
Minerva Access is the Institutional Repository of The University of Melbourne

Author/s:
Yang, L;Li, D;Ma, A;Xi, Y;Pu, Y;Tan, Y

Title:
Input-mapping based data-driven model predictive control for unknown linear systems
via online learning

Date:
--

Citation:
Yang, L., Li, D., Ma, A., Xi, Y., Pu, Y. & Tan, Y. (). Input-mapping based data-driven
model predictive control for unknown linear systems via online learning. International
Journal of Robust and Nonlinear Control,  (), pp.-. https://doi.org/./
rnc..

Persistent Link:
https://hdl.handle.net//



Received: Added at production Revised: Added at production Accepted: Added at production
DOI: xxx/xxxx

SPECIAL ISSUE ARTICLE

Input-mapping based data-driven model predictive control for
unknown linear systems via online learning
Lingyi Yang1 | Dewei Li*1 | Aoyun Ma1 | Yugeng Xi1 | Ye Pu2 | Ying Tan2

1the Department of Automation, Shanghai
Jiaotong University, Key Laboratory of
System Control and Information Processing,
Ministry of Education of China, Shanghai
Engineering Research Center of Intelligent
Control and Management, Shanghai, China

2the School of Electrical, Mechanical and
Infrastructure Engineering, the University
of Melbourne, Victoria, Australia

Correspondence
*Dewei Li, the Department of Automation,
Shanghai Jiaotong University, Key
Laboratory of System Control and
Information Processing, Ministry of
Education of China, Shanghai Engineering
Research Center of Intelligent Control and
Management, Shanghai, 200240. Email:
dwli@sjtu.edu.cn

Summary
Data-driven model predictive control (MPC) is an effective control method in con-
trolling unknown constrained systems. The existing data-driven MPC methods either
estimate the system online (adaptive) with extra computation efforts, or use the ini-
tially measured trajectory from offline trials to design controller. The offline trials are
economically expensive for many practical systems. To overcome these limitations,
we propose a multi-step input-mapping data-driven scheme. It maps the current and
future inputs to the past online measured input-state trajectories and expresses the
future state as a linear combination of the past states. A moving data window is used
to update the data online. Based on this scheme, two computationally efficient multi-
step input-mapping data-driven robust model predictive controllers with guarantee
of feasibility and stability are proposed. The simulation results verify the improved
performance and better computation efficiency of the resulting methods.
KEYWORDS:
Input-mapping data-driven approach, online learning, robust model predictive control

1 INTRODUCTION

Model predictive control (MPC) has been widely used to control constrained systems in many engineering applications1,2. Tra-
ditional MPC uses a model to predict the future state and determine the control sequence. Since the accuracy of prediction
depends on the model, having an accurate model is crucial for obtaining good performance. The robust model predictive control
(RMPC) approach is known to handle modeling error by using a given bound of uncertainty to predict and design controller1,3,4.
The control policy is constructed based on a fixed feedback gain. The feedback gain affects the size of feasible region and per-
formance and choice of a single feedback need to compromise these objectives5. This can be settled by developing interpolation
robust model predictive control (IRMPC) which blends the advantages of different feedback gains5,6,7. Yet, the RMPC methods
are based on a prior bound of uncertainty, which is conservative for the time-invariant or slowly time-varying plant8.

For control of unknown systems, data-driven model predictive control has been extensively studied as it can exploit data to gain
knowledge of unknown systems. The main research can be classified according to whether the data is online or offline collected.
The offline data-driven approaches work on trajectories obtained from offline tests. With the trajectories, either implementing
model identification or directly utilizing trajectories as an implicit model to predict future states without identification are both
widely investigated. One representative identification based approach is subspace model predictive control which identifies the
state space system model from data-Hankel matrix9. On the other hand, the research focusing on offline measurements without
performing identification includes [10,11,12,13] which directly use the offline measurements to predict future trajectories and
design the controller based on behavioural theory14. Under the assumption of an initially measured trajectory satisfying persistent
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excitation condition, [10] presents a computationally efficient data-driven MPC scheme with theoretical guarantee of stability
and feasibility. However, for some large scale systems, offline test is economically expensive and lack of insufficient number of
data or appropriate order of excitation will lead to poor excitation and control performance15. For unstable systems, closed-loop
tests are required and lack of excitation is likely to arise11. Besides, offline data based methods need to recollect the data when
the model dynamic changes, otherwise instability or poor performance will result.

To mention online data-driven methods, recent research has mainly focused on adaptive model predictive control (AMPC)16,
model free adaptive control, learning-based MPC, input-mapping data-driven (IMD) MPC, etc. Based on adaptive control,
AMPC takes advantage of identification tools to update prediction model while drawing support from RMPC to ensure robust
constraint satisfaction and stability8,17,18,19,20,21. An issue arising from online estimation is that the performance of AMPC
heavily relies on the excitation effect of data which is not always satisfied and remains an open issue18,19. The computation
resources spent in implementing estimation of unknown parameter or uncertainty set is also a nontrivial problem8. Different
from AMPC, in which state prediction is based on an estimated model, the IMD MPC scheme we proposed in [22] directly uses
the online measured input-state trajectories to design controller and predict future states and has been successfully applied in a
robot manipulator example23. In particular, it uses an input knowledge to generate an online data-driven strategy which builds
a mapping between the current input-state trajectories and past input-state measurements and uses a linear combination of past
trajectories to predict future states. The main characteristics of this method is that no initially measured trajectories are required
as in [10,12,13]. The main limitation of this scheme is that it assumes the control horizon to be one and simply referred as IMD-
1-step in the following. Meanwhile, it cannot cope with asymmetric constraints as an ellipsoid invariant set is adopted. The use
of ellipsoid set results in an semi-definite program to be solved online that is computationally demanding.

In this paper, we propose two new multi-step input-mapping data-driven MPC methods for unknown linear time-invariant
(LTI) systems with stability and feasibility guarantees. The main contribution of this article are twofold. First, we extend the
IMD scheme of single-step in [22] to a more general case with control horizon of arbitrary length. By mapping the current and
future input and state to the past online measured input-state trajectories, the future state can be represented as a linear combi-
nation of past online state measurements. This multi-step paradigm enables to introduce more degrees of freedom and improved
performance compared to [22]. Without model estimation process, the multi-step IMD scheme directly uses past online mea-
surements to design controller, saving the computation efforts of AMPC in updating uncertainty set8. It should be emphasized
that this scheme requires no initially online measured trajectories as in [10,12]. Second, we propose two computationally effi-
cient multi-step IMD-RMPC algorithms by blending the multi-step IMD scheme with two RMPC methods using polyhedral
invariant set in [6]. One is the RMPC based on fixed feedback gain and an IMD-RMPC scheme is proposed. Since the feedback
gain determines the size of attractive region and control performance and the choice of a fixed single feedback gain need to com-
promise these objectives, the other interpolation RMPC, which merges the advantages of different feedback gains, is combined
with IMD scheme and an IMD-IRMPC is hence developed. The IMD-IRMPC can enlarge the feasible region of IMD-RMPC.
The recursive feasibility and closed-loop stability of two schemes are ensured. And only a quadratic program is required to be
solved online for both IMD-RMPC and IMD-IRMPC. Based on polyhedral rather than ellipsoid invariant set, the proposed two
schemes can deal with asymmetric constraint in a non-conservative way and possess higher computation efficiency compared to
[22]. With incorporation of IMD scheme, the conservatism of two RMPC methods in [ 6] can be reduced, yielding an improved
performance. Due to the combination with RMPC technique, the proposed two methods can deal with model mismatch which
is not considered by [10,12]. We demonstrate the advantages of our proposed methods through numerical examples.

To summarize, the proposed multi-step IMD-RMPC methods (i) have less conservatism than [6] by incorporating an input-
mapping data-driven scheme, (ii) can achieve better performance than IMD-1-step in [22] by extending the control horizon to any
arbitrary length and developing a new multi-step IMD scheme, (iii) possess better computation efficiency and less conservatism
in handling asymmetric constraint than IMD-1-step by combining the IMD scheme with two RMPC techniques using polyhedral
invariant set, (iv) can achieve better computation efficiency compared to AMPC approach in [8], (v) do not require an initially
measured trajectory as in [10,12] and can cope with model mismatch which is not considered by [10,12].

This paper is organized as follows. Section II introduces the basic principle of the input-mapping data-driven strategy. Main
results are stated in Section III. A multi-step input-mapping data-driven interpolation RMPC algorithm is presented in Section
IV. Section V provides an illustrative example, followed by conclusions.

Notation The sets ℕ,ℝ are respectively the set of non-negative integers and real numbers. For some 𝑐1, 𝑐2 ∈ ℝ, 𝑐2 ≥ 𝑐1, let
ℝ≥𝑐1 ,ℝ[𝑐1,𝑐2] denote the sets {𝑡 ∈ ℝ ∶ 𝑡 ≥ 𝑐1}, {𝑡 ∈ ℝ ∶ 𝑐1 ≤ 𝑡 ≤ 𝑐2} respectively. For some 𝑐1, 𝑐2 ∈ ℕ, 𝑐2 ≥ 𝑐1, let ℕ≥𝑐1 ,ℕ[𝑐1,𝑐2]denote the sets {𝑡 ∈ ℕ ∶ 𝑡 ≥ 𝑐1}, {𝑡 ∈ ℕ ∶ 𝑐1 ≤ 𝑡 ≤ 𝑐2} respectively. The notation ‖⋅ ‖∞ denotes the vector infinity norm and
the corresponding induced matrix norm. The symbol ‖𝑥‖2𝑄 = 𝑥𝑇𝑄𝑥 is used to simplify the quadratic form with respect to𝑄>0.
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𝐶𝑜{⋅} denotes the convex hull of finite points. The col [⋅] operation represents col
[
𝑥1, 𝑥2,⋯ , 𝑥𝑛

]
= [𝑥𝑇1 , 𝑥

𝑇
2 ,⋯ , 𝑥𝑇𝑛 ]

𝑇 . The
symbol 𝟎, 𝟏 and 𝐼𝑛 denote the all-zero matrix (vector) with appropriate dimensions to be inferred from context, a column vector
of ones and the identity matrix of dimension 𝑛, respectively. Let 𝑥(𝑖|𝑘) denote the predicted system state 𝑖 steps ahead from time
𝑘 where 𝑥(𝑘)=𝑥(0|𝑘). The notation (𝑆)𝑖 denotes the 𝑖𝑡ℎ column (or element) of matrix (or vector) 𝑆. 𝑖 = {(𝑗1,⋯ , 𝑗𝑖) ∶ 𝑗𝑟 ∈
ℕ[1,𝐿], 𝑟 = 1,⋯ , 𝑖} denotes the set of all possible values of the sequences (𝑗1,⋯ , 𝑗𝑖). The 𝑗1∶𝑖 is an abbreviation of sequence
(𝑗1,⋯ , 𝑗𝑖).

2 PROBLEM FORMULATION AND PRELIMINARIES

2.1 Problem formulation
This paper focuses on unknown discrete time invariant system,

𝑥(𝑘 + 1) = 𝐴𝑥(𝑘) + 𝐵𝑢(𝑘), (1)
subject to a polyhedral constraint

𝐹𝑥(𝑘) + 𝐺𝑢(𝑘) ≤ 𝟏, (2)
with state 𝑥(𝑘) ∈ ℝ𝑛𝑥 , control input 𝑢(𝑘) ∈ ℝ𝑛𝑢 . The matrices 𝐴 and 𝐵 are unknown, 𝐴 ∈ ℝ𝑛𝑥×𝑛𝑥 , 𝐵 ∈ ℝ𝑛𝑥×𝑛𝑢 . And 𝐹 ∈
ℝ𝑛𝑐×𝑛𝑥 , 𝐺 ∈ ℝ𝑛𝑐×𝑛𝑢 are two assigned matrices.
Assumption 1. The unknown system (1) can be depicted as

𝐴 = 𝐴0 + Δtr
𝐴, 𝐵 = 𝐵0 + Δtr

𝐵 , [Δ
tr
𝐴,Δ

tr
𝐵] ∈ ΞΔ ≜ 𝐶𝑜{[Δ(1)

𝐴 ,Δ
(1)
𝐵 ],⋯ , [Δ(𝐿)

𝐴 ,Δ(𝐿)
𝐵 ]}, (3)

with known matrices 𝐴0, 𝐵0 and true unknown matrices [Δtr
𝐴 ,Δtr

𝐵 ] lying in a given convex and compact sets ΞΔ which is con-
stituted by a convex hull of known vertex matrices {[Δ(1)

𝐴 ,Δ
(1)
𝐵 ], [Δ(2)

𝐴 ,Δ
(2)
𝐵 ],⋯ , [Δ(𝐿)

𝐴 ,Δ(𝐿)
𝐵 ]} with 𝐿 > 0 denoting the number

of vertices. Throughout this paper, we denote [𝐴(𝑗), 𝐵(𝑗)] ≜ [𝐴0 + Δ(𝑗)
𝐴 , 𝐵0 + Δ(𝑗)

𝐵 ] with 𝑗 ∈ ℕ[1,𝐿] and the true model lies in a
given set defined as

[𝐴,𝐵] ∈ Ξ ≜ 𝐶𝑜{[𝐴(1), 𝐵(1)],⋯ , [𝐴(𝐿), 𝐵(𝐿)]}. (4)
We assume that states are perfectly measured. The problem of interest is to design a stabilizing data-driven MPC controller for

the unknown system (1) satisfying Assumption 1 based on the online measurements of the system state and input. The controller
is designed to ensure the desirable closed-loop performance and constraint satisfaction.

2.2 Preliminaries of online input-mapping data-driven learning
In this section, we briefly recall the IMD strategy of 1-step proposed in [22]. At time 𝑘, given past𝑁𝐿 input-state measurements
{𝑢(𝑡), 𝑥(𝑡)}𝑡=𝑘−1𝑡=𝑘−𝑁𝐿

of the unknown system (1) and current state 𝑥(𝑘), we define matrices 𝑋−
𝑘 ∈ ℝ𝑛𝑥×𝑁𝐿 , 𝑈−

𝑘 ∈ ℝ𝑛𝑢×𝑁𝐿 , 𝑋+
𝑘 ∈

ℝ𝑛𝑥×𝑁𝐿 which collect these measurements as below,
𝑋−
𝑘 ∶=

[
𝑥(𝑘 − 1), 𝑥(𝑘 − 2),⋯ , 𝑥(𝑘 −𝑁𝐿)

]
, (5)

𝑈−
𝑘 ∶=

[
𝑢(𝑘 − 1), 𝑢(𝑘 − 2),⋯ , 𝑢(𝑘 −𝑁𝐿)

]
, (6)

𝑋+
𝑘 ∶=

[
𝑥(𝑘), 𝑥(𝑘 − 1),⋯ , 𝑥(𝑘 −𝑁𝐿 + 1)

]
. (7)

The above matrices play the role of moving window which are updated at each sampling time. At time 𝑘 = 0, the above data
sets are initialized as 𝑋−

𝑘 = 𝟎, 𝑈−
𝑘 = 𝟎, 𝑋+

𝑘 = 𝟎 with appropriate dimensions. And we have
𝑥(𝑘 − 𝑖 + 1) = 𝐴𝑥(𝑘 − 𝑖) + 𝐵𝑢(𝑘 − 𝑖). (8)

By taking advantage of homogeneity of linear system (1), we multiply a scalar 𝛽 ∈ ℝ on left and right sides of (8), then
𝛽𝑥(𝑘 − 𝑖 + 1) = 𝐴𝛽𝑥(𝑘 − 𝑖) + 𝐵𝛽𝑢(𝑘 − 𝑖). (9)
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4 Yang ET AL

This implies that if the current state and input satisfy {𝑥(𝑘), 𝑢(𝑘)} = {𝛽𝑥(𝑘− 𝑖), 𝛽𝑢(𝑘− 𝑖)}, the next step state prediction equals
𝑥(1|𝑘) = 𝛽𝑥(𝑘− 𝑖+1). Further, by making use of additive characteristic of linear system, we sum (9) from 𝑖 = 1 to 𝑖 = 𝑁𝐿, then

𝑁𝐿∑
𝑖=1

𝛽𝑖𝑥(𝑘 − 𝑖 + 1) = 𝐴
𝑁𝐿∑
𝑖=1

𝛽𝑖𝑥(𝑘 − 𝑖) + 𝐵
𝑁𝐿∑
𝑖=1

𝛽𝑖𝑢(𝑘 − 𝑖), (10)

where 𝛽𝑖 ∈ ℝwith 𝑖 ∈ ℕ[1,𝑁𝐿]. This implies that if the current state and input satisfy {𝑥(𝑘), 𝑢(𝑘)} = {
∑𝑁𝐿
𝑖=1 𝛽𝑖𝑥(𝑘−𝑖),

∑𝑁𝐿
𝑖=1 𝛽𝑖𝑢(𝑘−

𝑖)}, then the next step state prediction equals 𝑥(1|𝑘) = ∑𝑁𝐿
𝑖=1 𝛽𝑖𝑥(𝑘 − 𝑖 + 1). Different values of 𝛽𝑖 where 𝑖 ∈ ℕ[1,𝑁𝐿] correspond

to various control input and can be used to optimize performance, which will be introduced in the next section.
Equations (9)-(10) show how the IMD strategy builds a mapping between the current input-state signals {𝑥(𝑘), 𝑢(𝑘), 𝑥(1|𝑘)}

and the past online input-state measurements {𝑥(𝑘 − 𝑖), 𝑢(𝑘 − 𝑖), 𝑥(𝑘 − 𝑖 + 1)} collected in 𝑋−
𝑘 , 𝑈

−
𝑘 , 𝑋

+
𝑘 . This lays a foundation

of using past input signals and state online measurements to express the current and future input and state predictions. The
advantage of using past data to express the future state is that no online estimation process is needed as in AMPC and the past
input signals can be directly used to design the current and future control input, which has great simplicity. It is noted that a
similar data-driven MPC approach which represents the future input and output as a linear combination of past input and output
trajectories has been proposed in [10]. The requirement of obtaining sufficient measurements satisfying persistent excitation
condition through offline trials is economically expensive for some large-scale processes. To tackle this issue, we propose an
online multi-step IMD strategy which does not require any offline trials in the following section.

3 DATA-DRIVEN MPC WITH FIXED FEEDBACK GAIN CONTROL

In this section, we present a computationally efficient online multi-step IMD-RMPC scheme with guarantee of recursive fea-
sibility and stability. With online measurements, the proposed scheme uses the input knowledge to map the current and future
inputs and states to the past input and state trajectories. In particular, our proposed method constructs the future input 𝑢(𝑖|𝑘) as
a linear combination of past input signals 𝜈(𝑖|𝑘) and the input residual 𝜇(𝑖|𝑘), i.e., 𝑢(𝑖|𝑘) = 𝜈(𝑖|𝑘) + 𝜇(𝑖|𝑘), and constructs the
current and future states as a linear combination of past states 𝑧(𝑖|𝑘) and the state residual 𝑒(𝑖|𝑘), i.e., 𝑥(𝑖|𝑘) = 𝑧(𝑖|𝑘) + 𝑒(𝑖|𝑘).
Further, we combine our proposed data-driven technique with the RMPC method. Section 3.1 contains the multi-step input-
mapping data-driven technique. In Section 3.2 and 3.3, we combine the data-driven scheme with the RMPC method in which
conditions for ensuring robust constraint satisfaction are presented, as well as the data-driven cost function. The whole algorithm
is summarized in Section 3.4 with a theoretical analysis of recursive feasibility and stability.

3.1 Data-driven control strategy
We use past input signals from the data set 𝑈−

𝑘 in (6) to design the control input which is defined as follows,

𝑢(𝑖|𝑘) =
{
𝜈(𝑖|𝑘) + 𝜇(𝑖|𝑘), 𝑖 ∈ ℕ[0,𝑁−1],
𝐾𝑥(𝑖|𝑘), (= 𝜈(𝑖|𝑘) + 𝜇(𝑖|𝑘)), 𝑖 ∈ ℕ≥𝑁 , (11)

in which 𝐾 is a pre-determined feedback gain such that the closed-loop system matrix
𝜙(𝑗) = 𝐴(𝑗) + 𝐵(𝑗)𝐾, (12)

is quadratically stable for all 𝑗 ∈ ℕ[1,𝐿] (the method of determining 𝐾 can be found in [6]-[7]), and the linear combination of
past inputs 𝜈(𝑖|𝑘) ∈ ℝ𝑛𝑢 is denoted as

𝜈(𝑖|𝑘) = ∑𝑁𝐿−𝑖
𝑙=1 (𝜃(𝑖|𝑘))𝑙𝑢(𝑘 − 𝑙), 𝑖 ∈ ℕ[0,𝑁−1], (𝜈(𝑖|𝑘) = 0 for 𝑖 ∈ ℕ≥𝑁 ), (13)

where the vector 𝜃(𝑖|𝑘) ∈ ℝ𝑁𝐿−𝑖 is the linear combination parameter optimized online and (𝜃(𝑖|𝑘))𝑙 denotes the 𝑙𝑡ℎ element of
vector 𝜃(𝑖|𝑘). The input residual 𝜇(𝑖|𝑘) ∈ ℝ𝑛𝑢 is parameterized as

𝜇(𝑖|𝑘) = 𝐾𝑒(𝑖|𝑘) + 𝑐(𝑖|𝑘), 𝑖 ∈ ℕ≥0, (14)
where 𝑐(𝑖|𝑘) ∈ ℝ𝑛𝑢 denotes the perturbation vector optimized online (𝑐(𝑖|𝑘) = 0 for 𝑖 ∈ ℕ≥𝑁 ). The state residual 𝑒(𝑖|𝑘) ∈ ℝ𝑛𝑥

is defined from the decomposition of the current and future predicted state 𝑥(𝑖|𝑘) as a linear combination of past states 𝑧(𝑖|𝑘)
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and a state residual 𝑒(𝑖|𝑘), namely
𝑥(𝑖|𝑘) = 𝑧(𝑖|𝑘) + 𝑒(𝑖|𝑘), 𝑖 ∈ ℕ≥0, (15)

where the linear combination of past states 𝑧(𝑖|𝑘) ∈ ℝ𝑛𝑥 is denoted as
𝑧(𝑖|𝑘) = ∑𝑁𝐿−𝑖

𝑙=1 (𝜃(𝑖|𝑘))𝑙𝑥(𝑘 − 𝑙), 𝑖 ∈ ℕ[0,𝑁−1], (𝑧(𝑖|𝑘) = 0 for 𝑖 ∈ ℕ≥𝑁 ), (16)
with (𝜃(𝑖|𝑘))𝑙 denoting the 𝑙𝑡ℎ element of vector 𝜃(𝑖|𝑘), and the state residual evolves according to

𝑒(𝑖|𝑘) = 𝑊 (𝑖 − 1|𝑘) + (𝐴 + 𝐵𝐾) 𝑒(𝑖 − 1|𝑘) + 𝐵𝑐(𝑖 − 1|𝑘), 𝑖 ∈ ℕ≥1, (𝑐(𝑖|𝑘) = 0 for 𝑖 ∈ ℕ≥𝑁 ), (17)
where 𝑒(0|𝑘) = 𝑥(0|𝑘) − 𝑧(0|𝑘),𝑊 (𝑖 − 1|𝑘) is defined as

𝑊 (𝑖 − 1|𝑘) ≜ ∑𝑁𝐿−𝑖+1
𝑝=2

[
(𝜃(𝑖 − 1|𝑘))𝑝 − (𝜃(𝑖|𝑘))𝑝−1

]
𝑥(𝑘 − 𝑝 + 1) + (𝜃(𝑖 − 1|𝑘))1 𝑥(𝑘), 𝑖 ∈ ℕ[1,𝑁−1], (18)

𝑊 (𝑁 − 1|𝑘) ≜ ∑𝑁𝐿−𝑁+1
𝑝=1 (𝜃(𝑁 − 1|𝑘))𝑝 𝑥(𝑘 − 𝑝 + 1),𝑊 (𝑖|𝑘) = 0, 𝑖 ∈ ℕ≥𝑁 , (19)

with 𝑥(𝑘) known at time 𝑘 and (𝜃(𝑖|𝑘))𝑝−1 denoting the (𝑝 − 1)𝑡ℎ element of vector 𝜃(𝑖|𝑘). On the basis of (15) and (17), the
predicted state evolves according to

𝑥(𝑖 + 1|𝑘) = (𝐴 + 𝐵𝐾)𝑥(𝑖|𝑘) + 𝑧(𝑖 + 1|𝑘) +𝑊 (𝑖|𝑘) − (𝐴 + 𝐵𝐾)𝑧(𝑖|𝑘) + 𝐵𝑐(𝑖|𝑘), 𝑖 ∈ℕ[0,𝑁−1]. (20)
With the terminal state feedback control strategy (11) for 𝑖 ≥ 𝑁 , the state evolves as

𝑥(𝑖 + 1|𝑘) = (𝐴 + 𝐵𝐾)𝑥(𝑖|𝑘), 𝑖∈ℕ≥𝑁 . (21)
Remark 1. (Prediction horizon) The above deduction is derived assuming that the prediction horizon 𝑁 is less than or equal
to to the data length 𝑁𝐿, 𝑁 ≤ 𝑁𝐿. For the cases of 𝑁 > 𝑁𝐿, the extension is rather straightforward by respectively evolving
the state according to (20) from the current time 𝑘 to the future time 𝑘 + 𝑁𝐿 − 1 where 𝑧(𝑁𝐿|𝑘) = 0 and 𝑥(𝑖 + 1|𝑘) =
(𝐴 + 𝐵𝐾)𝑥(𝑖|𝑘) + 𝐵𝑐(𝑖|𝑘), 𝑖 ∈ ℕ[𝑁𝐿,𝑁−1].

By using the proposed IMD technique, the future state in (15) consist of a known component 𝑧(𝑖|𝑘) and an unknown residual
signal 𝑒(𝑖|𝑘). As the true model parameter [𝐴,𝐵] satisfying Assumption 1 is unknown, the future residual signal 𝑒(𝑖|𝑘) in (17) is
unknown but bounded. To ensure robust constraint satisfaction, we use RMPC method to construct state sets for 𝑥(𝑖|𝑘) in (15).
Compared to RMPC which uses polytopic model vertices [𝐴(𝑗), 𝐵(𝑗)] to predict the whole state 𝑥(𝑖|𝑘), we use the knowledge of
past data to separate a known part 𝑧(𝑖|𝑘) from the future unknown state 𝑥(𝑖|𝑘), enabling the conservatism to be reduced.

3.2 Data-driven state set and constraint satisfaction
In this subsection, we consider constructing state sets to bound the future predicted state in (20). In particular, we construct a
sequence of state sets {(0|𝑘),(1|𝑘),⋯ ,(𝑁|𝑘)} which contain all the possible future predicted state 𝑥(𝑖|𝑘) with the form of

𝑥(𝑖|𝑘) ∈ (𝑖|𝑘) ∶= {𝑥(𝑖|𝑘)|𝑥(𝑖|𝑘) = 𝑧(𝑖|𝑘) + 𝑒(𝑖|𝑘)}, 𝑖 ∈ ℕ[0,𝑁]. (22)
For the state residual 𝑒(𝑖|𝑘), we construct a sequence of sets for the future predicted state residual {(0|𝑘), (1|𝑘),⋯ , (𝑁|𝑘)}
with the form of

𝑒(0|𝑘) ∈ (0|𝑘) = {𝑒(0|𝑘), 𝑒(0|𝑘) = 𝑥(0|𝑘) − 𝑧(0|𝑘)}, 𝑒(𝑖|𝑘) ∈ (𝑖|𝑘) ∶= 𝐶𝑜{𝑒𝑗1∶𝑖(𝑖|𝑘), 𝑗1∶𝑖 ∈ 𝑖}, 𝑖 ∈ ℕ[1,𝑁], (23)
with 𝑥(0|𝑘) = 𝑥(𝑘) known at time 𝑘 and 𝑧(0|𝑘) defined in (16). The set (𝑖|𝑘) is constituted by a convex hull of vertices
𝑒𝑗1∶𝑖(𝑖|𝑘) ∈ ℝ𝑛𝑥 . The state residual vertex evolves according to

𝑒(𝑗1)(1|𝑘) = 𝑊 (0|𝑘) + 𝜙(𝑗1)𝑒(0|𝑘) + 𝐵(𝑗1)𝑐(0|𝑘), 𝑗1 ∈ 1, (24)
with 𝜙(𝑗1) = 𝐴(𝑗1) +𝐵(𝑗1)𝐾 and 𝑊 (0|𝑘) defined in (18), [𝐴(𝑗1), 𝐵(𝑗1)

] and 𝐾 defined in Assumption 1 and (11), respectively. For
𝑖 ∈ ℕ[2,𝑁], 𝑗1∶𝑖−1 ∈ 𝑖−1, 𝑗𝑖 ∈ ℕ[1,𝐿],

𝑒(𝑗1∶𝑖−1,𝑗𝑖)(𝑖|𝑘) = 𝑊 (𝑖 − 1|𝑘) + 𝜙(𝑗𝑖)𝑒𝑗1∶𝑖−1(𝑖 − 1|𝑘) + 𝐵(𝑗𝑖)𝑐(𝑖 − 1|𝑘), (25)
where 𝜙(𝑗𝑖) = 𝐴(𝑗𝑖) + 𝐵(𝑗𝑖)𝐾 and 𝑊 (𝑖 − 1|𝑘) is defined in (18)-(19).

With (23)-(25), the future state set in (22) can be rewritten as
𝑥(0|𝑘) ∈ (0|𝑘) ∶= {𝑥(0|𝑘)}, 𝑥(𝑖|𝑘) ∈ (𝑖|𝑘) ∶= 𝐶𝑜{𝑥𝑗1∶𝑖(𝑖|𝑘), 𝑥𝑗1∶𝑖(𝑖|𝑘) = 𝑧(𝑖|𝑘) + 𝑒𝑗1∶𝑖(𝑖|𝑘), 𝑗1∶𝑖 ∈ 𝑖}, 𝑖 ∈ ℕ[1,𝑁], (26)
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6 Yang ET AL

which is constituted by a convex hull of vertices 𝑥𝑗1∶𝑖(𝑖|𝑘) ∈ ℝ𝑛𝑥 . The current state 𝑥(0|𝑘) = 𝑥(𝑘) and the linear combination of
past states 𝑧(𝑖|𝑘) is defined in (16).

For the construction of the set in which the future input stays, we construct a sequence of input sets
{ (0|𝑘), (1|𝑘),⋯ , (𝑁 − 1|𝑘)} with the form of

𝑢(𝑖|𝑘) ∈  (𝑖|𝑘) ∶= {𝑢(𝑖|𝑘)|𝑢(𝑖|𝑘) = 𝜈(𝑖|𝑘) + 𝜇(𝑖|𝑘)}, 𝑖 ∈ ℕ[0,𝑁−1]. (27)
For the input residual, we construct a sequence of sets {Π(0|𝑘),Π(1|𝑘),⋯ ,Π(𝑁 − 1|𝑘)} which contain all the possible future
predicted input residual with the form of
𝜇(0|𝑘) ∈ Π(0|𝑘) ∶= {𝜇(0|𝑘)}, 𝜇(𝑖|𝑘) ∈ Π(𝑖|𝑘) ∶= 𝐶𝑜{𝜇𝑗1∶𝑖(𝑖|𝑘), 𝜇𝑗1∶𝑖(𝑖|𝑘)=𝐾𝑒𝑗1∶𝑖(𝑖|𝑘) + 𝑐(𝑖|𝑘), 𝑗1∶𝑖 ∈ 𝑖}, 𝑖 ∈ ℕ[1,𝑁−1], (28)

which is constituted by a convex hull of vertices 𝜇𝑗1∶𝑖(𝑖|𝑘) ∈ ℝ𝑛𝑢 . The current input residual 𝜇(0|𝑘) is defined in (14) and the
vertex of state residual set 𝑒𝑗1∶𝑖(𝑖|𝑘) is defined in (24)-(25).

With (28), the future input set that contains all the possible future input in (27) is rewritten as
𝑢(0|𝑘) ∈  (0|𝑘) ∶= {𝑢(0|𝑘)}, 𝑢(𝑖|𝑘) ∈  (𝑖|𝑘) ∶= 𝐶𝑜{𝑢𝑗1∶𝑖(𝑖|𝑘), 𝑢𝑗1∶𝑖(𝑖|𝑘) = 𝜈(𝑖|𝑘) + 𝜇𝑗1∶𝑖(𝑖|𝑘), 𝑗1∶𝑖 ∈ 𝑖}, 𝑖 ∈ ℕ[1,𝑁−1], (29)

which is constituted by a convex hull of vertices 𝑢𝑗1∶𝑖(𝑖|𝑘) ∈ ℝ𝑛𝑢 . The current input 𝑢(0|𝑘) is defined in (11) and the linear
combination of past inputs 𝜈(𝑖|𝑘) is defined in (13).

The following lemma provides the sufficient conditions to ensure robust constraint satisfaction from the current time 𝑘 to
future predicted time 𝑘 +𝑁 − 1.
Lemma 1. (Robust constraint satisfaction) For system (1) with Assumption 1, the constraint (2) is robustly ensured from the cur-
rent time 𝑘 to future time 𝑘+𝑁−1 if there exist the state and control set sequence {(0|𝑘),⋯ ,(𝑁−1|𝑘)}, { (0|𝑘),⋯ , (𝑁−
1|𝑘)} whose vertices satisfy

𝐹𝑥(0|𝑘) + 𝐺𝑢(0|𝑘) ≤ 𝟏, 𝐹𝑥𝑗1∶𝑖(𝑖|𝑘) + 𝐺𝑢𝑗1∶𝑖(𝑖|𝑘) ≤ 𝟏, 𝑖 ∈ ℕ[1,𝑁−1],∀𝑗1∶𝑖 ∈ 𝑖. (30)
Proof. This follows from the definition of future state and input set respectively in (26) and (29).

To guarantee robust constraint satisfaction from 𝑘+𝑁 thereafter, we need to ensure that the terminal state enters into a robust
positively invariant (RPI) set. Given the polytopic model Ξ and a robustly stabilizing feedback gain 𝐾 in (11), we can use the
algorithm from [24] to obtain a polyhedral RPI set Ω = {𝑥|𝑇𝑥 ≤ 𝟏} with 𝑇 ∈ ℝ𝑛𝑇×𝑛𝑥 for the system (1) satisfying Assumption 1
with constraint (2) and control law 𝑢 = 𝐾𝑥. The following lemma gives sufficient conditions to ensure that all the possible future
terminal states are constrained in the terminal RPI set.
Lemma 2. (Terminal set) If the vertices of terminal state set satisfy the following condition, then the constraint in (2) can be
ensured from the future time 𝑘 +𝑁 to infinity for the system (1) with Assumption 1,

𝑇𝑥𝑗1∶𝑁 (𝑁|𝑘) ≤ 𝟏,∀𝑗1∶𝑁 ∈ 𝑁 . (31)
Proof. This can be derived by using (26) with 𝑖 = 𝑁 and the definition of RPI set introduced in [1].

3.3 Data-driven cost
In this work, we consider an infinite-horizon quadratic cost function

𝐽 (𝑘) =
∞∑
𝑖=0

(𝑥𝑇 (𝑖|𝑘)𝑄𝑥(𝑖|𝑘) + 𝑢𝑇 (𝑖|𝑘)𝑅𝑢(𝑖|𝑘)). (32)
As the system is unknown and true predicted state is only known to lie within the state sets (𝑖|𝑘), we employ the upper bound
of 𝐽 (𝑘) as the objective function which can be expressed as a quadratic form of the decision variables.

To define the objective function, we introduce some notations that will be used in the following derivation. Let
𝑧(𝑖|𝑘) = col [𝑧(𝑖|𝑘), 𝑧(𝑖 + 1|𝑘),⋯ , 𝑧(𝑖 +𝑁 − 1|𝑘)] , 𝜈(𝑖|𝑘) = col [𝜈(𝑖|𝑘), 𝜈(𝑖 + 1|𝑘),⋯ , 𝜈(𝑖 +𝑁 − 1|𝑘)] , (33)
𝑐(𝑖|𝑘) = col [𝑐(𝑖|𝑘), 𝑐(𝑖 + 1|𝑘),⋯ , 𝑐(𝑖 +𝑁 − 1|𝑘)] ,𝑊 (𝑖|𝑘) = col [𝑊 (𝑖|𝑘),𝑊 (𝑖 + 1|𝑘),⋯ ,𝑊 (𝑖 +𝑁 − 1|𝑘)] , (34)
𝜍(𝑖|𝑘) = col

[
𝑧(𝑖|𝑘), 𝜈(𝑖|𝑘), 𝑒(𝑖|𝑘), 𝑐(𝑖|𝑘),𝑊 (𝑖|𝑘)] , (35)
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Yang ET AL 7

where 𝑖 ∈ ℕ≥0 and 𝑒(𝑖|𝑘) is defined in (17). Define the matrices 𝐸𝑛𝑥 ∈ ℝ𝑛𝑥×𝑁𝑛𝑥 , 𝐸𝑛𝑢 ∈ ℝ𝑛𝑢×𝑁𝑛𝑢 with
𝐸𝑛𝑥 ∶=

[
𝐼𝑛𝑥 𝟎 ⋯ 𝟎

]
, 𝐸𝑛𝑢 ∶=

[
𝐼𝑛𝑢 𝟎 ⋯ 𝟎

]
, (36)

such that 𝑧(𝑖|𝑘) = 𝐸𝑛𝑥𝑧(𝑖|𝑘), 𝜈(𝑖|𝑘) = 𝐸𝑛𝑢𝜈(𝑖|𝑘), 𝑐(𝑖|𝑘) = 𝐸𝑛𝑢𝑐(𝑖|𝑘),𝑊 (𝑖|𝑘) = 𝐸𝑛𝑥𝑊 (𝑖|𝑘), and shift matrices 𝑇𝑛𝑥 ∈
ℝ𝑁𝑛𝑥×𝑁𝑛𝑥 , 𝑇𝑛𝑢 ∈ ℝ𝑁𝑛𝑢×𝑁𝑛𝑢 defined as

𝑇𝑛𝑥 =

⎡
⎢⎢⎢⎢⎢⎣

𝟎 𝐼𝑛𝑥 𝟎 ⋯ 𝟎
𝟎 𝟎 𝐼𝑛𝑥 ⋯ 𝟎
⋮ ⋮ ⋮ ⋱ ⋮
𝟎 𝟎 𝟎 ⋯ 𝐼𝑛𝑥
𝟎 𝟎 𝟎 ⋯ 𝟎

⎤
⎥⎥⎥⎥⎥⎦

, 𝑇𝑛𝑢 =

⎡
⎢⎢⎢⎢⎢⎣

𝟎 𝐼𝑛𝑢 𝟎 ⋯ 𝟎
𝟎 𝟎 𝐼𝑛𝑢 ⋯ 𝟎
⋮ ⋮ ⋮ ⋱ ⋮
𝟎 𝟎 𝟎 ⋯ 𝐼𝑛𝑢
𝟎 𝟎 𝟎 ⋯ 𝟎

⎤
⎥⎥⎥⎥⎥⎦

, (37)

such that
𝑧(𝑖 + 1|𝑘) = 𝑇𝑛𝑥𝑧(𝑖|𝑘),𝑊 (𝑖 + 1|𝑘) = 𝑇𝑛𝑥𝑊 (𝑖|𝑘), 𝜈(𝑖 + 1|𝑘) = 𝑇𝑛𝑢𝜈(𝑖|𝑘), 𝑐(𝑖 + 1|𝑘) = 𝑇𝑛𝑢𝑐(𝑖|𝑘). (38)

The following lemma will derive this data-driven cost upper bound.
Lemma 3. (Cost upper bound) Define a new cost function 𝐽 (𝑘) = 𝜉(𝑘)𝑇𝑀(𝑘)𝜉(𝑘), where 𝜉(𝑘) = col

[
𝜃(𝑘), 1, 𝑐(0|𝑘)] ∈

ℝ𝑁×(𝑁𝐿+𝑛𝑢)−
𝑁(𝑁−1)

2 +1, 𝑐(0|𝑘) is defined in (34) and 𝜃(𝑘) = col [𝜃(0|𝑘), 𝜃(1|𝑘),⋯ , 𝜃(𝑁 − 1|𝑘)] with 𝜃(𝑖|𝑘), 𝑖 ∈ ℕ[0,𝑁−1]
mentioned in (13), 𝑀(𝑘) is a positive definite matrix with

𝑀(𝑘) = 𝐷(𝑘)𝑇𝑃𝐷(𝑘), (39)
where 𝐷(𝑘) ∈ ℝ[2𝑁 ⋅(𝑛𝑥+𝑛𝑢)+𝑛𝑥]×[𝑁×(𝑁𝐿+𝑛𝑢)−

𝑁(𝑁−1)
2 +1] is defined as

𝐷(𝑘) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

(𝑋−
𝑘 )1∶𝑁𝐿

𝟎 𝟎 . . . 𝟎 𝟎 𝟎 𝟎
𝟎 (𝑋+

𝑘 )2∶𝑁𝐿
𝟎 ⋱ ⋮ ⋮ ⋮ ⋮

⋮ 𝟎 (𝑋+
𝑘 )2∶𝑁𝐿−1 ⋱ 𝟎 ⋮ ⋮ ⋮

⋮ ⋮ 𝟎 ⋱ 𝟎 𝟎 ⋮ ⋮
⋮ ⋮ ⋱ (𝑋+

𝑘 )2∶(𝑁𝐿−𝑁+3) 𝟎 𝟎 ⋮
𝟎 𝟎 ⋮ 𝟎 (𝑋+

𝑘 )2∶(𝑁𝐿−𝑁+2) 𝟎 𝟎
(𝑈−

𝑘 )1∶𝑁𝐿
𝟎 ⋮ 𝟎 𝟎 𝟎 𝟎

𝟎 (𝑈−
𝑘 )1∶𝑁𝐿−1 𝟎 ⋮ 𝟎 𝟎 𝟎

⋮ 𝟎 (𝑈−
𝑘 )1∶𝑁𝐿−2 ⋱ ⋮ 𝟎 𝟎

⋮ 𝟎 ⋱ 𝟎 ⋮ 𝟎
⋮ ⋮ ⋱ (𝑈−

𝑘 )1∶(𝑁𝐿−𝑁+2) 𝟎 ⋮
𝟎 ⋮ 𝟎 (𝑈−

𝑘 )1∶(𝑁𝐿−𝑁+1) 𝟎 ⋮
−(𝑋−

𝑘 )1∶𝑁𝐿
𝟎 ⋮ 𝟎 𝑥(𝑘) 𝟎

𝟎 𝟎 𝟎 ⋮ 𝟎 𝐼𝑛𝑢𝑁
(𝑋+

𝑘 )1∶𝑁𝐿
−(𝑋+

𝑘 )2∶𝑁𝐿
𝟎 ⋱ ⋮ 𝟎

𝟎 (𝑋+
𝑘 )1∶𝑁𝐿−1 −(𝑋+

𝑘 )2∶𝑁𝐿−1 ⋱ 𝟎 ⋮ ⋮
⋮ 𝟎 (𝑋+

𝑘 )1∶𝑁𝐿−2 ⋱ 𝟎 𝟎 ⋮
⋮ ⋮ 𝟎 ⋱ −(𝑋+

𝑘 )2∶(𝑁𝐿−𝑁+3) 𝟎 𝟎 ⋮
⋮ ⋮ ⋮ ⋱ (𝑋+

𝑘 )1∶(𝑁𝐿−𝑁+2) −(𝑋+
𝑘 )2∶(𝑁𝐿−𝑁+2) 𝟎 𝟎

𝟎 𝟎 𝟎 … 𝟎 (𝑋+
𝑘 )1∶(𝑁𝐿−𝑁+1) 𝟎 𝟎

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(40)
with (𝑋−

𝑘 )1∶𝑖, (𝑈
−
𝑘 )1∶𝑖, (𝑋

+
𝑘 )1∶𝑖 denoting the 1𝑡ℎ to 𝑖𝑡ℎ columns of the matrices 𝑋−

𝑘 , 𝑈
−
𝑘 , 𝑋

+
𝑘 respectively defined in (5)-(7) for

𝑖 ∈ ℕ≥1, then 𝐽 (𝑘) ≥ 𝐽 (𝑘) defined in (32) if the Lyapunov matrix 𝑃 satisfies
𝑃 ≥ (𝜓 (𝑗))𝑇𝑃𝜓 (𝑗) + 𝑄̄,∀𝑗 ∈ ℕ[1,𝐿], (41)
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8 Yang ET AL

where for 𝑗 ∈ ℕ[1,𝐿],

𝜓 (𝑗) =

⎡
⎢⎢⎢⎢⎢⎢⎣

𝑇𝑛𝑥 𝟎 𝟎 𝟎 𝟎 𝟎 𝟎
𝟎 𝑇𝑛𝑢 𝟎 𝟎 𝟎 𝟎 𝟎
𝟎 𝟎 𝜙(𝑗) 𝐵(𝑗) 𝟎 𝐸𝑛𝑥 𝟎
𝟎 𝟎 𝟎 𝑇𝑛𝑢 𝟎 𝟎
𝟎 𝟎 𝟎 𝟎 𝟎 𝑇𝑛𝑥

⎤
⎥⎥⎥⎥⎥⎥⎦

, 𝑄̄ =
[
𝐸𝑛𝑥 𝟎 𝐼𝑛𝑥 𝟎 𝟎
𝟎 𝐸𝑛𝑢 𝐾 𝐸𝑛𝑢 𝟎

]𝑇 [
𝑄 𝟎
𝟎 𝑅

] [
𝐸𝑛𝑥 𝟎 𝐼𝑛𝑥 𝟎 𝟎
𝟎 𝐸𝑛𝑢 𝐾 𝐸𝑛𝑢 𝟎

]
, (42)

with 𝜙(𝑗) defined in (12), 𝐸𝑛𝑥 , 𝐸𝑛𝑢 and 𝑇𝑛𝑥 , 𝑇𝑛𝑢 respectively defined in (36) and (37).
Proof. Define 𝜓 =

∑𝐿
𝑗=1 𝑝

(𝑗)𝜓 (𝑗) with 𝑝(𝑗) denoting the convex combination parameter for Assumption 1 such that the true
unknown model [𝐴,𝐵] = ∑𝐿

𝑗=1 𝑝
(𝑗) [𝐴(𝑗), 𝐵(𝑗)] ,∑𝐿

𝑗=1 𝑝
(𝑗) = 1, 𝑝(𝑗) ≥ 0. It is readily known from (17) and (38) that 𝜍(𝑖 + 1|𝑘) =

𝜓𝜍(𝑖|𝑘) where 𝜍(𝑖|𝑘) is defined in (35). Let 𝑉 (𝑖|𝑘) = 𝜍(𝑖|𝑘)𝑇𝑃𝜍(𝑖|𝑘). The inequality (41) implies 𝑃 ≥ 𝜓𝑇𝑃𝜓 + 𝑄̄, by pre- and
post-multiplication of this inequality by (𝜍(𝑖|𝑘))𝑇 and its transpose and considering (11), (14)-(15), we have 𝑉 (𝑖|𝑘)−𝑉 (𝑖+1|𝑘) ≥
‖𝑥(𝑖|𝑘)‖2𝑄 + ‖𝑢(𝑖|𝑘)‖2𝑅. Summing this inequality for 𝑖 = 0, 1,⋯ ,∞ yields the result that 𝑉 (0|𝑘) ≥ 𝐽 (𝑘). Since (13), (15)-(16)
and (18)-(19) hold, 𝜍(0|𝑘) = 𝐷(𝑘)𝜉(𝑘). Hence, 𝐽 (𝑘) = 𝑉 (0|𝑘) ≥ 𝐽 (𝑘) holds by considering (39).

3.4 Overall algorithm
The multi-step input-mapping data-driven RMPC method is formulated as a linearly constrained quadratic program as below,

min
{𝑐(𝑖|𝑘),𝜃(𝑖|𝑘)}𝑖∈ℕ[0,𝑁−1]

𝜉(𝑘)𝑇𝑀(𝑘)𝜉(𝑘), 𝑠.𝑡. (23) − (26), (28) − (31). (43)
Algorithm 1 lists the off-line and online procedures for the input-mapping data-driven RMPC scheme. Figure 1 shows the block
diagram of the proposed IMD-RMPC controller. The feasibility and stability of Algorithm 1 are shown in Theorem 1.

FIGURE 1 Block diagram of the IMD-RMPC controller

Algorithm 1 Input-mapping data-driven robust model predictive control (IMD-RMPC) algorithm
Offline:
Step 1. Determine the stabilizing feedback gain 𝐾 , the polyhedron RPI set Ω and Lyapunov matrix 𝑃 satisfying Lemma 3.
Online:
Step 1. Compute matrix 𝑀(𝑘) and solve problem (43). Apply input 𝑢(𝑘)=[∑𝑁𝐿

𝑙=1(𝜃(0|𝑘))𝑙𝑢(𝑘− 𝑙) +𝐾𝑒(0|𝑘)+𝑐(0|𝑘)
] to system.

Step 2. Update data set 𝑋−
𝑘 , 𝑈

−
𝑘 , 𝑋

+
𝑘 in (5)-(7) by storing a new record {𝑥(𝑘), 𝑢(𝑘), 𝑥(𝑘 + 1)}, set 𝑘 = 𝑘 + 1 and back to Step 1.
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Yang ET AL 9

Theorem 1. (Feasibility and stability) For system (1) satisfying Assumption 1 subject to constraint (2), Algorithm 1 is
asymptotically stable and recursively admits a feasible solution if (43) is initially feasible.
Proof. Suppose problem (43) is feasible at time 𝑘. Let 𝐜∗(𝑘) = {𝑐∗(0|𝑘),⋯ , 𝑐∗(𝑁−1|𝑘)} (𝑐∗(𝑖|𝑘) = 𝟎 for 𝑖 ∈ ℕ≥𝑁 ), 𝛉∗(𝑘) =
{𝜃∗(0|𝑘),⋯ , 𝜃∗(𝑁−1|𝑘)} be the optimal solution at time 𝑘. Denote 𝐳∗(𝑘)={𝑧∗(0|𝑘),⋯ , 𝑧∗(𝑁−1|𝑘)} (𝑧∗(𝑖|𝑘)=𝟎 for 𝑖 ∈ ℕ≥𝑁 ),
𝛎∗(𝑘) = {𝜈∗(0|𝑘),⋯ , 𝜈∗(𝑁 −1|𝑘)} (𝜈∗(𝑖|𝑘) = 𝟎 for 𝑖 ∈ ℕ≥𝑁 ), as the optimal linear combination of past states and inputs,
𝐖∗(𝑘)={𝑊 ∗(0|𝑘),⋯ ,𝑊 ∗(𝑁−1|𝑘)} (𝑊 ∗(𝑖|𝑘) = 𝟎 for 𝑖∈ℕ≥𝑁 ) as the optimal auxiliary variable defined in (18)-(19) at time 𝑘.

Define the optimal set of state residual ∗(𝑖|𝑘) and state ∗(𝑖|𝑘) at time 𝑘 satisfying (23)-(26) as follows,
𝑒∗(𝑖|𝑘) ∈ ∗(𝑖|𝑘) = 𝐶𝑜{𝑒(𝑗1∶𝑖)∗(𝑖|𝑘), 𝑗1∶𝑖 ∈ 𝑖}, 𝑥∗(𝑖|𝑘) ∈ ∗(𝑖|𝑘) = 𝐶𝑜{𝑥(𝑗1∶𝑖)∗(𝑖|𝑘), 𝑗1∶𝑖 ∈ 𝑖}, 𝑖 ∈ ℕ[1,𝑁], (44)

with ∗(0|𝑘) = {𝑒∗(0|𝑘)},∗(0|𝑘) = {𝑥∗(0|𝑘)} for 𝑖 = 0. Denote the optimal set of input residual and input at time 𝑘 by
Π∗(𝑖|𝑘), ∗(𝑖|𝑘) which are respectively defined as

𝜇∗(𝑖|𝑘) ∈ Π∗(𝑖|𝑘) = 𝐶𝑜{𝜇(𝑗1∶𝑖)∗(𝑖|𝑘), 𝑗1∶𝑖 ∈ 𝑖}, 𝑢∗(𝑖|𝑘) ∈  ∗(𝑖|𝑘) = 𝐶𝑜{𝑢(𝑗1∶𝑖)∗(𝑖|𝑘), 𝑗1∶𝑖 ∈ 𝑖}, 𝑖 ∈ ℕ[0,𝑁−1], (45)
with Π∗(0|𝑘) = {𝜇∗(0|𝑘)}, ∗(0|𝑘) = {𝑢∗(0|𝑘)} for 𝑖 = 0. The optimal sets Π∗(𝑖|𝑘), ∗(𝑖|𝑘) satisfy (28)-(29).

Recursive feasibility Firstly, we define the candidate perturbation and linear combination parameter sequence at time 𝑘+1 as
𝐜̂(𝑘 + 1)={𝑐∗(1|𝑘), 𝑐∗(2|𝑘),⋯ , 𝑐∗(𝑁 − 1|𝑘), 𝟎}, 𝑐(𝑖|𝑘 + 1) = 𝟎, 𝑖 ∈ ℕ≥𝑁 , (46)
𝛉̂(𝑘 + 1)={𝜃̂(0|𝑘 + 1), 𝜃̂(1|𝑘 + 1),⋯, 𝜃̂(𝑁 − 2|𝑘 + 1), 𝟎}, (47)

where for 𝑖∈ℕ[0,𝑁−2], 𝜃̂(𝑖|𝑘+1) = col
[
01×1, 𝜃∗(𝑖 + 1|𝑘)]∈ℝ𝑁𝐿−𝑖 so that (13), (16) and (18)-(19) respectively give

𝑧̂(𝑖|𝑘 + 1) = 𝑧∗(𝑖 + 1|𝑘), 𝑖∈ℕ[0,𝑁−1], 𝑧̂(𝑖|𝑘 + 1) = 𝟎, 𝑖 ∈ ℕ≥𝑁 , (48)
𝜈̂(𝑖|𝑘 + 1)=𝜈∗(𝑖 + 1|𝑘), 𝑖∈ℕ[0,𝑁−1], 𝜈̂(𝑖|𝑘 + 1) = 𝟎, 𝑖 ∈ ℕ≥𝑁 , (49)

𝑊̂ (𝑖|𝑘 + 1)=𝑊 ∗(𝑖 + 1|𝑘), 𝑖∈ℕ[0,𝑁−1], 𝑊̂ (𝑖|𝑘 + 1) = 𝟎, 𝑖 ∈ ℕ≥𝑁 . (50)
To construct the candidate set of state residual ̂(𝑖|𝑘 + 1) and input residual Π̂(𝑖|𝑘 + 1), implied by Assumption 1 that there
exists 𝑝(𝑗) ∈ ℝ[0,1], 𝑗 ∈ ℕ[1,𝐿], such that

∑𝐿
𝑗=1 𝑝

(𝑗) = 1, [𝐴,𝐵] =
∑𝐿
𝑗=1 𝑝

(𝑗)[𝐴(𝑗), 𝐵(𝑗)]. (51)
For the optimal solution defined above in (44)-(45), the superscript 𝑗1∶𝑖 ∈ 𝑖 denotes the index of polytopic model sequence used
in expressing each vertex of optimal set. For example, the notation 𝑒(𝑗1∶𝑖)∗(𝑖|𝑘), 𝑗1∶𝑖 ∈ 𝑖 implies that the vertex of state residual
optimal set is generated by using model sequence of [𝐴(𝑗1), 𝐵(𝑗1)],⋯ , [𝐴(𝑗𝑖), 𝐵(𝑗𝑖)] with 𝑗1,⋯ , 𝑗𝑖 ∈ ℕ[1,𝐿], i.e., [𝐴(𝑗𝑡), 𝐵(𝑗𝑡)] with
𝑡 ∈ ℕ[1,𝑖] is used at predicted time 𝑘+ 𝑡 to compute 𝑒(𝑗1∶𝑖)∗(𝑖|𝑘) in (24)-(25). At time 𝑘+ 1, the candidate solution is constructed
from the shifted optimal solution from previous time 𝑘. Hence, for the purpose of the superscript 𝑗1∶𝑖 ∈ 𝑖 aligning with the
shifted constructed solution, in the proof below, we use the superscript (𝑗, 𝑗1∶𝑖−1) (or only 𝑗) with 𝑗 ∈ ℕ[1,𝐿], 𝑗1∶𝑖−1 ∈ 𝑖−1,
denoting that vertex of optimal set is generated by model sequence [𝐴(𝑗), 𝐵(𝑗)], [𝐴(𝑗1), 𝐵(𝑗1)],⋯ , [𝐴(𝑗𝑖−1), 𝐵(𝑗𝑖−1)], i.e., the polytopic
model vertices [𝐴(𝑗), 𝐵(𝑗)] and [𝐴(𝑗𝑡), 𝐵(𝑗𝑡)] with 𝑡 ∈ ℕ[1,𝑖−1] are respectively used at predicted time 𝑘 + 1, 𝑘 + 𝑡 + 1 to compute
𝑒(𝑗,𝑗1∶𝑖−1)∗(𝑖|𝑘) in (25) (or [𝐴(𝑗), 𝐵(𝑗)] is used at predicted time 𝑘+1 to compute 𝑒(𝑗)∗(1|𝑘)) in (24)) with 𝑖 ∈ ℕ[2,𝑁]. With (𝑗, 𝑗1∶𝑖−1),
(24)-(25) are recast as

𝑒(𝑗)∗(1|𝑘) = 𝑊 ∗(0|𝑘) + (𝐴(𝑗) + 𝐵(𝑗)𝐾)𝑒∗(0|𝑘) + 𝐵(𝑗)𝑐∗(0|𝑘), (52)
𝑒(𝑗,𝑗1)∗(2|𝑘) = 𝑊 ∗(1|𝑘) + (𝐴(𝑗1) + 𝐵(𝑗1)𝐾)𝑒(𝑗)∗(1|𝑘) + 𝐵(𝑗1)𝑐∗(1|𝑘), (53)
𝑒(𝑗,𝑗1∶𝑖−1,𝑗𝑖)∗(𝑖 + 1|𝑘) = 𝑊 ∗(𝑖|𝑘) + (𝐴(𝑗𝑖) + 𝐵(𝑗𝑖)𝐾)𝑒(𝑗,𝑗1∶𝑖−1)∗(𝑖|𝑘) + 𝐵(𝑗𝑖)𝑐∗(𝑖|𝑘), 𝑖 ∈ ℕ[2,𝑁−1]. (54)

Hence, we intend to use the the optimal vertex 𝑒(𝑗,𝑗1∶𝑖−1)∗(𝑖|𝑘) to construct the candidate vertex of state residual set denoted as
𝑒𝑗1∶𝑖−1(𝑖 − 1|𝑘 + 1), which will be defined next. For the vertices of optimal state and input residual sets at time 𝑘,

{𝑒∗(0|𝑘), 𝑒(𝑗)∗(1|𝑘), 𝑒(𝑗,𝑗1)∗(2|𝑘),⋯ , 𝑒(𝑗,𝑗1∶𝑁−1)∗(𝑁|𝑘)}, {𝜇∗(0|𝑘), 𝜇(𝑗)∗(1|𝑘), 𝜇(𝑗,𝑗1)∗(2|𝑘),⋯ , 𝜇(𝑗,𝑗1∶𝑁−2)∗(𝑁 − 1|𝑘)}
satisfying (23)-(25) and (28), the vertices of candidate sets of state residual ̂(𝑖|𝑘 + 1) = 𝐶𝑜{𝑒𝑗1∶𝑖(𝑖|𝑘 + 1), 𝑗1∶𝑖 ∈ 𝑖} for
𝑖 ∈ ℕ[1,𝑁] (̂(0|𝑘 + 1) = {𝑒(0|𝑘 + 1)}) and input residual Π̂(𝑖|𝑘 + 1) = 𝐶𝑜{𝜇̂𝑗1∶𝑖(𝑖|𝑘 + 1), 𝑗1∶𝑖 ∈ 𝑖} for 𝑖 ∈ ℕ[1,𝑁−1]
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10 Yang ET AL

(Π̂(0|𝑘 + 1) = {𝜇̂(0|𝑘 + 1)}) defined by
𝑒(0|𝑘 + 1) = 𝑒∗(1|𝑘) = ∑𝐿

𝑗=1 𝑝
(𝑗)𝑒(𝑗)∗(1|𝑘), 𝜇̂(0|𝑘 + 1) = 𝜇∗(1|𝑘) = ∑𝐿

𝑗=1 𝑝
(𝑗)𝜇(𝑗)∗(1|𝑘), (55)

𝑒𝑗1∶𝑖(𝑖|𝑘 + 1) =
∑𝐿
𝑗=1 𝑝

(𝑗)𝑒(𝑗,𝑗1∶𝑖)∗(𝑖 + 1|𝑘), 𝑖 ∈ ℕ[1,𝑁−1], 𝜇̂𝑗1∶𝑖(𝑖|𝑘 + 1) =
∑𝐿
𝑗=1 𝑝

(𝑗)𝜇(𝑗,𝑗1∶𝑖)∗(𝑖 + 1|𝑘), 𝑖 ∈ ℕ[1,𝑁−2], (56)
𝑒(𝑗1∶𝑁−1,𝑗𝑁 )(𝑁|𝑘 + 1) = (𝐴(𝑗𝑁 ) + 𝐵(𝑗𝑁 )𝐾)𝑒𝑗1∶𝑁−1(𝑁 − 1|𝑘 + 1), 𝜇̂𝑗1∶𝑁−1(𝑁 − 1|𝑘 + 1) = 𝐾𝑒𝑗1∶𝑁−1(𝑁 − 1|𝑘 + 1), (57)

for all 𝑗1∶𝑁−1 ∈ 𝑁−1, 𝑗𝑁 ∈ ℕ[1,𝐿], satisfy, at time 𝑘 + 1, the constraints (23)-(25) and (28) by considering (46) and (50).
Analogously, for the vertices of optimal state and input sets at time 𝑘

{𝑥∗(0|𝑘), 𝑥(𝑗)∗(1|𝑘), 𝑥(𝑗,𝑗1)∗(2|𝑘),⋯ , 𝑥(𝑗,𝑗1∶𝑁−1)∗(𝑁|𝑘)}, {𝑢∗(0|𝑘), 𝑢(𝑗)∗(1|𝑘), 𝑢(𝑗,𝑗1)∗(2|𝑘),⋯ , 𝑢(𝑗,𝑗1∶𝑁−2)∗(𝑁 − 1|𝑘)}
satisfying (26) and (29), the vertices of candidate sets of state residual ̃(𝑖|𝑘 + 1) = 𝐶𝑜{𝑥̂𝑗1∶𝑖(𝑖|𝑘 + 1), 𝑗1∶𝑖 ∈ 𝑖} for 𝑖 ∈ ℕ[1,𝑁]
(̂(0|𝑘+1) = {𝑥̂(0|𝑘+1)}) and input residual 𝑢̂(𝑖|𝑘+1) = 𝐶𝑜{𝑢̂𝑗1∶𝑖(𝑖|𝑘+1), 𝑗1∶𝑖 ∈ 𝑖} for 𝑖 ∈ ℕ[1,𝑁−1] (̂ (0|𝑘+1) = {𝑢̂(0|𝑘+1)})
defined by

𝑥̂(0|𝑘 + 1) =
∑𝐿
𝑗=1 𝑝

(𝑗)𝑥(𝑗)∗(1|𝑘), 𝑢̂(0|𝑘 + 1) =
∑𝐿
𝑗=1 𝑝

(𝑗)𝑢(𝑗)∗(1|𝑘), (58)
𝑥̂𝑗1∶𝑖(𝑖|𝑘 + 1) =

∑𝐿
𝑗=1 𝑝

(𝑗)𝑥(𝑗,𝑗1∶𝑖)∗(𝑖 + 1|𝑘), 𝑖 ∈ ℕ[1,𝑁−1], 𝑢̂𝑗1∶𝑖(𝑖|𝑘 + 1) =
∑𝐿
𝑗=1 𝑝

(𝑗)𝑢(𝑗,𝑗1∶𝑖)∗(𝑖 + 1|𝑘), 𝑖 ∈ ℕ[1,𝑁−2], (59)
𝑥̂(𝑗1∶𝑁−1,𝑗𝑁 )(𝑁|𝑘 + 1) = (𝐴(𝑗𝑁 ) + 𝐵(𝑗𝑁 )𝐾)𝑥̂𝑗1∶𝑁−1(𝑁 − 1|𝑘 + 1), 𝑢̂𝑗1∶𝑁−1(𝑁 − 1|𝑘 + 1) = 𝐾𝑥̂𝑗1∶𝑁−1(𝑁 − 1|𝑘 + 1), (60)

with 𝑗𝑁 ∈ ℕ[1,𝐿], 𝑗1∶𝑁−1 ∈ 𝑁−1, satisfy, at time 𝑘 + 1, the constraints (26) and (29) by considering (48)-(49) and (55)-(57).
Therefore, given

{𝑥∗(0|𝑘), 𝑥(𝑗)∗(1|𝑘), 𝑥(𝑗,𝑗1)∗(2|𝑘),⋯ , 𝑥(𝑗,𝑗1∶𝑁−1)∗(𝑁|𝑘)}, {𝑢∗(0|𝑘), 𝑢(𝑗)∗(1|𝑘), 𝑢(𝑗,𝑗1)∗(2|𝑘),⋯ , 𝑢(𝑗,𝑗1∶𝑁−2)∗(𝑁 − 1|𝑘)}
satisfying (30)-(31), the constraint (30) holds at time 𝑘+1 by convexity. The constraint (31) holds as 𝑥̂(𝑗,𝑗1∶𝑁−2)(𝑁 −1|𝑘+1) ∈ Ω
caused by (59) and 𝑥(𝑗,𝑗1∶𝑁−1)∗(𝑁|𝑘) ∈ Ω, and Ω is a RPI set for the system (1) subject to the constraint (2) with 𝑢 = 𝐾𝑥. Thus
the candidate solution {𝐜̂(𝐤 + 𝟏), 𝛉̂(𝐤 + 𝟏)} is feasible at time 𝑘 + 1.

Closed-loop stability The closed-loop stability is proven by showing monotonic decrease of the optimal cost, denote the
optimal cost of problem (43) at time 𝑘 and cost of the constructed feasible solution at time 𝑘 + 1 respectively as

𝑉 (𝜉∗(𝑘)) ≜ (𝜉∗(𝑘))𝑇𝑀(𝑘)𝜉∗(𝑘), 𝑉 (𝜉(𝑘 + 1)) ≜ (𝜉(𝑘 + 1))𝑇𝑀(𝑘 + 1)𝜉(𝑘 + 1), (61)
where

𝜉∗(𝑘) = col
[
𝜃∗(𝑘), 1, 𝑐∗(𝑘)

]
, 𝜉(𝑘 + 1) = col

[
𝜃̂(𝑘 + 1), 1, 𝑐(𝑘 + 1)

]
, (62)

𝜃∗(𝑘) = 𝛉∗(𝑘), 𝜃̂(𝑘 + 1) = 𝛉̂(𝑘 + 1), 𝑐∗(0|𝑘) = 𝐜∗(𝑘), 𝑐(0|𝑘 + 1) = 𝐜̂(𝑘 + 1), (63)
with 𝐜∗(𝑘) = {𝑐∗(0|𝑘),⋯ , 𝑐∗(𝑁 − 1|𝑘)}, 𝛉∗(𝑘) = {𝜃∗(0|𝑘),⋯ , 𝜃∗(𝑁 − 1|𝑘)} and 𝛉̂(𝑘 + 1), 𝐜̂(𝑘 + 1) respectively defined in
(46)-(47). Denote the optimal augment vector defined in (35) at time 𝑘 as

𝜍∗(𝑖|𝑘) = col
[
𝑧∗(𝑖|𝑘), 𝜈∗(𝑖|𝑘), 𝑒∗(𝑖|𝑘), 𝑐∗(𝑖|𝑘),𝑊 ∗(𝑖|𝑘)] , 𝑖 ∈ ℕ≥0, (64)

with 𝑒∗(𝑖|𝑘) ∈ 𝐶𝑜{𝑒(𝑗1∶𝑖)∗(𝑖|𝑘), 𝑗1∶𝑖 ∈ 𝑖}, 𝑧∗(𝑖|𝑘) = col[𝑧∗(𝑖|𝑘), 𝑧∗(𝑖+1|𝑘),⋯ , 𝑧∗(𝑖 + 𝑁 −1|𝑘)], 𝜈∗(𝑖|𝑘) = col[𝜈∗(𝑖|𝑘), 𝜈∗(𝑖+
1|𝑘),⋯ , 𝜈∗(𝑖+𝑁−1|𝑘)], 𝑐∗(𝑖|𝑘) = col[𝑐∗(𝑖|𝑘),⋯ , 𝑐∗(𝑖+𝑁−1|𝑘)],𝑊 ∗(𝑖|𝑘) = col[𝑊 ∗(𝑖|𝑘),𝑊 ∗(𝑖+1|𝑘),⋯ ,𝑊 ∗(𝑖+𝑁 −1|𝑘)]
and define the constructed solution at time 𝑘 + 1 as

𝜍̂(𝑖|𝑘 + 1) = col
[
𝑧̂(𝑖|𝑘 + 1), 𝜈̂(𝑖|𝑘 + 1), 𝑒(𝑖|𝑘 + 1), 𝑐̂(𝑖|𝑘 + 1), 𝑊̂(𝑖|𝑘 + 1)

]
, 𝑖 ∈ ℕ≥0, (65)

with 𝑒(0|𝑘 + 1) and 𝑒(𝑖|𝑘 + 1) ∈ 𝐶𝑜{𝑒𝑗1∶𝑖(𝑖|𝑘 + 1), 𝑗1∶𝑖 ∈ 𝑖} for 𝑖 ∈ ℕ≥1 respectively defined in (55)-(57),
𝑧̂(𝑖|𝑘 + 1) = col [𝑧̂(𝑖|𝑘 + 1),⋯ , 𝑧̂(𝑖 +𝑁 − 1|𝑘 + 1)] , 𝑊̂(𝑖|𝑘 + 1) = col

[
𝑊̂ (𝑖|𝑘 + 1),⋯ , 𝑊̂ (𝑖 +𝑁 − 1|𝑘 + 1)

]
, (66)

𝜈̂(𝑖|𝑘 + 1) = col [𝜈̂(𝑖|𝑘 + 1),⋯ , 𝜈̂(𝑖 +𝑁 − 1|𝑘 + 1)] , 𝑐(𝑖|𝑘 + 1) = col [𝑐(𝑖|𝑘 + 1),⋯ , 𝑐(𝑖 +𝑁 − 1|𝑘 + 1)] . (67)
As indicated by (13), (15)-(16) and (18)-(19), 𝜍∗(0|𝑘) = 𝐷(𝑘)𝜉∗(𝑘) and 𝜍̂(0|𝑘 + 1) = 𝐷(𝑘 + 1)𝜉(𝑘 + 1) hold where 𝜉∗(𝑘) and
𝜉(𝑘 + 1) are defined in (62). Hence, considering (39) and (61),

𝑉 (𝜉∗(𝑘)) = (𝜍∗(0|𝑘))𝑇𝑃𝜍∗(0|𝑘), 𝑉 (𝜉(𝑘 + 1)) = (𝜍̂(0|𝑘 + 1))𝑇𝑃 𝜍̂(𝑘 + 1). (68)
According to (17), (38) and implied by (46), (48)-(50), (55), (64)-(67),

𝜍̂(0|𝑘 + 1) = 𝜍∗(1|𝑘) = 𝜓𝜍∗(0|𝑘), (69)
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Yang ET AL 11

with 𝜓 =
∑𝐿
𝑗=1 𝑝

(𝑗)𝜓 (𝑗), 𝜓 (𝑗) defined in (42) and 𝑝(𝑗) satisfying (51). Therefore, since (41) implying 𝑃 ≥ 𝜓𝑇𝑃𝜓 + 𝑄̄, by pre-
and post-multiplication of this inequality by (𝜍∗(0|𝑘))𝑇 and its transpose and considering (68)-(69), (11) and (14)-(15), we
have 𝑉 (𝜉∗(𝑘)) − 𝑉 (𝜉(𝑘 + 1)) ≥ ‖𝑥(0|𝑘)‖2𝑄 + ‖𝑢(0|𝑘)‖2𝑅 which implies 𝑉 (𝜉∗(𝑘)) − 𝑉 (𝜉∗(𝑘 + 1)) ≥ ‖𝑥(0|𝑘)‖2𝑄 + ‖𝑢(0|𝑘)‖2𝑅 >
0,∀𝑥(0|𝑘) ≠ 0, 𝑢(0|𝑘) ≠ 0 as 𝑄,𝑅 are positive definite. Hence, the closed-loop system is asymptotically stable.

4 DATA-DRIVEN INTERPOLATION MODEL PREDICTIVE CONTROL

The proposed Algorithm 1 in Section 3 uses a a linear combination of past inputs and a fixed feedback control gain as the control
policy. The feedback gain determines the size of feasible region and control performance and a choice of one feedback gain need
to compromise these objectives5. To solve this issue, we consider the combination of the IMD scheme and interpolation robust
model predictive control (IRMPC) which combines the advantages of various control laws5,6,7.

min
𝑌0,𝑄0,𝜃𝑝,𝑆

−𝜃𝑝 , (70)

𝑠.𝑡.
[

1 𝜃𝑝𝑥𝑇𝑝
𝜃𝑝𝑥𝑝 𝑄0

]
≥ 0, (71)

⎡⎢⎢⎢⎢⎣

𝑄0 (𝐴(𝑗)𝑄0 + 𝐵(𝑗)𝑌0)𝑇 (𝑄1∕2𝑄0)𝑇 (𝑅1∕2𝑌0)𝑇
𝐴(𝑗)𝑄0 + 𝐵(𝑗)𝑌0 𝑄0 𝟎 𝟎

𝑄1∕2𝑄0 𝟎 𝛾𝐼 𝟎
𝑅1∕2𝑌0 𝟎 𝟎 𝛾𝐼

⎤⎥⎥⎥⎥⎦
≥ 0, 𝑗 ∈ ℕ[1,𝐿], (72)

⎡⎢⎢⎣

𝑆 𝐹𝑄0 𝐺𝑌0
(𝐹𝑄0)𝑇 𝑄0 𝟎
(𝐺𝑌0)𝑇 𝟎 𝑄0

⎤⎥⎥⎦
≥ 0, 𝑆𝑖𝑖 ≤ 1.𝑖 ∈ ℕ[1,𝑛𝑐 ]. (73)

The key idea of IRMPC lies in the interpolation between various control laws. Throughout this paper, we assume the interpolation
between two different controllers. Given the cost index 𝛾 and reference point 𝑥𝑝, the feedback gain can be obtained by solving
(70) and applying 𝐾 = 𝑌0𝑄−1

0 , which is introduced in [6]-[7]. Two feedback gains with different specifications of performance,
shape and size of feasible region can be obtained from (70) by setting 𝛾1, 𝛾2 and 𝑥𝑝,1, 𝑥𝑝,2 of various value. Two corresponding
polyhedral RPI sets Ω1,Ω2 with Ω𝑟 = {𝑥|𝑇𝑟𝑥 ≤ 𝟏}, 𝑇𝑟 ∈ ℝ𝑛𝑇𝑟×𝑛𝑥 , 𝑟 = 1, 2 for the system (1) with the constraint (2) and feedback
control gain 𝑢 = 𝐾𝑟𝑥 can be derived by using the algorithm from [24]. Without abuse of notation, the interpolation index 𝑟 = 1, 2.

Following [6], the current state can be decomposed into the following form,
𝑥(𝑘) = 𝑥1(0|𝑘) + 𝑥2(0|𝑘), (74)

where the variables {𝑥𝑟(0|𝑘)}𝑟=1,2 are decomposition variables and treated as decision variables. We consider the following
control policy which is the superposition of two interpolated inputs 𝑢𝑟(𝑖|𝑘) ∈ ℝ𝑛𝑢 ,

𝑢(𝑖|𝑘) =
{∑2

𝑟=1 𝑢𝑟(𝑖|𝑘), 𝑢𝑟(𝑖|𝑘) = 𝜈𝑟(𝑖|𝑘) +𝐾𝑟𝑒𝑟(𝑖|𝑘) + 𝑐𝑟(𝑖|𝑘), 𝑖 ∈ ℕ[0,𝑁−1],∑2
𝑟=1 𝑢𝑟(𝑖|𝑘), 𝑢𝑟(𝑖|𝑘) = 𝐾𝑟𝑥𝑟(𝑖|𝑘), 𝑖 ∈ ℕ≥𝑁 ,

(75)

where the perturbation sequence is denoted as {𝑐𝑟(0|𝑘),⋯ , 𝑐𝑟(𝑁 − 1|𝑘)}𝑟=1,2, the interpolated linear combination of past input
signals 𝜈𝑟(𝑖|𝑘) is revised from (13) by defining two sets of combination parameters 𝜃𝑟(𝑖|𝑘) ∈ ℝ𝑁𝐿−𝑖 as

𝜈𝑟(𝑖|𝑘) = ∑𝑁𝐿−𝑖
𝑙=1 (𝜃𝑟(𝑖|𝑘))𝑙𝑢(𝑘 − 𝑙), 𝑖 ∈ ℕ[0,𝑁−1], (𝜈𝑟(𝑖|𝑘) = 0 for 𝑖 ∈ ℕ≥𝑁 ), (76)

the interpolated state residual is defined as
𝑒𝑟(𝑖|𝑘) ∶= 𝑥𝑟(𝑖|𝑘) − 𝑧𝑟(𝑖|𝑘), (77)

where the interpolated linear combination of past states 𝑧𝑟(𝑖|𝑘) is revised from (16) as follows
𝑧𝑟(𝑖|𝑘) = ∑𝑁𝐿−𝑖

𝑙=1 (𝜃𝑟(𝑖|𝑘))𝑙𝑥(𝑘 − 𝑙), 𝑖∈ℕ[0,𝑁−1], (𝑧𝑟(𝑖|𝑘) = 0 for 𝑖 ∈ ℕ≥𝑁 ), (78)
and the interpolated state residual evolves according to

𝑒𝑟(𝑖|𝑘) = 𝑊𝑟(𝑖 − 1|𝑘) + (
𝐴 + 𝐵𝐾𝑟

)
𝑒𝑟(𝑖 − 1|𝑘) + 𝐵𝑐𝑟(𝑖 − 1|𝑘), 𝑖 ∈ ℕ≥1, (𝑐𝑟(𝑖|𝑘) = 0 for 𝑖 ∈ ℕ≥𝑁 ), (79)
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12 Yang ET AL

where 𝑒𝑟(0|𝑘) = 𝑥𝑟(0|𝑘) − 𝑧𝑟(0|𝑘),𝑊𝑟(𝑖 − 1|𝑘) is defined as
𝑊𝑟(𝑖 − 1|𝑘) ≜ ∑𝑁𝐿−𝑖+1

𝑝=2

[(
𝜃𝑟(𝑖 − 1|𝑘))𝑝 −

(
𝜃𝑟(𝑖|𝑘)

)
𝑝−1

]
𝑥(𝑘 − 𝑝 + 1) +

(
𝜃𝑟(𝑖 − 1|𝑘))1 𝑥(𝑘), 𝑖 ∈ ℕ[1,𝑁−1], (80)

𝑊𝑟(𝑁 − 1|𝑘) ≜ ∑𝑁𝐿−𝑁+1
𝑝=1

(
𝜃𝑟(𝑁 − 1|𝑘))𝑝 𝑥(𝑘 − 𝑝 + 1),𝑊𝑟(𝑖|𝑘) = 0, 𝑖 ∈ ℕ≥𝑁 . (81)

Similar to (20), the interpolated state evolves according to
𝑥𝑟(𝑖 + 1|𝑘) = (𝐴 + 𝐵𝐾𝑟)𝑥𝑟(𝑖|𝑘) + 𝑧𝑟(𝑖 + 1|𝑘) +𝑊𝑟(𝑖|𝑘) − (𝐴 + 𝐵𝐾𝑟)𝑧𝑟(𝑖|𝑘) + 𝐵𝑐𝑟(𝑖|𝑘), 𝑖 ∈ ℕ[0,𝑁−1], 𝑟 = 1, 2. (82)

With the terminal state feedback control strategy in (75), the interpolated state evolves as
𝑥𝑟(𝑖 + 1|𝑘) = (𝐴 + 𝐵𝐾𝑟)𝑥𝑟(𝑖|𝑘), 𝑖 ∈ ℕ≥𝑁 . (83)

4.1 Interpolated sate set and constraint satisfaction
In this section, we define the sets of future true and interpolated state and input.We construct a sequence of state sets
{(0|𝑘),(1|𝑘),⋯ ,(𝑁|𝑘)} to depict the future predicted true state as

𝑥(𝑖|𝑘) ∈ (𝑖|𝑘) ∶= {𝑥(𝑖|𝑘)|𝑥(𝑖|𝑘) = 𝑥1(𝑖|𝑘) + 𝑥2(𝑖|𝑘)}, 𝑖 ∈ ℕ[0,𝑁], (84)
For the interpolated state 𝑥𝑟(𝑖|𝑘), we can construct a sequence of interpolated state sets {𝑟(0|𝑘),𝑟(1|𝑘),⋯ ,𝑟(𝑁|𝑘)} to
contain all the possible future predicted interpolated state that is defined as follows,

𝑥𝑟(𝑖|𝑘) ∈ 𝑟(𝑖|𝑘) = {𝑥𝑟(𝑖|𝑘)|𝑥𝑟(𝑖|𝑘) = 𝑧𝑟(𝑖|𝑘) + 𝑒𝑟(𝑖|𝑘)}, 𝑖 ∈ ℕ[0,𝑁], 𝑟 = 1, 2, (85)
where the linear combination of past states for each interpolated state 𝑧𝑟(𝑖|𝑘) is defined in (78). For the interpolated state
residual 𝑒𝑟(𝑖|𝑘) with 𝑟 = 1, 2, we can construct a sequence of sets to depict the future predicted interpolated state residual
{𝑟(0|𝑘), 𝑟(1|𝑘),⋯ , 𝑟(𝑁|𝑘)} with the form of

𝑒𝑟(0|𝑘) ∈ 𝑟(0|𝑘) = {𝑒𝑟(0|𝑘)}, 𝑒𝑟(𝑖|𝑘) ∈ 𝑟(𝑖|𝑘) ∶= 𝐶𝑜{𝑒𝑗1∶𝑖𝑟 (𝑖|𝑘), 𝑗1∶𝑖 ∈ 𝑖}, 𝑖 ∈ ℕ[1,𝑁], (86)
with 𝑒𝑟(0|𝑘) = 𝑥𝑟(0|𝑘)−𝑧𝑟(0|𝑘), 𝑧𝑟(0|𝑘) defined in (78). The set 𝑟(𝑖|𝑘) is constituted by a convex hull of vertices 𝑒𝑗1∶𝑖𝑟 (𝑖|𝑘) ∈ ℝ𝑛𝑥 .
The state residual vertex evolves according to

𝑒𝑗1𝑟 (1|𝑘) = 𝑊𝑟(0|𝑘) +
(
𝐴(𝑗1) + 𝐵(𝑗1)𝐾𝑟

)
𝑒𝑟(0|𝑘) + 𝐵(𝑗1)𝑐𝑟(0|𝑘), 𝑗1 ∈ 1, 𝑟 = 1, 2, (87)

with 𝑊𝑟(0|𝑘) defined in (80), 𝐴(𝑗1), 𝐵(𝑗1) coming from Assumption 1 and 𝐾𝑟 obtained by solving (70). For 𝑖 ∈ ℕ[2,𝑁], 𝑗1∶𝑖−1 ∈𝑖−1, 𝑗𝑖 ∈ ℕ[1,𝐿],
𝑒(𝑗1∶𝑖−1,𝑗𝑖)𝑟 (𝑖|𝑘) = 𝑊𝑟(𝑖 − 1|𝑘) + (

𝐴(𝑗𝑖) + 𝐵(𝑗𝑖)𝐾𝑟
)
𝑒𝑗1∶𝑖−1𝑟 (𝑖 − 1|𝑘) + 𝐵(𝑗𝑖)𝑐𝑟(𝑖 − 1|𝑘), 𝑟 = 1, 2, (88)

where 𝑊𝑟(𝑖 − 1|𝑘) is defined in (80)-(81).
With (86)-(88), the interpolated state set in (85) can be further rewritten as, for 𝑟 = 1, 2,

𝑥𝑟(0|𝑘) ∈ 𝑟(0|𝑘) ∶= {𝑥𝑟(0|𝑘)}, 𝑥𝑟(𝑖|𝑘) ∈ 𝑟(𝑖|𝑘) ∶= 𝐶𝑜{𝑥𝑗1∶𝑖𝑟 (𝑖|𝑘), 𝑥𝑗1∶𝑖𝑟 (𝑖|𝑘)=𝑧𝑟(𝑖|𝑘) + 𝑒𝑗1∶𝑖𝑟 (𝑖|𝑘), 𝑗1∶𝑖 ∈ 𝑖}, 𝑖 ∈ ℕ[1,𝑁]. (89)
This implies the set 𝑟(𝑖|𝑘) is constituted by a convex hull of vertices 𝑥𝑗1∶𝑖𝑟 (𝑖|𝑘) ∈ ℝ𝑛𝑥 . The linear combination of past states for
each interpolated state 𝑧𝑟(𝑖|𝑘) is defined in (78). By using (89), the set of true state in (84) can be further rewritten as
𝑥(𝑖|𝑘) ∈ (𝑖|𝑘) ∶= 𝐶𝑜{𝑥𝑗1∶𝑖(𝑖|𝑘), 𝑥𝑗1∶𝑖(𝑖|𝑘) = 𝑥𝑗1∶𝑖1 (𝑖|𝑘) + 𝑥𝑗1∶𝑖2 (𝑖|𝑘), 𝑥𝑗1∶𝑖𝑟 (𝑖|𝑘) ∈ 𝑟(𝑖|𝑘), 𝑟 = 1, 2, 𝑗1∶𝑖 ∈ 𝑖}, 𝑖 ∈ ℕ[1,𝑁], (90)

where 𝑥(0|𝑘) ∈ (0|𝑘) ∶= {𝑥(0|𝑘)|𝑥(0|𝑘) = 𝑥1(0|𝑘) + 𝑥2(0|𝑘)}.
For the construction of the future input set, we can construct a sequence of input sets { (0|𝑘), (1|𝑘),⋯ , (𝑁 − 1|𝑘)}

with 𝑟 = 1, 2 to depict all the possible future predicted input which is in the form of
𝑢(𝑖|𝑘) ∈  (𝑖|𝑘) ∶= {𝑢(𝑖|𝑘)|𝑢(𝑖|𝑘) = 𝑢1(𝑖|𝑘) + 𝑢2(𝑖|𝑘)}, 𝑖 ∈ ℕ[0,𝑁−1]. (91)

For the future interpolated input, we can construct a sequence of input sets {𝑟(0|𝑘),𝑟(1|𝑘),⋯ ,𝑟(𝑁 − 1|𝑘)} with 𝑟 = 1, 2
to depict the set of all the possible future interpolated input that is defined as follows,

𝑟(𝑖|𝑘) = {𝑢𝑟(𝑖|𝑘)|𝑢𝑟(𝑖|𝑘) = 𝜈𝑟(𝑖|𝑘) + 𝜇𝑟(𝑖|𝑘)}, 𝑖 ∈ ℕ[0,𝑁−1], 𝑟 = 1, 2. (92)
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For the interpolated input residual 𝜇𝑟(𝑖|𝑘), 𝑟 = 1, 2, we construct a sequence of sets for the future input residual
{Π𝑟(0|𝑘),Π𝑟(1|𝑘),⋯ ,Π𝑟(𝑁 − 1|𝑘)}, constituted by a convex hull of vertices 𝜇𝑗1∶𝑖𝑟 (𝑖|𝑘) ∈ ℝ𝑛𝑢 , which is in the form of

𝜇𝑟(0|𝑘) ∈ Π𝑟(0|𝑘) ∶= {𝜇𝑟(0|𝑘)}, 𝜇𝑟(𝑖|𝑘) ∈ Π𝑟(𝑖|𝑘) ∶= 𝐶𝑜{𝜇𝑗1∶𝑖𝑟 (𝑖|𝑘), 𝜇𝑗1∶𝑖𝑟 (𝑖|𝑘)=𝐾𝑟𝑒
𝑗1∶𝑖
𝑟 (𝑖|𝑘)+𝑐𝑟(𝑖|𝑘), 𝑗1∶𝑖 ∈ 𝑖}, (93)

for 𝑖 ∈ ℕ[1,𝑁−1], 𝜇𝑟(0|𝑘) = 𝐾𝑟𝑒𝑟(0|𝑘) + 𝑐𝑟(0|𝑘) and 𝑒𝑗1∶𝑖𝑟 (𝑖|𝑘) defined in (87)-(88). As indicated by (93), the interpolated input
set in (92) can be rewritten as, for 𝑟 = 1, 2,

𝑢𝑟(0|𝑘) ∈ 𝑟(0|𝑘)∶= {𝑢𝑟(0|𝑘)}, 𝑢𝑟(𝑖|𝑘) ∈ 𝑟(𝑖|𝑘)∶= 𝐶𝑜{𝑢𝑗1∶𝑖𝑟 (𝑖|𝑘), 𝑗1∶𝑖 ∈ 𝑖, 𝑢𝑗1∶𝑖𝑟 (𝑖|𝑘)=𝜈𝑟(𝑖|𝑘)+𝜇𝑗1∶𝑖𝑟 (𝑖|𝑘)}, 𝑖 ∈ ℕ[1,𝑁−1], (94)
which is constituted by a convex hull of vertices 𝑢𝑗1∶𝑖𝑟 (𝑖|𝑘) ∈ℝ𝑛𝑢 . By using (94), the true input set in (91) can be rewritten as a
set constituted by a convex hull of vertices 𝑢𝑗1∶𝑖(𝑖|𝑘) ∈ ℝ𝑛𝑢 , which is in the form of
𝑢(0|𝑘) ∈  (0|𝑘) ∶= {𝑢(0|𝑘)|𝑢(0|𝑘) = 𝑢1(0|𝑘) + 𝑢2(0|𝑘)}, (95)
𝑢(𝑖|𝑘) ∈  (𝑖|𝑘) ∶= 𝐶𝑜{𝑢𝑗1∶𝑖(𝑖|𝑘), 𝑢𝑗1∶𝑖𝑟 (𝑖|𝑘) = 𝑢𝑗1∶𝑖1 (𝑖|𝑘) + 𝑢𝑗1∶𝑖2 (𝑖|𝑘), 𝑢𝑗1∶𝑖𝑟 (𝑖|𝑘) ∈ 𝑟(𝑖|𝑘), 𝑟 = 1, 2, 𝑗1∶𝑖 ∈ 𝑖}, 𝑖 ∈ ℕ[0,𝑁−1]. (96)

Lemma 4. (Robust constraint satisfaction) For system (1) with Assumption 1, constraint (2) is robustly ensured
from the current time 𝑘 to future time 𝑘 + 𝑁 − 1 if there exist interpolated state and control set sequence
{𝑟(0|𝑘),⋯ ,𝑟(𝑁 − 1|𝑘)}, {𝑟(0|𝑘),⋯ ,𝑟(𝑁 − 1|𝑘)} whose vertices satisfy

𝐹
∑2
𝑟=1 𝑥𝑟(0|𝑘) + 𝐺

∑2
𝑟=1 𝑢𝑟(0|𝑘) ≤ 𝟏, (97)

𝐹
∑2
𝑟=1 𝑥

𝑗1∶𝑖
𝑟 (𝑖|𝑘) + 𝐺∑2

𝑟=1 𝑢
𝑗1∶𝑖
𝑟 (𝑖|𝑘) ≤ 𝟏, 𝑖 ∈ ℕ[1,𝑁−1],∀𝑗1∶𝑖 ∈ 𝑖. (98)

Proof. This lemma follows from the definition of future state and input set respectively in (90) and (95)-(96).
The following lemma gives sufficient conditions to ensure that constraint (2) can be satisfied from the predicted time 𝑘 +𝑁

to infinity.
Lemma 5. (Interpolated terminal set) If the vertices of interpolated terminal state set satisfy the following conditions, then
constraint (2) can be ensured from 𝑘 +𝑁 to infinity for the system (1) with Assumption 1,

𝑇𝑟𝑥
𝑗1∶𝑁
𝑟 (𝑁|𝑘) ≤ 𝜆𝑟,∀𝑗1∶𝑁 ∈ 𝑁 ,∑2

𝑟=1 𝜆𝑟 = 1, (99)
where Ω𝑟 = {𝑇𝑟𝑥 ≤ 𝟏} are two polyhedral RPI sets for system (1) with the constraint (2) and feedback control gain 𝑢 = 𝐾𝑟𝑥.
Proof. This follows from using (75) with 𝑖 ∈ ℕ≥𝑁 and (83) and the definition of RPI set introduced in [1].
Remark 2. (Enlarged feasible region) The utilization of the interpolation controller (75) will yield an enlarged terminal set
(convex hull of two individual terminal sets corresponding to 𝐾1, 𝐾2) and hence a larger region of attraction.

4.2 Interpolation cost
According to [6], the cost defined in (32) is upper bounded by

𝐽 (𝑘) ≤ 2
[∑2

𝑟=1 𝐽𝑟(𝑥𝑟(0|𝑘),u𝑟(𝑘))
] ≜ 2

(∑2
𝑟=1 𝐽𝑟(𝑘)

)
, (100)

where 𝐽𝑟(𝑥𝑟(0|𝑘),u𝑟(𝑘)) =
∑∞
𝑖=0

[
(𝑥𝑟(𝑖|𝑘))𝑇𝑄𝑥𝑟(𝑖|𝑘) + (𝑢𝑟(𝑖|𝑘))𝑇𝑅𝑢𝑟(𝑖|𝑘)

] with u𝑟(𝑘) =
[
𝑢𝑟(0|𝑘), 𝑢𝑟(1|𝑘),⋯ , 𝑢𝑟(∞|𝑘)], is

denoted as 𝐽𝑟(𝑘) to simplify the notation.
Lemma 6. (Interpolation cost upper bound) Define the interpolated cost function 𝐽𝑟(𝑘) = (𝜉𝑟(𝑘))𝑇𝑀𝑟(𝑘)𝜉𝑟(𝑘), where
𝜉𝑟(𝑘) = col[𝜃 𝑟(𝑘), 1, c𝑟(𝑘)] with 𝜃 𝑟(𝑘) = col

[
𝜃𝑟(0|𝑘), 𝜃𝑟(1|𝑘),⋯ , 𝜃𝑟(𝑁 − 1|𝑘)] , 𝜃𝑟(𝑖|𝑘) mentioned above (76), c𝑟(𝑘) =

col
[
𝑐𝑟(0|𝑘), 𝑐𝑟(1|𝑘),⋯ , 𝑐𝑟(𝑁 − 1|𝑘)], and

𝑀𝑟(𝑘) = 𝐷(𝑘)𝑇𝑃𝑟𝐷(𝑘), (101)
is a positive definite matrix with 𝐷(𝑘) defined in (40), then 𝐽𝑟(𝑘) ≥ 𝐽𝑟(𝑘) if the Lyapunov matrices 𝑃𝑟, 𝑟 = 1, 2, satisfy

𝑃𝑟 ≥ (𝜓 (𝑗)
𝑟 )𝑇𝑃𝑟𝜓 (𝑗)

𝑟 + 𝑄̄𝑟, 𝑗 ∈ ℕ[1,𝐿], (102)
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14 Yang ET AL

with 𝜙(𝑗)
𝑟 = 𝐴(𝑗) + 𝐵(𝑗)𝐾𝑟, 𝐸𝑛𝑥 , 𝐸𝑛𝑢 and 𝑇𝑛𝑥 , 𝑇𝑛𝑢 respectively defined in (36) and (37),

𝜓 (𝑗)
𝑟 =

⎡
⎢⎢⎢⎢⎢⎢⎣

𝑇𝑛𝑥 𝟎 𝟎 𝟎 𝟎 𝟎 𝟎
𝟎 𝑇𝑛𝑢 𝟎 𝟎 𝟎 𝟎 𝟎
𝟎 𝟎 𝜙(𝑗)

𝑟 𝐵(𝑗) 𝟎 𝐸𝑛𝑥 𝟎
𝟎 𝟎 𝟎 𝑇𝑛𝑢 𝟎 𝟎
𝟎 𝟎 𝟎 𝟎 𝟎 𝑇𝑛𝑥

⎤
⎥⎥⎥⎥⎥⎥⎦

, 𝑄̄𝑟 =
[
𝐸𝑛𝑥 𝟎 𝐼𝑛𝑥 𝟎 𝟎
𝟎 𝐸𝑛𝑢 𝐾𝑟 𝐸𝑛𝑢 𝟎

]𝑇 [
𝑄 𝟎
𝟎 𝑅

] [
𝐸𝑛𝑥 𝟎 𝐼𝑛𝑥 𝟎 𝟎
𝟎 𝐸𝑛𝑢 𝐾𝑟 𝐸𝑛𝑢 𝟎

]
. (103)

Proof. This lemma can be proven in a similar manner as Lemma 3, hence omitted.
The input-mapping data-driven interpolation RMPC is formulated as the following linearly constrained quadratic program,

min
{𝑥𝑟(0|𝑘),{𝑐𝑟(𝑖|𝑘),𝜃𝑟(𝑖|𝑘)}𝑖∈ℕ[0,𝑁−1]

}𝑟=1,2
2
∑2
𝑟=1

[
(𝜉𝑟(𝑘))𝑇𝑀𝑟(𝑘)𝜉𝑟(𝑘)

]

𝑠.𝑡. (74), (86) − (90), (93) − (99). (104)
Algorithm 2 lists off-line and online procedures for the input-mapping data-driven interpolation RMPC scheme. Figure 2 shows
the block diagram of IMD-IRMPC controller. The feasibility and stability of Algorithm 2 is shown in Theorem 2.

FIGURE 2 Block diagram of the IMD-IRMPC controller

Theorem 2. (Feasibility and stability) For system (1) satisfying Assumption 1 subject to constraint (2), Algorithm 2 is
asymptotically stable and recursively admits a feasible solution if (104) is initially feasible.
Proof. For not abuse of notation, the interpolation number is taken as 𝑟 = 1, 2. Suppose problem (104) is feasible at time 𝑘. Let

𝐜∗𝐫 (𝑘)={𝑐∗𝑟 (0|𝑘),⋯ , 𝑐∗𝑟 (𝑁−1|𝑘)}(𝑐∗𝑟 (𝑖|𝑘)=𝟎, 𝑖∈ℕ≥𝑁 ), 𝛉∗𝐫 (𝑘) = {𝜃∗𝑟 (0|𝑘),⋯ , 𝜃∗𝑟 (𝑁−1|𝑘)} (105)
be the optimal solution at time 𝑘. Denote 𝐳∗𝐫 (𝑘)={𝑧∗𝑟 (0|𝑘),⋯ , 𝑧∗𝑟 (𝑁|𝑘)} (𝑧∗𝑟 (𝑖|𝑘)=𝟎 for 𝑖 ∈ ℕ≥𝑁 ), 𝛎∗𝐫 (𝑘) = {𝜈∗𝑟 (0|𝑘),⋯ , 𝜈∗𝑟 (𝑁−
1|𝑘)} (𝜈∗𝑟 (𝑖|𝑘)=𝟎 for 𝑖 ∈ ℕ≥𝑁 ) as the optimal linear combination of past states and inputs, 𝐖∗

𝐫 (𝑘)={𝑊 ∗
𝑟 (0|𝑘),⋯ ,𝑊 ∗

𝑟 (𝑁−1|𝑘)}
(𝑊 ∗

𝑟 (𝑖|𝑘)=𝟎 for 𝑖 ∈ ℕ≥𝑁 ) as the optimal auxiliary variable defined in (80)-(81) at time 𝑘. Define the optimal set of interpolated
state residual ∗

𝑟 (𝑖|𝑘) and state ∗
𝑟 (𝑖|𝑘) at time 𝑘 respectively satisfying (86)-(88) and (89) as follows,

𝑒∗𝑟 (𝑖|𝑘) ∈ ∗
𝑟 (𝑖|𝑘) = 𝐶𝑜{𝑒(𝑗1∶𝑖)∗𝑟 (𝑖|𝑘), 𝑗1∶𝑖 ∈ 𝑖}, 𝑥∗𝑟 (𝑖|𝑘) ∈ ∗

𝑟 (𝑖|𝑘) = 𝐶𝑜{𝑥(𝑗1∶𝑖)∗𝑟 (𝑖|𝑘), 𝑗1∶𝑖 ∈ 𝑖}, 𝑖 ∈ ℕ[1,𝑁], (106)
with ∗

𝑟 (0|𝑘) = {𝑒∗𝑟 (0|𝑘)},∗
𝑟 (0|𝑘) = {𝑥∗𝑟 (0|𝑘)} for 𝑖 = 0. Denote the optimal set of interpolated input residual and input at

time 𝑘 by Π∗
𝑟 (𝑖|𝑘), ∗

𝑟 (𝑖|𝑘) which is defined as
𝜇∗
𝑟 (𝑖|𝑘) ∈ Π∗

𝑟 (𝑖|𝑘) = 𝐶𝑜{𝜇(𝑗1∶𝑖)∗
𝑟 (𝑖|𝑘), 𝑗1∶𝑖 ∈ 𝑖}, 𝑢∗𝑟 (𝑖|𝑘) ∈  ∗

𝑟 (𝑖|𝑘) = 𝐶𝑜{𝑢(𝑗1∶𝑖)∗𝑟 (𝑖|𝑘), 𝑗1∶𝑖 ∈ 𝑖}, 𝑖 ∈ ℕ[0,𝑁−1],

with Π∗
𝑟 (0|𝑘) = {𝜇∗

𝑟 (0|𝑘)}, ∗
𝑟 (0|𝑘) = {𝑢∗𝑟 (0|𝑘)} for 𝑖 = 0. The optimal sets Π∗

𝑟 (𝑖|𝑘), ∗
𝑟 (𝑖|𝑘) satisfy (93)-(94).
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Recursive feasibility Firstly, we define the candidate perturbation and linear combination parameter sequence at time 𝑘+1 as
𝐜̂𝐫(𝑘 + 1)={𝑐∗𝑟 (1|𝑘), 𝑐∗𝑟 (2|𝑘),⋯ , 𝑐∗𝑟 (𝑁 − 1|𝑘), 𝟎}, 𝑐𝑟(𝑖|𝑘 + 1) = 𝟎, 𝑖 ∈ ℕ≥𝑁 , (107)
𝛉̂𝐫(𝑘 + 1)={𝜃̂𝑟(0|𝑘 + 1), 𝜃̂𝑟(1|𝑘 + 1),⋯, 𝜃̂𝑟(𝑁 − 2|𝑘 + 1), 𝟎}, (108)

where for 𝑖∈ℕ[0,𝑁−2], 𝜃̂𝑟(𝑖|𝑘+1) = col
[
01×1, 𝜃∗𝑟 (𝑖 + 1|𝑘)]∈ℝ𝑁𝐿−𝑖 so that (76), (78) and (80)-(81) respectively give

𝑧̂𝑟(𝑖|𝑘 + 1) = 𝑧∗𝑟 (𝑖 + 1|𝑘), 𝑖 ∈ ℕ[0,𝑁−1], 𝑧̂𝑟(𝑖|𝑘 + 1) = 𝟎, 𝑖 ∈ ℕ≥𝑁 , (109)
𝜈̂𝑟(𝑖|𝑘 + 1) = 𝜈∗𝑟 (𝑖 + 1|𝑘), 𝑖 ∈ ℕ[0,𝑁−1], 𝜈̂𝑟(𝑖|𝑘 + 1) = 𝟎, 𝑖 ∈ ℕ≥𝑁 , (110)

𝑊̂𝑟(𝑖|𝑘 + 1) = 𝑊 ∗
𝑟 (𝑖 + 1|𝑘), 𝑖 ∈ ℕ[0,𝑁−1], 𝑊̂𝑟(𝑖|𝑘 + 1) = 𝟎, 𝑖 ∈ ℕ≥𝑁 . (111)

To construct the candidate set of interpolated state residual ̂𝑟(𝑖|𝑘 + 1) and input residual Π̂𝑟(𝑖|𝑘 + 1), we first define these two
sets as follows,

̂𝑟(𝑖|𝑘 + 1) = 𝐶𝑜{𝑒𝑗1∶𝑖𝑟 (𝑖|𝑘 + 1), 𝑗1∶𝑖 ∈ 𝑖}, 𝑖 ∈ ℕ[1,𝑁], Π̂𝑟(𝑖|𝑘 + 1) = 𝐶𝑜{𝜇̂𝑗1∶𝑖𝑟 (𝑖|𝑘 + 1), 𝑗1∶𝑖 ∈ 𝑖}, 𝑖 ∈ ℕ[1,𝑁−1], (112)
̂𝑟(0|𝑘 + 1) = {𝑒𝑟(0|𝑘 + 1)}, Π̂𝑟(0|𝑘 + 1) = {𝜇̂𝑟(0|𝑘 + 1)}.

Similar with the discussion after (51) in Theorem 1, we use the notation (𝑗, 𝑗1∶𝑖−1) to replace (𝑗1∶𝑖) with 𝑗 ∈ ℕ[1,𝐿], 𝑗1∶𝑖−1 ∈𝑖−1, 𝑗1∶𝑖 ∈ 𝑖 in defining the vertices of optimal sets at time 𝑘 for notational clarity in defining the constructed solution at time
𝑘 + 1, i.e., respectively using 𝑒(𝑗)∗𝑟 (1|𝑘) and 𝑒(𝑗,𝑗1∶𝑖−1)∗𝑟 (𝑖|𝑘) to replace 𝑒(𝑗1)∗𝑟 (1|𝑘) and 𝑒(𝑗1∶𝑖)∗𝑟 (𝑖|𝑘) with 𝑖 ∈ ℕ[1,𝑁].

The vertices of optimal interpolated state and input residual sets at time 𝑘 defined as
{𝑒∗𝑟 (0|𝑘), 𝑒(𝑗)∗𝑟 (1|𝑘), 𝑒(𝑗,𝑗1)∗𝑟 (2|𝑘),⋯ , 𝑒(𝑗,𝑗1∶𝑁−1)∗

𝑟 (𝑁|𝑘)}, {𝜇∗
𝑟 (0|𝑘), 𝜇(𝑗)∗(1|𝑘), 𝜇(𝑗,𝑗1)∗

𝑟 (2|𝑘),⋯ , 𝜇(𝑗,𝑗1∶𝑁−2)∗
𝑟 (𝑁 − 1|𝑘)},

satisfy (86)-(88) and (93). Similar to the construction of 𝑒𝑗1∶𝑖𝑟 (𝑖|𝑘+ 1), 𝜇̂𝑗1∶𝑖𝑟 (𝑖|𝑘+ 1) in (55)-(57), it can be similarly verified that
the vertices defined by

𝑒𝑟(0|𝑘 + 1) = 𝑒∗𝑟 (1|𝑘) =
∑𝐿
𝑗=1 𝑝

(𝑗)𝑒(𝑗)∗𝑟 (1|𝑘), 𝜇̂𝑟(0|𝑘 + 1) = 𝜇∗
𝑟 (1|𝑘) =

∑𝐿
𝑗=1 𝑝

(𝑗)𝜇(𝑗)∗
𝑟 (1|𝑘), (113)

𝑒𝑗1∶𝑖𝑟 (𝑖|𝑘 + 1) =
∑𝐿
𝑗=1 𝑝

(𝑗)𝑒(𝑗,𝑗1∶𝑖)∗𝑟 (𝑖 + 1|𝑘), 𝑖 ∈ ℕ[1,𝑁−1], 𝜇̂
𝑗1∶𝑖
𝑟 (𝑖|𝑘 + 1) =

∑𝐿
𝑗=1 𝑝

(𝑗)𝜇(𝑗,𝑗1∶𝑖)∗
𝑟 (𝑖 + 1|𝑘), 𝑖 ∈ ℕ[1,𝑁−2], (114)

with 𝑝(𝑗) satisfying (51) and 𝑗1∶𝑖 ∈ 𝑖,
𝑒(𝑗1∶𝑁−1,𝑗𝑁 )
𝑟 (𝑁|𝑘 + 1) = (𝐴(𝑗𝑁 ) + 𝐵(𝑗𝑁 )𝐾𝑟)𝑒

𝑗1∶𝑁−1
𝑟 (𝑁 − 1|𝑘 + 1), 𝜇̂𝑗1∶𝑁−1

𝑟 (𝑁 − 1|𝑘 + 1) = 𝐾𝑟𝑒
𝑗1∶𝑁−1
𝑟 (𝑁 − 1|𝑘 + 1), (115)

for all 𝑗1∶𝑁−1 ∈ 𝑁−1, 𝑗𝑁 ∈ ℕ[1,𝐿], satisfy, at time 𝑘 + 1, the constraints (86)-(88) and (93) by considering (107) and (111).
To construct the candidate set of interpolated state ̂𝑟(𝑖|𝑘+1) and input ̂𝑟(𝑖|𝑘+1), we first define these two sets as follows,

̂𝑟(𝑖|𝑘 + 1) = 𝐶𝑜{𝑥̂𝑗1∶𝑖𝑟 (𝑖|𝑘 + 1), 𝑗1∶𝑖 ∈ 𝑖}, 𝑖 ∈ ℕ[1,𝑁], ̂𝑟(𝑖|𝑘 + 1) = 𝐶𝑜{𝑢̂𝑗1∶𝑖𝑟 (𝑖|𝑘 + 1), 𝑗1∶𝑖 ∈ 𝑖}, 𝑖 ∈ ℕ[1,𝑁−1],
̂𝑟(0|𝑘 + 1) = {𝑥̂𝑟(0|𝑘 + 1)}, ̂𝑟(0|𝑘 + 1) = {𝑢̂𝑟(0|𝑘 + 1)}.

And the vertices of optimal interpolated state and input sets at time 𝑘 defined as
{𝑥∗𝑟 (0|𝑘), 𝑥(𝑗)∗𝑟 (1|𝑘), 𝑥(𝑗,𝑗1)∗𝑟 (2|𝑘),⋯ , 𝑥(𝑗,𝑗1∶𝑁−1)∗

𝑟 (𝑁|𝑘)}, {𝑢∗𝑟 (0|𝑘), 𝑢(𝑗)∗𝑟 (1|𝑘), 𝑢(𝑗,𝑗1)∗𝑟 (2|𝑘),⋯ , 𝑢(𝑗,𝑗1∶𝑁−2)∗
𝑟 (𝑁 − 1|𝑘)},

satisfy (89) and (94). Similar to the construction of 𝑥̂𝑗1∶𝑖(𝑖|𝑘 + 1), 𝑢̂𝑗1∶𝑖(𝑖|𝑘 + 1) in (58)-(60), it can be verified that the vertices
defined by

𝑥̂𝑟(0|𝑘 + 1) =
∑𝐿
𝑗=1 𝑝

(𝑗)𝑥(𝑗)∗𝑟 (1|𝑘), 𝑢̂𝑟(0|𝑘 + 1) =
∑𝐿
𝑗=1 𝑝

(𝑗)𝑢(𝑗)∗𝑟 (1|𝑘), (116)
𝑥̂𝑗1∶𝑖𝑟 (𝑖|𝑘 + 1) =

∑𝐿
𝑗=1 𝑝

(𝑗)𝑥(𝑗,𝑗1∶𝑖)∗𝑟 (𝑖 + 1|𝑘), 𝑖 ∈ ℕ[1,𝑁−1], 𝑢̂
𝑗1∶𝑖
𝑟 (𝑖|𝑘 + 1) =

∑𝐿
𝑗=1 𝑝

(𝑗)𝑢(𝑗,𝑗1∶𝑖)∗𝑟 (𝑖 + 1|𝑘), 𝑖 ∈ ℕ[1,𝑁−2], (117)
𝑥̂(𝑗1∶𝑁−1,𝑗𝑁 )
𝑟 (𝑁|𝑘 + 1) = (𝐴(𝑗𝑁 ) + 𝐵(𝑗𝑁 )𝐾𝑟)𝑥̂

𝑗1∶𝑁−1
𝑟 (𝑁 − 1|𝑘 + 1), 𝑢̂𝑗1∶𝑁−1

𝑟 (𝑁 − 1|𝑘 + 1) = 𝐾𝑟𝑥̂
𝑗1∶𝑁−1
𝑟 (𝑁 − 1|𝑘 + 1)

with 𝑗1∶𝑖 ∈ 𝑖, 𝑗𝑁 ∈ ℕ[1,𝐿], 𝑗1∶𝑁−1 ∈ 𝑁−1, satisfy, at time 𝑘 + 1, the constraints (89) and (94) by considering (109)-(110) and
(113)-(115). Therefore, given

{𝑥∗𝑟 (0|𝑘), 𝑥(𝑗)∗𝑟 (1|𝑘), 𝑥(𝑗,𝑗1)∗𝑟 (2|𝑘),⋯ , 𝑥(𝑗,𝑗1∶𝑁−1)∗
𝑟 (𝑁|𝑘)}, {𝑢∗𝑟 (0|𝑘), 𝑢(𝑗)∗𝑟 (1|𝑘), 𝑢(𝑗,𝑗1)∗𝑟 (2|𝑘),⋯ , 𝑢(𝑗,𝑗1∶𝑁−2)∗

𝑟 (𝑁 − 1|𝑘)}
satisfying (97)-(99), the constraint (97)-(98) hold at time 𝑘 + 1 by convexity. The constraint (99) holds with 𝜆̂∗𝑟 (𝑘 + 1) = 𝜆∗𝑟 (𝑘)
as 𝑥̂𝑗1∶𝑁−1

𝑟 (𝑁 − 1|𝑘 + 1) ∈ 𝜆∗𝑟 (𝑘)Ω𝑟 caused by (117) and 𝑥(𝑗,𝑗1∶𝑁−1)∗
𝑟 (𝑁|𝑘) ∈ 𝜆∗𝑟 (𝑘)Ω𝑟, and Ω𝑟 is a RPI set for system (1) subject

to the constraint (2) with 𝑢 = 𝐾𝑟𝑥. (74) is ensured by noting 𝑥(𝑘 + 1) =
∑𝐿
𝑗=1 𝑝

(𝑗)𝑥(𝑗)∗(1|𝑘) with 𝑝(𝑗) satisfying (51) and
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16 Yang ET AL

𝑥(𝑗)∗(1|𝑘) defined in (90) with 𝑗1 = 𝑗 and 𝑥̂𝑟(0|𝑘 + 1) =
∑𝐿
𝑗=1 𝑝

(𝑗)𝑥(𝑗)∗𝑟 (1|𝑘) holds by construction. Thus the candidate solution
{𝑥̂𝑟(0|𝑘 + 1), 𝜆̂𝑟(𝑘 + 1), 𝐜̂𝐫(𝐤 + 𝟏), 𝛉̂𝐫(𝐤 + 𝟏)}𝑟=1,2 is feasible at time 𝑘 + 1.

Closed-loop stability The closed-loop stability is proven by showing monotonic decrease of the optimal cost, denote the
optimal cost of problem (104) at time 𝑘 and cost of the constructed feasible solution at time 𝑘 + 1 respectively as

𝑉 (𝜉∗1 (𝑘), 𝜉
∗
2 (𝑘)) ≜ ∑2

𝑟=1 𝑉𝑟(𝜉
∗
𝑟 (𝑘)), 𝑉 (𝜉𝑟(𝑘 + 1)) ≜ ∑2

𝑟=1 𝑉𝑟(𝜉𝑟(𝑘 + 1)), (118)
with 𝑉𝑟(𝜉∗𝑟 (𝑘)) = (𝜉∗𝑟 (𝑘))

𝑇𝑀𝑟(𝑘)𝜉∗𝑟 (𝑘), 𝑉𝑟(𝜉𝑟(𝑘 + 1)) = (𝜉𝑟(𝑘 + 1))𝑇𝑀𝑟(𝑘 + 1)𝜉𝑟(𝑘 + 1),
𝜉∗𝑟 (𝑘) = col

[
𝜃∗𝑟(𝑘), 1, 𝑐

∗
𝑟(0|𝑘)

]
, 𝜉𝑟(𝑘 + 1) = col

[
𝜃̂ 𝑟(𝑘 + 1), 1, 𝑐 𝑟(0|𝑘 + 1)

]
, (119)

𝜃∗𝑟(𝑘) = 𝛉∗𝑟(𝑘), 𝜃̂ 𝑟(𝑘 + 1) = 𝛉̂𝑟(𝑘 + 1), 𝑐∗𝑟(0|𝑘) = 𝐜∗𝐫 (𝑘), 𝑐 𝑟(0|𝑘 + 1) = 𝐜̂𝐫(𝑘 + 1), (120)
with 𝛉∗𝐫 (𝑘), 𝐜

∗
𝐫 (𝑘) and 𝛉̂𝐫(𝑘 + 1), 𝐜̂𝐫(𝑘 + 1) respectively defined in (105), (107)-(108). Denote the optimal interpolated augment

vector revised from (35) at time 𝑘 as
𝜍∗𝑟 (𝑖|𝑘) = col

[
𝑧∗𝑟(𝑖|𝑘), 𝜈∗𝑟(𝑖|𝑘), 𝑒∗𝑟 (𝑖|𝑘), 𝑐∗𝑟(𝑖|𝑘),𝑊 ∗

𝑟 (𝑖|𝑘)
]
, (121)

with 𝑒∗𝑟 (𝑖|𝑘) ∈ 𝐶𝑜{𝑒(𝑗1∶𝑖)∗𝑟 (𝑖|𝑘), 𝑗1∶𝑖 ∈ 𝑖}, 𝑧∗𝑟(𝑖|𝑘) = col[𝑧∗𝑟 (𝑖|𝑘), 𝑧∗𝑟 (𝑖 + 1|𝑘),⋯ , 𝑧∗𝑟 (𝑖 +𝑁−1|𝑘)], 𝜈∗𝑟(𝑖|𝑘) = col[𝜈∗𝑟 (𝑖|𝑘), 𝜈∗𝑟 (𝑖+
1|𝑘),⋯ , 𝜈∗𝑟 (𝑖+𝑁−1|𝑘)], 𝑗1∶𝑖 ∈ 𝑖}, 𝑐∗𝑟(𝑖|𝑘) = col[𝑐∗𝑟 (𝑖|𝑘),⋯ , 𝑐∗𝑟 (𝑖+𝑁−1|𝑘)],𝑊 ∗

𝑟 (𝑖|𝑘) = col[𝑊 ∗
𝑟 (𝑖|𝑘),𝑊 ∗

𝑟 (𝑖+ 1|𝑘),⋯ ,𝑊 ∗
𝑟 (𝑖+

𝑁 − 1|𝑘)] and define the interpolated constructed solution at time 𝑘 + 1 as
𝜍̂𝑟(𝑖|𝑘 + 1) = col

[
𝑧̂𝑟(𝑖|𝑘 + 1), 𝜈̂ 𝑟(𝑖|𝑘 + 1), 𝑒𝑟(𝑖|𝑘 + 1), 𝑐 𝑟(𝑖|𝑘 + 1), 𝑊̂𝑟(𝑖|𝑘 + 1)

]
, (122)

with 𝑒𝑟(𝑖|𝑘 + 1) ∈ 𝐶𝑜{𝑒𝑗1∶𝑖𝑟 (𝑖|𝑘 + 1), 𝑗1∶𝑖 ∈ 𝑖} for 𝑖 ∈ ℕ≥1 and 𝑒𝑟(0|𝑘 + 1) defined in (113)-(115),
𝑧̂𝑟(𝑖|𝑘 + 1) = col

[
𝑧̂𝑟(𝑖|𝑘 + 1),⋯ , 𝑧̂𝑟(𝑖 +𝑁 − 1|𝑘 + 1)

]
, 𝑐 𝑟(𝑖|𝑘 + 1) = col

[
𝑐𝑟(𝑖|𝑘 + 1),⋯ , 𝑐𝑟(𝑖 +𝑁 − 1|𝑘 + 1)

]
, (123)

𝜈̂ 𝑟(𝑖|𝑘 + 1) = col
[
𝜈̂𝑟(𝑖|𝑘 + 1),⋯ , 𝜈̂𝑟(𝑖 +𝑁 − 1|𝑘 + 1)

]
, 𝑊̂𝑟(𝑖|𝑘 + 1) = col

[
𝑊̂𝑟(𝑖|𝑘 + 1),⋯ , 𝑊̂𝑟(𝑖 +𝑁 − 1|𝑘 + 1)

]
. (124)

As indicated by (76)-(78) and (80)-(81), 𝜍∗𝑟 (0|𝑘) = 𝐷(𝑘)𝜉∗𝑟 (𝑘) and 𝜍̂𝑟(0|𝑘 + 1) = 𝐷(𝑘 + 1)𝜉𝑟(𝑘 + 1) with 𝜉∗𝑟 (𝑘) and 𝜉𝑟(𝑘 + 1)
defined in (119). Hence, considering (101) and (118),

𝑉𝑟(𝜉∗𝑟 (𝑘)) = (𝜍∗𝑟 (0|𝑘))𝑇𝑃𝑟𝜍∗𝑟 (0|𝑘), 𝑉𝑟(𝜉𝑟(𝑘 + 1)) = (𝜍̂𝑟(0|𝑘 + 1))𝑇𝑃𝑟𝜍̂𝑟(0|𝑘 + 1). (125)
From (79), (107), (109)-(111), (113), (121)-(124) and noting that 𝑇𝑛𝑥 , 𝑇𝑛𝑢 defined in (37) satisfy 𝑧∗𝑟(1|𝑘) = 𝑇𝑛𝑥𝑧

∗
𝑟(0|𝑘),𝑊 ∗

𝑟 (1|𝑘) =
𝑇𝑛𝑥𝑊

∗
𝑟 (0|𝑘), 𝜈∗𝑟(1|𝑘) = 𝑇𝑛𝑢𝜈

∗
𝑟(0|𝑘), 𝑐∗𝑟(1|𝑘) = 𝑇𝑛𝑢𝑐

∗
𝑟(0|𝑘) which is similar with (38),

𝜍̂𝑟(0|𝑘 + 1) = 𝜍∗𝑟 (1|𝑘) = 𝜓𝑟𝜍
∗
𝑟 (0|𝑘), (126)

with𝜓𝑟 = ∑𝐿
𝑗=1 𝑝

(𝑗)𝜓 (𝑗)
𝑟 , 𝜓

(𝑗)
𝑟 defined in (103) and 𝑝(𝑗) satisfying (51). Therefore, since (102) implying 𝑃𝑟 ≥ 𝜓𝑇

𝑟 𝑃𝑟𝜓𝑟+𝑄̄𝑟, by pre-
and post-multiplication of this inequality by (𝜍∗𝑟 (0|𝑘))𝑇 and its transpose and considering (75), (77), (125)-(126) and 𝐸𝑛𝑥 , 𝐸𝑛𝑢defined in (36) satisfy 𝑧∗𝑟 (0|𝑘) = 𝐸𝑛𝑥𝑧

∗
𝑟(0|𝑘), 𝜈∗𝑟 (0|𝑘) = 𝐸𝑛𝑢𝜈

∗
𝑟(0|𝑘),𝑊 ∗

𝑟 (0|𝑘) = 𝐸𝑛𝑥𝑊
∗
𝑟 (0|𝑘), we have 𝑉𝑟(𝜉∗𝑟 (𝑘))−𝑉𝑟(𝜉𝑟(𝑘+1)) ≥‖‖𝑥𝑟(0|𝑘)‖‖2𝑄+‖‖𝑢𝑟(0|𝑘)‖‖2𝑅 which implies 𝑉𝑟(𝜉∗𝑟 (𝑘))−𝑉𝑟(𝜉∗𝑟 (𝑘+1)) ≥ ‖‖𝑥𝑟(0|𝑘)‖‖2𝑄+‖‖𝑢𝑟(0|𝑘)‖‖2𝑅, 𝑉 (𝜉∗1 (𝑘), 𝜉

∗
2 (𝑘))−𝑉 (𝜉∗1 (𝑘+1), 𝜉

∗
2 (𝑘+

1)) ≥ ∑2
𝑟=1

[‖‖𝑥𝑟(0|𝑘)‖‖2𝑄 + ‖‖𝑢𝑟(0|𝑘)‖‖2𝑅
]
> 0,∀𝑥𝑟(0|𝑘) ≠ 0, 𝑢𝑟(0|𝑘) ≠ 0(𝑥(𝑘) = 𝑥1(𝑘)+𝑥2(𝑘) ≠ 0, 𝑢(𝑘) = 𝑢1(0|𝑘)+𝑢2(0|𝑘) ≠ 0)

as 𝑄,𝑅 are positive definite. Hence, the closed-loop system is asymptotically stable.

5 NUMERICAL EXAMPLES

In this section, we demonstrate the advantages of our proposed data-driven methods by two examples. First, the proposed data-
driven controller is applied to a four dimensional system. We show that our proposed scheme can achieve desirable control
performance with good computational efficiency (Section 5.1). Next, we show the potential of our proposed scheme in controlling
nonlinear plant through a CSTR chemical process benchmark example (Section 5.2).
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Yang ET AL 17

Algorithm 2 Input-mapping data-driven interpolation robust model predictive control (IMD-IRMPC) algorithm
Offline:
Step 1. Choose the cost indexes 𝛾1 and 𝛾2 and two reference points 𝑥𝑝,1 and 𝑥𝑝,2, use (70) to calculate the stabilizing feedback

gains {𝐾1, 𝐾2} and apply the algorithm in [24] to calculate the corresponding polyhedral RPI sets {Ω1,Ω2}. Compute
the Lyapunov matrices 𝑃1, 𝑃2 satisfying Lemma 6.

Online:
Step 1. Compute matrix𝑀𝑟(𝑘) and solve problem (104). Apply input 𝑢(𝑘) = ∑2

𝑟=1

[∑𝑁𝐿
𝑙=1(𝜃𝑟(0|𝑘))𝑙𝑢(𝑘 − 𝑙) +𝐾𝑟𝑒𝑟(0|𝑘) + 𝑐𝑟(0|𝑘)

]
to system.

Step 2. Update data set 𝑋−
𝑘 , 𝑈

−
𝑘 , 𝑋

+
𝑘 in (5)-(7) by storing a new record {𝑥(𝑘), 𝑢(𝑘), 𝑥(𝑘 + 1)}, set 𝑘 = 𝑘 + 1 and back to Step 1.
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(a) The 𝑥2 − 𝑥3 cross section of feasible region (b) The 𝑥1 − 𝑥4 cross section of feasible region
FIGURE 3 The comparison of feasible region under IMD-IRMPC, IMD-𝐾1, IMD-𝐾2 and IMD-1-step. (a): The 𝑥2 − 𝑥3 cross
section of feasible region with (𝑥1, 𝑥4) = (1, 2) (b): The 𝑥1 − 𝑥4 cross section of feasible region with (𝑥2, 𝑥3) = (7, 5) In (b), the
𝑥1 − 𝑥4 cross section of feasible region of IMD-1-step is empty (contains no points)

5.1 Example 1: numerical example
We apply our method to the following fourth-order system. The discrete time state space model is in the form of

𝑥(𝑘 + 1) = (𝐴0 + Δtr
𝐴)𝑥(𝑘) + (𝐵0 + Δtr

𝐵)𝑢(𝑘), [Δ
tr
𝐴,Δ

tr
𝐵] ∈ Ξ ≜ 𝐶𝑜{[Δ(1)

𝐴 ,Δ
(1)
𝐵 ], [Δ(2)

𝐴 ,Δ
(2)
𝐵 ]},

𝐴0 =

⎡
⎢⎢⎢⎢⎣

0.8623 0 0.1472 0
0 0.8359 0 0.1052
0 0 0.6434 0
0 0 0 0.8130

⎤⎥⎥⎥⎥⎦
, 𝐵0 =

⎡⎢⎢⎢⎢⎣

0.0647 0
0 0.0647
0 0.0680

0.0619 0

⎤
⎥⎥⎥⎥⎦
,

Δ(1)
𝐴 =

⎡⎢⎢⎢⎢⎣

0 0 −0.1177 0
0 0 0 0
0 0 0.3163 0
0 0 0 0

⎤⎥⎥⎥⎥⎦
,Δ(2)

𝐴 =

⎡
⎢⎢⎢⎢⎣

0 0 0.1177 0
0 0 0 0
0 0 −0.3163 0
0 0 0 0

⎤⎥⎥⎥⎥⎦
,Δ(1)

𝐵 =

⎡⎢⎢⎢⎢⎣

0 0
0 0
0 −0.0204
0 0

⎤
⎥⎥⎥⎥⎦
,Δ(2)

𝐵 =

⎡⎢⎢⎢⎢⎣

0 0
0 0
0 0.0204
0 0

⎤⎥⎥⎥⎥⎦
,

𝐴(1) = 𝐴0 + Δ(1)
𝐴 , 𝐴

(2) = 𝐴0 + Δ(2)
𝐴 , 𝐵

(1) = 𝐵0 + Δ(1)
𝐵 , 𝐵

(2) = 𝐵0 + Δ(2)
𝐵 .

The constraints of the system are
𝑈 = {𝑢 ∈ ℝ2| − 42.7506 ≤ 𝑢1 ≤ 17.2494,−30.5563 ≤ 𝑢2 ≤ 29.4437},

𝑋 = {𝑥 ∈ ℝ4| − 6.4033≤𝑥1 ≤ 14.0967,−3.0544 ≤𝑥2≤ 17.4456,−0.1144≤𝑥3≤24.3856,−2.5748 ≤ 𝑥4≤20.9252}. (127)
The weighting matrices are 𝑄 = 𝑑𝑖𝑎𝑔{20, 0.01, 200, 0}, 𝑅 = 0.001𝐼2. The data length and control horizon are chosen as
𝑁𝐿 = 4, 𝑁 = 2. For the input-mapping interpolation RMPC algorithm (Algorithm 2), we firstly solve (70) to get two feedback
gains with different properties. For the tuning parameters in (70), we set the cost indices and the reference points of the high
performance and low performance feedback respectively as 𝛾1 = 10000, 𝛾2 = 14600 and 𝑥𝑝,1 = (135, 35, 10, 8)𝑇 , 𝑥𝑝,2 =
(111, 24, 0.01, 5)𝑇 . By solving (70), the resulting high-gain and low-gain feedback controllers are respectively selected as 𝐾1 =[ −2.5141 −0.0808 −2.2485 0.1793

0.2034 0.0093 −5.8007 0.3582
]
, 𝐾2 =

[ −1.6614 −0.0879 −0.2392 −0.3194
−0.0518 0.0537 −4.2735 0.0693

].
The feasible region of our proposed data-driven methods IMD-𝐾1, IMD-𝐾2 (Algorithm 1 with two feedback laws 𝐾1, 𝐾2),

IMD-IRMPC (Algorithm 2, IMD-interpolation robust model predictive control) and IMD-1-step (IMD method with control
horizon𝑁 = 1 in [22]) is shown in Figure 3. Since it is difficult to plot the feasible region for 4 dimensional system, we randomly
choose some points within the constraint admissible region, respectively fix 𝑥1, 𝑥4 and 𝑥2, 𝑥3 and plot the 𝑥2 − 𝑥3 and 𝑥1 − 𝑥4
cross sections of feasible region. It can be observed that IMD-IRMPC enlarges the feasible region of IMD-𝐾1 and IMD-𝐾2 as
a result of the interpolation between two control laws 𝐾1, 𝐾2, as stated in Remark 2. And due to the fact that ellipsoid invariant
set deals with the asymmetric constraint of state 𝑥3 defined in (127) conservatively by treating it as a symmetric constraint
(i.e., −0.1144 ≤ 𝑥3 ≤ 0.1144), IMD-1-step has a relatively small attractive region on 𝑥2 − 𝑥3 plane with the fixed coordinate
(𝑥1, 𝑥4) = (1, 2) and even infeasible on 𝑥1 − 𝑥4 plane with the fixed coordinate (𝑥2, 𝑥3) = (7, 5). Since its attractive region is
negligible and near the origin, we do not perform comparison with IMD-1-step in this example but in Example 2.

FIGURE 3 The comparison of feasible region under IMD-IRMPC, IMD-𝐾1, IMD-𝐾2 and IMD-1-step. (a): The 𝑥2 − 𝑥3 cross
section of feasible region with (𝑥1, 𝑥4) = (1, 2) (b): The 𝑥1 − 𝑥4 cross section of feasible region with (𝑥2, 𝑥3) = (7, 5) In (b), the
𝑥1 − 𝑥4 cross section of feasible region of IMD-1-step is empty (contains no points)

5.1 Example 1: numerical example
We apply our method to the following fourth-order system. The discrete time state space model is in the form of

𝑥(𝑘 + 1) = (𝐴0 + Δtr
𝐴)𝑥(𝑘) + (𝐵0 + Δtr

𝐵)𝑢(𝑘), [Δ
tr
𝐴,Δ

tr
𝐵] ∈ Ξ ≜ 𝐶𝑜{[Δ(1)

𝐴 ,Δ
(1)
𝐵 ], [Δ(2)

𝐴 ,Δ
(2)
𝐵 ]},

𝐴0 =

⎡⎢⎢⎢⎢⎣

0.8623 0 0.1472 0
0 0.8359 0 0.1052
0 0 0.6434 0
0 0 0 0.8130

⎤⎥⎥⎥⎥⎦
, 𝐵0 =

⎡⎢⎢⎢⎢⎣

0.0647 0
0 0.0647
0 0.0680

0.0619 0

⎤⎥⎥⎥⎥⎦
,

Δ(1)
𝐴 =

⎡⎢⎢⎢⎢⎣

0 0 −0.1177 0
0 0 0 0
0 0 0.3163 0
0 0 0 0

⎤⎥⎥⎥⎥⎦
,Δ(2)

𝐴 =

⎡⎢⎢⎢⎢⎣

0 0 0.1177 0
0 0 0 0
0 0 −0.3163 0
0 0 0 0

⎤⎥⎥⎥⎥⎦
,Δ(1)

𝐵 =

⎡⎢⎢⎢⎢⎣

0 0
0 0
0 −0.0204
0 0

⎤⎥⎥⎥⎥⎦
,Δ(2)

𝐵 =

⎡⎢⎢⎢⎢⎣

0 0
0 0
0 0.0204
0 0

⎤⎥⎥⎥⎥⎦
,

𝐴(1) = 𝐴0 + Δ(1)
𝐴 , 𝐴

(2) = 𝐴0 + Δ(2)
𝐴 , 𝐵

(1) = 𝐵0 + Δ(1)
𝐵 , 𝐵

(2) = 𝐵0 + Δ(2)
𝐵 .

The constraints of the system are
𝑈 = {𝑢 ∈ ℝ2| − 42.7506 ≤ 𝑢1 ≤ 17.2494,−30.5563 ≤ 𝑢2 ≤ 29.4437},

𝑋 = {𝑥 ∈ ℝ4| − 6.4033≤𝑥1 ≤ 14.0967,−3.0544 ≤𝑥2≤ 17.4456,−0.1144≤𝑥3≤24.3856,−2.5748 ≤ 𝑥4≤20.9252}. (127)
The weighting matrices are 𝑄 = 𝑑𝑖𝑎𝑔{20, 0.01, 200, 0}, 𝑅 = 0.001𝐼2. The data length and control horizon are chosen as
𝑁𝐿 = 4, 𝑁 = 2. For the input-mapping interpolation RMPC algorithm (Algorithm 2), we firstly solve (70) to get two feedback
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(a) Trajectories of 𝑥1 starting from initial state 𝑥0 = (2, 1, 1, 2)𝑇 (b) Trajectories of 𝑥2 starting from initial state 𝑥0 = (2, 1, 1, 2)𝑇
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(c) Trajectories of 𝑥3 starting from initial state 𝑥0 = (2, 1, 1, 2)𝑇 (d) Trajectories of 𝑥4 starting from initial state 𝑥0 = (2, 1, 1, 2)𝑇

FIGURE 4 The comparison of state evolution starting from 𝑥0 = (2, 1, 1, 2)𝑇 under IMD-IRMPC, IMD-𝐾1, IMD-𝐾2 and their
robust counterparts IRMPC, RMPC-𝐾1, RMPC-𝐾2. (a): Trajectories of state 𝑥1. (b): Trajectories of state 𝑥2. (c): Trajectories
of state 𝑥3. (d): Trajectories of state 𝑥4

TABLE 1 Comparison of accumulated cost between robust and data-driven methods for Exampe 1

Initial state IMD-IRMPC IRMPC IMD-𝐾1 RMPC-𝐾1 IMD-𝐾2 RMPC-𝐾2

𝑥0 =
(
2 1 1 2

)𝑇 389.3 474.0 388.5 473.7 390.2 477.3

5.1.1 The comparison with RMPC methods
In this subsection, we compare the performance of our proposed data-driven methods IMD-𝐾1, IMD-𝐾2 (Algorithm 1 with
two feedback laws 𝐾1, 𝐾2), IMD-IRMPC (Algorithm 2, IMD-interpolation robust model predictive control) and its robust
counterparts (RMPC-𝐾1, RMPC-𝐾2, IRMPC) introduced in [6].

To compare performance, we select an initial state 𝑥0 = (2, 1, 1, 2)𝑇 and the state trajectories of different methods are shown in
Figure 4. It can be seen that the proposed IMD-IRMPC converge faster than its counterpart IRMPC, which also applies for IMD-
𝐾1 and IMD-𝐾2 compared with their robust counterparts. Moreover, as the feedback controller of 𝐾1 is designed to have better
performance than𝐾2, IMD-𝐾1 performs better than IMD-𝐾2 and IMD-IRMPC achieves almost the same desirable performance
with IMD-𝐾1. Further, Table 1 lists the accumulated cost index which is denoted as 𝐽𝑎 = ∑𝑇𝑠𝑡𝑒𝑝

𝑘=0 (𝑥
𝑇 (𝑘)𝑄𝑥(𝑘)+𝑢𝑇 (𝑘)𝑅𝑢(𝑘)) with

𝑇𝑠𝑡𝑒𝑝 = 25 denoting the simulation time. It can be readily seen that the proposed input-mapping data-driven methods improve
the performance of robust methods.

5.1.2 The comparison with online data-driven MPC methods
In this subsection, we make a comparison between two online data-driven methods in terms of closed-loop performance and
computation efficiency, namely our proposed input-mapping data-driven methods and AMPC (adaptive MPC) approach in [8]
which uses online measurements to reduce the size of polytopic model set in (4). As the AMPC is based on the fixed feedback
gain, AMPC-𝐾1 and AMPC-𝐾2 are both taken into comparison. And the simplified version of AMPC, denoted as AMPCs-𝐾1
and AMPCs-𝐾2 (which is introduced in [8] to simply update model set without recomputing the terminal set and Lyapunov

FIGURE 4 The comparison of state evolution starting from 𝑥0 = (2, 1, 1, 2)𝑇 under IMD-IRMPC, IMD-𝐾1, IMD-𝐾2 and their
robust counterparts IRMPC, RMPC-𝐾1, RMPC-𝐾2. (a): Trajectories of state 𝑥1. (b): Trajectories of state 𝑥2. (c): Trajectories
of state 𝑥3. (d): Trajectories of state 𝑥4

TABLE 1 Comparison of accumulated cost between robust and data-driven methods for Exampe 1

Initial state IMD-IRMPC IRMPC IMD-𝐾1 RMPC-𝐾1 IMD-𝐾2 RMPC-𝐾2

𝑥0 =
(
2 1 1 2

)𝑇 389.3 474.0 388.5 473.7 390.2 477.3

gains with different properties. For the tuning parameters in (70), we set the cost indices and the reference points of the high
performance and low performance feedback respectively as 𝛾1 = 10000, 𝛾2 = 14600 and 𝑥𝑝,1 = (135, 35, 10, 8)𝑇 , 𝑥𝑝,2 =
(111, 24, 0.01, 5)𝑇 . By solving (70), the resulting high-gain and low-gain feedback controllers are respectively selected as 𝐾1 =[ −2.5141 −0.0808 −2.2485 0.1793

0.2034 0.0093 −5.8007 0.3582
]
, 𝐾2 =

[ −1.6614 −0.0879 −0.2392 −0.3194
−0.0518 0.0537 −4.2735 0.0693

].
The feasible region of our proposed data-driven methods IMD-𝐾1, IMD-𝐾2 (Algorithm 1 with two feedback laws 𝐾1, 𝐾2),

IMD-IRMPC (Algorithm 2, IMD-interpolation robust model predictive control) and IMD-1-step (IMD method with control
horizon𝑁 = 1 in [22]) is shown in Figure 3. Since it is difficult to plot the feasible region for 4 dimensional system, we randomly
choose some points within the constraint admissible region, respectively fix 𝑥1, 𝑥4 and 𝑥2, 𝑥3 and plot the 𝑥2 − 𝑥3 and 𝑥1 − 𝑥4
cross sections of feasible region. It can be observed that IMD-IRMPC enlarges the feasible region of IMD-𝐾1 and IMD-𝐾2 as
a result of the interpolation between two control laws 𝐾1, 𝐾2, as stated in Remark 2. And due to the fact that ellipsoid invariant
set deals with the asymmetric constraint of state 𝑥3 defined in (127) conservatively by treating it as a symmetric constraint
(i.e., −0.1144 ≤ 𝑥3 ≤ 0.1144), IMD-1-step has a relatively small attractive region on 𝑥2 − 𝑥3 plane with the fixed coordinate
(𝑥1, 𝑥4) = (1, 2) and even infeasible on 𝑥1 − 𝑥4 plane with the fixed coordinate (𝑥2, 𝑥3) = (7, 5). Since its attractive region is
negligible and near the origin, we do not perform comparison with IMD-1-step in this example but in Example 2.
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TABLE 2 Comparison of accumulated cost and average (total) computation time between data-driven controllers for Example 1
(- = infeasible)

Initial state 𝑥0
IMD-IRMPC IMD-𝐾1 AMPC-𝐾1 AMPCs-𝐾1 IMD-𝐾2 AMPC-𝐾2 AMPCs-𝐾2

Time/s Cost Time/s Cost Time/s Cost Time/s Cost Time/s Cost Time/s Cost Time/s Cost
( 5 6 4 5 )𝑇 0.0082 6095.6 - - - - - - 0.0070 6095.6 3.28 6097.4 0.22 6841.7
( 2 1 1 2 )𝑇 0.0083 389.3 0.0075 388.5 3.38 390.8 0.22 440.0 0.0069 390.2 3.29 391.1 0.20 451.0
( 10 7 6 12 )𝑇 0.0085 17466 - - - - - - - - - - - -

TABLE 3 Comparison of computation efficiency between online data-driven controllers with initial state 𝑥0 = (2, 1, 1, 2)𝑇 for
Example 1

Algorithm IMD-IRMPC IMD-𝐾1 AMPC-𝐾1 AMPCs-𝐾1 IMD-𝐾2 AMPC-𝐾2 AMPCs-𝐾2

Updating time(s) 0.0009 0.0007 3.31 0.14 0.0007 3.23 0.14
Solving time(s) 0.0074 0.0068 0.07 0.08 0.0062 0.06 0.06
Total time(s) 0.0083 0.0075 3.38 0.22 0.0069 3.29 0.20

5.1.1 The comparison with RMPC methods
In this subsection, we compare the performance of our proposed data-driven methods IMD-𝐾1, IMD-𝐾2 (Algorithm 1 with
two feedback laws 𝐾1, 𝐾2), IMD-IRMPC (Algorithm 2, IMD-interpolation robust model predictive control) and its robust
counterparts (RMPC-𝐾1, RMPC-𝐾2, IRMPC) introduced in [6].

To compare performance, we select an initial state 𝑥0 = (2, 1, 1, 2)𝑇 and the state trajectories of different methods are shown in
Figure 4. It can be seen that the proposed IMD-IRMPC converge faster than its counterpart IRMPC, which also applies for IMD-
𝐾1 and IMD-𝐾2 compared with their robust counterparts. Moreover, as the feedback controller of 𝐾1 is designed to have better
performance than𝐾2, IMD-𝐾1 performs better than IMD-𝐾2 and IMD-IRMPC achieves almost the same desirable performance
with IMD-𝐾1. Further, Table 1 lists the accumulated cost index which is denoted as 𝐽𝑎 = ∑𝑇𝑠𝑡𝑒𝑝

𝑘=0 (𝑥
𝑇 (𝑘)𝑄𝑥(𝑘)+𝑢𝑇 (𝑘)𝑅𝑢(𝑘)) with

𝑇𝑠𝑡𝑒𝑝 = 25 denoting the simulation time. It can be readily seen that the proposed input-mapping data-driven methods improve
the performance of robust methods.

5.1.2 The comparison with online data-driven MPC methods
In this subsection, we make a comparison between two online data-driven methods in terms of closed-loop performance and
computation efficiency, namely our proposed input-mapping data-driven methods and AMPC (adaptive MPC) approach in [8]
which uses online measurements to reduce the size of polytopic model set in (4). As the AMPC is based on the fixed feedback
gain, AMPC-𝐾1 and AMPC-𝐾2 are both taken into comparison. And the simplified version of AMPC, denoted as AMPCs-𝐾1
and AMPCs-𝐾2 (which is introduced in [8] to simply update model set without recomputing the terminal set and Lyapunov
weighting matrix), are also considered. To give a fair comparison, the control horizon in these two approaches are kept the same
as mentioned above, 𝑁 = 2. The same prior polytopic set Ξ in (4) is adopted in all cases.

To compare control performance and computation efficiency, we select three initial points, respectively 𝑥0 =
(5, 6, 4, 5)𝑇 , (2, 1, 1, 2)𝑇 and (10, 7, 6, 12)𝑇 . The performance is evaluated through an accumulated cost for 𝑇𝑠𝑡𝑒𝑝 = 50 time steps.
To assess the computation efficiency, the average (total) computation time over 50 time steps is measured which includes the
time spent for online learning (in updating the estimated model, model uncertainty set, terminal set and Lyapunov matrix for
AMPC and updating the data set 𝑋−

𝑘 .𝑈
−
𝑘 , 𝑋

+
𝑘 in (5)-(7) for the proposed IMD methods) and solving the optimization problem.

The results are reported as follows. Table 2 shows the performance and average (total) computation time with regard to
different initial points under IMD-IRMPC, IMD-𝐾1, IMD-𝐾2, AMPC-𝐾1, AMPC-𝐾2, AMPCs-𝐾1 and AMPCs-𝐾2. As can be
seen from Table 2, the methods based on one feedback gain 𝐾𝑟(𝑟 = 1, 2) are infeasible for some initial points or only one 𝐾𝑟
provides a feasible solution while the proposed IMD-IRMPC always provides feasibility due to the enlarged attractive region. We
also observe that IMD-IRMPC, IMD-𝐾1 and IMD-𝐾2 can achieve superior control performance and computational efficiency
simultaneously compared to AMPC-𝐾1, AMPC-𝐾2, AMPCs-𝐾1 and AMPCs-𝐾2. And AMPC-𝐾𝑟 with 𝑟 = 1, 2 improves the
control performance of AMPCs-𝐾𝑟 at the cost of more computation burden which includes not only updating the estimated
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FIGURE 5 The comparison of state evolution starting from initial state 𝑥0 = (2, 1, 1, 2)𝑇 (left) and 𝑥0 = (5, 6, 4, 5)𝑇 (right)
under IMD-IRMPC, IMD-𝐾1, IMD-𝐾2, AMPC-𝐾1, AMPC-𝐾2, AMPCs-𝐾1 and AMPCs-𝐾2

We perform the comparison under two cases, respectively the nominal and model mismatch. For the nominal case, the
online real model parameter coincides with the model used in collecting data during offline trials, i.e., [𝐴offline, 𝐵offline] =
[𝐴online, 𝐵online] = [𝐴(1), 𝐵(1)]. In the case of model mismatch, the online model is inconsistent with the model used in offline
trials, i.e., [𝐴offline, 𝐵offline] =

[
𝐴(1), 𝐵(1)] , [𝐴online, 𝐵online] =

[
𝐴(2), 𝐵(2)]. To give a fair comparison, we replace the min-max

objective function of IMD-IRMPC in (104) (IMD-RMPC in (43)) into a nominal cost function to be consistent with PE-DD.
Moreover, to guarantee recursive feasibility and stability, we consider the robust state constraint satisfaction. In consideration
of insufficient data not satisfying PE condition, we also make a comparison with non-PE-DD where the not persistently exciting
data is collected by reducing the data length such that the PE condition is not satisfied.

FIGURE 5 The comparison of state evolution starting from initial state 𝑥0 = (2, 1, 1, 2)𝑇 (left) and 𝑥0 = (5, 6, 4, 5)𝑇 (right)
under IMD-IRMPC, IMD-𝐾1, IMD-𝐾2, AMPC-𝐾1, AMPC-𝐾2, AMPCs-𝐾1 and AMPCs-𝐾2

model and model uncertainty set, but also recomputing the terminal set and Lyapunov weighting matrix. It is noteworthy that our
proposed multi-step IMD based methods have much less computation time than AMPC and AMPCs methods by directly using
data to design controller without estimating the model online as in AMPC and AMPCs methods, contributing to the obvious
advantages of both performance and computation efficiency. Table 3 compares the time spent in online updating and solving the
optimization problem between different algorithms. This reveals that the proposed multi-step IMD methods implement online
learning by simply updating the data set 𝑋−

𝑘 .𝑈
−
𝑘 , 𝑋

+
𝑘 as defined in (5)-(7) while AMPC needs to at least update the estimated

model and model uncertainty set for each sampling time. For the time spent in solving optimization, AMPC and AMPCs have
more optimization variables and constraints resulting from the decision variables of tube design and an extending control horizon.
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(a) Trajectories of 𝑥1 starting from initial state 𝑥0 = (−6, 16, 7.95, 20)𝑇 (b) Trajectories of 𝑥2 starting from initial state 𝑥0 = (−6, 16, 7.95, 20)𝑇
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(c) Trajectories of 𝑥3 starting from initial state 𝑥0 = (−6, 16, 7.95, 20)𝑇 (d) Trajectories of 𝑥4 starting from initial state 𝑥0 = (−6, 16, 7.95, 20)𝑇

FIGURE 6 The comparison of state evolution with initial state starting from 𝑥0 = (−6, 16, 7.95, 20)𝑇 under IMD-IRMPC,
IMD-𝐾2, PE-DD in the case of nominal plant
TABLE 4 Comparison of accumulated cost and average computation time in the case of nominal plant under IMD-IRMPC,
IMD-𝐾2, PE-DD and non-PE-DD for Example 1 (- = infeasible)

Algorithm IMD-IRMPC IMD-𝐾2 PE-DD non-PE-DD
Cost 27307 27307 27602 -
Computation time(s) 0.0074 0.0055 0.0103 -
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FIGURE 7 The comparison of state evolution with initial state starting from 𝑥0 = (−6, 16, 7.95, 20)𝑇 under IMD-IRMPC,
IMD-𝐾2, PE-DD in the case of model mismatch

FIGURE 6 The comparison of state evolution with initial state starting from 𝑥0 = (−6, 16, 7.95, 20)𝑇 under IMD-IRMPC,
IMD-𝐾2, PE-DD in the case of nominal plant

TABLE 4 Comparison of accumulated cost and average computation time in the case of nominal plant under IMD-IRMPC,
IMD-𝐾2, PE-DD and non-PE-DD for Example 1 (- = infeasible)

Algorithm IMD-IRMPC IMD-𝐾2 PE-DD non-PE-DD
Cost 27307 27307 27602 -
Computation time(s) 0.0074 0.0055 0.0103 -

To display the stabilization performance more clearly, the closed-loop trajectories with two initial points 𝑥0 =
(5, 6, 4, 5)𝑇 , (2, 1, 1, 2)𝑇 over the former 25 time steps are plotted in Figure 5. The closed-loop trajectories of the initial state
𝑥0 = (10, 7, 6, 12)𝑇 are not shown as only the IMD-IRMPC is feasible for this initial state and convergence to the origin is evi-
dent. It can be seen that IMD-IRMPC, IMD-𝐾1 and IMD-𝐾2 converge faster than the AMPC-𝐾𝑟 and AMPCs-𝐾𝑟 methods with
𝑟 = 1, 2, which clearly verifies the effectiveness of the proposed input-mapping data-driven scheme.

5.1.3 The comparison with offline data-driven based methods
In this subsection, we make a comparison with an offline data-driven based method, namely the PE-DD (persistently exciting
data-driven) approach which collects a certain amount of offline data satisfying PE condition in [10], in terms of closed-loop
performance, computation efficiency and robustness in presence of model mismatch.

We perform the comparison under two cases, respectively the nominal and model mismatch. For the nominal case, the
online real model parameter coincides with the model used in collecting data during offline trials, i.e., [𝐴offline, 𝐵offline] =
[𝐴online, 𝐵online] = [𝐴(1), 𝐵(1)]. In the case of model mismatch, the online model is inconsistent with the model used in offline
trials, i.e., [𝐴offline, 𝐵offline] =

[
𝐴(1), 𝐵(1)] , [𝐴online, 𝐵online] =

[
𝐴(2), 𝐵(2)]. To give a fair comparison, we replace the min-max

objective function of IMD-IRMPC in (104) (IMD-RMPC in (43)) into a nominal cost function to be consistent with PE-DD.
Moreover, to guarantee recursive feasibility and stability, we consider the robust state constraint satisfaction. In consideration
of insufficient data not satisfying PE condition, we also make a comparison with non-PE-DD where the not persistently exciting
data is collected by reducing the data length such that the PE condition is not satisfied.
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IMD-𝐾2, PE-DD in the case of model mismatch

TABLE 5 Comparison of accumulated cost in presence of model mismatch under IMD-IRMPC, IMD-𝐾2 and PE-DD for
Example 1

Algorithm IMD-IRMPC IMD-𝐾2 PE-DD
Cost 14161 14161 15303

To compare control performance and computation efficiency, the initial state is chosen as 𝑥0 = (−6, 16, 7.95, 20)𝑇 which is
near the boundary of the feasible region. For PE-DD, the control horizon is set as 𝑁 = 15 which is the minimal control length
that can provide feasibility for the chosen initial state 𝑥0. The length of data is set as 𝑁𝐿 = 56 which is the lower bound of
data length satisfying the persistent excitation condition. For non-PE-DD, the data length is reduced to 𝑁𝐿 = 46. The tuning
parameters regarding control horizon and data length of our proposed methods are consistent with Section 5.1.2.

The results are reported as follows. Table 4 shows the comparison between different algorithms in terms of accumulated cost
and computation efficiency. For the performance cost, it can be observed that IMD-IRMPC and IMD-𝐾2 have better performance
than PE-DD in the cases of nominal plant. The stabilization performance is plotted in Figure 6. It can be seen that our proposed
methods perform better than PE-DD. The advantage can be explained by noting that a conservative terminal equality constraint
is used in [10] which requires longer control horizon to provide feasibility and desirable performance. In the case of insufficient
data, non-PE-DD becomes infeasible. This further implies the advantage of our methods over PE-DD lies in that we do not
need to implement offline trials to collect sufficient amount of data satisfying PE condition, making it possible to be applied to
large-scale systems which have are economically expensive to implement offline trials.

To compare computation efficiency, the average computation time is listed in Table 4. The results show that IMD-IRMPC
and IMD-𝐾2 has better computation efficiency than PE-DD. This is due to the fact that the control horizon of IMD-IRMPC nad
IMD-𝐾2 are set as 𝑁 = 2, much less than PE-DD which requires 𝑁 = 15 to provide feasibility.

In the presence of model mismatch, as can be seen from Table 5, our proposed methods IMD-IRMPC and IMD-𝐾2 both have
better performance than PE-DD. This can be explained by noting that our methods use the readily available prior knowledge
(polytopic model in (4)) and is combined with RMPC technique to provide asymptotic stability for all the unknown LTI system
lying within a given set Ξ defined in (4) which is not considered by [10]. To display the stabilization performance more clearly,
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FIGURE 8 The comparison of feasible region between IMD-IRMPC, IMD-𝐾1, IMD-𝐾2 and IMD-1-step

TABLE 6 Normalized size of attractive region with respect to different direction for Example 2

Direction IMD-IRMPC IMD-𝐾1 IMD-𝐾2 IMD-1 step
𝑥1 1 1 1 0.757
𝑥2 0.964 0.964 0.796 1

the closed-loop trajectories in presence of model mismatch are plotted in Figure 7. It can be observed that IMD-IRMPC and
IMD-𝐾2 converge faster than PE-DD.

5.2 Example 2: CSTR
Consider the following Continuous Stirred Tank Reactor (CSTR) from [2] with the dynamics:

𝐶̇𝐴 = 𝑞
𝑉
(𝐶𝐴𝑓 − 𝐶𝐴) − 𝑘0𝑒

( −𝐸
𝑅𝑇

)𝐶𝐴,

𝑇̇ = 𝑞
𝑉
(𝑇𝑓 − 𝑇 ) + (−Δ𝐻)

𝜌𝐶𝑝
𝑘0𝑒

( −𝐸
𝑅𝑇

)𝐶𝐴 + 𝑈𝐴
𝑉 𝜌𝐶𝑝

(𝑇𝑐 − 𝑇 ),

where two states 𝐶𝐴, 𝑇 denote the concentration of reactant 𝐴 and the reactor temperature respectively, control input 𝑇𝑐
denotes the coolant temperature. All physical constants are listed in [ 2]. Constraints are 𝑋 = {

[ 𝐶𝐴
𝑇

]
∈ ℝ2|0.3𝑚𝑜𝑙∕𝐿 ≤

𝐶𝐴 ≤ 1𝑚𝑜𝑙∕𝐿, 370𝐾 ≤ 𝑇 ≤ 392𝐾}, 𝑈 = {𝑇𝑐 ∈ ℝ|250𝐾 ≤ 𝑇𝑐 ≤ 360𝐾}. The target unstable steady point is
𝑥𝑠=(0.7393, 380.7463)𝑇 . We shift the origin, equivalently derive an LPV model from [25] and adopt the first-order discretization
with the sampling time 𝑇𝑠 =0.03𝑚𝑖𝑛. A time-varying polytopic system follows

𝑥(𝑘 + 1) = (𝐴0 + Δtr
𝐴)𝑥(𝑘) + (𝐵0 + Δtr

𝐵)𝑢(𝑘), [Δ
tr
𝐴,Δ

tr
𝐵] ∈ Ξ≜𝐶𝑜{[Δ(1)

𝐴 ,Δ
(1)
𝐵 ],⋯ , [Δ(4)

𝐴 ,Δ
(4)
𝐵 ]},

𝐴0 =
[
0.9577 −0.0005
2.4613 1.0302

]
, 𝐵0 =

[
0

0.03

]
,Δ(1)

𝐴 =
[
−0.0131 0
2.6208 0

]
,Δ(2)

𝐴 =
[
0.0131 0
−2.6208 0

]
,

Δ(3)
𝐴 =

[
0 −0.0002
0 0.0471

]
,Δ(4)

𝐴 =
[
0 0.0002
0 −0.0471

]
,Δ(1)

𝐵 = Δ(2)
𝐵 = Δ(3)

𝐵 = Δ(4)
𝐵 = 0.

By shifting origin, the constraints for the new defined states are
−0.4393 ≤ 𝑥1 ≤ 0.2607,−10.7463 ≤ 𝑥2 ≤ 10.7463,−60 ≤ 𝑢 ≤ 50. (128)

The weighting matrices are 𝑄 = 𝑑𝑖𝑎𝑔{0.1, 40.5}, 𝑅 = 0.1. The data length and control horizon are set to be 𝑁𝐿 = 2, 𝑁 = 2.
To compute two stabilizing feedback gains with different characteristics, the cost indices and the reference points of the high-
performance and low-performance feedback in (70) are respectively set as 𝛾1 = 10000, 𝛾2 = 5300 and 𝑥𝑝,1 = (−0.4 9)𝑇 , 𝑥𝑝,2 =
(−1 191)𝑇 . By solving (70), the resulting high-performance and low-performance feedback controllers are respectively selected
as 𝐾1 = [−60.7186 − 8.7233] and 𝐾2 = [2.6129 − 9.2618].
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(a) Trajectories of 𝑥1 with 𝑥0 = (−0.42,−0.8)𝑇 (b) Trajectories of 𝑥2 with 𝑥0 = (−0.42,−0.8)𝑇
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(c) Trajectories of 𝑥1 with 𝑥0 = (−0.402,−1.6)𝑇 (d) Trajectories of 𝑥2 with 𝑥0 = (−0.402,−1.6)𝑇
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(e) Trajectories of 𝑥1 with 𝑥0 = (−0.4, 1)𝑇 (f) Trajectories of 𝑥2 with 𝑥0 = (−0.4, 1)𝑇
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FIGURE 9 The state evolution under IMD-IRMPC, IMD-𝐾1, IMD-𝐾2, their robust counterparts IRMPC, RMPC-𝐾1, RMPC-
𝐾2 and IMD-1-step

initial points which cannot be achieved for methods based on only one feedback gain. It is also shown that IMD-IRMPC improves
the performance of IRMPC, which also applies for IMD-𝐾1 and IMD-𝐾2 compared with their robust counterparts. Moreover, it
clearly shows the advantages of the proposed multi-step IMD schemes of IMD-IRMPC, IMD-𝐾1 and IMD-𝐾2 over the IMD-1-
step scheme due to the increased degrees of freedom. This clearly demonstrates the effectiveness of the proposed muti-step IMD
approach. To display the stabilization performance more clearly, the closed-loop trajectories are plotted in Figure 9. It explicitly
shows that IMD-IRMPC, IMD-𝐾1 and IMD-𝐾2 show better stabilization performance than other methods.

To compare computation efficiency, Table 8 shows the computation time. It shows that the proposed IMD based methods IMD-
IRMPC, IMD-𝐾1 and IMD-𝐾2 consume a few more computational resources than their robust counterparts IRMPC, RMPC-𝐾1

FIGURE 9 The state evolution under IMD-IRMPC, IMD-𝐾1, IMD-𝐾2, their robust counterparts IRMPC, RMPC-𝐾1, RMPC-
𝐾2 and IMD-1-step

We compare the feasible region, performance and computation efficiency of our proposed data-driven methods (IMD-𝐾1,
IMD-𝐾2, IMD-IRMPC), their robust counterparts (RMPC-𝐾1, RMPC-𝐾2, IRMPC) introduced in [6] and the IMD-1 step (the
input mapping data-driven method with control horizon 𝑁 = 1 in [22]) . To give a fair comparison, the control horizon in all
those methods are set the same as 𝑁 = 2. And the data length in IMD based methods are set as 𝑁𝐿 = 2.

To compare the region of attraction, we display the attractive attraction for four IMD based methods in Figure 8. We can
observe that IMD-IRMPC has a larger attractive region than IMD-𝐾1 and IMD-𝐾2 as stated in Remark 2. Compared with the
IMD-1-step scehme in [22], the methods proposed in this paper has a wider feasibility along the negative 𝑥1 direction due to
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TABLE 7 Comparison of accumulated cost for Example 2 (- = infeasible)

Initial state 𝑥0 IMD-IRMPC IRMPC IMD-𝐾1 RMPC-𝐾1 IMD-𝐾2 RMPC-𝐾2 IMD-1 step
(
−0.42 −0.8

)𝑇 1398.7 1470.3 1355.6 1423.7 - - -(
−0.402 −1.6

)𝑇 1585.7 1652.4 - - 1688.5 1740.2 -(
−0.4 1

)𝑇 980.0 1036.8 941.8 995.7 1084.3 1128.8 -(
−0.25 −1

)𝑇 630.7 654.1 614.7 639.2 677.8 689.6 722.5

TABLE 8 Comparison of average and maximal computation time with an initial state 𝑥0 = (−0.25,−1)𝑇 for Example 2

Algorithm IMD-IRMPC IRMPC IMD-𝐾1 RMPC-𝐾1 IMD-𝐾2 RMPC-𝐾2 IMD-1-step
Average Time(𝑠) 0.0088 0.0079 0.0071 0.0059 0.0069 0.0058 0.1288
Maximum Time(𝑠) 0.0099 0.0089 0.0080 0.0067 0.0079 0.0070 0.1744

the use of polyhedral invariant set which can cope with asymmetric constraint of state 𝑥1 defined in (128) in a non-conservative
way than the ellipsoid set used in IMD-1-step. The normalized size of attractive region projected onto different axes is shown
in Table 6 where the maximum taken for comparison is chosen as the range of physical constraint for each state components
defined in (128).

To compare the closed-loop performance, we select four initial points, respectively 𝑥0 = (−0.42,−0.8)𝑇 , (−0.402,−1.6)𝑇 ,
(−0.4, 1)𝑇 , (−0.25,−1)𝑇 . The results are reported as follows. Table 7 shows the comparison of accumulated cost with regard
to different initial points for different algorithms. The cost is evaluated through 𝐽𝑎=∑𝑇𝑠𝑡𝑒𝑝

𝑘=0 (𝑥
𝑇 (𝑘)𝑄𝑥(𝑘) + 𝑢𝑇 (𝑘)𝑅𝑢(𝑘)) where

𝑇𝑠𝑡𝑒𝑝 = 120 denotes the simulation time. It can be observed that IMD-IRMPC always provides a feasible solution for different
initial points which cannot be achieved for methods based on only one feedback gain. It is also shown that IMD-IRMPC improves
the performance of IRMPC, which also applies for IMD-𝐾1 and IMD-𝐾2 compared with their robust counterparts. Moreover, it
clearly shows the advantages of the proposed multi-step IMD schemes of IMD-IRMPC, IMD-𝐾1 and IMD-𝐾2 over the IMD-1-
step scheme due to the increased degrees of freedom. This clearly demonstrates the effectiveness of the proposed muti-step IMD
approach. To display the stabilization performance more clearly, the closed-loop trajectories are plotted in Figure 9. It explicitly
shows that IMD-IRMPC, IMD-𝐾1 and IMD-𝐾2 show better stabilization performance than other methods.

To compare computation efficiency, Table 8 shows the computation time. It shows that the proposed IMD based methods IMD-
IRMPC, IMD-𝐾1 and IMD-𝐾2 consume a few more computational resources than their robust counterparts IRMPC, RMPC-𝐾1
and RMPC-𝐾2 due to the increase of optimization variables. In addition, IMD-IRMPC adds a few computation burden to IMD-
𝐾1 and IMD-𝐾2 due to the use of interpolation control and still has good computation efficiency. It can also be shown that the
multi-step IMD schemes IMD-IRMPC, IMD-𝐾1 and IMD-𝐾2 have less computation burden than IMD-1-step. This results from
the fact that only a quadratic program is required to be solved online rather than a semi-definite program in IMD-1-step. We
code our program on Matlab 2018a and run our code on Intel Core I7 with 3.30GHz. The optimization is solved by Mosek.

6 CONCLUSION

This paper proposes two new multi-step input-mapping data-driven MPC methods for constrained control of unknown linear
time invariant systems. By mapping the current and future input to the past online input state measurements, the future state
can be expressed as a linear combination of past trajectories. This multi-step IMD scheme is respectively combined with two
RMPC techniques using polyhedral invariant set. One is the RMPC with a fixed feedback gain and an IMD-RMPC is proposed.
The other is the interpolation RMPC and an IMD-IRMPC is developed. The interpolation RMPC technique can combine the
advantages (performance, size and shape of feasible region) of different feedback gains where compromise is a necessity for the
RMPC technique with a single fixed feedback gain. The IMD-IRMPC has larger feasible region than IMD-RMPC. The recursive
feasibility and stability of the resulting two methods are ensured. By incorporating this multi-step IMD scheme, the conservatism
of two RMPC techniques introduced in [6] can be reduced, resulting in a less conservative performance. A comparison simulation
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with the AMPC method in [8] shows that the proposed two algorithms can achieve superior performance with higher computation
efficiency. Meanwhile, compared to the PE-DD approach in [10,12], our proposed two schemes can deal with model mismatch
(multiplicative uncertainty) which is not considered by [10,12]. No initially measured trajectories are required in our proposed
methods as in [10,12]. Compared with the previous work in [22], the IMD-RMPC and IMD-IRMPC methods can deal with
asymmetric constraint and have higher computation efficiency by using polyhedral invariant set. Performance can be improved
by introducing more degrees of freedom through multi-step paradigm.
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