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Abstract
Studies pertaining to turbulent plumes in confined spaces are of utmost interest
due to its relevance in practical flows that are associated with, but not restricted
to, the propagation of smoke and hot gases generated by fires in buildings, road
and railway tunnels etc. In this dissertation, direct numerical simulations (DNS)
of the governing equations are carried out to analyze such flows with the focus
on (i) free turbulent line plumes, and (ii) wall attached turbulent line plumes, in
confined spaces. In all cases, the computation domain is rectangular with no-slip
and adiabatic boundary conditions at the top, bottom and lateral side walls.

In free turbulent line plume simulations, the plume originates from a line heat
source of length, L, located at the centre of the bottom wall and rises until it
impinges on the top wall and eventually spreading out laterally there by producing
a buoyant fluid layer at the top wall. Since the region is confined, the continuous
heat source forces the top layer to move downwards, until it reaches the bottom
wall, when the flow is said to be at the asymptotic state (Baines and Turner
1969). DNS data at three Reynolds numbers (ReH), 1800, 3600 and 7200, based
on box height H and the buoyant velocity scale, F 1/3

0 , where F0 is buoyancy flux
per unit length, are presented for plume lengths, L/H = 1, 2 and 4 and box
aspect ratio, R/H = 1. Here, R is the box half-width. Following the initial
transient dynamics, a flapping motion of the plume is observed, where the plume
oscillates around the centre plane of the box. The DNS results reveal that the
long-term behaviour of the flow consists of a meandering, flapping plume with
a counter-rotating vortex pair on either sides of the plume. Additionally, the
plume volume, momentum, and buoyancy fluxes obtained from the simulations
are compared to the theoretical models proposed by Baines and Turner (1969)
and Barnett (1991). Further, simulations of turbulent line plumes are carried out
at increased box aspect ratios R/H = 1, 2, 4, 8 and 16, to study the horizontal
outflow of the buoyant fluid layer after the plume impinges on to the top wall.
Following the axisymmetric plume model of Kaye and Hunt (2007), a theoretical
model to compute the horizontal outflow properties is developed for turbulent line
plumes.

In the case of wall attached thermal plumes, the plume originates from a local line
heat source placed at the bottom left corner of the box. The plume develops along
the vertical side wall while remaining attached to it before spreading across the top



iv

wall forming a buoyant fluid layer and eventually moving downwards and filling
the whole box. The simulations are carried out at ReH = 14530 and L/H = 0.5,
and a parametric study is conducted for boxes of aspect ratios R/H = 1 and
2. Furthermore, the original filling box model of Baines and Turner Baines and
Turner (1969) is modified to incorporate the wall shear stress and are compared
against the results obtained from the DNS. A reasonable agreement is observed
for the volume and momentum fluxes in the quiescent uniform environment and
for the time-dependent buoyancy profiles calculated further away from the plume.

Finally, the entrainment processes in both free and wall attached line plumes are
assessed, using the DNS data. Both cases show similar contributions to entrain-
ment due to net buoyancy. However, a deficit in the entrainment coefficient is
observed for wall plumes due to the effect of the wall, which in turn suppressed
the turbulent kinetic energy production.
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Chapter 1

Introduction

The buoyant turbulent plumes in a confined region are common industrial and
geophysical flows, for example, smoke from a fire in a building or a tunnel, disposal
of waste and toxic matters into lakes and oceans. This research presents the study
of three types of confined turbulent plumes originating from a localised line heat
source shown in figure 1.1. The first problem dealt with in this thesis is the

(a)
(b)

(c)

Figure 1.1: Schematic diagram of the three different types of confined plumes
investigated in this thesis: (a) confined free plumes (the filling-box problem),
(b) outflow from a turbulent plume impinging on a horizontal ceiling, and (c)

wall attached plumes.

confined free line plumes (commonly known as filling-box problem, figure 1.1 a),
within which the transient and asymptotic behaviours of plumes are studied, and
the relevant parameters are compared with mathematical models. Then, attention
is focused on outflow from a line plume impinging on a horizontal adiabatic and
impermeable surfaces (figure 1.1 b). Different aspect ratio (box half-width/height)
boxes are considered to analyse buoyant currents from impinging plume. Finally,
the buoyant line plumes are placed near the side wall of the box (figure 1.1 c) and
the effect of wall on confined wall attached plumes are studied.
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1.1 Motivation

Fire safety engineers are interested in the phenomena of the propagation of smoke
and hot gases generated by fires in buildings, road and railway tunnels. Un-
derstanding these situations would allow them to identify the time required to
evacuate a building or a tunnel before concentrations of either the smoke from a
fire or the released chemical become hazardous. These types of fire situations in
confined spaces are studied in this thesis using direct numerical simulations (DNS)
of the governing equations.

Baines and Turner (1969)’s filling-box model serves as the starting point in the
study of confined plumes. The filling-box model represents an idealised model of
fire in enclosed rooms and can help fire-fighters to take decisions faster and more
accurately. This thesis starts with the aim of testing the validity of the filling-box
(and related) model for confined line plumes, which have received less attention in
the literature. Also, the behaviours of confined fires in the early and later stages
are investigated, which will eventually support the evacuation planning and the
control of fire spreading.

Another type of confined buoyant flow considered here is the outflow from a line
plume impinging on the top wall, which also has applications related to tunnel
fires. The physics behind the horizontal outflow propagation in both uniform
and stratified environments are not fully understood due to the lack of detailed
experimental and computational study. The present DNS database is aimed at
assessing existing models and developing new ones.

Finally, the attention is focused on the confined wall attached thermal line plume.
This type of configuration is a rarity in the literature. Therefore, there are many
potential questions regarding the effect of the wall on the entrainment and filling
process.

1.2 Objectives

The main objectives of this thesis are the following:

• Conduct direct numerical simulations of confined free and wall attached
plumes from a line source,
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• Describe the filling-box mechanisms for line plumes.

• Compute the entrainment coefficients in both free and wall attached line
plumes, and compare with the help of theoretical models.

• Test the Baines and Turner (1969)’s model for line plumes in both transient
and asymptotic stages,

• Extend the Kaye and Hunt (2007)’s model for the bulk properties of the
horizontal outflow from a point plume to a line plume.

• Measure the horizontal front propagation in both uniform and stratified en-
vironments for different aspect ratio boxes and study using scaling laws.

• Develop a mathematical model for the filling processes of the wall attached
line plumes in confined spaces by considering wall effects and validate using
DNS results.

1.3 Outline of thesis

This Thesis is organised as follows: Chapter 2 provides a review of the previous
experimental and numerical studies for different plume configurations considered in
the present study. Chapter 3 investigates the confined plumes originate from a line
heat source, located at the centre of the bottom wall. Then, this case is extended in
chapter 4 to analyse the horizontal outflow from the impingement plumes for large
aspect ratio boxes. Chapter 5 considers the stratification that develops from a wall
attached thermal line plume. Chapter 6 investigates the entrainment process in
both free and wall attached plumes. Finally, general conclusions from the present
work are presented in chapter 7.
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Chapter 2

Literature review

Plumes are a common phenomenon in environmental flows, which occurs due to
a density difference between source fluid and the environment under the influence
of gravity. For example, include small-scale flows like the smoke rising from a
cigarette or smoke from chimneys to volcanic eruption (see figure 2.1).

Figure 2.1: Examples of turbulent buoyant plumes in nature.

Most of the real-world plumes are turbulent. Therefore, as opposed to laminar
plumes, in this chapter, we mainly focus on turbulent plumes.

Turbulent plume behaviour varies depending on their source conditions. The flux
balance parameter Ri, a local Richardson number at the source describes the
behaviour of a turbulent plume. The Richardson number Ri classifies plumes
in natural buoyancy-driven convection and forced momentum-driven convection
(Hunt and Van den Bremer 2011):

Ri =
B b

w2 , (2.1)
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where B denotes the buoyancy of the plume, b is a characteristic width of the
plume and w is the characteristic vertical velocity.

The limit Ri → 0 is refer to as a jet that is dominated by its source momentum
flux, whereas a plume that is generated by a pure natural convection corresponds
to the limit Ri → ∞. Every buoyant plume, independent of starting Ri, with
increasing height will eventually reach a constant Ri called the plume Richardson
number, Rip. Plumes are classified into ‘forced’, ‘pure’ and ‘lazy’ depending on
the source Ri < Rip, = Rip or > Rip.

2.1 Plumes in unconfined environment

The primary quantities of interest for plumes in an unconfined environment are the
distributions of velocity and temperature. The case of fully developed unconfined
buoyant plumes is well documented in the literature for both a plume originating
from a point source and a plane plume generated by a line source.

The first quantitative study of plumes in an open environment was conducted by
Schmidt (1941), and he observed that the plume of hot air rising from small sources
into a quiescent uniform environment occupies a conical region when the flow is
turbulent. Schmidt used mixing-length-type hypotheses to obtain an expression
for the mean velocity and temperature profiles for both round and plane plumes,
and validated these with the use of small-scale experiments. Later, Rouse et al.
(1952) conducted measurements in a room by using a gas burner as a heat source
and found that the distribution of mean temperature and vertical velocity in a
horizontal plane can be fitted by the Gaussian curves for both round and line
plumes.

The work of Morton et al. (1956) on fundamental characteristics of plumes is gen-
erally known as classical plume theory. Morton et al. (hereafter referred to as
MTT) developed a relatively simple analytical model for Boussinesq plumes in a
uniform environment based on two important assumptions. The first assumption
is the mean entrainment velocity ue (the radial or transverse velocity at the edge
of the plume) at a particular height from the source is directly proportional to
the mean vertical velocity w at the same height, i.e. ue = αw, where α is the
entrainment coefficient for the plume. The second assumption is that the hori-
zontal variations of mean buoyancy and vertical velocity profiles are self-similar
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with height. MTT model describes the vertical variations in volume, momentum
and buoyancy flux for a plume above a point source of buoyancy. From these
bulk quantities, it is possible to derive expressions for the plume radius, vertical
velocity and buoyancy as a function of height above the plume source.

Morton (1959) also classified plumes into three different categories by introducing
a flux balance parameter Γ, which is proportional to the local Richardson number.
The definition of Γ for a plume that arises from a point source with Gaussian
assumptions for mean vertical velocity and buoyancy is

Γ =
5F Q2

8α
√
πM5/2 =

Ri

Rip
, (2.2)

where F , Q and M are the plume buoyancy flux, volume flux and momentum
flux, respectively. Based on the source value of Γ, the plumes are classified as pure
(Γ = 1), forced (0 < Γ < 1) and lazy (Γ > 1). However, as mentioned above for
all lazy and forced plumes, the plume source parameter Γ approaches 1 in the far
field (Morton and Middleton 1973), i.e. for all lazy and forced plumes take on
pure plume behaviour at some distance from the source.

In the turbulent plume literature, some researchers (e.g.Plourde et al. 2008, Pham
et al. 2007 and Elicer-Cortés 1998 ) use the term ‘pure thermal plume’ to refer a
plume driven only by buoyancy source. Although, in that case, the limit of Γ at the
source goes to Γ0 → ∞ and from the above mentioned terminology such plumes
are classified as extremely lazy. In the following paragraphs we shall consider the
literatures about purely convective plume, Γ0 =∞, which is more relevant to the
present study.

The study of turbulent thermal plumes is essential to understand the convective
behaviour of fluids and has lots of application in fire modelling, e.g. prediction of
fire spread rates, smoke plume dynamics, etc. Elicer-Cortés (1998) experimentally
analysed the temperature field of an axisymmetric thermal pure plume rising from
a heated disk. Elicer-Cortés (1998) observed that the mean centreline temperature
follows the z−5/3 law only in the region z/D > 2.15, where the temperature filed
achieved a state of self-similarity. Also, he found that the self-similar solution
for half-width of temperature matched well with the experimental results, and the
plume spread rate was dbT/dz = 0.096. However, he did not measure any velocity
field.
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Pham et al. (2007) conducted direct numerical simulation (DNS) and large-eddy
simulations (LES) with the dynamic Smagorinsky eddy-viscosity model of lazy
thermal plume from an axisymmetric source and reported on the puffing phe-
nomenon that occurs in the near-field region of the plume source. Plourde et al.
(2008) investigated the influence of vortical structures of axisymmetric rapidly ex-
panding thermal plume on the entrainment of ambient fluid using DNS. Plourde
et al. (2008) observed three-dimensional hairpin-like vortex structures in the fully
turbulent region of the plume. They mentioned two phases of local entrainment
processes, namely, the contraction and expulsion phases and argued that these
instantaneous mechanisms drive the entrainment process of the thermal plume.
Devenish et al. (2010) studied buoyant radial thermal plumes in uniform and sta-
bly stratified environments with the help of large-eddy simulation (LES). They
made some interesting observations at larger heights. In their study, they showed
that the plume vertical velocity is w ∼ z−1/3 in the far field and the buoyancy
follows B ∼ z−5/3, which is same as the power law relations of MTT. Apart from
this, Devenish et al. (2010) showed that horizontal profiles of mean buoyancy
and vertical velocity are approximately Gaussian variation, self-similar in the far
field and have no significant difference in radial rate of spread for velocity and
buoyancy. They estimated an entrainment coefficient of α = 0.15 in the uniform
environment. Recently, Marjanovic et al. (2017) investigated the near-field be-
haviours of axisymmetric lazy plumes in a uniform environment with increasing
values of source plume parameters, Γ0, up to Γ0 = ∞. Marjanovic et al. (2017)
observed that, in the near-field region, vortex rings are formed due to the effect of
non-turbulent stress and mixing promoted by large-scale engulfing ambient fluid,
that leads to faster decay of plumes. They also showed that the lazy plumes all
converge on a far-field value of Γ = 1, which is the pure plume behaviour.

The studies mentioned above are mainly focused on axisymmetric plumes. Turbu-
lent plumes arising from line sources (planar plumes) have received significantly
less attention. It is difficult to achieve a uniform source condition along the length
of the source in the laboratory. Only a few experimental and computational stud-
ies are available for turbulent plumes from line sources. One of the earliest works
on line plumes was done by Lee and Emmons (1961). They measured temperature
profiles above a line gas burner and estimated the entrainment coefficient α = 0.16
by adopting the entrainment model proposed by MTT. The line plume velocities
were not measured, but they calculated the growth of vertical velocity from the
temperature measurement alone.
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Later, Kotsovinos (1975) conducted a set of experiments to study the entrainment
and mixing process in a planar turbulent buoyant plume. Kotsovinos (1975) found
that the spreading rate of the mean velocity and temperature profiles are inde-
pendent of initial Richardson number. They measured the value of entrainment
coefficient α = 0.2 in the self-similar region.

Kotsovinos and List (1977) observed turbulence in plane turbulent buoyant jets
using laser Doppler velocimetry combined with tracer concentration measurements
based on microbead thermistor measurement of temperature fluctuations in jets
and plumes. He found mean turbulent fluxes as high as 10% of the mean advective
flux in jets and as high as 40% in plane plumes.

Chu (1994) studied the turbulent entrainment in jets and plumes using Lagrangian
reference frame. Chu correlated the spreading characteristics of jets and plumes
with the length and velocity scales of the dominant eddies. In the Lagrangian ref-
erence frame, turbulent flows with dominant eddies of similar geometric structure
are observed to spread with nearly identical rate.

Ramaprian and Chandrasekhara (1989) carried out experiments to measure mean-
flow and turbulence quantities of two-dimensional turbulent line plumes in ambient
environments. Ramaprian and Chandrasekhara found that buoyancy causes a
significant increase in turbulent intensities and turbulent fluxes and transport
coefficients. Their turbulence measurements indicated that the eddy viscosity and
turbulence are significantly higher in the plume compared to an isothermal jet.

Lee and Chu (2003) developed a Lagrangian approach for the prediction of free
jets and plumes, including effects of crossflow and ambient density stratification.
They developed integral equations from the Reynolds equations and the continuity
equation and shows good correlation of the different scales along with some details
of turbulence properties from experiments.

In all these studies, the value of source plume parameter is Γ0 =∞ i.e. plume are
driven only due to a pure buoyancy source, whereas Paillat and Kaminski (2014a)
conducted some experiments on plane turbulent salt water plumes with a range of
Γ0, from 0.04 to 0.49. Paillat and Kaminski (2014a) developed a theoretical model
for the entrainment coefficient by including the local Richardson number. They
reported the value of the entrainment coefficient for Gaussian profiles α = 0.071,
which is much less than reported entrainment coefficients for fire plumes (Γ0 =∞)
from line sources.
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2.2 Plumes in confined environment

A turbulent plume arising from a local source of buoyancy in a confined region
can lead to stratification of the fluid surrounding the plume, which is described in
detail in the so-called filling box problem of Baines and Turner (1969).

The evolution of a plume in a confined region can be divided into two states: the
first consists of the initial behaviour of the plume called the transient state. When
the plume rises and impinges on the top wall, an interface layer is formed; this
layer turns over and moves towards the bottom wall as time increases. The plume
below the interface layer is still considered to be a plume in a uniform environment.

Once the interface layer reaches the bottom wall, the flow is considered to be in
the asymptotic state. The second asymptotic state is defined by a balance between
the mean temperature and mean pressure gradient. In the asymptotic state, all
components of velocities are statistically stationary in time at every point in the
filling box. Note that, over time, the temperature and pressure increase due to
the source of buoyancy in the confined region.

The filling box problem is a relevant model of many industrial and geophysical fluid
flows, for example, building ventilation (e.g. Linden et al. 1990 and Hunt et al.
2001), compartment fires (e.g. Zukoski 1986) and in the oceans (e.g. Killworth
and Turner 1982).

Baines and Turner (1969) developed a mathematical model for the filling box
problem based on the classical plume theory presented by MTT. More details of
the filling box model can be found in section 4.3.1. The model describes the ver-
tical position of the first horizontal front (cf. figure 4.10) of buoyant fluid from a
localised source. They also developed solutions for the plume centreline vertical
velocity, centreline buoyancy and plume half-width as a function of box height
in the asymptotic state. The region far away from the plume is called the en-
vironment. Their model also predicts the environmental velocity and buoyancy
variation with respect to height in the asymptotic state. Baines and Turner (1969)
conducted some dye visualisation experiments to verify the solutions for the prop-
agation of buoyant fluid and asymptotic buoyancy variation in the environment
from a point source of buoyancy. The limited experimental results matched the
model well, and obtained an entrainment coefficient α = 0.1 for axisymmetric
plumes. In experiments, they produced round plumes by discharging salt water
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into a large reservoir of fresh water. However, Baines and Turner (1969) did not
measure velocity or density within the plume or outside.

Manins (1979) extending Baines and Turner (1969) study, considered a conducting
boundary at the source level in the model, while all other boundaries are considered
to be insulating. Manins (1979) experimentally showed that when the aspect ratio
R/H ≈ 1 (R is the half box width and H is the height of the rectangular box)
velocities in the ambient and the horizontal and vertical accelerations of the fluid
are of similar order of magnitude and overturning occurs. From his experiments
Manins found that the outflow occupies approximately 25% of the box height.

Subsequently Worster and Huppert (1983) extended this model and obtained an
analytical expression for the time-dependent density profiles in the filling box
problem.

Zukoski (1978) developed an analytical model based on mass and energy balances
on upper and lower layers of smoke layer to determine the smoke propagation time
for a room from a fire. Zukoski assumed that the room is closed, but considered
small opening at either the floor or ceiling level. The propagation of smoke layer is
calculated by measuring the time at which the temperature at a particular height
starts to increase above ambient level.

The effect of aspect ratio (i.e. ratio of the radius of a circle to the height of the
tank, R/H) on the filling box process for round plumes was investigated by Barnett
(1991) both analytically and experimentally. Barnett (1991) found that the filling
box process occurs only for large aspect ratios (R/H ≥ 1.0). For moderate aspect
ratios (0.172 < R/H < 1.0), the plume outflow in the environment is observed
as horizontally inhomogeneous and overturning circulation is developed in the
environment. In the case of extremely small aspect ratios (R/H ≤ 0.172), the
turbulent plume breaks down due to the interaction with the side walls and the
plume no longer reaches the top of the tank.

Kaye and Hunt (2007) theoretically and experimentally investigated the horizontal
outflow and the overturning effect of a turbulent round plume in a cylindrical
filling box for different aspect ratios using saline plume. All their studies are
limited to the transient regime. The theoretical model was divided into three
different regions, the plume flow, the outflow due to impingement on the box
bottom boundary and the flow rising from the side wall. Kaye and Hunt (2007)
developed a model for the bulk properties of the horizontal outflow from a point
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source. They also conducted dye visualisation experiments using a saline plume
to verify the theoretical model.

Recently, Akhter and Kaye (2020) experimentally studied the front movements
in the filling box driven by line plumes. Their front movement results indicate
that the value of entrainment coefficient for an unconfined plume is 0.16 could be
used to predict the front movement for both the centrally located plume and the
wall-attached plume.

While all the above studies focus on the plumes generated from a point source
in a confined box in the transient regime, investigation of plumes from a line
source of buoyancy in the transient and the asymptotic regime has received less
attention in the literature. Although important from a practical point of view,
we have very limited knowledge about the confined line plumes. There has been
no detailed study of range of validity of Baines and Turner (1969)’s model for
fire plumes. Most of the previous studies have been carried out on salt water
plume experiments. Previous confined plume studies, both point and line source
have relied mostly on flow visualisation and employ single point measurements to
ascertain the validity of their theoretical models. Detailed velocity and buoyancy
measurements have not been carried out. This also precludes a more detailed
comparison with models. Furthermore, over the past two decades direct numerical
simulations (DNS) have became more affordable, and we have reached a point in
time that we can resolve all the scales of the motion at reasonably high Reynolds
number. This will allow us to observe limitations of the existing models, if any,
and propose improved models.

2.3 Wall plumes

Fire safety engineers are interested in smoke produced by fire near the side walls
of a room because of its great practical applications. The effect of walls on the
amount of smoke generated by fires is determined by the amount of ambient air
entrainment into their plumes, which is different to a free plume. There have been
lots of studies regarding free plumes, and though wall plumes are similar to free
plumes, and only limited studies have been carried out in this area.

Grella and Faeth (1975) carried out a similarity analysis on turbulent plumes
originated from a line heat source at the base of a vertical adiabatic wall with
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an assumption of constant skin friction coefficient Cf . Later, Liburdy and Faeth
(1978) investigated on weakly buoyant thermal plumes along a vertical isothermal
wall. Liburdy and Faeth (1978) experimentally measured the mean plume vertical
velocity, temperature and the heat flux to the wall for various plume strength and
distances above the source. They observed that isothermal wall plumes have higher
velocities and temperature than a free line plumes at same source conditions.

Killworth and Manins (1980) developed a similarity description of horizontal con-
vection driven by a quadratic temperature variation along the horizontal bound-
ary at which the forcing is applied. However, instead of explicitly representing the
plume, they extend the result of Manins (1979) and assume that a non-uniform
buoyancy distribution on the lower boundary to supply the turbulent plume in the
confined region .

Jaluria (1982) analytically studied the mixed convection flow that arises due to a
finite heated element located on a vertical adiabatic surface. The study numerically
determined the temperature and velocity fields that arises over a wide range of
the mixed convection parameter.

Lai et al. (1986) studied the weakly buoyant turbulent wall plumes for vertical
and inclined surfaces. Mean and fluctuating concentrations and streamwise ve-
locities were measured at several stations along the wall. Gas mixtures leaving
a slot provided well-defined source dimensions and buoyancy fluxes. The obser-
vations were used to evaluate predictions based on simplified mixing length and
higher-order turbulence models, finding good predictions for mean properties but
relatively poor predictions for turbulence properties. These measurements were
limited to near-source conditions in order to highlight effects of flow development;
therefore self-preserving behaviour was not achieved.

Bonnebaigt et al. (2018) experimentally studied the turbulent plume from a buoy-
ancy source that is vertically distributed over the full area of a wall. They de-
veloped a peeling plume model, where density and vertical velocity vary linearly
across the width of the plume, so that plume fluid peels off into the ambient at
intermediate heights, more accurately captures the shape of the ambient buoyancy
profiles measured in experiments

Recently, Parker et al. (2020) conducted a set of measurements on turbulent free
and wall plumes. They found that the value of entrainment coefficient in the
wall plume is slightly more than half that of the free plume. The reduction in
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entrainment was investigated by considering a decomposition of the entrainment
coefficient.

While all the above studies focus on the plumes generated at the side wall in
an open environment, investigation of plumes attached to the wall in a confined
environment has received less or almost no attention in the literature.
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Chapter 3

Details of the direct numerical
simulations

The details of the numerical methods used for the direct numerical simulations for
all chapters of this thesis are provided in this chapter. This code is a variant of
in-house written code in C and parallelised using MPI, and has been used in past
studies, for example, Matheou and Chung (2012) and Ng et al. (2015).

The present code numerically solves the equations of mass, momentum and energy
conservation under the Boussinesq approximation for an incompressible viscous
flow. The resulting governing equations are:

∂ui
∂xi

= 0, (3.1)

∂ui
∂t

+ uj
∂ui
∂xj

= −1
ρ

∂p

∂xi
+ν

∂2ui
∂x2

j

+ gβT δi3, (3.2)

∂T

∂t
+ uj

∂T

∂xj
= κ

∂2T

∂x2
j

, (3.3)

where ν is the kinematic viscosity, g is the gravitational acceleration, β is the
coefficient of thermal expansion and κ is the thermal diffusivity. Velocity com-
ponents are denoted by ui, ρ is a constant reference density, and T is the tem-
perature. Note that, for convenience we will also use the notation convention
(u1,u2,u3) = (u, v,w).

In this code, the fourth-order staggered-grid finite difference scheme of Morinishi
et al. (1998) is used for spatial discretisation of Navier Stokes equations in x and z
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Figure 3.1: Two-dimensional representation of staggered grid used in the code.

directions. All three velocity components are stored at the cell faces , whereas the
scalar variables such as pressure and temperature are stored in the cell centres of
the control volume (figure 3.1). The approach has advantage of avoiding oscillatory
pressure field.

The present implementation uses the fourth-order skew-symmetric finite difference
discretisation of Verstappen and Veldman (2003) for the interior points, where is it
shown to be stable, and to conserve mass, momentum and energy for the interior
volumes (note that in the presence of the boundaries, the discretisation requires
the boundary conditions of Sanderse et al. (2014) to ensure energy conservation).
The present discretisation scheme is equivalent to that of Morinishi et al. (1998)
on uniform grids, however on non-uniform grids, strict energy conservation was
sacrificed by Morinishi et al. (1998) to maintain fourth-order accuracy by using
mesh-dependent interpolation and differentiation. Furthermore, their boundary
scheme maintained the mass and momentum conservation of the interior discreti-
sation. Using the notation of Verstappen and Veldman (2003), the semi-discrete
Navier-Stokes equations (3.1) and (3.2) appear as:

Ω
duh
dt + C(uh) + Duh −M∗ph = 0, (3.4)

Muh = 0, (3.5)

for uh discrete velocities and ph discrete pressure. Hence Ω−1D is to be iden-
tified with −(1/Re)∇2, Ω−1C(uh) is to be identified with u · ∇ and Ω−1M∗
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is to be identified with ∇. Coefficient matrices Ω, C(uh), D and M are de-
veloped via a Richardson-extrapolation idea. A fourth order approximation for
mass conservation is recovered from the second-order discretisation on control
volumes within the fluid centred at (xi−1/2, yj−1/2, zk−1/2) with faces Ω(1)

i,j,k =

[xi−1,xi]× [yj−1, yj ]× [zk−1, zk]. Volumes three times larger than these are the
smallest volumes on which we can perform the same discretisation, so we consider
a control volume with faces: Ω(3)

i,j,k = [xi−2,xi+1] × [yj−2, yj+1] × [zk−2, zk+1].
Elimination of the leading term of the discretisation error in the second-order con-
tinuity equation is completed by forcing conservation of mass over these volumes
giving

Muh = (32+dM1 −M3)uh = 0, (3.6)

for d = 3 for a 3D grid, where coefficient matrix M1 is based on control vol-
umes Ω(1)

i,j,k. Control volumes Ω(1)
i+1/2,j,k = [xi−1/2,xi+1/2]× [yj−1, yj ]× [zk−1, zk]

for the second-order discretisation and volumes three times larger Ω(3)
i+1/2,j,k =

[xi−3/2,xi+3/2] × [yj−2, yj+1] × [zk−2, zk+1] are used for velocity ui,k,k to elimi-
nate the second-order error in the x− momentum equation by extrapolation (with
analogous Ω(1)

i,j+1/2,k, Ω(3)
i,j+1/2,k for velocity v and Ω(1)

i,j,k+1/2.Ω(3)
i,j,k+1/2 for velocity

w in the k direction). We therefore arrive at

Ω = 32+dΩ1 −Ω3 (3.7)

where Ω1, Ω3 are positive-definite diagonal matrices representing the sizes of these
control volumes (i.e. |Ω(1)

i+1/2,j,k|, Ω(3)
i+1/2,j,k|, ...), and

C(uh) = 32+dC1(u)−C3(u), (3.8)

where u are the contributions through the faces of the ‘original’ control volumes
(i.e. Ω(1)

i+1/2,j,k for the u velocity), and u those through faces on the volumes
three times larger (i.e. Ω(3)

i+1/2,j,k). The interpolation for the u’s and u’s on to
the control faces is chosen such that the convective operator conserves energy by
virtue of being skew-symmetric. The fourth-order diffusive operator is given by:
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D =
1
Re

(32+d∆1 −∆3)
∗(32+dΛ1 −Λ3)

−1(32+d∆1 −∆3), (3.9)

with ∆∗1 = diag(Mu
1 , M v

1 , Mw
1 ), ∆∗1 being the transpose of ∆1, and Λ1 =

diag(Ωu
1 , Ωv

1, MΩw
1 ), with analogous expressions for ∆3 and Λ3. Due to the

staggered grid, the control volumes as used for the velocity components differ
from the control volumes Ω(1)

i,j,k and Ω(3)
i,j,k which lead to coefficient matrices M1

and M3. Therefore new matrices Mu
1 , M v

1 and Mw
1 ( and relatives Mu

3 , M v
3

and Mw
3 ) are introduced, allowing for discrete integration of the divergence of

Duh over the control volumes for velocities u, v and w respectively. The gradient
operator is approximated by

G = Ω−1M∗, (3.10)

for M∗ the transpose of M in (3.6). The integration of the pressure gradient
Gph over the control volumes, for discrete pressure ph, is given by −M∗. Since
the discrete gradient inherits the boundary conditions from the discrete diver-
gence, boundary conditions are not required for the pressure, computed as it is
from a Poisson equation, where as the Laplacian is approximated with matrix
−MΩ1M∗.

For boundaries, the fourth-order fully-conservative boundary scheme of Sanderse
et al. (2014) is used. The boundary conditions given in Verstappen and Veld-
man (2003) (interior discretisation) conserve energy for homogeneous Dirichlet
conditions, but do not if the boundary conditions are non-homogeneous, and the
scheme also effectively introduced a Dirichlet condition on the pressure. High-
order accuracy of the global error is obtained in the presence of walls with proper
grid-refinement. The no-slip, impermeable Dirichlet condition is applied for veloc-
ity on wall boundaries, while Neumann condition is used for the temperature at
the walls. The present code uses periodic boundary conditions in the y direction
with uniform grid spacing. Ghost cells are created outside the domain boundary
to facilitate the treatment of the boundary conditions. The velocity field in y−
direction is expanded in a Fourier series and the Navier-stokes equations are solved
in wave-vector space. The discrete Fourier transform pair is defined by:

g̃(y, t) =
∑
k

ĝ(k, t)eik·y, ĝ(k, t) = 1
Ny

∑
k

g̃(y, t)eik·y, (3.11)
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where f ∈ {v, p}, wave numbers ki = (−Ny/2...,Ny/2− 1)(2π/Ly), and phys-
ical grid locations y = (0, ...,Ni − 1)/(Ly/Ny), where Ny is the grid points in
y−direction. An efficient strategy is to transform the velocity components to
physical space using the fast Fourier transform (FFT).

Solutions are marched forward in time with the third-order storage low-storage
Runge-Kutta scheme of Spalart (1991). The scheme uses three substeps to advance
the solution for unh at time t to un+1

h at time t+ δt. We can rewrite our discrete
representation of the momentum equation (3.4) in the following form:

duh
dt = −Ω−1C(uh)uh −Ω−1Duh −Gph = L(uh) +N(uh)−−Gph. (3.12)

Excluding the pressure term, we can regroup the terms in our discretised momen-
tum equation following the notations of Spalart (1991):

−Ω−1C(uh)uh −Ω−1Duh = L(uh) +N(uh), (3.13)

where L(uh) = Ω−1
z Dzuh comprises the diffusion terms in the wall-normal direc-

tion and N(uh) = −Ω−1C(uh)uh −Ω−1
x,yDx,yuh contains the non-linear advec-

tive terms. Marching such a system forward in time according to their method
requires the following three substeps:

u′h =unh + ∆t[L(α1unh + β1u′h) + γ1Nn]−∆tρ1Gp′h (3.14)

u′′h =u′h + ∆t[L(α2u′h + β2u′′h) + γ2N
′ + ζ1Nn]−∆tρ2Gp′′h (3.15)

un+1
h =u′′h + ∆t[L(α3u′′h + β3un+1

h ) + γ3N
′ + ζ2N

′′]−∆tρ3Gpn+1
h , (3.16)

where Nn ≡ N(unh), N ′ ≡ N(u′h) and N ′′ ≡ N(u′′h) and

ρ1 =α1 + β1 = γ1, (3.17)

ρ2 =α2 + β2 = γ2 + ζ1, (3.18)

ρ3 =α3 + β3 = γ3 + ζ2. (3.19)
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The relevant coefficients in (3.14)-(3.16) as:

α1 =
29
96 α2 = − 3

40 α3 =
1
6

β1 =
37
160 β2 =

5
24 β3 =

1
6

γ1 =
8
15 γ2 =

5
12 γ3 =

3
4

ζ1 = −17
60 ζ2 = − 5

12

The solutions are marched forward in time using the third-order low-storage Runge-
Kutta scheme of Spalart (1991). The time step ∆t is limited by the Courant-
Friedrichs-Lewy (CFL) condition

NCFL = ∆t max
i=1,2,3

{|ui|/∆xi}, (3.20)

and is set to NCFL = 1.0 to achieve the stability for the numerical schemes.

The QUICK (Quadratic Upstream Interpolation for Convective Kinematics) of
Leonard (1979) is used for the convective term in the energy equation (3.3),
whereas the diffusive term is discretised using the scheme of Morinishi et al. (1998).
The QUICK scheme is implemented to overcome the artifacts arising from numer-
ical dispersion due to the implementation of the central differencing scheme. The
QUICK scheme introduces numerical dissipation to control the artifacts. The ar-
tifacts were observed as wiggle-like isocontours in the temperature field observed
in the simulations.
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Chapter 4

Turbulent line plumes in a
confined region

This chapter incorporates the results of N. George, A. Ooi, K. Moin-
uddin, G. Thorpe, I. Marusic & D. Chung (2016) Direct numerical
simulation of a turbulent line plume in a confined region. Proceedings
of the 20th Australasian Fluid Mechanics Conference 668, Perth

The purpose of the present study is to analyse confined line plumes using direct
numerical simulation (DNS). We employ three Reynolds numbers (ReH) and three
plume lengths (L). We model and obtain the scaling laws for the horizontal outflow
(horizontal flow after impinging the top wall) from a line source of buoyancy.
Apart from investigating the transient regime of the filling box, in particular, we
compare the simulation data to the theoretical models of Baines and Turner (1969)
and Barnett (1991) in the asymptotic regime to test their validity.

4.1 Setup of the direct numerical simulations

Figure 4.1(a) shows the schematic of computational domain and flow configuration
for the thermal line plume in a confined geometry considered in the present study.
The line plume originates from a line heat source of length L and width b0 placed
along the y− direction at the bottom wall. The confining box has half width R
and height H in the x− and z−directions, respectively. Here, the gravity acts in
the negative z−direction i.e. in the opposite direction to the rising plume. Figure
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4.1(b) shows an instantaneous isosurfaces of Q-criterion, which provide a clear
indication of regions where vortical activity exists in a three-dimensional confined
plume. In this study, we employ direct numerical simulation to solve the equations
of mass, momentum and energy conservation under the Boussinesq approximation.
The resulting governing equations are:

∂ui
∂xi

= 0, (4.1)

∂ui
∂t

+ uj
∂ui
∂xj

= −1
ρ

∂p

∂xi
+ν

∂2ui
∂x2

j

+ gβT δi3, (4.2)

∂T

∂t
+ uj

∂T

∂xj
= κ

∂2T

∂x2
j

, (4.3)

where ν is the kinematic viscosity, g is the gravitational acceleration, β is the
coefficient of thermal expansion and κ is the thermal diffusivity. Velocity com-
ponents are denoted by ui, ρ is a constant reference density, and T is the tem-
perature. Note that, for convenience we will also use the notation convention
(u1,u2,u3) = (u, v,w).

The flux of temperature per unit area at the wall fw ≡ κ |dT/dz|w (= qw/(ρCp)),
where κ is the thermal diffusivity, qw is the wall heat output per unit area (W/m2),
Cp is the specific heat at constant pressure and ρ is the reference density of the
fluid; the subscript w denotes properties at the bottom wall. For numerical simu-
lation we take a smooth Gaussian profile over a distance of 2R in x− direction:

fw = κA0 exp(−x2/b20), (4.4)

where A0 is the maximum value of |dT/dz|w and b0 is the plume width at z = 0.
The buoyancy flux per unit area = g β × (temperature flux per unit area) = g β fw.
Now, buoyancy flux per unit length (in y−direction),

F0 = g β
∫ +∞

−∞
fw dx =

√
πg β κA0 b0. (4.5)

Here the turbulent plume develops as result only of heat released at the finite-sized
line source on the bottom wall with no mass or momentum input. Therefore, the
plume meet the requirements of a pure thermal plume (Hunt and Kaye 2001).
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Figure 4.1: (a) Setup of the filling box problem with contours of instanta-
neous temperature (hot, red and cold, blue) showing a turbulent thermal plume
emerging from a line heat source at the centre of the bottom wall. b0 is the
initial plume width (the source width) and g is the acceleration due to gravity.
(b) Instantaneous isosurface of Q-criterion (Q ≈ 1600) in the filling box for
ReH = 7200 and L/H = 2.0. The Q-criterion is normalised with the buoyancy

flux per unit length F0 and the box height H.

The dimensionless parameters governing the present simulations are Reynolds
number:

ReH = F 1/3
0 H/ν (4.6)

and Prandtl number, Pr = ν/κ, which is fixed at the value for air: Pr = 0.71.
We have selected three different Reynolds numbers, 1800, 3600 and 7200 for
three plume lengths, L/H = 1, 2, and 4 (table 4.1). The values of b0/H are
0.025, 0.0125 and 0.00625 for Reynolds numbers, 1800, 3600 and 7200, respec-
tively.

The DNS employs a mixed spectral/finite-difference algorithm for the spatial dis-
cretisation. While a fully conservative fourth-order, staggered finite-difference
scheme is used for the velocity field calculation in the x− and z− directions, a
Fourier spectral method is used for that in the y− direction. The QUICK scheme
is used to advect the temperature field. The equations are marched using a low-
storage third-order Runge -Kutta scheme.

22



ReH R/H L/H nx ny nz tstart F
1/3
0 /H tend F

1/3
0 /H Approx. CPU time (hours)

1800 1 1 256 128 128 15 120 210

1800 1 2 256 256 128 14 120 450

1800 1 4 256 512 128 14 132 880

3600 1 1 512 256 256 13 95 1800

3600 1 2 512 512 256 13 71 3400

3600 1 4 512 1024 256 12 73 6800

7200 1 2 1024 1024 512 12 64 27500

3600 2 1 1024 256 256 3750

3600 4 1 2048 256 256 6800

3600 8 1 4096 256 256 14200

3600 16 0.5 8192 128 256 16520

Table 4.1: Simulation parameters of the present case.
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Baines and Turner (1969) found that in order to avoid a large-scale circulation
generated by the plume in the confined box, the stabilising buoyancy force in the
region of plume outflow at the top of the box must be larger than the inertial force
of the plume. The ratio between these forces depends purely on the geometry of
the box, i.e. aspect ratio (R/H), not on the buoyancy flux or other flow properties.
In their experiments, they concluded that the critical value of the aspect ratio is
about one. Therefore, in the present case, the aspect ratio (R/H) of the box is
set to one.

The bottom, top, left, and right boundaries are no-slip walls. Periodic boundary
conditions are imposed on velocities (ui), pressure (p) and temperature (T ) in the
y−direction. We set all initial velocities to zero and add a random perturbation
to the temperature field in a semi-circular prism region x2 + z2 < (2 b0)2, near
the plume source, in order to trigger a transition to turbulence in the rising plume
before the plume reaches the top wall. The magnitude of temperature perturba-
tions (T (t = 0)) added to the flow is based on (g β T b0)1/2 b0/ν = 1.2, and is
kept constant for all simulations.

The grid spacing is uniform in the x−, y− and z−directions. The resolutions
of the present simulations are kept constant relative to F 1/3

0 and ν and the
resolutions are based on the Kolmogorov length scale, η = (ν3/ε)1/4, where
ε = 15ν(∂w′/∂z)2

x=0 is the turbulent dissipation along the plume centre line
in the asymptotic state. The initial Gaussian plume width (b0) is calculated based
on the ratio of the Gaussian width of temperature gradient distribution, which we
imposed on the bottom wall of the box, to the grid spacing in the x-direction. The
value of b0 is maintained as small as possible to approximate as a line heat source.
The ratio b0/∆x is fixed equal to 3.2 to ensure that there are 6 grid points on
both sides of the Gaussian curve in order to ensure the numerical stability of the
code.

In the present simulation, once the domain size, (2R,L,H) is fixed, the number
of grid points in all directions (nx,ny,nz) and the kinematic viscosity (ν) are
arbitrarily chosen as in a physical experiment. For a given Prandtl number (Pr =
0.71) κ is then fixed. Similarly, a chosen ReH provides F0, which after using (4.5)
fixes the value of the product βA0. The value of β goes in (4.2) as A0 provides
the Neumann boundary condition via (4.4). The individual values of β and A0 are
arbitrary as long as the product βA0 is fixed. For numerical discretisation for the
first simulation, we arbitrarily choose the number of grid points in all directions
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(nx,ny,nz), such that ∆x = ∆y = ∆z. We will firstly discuss the identification
of the asymptotic state and return to verify that the resolution we have chosen is
indeed sufficient for these simulations to be called a DNS (i.e. ∆x/η ≈ 3).

We denote the line-averaged properties along the y− direction using (̃·), which is
defined as

(̃·) = 1
L

∫ L

0
(·)(x, y, z, t) dy . (4.7)

We use (·) to denote the line-averaged and time-averaged properties, defined as

(·) = 1
N

N∑
n=1

1
L

∫ L

0
(·)(x, y, z, tn) dy , (4.8)

where N is the total number of samples in time. The mean variance can be defined
as (·)′2. We can define fluctuations of the velocities about the mean quantities
defined above, say for vertical velocity w,

w(x, y, z, t) = w̃(x, z, t) +w′′(x, y, z, t), (4.9)

w(x, y, z, t) = w(x, z) +w′(x, y, z, t), (4.10)

where w′′ and w′ are the fluctuations about (4.7) (y-direction) and (4.8) respec-
tively.

The time-averaged statistics are only calculated when the flow has reached the
asymptotic state. To identify the beginning of the asymptotic state, figure 4.2(a)
shows the evolution of the volume-averaged temperature, 〈T 〉, and the line-averaged
temperatures at different locations in the box for ReH = 3600 and L/H = 1. It is
clear that the temperature at all measured locations have reached the asymptotic
state after tF0

1/3/H ≈ 28, because the line and volume averaged temperature at
every point is increasing linearly with time. We can derive an expression for 〈T 〉
in terms of time t from (4.3),

gβH〈T 〉
F0

2/3 =
H/R

2
F0

1/3 t

H
. (4.11)

From (4.11), when one plots temperature (non-dimensionalized using F0
2/3/gβH)

and time (non-dimensionalized with H/F0
1/3), it can easily be seen that the slope

of the line should be (H/R)/2, where H/R is inverse of the aspect ratio of the
box .
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z/H = 0.1 (ReH = 3600&L/H = 1.0)
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Figure 4.2: (a) Temperature fluctuations (T̃ ) at different points and evolution
of volume averaged temperature (〈T 〉), the asymptotic evolution of (b) tempera-
ture and (c) vertical velocity in the filling box, for ReH = 3600 and L/H = 1.0.

The legend (b) applies to (c).

We will identify the start of the asymptotic state as the location where the line-
averaged temperature has a constant slope of (H/R)/2. Therefore, we have plot-
ted the quantity (T̃ −T 28) as a function of time, where T 28 is a straight line fitted

26



0 5 10 15 20 25
0

0.2

0.4

0.6

0.8

1

ηF
1/3
0 /ν

z
/
H

(a)
ReH = 1800(L/H = 1.0)
ReH = 1800(L/H = 2.0)
ReH = 1800(L/H = 4.0)
ReH = 3600(L/H = 1.0)
ReH = 3600(L/H = 2.0)
ReH = 3600(L/H = 4.0)
ReH = 7200(L/H = 2.0)

0 50 100 150
0

0.2

0.4

0.6

0.8

1

Reλ

z
/
H

(b)

Figure 4.3: Kolmogorov (a) and Taylor Reynolds numbers (b) at the plume
centreline for different ReH and L/H cases. The legend (a) applies to (b).

to the data of non-dimensionalized T̃ and t after 28 non-dimensionalized time
units. The term T can be expressed as T (x, z, t) = pt+ q, where p is the slope
which is set to (H/R)/2 and q is the point at which the line crosses the T̃ -axis and
the value of q can be calculated from the linear regression equation. From figure
4.2(b), we can observe that the quantity (T̃ − T 28) reaches a statistically steady
state at tF0

1/3/H ≈ 13. We have also plotted (w̃−w28) as a function of time (fig-
ure 4.2c) to identify the time when vertical velocity reaches the asymptotic sate.
In that case, the statistics of the vertical velocity quickly reaches the self-similar
state compared to the temperature statistics. The data plotted in figure 4.2(b)
and (c) are averaged over three points in x-direction (i.e. x/H = −0.75, −0.5 and
−0.25). Thus, the start of the asymptotic state for the present case is set close to
tF0

1/3/H ≈ 13. The commencement of the asymptotic state (tstartF0
1/3/H) for

different cases are shown in table 4.1. After the asymptotic state is reached, mean
statistics are computed by averaging over at least 60 non-dimensional time units
at the interval of 0.42 time units.

Note that at the asymptotic state, it can be shown that

1
ρH

(p̃(x = H)− p̃(z = 0)) = gβ〈T 〉. (4.12)

Hence the increase in T is perfectly balanced by the pressure difference between
the top and bottom walls. So both the temperature and pressure will increase but
the values of the velocities do not increase with time.

The basic requirement for conducting DNS is to resolve the smallest dissipative
scale, i.e. the Kolmogorov scale of the flow. Figure 4.3(a) shows the variations
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Figure 4.4: The variation of mean velocity profile at z/H = 0.5 for ReH =
1800 and L/H = 1.0 for various grid densities.
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Figure 4.5: Kolmogorov results at the plume centreline for ReH = 1800 and
L/H = 1.0 for various grid densities.
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of Kolmogorov length scale along the plume centreline (i.e. x/H = 0) for all the
cases simulated here. In the present study, we observed that the maximum ratio
between physical grid spacing and the Kolmogorov length scale is about 2.93 at
z/H = 0.16, which satisfies the criteria [∆x, ∆y, ∆z]max ≤ πη (see Stevens et al.
2010). We note that grid resolutions ∆x, ∆y and ∆y are fixed to fully resolve all
the turbulent scales up to the Kolmogorov scale by following the recommendations
Stevens et al. (2010), as well as employing a grid independence test. To see the
effect of size of the numerical grid, a thorough grid independent test has been
conducted for aspect ratio R/H = 1.0 with ReH = 1800 case. Three levels
of grids namely, 384× 192× 192, 256× 128× 128 and 192× 96× 96 have been
tested. Figure 4.4 shows the variation of mean velocity profile at z/H = 0.5 for
ReH = 1800 and L/H = 1.0 for various grid densities. Kolmogorov results at
the plume centreline for various grid densities are shown in figure 4.5. It has been
observed that as the grid is refined, variation in the results between two successive
grids decreases. For the two finest level of grids, variation in mean velocity remains
below 1%. This also led us to use the resolutions of the grid 256× 128× 128 to
achieve consistent accuracy. Therefore, the current grid spacing is considered to
be fine enough to capture the entire range of flow scales.

It can also be seen from Figure 4.3(a) that the smallest length scales are towards
the lower end of the computational domain. For our initial simulations we ob-
served (empirically) that the minimum value of ηF0

1/3/ν ≈ 4.7. For all future
simulations we used ηF0

1/3/ν = 4.7 to obtain the approximate value of η, which
was then employed to obtain the required resolution.

The variation of the Taylor Reynolds number Reλ is shown in figure 4.3(b).
The Taylor Reynolds number is defined as Reλ = (w′2)0.5

x=0 λ/ν, where λ =

(w′2)0.5
x=0/(∂w′2/∂z)0.5

x=0. In the turbulent region of the plume (i.e. z/H > 0.2),
the maximum values of Reλ are observed in the region close to z/H = 0.8 and the
values of Reλ are 80, 90 and 110 for ReH = 1800, ReH = 3600 and ReH = 7200,
respectively.
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Figure 4.6: Contour plots of the instantaneous temperature (at y/H =
0.5) showing the evolution of the plume to the asymptotic state for ReH =
7200(L/H = 2.0); (a) t∗ = 0.82; (b) t∗ = 1.18; (c) t∗ = 1.57; (d) t∗ = 2.32; (e)

t∗ = 5.83; and (f) t∗ = 9.04.

4.2 The filling box regimes

Figure 4.6 shows a series of instantaneous contour plots of the temperature field
for ReH = 7200 and L/H = 2.0 at the location y/H = 1.0 in order to vi-
sualise the evolution of the plume from the transient to the asymptotic state.
The non-dimensional temperature and time are, respectively, defined as, T ∗ =

T/(F0
2/3/gβH) and t∗ = t/(H/F0

1/3). At the start of the simulation, the
plume emerges from a line heat source located at the centre of the bottom wall
in a uniform environment. Initially, the plume is laminar, and at some point be-
tween the top and bottom wall, it becomes turbulent (figure 4.6a). In the region
0.2 ≤ z/H ≤ 0.4 there is a clear indication of the presence of large scale eddies
in the left and right sides of the plume. Later, these eddies interact with each
other by their rolling motion and engulf ambient fluid and incorporate it into the
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Figure 4.7: Vorticity distributions and velocity vectors for ReH = 7200 and
L/H = 2.0; (a) t∗ = 0.82; (b) t∗ = 1.18; (c) t∗ = 1.57; (d) t∗ = 2.32; (e)
t∗ = 5.83; (f) t∗ = 9.04; (g) t∗ = 11.9; and (h) time-averaged contour of ωy.
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Figure 4.8: Horizontal profiles of line-averaged vertical velocity (w̃) at dif-
ferent times and different z/H locations for ReH = 3600 and L/H = 1.0.

mainstream flow. The rising plume impinges on the top wall of the confined box
and spread towards the side walls (figures 4.6b and c). When the laterally spread-
ing plume impacts the side walls, an overturning motion is set up (see Kaye and
Hunt 2007) and the outflow moves vertically downwards against the direction of
buoyancy (figure 4.6d). Eventually, the entire box is filled with fluid that comes
from the plume outflow (figures 4.6e and f), and the fluid inside the box is said
to have reached the asymptotic state.

To clearly elucidate the dynamics of the plume in a confined environment, figure
4.7 shows vorticity contours overlaid on velocity vectors plots for the evolution
of the plume for case ReH = 7200 and L/H = 2. In the region located near
the heat source, a strong vertical motion occurs due to the continuous supply of
the buoyancy at the bottom wall. After the plume impinges on the top wall, we
observe the exchange of fluid from the plume outflow to a surrounding ambient
environment. Also, two counter-rotating circulations are formed near the sidewalls
(figure 4.7c). Later, a strong downward motion is observed through the sidewalls

32



−1 −0.5 0 0.5 1
−5

0

5

10

15

x/H

gβ
(T̃

−
T̃
∞
)/
F
0
2
/
3
H

−
1

(a)
t∗ = 1.80
t∗ = 2.76
t∗ = 3.70
t∗ = 5.60
t∗ = 13.92
t∗ = 21.34
t∗ = 37.36
t∗ = 179.03
time-mean

−1 −0.5 0 0.5 1
−5

0

5

10

15

x/H

gβ
(T̃

−
T̃
∞
)/
F
0
2
/
3
H

−
1

(b)
t∗ = 1.80
t∗ = 2.76
t∗ = 3.70
t∗ = 5.60
t∗ = 13.92
t∗ = 21.34
t∗ = 37.36
t∗ = 179.03
time-mean

−1 −0.5 0 0.5 1
−5

0

5

10

15

x/H

gβ
(T̃

−
T̃
∞
)/
F
0
2
/
3
H

−
1

(c)
t∗ = 1.80
t∗ = 2.76
t∗ = 3.70
t∗ = 5.60
t∗ = 13.92
t∗ = 21.34
t∗ = 37.36
t∗ = 179.03
time-mean

−1 −0.5 0 0.5 1
−5

0

5

10

15

x/H

gβ
(T̃

−
T̃
∞
)/
F
0
2
/
3
H

−
1

(d)
t∗ = 1.80
t∗ = 2.76
t∗ = 3.70
t∗ = 5.60
t∗ = 13.92
t∗ = 21.34
t∗ = 37.36
t∗ = 179.03
time-mean

−1 −0.5 0 0.5 1
−5

0

5

10

15

x/H

gβ
(T̃

−
T̃
∞
)/
F
0
2
/
3
H

−
1

(e)
t∗ = 1.80
t∗ = 2.76
t∗ = 3.70
t∗ = 5.60
t∗ = 13.92
t∗ = 21.34
t∗ = 37.36
t∗ = 179.03
time-mean

−1 −0.5 0 0.5 1
−5

0

5

10

15

x/H

gβ
(T̃

−
T̃
∞
)/
F
0
2
/
3
H

−
1

(f)
t∗ = 1.80
t∗ = 2.76
t∗ = 3.70
t∗ = 5.60
t∗ = 13.92
t∗ = 21.34
t∗ = 37.36
t∗ = 179.03
time-mean

Figure 4.9: Horizontal profiles of line-averaged reduced gravity at different
times and different z/H locations for ReH = 3600 and L/H = 1.0.
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(figure 4.7d) and then the plume outflow re-entrained into the plume (figure 4.7e).
Figure 4.7(h) shows the smoothed vorticity and the velocity vectors at t∗ ≈ 16.9.
Here the smoothed contour is generated by averaging across three adjacent time
instances (ω̂y) with time interval ∆t∗ ≈ 0.5. Two symmetrical vortex cells are
observed at t∗ ≈ 16.9, which is in the asymptotic state.

The horizontal variations of line averaged vertical velocity (w̃) at different vertical
locations (z/H) is plotted in figures 4.8. The different colours indicate the vertical
velocity profiles at different times. Blue colour indicates the lower time profile and
the red colour indicates the higher time profiles. It can be observed for z/H = 0.1
that the vertical velocity profile (figure 4.8a) shows a sharp peak at all times.
This is due to an intense flow development in the region very close to the heat
source. When moving away from the source, the value of vertical velocities near
the side walls become negative due to the downward movement of the plume
outflow. Therefore, these velocity profiles are different from the plumes in an
open environment. These velocity profiles remain very similar in shape after 12
time units, i.e. after the interface layer reaches the bottom wall (figure 4.6f). It
is seen that the profiles at time 84 closely follow the time-averaged profiles.

The horizontal variations of line averaged reduced gravity, gβ(T̃ − T̃∞), at different
vertical locations (z/H) is plotted in figures 4.9. The reduced gravity profiles are
similar to the vertical vertical velocity profiles at different box heights. Here, the
reduced gravity is calculated by subtracting the environmental temperature (T∞)
from the temperature inside the box (T ). The environmental temperature (T∞)
is defined as the temperature at x/H = −0.99, i.e. far away from the plume.
Reduced gravity profiles remain very similar in shape after 22 time units, i.e. after
the interface layer reached the bottom of the wall (figure 4.9 (f)). It is seen that
the profiles at time 179 are closely followed the time-averaged profiles.

4.3 Analytical models of a confined plume

4.3.1 Governing equations and Baines and Turner (1969)’s
model

Baines and Turner (1969) first studied the stratification developed by a turbulent
plume originated from a local heat source in a confined region, which is commonly
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Figure 4.10: Schematic diagram of filling box problem

referred to as a filling box, problem. In order to validate the filling box model with
the present DNS data, we review the theory of Baines and Turner (1969). The
filling box model is shown schematically in figure 4.10, where a line heat source
is located on the bottom wall of a box, the box height and width are H and 2R,
respectively. The source generates a buoyancy flux F0 per unit length and zero
fluxes of volume and momentum.

To derive the steady-state solution for turbulent line plume in a confined region,
we begin by considering the volume Q, momentum M , and buoyancy fluxes F for
a line plume. The fluxes Q, M and F are defined respectively by

Q =
∫ +x∞

−x∞
w dx, M =

∫ +x∞

−x∞
w2 dx, F =

∫ +x∞

−x∞
gβ (T − T∞)w dx,

(4.13)

where the integration limit x∞ is taken outside the plume region and T∞ is the
ambient temperature outside the plume. Also, the mean velocity in the vertical
direction z is denoted by w, and in the x−direction is denoted by u.

Expressions for Q, M , and F can be derived by integrating the Reynolds aver-
aged momentum equations, continuity equation (see Lee and Emmons 1961), and
following the definitions in (4.13). The governing equation for the volume flux is
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given by
dQ
dz = 2ue , (4.14)

where Q is the volume flux and ue is the entrainment velocity (ue = u|±x∞) which
is evaluated far from the plume. The governing equation for the momentum flux
is given by

dM
dz =

∫ +x∞

−x∞
gβ (T − T∞) dx. (4.15)

Note that in the steady state, the ambient fluid will become stratified with a mean
temperature gradient dT∞/dz. Consequently, the equation for the buoyancy flux
is given by

dF
dz = −Q ∂∆∞

∂z
, (4.16)

where F is the buoyancy flux and ∂∆∞/∂z is the environmental buoyancy gra-
dient which can be expressed in terms of environmental temperature gradient
∂∆∞/∂z = g β ∂T∞/∂z.

The mean vertical velocity (w) and reduced gravity (gβ(T − T∞)) are approx-
imated by a Gaussian form, i.e. w = wm exp (−x2/b2w) and gβ(T − T∞) =

∆(z) exp (−x2/b2T ), where wm(z) is the centreline vertical velocity, ∆(z) is the
centreline reduced gravity

∆ =
(
gβ(T − T∞)

)
max

, (4.17)

and bw and bT are typical plume width associated with the vertical velocity and
reduced gravity, respectively. Here, Gaussian profiles of equal width have been
assumed for the vertical velocity and reduced gravity fields in the plume, i.e. bw
= bT = b.

As suggested by Morton et al. (1956), the rate at which fluid is entrained into the
plume is taken as proportional to the mean vertical velocity on the axis of the
plume, ue = αwm, where α is the entrainment coefficient.

Now we can express the fluxes in terms of the maximum vertical velocity, wm(z),
and reduced gravity, ∆(z), along with a plume width, b(z), after employing (4.13)
are given by

Q =
√
π bwm, M =

√
π/2 bw2

m, F =
√
π/2 bwm ∆ . (4.18)
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In terms of the fluxes, (4.14) and (4.15) become

dQ
dz = 2

√
2αM

Q
, (4.19)

and
dM
dz =

FQ

M
, (4.20)

respectively.

The plume equations described above are valid for the line plumes in unconfined
environments(e.g. Lee and Emmons 1961; Paillat and Kaminski 2014a). In the
case of confined plumes, two other equations are considered for describing the
environmental flow parameters. The conservation of mass in the filling box can be
written as

Q = −2RU , (4.21)

where U is assumed to be the magnitude of uniform downward velocity of the
environment, and the plume width is taken to be much smaller than the width
of the box 2R (Baines and Turner 1969). Also, the development of the buoyancy
field in the environment is governed by

∂∆∞
∂t

= −U ∂∆∞
∂z

. (4.22)

Furthermore, Baines and Turner (1969) developed an analytical model for the
position of the buoyant layer formed after the plume impinges on the top wall as
a function of time, which is described in section 4.3.2.

4.3.2 The first front propagation

When the buoyant fluid first impinges on the upper boundary of the confined
box, a horizontal thin buoyant layer is formed and then proceed downwards. The
dynamics of horizontal spreading-out flow is ignored. The interface between the
buoyant fluid and the ambient fluid is referred as the first front. This terminology
was first introduced by Baines and Turner (1969). After this layer reaches the
bottom wall, the flow is said to be in the asymptotic state (Baines and Turner
1969). The rate of advancement of the first front can be calculated by considering
the uniform temperature case, i.e. ∂T∞/∂z = 0. The properties of the plume
below the front (see Morton et al. 1956) can be expressed in terms of the buoyancy
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flux, F0 and z, using (4.19) and (4.20), where

F0 =
√
π/2 bwm ∆

∣∣∣
z=0

, and, (4.23)

b =
2√
π
αz, wm = F0

1/3α−1/3, and∆ =
1√
2
F0

2/3α−2/3z−1.

A DNS study of the line plume in a uniform environment is described in appendix
A to verify present DNS setup by using the classical plume theory.

The velocity of the front, U = dz0/dt, where z0 is the first front height (figure
4.10), is obtained when (4.21) and (4.23) are applied at this level, dz0/dt =

−F0
1/3α2/3R−1z0. Integration gives the relationship between first front position

z0 (measured from the bottom wall) and the time t (Baines and Turner 1969).
The time t = 0 is defined when the plume first reaches the top wall (i.e. z0 = H),

τ ≡ F0
1/3 α2/3R−1 t = − ln(z0/H). (4.24)

4.3.3 Environmental temperature profiles

Worster and Huppert (1983) presented an approximate analytical expression for
the time-dependent environmental temperature profile by using Baines and Turner’s
filling box model. These profiles are used here to compare present DNS re-
sults. Figure 4.11 shows the comparison of Worster and Huppert’s analytical
expression with present DNS results. The solid black line shows Worster and
Huppert’s analytical solution and black dashed line shows the numerical solution
(time-dependent environmental temperature profile obtained from the Baines and
Turner’s model) which is explained in appendix B. The dash-dotted line indicates
the position of the first front at each non-dimensional time τ (see 4.24).

In figure 4.11, the symbols represent the horizontally averaged temperatures from
x/H = ±0.25 to x/H = ±0.99. The approximate analytical solutions of Worster
and Huppert’s and numerical solutions described in Appendix B are matched for
all times (figure 4.11). Considering the assumptions involved, the model shows
reasonable agreement for the buoyancy profile with the DNS results at all times.
However, the observed interface locations are different from the model and DNS
data over predicted the analytical model below z/H ≈ 0.6. This discrepancy
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Figure 4.11: Comparison of environmental temperature profiles at different
non-dimensional times (τ = F0

1/3 α2/3R−1 t) for different ReH and L/H cases.
Blue, red and black symbols are used for Reynolds numbers ReH = 1800,
3600 and 7200, respectively. Triangles, circles, and diamonds represent the
L/H = 1, 2, 4 cases respectively. The solid black line shows Worster and Hup-
pert (1983)’s analytical solutions, dashed line shows the numerical solution and
dash-dotted line shows the position of the first front; (a) τ = 0.73, t∗ = 2.13;
(b) τ = 0.97, t∗ = 2.83; (c) τ = 1.2, t∗ = 3.5; (d) τ = 1.45, t∗ = 4.2; (e)

τ = 2.18, t∗ = 6.37; and (f) τ = 3.63, t∗ = 10.6.
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appears to result from the fact that buoyant fluid outside the plume is not as
uniform as is assumed in the analysis. This may be due to the overturning of the
upper buoyant fluid layer during the initial transients. This would suggest that
even larger values of R/H might be required to before the inertial overturning
effects become negligible.

4.3.4 The asymptotic state

We now consider the full set of equations (three plume equations, 4.14 - 4.16
and two describing the environment, 4.21 - 4.22) for obtaining the asymptotic
solutions () of confined plume variables. In the asymptotic state, we can define
the non-dimensionalised plume variables as

Q/(F
1
3

0 H) = 2α
2
3 q(z/H), (4.25)

M/(F
2
3

0 H) =
√

2α
1
3 m(z/H), (4.26)

F/F0 = f(z/H), (4.27)

∆∞/(F
2
3

0 H
−1) = 2−1α−

2
3 [f0(z/H)− τ ], (4.28)

U/(F
1
3

0 H/R) =α
2
3 j(z/H), (4.29)

where q, m, f , f0 and j are the dimensionless variables in terms of vertical distance
from the plume source, and τ is the non-dimensional time defined in (4.24). A set
of power series solutions is obtained for these dimensionless variables and which
is not mentioned here. Note that the above equations are slightly different from
Baines and Turner (1969), because they did not consider a factor of 2 that appears
in right-hand-side of the volume flux equation 4.14.

4.3.5 Barnett(1991)’s model

Barnett (1991) extended the filling box model for round plumes by considering
aspect ratios less than unity. In that case, the environmental downward momen-
tum plays a significant role in the filling box process. But the line plume in the
filling box with aspect ratio equal to unity also experiences sufficient downward
momentum in the environment. Therefore, similar to Barnett (1991), the momen-
tum equation is modified by considering the environmental downward momentum
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flux. In the case of line plume, the momentum conservation equation (4.20) can
be rewritten as

d
dz (M +Md) =

F Q

M
, (4.30)

where Md is the downward momentum flux which is defined as (2R− 2b)U2 and
the mass conservation in the filling box, can be rewritten as Q = −(2R− 2b)U ,
the final momentum flux equation can be rearranged and simplified for AR = 1
as

dM
dz =

−8
√

2παM4 + 4πFM2Q− 4
√

2πFMQ3 + 2FQ5

M(4πM2 − 4
√

2πMQ2 + (2−
√

2π)Q4)
(4.31)

and other equations remain unchanged.

4.4 Comparison between DNS and theoretical
models

4.4.1 Plume centreline alignment

Before we carry out any quantitative comparison between the different models and
DNS, in the asymptotic state we observed that the turbulent line plume within a
confined space shows a flapping behaviour. The dynamical plume centreline is de-
viating from its geometrical centreline in the asymptotic state (Figure 4.12). Here,
the dynamical plume centreline is based on the vertical plume velocity and the ge-
ometrical centreline is at x/H = 0. This centreline deviation is due to the flapping
motion of the plume and it meanders along the y−direction. The meandering
motion of the plume is shown in figure 4.13 (a) and (b) for two different times for
when the plume is in the asymptotic state. Cetegen et al. (1998) experimentally
studied the oscillatory behaviour of turbulent line plume in an open environment.
This kind of dynamic behaviour may affect the steady-state characteristics of line
plumes, which precludes a straightforward comparison with the analytical model.
Therefore, we introduce a shifting technique for the lateral displacement of dy-
namical plume centreline (Figure 4.12), originally developed by Hübner (2004) to
correct the DNS data to allow more meaningful comparisons between the DNS
results and the theoretical models.
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Figure 4.12: Flapping motion of confined line plume. (a) Vertical velocity
contour for ReH = 3600 and L/H = 4 at t∗ ≈ 48 at y/H = 1, (b) y/H = 2

and (c) schematic diagram of the flapping plume.
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Figure 4.13: Contour plots of instantaneous vertical velocity (w) at z/H = 0.5
showing the flapping phenomenon of the thermal plumes in the asymptotic state

for ReH = 3600 and L/H = 4.0; (a) t∗ = 34; (b) t∗ = 38.

x/H

z
/
H

(a)

−1 −0.5 0 0.5 1
0

0.5

1

w/F0
1/3

−1

0

1

2

3

−1 −0.5 0 0.5 1

z/H = 0.12

z/H = 0.25

z/H = 0.37

z/H = 0.50

z/H = 0.62

z/H = 0.75

z/H = 0.88(b)

x/H
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of vertical velocity at different z/H locations (b).

The flow properties can thus be defined based on dynamical plume centreline
coordinate system

(·)s(xs, y, z, t) = (·)(x = xs + s(y, z, t), y, z, t). (4.32)42
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Figure 4.15: Contour plot of smoothed vertical velocity (ŵ) for ReH = 3600
and L/H = 4.0 at time t∗ ≈ 45 (a) showing both geometrical (solid black line)
and dynamical centreline (dashed black line) of the plume and corresponding

horizontal variations of vertical velocity at different z/H locations (b).

x/H

z
/
H

(a)

−1 −0.5 0 0.5 1
0

0.5

1

w/F0
1/3

−1

0

1

2

3

−1 −0.5 0 0.5 1

z/H = 0.12

z/H = 0.25

z/H = 0.37

z/H = 0.50

z/H = 0.62

z/H = 0.75

z/H = 0.88(b)

x/H

Figure 4.16: Contour plot of instantaneous vertical velocity (w) for ReH =
3600 and L/H = 4.0 at time t∗ ≈ 45 (a) showing the plume dynamical centreline
shifted to its geometrical centreline and corresponding horizontal variations of

vertical velocity at different z/H locations (b).
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Figure 4.17: Contour plots of time averaged vertical velocity (w) for ReH =
3600 and L/H = 4.0 for non-shifted case (a) and dynamical centreline shifted

case (b).

Here, xs is the horizontal coordinate of plume dynamical centreline and s is the
deviation of the dynamical centre from the geometrical centre (Figure 4.12 c). The
dynamical centreline is chosen as the location of the maximum vertical velocity
(w).
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To determine the peak location of vertical velocity (w) from the wriggly shape
of the vertical velocity profile (figure 4.14 b), a low-pass spectral cut-off filter is
used along the y−direction with a cut-off wavelength of λc = 0.5H. In other
words, Fourier coefficients greater than λc are set to zero, and the inverse Fourier
transform is taken to obtain the smoothed velocity (ŵ). Contour plot of the
smoothed vertical velocity and corresponding horizontal profiles of vertical velocity
at different z/H locations are shown in figure 4.15. Then, identify the deviation
of the dynamical plume centre from the geometrical centre at all vertical locations
and shift the dynamical plume centre in Fourier space. Figure 4.16 (a) shows the
centreline shifted instantaneous vertical velocity contour and the corresponding
horizontal profiles of vertical velocity at different z/H locations are shown in
figure 4.16 (b). The y−line average and temporal average, which are defined in
(4.7) and (4.8) are subsequently calculated. Figure 4.17 (a) and (b) show the
contours of temporal averaged vertical velocity for non-shifted and shifted cases,
respectively.

4.4.2 Comparison of DNS results and analytical models

The numerical methods used for solving the theoretical models presented in §§4.3.1
(Baines and Turner’s model) and 4.3.5 (Barnett’s model) are given in appendix B.

Figures 4.18 and 4.19 show the comparison of DNS results for the plume variables
(Q, M and F ) and the environmental variables (U and ∆∞), respectively, with
theoretical models presented in §§4.3.1 and 4.3.5. Also, figures 4.18 (a, c and e)
show the DNS results of non-aligned cases while figures 4.18 (b, d and f) show
the results from centreline aligned case which is described in §§4.4.1. The solu-
tions to the theoretical model are obtained by using an entrainment coefficient
α = 0.2, which was found from the calculations of line plume in a uniform qui-
escent environment and it is described in appendix A. The values of α reported
in literatures for line plumes in a uniform environment vary from 0.12 to 0.2, for
example, α = 0.12 in Paillat and Kaminski (2014b), α = 0.162 in Rouse et al.
(1952), α = 0.16 in Lee and Emmons (1961) and α = 0.2 in Kotsovinos (1975).
There is a broad agreement with previously measured entrainment coefficient val-
ues for free plumes. This is somewhat surprising given the additional difficulties
associated with measuring the velocity of the free plume, which is perhaps re-
flected in the variation in other parameters between these experiments, especially
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Figure 4.18: Comparison of volume flux, momentum flux and buoyancy flux
for non-aligned (a, c, e) and aligned (b, d, f) for different ReH and L/H cases.
The solid blue line shows the solution of plume in uniform environment. The
solid black line shows Baines and Turner (1969)’s model and dotted black line
shows the Barnett (1991)’s model. Blue, red and black symbols are used for
Reynolds numbers ReH = 1800, 3600 and 7200, respectively. Triangles, circles,

and diamonds represent the L/H = 1, 2, 4 cases respectively.
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Figure 4.19: Comparison of environmental buoyancy gradient (a) and envi-
ronmental velocity (b) for different ReH and L/H cases. The solid blue line
shows the solution of plume in uniform environment. The solid black line shows
Baines and Turner (1969)’s model and dotted black line shows the Barnett
(1991)’s model. Blue, red and black symbols are used for Reynolds numbers
ReH = 1800, 3600 and 7200, respectively. Triangles, circles, and diamonds

represent the L/H = 1, 2, 4 cases respectively.

maximum mean velocity used in the calculation of α. In the present study, the
value of α = 0.2 is set to a fixed value and used for all calculations related to free
plumes. The results are for Reynolds numbers, 1800, 3600 and 7200 and the three
different plume lengths (L/H = 1, 2 and 4) for Reynolds numbers 1800 and 3600
and L/H = 2 for ReH = 7200. To compute the integrals over the x− directions
of the plume, we fitted a Gaussian curve to the vertical velocity profile at each
z/H locations based on the maximum vertical velocity wm and width bw (width
at which the vertical velocity has fallen to 1/e of its central value, where e is a
mathematical constant that is the base of natural logarithm) and we defined the
integration limit ±x∞ such that w(±x∞, z) = wm(z)/100 from the fitted Gaus-
sian curve, which ensures that the vertical environmental velocity is small relative
to that of the plume.

Figures 4.18(a) and (b) show the non-aligned and aligned (i.e., corrected for flap-
ping) plume volume flux (Q) profiles, respectively. The symbols are same as in
figure 4.11. The solid black line represents the analytical model of Baines and
Turner described in §§4.3.1. The dotted line in figures 4.18 and 4.19 represented
the asymptotic solution of the Barnett’s model and the solid blue line shows the so-
lution for the line plume in a uniform environment. There are only marginal differ-
ences in the volume flux profiles between non-aligned and aligned cases. The cases
tend to exhibit improved collapse to a single curve; however, some dependence of
the volume flux on plume length clearly remains. The Baines and Turner (1969)

46



model predicts well the plume volume fluxes from z/H = 0 to z/H ≈ 0.7, also
the Barnett (1991) model improves the prediction of the volume fluxes marginally.

The Baines and Turner (1969) model shows good agreement with the plume mo-
mentum flux (M) profiles for aligned cases (figures 4.18 d). Observe that the DNS
results in figure 4.18(c) have not collapsed to a single curve due to the flapping
motion of the plume which occurs in the asymptotic state, and this problem is
alleviated in figure 4.18(d) after correcting for the flapping motion. It can be seen
that the mean quantities of volume (4.18 a), momentum (4.18 c) and buoyancy
flux (4.18 e ) have some dependency on Reynolds numbers and plume lengths. In
the case of low Reynolds number, the DNS results are away from the analytical
model and for the case of high Reynolds number the results are closer to the model
for all non-aligned cases.

Figures 4.18(e) and (f) show the buoyancy flux profiles for non-aligned and aligned
cases. It is clearly seen that the non-aligned DNS results are scattered about the
model predictions but aligned buoyancy flux profiles good agreement with all the
model predictions.

Non-aligned profiles are used for environmental variables. The environmental
buoyancy gradient ∂∆∞/∂z = −g β ∂T∞/∂z variation with respect to height is
plotted in figure 4.19(a). Similar to the environmental buoyancy, the environmen-
tal temperature T∞ is defined as the the horizontally averaged temperature from
x/H = ±0.25 to x/H = ±0.99. The DNS results show reasonable agreement
with the all the models in the region between z/H = 0.2 to z/H = 0.8. Also,
the environmental velocity U , here taken to be the horizontally averaged vertical
velocity from x/H = ±0.25 to x/H = ±0.99 and shown in figure 4.19(b). The
Baines and Turner (1969) and Barnett (1991) models both yield fairly satisfactory
profiles.

4.5 Chapter summary

The development and the asymptotic behaviour of a thermal line plume originating
from a local line heat source is analysed using direct numerical simulation. The
Reynolds number of the confined plume based on the box height and buoyant
velocity scale of the fluid are chosen to be 1800, 3600 and 7200, and with plume
lengths, L/H = 1, 2 and 4 for aspect ratio, R/H = 1. The fluid mechanics of the
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filling box process is divided into two states. First, the evolution of the buoyant
fluid toward the asymptotic state. In this state, the transient behaviour have been
observed for the thermal plumes. The second stage is when the plume reaches
the large-time asymptotic state. In the asymptotic state, we observed a flapping
and meandering of the plume with a counter-rotating vortex pair on either side
of the plume. The plume lengths L/H = 2 and 4 are found to be sensitive to
the flapping behaviour of the line plumes. These phenomena precludes a straight
forward comparison with the Baines and Turner (1969)’s and Barnett (1991)’s
analytical models. A centreline alignment method is used to alleviate the effect
of flapping and meandering behaviours of the plume. We have compared all the
analytical models with present DNS results. All the comparisons are made with
an entrainment constant α equal to 0.2. The Baines and Turner (1969)’s model
showed good agreement with the centreline aligned DNS profiles of plume volume,
momentum and buoyancy fluxes in the asymptotic state. The Barnett (1991)’s
model predicted almost similar profiles of the Baines and Turner (1969)’s model
in the asymptotic state for aspect ratio, R/H = 1. The environmental parameters
are also well predicted by the Baines and Turner (1969)’s model in the asymptotic
state.
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Chapter 5

Development of horizontal
outflow from impinging line
plumes in large aspect ratio boxes

In this chapter, we investigate the propagation of horizontal front from a thermal
line plume after impinging onto the top wall in uniform quiescent and stratified
environment. In the following, we first describe the theoretical model for the
horizontal outflow. This is followed by the comparison of present DNS results
with model.

5.1 Theoretical model for horizontal front prop-
agation

Kaye and Hunt (2007) developed a model for the bulk properties of the horizontal
outflow from a point plume. Here, we extend this model for the horizontal outflow
from a line plume.

Figure 5.1 shows a schematic of the horizontal outflow along the top wall from a
turbulent line plume. Kaye and Hunt (2007) decomposed the horizontal outflow
from a point source into different zones, namely impinging, jet-like and gravity
current flow zones. Similarly, we consider three different zones for the outflow
from a line plume and these zones are shown in figure 5.1 (impinging zone I, jet-
like zone II and gravity current flow zone III). Immediately after the impingement
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Figure 5.1: Schematic diagram of a horizontal outflow from a constant buoy-
ancy flux turbulent plume from a line source (similar to Kaye and Hunt (2007)
model for point source). The different regions are marked as (I) impinging zone,

(II) jet-like flow zone and (III) gravity current flow zone.

of plume on the top wall, the fluid behave as a horizontal wall jet for a particular
length xa − xs. The initial depth of horizontal wall jet is denoted by Λs. In
the jet-like zone, a linear increase in current depth with horizontal distance was
observed. The length xa is considered to be the flow development length for a
constant depth gravity current flow. The depth of current in the gravity current
zone is denoted by Λ.

Chen (1980) obtained an expression for the position of the front of a planar gravity
current with time (t) by balancing the buoyancy force per unit length (ρg′Λ2) and
inertial force per unit length (ρx2Λ/t2) in the inertial regime, where g′ is the
buoyancy of the fluid layer. Also, the continuous source discharge Qst is similar
to xΛ and the final expression for the position of the front of gravity current is

x = ci Fs
1/3t, (5.1)

where ci is a constant in the inertial regime and Fs is the source buoyancy flux of
the gravity current.

The other main parameters involved in this study are the volume flux and the
momentum flux which can be expressed in terms of x, Λ and Fs. Note that in the
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unstratified environment, the line plume and the gravity current source buoyancy
fluxes are half of the plume source buoyancy flux (Fs = F0/2 = constant). The
volume flux (Qh) and momentum flux (Mh) in the gravity current regime can be
expressed as Qh ∼ ΛUh and Mh ∼ ΛU2

h , where Uh is the horizontal velocity of
the gravity current. The value of Uh can be estimated by differentiating (5.1)

Uh = ciFs
1/3 (5.2)

and now

Qh = ciΛFs1/3, and, Mh = c2iΛFs2/3. (5.3)

The source of horizontal current along the the top wall is from the outflow of line
plume at z/H = 1.0. Therefore, we can define the outflow conditions of the plume
for the plume width (xp), volume flux (Qp) and momentum flux (Mp) as

xp = b(z/H = 1.0) = c1H, (5.4)

Qp =
Q

2 (z/H = 1.0) = c2Fs
1/3H, (5.5)

Mp =
M

2 (z/H = 1.0) = c3Fs
2/3H. (5.6)

The values of the constants c1, c2 and c3 depends on the entrainment coefficient α
and the assumptions of the plume vertical velocity profiles (top-hat or Gaussian).
The outflow source horizontal distance xs is identical to xp. At the impinging zone
shown in figure 5.1, we can apply volume conservation relation

Qs = ΛsUh = c2Fs
1/3H = Qp. (5.7)

When the plume impinges on the top wall, the vertical momentum flux reduces to
zero and there will be an energy loss due to the change in flow direction from verti-
cal to horizontal. Therefore, the outflow source momentum flux can be expressed
as

Ms = ΛsU
2
h ∼ c3Fs

2/3H ∼ Mp. (5.8)

Hence

Ms = ΛsU
2
h = γMp = γc3Fs

2/3H (5.9)
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where γ is a constant. The source depth Λs can be calculated from (5.7) and (5.9),
which is

Λs =
Q2
s

Ms
=

c22
c3 γ

H, (5.10)

which implies that the initial outflow depth increases as the energy loss due to the
change in flow direction increases (i.e. γ decreases). In the jet-like zone (II), the
horizontal momentum flux (Mh) is assumed to be a constant (similar to a constant
momentum flux wall jet), i.e.

Mh = Ms = γc3Fs
2/3H = constant (5.11)

and the depth expected to increase linearly with respect to horizontal distance x,
i.e.

Λ = Λs +
dΛ
dx (x− xs), (5.12)

where dΛ/dx is an unknown constant. We can now express the horizontal velocity
Uh and volume flux Qh as

Uh =

√
Ms

Λ
=
γ1/2 c1/2

3 Fs
1/3H1/2

√
Λ

(5.13)

and
Qh = ΛUh = γ1/2 c1/2

3 Fs
1/3H1/2 Λ1/2. (5.14)

For very large values of x with in the jet-like zone ((II)), the outflow depth Λ can
be approximated as Λ ≈ (dΛ/dx)x. Thus, we can estimate the movement of the
planar horizontal front with time in the jet-like zone by using (5.13) as

dx
dt ≈

√
γ c3

dΛ/dx
Fs

1/3H1/2

x1/2 . (5.15)

Integrating (5.15) gives

x ≈

 γ c3
dΛ/dx

1/3

Fs
2/9H1/3t2/3. (5.16)
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Figure 5.2: Magnitude of the temperature gradient (at y/H = 0.5) for ReH =
3600 and R/H = 4 at times tn = 1.42 (a), 3.58 (b) and 5.76 (c).

We can express the non-dimensional planar horizontal front position in the jet-like
zone, from (5.16) as

φ = cj tn
2/3, (5.17)

where cj = (γ c3/(dΛ/dx))1/3 is a constant, φ = x/H, is dimensionless horizon-
tal distance and tn = (Fs

1/3 t/H), is dimensionless time. Similarly, in the far-field
gravity current zone, the non-dimensional planar horizontal front position, from
(5.1), as

φ = ci tn. (5.18)

In the following section, we discuss the DNS of horizontal front propagation in
order to find the value of constants in (5.17) and (5.18).

5.2 DNS of horizontal front propagation and com-
parison with model

5.2.1 Horizontal front position

We conducted a set of DNS with different aspect ratios (R/H) of the box to
validate the scaling laws and establish the constants in the theoretical model for
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Figure 5.3: Contour plots of the line-averaged non-dimensionalised tempera-
ture (T̃ ∗) for aspect ratio (R/H) = 8.0, showing the propagation of horizontal
front. At times t∗ = 3.35 (a), 6.55 (b), 9.88 (c), 13.17 (d). The red dots indicates
the location of horizontal front front as a function of time. A threshold of 1.2 is
chosen for non-dimensionalised temperature to define the interface (solid black

lines).
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Figure 5.4: Contour plots of the line-averaged non-dimensionalised tempera-
ture (T̃ ∗) for aspect ratio (R/H) = 16.0, showing the propagation of horizontal
front. At times t∗ = 6.43 (a), 12.9 (b), 19.43 (c), 26.38 (d). The red dots indi-
cates the location of horizontal front front as a function of time. A threshold of
1.2 is chosen for non-dimensionalised temperature to define the interface (solid

black lines).

the position of planar horizontal front with time. In this study, we have chosen
a Reynolds number, ReH = 3600 with five different aspect ratios 1, 2, 4, 8 and 16
(table 4.1). Figure 5.2 shows the contour plots for the magnitude of temperature
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Figure 5.5: Non-dimensional planar horizontal front position φ against time
tn for five different aspect ratio boxes (1, 2, 4, 8 and 16) and ReH = 3600. The
symbols used for different cases are not distinguishable due to the collapse of
the DNS data onto a single line. The solid red line is given by φ = 1.1 t2/3

n ,
indicates the jet-like zone. The dashed red line is given by φ = 0.8 tn.

gradient at different times to visualise horizontal front propagation. We measured
the temporal evolution of the planar horizontal front for both sides of the line
plume after the plume impinges on the top wall. Here, the horizontal front position
is defined as the maximum horizontal extent from a line-averaged temperature
interface of the planar current at a particular time. In order to identify the most
adequate interface position, several threshold values are tested. A threshold of
1.2 is chosen for temperature because it closely corresponds to a visually observed
interface position. Figure 5.3 and 5.4 show the contour plots of line averaged non-
dimensionalised temperature (T̃ ∗) to identify the position of the horizontal front
propagation as a function of time for aspect ratio (R/H), 8 and 16, respectively.
The solid black lines in figures 5.3 and 5.4 correspond to the interface position for
the front propagation and the red dots indicate the maximum horizontal extent,
which is taken as the front position at a particular time. The movement of the
front position is measured with a non-dimensional time step of 4× 10−3. The time
tn = 0.0 is at the moment when the plume first touches the top wall, which is
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taken as the reference time.

Figure 5.5 shows the non-dimensional planar horizontal front position (mean of the
left and right side horizontal front position) with respect to the time for different
aspect ratio boxes. From the analytical predictions described in §5.1, initially, we
expect a jet-like zone with scaling φ ∼ t2/3

n (5.17) and then a gravity current zone
with scaling φ ∼ tn (5.18). These scalings can be clearly seen in figure 5.5. The
solid red line indicates φ = 1.1 t2/3

n for the initial jet-like region and dashed red
line indicates φ = 0.8 tn for the gravity current region. From our DNS study, we
obtained the value of the constants in (5.17) and (5.18), which is cj = 1.1 and
ci = 0.8. The intersection of red solid and dashed line show the transition point
from jet-like zone to gravity current zone, which is φ ≈ 2.2. This transition point
is much higher than in the case of outflow from a axisymmetric constant buoyancy
flux from a point source (Kaye and Hunt (2007)), which is φ = 0.66.

5.2.2 Mean velocity and temperature profiles

The mean contours of non-dimensionalised temperature (T ∗ = gβHT/F 2/3
s ), hor-

izontal velocity (u/F 1/3
s ) and vertical velocity (w/F 1/3

s ) in the right-hand side of
the box are shown in figures 5.6 (a), (b) and (c), respectively. Henceforth, the
half of the initial buoyancy flux, Fs = F0/2 is used for normalising the values
of temperature and velocity. Due to the excessive computational cost (approxi-
mately 16520 CPU hours), the mean profiles are obtained by averaging spatially
along the y− direction as well as averaging across the time instances during which
the horizontal front travels from x/H ≈ ±10 till x/H ≈ ±16 (approximately 120
data sample in time). In this scenario, the properties of the horizontal front will
lost between x/H ≈ ±10 and x/H ≈ ±16. However, we will get a nearly smooth
region upto x/H ≈ ±10 for analysing the mean quantities for the horizontal out-
flow from the plume. The mean quantities are smooth up to x/H ≈ ±10, which
is only used for analyse the flow properties.

The mean profiles of temperature (T ) normalised by F 2/3
s /gβHT and maximum

temperature Tm at different x/H locations are plotted in figures 5.7 (a) and (b),
respectively. The maximum temperature is observed near the line plume, i.e.
x/H = 1.0 and these profiles show good collapse when the mean temperature is
normalised by the maximum temperature of each profile at different x/H locations.
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Figure 5.7: Mean profiles of temperature at different x/H locations (1.0 ≤
x/H ≤ 10.0) for the R/H = 16 case. (a) The temperature is normalised by

F 2/3
s /(gβH) and (b) normalised by maximum temperature Tm.

These observations indicate that there is similarity of the mean horizontal velocity
and temperature profiles in the region 3.0 ≤ x/H ≤ 10.

5.2.3 Longitudinal dependence of integral quantities

One of the main focus of this study is the behaviour of integral quantities such
as the mean volume flux, momentum flux and the mean buoyancy flux and their
scalings for different regimes in the horizontal outflow from a line plume. Figure
5.8 shows the longitudinal dependence of these quantities for R/H = 16 case.
Here, the mean horizontal volume flux (Qh), mean horizontal momentum flux
(Mh) and mean horizontal buoyancy flux (Fh) are defined respectively by

Qh =
∫ zu

0
u dz, Mh =

∫ zu

0
u2 dz, Fh =

∫ zu

0
gβ (T − T int) u dz, (5.19)

here the lower integration limit starts at z = H and set as 0 and the upper
integration limit zu is defined as H − zint, where zint is the interface location in
z− direction. We used the method described in §5.2.1 to obtain the interface
location for horizontal gravity current. The ambient temperature T int is defined
as the temperature at the interface location.

The grey lines in figure 5.8 (a), (b) and (c) corresponds to the individual members
of the ensemble for the normalised horizontal volume flux, momentum flux and
buoyancy flux, respectively. These data are plotted in the time period during
which the horizontal front travels from x/H ≈ ±10 till x/H ≈ ±16. Each
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Figure 5.8: (a) Dimensionless horizontal volume flux, (b) dimensionless hor-
izontal momentum flux and (c) dimensionless horizontal buoyancy flux, corre-
sponding to individual members of the ensemble (grey lines) and their ensemble
average (thick black line) for R/H = 16 case. The grey lines are plotted when

the horizontal front travels from x/H ≈ ±10 till x/H ≈ ±16.

ensemble comprising 120 data samples in time and the thick black line indicates
the ensemble average.

The theoretical model for horizontal gravity current is described in §§5.1. We
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Figure 5.9: Space evolution of the non-dimensional horizontal current height
Λ/H. The grey lines corresponds to the individual members of the ensemble

and the black line corresponds to their ensemble average.

mainly divided the horizontal outflow from a turbulent line plume into two different
zones, namely jet-like and gravity current flow zones. The jet-like zone is near the
plume impinging region and the gravity current zone is far from the plume (see
figure 5.1).

In the jet like zone, the horizontal front position x is proportional to t2/3. So,
the horizontal velocity Uh(= dx/dt) is proportional to x−1/2. Also, the horizon-
tal outflow thickness Λ as a function of x in the jet-like region. Therefore, the
horizontal outflow volume flux Qh (= Uh Λ) is proportional to x1/2. But for the
gravity current region, the horizontal front position x proportional to t and the
horizontal velocity Uh is constant with respect to x. Therefore, the volume flux
in the gravity current region is also constant, under the assumption of constant
thickness of outflow in that region.

Similarly, using the same scalings for Uh and Λ, the horizontal momentum flux
Mh (= U2

h Λ) is remain constant in both jet-like and gravity current regions. The
horizontal buoyancy flux Fh is assumed to be constant with respect to x in the
entire region of the horizontal outflow.

The horizontal outflow thickness obtained from the volume and momentum flux
as Λ = Q2

h/Mh is plotted in figure 5.9. The expected scalings for all the bulk
quantities are shown in figure 5.8 with dashed red lines. The DNS results show
good agreement for the predicted scalings for the bulk quantities in the gravity
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region and moderate agreement is observed in the jet-like regimes of the horizontal
outflow from a line plume.

The Froude number is an important dimensionless parameter measuring the ratio
of the inertia force to the gravitational force on a element of fluid for Boussinesq
gravity current. The longitudinal variation of Froude number (Fr) can be expressed
in terms of mean bulk quantities

Fr = Uh√
Bh Λ

, (5.20)

where Bh = Fh/Qh is the mean bulk buoyancy. Figure 5.10 presents longitudinal
variation of the Froude number Fr for aspect ratio (R/H) box. An evident dis-
tinction between jet-like and gravity current regions is observed in this plot. At
the beginning of the horizontal flow, the Froude number is observed to be high.
Kaye and Hunt (2007) theoretically argued that, the momentum flux is dominated
close to the impingement zone created by a round plume and therefore the value
of Froude number expected to be greater than unity. Later, the value of Froude
number starts decrease in the jet-like regime and became constant in the gravity
current regime where the inertia and buoyancy forces are balance each other.
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Figure 5.11: Contour plots of the line-averaged non-dimensionalised temper-
ature (T̃ ∗) for aspect ratio (R/H) = 8.0, showing the filling of the box from
both sideways. At times t∗ = 17.66 (a), 19.82 (b), 22.04 (c), 26.43 (d), 28.55 (e).
The black, magenta, blue and red dots indicate the location of return front
at z/H = 0.3, 0.4, 0.5 and 0.6, respectively. A threshold of 1.2 is chosen for
non-dimensionalised temperature to define the interface (solid black lines).

5.2.4 Counter-flowing gravity current front position in a
uniform environment

Once the horizontal outflow along the top wall reaches the side walls, it begins
to flow downwards and then move in the opposite direction as a counter-flowing
gravity current. The horizontal propagation of counter-flowing gravity current like
flow is illustrated in figure 5.11. The contour plots in figure 5.11 shows the line
averaged non-dimensionalised temperature (T̃ ∗) at different times for aspect ratio
(R/H = 8.0) box. We selected a threshold value of 1.2 for the non-dimensionalised
temperature same as that for the previous horizontal front propagation to define
the interface location, which is marked by solid black lines in figure 5.11. The
black, magenta, blue and red dots indicates the location of counter-flowing gravity
current front position at z/H = 0.3, 0.4, 0.5 and 0.6, respectively.

Figure 5.12 shows the positions of counter-flowing gravity current front as func-
tion of time in the uniform environment for aspect ratio (AR) = 8.0. Here, the
front propagation time tb is based on a reference time tref , i.e. tb = t− tref . The
reference time tref is calculated when the buoyant fluid reaches the bottom wall.

62



10
−2

10
−1

10
0

10
1

10
2

10
0

10
1

tbF0
1/3/H

x
b/
H

xb ∼ tb

Figure 5.12: Position of counter-flowing gravity current front as function of
time in the uniform environment for aspect ratio (AR) = 8.0. The black,
magenta, blue and red dots indicates the location of return front at z/H = 0.3,

0.4, 0.5 and 0.6, respectively.

In this case, we considered the left wall as a reference location and the position
of the front measured from that location, i.e xb = R + x. The front position
at four different locations in the z− directions are indicated by different colours.
These data suggest that the counter-flowing gravity currents front position is ap-
proximately linear with respect to time in all locations, which is equivalent to the
normal planar gravity current flows (5.1).

5.2.5 Horizontal front propagation in a stratified environ-
ment

We measured the subsequent horizontal front movement generated by an imping-
ing line plume in a stratified environment. We considered the continuing plume
discharge (yellow colour in figure 5.13 ) after the domain has become partially
stratified. Figure 5.14 shows vertical temperature profiles measured outside the
plume for several x/H locations. These temperature profiles indicate that the
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ambient fluid outside the plume is stratified. Figure 5.13 shows the subsequent
front propagation in a stratified environment. Here, a threshold of 2.4 is chosen for
non-dimensionalised temperature to identify the subsequent horizontal front. The
front position is indicated by red dots which is the maximum horizontal extent of
the interface curve (black line). We plot the subsequent horizontal front position
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Figure 5.13: Contour plots of the line-averaged non-dimensionalised temper-
ature (T̃ ∗) for aspect ratio (R/H) = 8.0, showing the propagation of horizontal
front in the stratified environment. At times t∗ = 33.65 (a), 35.9 (b), 38.14 (c),
40.38 (d) and 42.63 (e). The red dots indicates the location of horizontal front
front as a function of time. A threshold of 2.4 is chosen for non-dimensionalised

temperature to define the interface (solid black lines).

as a function of time for aspect ratio (R/H = 8.0) as shown in figure 5.15. Here,
the subsequent front propagation time ts is based on a reference time tref , i.e.
ts = t− tref . The reference time tref is calculated when the subsequent buoyant
fluid reaches the top wall. We can observe that the horizontal front moves linearly
(x ∼ ts) in time after x/H ≈ 3.0, which is similar to the earlier observations of
the horizontal front position in uniform environment. However, in the region close
to the impingement, the data do not follow the relationship x ∼ t2/3

s which was
expected in that regime (§5.2.1).

64



0 0.5 1 1.5
0

0.2

0.4

0.6

0.8

1

T̃∗

z/
H

x/H = 1

x/H = 2

x/H = 3

x/H = 4

x/H = 5

x/H = 6

x/H = 7

Figure 5.14: Vertical temperature profiles out side the plume at t∗ = 33.65
for R/H = 8 and ReH = 3600.

10
−1

10
0

10
1

10
2

10
0

10
1

tsF0
1/3/H

x
/
H

x ∼ ts

x ∼ t
2/3
s

Figure 5.15: Non-dimensional subsequent planar horizontal front position
x/H against time ts in the stratified environment for aspect ratio box 8 and

ReH = 3600.

65



z
/
H

(a)

0

0.5

1

z
/
H

(b)

0

0.5

1
z
/
H

(c)

0

0.5

1

z
/
H

(d)

0

0.5

1

z
/
H

(e)

0

0.5

1

x/H

z
/
H

(f)

−8 −6 −4 −2 0 2 4 6 8
0

0.5

1

Figure 5.16: Contour plots of the line-averaged non-dimensionalised temper-
ature (T̃ ∗) for aspect ratio (R/H) = 8.0, showing the filling of the box from
both sideways in the stratified environment. At times t∗ = 45.77 (a), 48.01 (b),
50.26 (c), 52.50 (d), 54.74 (e), 56.82 (e). The black and magenta dots indicates
the location of return front at z/H = 0.3 and 0.4, respectively. A threshold of
2.4 is chosen for non-dimensionalised temperature to define the interface (solid

black lines).

5.2.6 Counter-flowing gravity current front position in a
stratified environment

We conducted an analysis for counter-flowing gravity current front position in a
stratified environment. Figure 5.16 shows the evolution of counter-flowing gravity
current and the contour plots are for the line-averaged non-dimensionalised tem-
perature for aspect ratio (R/H) 8. The black and magenta dots indicates the
location of return front at z/H = 0.3 and 0.4, respectively.

Figure 5.17 shows the positions of the front as function of time. The dashed black
line represents the scaling laws for the normal gravity current like flows generated
due to the impingement of the line plume (i.e. xb ∼ tb). The notations xb and
tb are the same that we used in §5.2.4. We can observe that the horizontal front
moves linearly (xb ∼ tb) in time after x/H ≈ 3.0, which is similar to the earlier
observations of the horizontal front position in uniform environment. However, in
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Figure 5.17: Position of counter-flowing gravity current front as function of
time in the stratified environment for aspect ratio (AR) = 8.0. The black and
magenta dots indicates the location of return front at z/H = 0.3 and 0.4,

respectively.

the region close to the horizontal front impingement, the data do not follow the
relationship xb ∼ tb which was expected in that regime (§5.2.1).

5.3 Chapter summary

In this chapter, the horizontal outflow from a thermal line plume after impinging
onto the top wall is investigated. A set of direct numerical simulation (DNS) is
conducted for different aspect ratio boxes (R/H = 1, 2, 4, 8 and16) to study the
phenomenon of horizontal propagation of buoyant fluids in both uniform quiescent
and stratified environments. A theoretical model has been developed for the bulk
properties of horizontal outflow from a line plume similar to the work of Kaye and
Hunt (2007) for axisymmetric plumes. The models agree well with the data ob-
tained from the DNS. The constants of proportionality between the front position
and the time are found by fitting curves to the DNS data. When the horizontal
outflow reaches the side walls, it begins to flow downwards and then move in the
opposite direction as a counter-flowing gravity currents. The front positions of
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these types of buoyancy driven flows are measured and scaling relationships are
obtained in both uniform quiescent and stratified environments.
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Chapter 6

Confined wall plumes

This chapter incorporates the results of N. George, J. Philip & A. Ooi
(2018) Direct Numerical Simulation of Confined Wall Plumes. Proceed-
ings of the 21st Australasian Fluid Mechanics Conference 790, Adelaide

In this chapter, we carry out direct numerical simulations (DNS) of wall attached
line plume in confined boxes, and compare the results with a modified version of
Baines and Turner (1969)’s analytical model. The present study is restricted only
to the transient stage and the results from the asymptotic stage are not discussed.

6.1 Theoretical model

We have adapted the original filling box model developed by Baines and Turner
(1969) to model the wall attached line plumes in a confined region by including
wall effects. The schematic diagram of wall attached plume in a confined region
is shown in figure 6.1, where a line heat source is located at the bottom left
corner of the box. The box height and width are H and R, respectively. The
source generates a buoyancy flux F0 per unit length and zero fluxes of volume and
momentum.

We begin by considering the volume, momentum and buoyancy fluxes for a wall
attached line plume, which can be derived from the continuity equation, the sim-
plified Reynolds averaged momentum equation with Boussinesq approximation in
the vertical direction (the pressure and the fluctuating terms are neglected) and
the simplified energy equation (equations 6.1, 6.2 and 6.3, respectively). The
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Figure 6.1: Schematic diagram of filling box model of wall attached line plume.
The first front is the interface between buoyant fluid and the ambient fluid. The

time-dependant position of the first front position is denoted by z0.

mean velocity in the vertical direction z is denoted by w, and in the x−direction
is denoted by u

∂u

∂x
+
∂w

∂z
= 0, (6.1)

∂uw

∂x
+
∂ww

∂z
+
∂u′w′

∂x
+
∂(w′2 − u′2)

∂z
=

1
ρ

∂τx
∂x

+
1
ρ

∂τz
∂z

+ gβ(T − T∞),

(6.2)
∂u (T − T∞)

∂x
+
∂w (T − T∞)

∂z
+
∂T ′u′

∂x
+
∂T ′w′

∂z
= −w∂T∞

∂z
. (6.3)

Here ρ is the density of the ambient fluid, g is the gravitational acceleration,
β is the coefficient of thermal expansion, T is the mean temperature and T∞ is
the mean environmental temperature, which is far away from the plume. Also,
u′, w′ and T ′ are the fluctuating components of u, w and T , respectively. Lastly,
τx = µ ∂w/∂x and τz = µ ∂w/∂z are the shear stresses, where µ is the dynamic
viscosity.

Integration of equation 6.1 along x gives

dQ
dz = −ue, (6.4)

where Q =
∫∞
0 w dx is the volume flux and ue is the entrainment velocity (ue =

u|x=∞), which is evaluated far from the plume. Similarly, integration of equation
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6.2 and 6.3 (ignoring the contribution of the fluctuating terms in the momentum
and buoyancy flux) along x gives

dM
dz =

∫ ∞
0

gβ (T − T∞) dx− τ0, and (6.5)

dF
dz = −Q ∂∆∞

∂z
. (6.6)

Here M =
∫∞
0 w2 dx is the momentum flux, and τ0 = cf

1
2w

2
m is the wall shear

stress, where cf is the skin friction coefficient and wm is the maximum vertical
velocity, F =

∫∞
0 gβ (T − T∞)w dx is the buoyancy flux and ∂∆∞/∂z is the

environmental buoyancy gradient, with ∆∞ = g β T∞.

Here, the mean vertical velocity(w) and reduced gravity(gβ(T − T∞)) are ap-
proximated by a half-Gaussian form, i.e. w = wm exp (−x2/b2w), gβ(T − T∞) =
∆exp (−x2/b2T ), where wm(z) is the maximum vertical velocity, ∆(z) is the cen-
treline reduced gravity and bw and bT are typical plume width associated with
the vertical velocity and reduced gravity, respectively. Here, Gaussian profiles of
equal width have been assumed for the vertical velocity and reduced gravity fields
in the plume (i.e. bw = bT = b).

As suggested by Morton et al. (1956), the rate at which fluid is entrained into
the plume is taken as proportional to the mean maximum vertical velocity of the
plume, ue = αwm, where α is the entrainment coefficient.

Now we can express the fluxes in terms of a maximum vertical velocity, wm(z),
and reduced gravity, ∆(z), along with a plume width, b(z), which are defined by,

Q =

√
π bwm

2 , M =

√
π/2 bw2

m

2 , F =

√
π/2 bwm ∆

2 . (6.7)

In terms of the fluxes, (6.4) and (6.5) become

dQ
dz =

√
2αM

Q
, and, (6.8)

dM
dz =

FQ

M
− cf

M2

Q2 , (6.9)

respectively.

The plume equations described above are reasonable approximations for the line
plumes in unconfined environments with cf = 0 (e.g. Lee and Emmons (1961);
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ReH R/H L/H nx ny nz ∆xc/b0 ∆y/b0 ∆z/b0 Approx. CPU time

14530 1 0.5 1024 256 512 0.123 0.157 0.157 7200 hours
14530 2 0.5 2048 256 512 0.123 0.157 0.157 15200 hours
29060 0.5 0.5 1024 256 2048 0.123 0.157 0.157 3100 hours

Table 6.1: Simulation parameters of the present cases. The cell grid sizes,
∆xc, ∆y and ∆z are non-dimensionalised by initial plume width b0. The grid

spacing in x− direction, ∆xc is measured at the centre.

Paillat and Kaminski (2014a)). In the case of confined plumes, two other equations
are considered for describing the environmental flow parameters. The conservation
of mass in the filling box can be written as

Q = −RU , (6.10)

where U is the downward velocity of the environment, and the development of the
buoyancy field in the environment is governed by

∂∆∞
∂t

= −U ∂∆∞
∂z

. (6.11)

6.2 Set-up of direct numerical simulations

In this study, we employ direct numerical simulation (DNS) to solve the equations
of mass, momentum and energy conservation within the Boussinesq approxima-
tion. The line plume originates from a line heat source of length L and initial
width b0 placed along the y− direction at the bottom left corner of the box. The
confining box has width R and height H in the x− and z−directions, respectively.
Here, the gravity acts in the negative z−direction, i.e. in the opposite direction
to the rising plume.

The flux of temperature per unit area at the wall fw ≡ κ |dT/dz|w (= qw/(ρCp)),
where κ is the thermal diffusivity, qw is the wall heat output per unit area (W/m2),
Cp is the specific heat at constant pressure and ρ is the reference density of the
fluid; the subscript w denotes properties at the bottom wall. For numerical sim-
ulation we take a smooth half-Gaussian profile at the wall over a distance of R
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Figure 6.2: Contour plot of the instantaneous non-dimensionalised tempera-
ture (T ∗) at y/H = 0.5 for aspect ratio (AR) = 2.

in x− direction: fw = κA0 exp(−x2/b20), where A0 is the maximum value of
|dT/dz|w and b0 is the initial plume width. The buoyancy flux per unit area =
g β × (temperature flux per unit area) = g β fw. Now, buoyancy flux per unit
length (in y−direction),

F0 = g β
∫ ∞

0
fw dx =

√
πg β κA0 b0/2. (6.12)

The dimensionless parameters governing the present simulations are Reynolds
number:

ReH = F 1/3
0 H/ν, (6.13)

where ν is the kinematic viscosity and Prandtl number, Pr = ν/κ, which is fixed
at the value for air: Pr = 0.71. The Reynolds number considered is ReH = 14530
for boxes of two different aspect ratios, R/H = 1 and 2 (table 6.1). The value of
b0/H is 0.0125 for Reynolds number 14530. Baines and Turner (1969) observed
that in order to avoid a large-scale circulation generated by the plume in the
confined box, the stabilising buoyancy force in the region of plume outflow at the
top of the box have to be larger than the inertial force of the plume. The ratio
between these forces depends purely on the geometry of the box, i.e. aspect ratio
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Figure 6.3: The variation of mean velocity profile at z/H = 0.5 for aspect
ratio R/H = 1.0 for various grid densities.

(R/H) in this case, and not on the buoyancy flux or any other flow properties.
In their experiments, they concluded that the critical value of the aspect ratio is
about one. Therefore, in the present case, the lowest aspect ratio (R/H) of the
box is set to one.

The bottom, top, left, and right boundaries are no-slip walls. Periodic boundary
conditions are imposed on velocities, pressure and temperature in the y−direction.
We set all initial velocities to zero and add a random perturbation to the tempera-
ture field in the entire domain, in order to trigger a transition to turbulence in the
rising plume. The magnitude of temperature perturbations (T (t = 0)) added to
the flow is based on (g β T b0)1/2 b0/ν = 25.0, and is kept constant for all simula-
tions. Before we run the two case listed in table 6.1, we have to ensure that the box
is tall enough that we get a ’nearly turbulent’ plume. This is because, the plume
starts laminar at the bottom as it develops upward along the wall, and takes some
distance in z before the instabilities develop over the laminar buoyant base flow
and transitions to a nearly turbulent wall flow. Although this transitional flow is
of interest by itself, it is not the focus of this work. The theoretical model here (in
anticipation of the practical cases) is constructed for a turbulent plume. As such,
as an initial case, we run simulations in a taller box. Within the available com-
putational resources, we start with a tall box of dimensions 80 b0 × 40 b0 × 160 b0
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in the x, y and z directions, respectively. We recall that the boxes in table 6.1
are only 80 b0 in height, which we decided after running this taller box. The grid
resolutions in all directions and other flow parameters are kept constant for this
taller case. We note that grid resolutions ∆x, ∆y and ∆y are fixed to fully resolve
all the turbulent scales up to the Kolmogorov scale by following the recommenda-
tions Stevens et al. (2010), as well as employing a grid independence test. To see
the effect of size of the numerical grid, a thorough grid independent test has been
conducted for aspect ratio R/H = 1.0 with ReH = 14530 case. Three levels of
grids namely, 1280× 320× 640, 1024× 256× 512 and 768× 192× 384 have been
tested. Figure 6.3 shows the variation of mean velocity profile at z/H = 0.5 for
aspect ratio R/H = 1 and ReH = 14530 for various grids. It has been observed
that the grid is refined, variation in the results between two successive grids de-
creases. For the two finest level of grids, variation in mean velocity remains below
1%. This also led us to use the grid 1024× 256× 512 for R/H = 2 case to achieve
consistent accuracy.

The grid spacing is uniform in the y− and z−directions and a cosine stretching
grid is set in the x− direction. The DNS employs a mixed spectral/finite-difference
algorithm for the spatial discretisation. While a fully conservative fourth-order,
staggered finite-difference scheme is used for the velocity field calculation in the
x− and z− directions, a Fourier spectral method is used in the y− direction.
The QUICK scheme is used to advect the temperature field. The equations are
marched using a low-storage third-order Runge - Kutta scheme.

6.3 DNS results

6.3.1 Wall plume in uniform environment

6.3.1.1 Wall plume development

In order to fix the height of the box to obtain a fully developed wall plumes within
the available computational resources, we start with a long box of dimensions
80 b0 × 40 b0 × 160 b0 in the x, y and z directions, respectively. The grid used
for this case is 1024× 256× 2048. The grid resolutions in all directions (table
6.1) and other flow parameters are kept constant for this case. Figure 6.4 (a)
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Figure 6.4: (a) Instantaneous contour plot of vertical velocity at y/b0 = 5.0
and (b) evolution of mean vertical velocity profile scaled in inner variables.

shows the instantaneous contour plots of non-dimensionalised temperature (T ∗ =
T/(F 2/3

0 /(gβH)), where H = 160 b0 ), which indicates the development of wall
plume along the left side wall. The axes are non-dimensionalised with the initial
Gaussian half width of the wall plume b0. In this case, we have chosen the non-
dimensionalised time t∗ as t∗ = t F 1/3

0 /b0. The Reynolds number of the plume is
based on the initial plume width b0 and the buoyant velocity F 1/3

0 ,

Re0 = F 1/3
0 b0/ν, (6.14)

is chosen to be 182, which is sufficiently large so that the flow turns into a nearly
turbulent state within the height H/b0 ≈ 160. Before we run the two case listed
in table 4.1, we have to ensure that the box is tall enough that we get a ’nearly
-turbulent‘ plume. This is because, the plume starts laminar at the bottom as
it develops upward along the wall (6.5), and takes some distance in z before the
instabilities develop over the laminar buoyant base flow and transitions to a nearly
turbulent wall flow Once the wall plume reaches the steady state, the time-averaged
statistics are taken from when t∗ = 155 to 218 at an interval of 0.15 time units.

The evolution of mean vertical velocity profile scaled in inner variables is shown in
figure 6.4 (b), where the profiles are coloured from blue to red indicate increasing
z/b0. Here, x+ ≡ x/δv, where δv ≡ ν/wτ is the viscous length scale and wτ ≡√
ν dw/dx|w is the friction velocity scale. Note that we use + symbol to denote

normalisation with viscous wall units.
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Figure 6.5: Variations of time-averaged value skin friction coefficient along
z− direction

At z/b0 = 8.0, the wall plume is laminar with thin laminar boundary layers. The
wall plume reached fully turbulent regime at z/b0 ≈ 60.0, which is observed from
figure 6.5. The mean velocity profile is well developed has reached the self-similar
state. Very near the wall, the mean velocity profiles are linear as expected, i.e.
obey w+ = x+, but begin to deviate from this linear behaviour beyond x+ = 5.0,
which is similar to the standard boundary layer (cf. Pope (2001)). However, due
to the limited domain height, the velocity profiles not reached the classical log-law
for boundary layers. The log-law of the wall for boundary layers may be written
as,

w+ =
1
κv

ln(x+) +A, (6.15)

which is plotted in figure 6.4 (b) as solid black line. In this case, we adopt the
constants as Marusic et al. (2013), i.e. the von Kármán constant κv = 0.39 and
A = 4.3.

The variations of skin friction coefficient Cf defined as

Cf = 2
(
wτ
wm

)2
, (6.16)

77



along the vertical direction is shown in figure 6.5. The variation of skin friction
coefficient is observed to be high near the laminar region (z/b0 < 60). In the fully
turbulent region of the wall plume (z/b0 > 60), the value of Cf has been reduced
to a constant value, which is about 0.012.

Next section onwards, we explore the dynamics of wall attached plumes in the con-
fined environments with different aspect ratios. We need more computer resources
to conduct this kind of DNS due to larger domain size. Therefore, we fixed the
height of the box to be 80 b0 and take the value of Cf as 0.012 for further study.

6.3.1.2 Comparison with theoretical model

In this section, we discuss the behaviour of turbulent wall plumes in a uniform
environment and compare the results with the theoretical model of the wall plume.

Figures 6.6 and 6.7 show the instantaneous contour plots of temperature and
vertical velocity (w∗ = w/F0

1/3) at two time instances (when the horizontal front
reached at x/H ≈ 1.0 and at x/H ≈ 2.0 ), respectively. During this period
time, the region up to x/H = 0.25 which includes the wall plume without any
external disturbance is considered to be statistically steady plume in a uniform
environment. The mean profiles are obtained by averaging spatially along the y−
direction as well as averaging across the time instances during which the horizontal
front travels from x/H = 1.0 till x/H = 2 (approximately 200 data samples in
time).

Figure 6.8 shows of the statistical mean vertical velocity and buoyancy profiles at
different z/H locations in a uniform environment for R/H = 2 case. In figures
6.8(a) and (b), the x- axes are normalised with plume widths bw and bT , the widths
at which the distribution has fallen to 1/e of its peak value. In the theoretical
model, the mean vertical velocity and buoyancy profiles are assumed to be self-
similar with height. It is clear from both figures 6.8 (a) and (b) that, within
the region 0.375 . z/H . 0.75, the vertical velocity and buoyancy profiles are
self-similar.

Figure 6.9 (a) shows the variation of entrainment coefficient α along z− direction
in a uniform environment. It is obtained from the volume flux equation in (6.8)
i.e.

α =
1√
2
Q

M

dQ
dz (6.17)
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Figure 6.6: Instantaneous contour plots of temperature at y/H = 0.25 show-
ing the horizontal propagation of wall plume for ReH = 14530 and R/H = 2.0
time instances when the horizontal front reach at x/H ≈ 1.0 (a) and at

x/H ≈ 2.0 (b).
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Figure 6.7: Instantaneous contour plots of vertical velocity at y/H = 0.25
showing the horizontal propagation of wall plume for ReH = 14530 and R/H =
2.0 at time instances when the horizontal front reaches x/H ≈ 1.0 (a) and

x/H ≈ 2.0.
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Figure 6.9: Variation of (a) entrainment coefficient α and plume function Γ
evaluated from the mean fluxes in a uniform environment.

and used second order central-difference scheme for dQ/dz. To compute the in-
tegrals over the x− directions of the plume, we fitted a half-Gaussian curve to
the vertical velocity profile at each z/H locations based on the maximum ver-
tical velocity wm and width bw (width at which the vertical velocity has fallen
to 1/e of its central value) and we defined the integration limit ±x∞ such that
w(±x∞, z) = wm(z)/100 from the fitted Gaussian curve, which ensures that the
vertical environmental velocity is small relative to that of the plume. The black
solid line in figure 6.9 (a) is a linear fit with zero slope to the data from z/H = 0.2
to z/H = 0.7, which shows the value of entrainment coefficient α = 0.07. In the
present study, this value of α is set to a fixed value and used for all calculations
in the turbulent wall plumes. It is shown that the value of entrainment coefficient
obtained here is much less than in the case of free line plumes.The findings of
Grella and Faeth (1975), Lai and Faeth (1987), Sangras et al. (2000) and Parker
et al. (2020) have found similar value of entrainment coefficients, varying from
0.061 to 0.071 for wall attached line plumes in an open environment. These values
are much less than in the case of free-plumes. But recent study of Akhter and Kaye
(2020) found that the entrainment coefficient for a wall plume is the same as for
an isolated plume. They used first front movement to calculate the entrainment
coefficient. The value of α for wall-plumes reported here is calculated based on
the volume flux equation.
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Figure 6.10: Comparison of mean (a) volume and (b) momentum flux with
the theoretical model in a uniform environment. The black circle represents the
DNS results , the black solid and dashed lines represent the theoretical model

with cf = 0.0 and cf = 0.012, respectively.

A flux balance parameter Γ for Gaussian profiles

Γ(z) =
1√
2α

Q3(z)F (z)

M3(z)
(6.18)

is plotted in figure 6.9 (b) with α = 0.07. Based on the value of Γ at the source,
Γ0 = Γ(0), the line plumes are characterised as forced plumes (0 < Γ0 < 1),
pure plumes (Γ0 = 1) and lazy plumes (Γ0 > 1). The Γ0 = ∞ for a pure
buoyancy driven thermal plumes but the value of Γ reaches pure plume behaviour
immediately after the source. The solid black line in figure 6.9 (b) shows Γ = 1
(for pure plume case).

Figures 6.10 (a) and (b) show, respectively, the comparison of mean volume and
momentum flux with the theoretical models. In order to find the theoretical fluxes,
we solved (6.8) and (6.9) numerically with initial conditions of Q0 = 0.0,M0 = 0.0
and F = F0 = 1.0 for cf = 0.0 and cf = 0.012. In the uniform environment,
the buoyancy flux F is constant with respect to the height (i.e. F (z) = F0). The
value of skin-friction coefficient, cf = 0.012 is obtained from our present DNS
data.

Caudwell et al. (2016) experimentally investigated a turbulent plume generated
by an isothermal wall in a closed cavity, which is similar to our present study.
Caudwell et al. found that the wall plume is laminar over approximately one-
third of its height. Similarly, we observed a laminar region upto z/H ≈ 0.2 from
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the bottom, where the theoretical model is not applicable. Therefore, we offset
the wall plume source by z0/H = 0.2 above the actual source and compared
the theoretical fluxes from that point. The modified profiles of volume flux and
momentum flux are shown in figures 6.10 a and b, respectively. The mean volume
flux profile (figures 6.10 a) shows good agreement with the theoretical model and
the skin-friction coefficient has an insignificant effect on volume flux. But the
mean momentum flux (figures 6.10 b) shows moderate agreement with the model
for cf = 0.012. The difference between the model and the DNS data highlights
the need for improved models in future.

6.3.2 Flow Visualisations

The wall-parallel planes (y-z plane at x/b0 = 5.0) of instantaneous temperature
(T ∗ = T/(F 2/3

0 /(gβH)) and vertical velocity (w∗ = w/F 1/3
0 ) for ReH = 14530

and R/H = 2.0 case at two different time instances are shown in figures 6.11 and
6.12, respectively.
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Figure 6.11: Instantaneous contour plots of temperature in y-z plane (at
x/b0 = 5.0) at time t F 1/3

0 /H = 2.6 (a) and 3.0 (b).
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Figure 6.12: Instantaneous contour plots of vertical velocity in y-z plane (at
x/b0 = 5.0) at time t F 1/3

0 /H = 2.6 (a) and 3.0 (b).

By looking at these contour plots (figures 6.11 and 6.12), laminar-like streamwise
streaks are observed near the source region (0 ≤ z/H / 0.2) of the wall plume.
The streamwise streak in this region exhibit minimal lateral movement, but they
occasionally move slightly or interact with adjacent streaks. The region above
z/h ≈ 0.2 is considered to be turbulent. So, the lateral movement of streaks in
the turbulent region is quite noticeable (figure 6.12 a and b), and streaky structures
interact with each other through merging and splitting behaviours.

6.3.3 Time-dependent environmental buoyancy profile

As the plume hits the top wall, it spreads and advects downwards as a front
(cf. figure 6.13). The front location and the instantaneous buoyancy profile in
the environment ∆∞ can also be estimated from our model. As such, we solved
the differential equations (6.6), (6.8), (6.9) and (6.11) simultaneously to obtain
the time-dependent environmental buoyancy profiles. Euler method is used to
solve these equations. In the Euler method, a pure plume solution is given at
the source (i.e. Q0 = 0.0, M0 = 0.0 and F0 = 1.0) and integrating (6.11) over
each time step to obtain the behaviour of ∆∞. The non-dimensional time step
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Figure 6.13: Contour plots of the instantaneous temperature (at y/H =
0.5) showing the evolution of the plume to the asymptotic state for ReH =
14530(R/H = 1.0) at times t F 1/3

0 /H = 0.63 (a), 1.0 (b), 1.22 (c), 1.6 (d), 2.22
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85



used in the computations is 1× 10−4, which satisfies the stability considerations.
Here we assume that the time step (δt) is much smaller than the spatial resolution
(δz), i.e δt � δz and we also assume that the plume spread quickly to form a
horizontal layer at the top of the box (z = H), i.e. ∆∞(H, t+ δt) = ∆(H, t).
The comparison of the time-dependent environmental buoyancy profile with the
theoretical model for AR = 1.0 and AR = 2.0 is shown in figure 6.14. Here, τ is
the non-dimensionalised time, which is defined as τ = t F0

1/3/R. We take the time
τ = 0 as the moment when the plume first touches the right wall, which is taken as
the reference time. The line-averaged buoyancy near the side walls are considered
to be environmental buoyancy, which is used here for comparison. In figure 6.14,
the gradients red and blue lines represent the horizontally averaged buoyancy from
different x/H locations to the right wall for AR = 1.0 and AR = 2.0, respectively.
The solid black line shows the numerical solution of theoretical model with cf = 0.0
and the dashed line shows the numerical solution with cf = 0.012. The influence
of skin friction coefficient on environmental buoyancy is observed to be negligible.
Considering the assumptions involved, the model shows reasonable agreement for
the buoyancy profile with the DNS results at all times. However, the observed
interface locations are different from the model and DNS data overpredicted the
analytical model below z/H ≈ 0.6. This discrepancy appears to result from the
fact that buoyant fluid outside the plume is not as uniform as is assumed in the
analysis. This may be due to the overturning of the upper buoyant fluid layer
during the initial transients in both aspect ratio boxes (R/H = 1 and 2). This
would suggest that even larger values of R/H might be required to before the
inertial overturning effects become negligible.

6.4 Chapter summary

The evolution of wall attached turbulent line plumes in a confined region is anal-
ysed using direct numerical simulations. The Reynolds number of the confined
plume based on the box height and buoyant velocity scale is fixed at ReH = 14530,
and for boxes of two different aspect ratios, R/H = 1 and 2. The results from
the DNS are compared against a modified theoretical model based on Baines and
Turner (1969), where wall shear stress is incorporated to model the wall-attached
plume. The distribution of mean volume and momentum fluxes in the uniform
environment is observed to show good agreement with the theoretical model. The
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time-dependent buoyancy profile showed moderate agreement with the model, and
the effect of wall shear stress on environmental buoyancy is found to be small.
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Chapter 7

Turbulence properties of line
plumes

In this chapter, we conduct an investigation on the turbulent properties of various
configurations of line plumes, i.e. free, wall-attached and confined line plumes.

7.1 2nd order statistics

The results have been spatially averaged in the y− direction and also been tempo-
rally averaged until statistical convergence was reached. The mean statistics are
computed by averaging over at least 60 non-dimensional time units at the interval
of 0.42 time units.

7.1.1 Free-line plumes

In figure 7.1 (a) and (b) we plot the cross-sectional variation of the normalised
root mean square (RMS) vertical, wrms and horizontal, urms velocities for free
line plumes. The black diamond symbols in figure 7.1 represent data from Parker
et al. (2020). The measurements of Parker et al. (2020) are close to the results
from DNS for all turbulent quantities. It is seen that over the range of streamwise
distances considered, the profiles are universal within the uncertainties found in
the numerical data. The magnitude of streamwise turbulent intensities near the
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Figure 7.1: Time-averaged confined line plume turbulent fluctuations of (a)
vertical velocity, (b) horizontal velocity, (c) buoyancy, (d) Reynolds stress, (e)
vertical and (f) horizontal buoyancy flux for ReH = 7200 and L/H = 2 case.

plume axis, however, actually increases slightly during the latter stages of devel-
opment of the turbulent plumes. The presence of the dip in streamwise velocity
fluctuations near the axis of the axis of the self-similar region is similar to the
behaviour of the round buoyant turbulent plumes (Shabbir and George 1994), and
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is expected because turbulence production is reduced near the axis due to sym-
metry. For the horizontal RMS velocities, in 7.1 (b), a self-similar collapse occurs
near z/H ≈ 0.375, with a peak value of approximately 0.22 at z/H = 0.625 and
eventually collapse to a self-similar profiles, with centreline values of 0.25. Hus-
sein et al. (1994) and Shabbir and George (1994) found very similar values, 0.2
and 0.19 respectively, while Panchapakesan and Lumley (1993) and Papanicolaou
and List (1988) found slightly lower values of 0.17 and 0.15 respectively for tur-
bulent buoyant round jets. In figure 7.1 (d), we plot the cross-sectional variation
of normalised Reynolds shear stress at various downstream locations. The profiles
achieve self-similarity after z/H ≈ 0.375. The profile go to 0 at the origin and
reach peak value that are 2.8% of the mean vertical velocity. Parker et al. (2020)
found peak fluctuations of 0.025.

Figure 7.1 (e) and (f) show the cross-sectional variation of vertical and horizontal
turbulent buoyancy flux, respectively. An off-axis peak normalised horizontal tur-
bulent buoyancy flux is observed, u′b′ that ranges between 0.035− 0.042. These
results compare well to Parker et al. (2020), who observed a peak value of 0.041.
The self - similar profiles of vertical turbulent buoyancy flux, w′b′ have the cen-
treline values of approximately 0.05.

7.1.2 Confined-line plumes in asymptotic state

Figure 7.2 show the time-averaged confined line plume turbulent fluctuations of
vertical velocity, horizontal velocity, buoyancy, Reynolds stress, vertical and hor-
izontal buoyancy flux for ReH = 7200 and L/H = 2 case, where the subscript
rms denotes the root mean square of the data. The turbulent fluctuations are
normalised by plume centreline quantities. To our knowledge, turbulent quanti-
ties for a confined line plume have not been calculated in previous studies. The
turbulent fluctuations of vertical velocity (figure 7.2 a) exhibit a collapse on to a
single curve near the plume centreline and the maximum value of w′rms/wm = 0.35
occurs close to the plume boundary. It can be seen that the maximum value of
w′rms is much higher than that of line plumes in an open environment. The fluc-
tuations of horizontal velocity components show little scatter for different vertical
locations of the confined plume. Near the side walls, the normalised root mean
square profiles of vertical velocity, horizontal velocity and buoyancy are deviated
from the self-similar. In figure 7.2 (d), we plot the cross-sectional variation of
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Figure 7.2: Time-averaged confined line plume turbulent fluctuations of (a)
vertical velocity, (b) horizontal velocity, (c) buoyancy, (d) Reynolds stress, (e)
vertical and (f) horizontal buoyancy flux for ReH = 7200 and L/H = 2 case.

normalised Reynolds shear stress at various downstream locations. The peal value
of Reynolds stress were found to be about 0.08, which much higher than in the
case of free line plumes (0.024).
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Figure 7.3: Time-averaged wall-attached line plume turbulent fluctuations of
(a) vertical velocity, (b) horizontal velocity, (c) buoyancy, (d) Reynolds stress,
(e) vertical and (f) horizontal buoyancy flux for ReH = 14530 and L/H = 2
case. The black diamonds symbol represents data from Parker et al. (2020).

7.1.3 Wall-attached line plumes

Figure 7.3 shows time-averaged wall-attached line plume turbulent fluctuations
of vertical velocity, horizontal velocity, buoyancy, Reynolds stress, vertical and
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horizontal buoyancy flux for ReH = 14530 and L/H = 2 case. The black diamond
symbols in figure 7.3 represent data from Parker et al. (2020). The measurements
of Parker et al. (2020) are close to the results from DNS for all turbulent quantities.
The maximum value of normalised rms quantity of vertical velocity fluctuations,
wrms/wm is 0.27, which is located at x/(z− z0) ≈ 0.045. Measurements of Parker
et al. (2020) corresponds to a peak value of 0.24. The turbulent fluctuations of
horizontal velocity (figure 7.3 b) exhibit a good collapse on to a single curve and
the maximum value of u′rms/wm = 0.15 occurs close to the plume boundary.
The fluctuations of buoyancy component (figure 7.3 c) , vertical (figure 7.3 e)
and horizontal buoyancy flux (figure 7.3 f) show little scatter for different vertical
locations of the wall plume. The far-field peak values of the turbulent intensities
from the present study and from select past studies have been summarised in 7.1.
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Study b′b′ u′b′ w′b′ u′u′ w′w′ u′w′

Free line plume 0.4 - 0.45 0.035-0.042 0.04 -0.06 0.22 -0.24 0.25 - 0.3 0.022 - 0.024
Confined line plume 0.52 -0.53 0.05 -0.07 0.08 -0.09 0.25 -0.3 0.3 - 0.35 0.05 -0.08
Wall-attached plume 0.34 -0.38 0.018 -0.022 0.042 -0.05 0.14 - 0.16 0.24 -0.26 0.018 -0.022

Parker et al. (2020) (Free line plume) 0.43 0.041 0.05 0.21 0.3 0.025
Parker et al. (2020) (Wall-attached line plume) 0.38 0.017 0.035 0.16 0.24 0.019

Hussein et al. (1994) - - - 0.2 0.25 0.02
Shabbir and George (1994) - - - 0.19 0.32 0.09

Panchapakesan and Lumley (1993) - - 0.05 0.17 0.25 -
Wang and Law (2002) 0.4 0.035 0.05 0.153 0.236 0.021

Papanicolaou and List (1988) - - - 0.15 0.25 -

Table 7.1: Summary of 2nd order statistics
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Figure 7.4: Streamwise variation of (a) wrms, (b) urms, (c) brms and (d)
u′b′ normalised by the centreline buoyancy, bm, and/or the centreline vertical
velocity, wm for free, wall-attached and confined free-line plumes in asymptotic

state. Note that in the horizontal axis, z/H started at 0.0156.

Figure 7.4 compares the plume centreline turbulent intensity in streamwise di-
rection, along the flow axis of the free, wall-attached and confined line plumes.
The DNS results of Marjanovic et al. (2017) for a free turbulent round plume also
considered for comparison. The centreline turbulent intensity of the free and con-
fined turbulent line plume, evolve in a similar manner. The variation of turbulent
intensity in the case of confined line plume exhibit higher magnitude compared to
other cases. There are many experimental results for jets, forced plumes and pure
plumes but none in the lazy regime for the turbulent line plumes. However, we
still observe a good comparison to our lazy line plume results away from the walls.
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Figure 7.5: Cross-sectional profiles of the third order velocity statistics for
the free line plume.

7.2 3rd order statistics

Third order moments are important because they provide information about tur-
bulent diffusion in the turbulent kinetic energy balance, which is responsible for
redistributing energy from the pressure and turbulent fields. In figure 7.5, we plot
the cross-sectional variations of normalised third order moments for the case of
free line plume. In figure 7.5(a), we plot the vertical transport of vertical compo-
nent of Reynolds stress, w′3. The peak values observed from the DNS simulation
of Taub (2013) round plume and jet are much lower values compared to the free
line plume. The profiles are strictly positive even at the centre line with higher
peaks values in general. The horizontal transport of horizontal Reynolds stress is
plotted in 7.5 (b). There is no clear collapse to a self-similar profile, even after
z/H = 0.375. The horizontal transport of the vertical Reynolds stress is plotted
in figure 7.5(c). The profiles are mostly positive near centreline. The peak values
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Figure 7.6: Cross-sectional profiles of the third order velocity statistics for
the confined line plume.

ranges between 0.003 and 0.004. The cross-sectional variation of the normalised
vertical transport of horizontal Reynolds stress, figure 7.5(d), exhibits some neg-
ative centreline values far downstream. In general, the profiles are positive and
have peaks that vary between 0.0025 and 0.004.

In figures 7.6, we plot the cross-sectional variations of normalised third order
velocity moments, respectively for confined line plumes. The vertical transport
of vertical Reynolds stress is plotted in figure 7.6 (a). A slightly wider profile
than the free line plume case is observed, with higher peak values between 0.0065
and 0.0078 occurring between x/(z − z0) ≈ 0.06 and 0.12. The profiles remain
positive, even near the centreline. The horizontal transport of horizontal Reynolds
stress is plotted in 7.6 (b). Here we note narrower profiles and larger peak values
compared to free plumes, between 0.0029 and 0.0034.

Figure 7.7 shows the cross-sectional profiles of the third order moments of velocity
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Figure 7.7: Cross-sectional profiles of the third order velocity statistics for the
wall-attached line plume.

of the wall plumes in the current study at different z/H locations. The third order
velocity profiles for the free line plumes and wall plumes have similar behaviour.
The cross-sectional variation of vertical transport of horizontal Reynolds stress,
figure 7.7 (d), exhibit positive values at the centreline, whereas larger negative
value is observed for free and confined line plumes.

7.3 Turbulent kinetic energy balance

By performing Reynolds decomposition of the momentum equations, subtracting
off the RANS equations, taking the dot products with the fluctuating velocity
vector and taking the average, the transport equation for turbulent kinetic energy,
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Figure 7.8: Turbulent kinetic energy balance of a free line plume at (a) z/H =
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z/H = 0.5 and (d) z/H = 0.625 for ReH = 14530.

k, can be derived as:

0 = − uj
∂k

∂xj︸    ︷︷    ︸
Advection

−1
ρ

∂u′ip
′

∂xi︸        ︷︷        ︸
Pressure diffusion

− 1
2
∂u′ju

′
ju
′
i

∂xi︸          ︷︷          ︸
Turbulent diffusion

− u′iu
′
j

∂ui
∂xj︸       ︷︷       ︸

Production

− ν
∂u′i
∂xj

∂u′i
∂xj︸         ︷︷         ︸

Pseudo-dissipation

− gβu′iδi3︸      ︷︷      ︸
Buoyancy flux

.

(7.1)

Equation (7.1) is also referred to as the turbulent kinetic energy balance (cf. Pope
2001). Here

k =
1
2( u

′2 + v′2 +w′2), (7.2)

is the turbulent kinetic energy. Figure 7.8 shows the turbulent kinetic energy
balance of the free line plume for ReH = 7200 (a and b) and wall-attached plume
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for ReH = 14530 (c and d) at z/H = 0.5 and z/H = 0.625 . All the terms of
turbulence energy balance are non-dimensionalised using the maximum vertical
velocity of the plume, wm and vertical distance, z, and the horizontal axis is
non-dimensionalised using plume half-width, bw.

Turbulent kinetic energy balance of the free line plumes appears fairly similar
at both vertical distances with the exception of production and diffusion terms
very near the plume centreline. For the free and wall-attached line plumes, in
figure 7.8, dissipation and advection act as sinks and are balanced by buoyancy,
turbulent diffusion and pressure diffusion. Away from the centreline production
is balanced by advection, dissipation and turbulent diffusion. A slightly narrower
horizontal profiles were observed for wall-attached plume case. Also, all the terms
in turbulent kinetic energy balance decay to approximately 0 at x/bw ≈ 1.5,
whereas the profile continue well until x/bw ≈ 2.0 for free line plumes.

The advection profile of the free line plume is strictly negative for all x/bw, the
term becomes close to 0 at x/bw ≈ 0.4 for wall-attached plumes. In the free
plume case, the production term near the plume axis is greater than that of a
wall-attached plume. The other terms in the turbulent kinetic energy balance all
have roughly same shape and magnitudes for both free and wall-attached plumes.

The buoyancy plays a significant role in plumes, but the buoyancy term in the
kinetic energy balance is smaller the production term for both plume cases. This
suggests that the turbulence is maintained by the gradient production not by
buoyancy (Shabbir and George 1994).

7.4 Chapter summary

Turbulent statistics of free, wall-attached and confined line plumes are analysed
using direct numerical simulations. The data is collected over enough time steps
for second and third order statistics to converge after each simulation became sta-
tistically steady. Second order statistics from the DNS of free and wall-attached
are compared with the experimental data from Parker et al. (2020). The measure-
ments of Parker et al. (2020) are close to the results from DNS for all turbulent
quantities. The turbulent quantities for a confined line plume have not been cal-
culated in previous studies. It is observed that the maximum value of w′rms is
much higher than that of line plumes in an open environment. The fluctuations of
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horizontal velocity components show little scatter for different vertical locations
of the confined plume. Near the side walls, the normalised root mean square pro-
files of vertical velocity, horizontal velocity and buoyancy deviate slightly from the
self-similar.

Third order velocity profiles are calculated and examined at different vertical dis-
tances from the source for free, wall-attached and confined line plumes. The third
order statistics of the free line plume are compared with the round plume and
jet data of Taub (2013). The peak values observed from the DNS simulation of
Taub (2013) round plume and jet are much lower values compared to the free line
plume.
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Chapter 8

The entrainment in the wall and
free plumes

The value of the entrainment coefficient, α, for the wall attached plumes is observed
to be much less as compared with free line plumes. In this chapter, a thorough
investigation is conducted on the deficit in α for wall plumes using an entrainment
model that is developed following the works of van Reeuwijk and Craske (2015),
for axisymmetric plumes, and Krug et al. (2017), for planar buoyant wakes .

8.1 Theoretical model for entrainment coefficient

van Reeuwijk and Craske decomposes the entrainment coefficient into contribu-
tions from the production of turbulent kinetic energy, the plume Richardson num-
ber Ri and the profile coefficients associated with the shape of buoyancy and ve-
locity profiles. Here, we extend the model, which was developed for axisymmetric
free turbulent jets and plume, to line plumes and wall plumes.

102



The continuity, Reynolds-averaged streamwise momentum and buoyancy equa-
tions are reconsidered as

∂u

∂x
+
∂w

∂z
= 0, (8.1)

∂

∂x
(uw+ u′w′)+

∂

∂z
(w2 +w′2) = −∂p

∂z
+ θ+ ν

∂2w

∂x2 , (8.2)
∂

∂x
(uθ+ u′θ′)+

∂

∂z
(wθ+w′θ′) = −N2w. (8.3)

Here θ = g β(T − T∞) is the mean buoyancy, where g is the gravitational accel-
eration, β is the coefficient of thermal expansion, T is the mean temperature and
T∞ is the mean environmental temperature. Also, u′, w′ and θ′ are the fluctuat-
ing components of u, w and θ, respectively. The buoyancy frequency is defined as
N2(z) = gβ(∂T∞/∂z).

The mean kinetic energy is obtained by multiplying (8.2) with 2w, after simplifi-
cation, the final equation is

∂

∂x
(uw2 + 2w u′w′) + ∂

∂z
(w3 + 2ww′2 + 2w p)

= 2u′w′∂w
∂x

+ 2w′2∂w
∂z

+ 2p∂w
∂z

+ 2w θ+ 2νw ∂2w

∂x2 . (8.4)

The first two terms of the above equation represent the horizontal and vertical
transport terms. The term 2u′w′(∂w/∂x) + 2w′2(∂w/∂z) is associated with the
production of turbulence kinetic energy. The term 2p(∂w/∂z) is a pressure redis-
tribution term and 2w θ represents the production of mean kinetic energy due to
buoyancy.

8.1.1 Entrainment relations for wall plumes

The volume flux Q, momentum flux M , integral buoyancy B and buoyancy flux
F for wall plumes are defined as

Q =
∫ ∞

0
w dx, M =

∫ ∞
0

w2 dx, B =
∫ ∞

0
θ dx, F =

∫ ∞
0

θ w dx. (8.5)

Using Gaussian assumptions for the mean vertical velocity w and mean buoyancy
θ, the fluxes can be express in terms of a maximum vertical velocity, wm(z) and
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buoyancy, θm(z) along with a plume width, b(z) as

Q =

√
π bwm

2 , M =

√
π/2 bw2

m

2 , F =

√
π/2 bwm θm

2 . (8.6)

Integration of (8.1)-(8.4) along the x− direction gives

dQ
dz =

√
2α M

Q
(8.7)

d
dz (βgM) =

F Q

ηmM
−Cf

M2

Q2 (8.8)

d
dz

 ηg
ηm

F

 =−N2Q (8.9)

d
dz

γg M2

Q

 =δg
M3

Q3 + 2F + 2ν
∫ ∞

0
w
∂2w

∂x2 dx. (8.10)

The parameters β, γ, η, and δ in (8.8)-(8.10) are profile coefficients associated
with the dimensionless momentum flux, energy flux, buoyancy flux and turbu-
lence production, respectively. The gross value of a profile coefficient, e.g. γg,
is composed of contributions from the mean flow, turbulence and pressure, i.e.
γg = γm + γf + γp. So, the profile coefficients are defined as

βm =
M√

π/2w2
m b/2

= 1, βf =
1√

π/2w2
m b/2

∫ ∞
0

w′2 dx,

βp =
1√

π/2w2
m b/2

∫ ∞
0

p dx,

γm =
1√

π w3
m b/4

∫ ∞
0

w3 dx, γf =
2√

π w3
m b/4

∫ ∞
0

ww′2 dx,

γp =
2√

π w3
m b/4

∫ ∞
0

w p dx, (8.11)

δm =
2

w3
m/(2

√
2)

∫ ∞
0

u′w′
dw
dx dx, δf =

2
w3
m/(2

√
2)

∫ ∞
0

w′2
dw
dz dx,

δp =
2

w3
m/(2

√
2)

∫ ∞
0

p
dw
dz dx,

ηm =
F√

π/2 bwm θm/2
, ηf =

1√
π/2 bwm θm/2

∫ ∞
0

w′θ′ dx,
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where,

b =

√
2
π

Q2

M
andwm =

√
2 M
Q

.

Now, the relation for the entrainment constant α can be derived from (8.7), after
simplification using (8.8) and (8.10),

α =
1√
2
Q

M

dQ
dz (8.12)

=− 1√
2
δg
γg︸        ︷︷        ︸

αprod

+
√

2Ri
 1
βg
− ηm
γg


︸                       ︷︷                       ︸

αRi

+
1√
2
Q2

M

d
dz

 ln γg
β2
g


︸                        ︷︷                        ︸

αshape

(8.13)

−

 16
π5/2γg

ν

Q
Γ̃(5/4) +

√
2Cf︸                                  ︷︷                                  ︸

αviscous

,

where Γ̃ is the usual Gamma function: Γ̃(z) =
∫∞
0 tz−1e−t dt, and Ri is the

Richardson number, which is defined as

Ri =
F Q3

M3 . (8.14)

The entrainment relation (8.13) consist of four parts, contribution from turbulent
production αprod, mean buoyancy αRi, changes in profile shape αshape and related
to the inner boundary layer process, denoted by αviscous.

8.1.2 Entrainment relations for free plumes

Similarly, the volume flux Q, momentum flux M , integral buoyancy B and buoy-
ancy flux F for free line plumes are defined as

Q =
∫ +∞

−∞
w dx, M =

∫ +∞

−∞
w2 dx, B =

∫ +∞

−∞
θ dx, F =

∫ +∞

−∞
θ w dx.

(8.15)

Using Gaussian assumptions for the mean vertical velocity w and mean buoyancy
θ, the fluxes can be express in terms of a maximum vertical velocity, wm(z) and
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buoyancy, θm(z) along with a plume width, b(z) as

Q =
√
π bwm, M =

√
π/2 bw2

m, F =
√
π/2 bwm θm. (8.16)

Integration of (8.1)-(8.3) along the x− direction gives

dQ
dz =2

√
2 α̃ M

Q
(8.17)

d
dz (βgM) =

F Q

ηmM
(8.18)

d
dz

 ηg
ηm

F

 =−N2Q (8.19)

d
dz

γg M2

Q

 =δg
M3

Q3 + 2F . (8.20)

The profile coefficients β, γ, ηandδ for free line plumes can be defined as

βm =
M√

π/2w2
m b

= 1, βf =
1√

π/2w2
m b

∫ +∞

−∞
w′2 dx,

βp =
1√

π/2w2
m b

∫ +∞

−∞
p dx,

γm =
1√

π w3
m b/2

∫ +∞

−∞
w3 dx, γf =

2√
π w3

m b/2

∫ +∞

−∞
ww′2 dx,

γp =
2√

π w3
m b/2

∫ +∞

−∞
w p dx, (8.21)

δm =
2

w3
m/(2

√
2)

∫ +∞

−∞
u′w′

dw
dx dx, δf =

2
w3
m/(2

√
2)

∫ +∞

−∞
w′2

dw
dz dx,

δp =
2

w3
m/(2

√
2)

∫ +∞

−∞
p

dw
dz dx,

ηm =
F√

π/2 bwm θm
, ηf =

1√
π/2 bwm θm

∫ +∞

−∞
w′θ′ dx,

where,

b =
1√
2π

Q2

M
andwm =

√
2 M
Q

.
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Now, the entrainment relation for the free line plume can be defined as

α̃ =
1

2
√

2
Q

M

dQ
dz (8.22)

=− 1
2
√

2
δg
γg︸         ︷︷         ︸

α̃prod

+
Ri√

2

 1
βg
− ηm
γg


︸                    ︷︷                    ︸

α̃Ri

+
1

2
√

2
Q2

M

d
dz

 ln γg
β2
g


︸                          ︷︷                          ︸

α̃shape

. (8.23)

8.2 Comparison of the entrainment coefficient
with the help of DNS results

The detailed description for the decomposition of entrainment relations for wall
and free line plumes are given in the previous sections. The comparison of en-
trainment coefficients for these types of plumes with the help of DNS results is
explained in this section. Figure 8.1 (a) and (b) show the vertical variations
of the individual components in the entrainment relation for the wall and free
plumes, respectively. The mean values of each term in (8.13) and (8.23) in the
uniform environment for wall and free plumes are obtained using the procedures
explained in sections 6.3.1.2 and appendix A. The entrainment relation for the
wall (8.13) and free (8.23) plumes consists of three parts; the first part is the ratio
of dimensionless turbulence production term δg and the dimensionless energy flux
γg and which is denoted by αprod (dashed black lines in figure 8.1). The second
part is the net effect of buoyancy on the entrainment coefficient, denoted by αRi
(dashed red lines in figure 8.1). The third part is related to the changes in profile
shape along the vertical direction, which is indicated by αshape (dashed blue lines
in figure 8.1). Here, the symbol (̃·) denotes parameters for free line plumes. The
solid black lines in figure 8.1 indicate the summation of all three individual terms
in the entrainment relation, i.e. ∑α = αprod + αRi + αshape. The black open cir-
cles indicate the entrainment coefficient calculated from the volume flux relations,
(8.12) for wall plumes and (8.22) for free plumes. The decomposition of the pro-
duction terms in the entrainment equation for the free and wall plumes and shown
in figure 8.2. The term δm/γg in the free plume is approximately four times larger
than the wall plume case, while the γg for both cases are approximately equal. In
figure 7.8, the area under the curve in the productions terms are approximately
equal to the δm. The area under the curve for free plumes in figure 7.8 (a) is larger
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Figure 8.1: Vertical variations of the contribution to entrainment due to turbu-
lent kinetic energy production αprod (dashed black lines), buoyancy αRi (dashed
red lines) and changes in profile shape αshape (dashed blue lines) for wall plumes
(a) and free line plumes (b). Here, (̃·) denotes parameters for free line plumes.
Solid black lines indicate the summation of all the individual contributions for
the entrainment coefficient α and black open circles indicate the entrainment
coefficient calculated from the volume flux relations, (8.12) for wall plumes and

(8.22) for free plumes.
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Figure 8.2: Decomposition of production terms in the entrainment equation
for the free and wall plumes. (̃·) terms denote free plume components.
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Figure 8.3: Comparison of individual terms in the entrainment relations (8.13)
and (8.23) for wall and free line plumes, respectively. The terms αprod and αRi

are found by averaging in the region 0.2 ≤ z/H ≤ 0.7 from figure 8.1.

compared to figure 7.8 (c) for wall plumes. This indicates that wall suppresses the
production of turbulent kinetic energy in the case of wall plumes..

The graphical representation of individual terms in the entrainment relations
(8.13) and (8.23) for wall and free line plumes is shown in figure 8.3. The terms
αprod and αRi in figure 8.3 are obtained by averaging in the region 0.2 ≤ z/H ≤ 0.7
from figure 8.1. From figure 8.3, it is observed that the contribution to entrainment
due to turbulent kinetic energy production αprod and the net buoyancy contribu-
tion αRi are almost equal in magnitude for wall plumes in the uniform environment.
However, in the case of free line plumes, αprod is almost two times larger than αRi.
Another interesting fact is that the term αRi is nearly equal in magnitude for
both plumes, but the term αprod appears to be approximately two times larger in
free plumes compared to wall plumes. This may be because the wall suppresses
the production of turbulent kinetic energy for wall plumes. Therefore, the total
entrainment coefficient for the wall plumes became less compared to free plumes.
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8.3 Chapter summary

In this chapter, a mathematical model for the entrainment coefficient α has de-
veloped for free and wall plumes in an open environment based on the works of
van Reeuwijk and Craske (2015) and Krug et al. (2017). The entrainment rela-
tion consists of three different parts, i.e. contribution from the turbulent kinetic
energy, net buoyancy and changes in profile shape. The individual components
in the entrainment relations are obtained with the help of DNS data and it was
found that the contribution from the turbulent kinetic energy on the entrainment
for wall plumes is small compared with the free plumes due to the effect of the
wall.
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Chapter 9

Conclusions

In this final chapter, the key conclusions of the work presented in this thesis are
considered. The significant and novel findings from the previous chapters are
highlighted.

The research work presented in this thesis contains numerical investigations of
thermal line plumes in confined environments. In the first stage of thesis, a ther-
mal line plume originating from a line heat source, located at the centre of the
bottom wall was investigated using direct numerical simulation. The filling-box
mechanism of confined plumes is divided into two states. First, the evolution of
the buoyant fluid toward the asymptotic state. Transient behaviours are observed
in this state. The second state is when the plume reaches the large-time asymp-
totic state. In the transient state, the downward propagation of buoyant fluid
was compared with the filling-box model of Baines and Turner (1969) and it was
found that there is good agreement with DNS data. The flapping and meandering
phenomena were observed in the asymptotic state. These behaviours precluded
a direct comparison with the analytical models of Baines and Turner (1969) and
Barnett (1991). Therefore, a centreline alignment method was used to reduce the
flapping and meandering behaviours of the thermal line plumes in the asymptotic
state. All the analytical models were compared with the DNS data, both in tran-
sient and asymptotic state. An entrainment constant α equal to 0.2 was obtained
from the DNS results and all the comparisons made with this value. In the asymp-
totic state, the Baines and Turner (1969)’s model showed good agreement with the
centreline aligned DNS results of plume volume, momentum and buoyancy fluxes.
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In the second stage of the project, the horizontal outflow from a thermal line
plume after impinging onto the top wall was investigated. Different aspect ratio
boxes were used to study the phenomenon of horizontal propagation of buoyant
fluids in both uniform quiescent and stratified environments. A theoretical model
has been developed for the horizontal outflow from a line plume by adapting the
work of Kaye and Hunt (2007) for the round plumes. Two regimes were observed
for the horizontal outflow in the uniform environment, namely, the jet-like regime
and gravity current-like regime. The DNS results followed the scaling-laws for the
front propagation from the theoretical model, and we obtained the constants of
proportionality for the horizontal front movement by fitting curves to the DNS
results. The relationship between horizontal front position and time obtained as
φ = 1.2 t2/3

n in the jet like region and φ = 0.8 tn in the gravity current-like region,
where φ = x/H and tn is the non-dimensionalised time.

The evolution of wall attached turbulent line plumes was investigated in the third
stage of the thesis. A theoretical model was developed for this configuration of
confined plumes based on the filling-box model of Baines and Turner (1969). The
effect of wall shear stress was incorporated in the model. The new theoretical
model for the confined wall plumes were compared against the DNS results. An
entrainment constant α = 0.07 was obtained from the DNS results. Good agree-
ment was observed with distribution of mean volume and momentum fluxes in
the uniform environment. The time-dependent buoyancy profiles for two different
aspect ration boxes showed moderate agreement with the model.

Finally, a detailed comparison of the entrainment in the wall and free plumes was
made in the final part of the thesis. The value of the entrainment coefficient for
the wall attached plumes was observed to be much less as compared with the free
line plumes. A mathematical model for the entrainment coefficient was developed
for both types of plumes based on the work of van Reeuwijk and Craske (2015),
who studied the round plumes. The individual components in the entrainment
relations were obtained with the help of DNS results. Due to the effect of wall,
the turbulent kinetic energy production in the confined wall plumes was observed
to be small compared to the free plume cases, resulting in a lower α in wall plumes
compared to free plumes.
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Appendix A

Turbulent line plume in a uniform
environment

In this section, we compare the steady-state line plume data in a uniform environ-
ment with classical plume theory to validate present DNS. We begin by considering
the integrals Q, M and F , which can be derived from the continuity equation, the
Reynolds averaged momentum equation (z− direction) and the energy equations
within the Boussinesq approximation (equations A.1, A.2 and A.3, respectively).
The governing equations are

∂u

∂x
+
∂w

∂z
= 0, (A.1)

∂uw

∂x
+
∂ww

∂z
+
∂u′w′

∂x
+
∂(w′2 − u′2)

∂z
= gβ(T − T∞), (A.2)

∂u (T − T∞)
∂x

+
∂w (T − T∞)

∂z
+
∂T ′u′

∂x
+
∂T ′w′

∂z
= −w∂T∞

∂z
, (A.3)

where u′,w′ and T ′ are the fluctuating components of u,w and T , respectively.

In equation (A.2), the z− direction pressure gradient term is approximated as
∂u′2/∂z (see e.g. Tennekes and Lumley 1972).
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After integrating equations (A.1), (A.2) and (A.3) across the line plumes with
assumptions of Gaussian profiles for vertical velocity and buoyancy give

dQ
dz =2

√
2αM

Q
, (A.4)

dM
dz =

FQ

M
, (A.5)

dF
dz =0. (A.6)

In the uniform environment, it is clear from (A.6) that F = F0 = constant, so the
set of ordinary differential equations (A.4-A.6) can be solved in terms of F0 and
z, i.e.

F = F0 ,Q = 2α2/3F 1/3
0 z andM =

√
2α1/3F 2/3

0 z. (A.7)

In order to compare the theoretical predictions of (A.7) with present simulation,
we used DNS results from ReH = 3600 (L/H = 1.0 andR/H = 8.0) case. The
mean vertical velocity and buoyancy are obtained by averaging spatially along
the y− direction as well as averaging across the time instances during which the
horizontal front travels from x/H = ±0.5 till x/H = ±8 (approximately 500 data
samples in time). To compute the integrals over the x− directions of the plume, we
fitted a Gaussian curve to the vertical velocity profile at each z/H locations based
on the maximum vertical velocity wm and width bw (width at which the vertical
velocity has fallen to 1/e of its central value) and we defined the integration limit
±x∞ such that w(±x∞, z) = wm(z)/100 from the fitted Gaussian curve, which
ensures that the vertical environmental velocity is small relative to that of the
plume.

Figure A.1 (a) shows the variation of entrainment coefficient α with regard to z−
direction in a uniform environment. It is calculated from the volume flux equation
(A.4) i.e.

α =
1

2
√

2
Q

M

dQ
dz (A.8)

and used central-difference scheme for dQ/dz. The black solid line in figure A.1
(a) is a linear fit with zero slope to the data from z/H = 0.2 to z/H = 0.7,
which shows the value of entrainment coefficient α = 0.2. This value of α is set to
a fixed value and used for all calculations in the uniform and asymptotic case of
line plumes. It is shown that the value of entrainment constant obtained here is
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Figure A.1: Variation of average (a) entrainment coefficient α and (b) plume
function Γ evaluated from the mean fluxes in a uniform environment.

much higher than in the case of axisymmetric plumes. The values of α reported
in literatures for line plumes in a uniform environment are varying from 0.12 to
0.2, for example, α = 0.162 for Rouse et al. (1952), α = 0.16 for Lee and Emmons
(1961) and α = 0.2 for Kotsovinos (1975). The non-dimensional flux balance
parameter for Gaussian profiles

Γ(z) =
1

2
√

2α
Q3(z)F (z)

M3(z)
(A.9)

is plotted in figure A.1(b) with α = 0.2. Based on the value of Γ at the source,
Γ0 = Γ(0), the line plumes are characterised as forced plumes (0 < Γ0 < 1),
pure plumes (Γ0 = 1) and lazy plumes (Γ0 > 1). In the case of pure buoyancy
driven thermal plumes, Γ0 =∞ but the value of Γ reaches pure plume behaviour
immediately after the source. The solid black line in figure A.1(b) shows Γ = 1
(for pure plume case).

Figure A.2 (a), (b) and (c) show respectively the comparison of mean volume,
momentum and buoyancy flux with theoretical models (A.7) in a uniform envi-
ronment with α = 0.2, respectively. The mean volume and momentum flux profiles
show good agreement with the theoretical predictions. But the mean buoyancy
flux profile represented by black circles in figure A.2 (c) show some deviation from
the assumption of constant flux F = F0 (black solid line). This discrepancy is
due to the assumption of neglecting the fluctuating buoyancy flux in the energy
equation (A.3). Therefore, we have added the fluctuating buoyancy flux into the

115



0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1(a)

Q/(F0
1/3H)

z
/
H

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1(b)

M/(F0
2/3H)

z
/
H

−0.5 0 0.5 1 1.5
0

0.2

0.4

0.6

0.8

1(c)

F/F0

z
/
H

Fm
Ff
FT

Figure A.2: Comparison of mean (a) volume, (b) momentum and (c) buoy-
ancy flux with theoretical model in a uniform environment. The black circles
represent the mean DNS results and black solid lines represent the theoretical
model with α = 0.2. The black diamond and red circle in (c) represent the

fluctuating (Ff ) and total buoyancy flux (FT = Fm + Ff ), respectively.

mean buoyancy flux as

FT =
∫ +x∞

−x∞
gβ (T − T∞)w dx︸                                ︷︷                                ︸

Fm

+
∫ +x∞

−x∞
gβ T ′w′ dx︸                     ︷︷                     ︸
Ff

. (A.10)

The total buoyancy flux FT and fluctuating buoyancy flux Ff are shown in figure
A.2 (c) with black diamonds and red circles, respectively. The total buoyancy
flux FT is now matched with constant source buoyancy flux F0 upto z/H ≈ 0.8 ,
which is represented by solid black line in figure A.2 (c). The region z/H > 0.8
are influenced by the top confinement of the box. Therefore, the DNS results are
valid only upto z/H ≈ 0.8 for a line plume in a uniform environment case.
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Appendix B

Numerical method for the
theoretical models

This appendix provides details of the numerical solutions of the governing equa-
tions for different analytical models described in §4.3. Baines and Turner found a
power series solution for the asymptotically large times when the plume volume,
momentum and buoyancy fluxes no longer vary with time at a given height, but
the plume and environmental temperature increases linearly in time at all heights.
The accuracy of the power series solution was examined by comparing the nu-
merical solution obtained using the routine ODE45 of MATLAB. Comparison of
power series solution for the plume fluxes with ODE45 solution is shown in figure
B.1. The figure B.1(a) shows the environmental buoyancy profiles with respect
to time. The solid and dashed black lines in figures B.1 (b), (c) and (d) show
the asymptotic solutions from ODE45 of MATLAB and power series, respectively.
The power series solution for the plume buoyancy (figure B.1a) and volume flux
(figure B.1c) are matched well with the ODE45 solution. However, some discrep-
ancy is observed in the calculation of momentum flux (figure B.1d) near the top
wall. This discrepancy may be due to the inaccuracy from the use of first three
terms of the power series expansions of plume fluxes. Therefore, routine ODE45 of
MATLAB is used for solving the governing equations in the Baines and Turner’s
analytical model described in §4.3.1.

For the Barnett’s model, we considered Euler method for solving the governing
equations because it is more convenient to solve complicated and tedious differen-
tial equations obtained from the theoretical models. We note that a very fine time
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Figure B.1: Solutions obtained from the Euler’s method and comparison
with different numerical method used for Baines and Turner’s analytical model,
(a) Time-dependent environmental buoyancy profile, (b) plume buoyancy flux,
(c) volume flux and (d) momentum flux. The solid and dashed black lines show

the asymptotic solutions from ODE45 and power series, respectively.

step will be required to obtain the results to an acceptable degree of accuracy,
however; this is not a particularly onerous computational requirement.

B.1 Code for evolution of a wall-attached buoy-
ant plume in confined boxes

The code below written in MATLAB and calculates the evolution of a wall-
attached buoyant plume in confined boxes.
clear all;

close all;

clc;

% Problem parameters
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alpha = 0.07;

Cf = 0.012;

z_min = 0;

z_max = 1;

t_min = 0.00;

t_max = 15;

% Simulation parameters

Delta_z = 0.001;

Delta_t = 0.0001;

z = z_min : Delta_z : z_max ;

N_z = length (z) -1;

t = t_min : Delta_t : t_max ;

N_t = length (t);

R = 1.0;

% Allocate arrays

Q = 0.0* ones(N_z +1, N_t); % Volume Flux

M = 0.0* ones(N_z +1, N_t); % Momentum Flux

F = 0.0* ones(N_z +1, N_t); % Buoyancy flux

T_P =0.0* ones(N_z +1, N_t); % Plume Temperature

Tinf =0.0* ones(N_z +1, N_t);% Environmental Temperature

Q(1 ,1: end) = 0.0001; % initial condition

M(1 ,1: end) = 0.0001; % initial condition

F(1 ,1: end) = 1.0; % initial condition

T_P (1 ,1: end) = 1.0; % initial condition

Tinf (1 ,1: end) =0.0001; % initial condition

%% FDM FW_Explicit Euler Gaussian profile

for n=1: N_t

for i=1: N_z

T_P(i,n) = ((( sqrt (2))*F(i,n))/Q(i,n)) + Tinf(i,n); % Equation (12)

Tinf(i,n+1) = Tinf(i,n) + ( Delta_t / Delta_z )*((Q(i,n))/(R))*( Tinf(i+1,n) -Tinf(i,n

)); % Equation (16)

F(i+1,n) = F(i,n)- Q(i,n)*(( Tinf(i+1,n) -Tinf(i,n))); % Equation (11)

Q(i+1,n) = Q(i,n) + Delta_z *( sqrt (2)* alpha *M(i,n)/Q(i,n)); % Equation (13)

M(i+1,n) = M(i,n) + Delta_z *(((F(i,n)*Q(i,n))/(M(i,n)))-Cf *((M(i,n)^2) /(Q(i,n)^2)

)); % Equation (14)

end

Tinf(N_z ,n+1) = T_P(N_z ,n); % Boundary condition at the top wall
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end
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