≤ tsi+1

− tsi
,∀i ∈ N. The

systems are governed by the evolution equations

ẋ = f(t, x, w) t ∈ [tsi
, tsi+1

] (1)

x(t+si
) = h(i, x(tsi

)) ,

where x ∈ Rnx and w ∈ Rnw are respectively the state
and disturbance input of the system. The meaning of
solution for this class of systems is explained in [12].
We use x(·, t0, x0, w) to denote such a solution. When
(t0, x0) and w(·) are clear from the context we use the
shorthand notation x(·). If for all x0, t0 and w(·), all
corresponding solutions are right maximally defined on
[t0,∞), then we say that the system (1) is forward com-
plete. We also consider an output function

y = H(t, x, w) , (2)

where y ∈ Rny . We use notation y(·, t0, x0, w) :=
H(·, x(·, t0, x0, w), w(·)) or shortly y(·) when (t0, x0)
and w(·) are clear from the context.

We use the following definitions for the system (1)-(2).

Definition 1 Let p ∈ [1,∞] and γ ≥ 0 be given. The
system (1)-(2) is said to be Lp stable from w to y (with
gain γ) if there exists K > 0 such that for all t0 ≥ 0,
x0 ∈ Rnx , w ∈ Lp and each corresponding solution
x(·), we have that ‖y[t0, t]‖Lp

≤ K |x0|+γ ‖w[t0, t]‖Lp
,

for all t ∈ [t0, t0 +T ), where [t0, t0 +T ) is the maximal
interval of definition of x(·). ¥

Definition 2 Let p, q ∈ [1,∞] and γ ≥ 0 be given.
The state x of the system (1)-(2) is said to be Lp

to Lq detectable from output y (with gain γ) if there
exists K > 0 such that for all t0 ≥ 0, x0 ∈ Rnx ,
w ∈ Lp and each corresponding solution x(·), we have
that ‖x[t0, t]‖Lq

≤ K |x0|+γ ‖y[t0, t]‖Lp
+γ ‖w[t0, t]‖Lp

for all t ∈ [t0, t0 +T ), where [t0, t0 +T ) is the maximal
interval of definition of x(·). ¥

Definition 3 Consider system (1) and suppose that
w ≡ 0. Let K, c > 0 be given. We say that the sys-
tem is uniformly globally exponentially stable (UGES)

1We use this assumption to rule out a possibility of Zeno
solutions.

if for all x0 ∈ Rnx and all corresponding solutions x(·),
we have that |x(t, t0, x0)| ≤ K |x0| exp(t − t0) for all
t ≥ t0 ≥ 0. ¥

Definition 4 The origin of the system (1) with w ≡
0 is said to be uniformly globally fixed time interval
stable (UGFTIS) with linear gain if there exist T > 0
and ρ̄ > 0 such that, for all t0 ≥ 0, x0 ∈ Rnx and the
corresponding solutions x(·), we have that t−t0 ∈ [0, T ]
implies |x(t, t0, x0)| ≤ ρ̄ |x0|. ¥

The following result relates Lp stability for some p ∈
[1,∞) and UGES2.

Theorem 1 Suppose that the system (1) is Lp stable
from w to x for some p ∈ [1,∞) and the origin of (1)
with w ≡ 0 is UGFTIS with linear gain. Then, the
system (1) with w ≡ 0 is UGES. ¥

3 Definition of Networked Control Systems

In this section we introduce a class of models with
jumps that we will use to describe NCS. We augment
the model of NCS proposed in [15] with an equation
that describes the operation of the scheduling protocol
and we show that two protocols (RR and TOD proto-
cols) that were studied in [15] can be modelled in this
manner. Let the sequence tsi

, i ∈ N of monotonically
increasing transmission times satisfy ε ≤ tsj+1

−tsj
≤ τ

for all j ∈ N and some fixed ε, τ > 0. At each tsi
, the

protocol gives access to the network to one of the nodes
i ∈ {1, 2, . . . , `}. We adopt terminology from [15] and
refer to τ as themaximum allowable transmission inter-
val (MATI). We consider general nonlinear NCS with
disturbances of the following form

ẋP = fP (t, xP , û, w) t ∈ [tsi−1
, tsi

]
y = gP (t, xP )
ẋC = fC(t, xC , ŷ, w) t ∈ [tsi−1

, tsi
]

u = gC(t, xC)
˙̂y = f̂P (t, xP , xC , ŷ, û, w) t ∈ [tsi−1

, tsi
]

˙̂u = f̂C(t, xP , xC , ŷ, û, w) t ∈ [tsi−1
, tsi

]
ŷ(t+si

) = y(tsi
) + hy(i, e(tsi

))
û(t+si

) = u(tsi
) + hu(i, e(tsi

))
(3)

where xP and xC are respectively states of the plant
and the controller; y is the plant output and u is the
controller output; ŷ and û are the vectors of most re-
cently transmitted plant and controller output values
via the network; e is the network induced error defined
as e = (ey, eu) where ey := ŷ − y and eu := û − u;
Note that if NCS has ` links, then the error vector can
be partitioned as follows e = (e1, e2, . . . , e`). The func-
tions hu and hy are typically such that, if the jth link
gets access to the network at some transmission time tsi

we have that the corresponding part of the error vector

2Theorem 1 was proved in [10] for systems without jumps.
However, the proof extends with minor changes to systems with
jumps and it is therefore omitted.



has a jump. For several protocols, such as the RR and
TOD protocols (see below), we typically assume that
ej is reset to zero at time t+sj

, that is ej(t
+
si
) = 0. How-

ever, we emphasize that this assumption is not needed
in general and this will become clear in the next sec-
tion.

We combine the controller and plant states into a vector
x := (xP , xC) and using the error vector defined earlier
e = (ey, eu) we can rewrite (3) as a system with jumps
that is more amenable for analysis:

ẋ = f(t, x, e, w) ∀t ∈ [tsi−1
, tsi

] (4)

ė = g(t, x, e, w) ∀t ∈ [tsi−1
, tsi

] (5)

e(t+si
) = h(i, e(tsi

)) , (6)

where x ∈ Rnx , e ∈ Rne , w ∈ Rnw and formulas for
functions f, g, h can be found in [12].

We refer to (6) as a protocol. The protocol determines
the algorithm by which access to the network is as-
signed to different nodes in the system. Results of this
paper are applicable to a large class of static and dy-
namic protocols but we will concentrate on two partic-
ular examples described below (see [15]).

Round Robin (RR) protocol: We consider RR pro-
tocol as an illustrative example for static protocols. Let
there be ` ≥ 1 nodes in NCS and let the protocol grant
access to the network to the node i ∈ {1, . . . , `} at
tsi+j`

, for all j ∈ N, that is e(t+si+j`
) = 0,∀j ∈ N. In

this case we can write

h(i, e) = (I −∆(i))e , (7)

where ∆(i) = diag{∆1(i),∆2(i), . . . ,∆`(i)}. The
square matrices ∆k(i) have the dimension nk, with
∑`

k=1 nk = ne and ∆k(i) = δk(i)Ink
, where Ink

are
identity matrices of dimension nk and

δk(i) =

{

1, if i = k + j`, j ∈ N
0, otherwise.

TOD protocol: TOD protocol was recently intro-
duced in [15] and it operates as follows. Suppose that
there are ` nodes competing for access to the network.
We can partition the error vector as e = (e1, e

T
2 , . . . , e`).

The node i with the greatest weighted error at time tsj

will be granted access to network at t+sj
and hence we

have that ei(t
+
sj
) = 0. We assume that the weights are

already incorporated into the model. If a data packet
fails to win access to the network, it is discarded and
new data is used at the next transmission time tsj+1

. If
two or more nodes have equal priority, a pre-specified
ordering of the nodes is used to resolve the collision.
This verbal description can be converted into the model
of the form (6) where

h(e) = (I −Ψ(e))e ,

and Ψ(e) := diag{ψ1(e)In1
, ψ2(e)In2

, . . . , ψ`(e)In`
}.

Inj
are identity matrices of dimension nj with

∑`
j=1 nj = ne and

ψj(e) :=

{

1, if j = min (argmaxj |ej |)
0, otherwise.

4 Lyapunov UGES protocols

In this section we define a large class of protocols and
show that the RR and TOD protocols belong to this
class. Hence, our presentation is unifying for seem-
ingly different existing protocols. On the other hand,
we will show that all protocols that belong to this large
class will preserve important Lp stability properties
of the system for sufficiently small values of MATI.
Therefore, our results provide a framework for gener-
ating genuinely new classes of static and dynamic pro-
tocols whose performance is guaranteed for sufficiently
small MATI. We find it useful to introduce an auxiliary
discrete-time system of the form:

e(i+ 1) = h(i, e(i)) i ∈ N , (8)

and refer to it as a discrete-time system induced by the
protocol (6). Sometimes we abuse the terminology and
refer to (8) simply as a protocol. Central to this paper
is the following class of protocols:

Definition 5 Let W : N × Rne → R≥0 be given and
suppose that there exist ρ ∈ [0, 1) and a1, a2 > 0 such
that the following conditions hold for the discrete-time
system (8) for all i ∈ N and all e ∈ Rne :

a1 |e| ≤ W (i, e) ≤ a2 |e| (9)

W (i+ 1, h(i, e)) ≤ ρW (i, e) . (10)

Then, we say that the protocol (6) is uniformly globally
exponentially stable (UGES) with Lyapunov function
W. ¥

The RR and TOD protocols are UGES with appropri-
ate Lyapunov functions as formally stated below.

Proposition 1 The RR protocol is UGES with the

Lyapunov function W (i, e) :=
√

∑∞
k=i |φ(k, i, e)|

2
. In

particular, we can take a1 = 1, a2 =
√
` and ρ =

√

`−1
` .

¥

Proposition 2 The TOD protocol is UGES with the
Lyapunov functionW (i, e) := |e|. In particular, we can
take a1 = a2 = 1 and ρ =

√

`−1
` . ¥

5 Main results

In this section we first show (Proposition 3) that pro-
tocols that are UGES with Lyapunov function W in-
duce Lp stability for the error dynamics subsystem (5)
under relatively mild conditions on W and error dy-
namics (5). Then, we present the main result of this
paper (Theorem 2) which shows that under mild con-
ditions UGES protocols induce Lp stability of NCS for



sufficiently small values of MATI. The proofs follow di-
rectly from the Small Gain Theorem (see [12]). Finally,
in Corollary 1 we present a result that can be used to
conclude UGES of the system with w(·) ≡ 0 if the sys-
tem is Lp stable.

Proposition 3 Consider NCS (4)-(6) and suppose:
1. The protocol (6) is UGES with Lyapunov function
W that is locally Lipschitz in e, uniformly in i.
2. There exists L ≥ 0 such that for every i ∈ N, all
t, x, w and almost all e we have that the following holds:

〈

∂W (i, e)

∂e
, g(t, x, e, w)

〉

≤ LW (i, e) + |ỹ| , (11)

where ỹ : Rne × Rnw → R is continuous in (x,w).

3. τ ∈ (ε, τ∗), where τ∗ = 1
L ln

(

1
ρ

)

, ρ > 0 comes from

item 1 and ε ∈ (0, τ∗) is arbitrary. In particular, if

L = 0 we have τ∗ = limL→0
1
L ln

(

1
ρ

)

=∞.

Then, for each p ∈ [1,∞] the system (5) is Lp stable

from ỹ to W with the gain γ = exp(Lτ)−1
L(1−ρ exp(Lτ)) . In par-

ticular, if L = 0, then γ = limL→0
exp(Lτ)−1

L(1−ρ exp(Lτ)) = τ
1−ρ

Item 2 of Proposition 3 holds for linear systems with
RR and TOD protocols if Lyapunov functions are taken
respectively from Propositions 1 and 2. Indeed, con-
sider the linear NCS system:

ẋ = A11x+A12e; ė = A21x+A22e (12)

e(t+si
) = h(i, e(tsi

)) . (13)

Then, we can prove (see [12] for details):
RR Protocol: Let (13) be the RR protocol and let
the Lyapunov function W (i, e) come from Proposition
1. Denote in this case ỹ :=

√
`A21x. Then we can show

that item 2 of Proposition 3 holds with L =
√
` |A22|.

Moreover, if A22 is block diagonal then we can obtain
a tighter bound with L = |A22| (this bound is needed
in the case study).

TOD Protocol: Consider the system (12) where (13)
is the TOD protocol. Let W (i, e) = |e| and ỹ = A21x.
Then, we can show that item 2 of Proposition 3 holds
with L = max

{

1
2λmax(A

T
22 +A22), 0

}

.

The main result of this paper is presented next.

Theorem 2 Consider NCS (4)-(6). Suppose that the
following conditions hold:
1. Inequalities (9), (10) and (11) with ỹ := H(x) + w

hold.
2. System (4) is Lp stable from (W,w) to H(x) with
gain γ for some p ∈ [1,∞].

3. MATI satisfies τ ∈ (ε, τ∗) where τ∗ := 1
L ln

(

L+γ
ρL+γ

)

,

ε ∈ (0, τ∗) is arbitrary, L ≥ 0 comes from (11) and
ρ > 0 comes from (10). In particular, if L = 0 then

τ∗ = limL→0
1
L ln

(

L+γ
ρL+γ

)

= 1−ρ
γ .

Then, the NCS is Lp stable from w to (H(x),W (i, e)).
¥

A direct corollary of Theorems 2 and 1 and the Small
Gain Theorem is:

Corollary 1 Suppose that for some p ∈ [1,∞):
1. All conditions of Theorem 2 are satisfied and conse-
quently the NCS is Lp stable from w to (H(x),W (i, e));
2. The NCS is Lp to Lp detectable from (H(x),W (i, e))
to (x, e);
3. The origin of the NCS is UGFTIS with linear gain.
Then, the NCS with w ≡ 0 is UGES.

Remark 1 We emphasize that several other general-
izations and different versions of Theorem 2 can be
found in [12]. Indeed, a generalization of Theorem 2
can be found in [12] that applies to the important case
of data packet dropouts (see [18]). Moreover, a version
of Theorem 2 for the property of input-to-state stability
(ISS) with linear gains is given in [12]. Further gener-
alizations of this result for ISS with nonlinear gains can
be found in [11]. It is also worth remarking that our
proof technique appears to be novel and it is based on
different types of small gain theorem, such as a version
[9] for systems with jumps.

6 Comparison with existing results

We now show that our results (when specialized to
analysis of exponential stability for systems without
disturbances) yield much less conservative bounds than
those obtained in [14] for nonlinear NCS and in [15, 18]
for linear NCS. The following class of systems was con-
sidered in [14]

ẋ = f(t, x, e); ė = g(t, x, e) , (14)

where also the shorthand notation is used ż = h(t, z),
with z = (x, e). Lipschitz constants for f , g and h are
denoted respectively as kf , kg and kh. The class of
linear systems (12) was considered in [15, 18], where
also the shorthand notation is used ż = Az, with z =
(xT eT )T . It is supposed in [14] that there exists a con-
tinuously differentiable Lyapunov function V such that
the system (14) satisfies for all x ∈ Rnx the following;
c1|x|2 ≤ V (t, x) ≤ c2|x|2; ∂V

∂t + ∂V
∂x f(t, x, 0) ≤ −c3|x|2

and
∣

∣

∂V
∂x

∣

∣ ≤ c4 |x|, where c1, c2, c3, c4 are positive con-
stants. A similar condition was used in [15, 18] for the
linear system (12). Indeed, it was assumed that for
some positive definite and symmetric matrix Q there
exists a positive definite and symmetric matrix P that
solves the Lyapunov matrix equation3 AT

11P +PA11 =
−Q and we can let V (x) = xTPx and c1 = λmin(P );
c2 = λmax(P ); c3 = λmin(Q); c4 = 2λmax(P ). More-
over, note that, for linear systems, we can (conserva-
tively) let kh = kf = kg = |A|. A bound on MATI that

3Results in [15] are only presented for the special case Q = I.
The result with general Q is presented in [18].



guarantees the stability of the linear system (12) with
the RR and TOD protocols was obtained in [15, 18].
We denote bounds computed in [15, 18] respectively as
τRR
old and τTOD

old for the RR and TOD protocols. On
the other hand, our bounds are denoted respectively
as τRR

new and τTOD
new . Results in [15, 18, 14] do not dis-

tinguish between different protocols4 and, in particu-
lar, it is obtained that τRR

old = τTOD
old . The bounds in

[14, 15, 18] can be written in the following way:

τRR
old = τTOD

old =
c3

M`(`+ 1)khkfc4
. (15)

where the value of the constant M is different for the
linear and nonlinear systems. Using results in [14]
we have for nonlinear systems that M = MNL :=

16
(

c2
c1

)3/2 (√
c2
c1

+ 1
)

. On the other hand, in [15, 18]

the following is obtained for linear systemsM =ML :=

8
√

λmax(P )
λmin(P )

(√

λmax(P )
λmin(P ) + 1

)

. A summary of compar-

isons of bounds on MATI obtained using our results
and results in [15, 18, 14] are presented below. All
calculations are omitted for space reasons and can be
found in [12]. Comparison of our results with results
for linear systems in [15, 18] yields for RR Protocol:

τRR
new

τRR
old

≥ 2
`+ 1√
`

√

λmax(P )

λmin(P )

(
√

λmax(P )

λmin(P )
+ 1

)

and for TOD protocol:

τTOD
new

τTOD
old

≥ 2(`+ 1)

√

λmax(P )

λmin(P )

(
√

λmax(P )

λmin(P )
+ 1

)

Similarly, comparison of our results with results for
nonlinear systems in [14] yields for RR Protocol:

τRR
new

τRR
old

≥ 8
`+ 1√
`

(

c2

c1

)
3
2
(√

c2

c1
+ 1

)

and for TOD Protocol

τTOD
new

τTOD
old

≥ 8(`+ 1)

(

c2

c1

)
3
2
(√

c2

c1
+ 1

)

.

Note that λmax(P )
λmin(P ) ≥ 1 and in the extreme case we have

λmax(P )
λmin(P ) = 1. Assume that this “best” case holds. We

obtain that
τT OD

new

τT OD
old

≥ 4(` + 1) and, hence, for the sim-

plest nontrivial case ` = 2 we have that our bound is at
least 12 times less conservative than the bound in [15].
Moreover, the larger the number of nodes `, the less
conservative our bound when compared to the one in

[15]. In particular, as `→∞ we have
τT OD

new

τT OD
old

→∞. For

4Note that we do not use different notation for MATI bounds
for linear and nonlinear systems, although they are different in
general. This is because it will be always clear from the context
which bound we are talking about.

instance, if ` = 10 we have that our bound is at least 44
times larger than the bound in [15]. Suppose now that
` is fixed. In this case we have that the larger the ratio
λmax(P )
λmin(P ) , the less conservative our bound is compared

to the bound in [15]. In particular, as λmax(P )
λmin(P ) →∞ we

have that
τT OD

new

τT OD
old

→∞ holds. Similar observations hold

for nonlinear systems and/or the RR protocol. More-
over, these general formulas are very conservative and
in particular examples we may obtain even better re-
sults. Indeed, in the example in the next section we

obtain that
τT OD

new

τT OD
old

= 1000!

7 Case study: a batch reactor

To further illustrate that our results improve consid-
erably results of [15] even in the case when there are
no disturbances, we consider the unstable batch reac-
tor example considered in [15]. The linearized model
of an unstable batch reactor is a two-input-two-output
NCS of the form (12) (for space reasons the model is
omitted and can be found in [15]).

TOD protocol: We first compute5 the L2 gain for the x
subsystem from the input e to the “output” ỹ := A21x,
which is γ ≈ 15.9222. Note that since W (e) = |e| the
gain from W to ỹ is bounded by γ. Using Proposi-
tion 2 we see that the TOD protocol is UGES with
Lyapunov function W (e) = |e|, where for two nodes
(` = 2 since we have two outputs transmitted via the

network) we have that ρ =
√

1
2 ≈ 0.7071. Further-

more, using result from Section 5 we have that the
error subsystem satisfies the bound (11) with L =
λmax

(

0.5(AT
22 +A22)

)

= 15.73. Finally, using our The-
orem 2 and Corollary 1 we obtain that the NCS is
UGES for all MATI τ ∈ (0, τTOD

new ) where

τTOD
new =

1

L
ln

(

L+ γ

ρL+ γ

)

≈ 0.01 .

The theoretical bound on MATI obtained using results
in [15] for which NCS remains stable is τ ∈ (0, τTOD

old ),
where τTOD

old ≈ 10−5 sec (see pg. 443). The sim-
ulations with randomly generated transmission times
tsj

reported in [15] showed that the system remains
stable for the values of MATI τ ∈ (0, τTOD

rand ), where
τTOD
rand ≈ 0.06 sec. Note that

τTOD
new

τTOD
old

≈ 1000 and
τTOD
rand

τTOD
new

≈ 6 .

Hence, our result yields a theoretical bound on MATI
that is about 1000 times less conservative than the
bound obtained in [15]! This is only about 6 times more
conservative that the real bound on MATI observed in
simulations. We have also carried out simulations for
the case when transmission times tsj

are equidistant
and we obtained a slightly larger value for the MATI

5Computation of Lp gains was done using the µ-synthesis
toolbox in MATLAB.



for which stability is preserved τTOD
const ≈ 0.089 sec and,

hence, our result is slightly more conservative for this
situation.

RR protocol: Suppose now that RR protocol is used
for the same system. In this case, it turns out that the
Lyapunov function from Proposition 1 takes the form
W (i, e) =

√

∑∞
k=i φ

2(k, i, e) =
√

a2
1(i)e

2
1 + a2

2(i)e
2
2,

where a2
j (i) = 1 or 2 for j = 1, 2 and all i ∈ N. This

implies that max{a1(i), a2(i)} ≤
√
2. Moreover, the

error system has the diagonal form:

ė1 = 15.73e1 + f1; ė2 = 11.358e2 + f2 ,

where (f1 f2)
T := A21x. In this case, we let ỹ :=√

2A21x (note the difference with the ỹ defined in the
case of TOD protocol). As a result, we can show that
for almost all e we have that (11) holds, where L ≈
15.73 is the same as in the previous example. The
new definition of ỹ gives the gain from W to the newly
defined ỹ equal to γ1 = γ

√
2, where γ ≈ 15.2222 was

computed in the previous example as the gain from W

to A21x. Finally, using our Theorem 2 and Corollary
1 we obtain that the NCS is UGES for all MATI τ ∈
(0, τRR

new) where

τRR
new =

1

L
ln

(

L+ γ1

ρL+ γ1

)

≈ 0.0082 sec .

Assume now that the transmission times are equidis-
tant. It was computed6 for this situation that τRR

const =
0.0657 sec. Hence, we have that

τRR
const

τRR
new

≈ 8 ,

which means that our theoretical bound is only about 8
times more conservative than the real bound obtained
from analytic calculations.

8 Conclusions

We presented results on Lp stability for Networked
Control Systems that apply to a general class of
scheduling protocols. Our results generalize those in
[14, 15] since they apply to general nonlinear systems
with disturbances, as well as a more general class of
protocols than those considered in the references. In
particular, we show that the static and TOD protocols
considered in [14, 15] belong to the class of protocols
that we considered. Moreover, our result can serve as a
framework for generating new protocols that have good
properties. We illustrated via an example considered
in [15] that our results produce several orders of mag-
nitude less conservative results than those obtained in
[15]. Finally, we remark that several generalizations
and different versions of our results can be found in
[12, 11].

6In this case, the NCS dynamics induces a discrete-time sys-
tem at transmission times whose stability can be checked explic-
itly using the standard discrete-time calculations.
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