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Abstract A class of differential Riccati equations (DREs) is considered for
which the evolution of any solution can be identified with the propagation of a
value function of a corresponding optimal control problem arising in %-gain
analysis. By exploiting the semigroup properties inherited from the attendant
dynamic programming principle, a max-plus primal space fundamental solu-
tion semigroup of max-plus linear max-plus integral operators is developed
that encapsulates all such value function propagations. Using this semigroup,
a one-parameter fundamental solution semigroup of matrices is constructed for
the aforementioned class of DREs. It is demonstrated that this semigroup can
be used to compute particular solutions of these DREs, and to characterize
finite escape times (should they exist) in a simple way.

Keywords: Max-plus methods, fundamental solutions, dynamic program-
ming semigroups, differential Riccati equations.

1 INTRODUCTION

Differential Riccati equations (DREs) arise naturally in linear optimal con-
trol and dissipative systems theory [1-4]. A typical finite dimensional DRE
applicable in the verification of the %5-gain property for linear systems is an
ordinary differential equation of the form

P, =A'P,+P,A+P,BBP,+C'C, (1)

in which A € R™*", B € R**™ (C € RP*" n,m,p € N, are fixed problem
specific matrices. A symmetric matrix-valued map ¢ — P, € S"*" describes a

fDower and Zhang are with the Department of Electrical & Electronic Engineering at the
University of Melbourne, Victoria 3010, Australia. {pdower ,hzhangt}@unimelb.edu.au
*Research partially supported by the Australian Research Council and AFOSR/AOARD
grants DP120101549 and FA2386-12-1-4084.



particular solution to (1), evolved forward from an initial condition

PyeStyp ={PeSY™" |P-M>0}, MeS"", (2)
residing in a subset S’} of the space of symmetric matrices S**", to any
time ¢ € [0,*) up to some maximal horizon of existence t* = t*(Py) € RI, =
R>oU{+00}. Related DREs arise in linear .#%- and .7#%,-control and filtering,
etc, see for example [2-4].

A fundamental solution for DRE (1), (2) is an object that characterizes
every possible solution of the differential equation (1), as parameterized by
its initial (or terminal) condition (2). One such fundamental solution is the
symplectic fundamental solution, which is itself the solution of a (derived)
Hamiltonian system of linear ordinary differential equations, see for example
[1,5,6]. Another fundamental solution is the maz-plus dual space fundamental
solution [7-10], which is constructed by exploiting semiconvex duality [11] and
max-plus linearity of the Lax-Oleinik semigroup [12] of dynamic programming
evolution operators for an associated optimal control problem, see also [12-16].

In this paper, a maz-plus primal space fundamental solution is constructed
for DREs of the form (1), (2). This fundamental solution can be used to
evaluate particular solutions of (1), analogously to the symplectic and max-
plus dual space fundamental solutions. Its development is complementary to
that of the max-plus dual space fundamental solution documented in [7,8,10],
and parallels the corresponding recent primal space development for difference
Riccati equations [9]. It is shown that this new fundamental solution provides
a simple test for establishing existence of solutions of (1), (2).

In terms of organization, the symplectic fundamental solution for DRE (1),
(2) is recalled in Section 2 for comparative purposes, to formalize existence of
solutions, and to construct a specific particular solution to (1) of utility later.
The max-plus primal space fundamental solution, and corresponding funda-
mental solution semigroup, is subsequently constructed in Sections 3 and 4,
using the aforementioned particular solution. An illustration of its application
is provided in Section 5, followed by some brief concluding remarks in Section
6. Proofs are largely delayed to the appendices.

Throughout, N, Q, R, R>g, R, R"*" denote respectively the natural,
rational, real, and nonnegative real numbers, n-dimensional Euclidean space,
and the space of n x n matrices with real entries. R* denotes the analogous
extended reals R U {#+o0}. Similarly, S**™, SU§", SIF™ denote the spaces of
symmetric, nonnegative symmetric, and positive definite symmetric elements
of R"*™ respectively. Further extending this notation, S} denotes the subset
of S"*™ of matrices P satisfying P — M € SZ§", etc. The transpose of P €
R™*" is denoted by P’ € R™ ™. The corresponding identity is denoted by
I € S™*", Given U € R?"*2" | the two-by-two block matrix representation

11 12
U = |:U U :| ERQnXQn, (3)

with U% € R"*" i, j € {1,2}, is used where convenient.



2 SYMPLECTIC FUNDAMENTAL SOLUTION

Existence of a unique solution to DRE (1), subject to (2), may be verified by
application of Banach’s fixed point theorem, see for example [8, Theorem 2.4].
Alternatively, it may be constructed directly as

P =Y, X" (4)

in which Xy, Y; € R"*™ are defined with respect to the symplectic fundamental
solution X; € R**2" for DRE (1), (2) by

[ﬂﬂ[ﬂ te[0.6°(Ry)).

—A —-BB’
cc A |

()
Et = exp(Ht) 5 H= |:

in which the maximal horizon of existence t*(F) € R;ro of the unique partic-
ular solution P; in (4) is characterized by

Xt exists V s € (0, 1]
t*"(Py) =sup{ t € Ryg | with X, given by (5) », (6)
subject to Py € S"*"

see [5,17,18]. This maximal horizon of existence is either strictly positive and
finite, or infinite. Where ¢t*(Fp) is strictly positive, the solution P, experiences
a finite escape at t = t*(Pp). Otherwise, no such finite escape time exists, and
P, may be evolved to any arbitrarily large time horizon ¢ € R> (. For example,
under the conditions of the strict bounded real lemma (e.g. [3, Theorem 2.1]
or [4, Lemma 3.7.7]), Py = 0 € S"*" implies that t*(FPp) = +o0.

By inspection, the symplectic fundamental solution X, defined by (4), (5),
(6) satisfies the properties of a fundamental solution for DRE (1), (2). In par-
ticular, it can be evolved independently of any specific DRE initial condition
Py, and can be used to recover any such particular solution via an operation
involving that FPy. It is a standard tool for the representation and computa-
tion of solutions to DREs of this form. In Section 3, it is used to construct a
particular solution that is employed in the construction the max-plus primal
space fundamental solution of interest here.

3 MAX-PLUS FUNDAMENTAL SOLUTION

A max-plus fundamental solution for DRE (1), (2) is developed via the fol-
lowing steps: 1) the standard symplectic fundamental solution (5) is identified
with the solution of an auxiliary optimal control problem, 2) max-plus and
semiconvex analysis concepts are applied to represent this value function in
terms of a horizon indexed max-plus linear max-plus integral operator, and 3)
all particular solutions of DRE (1), (2) are described in terms of the Hessian of
the quadratic kernel of this max-plus linear max-plus integral operator. As will



be shown, a one-parameter family of these Hessians need only be computed
once, whereupon it can be used in the evaluation of any particular solution of
DRE (1), (2), on any time horizon for which that solution exists. The relation-
ship between this fundamental solution and that of [7] is also summarized.
As a prelude to the aforementioned development, a brief summary of the
pertinent max-plus and semiconvex analysis concepts is first provided.

3.1 Max-plus algebra and semiconvex duality

The max-plus algebra [12,16] is a commutative semifield over R™, equipped
with addition and multiplication operators defined respectively by a & b =
max(a,b) and a ® b = a+b. It is an idempotent algebra, as the @ operation is
idempotent (i.e. a @ a = a), and a semifield as additive inverses do not exist.
The max-plus integral of a function f : R™ — R~ over a subset % C R™ of
its domain is fg f(y)dy = sup,cqy f(y). The max-plus delta function 6~ :
R™ x R®™ — R~ is defined for all z,y € R™ by

e ={ Dy )

In developing a max-plus fundamental solution, it is useful to introduce spaces
of uniformly semiconvex and semiconcave functions, defined with respect to
K e S"™*" by

Yfi{fiR”—ﬂR f—}—%(-,K-)}’

convex

ALt )

concave

yKi{a:R"—ﬁR_

respectively. Semiconvex duality is a duality between these spaces of semi-
convex and semiconcave functions, that is established via the semiconvex
transform [11]. The semiconvex transform is a generalization of the Legendre-
Fenchel transform [19-21], in which affine support (see for example [21, Theo-
rem 8.13]) is weakened to quadratic support, using a quadratic basis function
¢ :R™ x R™ — R. Here, this basis function is defined for all =,z € R™ by

/
. x x
o) = 3o =2 Mle -5 =4[ 2] wan 2], )
in which M € S"*" and pu(M) € R**2" with the latter defined in terms of

the former via a map pu : S?*" — S§27%2" where

+P —-M

up) = | 15 A s (10

for all P € S™*™,



Assumption 1 Matriz M € S™*" defining the basis (9) satisfies the following
properties:

1) M=t e S"™*" exists;
2) t*(M) = 400, cf. (6).

Standard conditions under which Assumption 1 holds are controllability
and observability of (A4, B) and (C, A) respectively, or via the strict bounded
real lemma, see for example [3,4]. The details are postponed to Lemma 1, see
Section 3.3.

The semiconvex transform and its inverse are well-defined with respect to
the basis function ¢ of (9) by

D
Dotp = — / (@, ) ® (—(x)) de, (11)

52]
D;lai/ o(,2) ®@a(z)dz, (12)

n

for all ¢ € dom (D) = . and a € dom (D) = =M see also [16,7,8,

22]. For quadratic functions, (11) and (12) define a pair of matrix operations

on corresponding spaces of Hessians. In particular, with ¢ : R™ — R defined
Xn

with respect to some P € SZ’/" by v(z) = %x’Pm for all z € R™, application

of (11) yields a well-defined semiconvex dual a € .#~*. In particular, a(z) =
(D, ¥)(2) = £2/T(P)z for all z € R™, with 1" : S"*™ — S™*" defined by
T(P)=-M—M(P—-M)"'M, P e dom (7),

dom () = ST}/ (13)

Similarly, the inverse semiconvex transform (12) corresponds to the inverse
map 1!, with

TY(P)=M—-M(P+M)"'M, P € dom (T71),
dom (Y1) =S""%,. (14)

Remark 1 The domains specified in (13) and (14) may be extended to ST/

and ST™"}, respectively, via corresponding Moore-Penrose pseudo-inverses. How-
ever, this extension is not required here, and the details are omitted.

Remark 2 As evaluation of the semiconvex transform of a quadratic function
via (11) involves computing the maximum of a sum of quadratic functions, the
associated operator 1" of (13) naturally features a Schur complement. Similarly,
the operator T—! of (14) associated with the inverse semiconvex transform
(12) also features a Schur complement. Indeed, as the fundamental solution
semigroup developed later in Section 4 is founded on such maximizations,
Schur complements also naturally arise in its propagation.



3.2 Optimal control problem

In order to construct a max-plus fundamental solution for DRE (1), (2), it
is useful to define a corresponding optimal control problem on a finite time
horizon t € R>¢ via a value function W; : R" — R given by

Wi(z) = (Sp ¥)(x) (15)

for all z € R™. Here, ¥ : R” — R is a quadratic terminal payoff defined by
¥(z) = 12'Pyx for all z € R", with Py € S} and M € S™*" as per (2)
and (9). This terminal payoff appears in (15) as the argument of a dynamic
programming evolution operator S; defined by

(St ) (z) = sup Jy(t,z,w), P e dom(Sy),
we L ([0,t];R™)
dom (S,) = {w {R" > R™ ’ (St;b)x(xe)lgnﬂ%* } , (16)

for all z € R™. Here, payoff Jy(t,-,-) : R" x Z([0,t]; R™) — R~ is defined by

t
Tyt w) = / Uyl — Ml ds + v(a) (17)
0

for all z € R™, w € %([0,t];R™), in which z, € R", w, € R™, and ys € RP
denote the state, input, and output (respectively) of the linear system

&y = Axs + Bws, zg=x €R",

18
ys = Cus, ( )

at time s € [0,¢t]. Tt is straightforward to show that the value function W; of
(15) is quadratic, see [1,7-9], with

Wi(z) = (Si¥)(z) = 32’ P (19)

for all x € R", with P, € S™*" satisfying DRE (1) subject to the initial
condition (2).

3.3 Auxiliary optimal control problem

In addition to the optimal control problem (15), it is useful to introduce an
auxiliary optimal control problem defined on the same time horizon but with
a different terminal payoff. The solution of this auxiliary problem is subse-
quently shown to be equivalent to the symplectic fundamental solution (in
an appropriate sense). To this end, given ¢ € Ry, define the value function
Si(-,2) : R" — R, z € R™, in terms of the dynamic programming evolution
operator S; of (16) by

Si(w,2) = (Sr (-, 2)) () (20)



for all x € R™. This value function is again quadratic, with

/
sies =4 |1 1)
for all z,z € R™, in which @Q; € S?®*2" ig the unique solution of the DRE
Q=AQ+QA+QBB'Q:+C'C (22)
initialized with
Qo = p(M) € R*2n (23)

and M as per (9), (10), for all t € [0,*(Qo)). Here, t*(Qo) € RE denotes the
corresponding maximal horizon of existence (6), with the constant matrices
A e R B e R2m and C' € RP*2 of (22) defined by

Aﬁ{ég}, Bi[ﬁ], c=[Co]. (24)

Using the notation of (3), DRE (22), (23) is equivalent to Q}', Q?? € S**",
12 ¢ R™*™ satisfying

AQY + QU A+ QHBB'QP Woled (25)
= (A+BB'Q Q% Q' = (Q2), (26)
t22:(t)BBQtv (27)

for all t € [0,t*(M)), subject to Q' = —Q{? = Q3% = M, with M € S™*" a

per (9). As (26), (27) describe (respectlvely) a linear evolutlon equation and
an integration, any finite escape of (); that arises must be due to the dynamics
(25), see for example [23, Proposition 3.6(iv)]. That is, the maximal horizon
of existence for (22), (25) must be equal, ie. t*(Qo) = t*(M). Assumption 1
further implies that

t*(Qo) =" (M) = +o0. (28)

As DRE (25) is of the same form as (1), the particular solution Q; of DRE (22),
(23) can be characterized explicitly via the symplectic fundamental solution
(5), and vice versa.

Theorem 1 Under Assumption 1, the particular solution Q; of DRE (22),
(23) and the symplectic fundamental solution Xy of (5) for DRE (1) are equiv-
alent. That is, there exists an invertible operator = : S2*2n — §2nX2n gych
that

Qe=32(Z), Z=Z"1(Q) (29)
for allt € Rxq.

Proof See Appendix A.1. [ |



Theorem 1 demonstrates that, under the conditions of Assumption 1, any
particular solution of the DRE (1), (2) can be represented equivalently by
the symplectic fundamental solution X, of (5), or via the Hessian Q; of the
quadratic value function of the auxiliary optimal control problem (20), (21),
see (29). The following sufficient condition for Assumption 1 is thus useful.

Lemma 1 Suppose there exists a stabilizing solution My € S>q of the alge-
braic Riccati equation (ARE)

0= A"My+ MyA+ MyBB' My + C'C. (30)
Then, there always exists an invertible M € S™*" satisfying
M — M, € ST, (31)
such that Assumption 1 holds.
Proof See Appendix A.2. [ |

Remark 3 Lemma 1 provides a constructive approach to validating Assump-

tion 1 directly. It also enables indirect validation via the bounded and strict

bounded real lemmas, see for example [3,4]. In particular, stability of A, con-

trollability of (A, B), observability of (C,A), and the finite gain property

(A, B,C)|loe. < 1 imply via the bounded real lemma that Assumption 1

holds. Alternatively, stability of A and the strict gain property ||(A, B, C)| s, <
1 imply via the strict bounded real lemma that Assumption 1 holds.

3.4 Max-plus integral operator representations for (16)

A horizon indexed maz-plus linear max-plus integral operator defined on a
space & is an operator of the form

52]
ffaﬂi/ Fi(w)@mox(w)dw, 7€ dom(FY),
P

Fem)(zx) € R™ } |

Vo€ R" (32)

dom(ft@)i{ﬂly%ﬂ%_ ’(

where F} : R" x % — R~ denotes the kernel of the operator, y; : R"x £ — R"
is an auxiliary operator (included here for generality), and 7 € dom (F\?) is
the function valued argument of F{° representing a terminal payoff (or value
function) or its semiconvex dual. The dynamic programming evolution oper-

ator S; of (16) defines a max-plus linear max-plus integral operator of this
form, with & = £5([0,t];R™) and

t
Fi(z,w) = Ii(z,w) = / %|y5|2 — %|w5|2 ds, xt(z,w) = xy,
0



in which I;(x,w) is the integrated running payoff associated with initial state
z € R" and input w € & over the horizon ¢t € R>p, and z; € R™ is the
corresponding terminal state, both defined via (18). That is, for all z € R™,

D
(S, )() = /@ I(,w) @ () dw. (33)

Similarly, recalling the definition (7) of the max-plus delta function 6, the
identity max-plus linear max-plus integral operator on & = R" is defined via
Ft('ay) = 57(7y) and Xt(vy) = /S R™ by
®
(Z€Y) (@)= [ 07 (z,y) ®¥(y)dy, (34)
R7l

for all x € R", ie. Z%¢ = ¢ for any ¢p € dom (Z9), in which the domain
dom (Z9) is defined as per (32).

Theorem 2 Under Assumption 1, and given the dynamic programming evo-
lution operator S of (16) with t € R>¢ fized, there exists a max-plus linear
maz-plus integral operator G of the form (32) such that

®
Sv=07v= [ Gil,y) ®@¢(y)dy, V¢ edom(GP),
]Rn
dom (G) = dom (S;), (35)
with kernel Gy : R™ x R™ — R~ defined for all x,y € R™ by

Gi(a,y) = (507 (5 9)(x) = (DSi(x,-)(y), (36)
with respect to (7), (11), (16), (20).

Proof Fix arbitrary t € R>g and z,y € R™. Recalling the definition (20), (21)
of St,

Se(z,y) = (St o(y)) (@) = 32’ Q1 e + 2'Q%y + 3y Q%
wherein Assumption 1 and (27) imply that
7 e SLAT. (37)

Consequently, Si(z,-) € dom (D,) = y_;M by definition (11) of the semicon-
vex transform, so that

Gi(z,-) = D,Si(z,-) € =M = dom (D;l) (38)

is well-defined. Note in particular that G;(x,y) € R~ by definition (8) of .7~
As t € Ryp and z,y € R™ are arbitrary, a max-plus linear max-plus integral



operator G of the form (32) is well-defined via (38) by selecting F; = G, and
xt(-,y) = y. Recalling definitions (12), (20), (34) of D', S;, Z%, and (33),

Si(z,y) = (St () () = (St Z% ¢(-, y)) ()

4 R"

-/

52 52}
= [ S5 CO@ o pends = [ o6 @S ()

n

= (D' Ty(w, ")) (y) (39)

D
[ @@, dw] © (€, y) de

P

where the interchange of max-plus integrals involved corresponds to an in-
terchange of suprema, the second last equality follows by symmetry of ¢, ie.
e(&y) = o(y,§), and Ty(z,y) = (8¢ 0~ (-, y))(x). Substituting (39) in (38),

Gi(w,-) = DypSi(x,-) = DD, Ti(x, ) = Ty(, -).

That is, (36) holds. For any ¢ € dom (S;), a similar argument yields

2] 2]

Lz, w) ® [ 5 (21,) ® b(y) dy | duw

R~

xXr) = + ® xTr) =
(8. 9)(@) = (S, T ¥)(x) /@
[

(&) (&)
= [ S5 @ o vmdy = [ Gilaw) o vy
= (G2 ¥)(x).

That is, (35) holds. [ |

D
[ nww) o5 @y dw} ® ¥(y) dy
9

Remark 4 The kernel Gy of the max-plus linear max-plus integral operator G
defined in Theorem 2 can be bounded above by the value function of a third
optimal control problem. In particular, applying (36),

Gi(x,y) = (S: 07 (1)) < (St tho)(x)

for all t € R>g, z,y € R", where 99 : R" — R is the zero terminal payoff
defined by 1o (z) = 0 for all z € R™. By inspection of (16), S; ¢ is the value
function of a standard optimal control problem arising in .%5-gain analysis. It
is finite valued if there exists a stabilizing solution of ARE (30).

In developing a max-plus fundamental solution for DRE (1), (2) via The-
orem 2, it is useful to establish a connection between finiteness of the kernel
Gy of (36) and controllability of the underlying dynamics (18).



Lemma 2 Suppose Assumption 1 holds. Then, (A, B) in (18) is controllable
if and only if the kernel Gy of the max-plus linear max-plus integral operator
D defined by (35) is finite for all t € Rsg. That is,

(A, B) in (18) is controllable <= Gi(z,y) € RV t € Ryg, z,y € R™
Proof See Appendix A.3. [ ]

As a consequence of Lemma 2, the following is assumed for the remainder.

Assumption 2 (A, B) of (18) is controllable.

3.5 Max-plus fundamental solution for DRE (1), (2)

Dynamic programming implies that the set of dynamic programming evolution
operators {S; }er., defines the well-known Lax-Oleinik dynamic programming
semigroup [12]. Applying Theorem 2, it immediately follows that {G; }ier-,
must also define a one-parameter semigroup of max-plus linear max-plus inte-
gral operators via (35). In particular, {G;° }ter., naturally inherits (from the
Lax-Oleinik semigroup) the semigroup and identity properties

G 07 =G4, Gy =17, (40)

for t, 7 € R>¢. This particular semigroup is referred to as the maxz-plus primal
space fundamental solution semigroup for the optimal control problem (15),
see [9,22]. The modifier primal used here refers to the fact that propagation
occurs in the primal space of payoffs. (A corresponding maz-plus dual space
fundamental solution semigroup also exists, where propagation occurs in a dual
space defined by the semiconvex transform (11), see Section 3.6 and [7-10,22].)

In the specific case of the optimal control problem defined by (15), the
properties (35), (40) may be used to directly propagate the value function W;
to longer time horizons, with

Wipr =GP Wy, W, =gGPw (41)

for any t,7,t + 7 € [0,t*(Pp)). In view of (19), (41), a particular solution P,
of DRE (1) satisfying the initial condition (2) can be similarly propagated
forward in time. This gives rise to a characterization of P; in terms of the
Hessian of the kernel G of the max-plus primal space fundamental solution

©_ This characterization is referred to as a maz-plus primal space fundamental
solution for DRE (1), (2).

Theorem 3 Under Assumptions 1 and 2, there exists a bijection IT : S*"*2" —

S2nX2n such that the kernel Gy of (36) takes the explicit finite quadratic form

T

y]l/lt m ER, A =IT"Y(Q), (42)

Gile) =4 |

forall z,y € R™, t € Rsq, where Qy is as per (22).



Proof See Appendix A 4. [ |

By inspection of Theorems 1 and 3, the controllability Assumption 2 im-
plies that the symplectic fundamental solution X; and the Hessian A; of the
max-plus primal space fundamental solution kernel G; are equivalent. In par-
ticular, there exists a bijection IT~! o 5 : R2"*27 —, §27X2% gych that

N=TT""'o=2(%), S=E"toll(A) (43)

for all t € R(. Consequently, it is natural to expect that A; defines an alter-
native fundamental solution for DRE (1), (2).

Sn)(n

Theorem 4 Suppose that Assumptions 1 and 2 hold. Given any Py € SU)/,
the corresponding unique solution Py of DRE (1), (2) exists and is given ex-
plicitly by

Py = A = 437 (Po + A7) N4, (44)

for all t € (0,t*(Py)), where Ay € S*™*2" s as per (42), and the mazimal
horizon of existence is t*(Py) € RL is

t*(Po) =sup {t € Rsg | Py + AP esigm}. (45)
Proof See Appendix A.5. [ |

By inspection of (4), (5), and (42), (44), it is evident that the symplec-
tic and max-plus fundamental solutions both provide a characterization of all
particular solutions of the DRE (1), (2). Furthermore, both provide charac-
terizations of the corresponding finite escape time t*(Py) € R, see (6), (45).
However, by inspection, a crucial difference between these latter characteriza-
tions concerns their ease of evaluation, assuming their respective fundamental
solutions are known for all time. In particular, the existence or otherwise of a fi-
nite escape at time ¢ due to an initial condition Py € S’;?V? can be verified using
the max-plus characterization (45) by testing the inequality Py + A7? € S73"
once. However, the same verification using the symplectic characterization (6)

requires testing invertibility of X1t + Y12 P for all s € (0,1].

3.6 Relationship with the max-plus dual space fundamental solution of [7]

As indicated in Section 3.5, the max-plus fundamental solution defined by A
of (42), (43) and Theorem 4 may be regarded as a max-plus primal space
fundamental solution [22] for DRE (1), (2), as its evolution is tied directly
to the dynamic programming evolution of the value function of the auxiliary
optimal control problem (20) in the primal space of semiconvex payoffs. In
contrast, the max-plus dual space fundamental solution of [7] is tied to the
dynamic programming evolution of a value function in a dual space defined
by the semiconvex transform. In particular, (41) appears analogously in [7] as

Wipr =D, BED, Wy, W, =D,'BD, ¥, (46)



in which D,, is the semiconvex transform (11). In (46) and [7], BY is a max-plus
linear max-plus integral operator of a form corresponding to (35), with

S2]
B aq = Bi(+,2) ® a(z) dz V a € dom (BY),
R"'L

dom (BE) = {a c M ‘B;“? ae y_—M} : (47)

in which .~ is as per (8), and kernel B, is defined analogously to (36), by

Bi(y, 2) = (DpSi(+5 2))(y) (48)

for all y,z € R™, t € Ry(. By inspection of (36) and (48), the kernels Gy
and B; defining the primal and dual space fundamentals solutions follow by
taking the semiconvex transform of the value function S; of (20) with respect
to either its second or first variable respectively. Furthermore, (15), (41), (46)
imply that

S =G¢ =D, 'BF Dy, t € Ryg.

This identity, along with the semigroup property of (40) inherited from dy-
namic programming, naturally imply that B satisfies a corresponding semi-
group property. The interested reader is referred to [7,8,22] for further details.

Remark 5 The primal and dual space fundamental solutions of Theorem 4 and
[7] are applicable to DREs of the specific form (1), (2). They correspond to
control problems defined via maximization of a payoff, as per (15), (16). For
control problems defined via minimization of a cost, as is typically the case
for LQR problems, the DRE analogous to (1) takes the form

P, =AP,+PA—P,BB'P,+C'C,

in which P; € S"*™ analogously describes a particular solution evolved forward
from an initial condition Py. In this case, it is anticipated that the development
of an applicable min-plus fundamental solution follows by exploiting the min-
plus linearity, semiconcavity, and semigroup properties of the dynamic pro-
gramming evolution operator corresponding to (16). This development largely
parallels that leading to Theorem 4, and the details are omitted.

4 FUNDAMENTAL SOLUTIONS SEMIGROUPS

Both the symplectic fundamental solution X; € R?"*2" and the max-plus pri-
mal space fundamental solution A; € S?"*2" specified respectively by (5) and
(42), provide a path for establishing existence of a unique particular solution
P, of DRE (1), (2) on the time interval [0,¢] € Rso, t € Rsg, and comput-
ing that solution. As the term fundamental solution implies, this is possible
for any initial data Py satisfying (2). Indeed, both fundamental solutions can



be evolved to longer time horizons independently of any specific initial data
for the DRE, thereby giving rise to corresponding symplectic and maz-plus
fundamental solution semigroups of matrices. In defining the latter max-plus
fundamental solution semigroup, it is useful to define the Schur complement
matrix operation ® acting on A, A € §27%2n by

[A@/i]ll - All _ AlQ(/ill +A22)+(/112)/,

[A®/i]12 - —/112(/111 + A22)+/112, (49)
[A® A = (Ae 42,

[A®/i]22 - /122 o (/112)/(/111 + /122)+/1127

using the notation of (3), in which (-)* denotes the Moore-Penrose inverse.

Theorem 5 Under Assumptions 1 and 2, the families of matrices {X}ier.,
and {Ai}ier., defined by (5) and (42), and related via the bijection II~* o

Z of (43), define a pair of one-parameter semigroups of matrices in R27X2n
satisfying

Diye = X X, Npps = A ® A, (50)

for all t,s € R~g, in which the respective associative binary operations are
standard matriz multiplication, and the matriz operation ® of (49).

Proof Fix t,s € Rsg. The left-hand semigroup property in (50) is immedi-
ate by definition (5) of the symplectic fundamental solution X;. With As-
sumptions 1 and 2 asserted, Theorems 1 and 3 imply that (43) holds, so that
Ay, Ag, gy s € SP*27 are well-defined. Furthermore, Theorem 2 and (40) im-
ply that for any ¢ € dom (G, ,) C dom (GP),

52] 5]
62 gzv= [ Gt | [ Gnne i

:/@{ GBGt(-,n)®Gs(n,y)oln} ®Y(y)dy

n R™

53]
= gfe?i-s d} = an GtJrS('vy) ® 1#(2!) dy

Fix any x,y € R"™. Applying a semiconvex version of [7, Lemma 4.5] to equate
the kernels of the left- and right-hand sides above, Theorem 3 also implies that

53]

!/
% L:ﬂ Agys L:ﬂ = Girs(w,y) = R Gi(x,n) @ Gs(n,y) dn

:/@%[x]/At [ﬂ@%[ﬂl/ls {Z]drF CAewdn 6D

n n R



where A, 4 : R™ — R is defined by

" ’ A%l 0 A%Q .
Aoy =5 | Y. 0 AT (42) ||y
TLAR) AP (A + A ] LT

A2 7 [z 2] A 0 x
1411 22 / i 1 t
_27](/15 +At )77+77 |:(Ai2)l] |:y:|+2|:y:| |: 0 A32:| |:y:|

for all n € R™. As A; s € R?"X27 is well-defined, note that Gy 4(z,y) € R,
see also Lemma 2. That is, sup, cgn Azy(n) € R. Consequently, applying [8,
Lemma E.2], the following properties hold:

1) Al + A22 e STy
2) the Moore-Penrose pseudo-inverse (AL! 4+ A72)T € ST5™ exists; and
3) there exists a n* € R™ given by a

. A2 1 [z
oo ]

such that

® / 11
_ _1|7T A0 v
/Rn Aay(m)dn = Az y(n") = 3 [y] { 0 AEQHZJ

o] iyt i 5]

Applying this last property in (51) and recalling that z,y € R™ are arbitrary,

Al o AL2 AL2 /
At-{—s = |: 6 A22:| - |:(A{2)/:| (Ail + At22)+ |:(A1f2)/:|7

N [=

which yields the right-hand semigroup property in (50) via (49). [ |

The semigroups properties (50) also naturally define respective notions of
exponentiation. In particular,

Te=(Z)', 1 =exp(H),

52
A= (A)®', Ay =170 Zoexp(H), 2

in which H, =, II-! are as per (5), (64), (81), and the exponentiations (-)?,
(1)®* denote (respectively) the standard matrix exponentiation, and an expo-
nentiation defined with respect to the ® operation of (49), see [7, Section 5]
and Remark 6 below. As is the case with standard matrix exponentiation, note
that (50), (52) imply that

(A1)®(t+s) =Ags =A@ A, = (A)® @ (A1)®° .

for all ¢, s € Ryy.



Remark 6 [7, Section 5] The right-hand semigroup property of (50) facilitates
the definition of ®-exponentiation for any positive integer n € N by

(AT)®n = A‘r @AT @ e @A‘r = An‘r (53)
n times
where 7 € R~¢. By inspection, ((4,)®™)®" = (A,)®™ for all m,n € N. Using
this observation, (53) can be extended to positive rational and subsequently
positive real exponents. In particular, given p € Q¢ and coprime m,n € N
such that np = m, (53) implies that (A;)®™ = Az /m) = (A7) ®™)O" =
((A;)®P)®" That is, the ®-exponent (A;)®? is uniquely defined by

(AT)®p = (AT/n)®m (54)

for all p = m/n € Q<p, m,n € N coprime. As Q is dense in R, and the map
T A, 7 € Ryg, is continuous by (5), (42), it immediately follows that
Ay = limpeq., p—t Ap. As A, can be replaced with the ®-expononent (A;)®?
of (54), the ®-exponent (A;)®" of (52) is uniquely defined by
AD® =i A)®P = i Ayyp)®™ 55
(4 pe@iglpﬂt( ) pe@ii?pﬂt( /) (55)
for all ¢ € R, identically to [7]. Note that in the right-hand equality of

(55), coprime m,n € N are uniquely defined for each p € Q¢ in the limiting
sequence. Where t € R is irrational, it follows immediately that m,n — oo.

5 SOLVING THE DRE (1), (2)

Theorems 4 and 5 together describe a max-plus primal space fundamental so-
lution semigroup of matrices {A;}er., for propagating solutions P, € S"*"
of DRE (1) forward in time ¢ € R+ from initializations Py € ST7}}" as per (2).
In particular, (49), (50) describe propagation of this fundamental solution,
while (44) specifies how it may be used to evaluate a particular solution at
a time t € Ry, if it exists there. In addition, (45) provides a general char-
acterization of the corresponding maximal horizon of existence t*(Py) € RZ.
By inspection, this characterization allows easy verification of whether a spe-
cific time ¢ falls before a finite escape t*(FPy) € Rso, if it exists, by testing if
Py + A2 ¢ SZ5™ at that time. Note that the corresponding verification using
the characterization (6) provided by the symplectic fundamental solution (5)
requires testing invertibility of a matrix over a range of times.

5.1 Recipe

A recipe that uses the one-parameter max-plus primal space fundamental semi-
group {A;}ter., to compute the solution P, of DRE (1) for any initialization
Py € ST, of the form (2), using a fixed time step § € R, follows from
Theorems 4 and 5. This recipe is as follows:



l. Initialize and propagate the semigroup (49), (50)

O (Initialize basis) Select M € S™*™ of (9), guided by Lemma 1. Check that
Assumptions 1 and 2 hold.

O (Initialize semigroup) Fix time step 6 € Rsp and maximal time horizon
t = K& € Ry for some fixed K € N. Using the matrix operators =, I1~!
of (64), (81), initialize an element of the semigroup by

A(S — Hfl o= o exp(H&) c SQnXQn, (56)

where H € R?"*2" is the Hamiltonian matrix (5).
O (Propagate semigroup) Compute a subset {Axs}ren., of the semigroup,
corresponding to a temporal grid defined by § € R+, via the evolution

Apr1ys = As ® Ays, k € Nek, (57)

as per (50). (See also Remark 7 below.)

I Solve the DRE (1), (2)

O (Initialize a solution) Select Py € ST, Set k = 1.
O (Test for finite escape) If Py + A% € S™3" as per (45) then evaluate the
solution Pys at time step k as

Prs = Ay — Ags (Po + A35) 7 (443) (58)

as per (44). Otherwise, record a finite escape time as occurring in the
interval ((k — 1)d, kd] and exit.
O (Tterate) Increment k. If k € N<f then go to step 0. Otherwise, exit.

As indicated, the recipe consists of a total of 6 steps, divided into two
parts. Part | concerns the initialization and propagation of a subset of the
one parameter semigroup of matrices {A;}ser., required for computing any
particular solution of DRE (1), (2) up to a pre-specified time horizon ¢ €
R~o. Part Il concerns the subsequent evaluation of such a particular solution
(and corresponding finite escape, if it exists). Crucially, part | need only be
completed once, with the elements of the semigroup computed there used
repeatedly in part Il in evaluating any particular solutions of interest, without
modification. This is demonstrated by example.

Remark 7 For fast propagation of Ags to large k € N<g, where K = 2V
N € N, the linear time-index accumulation in (57) can be replaced with time-
index doubling [10], ie.

A(25+1)5 = A(Qm)é & A(Qn)(s. RS {0} UNcy.



5.2 Example — no finite escape

In demonstrating the recipe described above, an example from [7] is considered.
In particular, define A € R"*" B € R"*™ C € RP*" n=m =p=2, by

1
_ _ 2
| = [ 2.000 +1.600}’ B - {—1—0.216 0.008]

~1.600 —0.400 —0.008 +0.216 | °
oo [+1500 4020017 L [+0.651 ~0.310
= | +0.200 +1.600 | * 0= [ ~0.310 +1.160|

where My € SU5" is the corresponding stabilizing solution of ARE (30) as per

Lemma 1. In view of (31), select

.| —1.000 —0.200 nxn
M= [—0.200 —1.000} € S
Consequently, Assumption 1 holds. Step 0 is completed via a standard rank
calculation to verify that Assumption 2 holds. Theorems 1, 3, and 5 subse-
quently imply that the one parameter semigroup of matrices {A;}rer.,, prop-
agated by (49), (50) is well-defined and may be computed as indicated in steps

0, 0. With § = 0.05, K = 80, £ = 4, (56) yields

—83.48 —3.021‘—1—92.26 —4.011

e | 3021 —91.11)411.07 492.42
0= 179226 +11.07]—102.6 —3.420
—4.011 +92.42|—3.420 —94.98

Subsequently iterating via (57) as per step O yields the required set of matrices
{ Ak eenoy -
12

1F

0.81

0.6

0.4

matrix entries

0.2 - % - DRE solution (max-plus) 1
—+-DRE solution (symplectic)

DRE solution (RK45) 4

time
Fig. 1 Max-plus and RK45 solutions of DRE (1), (59).



In order to demonstrate the computation of a particular solution of DRE
(1) via steps 0 — [0, select an initialization

Py=—0.11¢ S} (59)

as per step 0 and (2). Iterating through k € N< g as per steps O and [, testing
for finite escape and applying (58), yields the computed solution Pys, k € N<g
of DRE (1), (59). This solution, along with corresponding symplectic and RK45
solutions, is illustrated in Figure 1. (Here, the MATLAB™ RK45 solver is used,
with absolute and relative tolerances set to 10712.) All three solutions are in
reasonable agreement. No finite escape is observed.

5.3 Example — finite escape

In order to illustrate finite escape phenomenon, the set of matrices { Axs } ren “x
computed above is reused to evaluate the particular solution of DRE (1), (2)
for the initial condition

.| 2.000 0.000 nxn
Po= {0.000 6.500} € S5 (60)
The problem data is otherwise unchanged. Using the initialization (60) in
step O and iterating steps [0 and O yields the corresponding particular DRE
solution. A finite escape is demonstrated to occur within the horizon ¢ =
4 of computation, with t*(FPy) € (2.8,2.9] established using (45). Figure 2

1
<
N o

1
g
)

T
e
b

|

1

I

1

|

I

|

1

I

1

maximum eigenvalue
)
N

1
o
o

- o -Finite escape time i
——t 5 omax(Po + A7?)

|
N

determinent
1
&

-6 ! .
-8+ - @ -Finite escape time I
——t — det(Z}! + 212 Py)
-10 L L T T T T
1 1.5 2 25 3 35 4
time

Fig. 2 Maximum eigenvalue map t — omax(Po+A22) and determinant map ¢ — det(Z1! +
S12Py), t = k.
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- © - Finite escape time

- = - DRE solution (max-plus)

—-+-DRE solution (symplectic)
DRE solution (RK45)

matrix entries
[6,]

-10 I I I I I
0 0.5 1 1.5 2 2.5
time
Fig. 3 Max-plus and RK45 solutions of DRE (1), (60).
-8 T T 7
- © - Finite escape time W
- » - (RK45) - (max-plus) i
ol —+-(RK45) - (symplectic) |' 1
I~ - - (max-plus) - (symplectic) |
1
1
}/, !
-10f KF 1
SE
a(x,*f/ !
" 4 1
S -11f Wit 1
o f*\ )‘xx,x*x’x*f;y+* - :
ﬁ:g )V‘\;X}Xaf*f*ft*j o7 I
- |
Il i
=121 P PR o
nNox T !
- !
1o f* AT ‘
—13f v Lk .
b3 /‘* XX :
I, !
! |
-14 I I I I I !
0 0.5 1 1.5 2 25

time
Fig. 4 log;o(]| - ||2) of errors between solutions of DRE (1), (60).

illustrates the maps t — omax(Po + A2?) and t +— det(ZH + Y12 Py), t = k6,
k € Nc<g, in which opax, det : S**™ — R denote the maximum eigenvalue
and determinant maps respectively. Note specifically that zero crossings in
both are collocated with the finite escape time, as per (6), (45). Note further
that t — omax(Po + A7?) defines a monotone non-decreasing function. This
monotonicity follows from that used to establish the representation (45) of the
finite escape time t*(Fp), see the proof of Theorem 4. It guarantees that no
finite escape occurs prior to this zero crossing.

The computed solution P; of DRE (1), (60) for ¢t = kJ, k € N<g, is
illustrated in Figure 3, along with the corresponding symplectic and RK45



solutions. These solutions are in good agreement, as measured by the absolute
errors illustrated in Figure 4. As may be observed in the latter figure, these
errors increase immediately prior to the finite escape time as the entries of
Py € S™*™ diverge to +o0o. For brevity, an error analysis is not included.

6 CONCLUSIONS

A fundamental solution for a class of differential Riccati equations (DREs) is
developed using tools from max-plus and semiconvex analysis. It is shown that
this fundamental solution is defined by a corresponding fundamental solution
semigroup, which describes the evolution of all particular solutions of the DRE,
on all time horizons. A simple characterization of finite escape times for these
particular solutions is also provided.

A Proofs

A.1 Proof of Theorem 1

Since Q; € R2"*2" satisfies DRE (22), (23) for all t € R>q, see (28), it may be represented
by a corresponding symplectic fundamental solution of the form (5), denoted here by f't e
RA7X47 Tn order to apply (5), define H, A € R*X4n by

where A € R2nX2n B ¢ R2nXm (' ¢ RPX27 gre as per (24). Note by inspection that
A= A" = A1, By substitution, a straightforward calculation yields that

~ [H|0
HfA{OO}A,

where H € R27X2™ is as per (5). Hence, the symplectic fundamental solution 5, for DRE
(22), (23) is, again by (5),

ritolxt2o

a S oA lexp(HD)|[0] . [ Ze]0] . | O I] 0 O
thexp(Ht)fA{ 0 7 A=A 07 A= T O[S0 | (61)
0 0[]0 I

for all t € R>o, where the notation of (3) has been applied. Hence, the particular solution
Q: of DRE (22), (23) is given in terms of the symplectic fundamental solution (5), with
respect to X, by

Qe =YX, (62)
for all t € [0,t*(Qo)) = R>o, see (28), in which
R xHolx2o I 0
K] og[ L] gL ]_| 010 0 0o I
v, |~ T uM) | T | TS0 | | M —M
000 I|[-M+M




SH 4 si2M —5i2M
0 I
SA TSN —S2M
-M +M

c R4n>< 271.’ (63)

and p(M) is defined by (10). For any fixed t € R>q, note in particular that

oot _ [(B 4 B2t (s 4 s sy
X = 0 I '

in which (I} 4+ X}2M)~! is well-defined as t*(M) = +oco by Assumption 1 and (6),
(28). That is, X; ! is well-defined. Its substitution in (62), along with Y; from (63), yields
Qi = YtX;1 = Z(X4), where = : R2X2n _, R2nX27 jg defined by

=11(x) 512(2)} 7 (64)

E(E) = {521(2) 522(2)

dom (Z) = {E € R2nx2n

le + ElQM I RnXn
invertible } ’

using the notation of (3), with

511(2) KR (221 + 222M)(le + 212M)71,
sy ==y 22 - 22 M,

521(2) - 7M(211 + 212M)—1 ,

22(2) = 221(2) 12 M 4 M.

As M is invertible by Assumption 1, it may be verified directly that = of (64) is invertible,
with 51 : R27X2n _, R2nX27 giyen by

o = [(EHNQ) (E7H2(Q)
=) = {(5*1)21(Q) (5*1)22(62)} ) (65)
dom (271) = {Q € RTX2m | Q2L ¢ RrXn invertible}.
where
EHMNQ) =-@H)7'Q*,
ED2Q=-@) M -*)MT,
EVM =M EHY Q@+,
(EH2@ =M (ENHPQ -PM .
That is, (29) holds. |

A.2 Proof of Lemma 1

Fix My € S’;é" as the stabilizing solution of ARE (30) indicated in the lemma statement.
Let t* (M) € R";O denote the maximal horizon of existence (6) of the DRE

Ry = A'Ry + ReA+ RiBB'R; + C'C, Ry = M. (66)

As My is the stabilizing solution of ARE (30), note that Ry = My is the unique solution of
this DRE for all t € R>q. Consequently, t*(Mp) = +oco. Choose any invertible M € S**™
such that (31) holds, and note that such a choice is always possible. Recalling (25), let Q}' €
§nxn t € [0,t*(M)) denote the unique solution of DRE (25) initialized with Q§! = M. As



DREs (25) and (66) are identical, Proposition 1 (see below) and (31) imply that solutions
Q1! and Ry satisfy the monotonicity property

th— Mo = Qi — Ry € S5 (67)

for all t € [0,¢*(M)). By inspection, this provides an upper bound for @Q}'. In order to
determine a lower bound, choose ws = 0 for all s € [0,t] suboptimal in the definition (20)
of S¢(z,0). Recalling (16), (17), (21),

%I'Q%lx = S¢(z,0) > %x/Ot x (68)

for all z € R™, in which O¢ € S™*" is well-defined by
t
Ot = exp(A’t) M exp(At) +/ exp(A’s) C'Cexp(As)ds
0

for all t € R>g. Note that Ot € S™*™ is finite for all ¢ € R>q, and provides a lower bound
for Q41 € S"*™. Hence, combining (67) and (68),

11 nxn nxn
i €85, N SSMO

for all ¢t € [0,t*(M)). A simple contradiction argument subsequently implies that Q}! €
SmX™ s finite for all t € R>g, so that t*(M) = +oc0. As M~ exists by definition, it follows
that Assumption 1 holds, as required. |

Proposition 1 Given initializations Py, Py € S**" satisfying Py — Py € 87:5", and t* =

min(t* (Po), t*(P)), the respective unique solutions Py, Py € S?"X21 of DRE (1) defined for
all t € [0,t*), satisfy

P — ﬁt S §Z>O<n (69)
for all t € [0,t*).

Proof Fix t € [0,t*). Let 7 : Ag,y — R™*™ denote the evolution operator associated with
the time-dependent ordinary differential equation (ODE)

Vo= (A+ 3BB'(Ps + Py))' Ys,
defined for s € [0,t], with Ag; = {(r,s) € RZ;,|0 < r < s < t}. By definition, see for
example [23, Proposition 3.6, p.138],
T(o,0) =1,
DT (s,0) = (A+ IBB'(Ps + Ps)) T(s,0), (70)
2 7(s,0)=~T(s,0) (A+ LBB'(Py + P5))’,
for all (s,o) € Ag,¢. Define 7 : [0,¢] — S"*"™ by
7o = T(t,0) (Pr — P»)T(t,0) (71)
for all o € [0, t]. Differentiating with respect to o,
o = 2T (t,0) (Ps — Po)T(t,0) +T(t,0) (Po — Po)T(t,0)

+7(to0)(Po — ﬁa)%T(t, o‘)'
=T(,0)[,7T(to) (72)



for all o € [0, t], where

[y = (Py — Po) = (A+ LBB (Py + By)) (Ps — Py) — (P — By) (A+ LBB/(Py + Py))
=0,

in which the equality with zero follows by virtue of the fact that P, P, both satisfy the
DRE (1). Consequently, (72) implies that 7, = 0 for all o € [0, ¢], so that integration with
respect to o € [0,¢] yields my = mo. Recalling (71), it follows immediately that

Py — Py =m =mo = T(t,0) (Po — Po)' T(t,0)

Recalling that Py — Py € SZE™, and noting that ¢ € [0,¢*) is arbitrary, yields the required
assertion (69). ]

A.3 Proof of Lemma 2

Suppose that Assumption 1 holds. Fix z,y € R™, t € Rso. Note that G¢(z,y) € R~ by
Theorem 2.

(Necessity) Suppose that G¢(z,y) € R. Recalling the value function interpretation of
Gi(z,y), if the dynamics (18) are not controllable from z to y in time ¢, it immediately
follows by definitions (16), (36) that G¢(x,y) = —oo. Hence, the dynamics (18) must be
controllable from z to y in time ¢. Necessity follows as z,y € R™ and ¢t € R~ are arbitrary.

(Sufficiency) Suppose that dynamics (18) are controllable. Proposition 2 (see below)
implies that Q22 € S’;j\;, where Q2?2 is as per (27). Hence, S¢(z,-) € YJ:M = dom (D),
so that Dy S¢(x,-) € =M is well defined. So, applying the semiconvex transform (11) to
St(z,-) yields

Dosila D) = [ ole) ® (-5, ) de
=[] [i]-s[e] i)
A

welel =@y —mlm - ]le
J 8 ) o] 5 Jor-amm [P [
)

in which (M — Q??)~! is guaranteed to exist, so that A; € R2"X2" exists and is finite by
definition. Hence, applying the right-hand equality of (36) in Theorem 2,

xT

Gi(z,y) = 3 |:§:|/At {y} €R, (74)

which is finite, thereby demonstrating sufficiency. |

Proposition 2 Under Assumption 1, controllability of the dynamics (18) implies that
22 ¢ S’;ﬂl for all t € Rsg.



Proof With M € S™*" satisfying Assumption 1, recall that t*(M) = 400 as per (28). Fix
any ¢t € Rso. Consequently, the optimal dynamics associated with S¢(z,y) of (20), (21) are
well-defined by the time-dependent ODE

for all s € [0,¢]. Let V¢ : Ag,y — R™*™ denote the evolution operator associated with (75),
with Ag s = {(r,s) € RZ;|0 < r < s < t}. By definition, see for example [23, Proposition
3.6, p.138], B

Vi(o,0) =1,

FVils,0) = (A+ BB'QiL,) Vi(s,0), (76)
35 Vils,0) = =Vi(s,0) (A+ BB'QiL,),
for all (s,0) € Ag,¢. Define Uy : Ag,y — R™*™ via (76) by
Z/It(rv T) = Vt(t Y T)l (77)
for all (r,7) € Ag,+. By inspection of (76), (77),

Ui(T,m) =1,
%Mt(r’ T) = [%Vt(s’ U)‘(s,o):(tff,tf'r)]/ (71)
=(A+BB'QM Vit —1,t—7) = (A+ BB'Q.") Us(r,7), (78)
B_B'I'Mt(r’ T) = [%Vt(s’ U)‘(S,d):(t—T,i—T‘)], (71)
= Vit —7,t —7)(A+ BB'Q;") = ~Us(r,7) (A+ BB'Q;")
That is, Uy : Ag,r — R™ ™ is the evolution operator for the dynamics associated with (A 4

BB'QL'Y, s € [0,t]. Comparing with (26), it immediately follows that Q1% = —(s,0)M
for all s € [0,t]. Hence, (27) implies that

t
2= [ QBB QL ds
0
t
=/Mm@mfym@mM@=MQM (79)
JO

where Cy = fot Vi(t,t—s)BB' Vi(t,t — s) ds € SL§™ is the controllability gramian for the pair

(A+BB'Q}L , B) on [0,1], by definition of V;. However, recall that controllability is preserved
under state feedback, see for example [1, p.48]. Hence, (A, B) completely controllable implies
that (A+ BB'Q}1 , B) is completely controllable, which in turn implies that C; is invertible

for t € Rug. That is, C; € SL§™ for all t € Rso. As M is invertible by Assumption 1, the
assertion immediately follows by (79). |

A .4 Proof of Theorem 3

Fix any t € R>0, z € R™. Applying Lemma 2, and in particular (73), (74), it follows that
Qi € R2nX2n A, € §27X27 of (22), (73) are related via

Qe=TI(Ay),  Av=T""Q),
with matrix operators IT, [T~! : §27X2n _, §2nX2n defined using the notation of (3) by

H(A) N All 7/112(M+/122)_1(/112)/ A12(M+/122)_1M
- M(M+A22)71(A12)/ M_M(M+A22)71M



dom (IT) = {A € §nx2n

A2 ¢ Sgi’;,} , (80)

H—l(Q) - |:Q11+ QIQ(Mf Q22)—1(Q12)/ Q12(M7Q22)_1M
M(M_Q22)71(Q12)/ M(M_Q22)71M_M

dom (II71) = {Q €8x 922 ¢ S’;jf} . (81)

In particular, (81) follows by inspection of (73), while (80) may be verified by demonstrating
that IT o IT~ ! is the identity. |

A.5 Proof of Theorem 4

Throughout, it is assumed that Assumptions 1 and 2 hold, with M € S™*™ gpecified by
the former, as per the theorem statement. Note in particular that t*(M) = 400, so that
(Z 4+ 2}2 M)~ exists for all t € Rsq, where Xy is the symplectic fundamental solution
identified in (5). Consequently, Q¢ € S?"*2" is well-defined as the unique solution of DRE
(22), (23), for all t € R>( by Assumption 1, see Theorem 1 and its proof. Note that Py €
SU3f = dom (Y) by hypothesis and (13).

The proof proceeds by demonstrating a sequence of implications concerning the following
claims, posed with respect to arbitrary fixed t € R~ and Py € S;”;V?

1) t € (0,t*(Po));

2) T(Po) + Q22 e SLy"™ for all s € (0, t];
3) T(Po) + Q7 € ST

4) Po+ A7? € SLE™; and

5) (44) and (45) hold.

In particular, it is shown that 1) & 2) & 3) & 4) = 5).
2) = 1): Suppose that Y(Pp)+Q22? € ST.§" for all s € (0,]. Applying (13) and Theorem
17

MY (Po) + Q)M ™ = (M — Po) ™! — (23 + 22 M) 122 (82)
where it may be noted that the inverses on the right-hand side are guaranteed to exist. By
hypothesis, the left-hand side is invertible, so that a matrix Ks € R™"*" is well-defined for
an arbitrary s € (0, t] by

Ke = (250 + Z32M) 7+ (251 + Z2M) s
X [(M = P)™! = (Z1 + 227 282 7 (s + syt
However, the Woodbury Lemma implies that
Ko = [(S1 4 51200) - 520 - py)] ™ = (53 4 SRR
That is, X1 + Z12Py € S»*™ is invertible. Recalling (6), and that s € (0,t] is arbitrary,
immediately implies that 1) holds.

1) = 2): Fix an arbitrary t € (0,t*(Fy)). Analogously to the proof of Theorem 1, let
Qs € S?™X2" denote the unique solution of DRE (22) subject to the initialization

Qo = u(Po) (83)

defined, via (10), for all s € [0,t*(Qo)), where t*(Qo) € R is the corresponding maximal
horizon of existence (6). Analogously to the argument yielding (28), observe that t*(Qo) =



t*(Py), so that t € (0,£*(Qo)). An application of the symplectic fundamental solution (4),
(5), (61), yields

Qs =V X1 (84)
for all s € [0,t], in which
3] ]
== = 5 |———
{Ys * L u(Po)
»o|x2o I 0 i xi2p, —x2Mm
| o100 0o I |_ 0 I c Rinx2n
x2Lo|x2 0| | +P —M TP+ X2p —x2M ‘
0 000 I]|-M +M -M +M

for all s € [0,¢]. In particular,

X7t =

{(2&1 + X3P (I + D R) T I M
0 I ’

in which (X' + X12P5)~! is well-defined for all s € [0,t], as t € (0,t*(Pp)), see (6).
Consequently, recalling (84),
QF =M - M(E{' + X PR) T 2 M (85)

is well-defined for all s € [0,¢]. Recalling (23), (83), as Qo = u(Po) > w(M) = Qo, Proposi-
tion 1 applied to (22) implies that Qs — Qs € SQ;BXQ", so that in particular

QF - Q¥ esyy” (86)
for all s € [0,t]. Fix any s € (0, t]. Rearranging (85) and applying (86) and Proposition 2,
(5114 SR 1 < - G
< MTLM - Q) Mt esny (s7)
Theorem 1 and (64) implies via the notation of (3) that
QF = [S(.)]2 = M - M(S1 + S12M) 71 5120, (35)
Recall that X5 € dom (Z) (ie. the inverse involved is guaranteed to exist) by Assumption
1, as s € (0,t*(M)) = Rsq. Furthermore, as s € (0,t*(Py)), definition (6) implies that
X+ ¥12p) is invertible. Hence, a matrix Ly € S?X" is well-defined by
Ls = (M = Po) + (M = Po)(25" + 2% Po) ™' 2.%(M — Po)
= (M — Po) + (M — Po) [(Z} + Z12M) - £12(M - )] 7' =12 (M - Ry).
where the second equality follows by adding and subtracting X12M within the inverse.

Applying (87), and the fact that Py € SI}f', note that Ls € SG"™ by definition. The
Woodbury Lemma subsequently implies that

Le=[(M — Po)~' — (£} + Z2M) =1 2127 = M(Y(Ro) + Q%) ' M

where the second equality follows as per (82). Consequently, as M € S"*™ is invertible and
Ls € ST5™,

T(Po) + Q¥ = ML;' M e SL5™.

As s € (0,t] is arbitrary, claim 2) immediately follows.



2) = 3): By hypothesis, T(Py) + Q%2 € SL§™ for all s € (0,1]. Selecting s = t yields
claim &) as required.

8) = 2): By hypothesis, Y(Po) + Q7> € SZ§". Furthermore, T(Py) € S}, by (13),
(14). Hence, Q%2 € S™*", so that (QL?)' BB’QL? must be integrable with respect to o € [0,]
by definition (27). In particular,

s

t
2ov= [(QPyBEQRr > QP BEQR dr =0~ M
for any fixed s € (0,t]. Hence, Q%2 — Q%2 € Sgén, so that

T(Po) + Q% = (Y(Po) + Q) + (Q%* — Q) e sy,

Recalling that s € (0, t] is arbitrary yields claim 2) as required.
3) = 4): Recalling (13) and Theorem 3, see (42), (80),

Y(Po) + Q% = (—M — M(Po — M)~ M) + (M — M(M + A?*)~* M)
= MM - P (4 A )
Recalling that T'(Py) + Q%Q e Szén by hypothesis,
T(Po) + Q7 €SZ5" & (M — Po) ™! — (M + A7) ' e 825"
& (M +AP) = (M — By) €ST5"
& P+ AP esny™. (90)

That is, claim 4) holds.

4) = 3): Note that (89) holds as per the 3) = 4) case above. By hypothesis, Py + A%2 €
SZ§™. Hence, the string of equivalences (90) implies that 3) holds.

4) = 5): Recalling (15), (35) and (42), the value function W; of (15), (19) satisfies

5]
Wt(x) = %I/Ptl = / Gt(x7 y) ® W(y) dy
Rn

@ 4 ® 4 11 12
_ z z 1. _1 Ay A} T
_/n M A M ®ay foydy= 2/]R” {(A%Q)/ P0+/1?2} Mdy

for all z € R™. By hypothesis, Py + A72 € S7§", so that (Py + A?2)~! exists. Hence, the

above max-plus integration explicitly evaluates as

T
Y

N

Lo'Poa = 1o’ (A} — AP (Po + A7) 71 (AP ] =

As x € R" is arbitrary, (44) follows immediately. In addition, as 4) < 1), it immediately
follows that

sup {t € Rso ‘Po + A2 s } = sup {t € Ruolt € (0, (Po))} = t*(Py).

That is, (45) holds. |
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