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Structured preconditioning of conjugate gradients
for path-graph network optimal control problems

Armaghan Zafar, Michael Cantoni, and Farhad Farokhi

Abstract—A structured preconditioned conjugate gradient
(PCG) based solver is developed for implementing the Newton
updates in second-order methods for a class of constrained
network optimal control problems. Of specific interest are prob-
lems with discrete-time dynamics arising from the path-graph
interconnection of N heterogeneous sub-systems. The arithmetic
complexity of each PCG step is O(NT'), where T is the length of
the time horizon. The proposed preconditioning involves a fixed
number of block Jacobi iterations per PCG step. A decreasing
analytic bound on the effective conditioning is given in terms
of this number. The associated computations are decomposable
across the spatial and temporal dimensions of the optimal control
problem, into sub-problems of size independent of N and 7.
Numerical results are provided for two example systems.

Index Terms—Optimal control of networks; Structured second-
order solver; System chains.

I. INTRODUCTION

ONSIDER the path-graph interconnection of /N hetero-
geneous sub-systems with dynamics given by

Tjie1 = Ajuje + Bjauje + Ejxioae + Fiaxjpae, (1)

where z;; € R™ and u;; € R™ are the state and input
of sub-system j € N = {1,2,...,N} at time t € T =
{0,1,..., T}, respectively. The initial conditions are given by
zjo=§; € R for j € N and the spatial boundary condi-
tions are given by zo; = x; € R™ and znp ¢ = ¢, € R™¥
for t € T. The constrained finite-horizon linear-quadratic (LQ)
optimal control problem of interest is the following:

% Z Z gj,t(xj,h Uj;t)

JEN teT

(2a)

min
(mj,t)(j,t)e({o,N+1}uN)><7‘
(uj,6) (4, 0y eN T

subject to

(1) for (j,t) € N x (T\{T'}), (2b)

Tot = X¢ TN1,t=¢C, forte T, (2¢)
zjo=4&; forjeN, (2d)
Cj7tl‘j7t + DjJUj’t < Kjt for (j, t) eN x T, (2e)

where ¢; (7, u) = 2'Q; 12 +22"S; yu+u' Rj yu+q) . +775 4u,
Cj, € RY*™_ D, € R%*™ and k,, € R%. For j €
N and t € T\{T}, it is assumed that Q;; = Q}, = 0,
Rji = R, = 0, and Q;; — S}’tRj_,tlSj,t > 0. Moreover,
for every j € N, Q;r = 0, but S;7 = 0, Rjr = 0, and
D; r =0, so that u; 7 plays no role (i.e., it can be removed as
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a decision variable). Under these assumptions the problem (2)
is a convex quadratic program with O(NT) decision variables
and O(NT) constraints.

While the cost (2a) and inequality constraints (2e) are
separable across the sub-systems and time horizon, there is
coupling in the equality constraint (2b). Specifically, there
is spatial coupling between states of adjacent sub-systems,
and inter-temporal coupling. While it is possible to also
accommodate corresponding spatial coupling in the inequality
constraints (2e), this is not considered explicitly here to reduce
the notational burden. Path-graph network dynamics of this
kind are relevant in the operation of irrigation channels [1],
vehicle platoons [2], supply chains [3], and radial power
networks [4]. The structure also arises from the discretization
of one-dimensional partial differential equations [5].

This note is about the computation of second-order search
directions for solving the quadratic program (2). Specifically,
a preconditioned conjugate gradient (PCG) based linear sys-
tem solver (e.g., see [6]) is developed for implementing the
Newton updates in second-order methods, such as the interior-
point method [7]. The main innovation pertains to O(NT')
arithmetic complexity of each PCG step, and decomposability
of the preconditioning computations across both the temporal
and spatial dimensions into sub-problems of sizes that are
independent of N and 7. These computations are amenable
to implementation as [ N/2] parallel threads, each comprising
a sequence of 27" (possibly dense but small) sub-problems,
with localized data exchange that aligns with the path-graph
structure of the system dynamics (1).

Structure in second-order methods for optimal control prob-
lems is studied in [8], [9], where the so-called Riccati-
factorization approach was originally developed, and more
recently in [10]-[14]. These papers all focus on the structure
associated with the localized coupling in the temporal dimen-
sion of optimal control problems. Following this approach for
problem (2) results in solvers with O(T'N?) arithmetic com-
plexity for each of the moderate number of Newton iterations
needed for second-order methods to converge (typically 10—20
steps). The computations are decomposable across the tempo-
ral dimension, but not the spatial dimension. The resulting sub-
problems, of size O(N), are amenable to implementation as
parallel threads in a tree type communication network, leading
to O(log(T)N?) time complexity [14].

In [15], the aforementioned approach is pursued in the
special case of (2) with directed spatial coupling, by inter-
changing the role of the time and space indexes to develop
a linear system solver for implementing Newton updates
with arithmetic complexity O(NT?). The computations are



decomposable across the spatial dimension of the problem,
but not the temporal dimension. Again, parallel processing can
lead to O(log(N)T?) time complexity.

In [16], the chordal property of a graph based representation
of the temporal structure of optimal control problems is
exploited to devise a distributed solver. At the finer resolution
of the optimal control problem formulation in (2), however,
the corresponding spatio-temporal graph is not chordal.

All approaches discussed above correspond to structured
direct methods for solving the linear system of equations asso-
ciated with each Newton update. In particular, all are related,
in some way, to block-LU factorization for a permutation of
variables that yields a block tri-diagonal structure in the linear
system of equations to be solved. With direct methods, it
appears to be difficult to leverage both the spatial and the
temporal structure in (2).

The proposed PCG method is of the kind often used for
large sparse problems [6]. For problem (2), the size of the
linear system to solve at each Newton update is O(NT).
It is well-known that preconditioning (the P in PCG) can
significantly reduce the number of steps required to terminate,
which is bounded by the size of the problem [6, Thm. 10.7];
i.e., O(NT). In this note, it is proposed to use a fixed number
of block Jacobi iterations for preconditioning. In principle,
this fixed number can be selected to achieve preconditioning
specifications, in that a decreasing analytic bound on the
conditioning of the outcome is provided. For the numerical
examples presented, it is observed that as few as two Jacobi
iterations can result in a much smaller number of PCG steps
than the worst-case bound described above. Importantly, the
preconditioning steps are decomposable across both the spatial
and temporal dimension of (2). The size of the resulting
O(NT) parallelizable sub-problems is independent of N and
T. As such, the arithmetic complexity of PCG steps is O(NT).
In the case of O(NT') PCG steps, the arithmetic complexity
of each Newton update becomes O(N2T?). For T ~ N,
the method is therefore no worse than the structured direct
methods discussed, and potentially much better.

For separable-in-cost quadratic programs like (2), methods
based on dual decomposition [17], and operator splitting,
such as ADMM [18], [19] and FAMA [20], can also lead
to parallelizable computations. For the structure in (2), the
dual decomposition technique of [21] leads to local compu-
tations for each sub-system. Similarly, the ADMM approach
presented in [22], [23], and projected sub-gradient algorithm
of [24], also yield decomposable computations. However,
these methods often require many thousands of iterations to
converge, even for problems of moderate size, leading to high
data-exchange overhead in distributed implementations. The
issue is exacerbated within the path-graph context of this note,
since the algebraic connectivity of the underlying sparsity
pattern (which influences the rate of convergence [25], [26])
tends to zero as N grows. This motivates the consideration
of the method proposed herein. The challenge is to maintain
structure in the computations.

The note is organized as follows. An equivalent re-
formulation of problem (2) is presented in Section II. The
structure of the linear system of equations to solve for each

Newton update is given in Section II-A. PCG methods are
reviewed in Section III, and the structured preconditioner
based on block Jacobi iterations is developed in Section IV.
The proposed PCG algorithm is explored numerically for
mass-spring-damper chain and irrigation channel examples in
Section V. Concluding remarks are provided in Section VI.

NOTATION

Identity matrices are denoted by I, blkdiag(-) denotes a
matrix with block diagonal elements given by the arguments,
which are the only non-zero elements, and col(-) denotes the
concatenation of the input arguments into a column vector.
Every block tri-diagonal matrix is parameterized by sequences
© = (D), € [LLR™* and Q = ()L, €
[Tie, Ri=1x for appropriate (Ix)7, C N™ and m € N.
Given such sequences ® and (2, the corresponding block tri-
diagonal matrix is denoted by

o, Q)
blitrid(@, Q) = | 2 P2 e R,
Qn
Q. O
where [ = 3"/ U
II. PROBLEM RE-FORMULATION

Defining u; = col(ujg,...,u;r-1) € R™T, r; =
col(zjp,...,x;r) € RW(THD and slack variables 6; =
col(b;0,...,0;1) € R (T+1) " problem (2) can be reformu-

lated as the following quadratic program:

(1.7‘)je{‘0,.N+1}uN 2 JEN Uj Sj Rj Uj Tj Uj
Uj)jeN
(3a)

subject to xg = X, Tn+1 = ¢, and

0= Ajz; + Bjuj + Ejzj1 + Fjzj + Hi&;, jEN,

(3b)
0=Cjz; +Dju; +6;, —kj, jeEN, 3o)
0<0;, jeN, (3d)
where

Q; = blkdiag(Qj0, ..., Q) € R (TH)xni(TH)

R; = blkdiag(Rj o, ..., Rjr_1) € R™T>miT,

S; = [blkdiag(Sj., ..., Sjr_1) 0] € RMTxni(TH)

C; = blkdiag(Cj, . .., C;r) € R TH)xn; (1)

D; = [blkdiag(Dj0,...,Djr_1) 0] € RYTH)>xmT
H;=[I0---0¢ R™ (TH) x5

q; = blkdiag(gj .. ., qjr) € R,
r; = blkdiag(r;0,...,7,7-1) € R
Kk; =col(Kjo,...,K;T) € RY (TH)

= col(xg, ..., xr) € RTH)

X
¢ =col(g, .-, Cp) € RMTHD,



and
-1 0 - 0
Aj70 I B.:
4= o » Bj 70 » (42)
. . . 0
I Ajra —L Bj
[0 0
Ejo O Fjo 0
E; = ] E= o (4b)
i Ejra0 Fjra0

Note that A; € Rm(TH)xni(TH) B e Rrg(TH)xm T
Ej c an(TJrl)xnj,l(T«H)’ and Fj c an(T+1)><nj+1(T+1)_ The
block bi-diagonal structure of the matrices A; arises from
the temporal structure of the system dynamics in the optimal
control problem (2).

For the quadratic program (3), the Karush-Kuhn-Tucker
(KKT) conditions for optimality are given by

Q1JC1 + Si’UJl + Allpl + Ci/\l + Eép2+Q1 = 07 (5a)
Qjxj + Sju; + Ajpj + CiNj + Fi_1pj
+ Ejypiata; =0, jEN\{1,N}, (5b)

QnTN +S§VUN +ANpN+CN AN+ Fy_pn-1+gn =0, (5¢)

Sjxj + Rju; + Bjpj + DiX\j+r; =0, jeN, (5d)
Arz1 + Biug + Enx + Fiae + Hi§, =0, (5e)
Aj.’Ej + BjUj + Ej.’IJj,1 + F]’(Ej+1 + H]Eg = 07
JEN\{L, N}, (5D
ANyzN+Bynun+ENTNa+FNC + HyEy =0, (52)
Cijr; +Djuj—k; +0;, =0, j eN, (5h)
Aj@jl =0, and [/\; 9”/ >0, je€ N7 (51)
where p; = col(pjo,...,pj1T) € R™ () and Aj o=
col(Ajo,...,Ajr) € RY (TH) are Lagrange multipliers,
A; = blkdiag(Ajo,...,\jr) € RuTH»w(TH) g, =
blkdiag(0;,0, - . .,0;r) € R(TH)xv(TH) " and 1 denotes a

vector of all ones. Since (3) is convex, the KKT conditions
are necessary and sufficient for optimality [7].

A. Newton’s Method

Various second-order optimization algorithms can be un-
derstood in terms of Newton’s method for solving the KKT
conditions [7]. Typically, only a moderate number of Newton
iterations is required for convergence, and this is the main
advantage over first-order methods. The benefit comes from
the use of second-order information, which can be constructed
explicitly for quadratic programs. For the problem (3), the
Newton updates in an interior point method take the form of

s D) — () 4 () 5 ©)

where o™ > 0 is a step size, s = col(s(l")7 .. .,55\7)),

s;”) = col(z (")7 (,”), p;"), )\5"), 9§n)), and the second-
order search direction (") = col(é%n), .,6](\7)) is obtained
by solving the linearized KKT conditions, given by

blktrid(®™, Q) 6 = p™), @)

n)

with &™) = (‘DE- Jiens @ = (Q)jeanqiy. B =
col(®™, ... b,
Q; S, A, 0
S; R; B D, 0
q,g,n): A; B 0 0 0 |, jeN, (8a)
¢, D 0 0 I
0 0 0 @gn) A§n)
0 0 F/_, 00
0 O 0 0 0
Q=|E; 0 0 0 0], jeN\{1}, (8b)
0 O 0 0 0
10 0 0 0 0
bgn) = col( qi, —71, —H151—E1X, "51777@)
—a(Ms(M_p o) (8¢)
bg\?) = col(—qn, —7n, —HNEN—FNCM@NJ?](\?))
—Qy S(n) —@%)55\7), (8d)

b = col(—g;, —rja—H 5;»'<aﬂ7§n))
_Q. S(n) (I)(n (n) Q/+1SJ+1; j€N\{]—7N}v (8e)

Jo5-1 g
™= G(f))\j(7’)+A(;’)6j(")—A(]7’)@(J”)1 +oWu™1, je N,
(8f)

In 80, u™) = S0 () 6)")/ S5 (T +1) s a
measure of the duality gap and ¢(™ € (0,1) is a centering
parameter [7]. The step-size a(™) > 0 in (6) is selected online
to ensure the components of A;"H) and 0" remain positive
for j € N. The coefficient matrix blktrid(®(, Q) in (7) is
non-singular because A; in (4a) is non-singular for all j €
N [15, Lem. A.1]. When Q; - 0 and Q; ¢ — S}, R; S, > 0
for j € N, it can be shown that blktrid((I)(”) Q) is non-
singular without recourse to the invertibility of A;. In this
case, it is possible to accommodate more general sub-system
dynamics of the form

Gjajer = Ajazje + Bjauje + Ejaj1e + Fjuxjvg,

with singular matrices G;; (which would make A; singular),
in place of (1), as may arise from implicit discretization.

B. Structure-Preserving Block Elimination

Aj, ©; and R; in (8a) are block diagonal, with block
sizes that are independent of N and T. For j € W,
let 8" col(a), 88, 65, 0{, 65") and b =
col(béi),b,(fj),b;f),bg\"),b(n)) be partitions aligned with the
structure of sJ ") noted below (6). Dropping the Newton
iteration index (n), the ordered elimination of

0o, = Aj " (bo, = ©;03,), ©)
Sy, = —(05'A;) (b, — Cj0a, — Djb, — A; 'bg,),  (10)
Su, = R; ' (bu, — 800, — B}dy,), (11)

from (7), for j € N, yields the smaller symmetric system

blktrid(®, Q) 6 = b, (12)



Yvhere (i’ ? ((i)j)jgj\/, Q = (Qj)je/\/\{l}’ 5 = 001(517 N ,SN),
b = col(by,...,by), and §; = col(d,,,d,;,) € R¥(THD),

b; = col(bs,, by,) € R T+,
G, - gj Fjo_l} € R2ns (T+1)x2n;(T+1)  (13p,)
G -2 4] e
4 3-8 3 [Gerwlg] o
)= ) L5 e
- 05 A5, o

for j € N. The structure of (7) is preserved in (12), and in
(13a), Qj and Rj are block diagonal, and flj is block bi-
diagonal. Note that the decomposable computations required
to form (13c)—-(13f) are performed only once per Newton
iteration. The arithmetic complexity is O(NT(m? + %)),
where m = max;(m;) and 7 = max;(v;).

A PCG based method is developed for (12) next. The
number of steps required depends on the quality of the pre-
conditioner used. Assuming perfect arithmetic, the maximum
number of steps of the PCG method is the size of the
problem [6, Thm. 10.7], which is O(NT') in (12). As such, the
arithmetic complexity of the proposed approach is O(N2T?)
at worst, since the arithmetic complexity of each PCG step
is shown to be O(NT). When T ~ N, this is comparable
to the previously discussed direct methods. However, good
preconditioning can substantially reduce the number of PCG
steps. Properties of an effective and structured preconditioner
are given in Section IV. This is the main contribution.

III. PCG SOLVERS

The conjugate gradient (CG) method is used for linear
systems with positive-definite coefficient matrix [27]. While
non-singular, the block tri-diagonal matrix blktrid(®, Q) in
(12) has both positive and negative eigenvalues. This indefi-
nite system can be solved using other Krylov methods, like
MINRES [28] or GMRES [29]. However, the computations for
these are more involved than the CG method, with reduced
scope for decomposability of the computations. Multiplying
both sides of (12) by blktrid(®,Q) from the left yields the
positive-definite system of equations

Uh = b, (14)
where ¥ = (blktrid(®,€2))2 and b = blktrid(®, Q) b. The
positive-definite matrix ¥ is now block penta-diagonal, but
(14) in now amenable to the CG method. o

Let e(9) = §(9) — §* be the error between i-th iterate 6(*) of

the CG method and the exact solution 8* of (14). It can be
shown that e(®) satisfies the following [30, Thm. 6.29]:

Je@la <2 ((VAT8) - /(w8 + 1) 1@, (15)

Algorithm 1 PCG [6] for (14) with preconditioner P.
initialize 50, ¢, iter.,
PO — § — w50
solve Pd(®) = r(©
BO = (d(O))/T(O)
1=0
while ¢ < itery,,x do
y = wd®)
Y(_?') - 5({)/(@(1))'/6;(1_))
5D = 5 4 (@) g(0)
P — () _ (1) (D)
if |0+ o < e exit
solve Pglit1) = p(i+1)
13: BUHD = (gli+ 1))y i+1)
14 A+ = p(+1) 4 (5(i+1)/g(i)) d®
15: 1=1+1
16: end while

R A A ol S

— — =
M2

where [leflg = €'Te, K(¥) = Amax(¥) /Amin (V) is the con-
dition number, and Ayax (¥) (resp. Amin(¥)) is the maximum
(resp. minimum) eigenvalue of ¥. The CG method converges
faster for x(¥) closer to 1. To improve performance, CG can
be applied to the transformed problem

P12y p-1/25 — p=1/2p (16)

where § = P'/2§ for P = P’ = 0. Algorithm 1 is an efficient
implementation of this preconditioned CG (i.e., PCG) method
taken from [6]. Lines 7 to 14 constitute one PCG step.

The preconditioner P = W gives P~/20upP-1/2 = T
But lines 3 and 12 of Algorithm 1 then become the original
problem. Incomplete sparse LU factorization of ¥ can be used
for P instead. Such preconditioners are considered in [31],
[32]. However, for the resulting preconditioner to be positive
definite and effective, it may be necessary to use incomplete
LU factors that are denser (i.e., have less structure) than W.

In the next section, a structured preconditioning approach
is developed, which involves a fixed number of block Jacobi
iterations (e.g., [6]) to approximately implement lines 3 and 12
with P = W. This approach builds on ideas from [33]-[35].

IV. BLOCK JACOBI PRECONDITIONING

Let K = {1,2,..., K}, with K = [N/2], i.e., K = N/2
when N is even, and K = (N +1)/2 otherwise. Also define

_ (2o Yy,
Ay = [ wor Gl keK\(KL 07
Zn_1 Y}
Nl N1, N even,
Ag = Yy Zn (17b)
Zx, N odd,
Vor—1 Yor—1
Y, = { 0 Vor ] ke K\{1,K}, (17¢)
V-1 Yn_
N-1 N1 , N even,
Ti = 0 VN (17d)
Va YN}, N odd,



where referring to (13),

Z; =0+ QY+ Q1 Qj4, (18a)
Y = Q0 + P9, (18b)
V} = Q]‘Qj_l, (180)

for j € N, with Qn 1 = 0. Given this, ¥ = blktrid(A, 1),
where A = (Ap)rex and T = (Ti)rek\{1}- Moreover,
lines 3 and 12 with P = W take the form of

U(¢ = blktrid(A, T) ¢ = (19)

Let A = blkdiag(A;, ..., Ag) and ¥ = A — V. The
block Jacobi method for solving (19) involves the following:

ACHHD = 7 4 3¢ O, (20)
These iterations converge to the solution of (19) if and only if
o(ATIE) < 1, 1)

where o(-) denotes spectral radius [6, Thm. 2.16]. For ¥ =
blktrid(A,Y) > 0, and the splitting ¥ = A — 3, condition
(21) always holds [6, Lem. 4.7 with Thm. 4.18].

The proposal here is to apply a fixed number L > 0
of Jacobi iterations (20) to approximately implement lines 3
and 12 in Algorithm 1 with P = W. Characteristics of this
approach are discussed in the next three sub-sections.

A. Positive definiteness of the preconditioner

Executing a fixed number of block Jacobi steps from zero
is equivalent to the use of a positive-definite preconditioner.

Theorem IV.1: Given L € N and ¢(©) = 0, the L-th iterate
of (20) satisfies PLﬁ(L) =7 with P;, = WL_l, where W, =

AT AT - 0.

Proof: Noting that A > 0 is invertible, it follows from
(20) that ¢(B) = Wpr + (A'2)E¢O = Wir. It is
established below that Wy is positive definite, and thus,
invertible. As such, Pr.¢(Y) = W, '¢F) = 1.

Positive definiteness of Wy is a consequence of the
known property ¥ = blktrid(A,T) = 0. With U =
blkdiag(Uk, ...,U1), and Uy = (=I)* for k = 1,..., K,
first note that 2A — ¥ = U'WUU > 0. Then note that
Wi = A71 = 0, and using (A71E)IATL = A—H(ZATY),
that

M-—1
Worr = 3 (A7) ATHA + 2)ATH(ZATY)
1=0
M-—-1
=Y (A7) AT ea - v AT (zAaTh
=1
+A712A — )AL -0,
and
2M —
Wanrg1 = Z ATIE) AT 4 (AT AT
=0
M-1
= Z “HA+D)ATH DALY
(A IMYMAT(ATIE)MY - 0,
for M € N. Therefore, W, = 0, as claimed. [ |

B. An analytic bound on achieved conditioning

Theorem IV2: With P, = ( le_Ol(Aflz)lﬁfl)fl for
given L € N,
1/2g p1/2y o LE (@(ATID)"
w(Pp P ) < e (22)

Proof: By Theorem IV.1, Pp, > 0. Using ¥ = A — 3,

1\1’ Z

Furthermore, P; 'W = P_l/Z(PL_l/zkIIPL_lﬂ)PLl/Q, whereby
spec(Py 1/2\1113 1/2) = spec(P; "W). As noted below (21),
Q(AflE) <1 since ¥ >~ 0. So (23) holds because Amax (I
(A7) < 1+ (o(A7IE)E and A\pin (I — (ATIXD)E) >
1— (o(A7IZ)E > 0. u

By Theorem IV.2, the number L of block Jacobi iterations
can be selected to achieve desired preconditioning.

I—AT'Y)=T—(AT'D)E (23)

C. Decomposable computations

Note that explicit construction of the preconditioner P,
is not needed. At each PCG step, L iterations of (20) are
performed from ¢(®) = 0. Since A is block diagonal, the
computations required to implement each Jacobi iteration can
be decomposed into K = [N/2] smaller problems

At =y, (24)

where wrp = 7 + ch(l) k+1<1(cl4)-1 for £k € K, with
Tii1 = 0. Each Ay is a block 2 X 2 matrix, with inner
blocks that are structured. To see this structure, consider

Zogk—1 Y,
Ay = 2k 25
F [ Yor Z2k:| (25)
Note that
Zp =02+ Q0 + Q) Q0
@A AE L FL B B, Q; A/HALR;

- [ ’ A JQ;+RA; A; AlAR3AF; F+E7+1EJ+1:| , (26a)

- | Fi A a+ALE; Fl R 14Q;F),

= Q q) “F‘I) Q] l:Eij1+Rj1E E.; A]_1+A F_] h
(26b)

The diagonal blocks of Z; are block tri-diagonal, while off-
diagonal blocks are block bi-diagonal for j € A. Similarly,
the diagonal blocks of Y} are block tri-diagonal, and the off-
diagonal blocks are block diagonal for j € M\{1}. As such,
a permutation of variables exists such that (24) takes the form

blktrid(Z, i) (Y = @y, Q7
where &, = 7 + Vel + T, (70 2 = Eradiers
Iy = (U t)tem\(T}>
Q-1 Qop1y Eby, 0
- Qop—14 Rop—14-1 0  Eby,
Hpe = | 2L a1 1| (28a)
ot Eop t 0 Qar,t 2okt
0 Fopi-1 Sr: Rogt



Single Thread | N/2 Parallel Threads
Alg. 1 Computations E::ntl; l:tezt(;ons E::i;;:i
Line 7: O(NT#?) O(Tn?) O(Tn)
Line 8: O(NTn) O(Tn) 0(1)
Line 9: O(NTn) O(Tn) 0
Line 10: | O(NT®n) O(Tn) 0
Line 11: | O(NTn) O(Tn) o(1)
Line 12: | O(LT#??) O(LTR?) O(LTn)
Line 13: | O(NT®n) O(Tn) o(1)
Line 14: | O(NTn) O(Tn) 0

TABLE I

ARITHMETIC COMPLEXITY AND DATA-EXCHANGE OVERHEAD OF
ALGORITHM 1 MAIN LOOP: 7 = max;(n;), WHERE 7 IS THE SIZE OF
xj¢; AND L IS THE FIXED NUMBER OF JACOBI ITERATIONS.

with

Qi :Q?,t +I+A;,t/1j,t+E]/',tEj,t +F_1Fj-14, (28b)

Rj =R}, +T+A; A} +E; B} +Fj,F],, (28¢)
251==Qji—Rj4 1, (28d)
Eju= A Bt Fj oy Ay, (28¢)
Fja=AjFj 4 B Ay, (286)
for j € N, and
—:2121%1,:: 0 —F .y, 0
oy — Agk—14 —Ase—14 Gan—10 —F_y (292)
’ —Eap s 0 — Ak 0
Xokt —FEory Aoy —Aopy
with
Aji=A4Q54 + RjpAjy, jEN (29b)
Gje=Fj 1 Rj 10+ QjuFj 1, jEN{1} (29
Xt =Ej4Qj14+ Rj—1,4Ejs, j€N\{1}. (294d)

Noting that =, 4, ITj, ; € R™ ¢ X7k,t  where g = 2(Nok—1 +
ngi) for k € KC and t € T, the sub-blocks of blktrid(Zy, ITy)
are of size independent of N and T

For each k£ € K, the block tri-diagonal system (27) can
be solved with arithmetic complexity O(T), by structured
(backward-forward) recursions that implement an LDL fac-
torization based direct method [36]. So the preconditioning
lines 3 and 12 of Algorithm 1 decompose into K = [N/2]
parallel threads, each comprising computations for 27" sequen-
tial (possibly dense) problems of size independent of N and 7T'.
The data exchange per PCG step is localized in line with the
path-graph structure of the system dynamics in (1). For such
an implementation, Table I shows the arithmetic complexity
of each line of Algorithm 1, overall and per-thread, in addition
to the scalar-value data-exchange overhead for each thread.

The per PCG step arithmetic complexity is dominated by
line 12, i.e., O(LNTn?). With the number L of block Jacobi
preconditioning iterations fixed, and the bound 7 on the size

of sub-system states fixed, the overall arithmetic complexity
of PCG each step is O(NT). The computations in lines 7,
8, and 13 also decompose in a fashion that is consistent
with the block partitioning of ¥ in (27), and hence, the
aforementioned [N/2] parallel threads with localized path-
graph data exchange. Note that lines 8, 11 and 13 involve
sequential computations to form dot-products and to test the
stopping condition. These can be carried out by a backward-
forward sweep with path-graph data exchange. Lines 7 and
12 involve the exchange of less than T'n scalars between the
neighbouring threads on this path-graph, since the partition
of WU is block tri-diagonal. The overall scalar data-exchange
overhead is O(LNTn) per PCG step.

V. NUMERICAL RESULTS

Results of numerical experiments are presented for two
optimal control problems of the form (2).

Case (I): A one-dimensional mass-spring-damper chain of
N > 0 masses, taken from [37]. Each sub-system j € A
has dynamics of the form (1) with n; = 2, m; = 1, and
v; = 6. The corresponding cost has @, = diag(1,0) and
Rj; = 1 for t € T. The mass, spring constant, damping
coefficient parameters are selected randomly between 0.8 to
1.5 to generate a heterogeneous network. Experiments are
done with N = T, varied from 10 to 1000. The number of
scalar variables in the largest problem is of the order 107, and
there are a similar number of constraints.

Case (II): An automated irrigation channel with N con-
trolled pools [39]. Each pool has one control input, the
water-level reference, and four states, two for the water-level
dynamics and two for a PI feedback controller that sets the
upstream inflow on the basis of the measured downstream
water-level error. The dynamics of each controlled pool can
be described by a model of the form (1). For each sub-system
jeN,nj =4 m; =1 and v; = 6, the matrix F;; = 0,
and the cost is set such that Q;; = C’jTth’t and R;; = 1.
The model data are all borrowed from [40]. Experiments are
done for N = T, varied from 10 to 500. The number of scalar
variables in the largest problem is of the order 10°, and the
number of and inequality constraints is similar.

For both cases, the Newton updates in the interior-point
method of Section II-A are computed in four different ways:

« Via the proposed PCG method to solve (19), with L = 2
block Jacobi preconditioning steps;

o Via block Jacobi iterations (20) to solve (19);

¢ Via the direct method from [15], which solves (12) by
recursive LDL factorization;

o Via MATLAB'’s backslash (MA-57 [38]) to solve (12).

Results for backslash are provided as a base line, noting that
backslash is able to permute variables in ways that do not
respect the spatio-temporal structure of problem (2), unlike
the proposed PCG method, which decomposes in accordance
with this structure. To gauge overall arithmetic complexity,
computation time of a single thread implementation is con-
sidered for all methods. The stopping criterion for the infinity
norm of the residuals in Algorithm 1, and in the pure block
Jacobi iterations based implementation, is set to € = 1079,



The duality-gap based stopping criterion for the interior point
method is set to e;py; = 1076, For all experiments, this was
achieved in 15 to 20 Newton updates.

Case (I): Mass-spring-damper chain. Fig. 1 shows the
maximum/average number of iterations for the PCG method
with L = 2, and the pure block Jacobi method, across all
Newton updates. The pure block Jacobi method consistently
involves a large number of iterates (20), in the order of
thousands. By contrast, the proposed PCG method consistently
involves fewer steps, in the order of hundreds. The corre-
sponding reduction in overall data exchange overhead could
be advantageous in a distributed implementation.

Fig. 2 shows the normalized average processor time for
a single thread implementation as proxy for the arithmetic
complexity per Newton update. Along the line N = T, the
average time is O(N?) for the PCG method, compared to
O(N*) for the direct method of [15]. While the Jacobi method
is also O(N?), the time is an order of magnitude greater
than the PCG method, which is comparable to MATLAB’s
backslash, suggesting little loss for the gain in terms of scope
for decomposability and distributed implementation.

Fig. 3 shows the maximum condition number of V¥ in
(14), and maximum bound for x(P; "/*¥ P, /%) in (22) with
L = 2, across all Newton updates. The approach improves the
conditioning by more than two orders of magnitude.

Case (II): Automated irrigation channel. Fig. 4 shows
the maximum/average number of iterations for the pure block
Jacobi method, and the PCG method with L = 2, taken across
Newton updates. The total number of iterations of pure Jacobi
method increases sharply with the size of the problem due
to ill-conditioning along the line N = 7. By contrast, the
number of PCG steps is O(N?), but remains much smaller
than the size of the problem. The total number of variables
with N = T = 100 is 40800 for system (19), while the
maximum number of PCG steps is 45.

Fig. 5 shows the normalized processor time, averaged across
all Newton updates. The normalized processor time for all
methods is O(N?), except for the Jacobi method which is
worse than that. For the PCG method, this arises because
the number of PCG steps grows quadratically along the line
N = T. However, the total processor time of the PCG method
is more than one order of magnitude less than the direct
method of [15]. Again, performance of the PCG method is
comparable MATLAB’s Backslash, while enabling decompo-
sition of the computations in a way that matches the spatio-
temporal structure of the problem. For N = T" = 200, the time
required for the direct method [15] sits above O(N*). This
is because, for such large systems, the memory management
overhead becomes significant as O(N) dense matrices with
O(N?) non-zero elements are involved. The processor time
also reflects this memory overhead, and is thus no longer a
good proxy for arithmetic complexity.

Fig. 6 shows the maximum condition number of W in
(14), and maximum bound for x(P, /*¥ P, /%) in (22) with
L = 2, across all Newton updates. For this case, ¥ can be
very ill-conditioned with x(¥) > 10'5. For the proposed
structured preconditioner, the maximum s(P, 1/ Q\IIPL_ 1 %)
bound remains below 10% up to N = 100.

VI. CONCLUSIONS

A decomposable PCG method is proposed for computing
second-order search directions for optimal control problems
with path-graph network structure. The proposed algorithm
exhibits per PCG step arithmetic complexity that scales lin-
early with the number of sub-systems N and the length of
time horizon 7. The computations at each iteration can be
distributed across parallel processing agents in a network with
path-graph structured information exchange. Future work in-
cludes extending the results for tree networks, where structure
is manifest in three dimensions.
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