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(Flgure 158 :

‘cireles correspond to one clu:,t er-ard-tireTed trlangles to the other) for clusters created

using; fromleft to right and top to bottom, DHPy,, DHP sy, DHP,, DHP;e, L2,
o DHBROR —

for wheat. In Canada, wheat yéisture level lower than
#8old as straight grade seeds; see JayaS et al. (1994), page 347, and

e clusters created by L2; and DI], correspond roughly to high and low protein

'els, whereas the other method»r created clusters that do not seem b correspond to

specific groups based on neither the protein nor the moisture. l(‘vels

For oursecond ex mple we used the Austrahw data described in Delaigle

and Hall (20107
data, dept

and available at http://rda -

car.edu/datasets/ds482.1. The

ated'in Figure 9 in Appendix B.2, concern 191 rainfall curves X;(¢) collected

at .

Yustratisll weatlier stations, wilere X (1 repres s-the average rainfall at time £ €
) W&
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( Flgure 2 Clusters-of rainf: 3 ¢ or four methods. From left to right

\and tope.bottom: DHP,,, DHPUBH, DHP,,, DHP.Fhe tumbers in the legend are
the numbers kl, ..., k¢ corresporrding to the clusters Xki,...k, Created by each method.
The foBr=ermbols Lo+ reated for K = 4.

[1, 3657, taken over tlie years were the sth station has been operating, and smoothed—
using a local pelynomial smoother. =

In Delaigle and Hall (2010), these data were classified (manually by the authors)
into northern and southern weather stations, depending on their location on the map
of Austzalias. H_e_r_c otir goal is to cluster the data automatically into 2, 3, 4 or 5 groups
using Qacﬁ'%f fhe eight methods used earlier, and see which clusters are created by
eao@ethod (the extension of our method to more than two groups, using hierarchical

clusteringyis discussed in section 5.2).
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( Figure 3: Clusters of rainfall stations-in-Australia for four i elj.tud_;_.,qu

\{Lgmjn&?’-]top to bottom: L2y, L2p;, DHB, GR.-The numbers in the legend are the
numbers ky, ., ks corresponding to the clusters xy, .. », created by each method. The
fgurﬁmm}espond to the four clusters created for X = 4.

héagurations of k+2ﬂl.ust€r's', we keep the one that gives the sma
; for"a"given co 1ﬁgﬁtion of k + 2 clusters Ci,...,Cpyo, ti

Jthe maximum number (here 5) of clustérs we wish to consider. We denote

k¢ = 1,2, a cluster obtained by clustering group x4, into
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Finally_for our fourth illustration, we used the Berkeley growth data of Tudden-

ated in

ham and Snyder (1954), described in Ramsay and Silverman (2005). As indi

the introduetion, the notion of a perfect cluster is not uniquely defincd! and in real

examples there, may be several insightful ways to cluster the data"In this example,

there exists'a'natural way of clust};Piﬁg the data, which conSist of height measure-

ments of #; =39 girls (population TI;) and ny = 54 beys (population II,), taken at

31 time'peints ¢ between #ge 1 and 18, which we furned into continuous curves X;(t),

t € T = [1418], via Jecal polynomial smoothifig. We used gender as a benchmark for

o

, to measure the q

the “true clus lity of the various clustering methods. How-

ever, thigjis"merely for illustratiowpurposes, as unlike for the simulated examples, we
do no {how what the “idemécers” should be nor whether these are

101s, are depicted in

(en uniquely

defined. The enrves frém each group, as well as the group
/ Figure 104n"Ap efidix B.2. The purities and adjusted rand indices obtained for each
methodsaregprovided in Table 2. Considering boys“and girls as the true clusters, our

#nd DHP s procedures worked parficularly well; their performance was not

Zi): approached by any of the six competing procedures.

rall, we concludet =5l ited and real data examples that our DHP,,

and DHPypy methods seem to provide clusters that are able to capture important
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Clustering functional data into groups)using
~ projections
gUn‘w emﬂn-\ o Melbourne, Hustalia
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- Excellence for Mathematical and Statistical Frontiers,)Uniyersity of Melbourne,
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. before the revised version of this manuscrip c’o?npleted. He was an eztraordinary \‘ﬂ_;
( researchér andya fantastic man and he will be missed by many. Ry
\j [ Received Hu.gus% 2015, Funal vewision November 2017] @%i
%{Q\?‘Sﬁl’ %bstfﬂet-’( We show that, in the functional data context, by appropriately exploiting \
[ the functional’nature of the data, it is possible to cluster the observations asymp{®
' totically perfectly. We demonstrate that this level of performance can sometimes be
‘ achieved by the k-means algorithm as long as the data are projected on a carefully
' chosen finite"dimensional space. In general, the notion offideal cluster is not clearly
] defined. We"derive our results in the setting where the data come from two populaf
tions whose distributions differ at least in terms of means, and where an ideal cluster
' corresponds tosone of these two populations. We propose an iterative algorithm to
r choose the projection functions in a way that optimiﬁes clustering performance, where,
| to avoid peculiar solutions, we use a weighted least gf:luares criterion. We apply our
iterativesclustering procedure on simulated and real data, where we show that it works

well. . ,

-

S {rom e
f WO’U,T friend and colleague Peter Hall died-fnﬂ/_f lbourne, Australia on January 9/ 2016, [r

|
£l , 3 . . )

\ tﬁ r;:-mevwords: asymptotically perfect clusteringf functional principal components) Haar
|y Tasis k—mean"sljoptimal projection/ =
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\@ ][ Introduction

|
We consider the two-population functional data clustering problem, where the goal

‘ is to cluster, into two groups, curves Xj, ..., X, supported on an interval Z, in such
| a way that data from a same cluster are more similar than data from the other
\ cluster. Pceeeﬂ-t-lﬂ in the related functional data classification problem, Delaigle and
( Hall (2012) b,asq ir;croduced the notion of asymptotically perfect classification. There,

they provedsthat in the two-population functional classification problem, as training

l. sample siZesincreases, it is possible to classify new data correctly with probability

——— e
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tending to Tn.g‘, even in noipathological cases, as long as the curves are projected on
a carefully chosen space of dimension (;nfq! 1o

We extend the idea of asymptotically perfect performance to the more theoretically
challenging functional data clustering problem. Unlike the classification context, we
do not have at our disE)osal a training sample of data from each of the clusters,
which, in practicesl;ﬁl'gfjl niakes the problerr}l more complicated than its classification
counterpart. For example, we shall see thazeven in cases where we have an analytic
formula f6r d%projection that guarantees good performance, we cannot compute it
explicitly imspractice and need to use instead an iterative procedure. As pointed out
by Hennig (2015), there is no unique way to define a perfect cluster. For example,
in some applications, it can be reasonable to define ideal clusters directly from the
data. Another common approach is based on the assumption that the data come
from populatiens with distinet distributions, and a cluster corresponds to one of the
populatiensythis is t%e cﬁ-a we u%e in this paper. Specifically, suppose that a clustering
algorithrfi hias partitioned the set X = {X;,..., X,,} of all data into two disjoint parts,
X and A3, and that a detailed analysis of the origins of the data shows that there

are %@i-s‘q just™wo_populations, or subE)opulations, IT; and IIy, which differ at least in

terms pfstheir means.

We say that the clustering algorithm is asymptotically perfect if, with probability
converging to 1 as the total sample size diverges, it asymptotlcally correctly ascribes
the data insany given II; to a unique cluster, X; say. Thﬁb#aei( property means that
the proportionfof data in II; that are ascribed to X; by the algorithm converges to 1
as the sample size increases. We establish this property in the case where the two
populatiensidiffer only in terms of means, where we show that this level of performance
is achieved by applying a weighted version of the standard k-means algorithm to a
carefully chosen univariate projection of the data; we derive an analytic formula for
this projectiony Roughly speaking, asymptotically perfect clustering is possible in

cases where the difference between the means p; and py of the two populations is

This article is protected by copyright. All rights reserved
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large relative to the variability of the data. More specifically, the accumulation over ,
i=12,... / of the square of the projection of y; — 2 on the univariate space gm_n\a{ ¢
by the jth eigenfunction of the covariance operator, divided by the corresponding jth
eigenvalue, 1s so large that it is possible to project the data from the two populations

on two univariate tight clusters that are infinitely apart from each other. We extend

our theoretical results to other distributional settings and to the case of more than two
populations that can be clustered hierarchically. In these more complex situations,

we mightfheedy more than one projection function, and these functions are usually

defined onlymimplicitly. We introduce a data-driven way of choosing them.

ZL Methodology for clustering

2.1[ ksmeans algorithms for functional data

'@

Let X ={X3,..., X} denote a random sample of random functions, each distributed
as the gemeriegfunction X and supported on the interval Z. Recall that the goal of
a clustering ‘algorithm is to cluster the set X' in two disjoint parts A} and X,. For
k = 1,25.we let X; denote the ith curve that is classified in the kth group. In this
notation, Xg= { X1, ..., Xkn, } Where ny +ny =n.

We focus on the k-means algorithm, which is one of the most popular techniques.
When the observations are p-vectors Vj;, the k-means algorithm chooses the two

partitions so as to minimiff,

2 ng
SN Vi - Wl (2.1)

- k=1 i=1
FRCRP | here V= ng' Yok Vie and |[(ug, . .., w)|l = (2, u2)/? is the conventional square

Sigm&) l
UQn' &H/ ‘ norm fora p-veetor.
f In thesfunetional data context, this algorithm can be applied in several ways. A

first possibility'is to replace the norm of vectors by the L;norm of functions or one
of their derivatives. Specifically, this version of the algorithm forms the partitions so

z _ )
as to minimiie Sz S {X,Sz'-’) (t)—X ,gu)(t)}2 dt/,@V«i'Eere v is a positive integer to

3
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be chosen by the experimenter, and X, — nt Yok X k:), see for example Tarpey
and Kinateder (2003) and Ferraty and Vieu (2006).

This approach is simple to implement, but it is well known that applying k-means
to the whole functions is often not the best strategy because these typically contain
too much noise. A more commonly technique consists in applying k-means to
the vectors Vi of dimension, say p-%% 10U€d by projecting the curves Xj; onto a
space of finite dimension p. A common way to project a function X onto such a space
is to express X as a linear combination of orthonormal functions )y, 1o, ..., &hafiq
X = Y jeth;, where o = X (¢;) = [; X(t) %t then/truncate the infinite sum

to p terms (often, but not always, the first p), an Lake V to be the p-vector of the

Q.
corresponding coefficients o, E@t@:lm.p]e\ V=(o,...,q).

3 L’Qv

Often the 478 are taken to be elements of a predetermined basis such as the B-7

spline bagigi"@"Fourier basis, a wavelet basis or the principal component basis. See for
example Abraham et al. (2003), Serban and Wasserman (2005), Auder et al. (2012)
and Anténiadis et al. (2013). Sometimes k-means 0-i‘s\-eused only as a preliminary
clustering procedure, which is then refined a?{second stage. See Chiou and Li (2007),
where thépreliminary clustering is applied with the ¢]Is being eigenfunctions.

A problem when the 1&]@3 are taken to be elemen?‘gs of a predetermined basis is
that they are not chosen in a way that tries to optimiie clustering performance, and
as a result the coefficients o; do not necessarily carry the most relevant information
for clusterimgathe functions. In a first attempt to overcome this difllifrglty, Delaigle et
al. (2012)suggested projecting each X; onto a vector V; = (X 1),y X; (t 7 where
the point§?;,. " , t, were selected from the data, &e-e# to try b%
perforfiance ¥ Gattone and Rocci (2012) the-suthord suggested approximating the
w]T and the X; rs by linear combinations of basis functlons ¢1,..., ¢, with g large,

rnaxunlfe clustering

and then selecting the p zp]fs L g)soasto Optlmli(? clustering, under a smoothness
penalty for thescluster means X;. These two approaches are good steps forward in

choosing, projections so as to optimiie clustering performance. In the next section,

This article is protected by copyright. All rights reserved
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motivated by theoretical considerations, we introduce a weighted version of the k-
means algorithm which guarantees good, indeed sometimes asymptotically perfect,
theoretical properties in the functional setting. We shall see in section 4 that it also

e

performs very well in practice.

2.2[ A'modified k-means algorithm for functional data

Write ¥, 10, for a given, linearly independent sequence of functions defined on
7, let Xy(®;) fz ¥; X; be the projection of X; onto the real hne i the\fdlrectlor\f
determined"by ¢;, put ¥ = (¢n,...,%p,) and let X;( ¢) (X wl (wp)j, ap_

vector. We propose a weighted version of k-means clustering applied to the p-vectors
X,(J) toudetermine first the functions 11,...,, and then the clusters. Here and
below the integer p is fixed; see sectlon 4.1 for how to choose it in practice.

The k#means algorithm is usually applied by mlmmlf‘mg a measure of the tlghtT
ness of clusters. In the standard version of k-means for p-vectors used atL(Z.l) if
our clustering algorithm has partitioned & into two disjoint parts X; and X, as in

_section 2.1, then cluster tightness is measured by

To(%, 2 | 9) =~ 3 3 | Xu(@) - X[, (22)

k=1 i=1

where sz fI W1 Xkiy oo s f,_, p Xii) and )_(k(z,b) =ng 1 Zl..g\nzc X;m(@b)

The goal of the k-means clustering approach is to find the clustering that produces

the minimum[Tg(J)/ of Ty(Xy, Xz | 0):
To(%) = min To(X, 2 | ¥). (2.3)

Here, the minimum is taken over all sequences of two disjoint, norE:mpty sets X} and
X> whose"inionis X'. However, the tightness measure pi(2.2) can be misleading if it is
used to compare different vectors Q,E of functions. This is because, if X is smooth and
v; is a highly oscillating function, the value of [ 1); X; can be mixde arbitrarily small

simply by inereasing the frequency, without violating a standardiﬁation condition such

5
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as ||%;]| = 1. For example, if ¢;(t) = csin(jt) for a constant ¢ > 0, and X; has a
bounded derivative on Z, then fz 1; Xi — 0 as j diverges. Therefore To(X7, X, |1Z)
can be rendered small simply by choosing the functions ; to have high frequency
oscillations, without materially affecting cluster tightness.

This(concern suggests that, in the functional data context, a modification ?of thé
definition a4 (2.2) is needed, where the components of each Xz-(zz) are standardiﬁed for
scale before being used to calculate To(X;, A5 | J) Without taking scale into account,
T, can be"smiall simply because most in(zﬁ)j} are small, and not just because they

are close tonX,(1). With this in mind, we define

ot

<— ==
As before™we partition X 1nto two dlSJOlnt/ nont:mpty sets A} and Xg, with X =

'\

X (%) ‘1ZX (W), Z{Xwg — X))}

{Xe1, .. §y Xin, } where n;+ny = n, but we propose fmeasurja the tightness of clusters

differently. Specifically, we use the following analogue of T5(X;, A, | ¢) to characteriﬁe

- Cluster tightness:
cmodLer

Le:c
f\mﬂw

L»Lb‘ Caxp \
S\%ﬁg /

) Tol, % | ) Z S o L k) - R, @
=1 J k=1 i=1

where X (v;) = [;v; Xws and Xp(¢;) = ni’ 2agigme Xki(¥;). In section 3 we
shall prove that this weighted version of k-means gives particularly good clustering
performaneemand can even provide asymptotically perfect clustering.

With thisversion of tightness, the goal of the k-means algorithm is to produce an

analoguefof TZ(J) atfr(_Z._B):- ) Qi?vession

T\z (’QZ) = min T\Q (Xl, Xz | ’l,;) . (25)
X1,
=
Ta-orded to_ensure good clustering performance we opt1rmie over z/) by taking
- . redffued 21

i = argmin T (¥), (2.6)

FEQn

6
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3[3

steadily more complex soémple size grows. For example, one approach to approxf/\
[

where @), denotes a CE of orthogonal functions which is permitted to become
imating members of the class Lz(Z) of square integrable functions on Z is to use a
complete orthonormal sequence X1, X2, - .. in the class. Then any ¢ € L (Z) can be

expressed as the L;Eimit as r — oo of approximations of the form
w(r Z d; x;(z (2.7)

where diyd,,. s is a sequence of real numbers that are elements of a potentially
growing set Dy, and are such that d?- < 0o. We shall discuss the choice of the
functions' in sectlon 4.1.

In practice; k means Zi Egually applied through iterative algorithms, the most
popular of which is probably Lloyd’s algorithm Llodel957 1982), which is what
we used in our numerical work. This algorithm starts by creating an initial partition
of the data inte two clusters. Then, at each iteration, it partitions the space into
a centroidal Voronoi tessellation of IR?, generated by the centres of the clusters. A
varietysof-oshemapproaches are possible. See Telgarsky and Vattani (2010), who argue[ =
that an algorithm suggested by Hartigan (1975) is particularly competitive. See also
Brusco and'Steinley (2007). These algorithms often provide good clustering, although
they are sensitive to the initial partition so kha{ they are often applied with several

initial rahdém ™ partitions.

3[ Theoretical interpretation of clustering method{
ology

We study theoretical properties of our suggested algorithm. First, in section 3.1, we
establish the agymptotic limit of the empirical criterion Ty, uniformlyvover the func:.f\

tions 7; and the partitions of IR”. Then, in section 3.2, we establish the asymptotically

nearf pexfect clustering property in the pa‘,'rticula,r case where the populations differ
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only in terms of means. We extend these results to a more general heteroscedastic

setting in section 3.1, and to the case of more than two populations in section 5.2.

—

= eXpression =
Asymptotic limit of T5( X}, X at/(2.4) i
@ ]Z P 2( 1% J) [ expYess\on

In this section we derive the limit of Tj (Xl,Xglv,Z) at{(2.4), as n — oo. This
sort of limiting results exist in the multivariate case (see Pollard/ @989), but esf

(94
tablishing,them in the functional data case requires different arguments because

of the infrinsieall dlfferent nature of the data. Let X denote a generic X;, put

((_ﬂ% X (¥p)), © = (21,...,2,) and let
o()? = var{X ()} . (3.1)

Write F(ufap) for the distribution function of X (¥), take R = = (R1,Rs) to be a
partition’ of IR” into two disjoint regions for each of which W(J, Rk) = P{X J) €

Ry} > 0V Ty (¢) = (0, Ry) ™" Jr, 2 dF (2| ) and put _
Tom

tz(mva_z zz/{xj wi@)Y P |9).  (32)

=1
Pessidn

Wegean interpret T2 (Xl, Ao | z/;) defined a% (2.4), as an empirical approximation
to t2(¢ | R1,R2) when the region Ry contains Xj, for k = 1,2. More particularly, 1&@
we put Xp=X NRy for k = 1,2 then, for fixed ) and R, we have T) (X1, &, | QE)
tQ(JI R) a8 m— oo.

In Theorem 1, below, we shall show that this convergence is uniform in 1,5 € Qn

and R € Vpn, Where @, is a set of functlons ¥ on Z for which

GBS picas.

Il = Lffor all € Qu, T # O K an, (3.3)
¢ ¥
with Z#/_denoting the number of elements of a set and a, denoting a sequence of
' Co

positive numbeérs diverging to ﬁ_u%ufy, and, motivated by the fact that the optimal
\ . Zz Cxprestion
%0& ® Mfound through minim?;ation of[ (2.5) is g centroidal Voronoi tessellation of

8
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IR? (see Hasegawa et al.f{1993}and Du et al. 199 , V., is a set of Voronoi tessellation
cl __,{ : b [ P,

partitions of IR? into two cells, satisfying

# Vpn L bn, (3.4)
S vesu b
where by dendtes a sequence of positive numbers diverging t?%-n—i-tﬂ see L(3.10)
below,for boltnds on a, and b,. (Here and throughout the paper, when referring to
= ~ Dres o

Voronoi tgssﬁlations, these aie constructed with the weighted distance as inf(2.4).)

In partictilar, J at @E} can g Qriewed as an empirical {ﬁ}; roximation to a vector of
projectionstinito IR? that minimiﬁes the dispersion measufe‘igi‘\gren by ts.

)It is notationally conv?})ient to represent a partition as a sequence R = (Ry, Rs)
butbo establish fd theoremLif one partit&gn (}f éﬁy”’” then we assume without loss of
generality that'its permutation (R2, Ry) is I;Eeﬂ Moreover, we ask that, for a constant
Tmin > 06t "d€pending on n,

. . . 7 7
inf inf 1nf2 (1, Rk) = ﬂminl (3.5)

A Y1y Yp€EQn ReVpn k=1, ‘

L.e. Secome.
ths-;ﬁ the cells in the Voronoi tessellation do not (%t too small, in the sense that

- L | | L)

the probability that X (¢) lies in any particular cell is bounded away from(ze%} ;

LetXT(¢); | Rﬂk‘j, ..., Xn(¥; | Ri) be independent and identically distributed with
the distribution of X (1;), conditional on X () € R,. Since all clustering steps involve
empirical'eentring and scaling then we may suppose, without loss of generality, that
E(X) = @rand, E||X||> = 1. For a general random variable R satisfying E|R| < oo,

we write (lm#) R = R — E(R). We assume that, for each ¢ > 0,

> 60(%)2} D
T Olexp{ - C(e)n}], (3.6)

> ea(w)z} =O[exp{ - C(e)n°}], (3.7

1 n
PSI= D (11— B) Xy | Ri )t
max sup max sup sup {‘n - ( ) (’(/)J I k)

!:1’2 V1o hpEQn 1SISP 7€€Vp,n k=1,2 i=

sup P{

YEQn %gfzwxi
sup P{'% Zn:(l—E) ([Lin)Q

YEQn =1

> ea(¢)4} = Ofexp { — C(¢) n°}],  (3.8)

9
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(displons )
digley )

Juf () 2 0(e)n 079, (3.9)

where, here and below, C(¢) denotes a generic positive constant depending on € but
not onmsands0 < ¢ < 1. Conditions (3.6)—(3.8) assert moderate deviation bounds for
the probabilities on tﬁe[respe@tmd left-hand sides. There w a{%k that the probabilities
be exponentially"small, but cases where the right-hand s(figs ngrP}.SG)—(&S) decrease at
a polynomial rather than exponential rate can also be treated (using™our arguments.

See Appendix A.4 for an illustration of these conditions.
WHiee® Bnddions : o) o

DThebrem T IfL(S.ES)—(B.Q) hold, and the ngwth rates/ Gn and b, are sufficiently

1
1
|
|
|
|
1
|
|

|

low to ensure that, for all C > 0, - O-\u
= (amalles )
Y @ by, exp(— Cn?) = 0 (3.10)
as n — &, then as n diverges, and for all € > 0, B
wSMaller
P{ sup sup Ifg(Xl,Xz ' 1/;) — tg(’lZl 7\:”:)] > e} —0. (3.11)
b1, Pp€Qn RV,

If the.p-vector X (1) has a well-defined probability density f(-|v) that is con}?
tinuous andspositive everywhere in IRP, then the minimum/ tz(J)l of to(4 | R) over
choices of the partition R of IR? is achieved for a partition (R?,RY) that is a ceni\
troidal Veronoi tessellation of IR?. (See Schreiber[ Q998)Zamong others, for discussion
of Voronoi tessellations in the context of k-means clustering.) In particular, each RY
is a polygonal prism in IR”; its centroid, defined in the sense of mean with respect to
the densityufe| ¥), is the point k() = (e (%), . .. ,ukp(J)). (The assumption that

-,

f (- |¥)exists.and is continuous and positivef can be relaxed, although at the cost of
treatingsissuesssuch as contiguity of the support of f(- | v,Z))

Let C{{P) a0d Cy() deélote the convex hulls of A} and A%, where (X}, &,) is the
partition of A" that minimiﬁes E(Xl, Xy | ). If RY and R are uniquely defined up to
permutations then a permutation (depending on the datafet X) of Ci(¢) and C, (J)/

converges in probability, as n — oo, to R} and R3, in the following sense: for any

10
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S
fixed, closed p-sphere § in IR?, there B;tsta a permutation of C; NS and C; NS that

converges in probability, as a sequence of random sets, to RI NS and RIN S.
ol
@ 3. 2[ Asymiptotically near/ perfect clustering when the popu-/
lations differ only in terms of means

In this section we introduce the notion of Uasymptotlcally perfect clustermthere
Syion

.inthecage p = 1 m1n1m1£1%ng the asymptotic version ¢, (¢ | R) at (3.2) of Tg(z'\,’l, Xy | w)
QI?WSSL at|( LZ 4), swith, respect to both ¢ and ’R, can lead to regions R; and Rg)Leach of
which contains asymptotically all of the data from just one of the populations, and
asymptofically'none of the data from the other population. Here Vasymptotically ali’}
and \‘)asymptotically nbné’} are interpreted in the sense that the proportions of data
converge to 1 and O/ respectively, along any sequence of values of J and R for which
to(¢ | R) converges to its minimum.

We shall.simplify our discussion by assuming that the populations differ only in
location (geg Section 5.1 for more general heteroscedastic settings). In this simple case,
we can deriv; explicit results and a simple analytic formula for the unique function

¥ to usemWe assume that there are two sub}populatlonsl IT; and Il (see s¢ sectlon 5.2

for K > 2sp6pulations), and that the data from the kth can be represented as

©®

inzyk+Zki,Zl§i§n1:, (3.12)

where ]

(% ﬁ/ he funetions Z;; are all distributed as the fixed random function Z, say,
with B(Z)w= 0;the location terms vy, for k = 1 2La,re ﬁxed/ and the (3.13)

populations II; and II, arise in respective proportions p; and p,, where
3

\ohsylug/\

\‘QSKL% o1+ p2 =1 and each pr > 0. ’
/11%(3.13) the random function Z is\‘/ﬁxed\a in the sense that its distribution does not
depend on k& or. In view%%(&B), a generic X; can be represented as
: e
X:Z vely + 2, (3.14)
11
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®
D-1
where the ﬁeie—em variables I; and I, are independent of Z, P(I;, = 1) =1- P(I; =
0) = pk/ and P(I} [, = 0) = 1.
We shall shovv that in this setting it is possible to have t3(¢ | R) — 0, along
a seque c Values of ¢ and R. To see how to define explicitly a function
that res r asymptotically perfect clustering, write s(u,v) = cov{Z(u), Z(v)}

Sﬂ(%\?é for the eewasiance function of Z, and let s(u,v) = >je1 05 ¢5(u) ¢;(v) denote the

— spectralhposition of k. Here 8; and ¢; are eigenvalues and eigenfunctions/

respectim the transformation, also denoted by , that takes a function 1 to
y

k(Y jﬁx% dv (The dual usage of k in this setting
gua flnot ) We can write v, = > io1 Vkj ¢; and

Gf{l(c\p is comm n; context disambi
Sigma 7 Z1ij ;) where vy = [up¢; and Zy; = 6% [ Z,; ¢; is the jth
prmapa

= nent score of Zy;.

e
CUUL @ ), define (") = > ;=1 @ ¢;. Thenit is easy to see that E{ Xy (¢()} =
- =N
‘:'dquP Z;zl Vi, 0] var{X1;(¢v™)} = var{Xy(»™)} = 2 19 aj, and a calculusl_pf[_ -

S‘%m variatio ent shows that, over all vectors 9 having the form 3 isr Pi gbg for
a constants egatlo E{Xu()} - E{X2z g]/[var{sz( Y)Y HY? is mammlied by
taking o stze (v — va5), Where Lconstl denotes a strictly positive constant.

ition of ;, and letting

.\

v 29 (v1; — U2J)J (3.15)
Y

we also f] L
o a bt O
con {Xh(qp(’”) ng(w( ) = constL Zvar{Xk w(r))} = c (3.16)

Teiu o
An Mt feature ofL3 16) is thaJZlf ¢, diverges to &—ﬁ'mt-y as r increases, then

the stan(mnatlon of X, ;ﬂ(zp(r)) becomes negligibly small relative to the difference

J
between ans of the two groups, and soEor k = 1,2, data points in the sample X
that ¢ m Il are readily identified as a tight cluster around the point fzzp(r) Vg,
. . . L &
if we projec a in the direction ¥(). This property remains true if we standardlze
12
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on
y e
¥ so that ||| = 1. It is intuitively clear thaiif ép, at[(3.15), tends to i-n-%a-l-tyy
as r — 00, then, as r — oo, it is possible to cluster the data perfectly. The next
ti[leorem establishes this rlgoﬁrously
g oM md otherwise XPTESSIONG -
(ﬂl ~ U Theorem™2™d ssume the homoscedastic mizture model defined by@-w) and (3 13),
ap with K strzctly posztwe deﬁmte and uniformly bounded, and let @ = % vy —
7=1 ] J

§lgmq,.l | ;

| S
i —
|

holds, the elustering algorithm is asymptotfgally perfectfe’zcn tzze sense that, if R,
T

s
fl and R, denote the regzonf;Zfound by mzmmz zng{ 2) there e—a%s-? a permutation

g (k(1), k(2)) 0f #he pair (1,2) such that, ford=1,2,

lim P{X(4?) € Ry [ Ig=1} = 1. (3.18)

'I"—)OO

As ngted by Delaigle and Hall (2012) in their functional classification context,
~———_ asymptotically perfect performance does not usually hold in the multivariate case,
(’p(“ ) except in pathological instances. By contrast, as already highlighted by Delaigle and
‘x\i\“OLog\ml\ Hall (2092), condition (3.17) can be satisfied in more standard cases, Iﬁer—é;g;n.ple\
a8 when, for j large, the eigenvalues 6, and the difference of the mean coefficients V1,

and vy; ate such that 6; = O{(11; — v2;)?}. This makes the clustering problem for

functionalsdata unique and particularly interesting.

@ 4) Numerical properties

CB) 4. 1[ Empirical choice of the functions ;
prweggwn

There are many, ways to choose the space @, at }SZ.ﬁ) in which we seek the functions
Y1, - - -, Pp. EXcept in the setting of ﬁeorem 2, in general we do not have an explicit
expressioft for the functions ¢; that should be used for projecting the data, nor for

the number[ p/ of functions that we should use. In practice, where n is finite we

13
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eqpadron
suggest taking each 1/; to be a linear combination of r basis functions, as in[(2.7).
Specifically, for j = 1,...,p, we take 1; = > ._, d;; x;, where x1,..., X, are the first
T elements of a basis and the d,j,,-‘} are coefficients to be determined.

In the _functional data literature, when choosing bases it is common to use a
spline basis, the principal component basis or a Fourier basis. If sam%le size was
infinite, ghissehoice would not matter much. In practicé[however, we @r@a
finite number,of observations, which implies that we cannot take r too large. In
turn, this implies that, ﬁ.n_.gpde;{ to capture the main differences between the two
populations;"we need to choose the basis functions y; carefully. Because its elements
are gradually more localized aere%uency increases, we suggest using the Haar basis
(see Hirdleetyal. 1@012), or its unbalanced version (Fryzlewicz, 2007), which captures
both global,and increasingly local trends, and thus offers a good balance between
locali{ikng and ove@ocalifing. It can often capture details without the need for r
being tod large:

To compute the 1p;t:s explicitly, we need to choose the dj;Is and p in a way that
ensures good clustering performance. We suggest choosing p and the dj’i\ljs iteratively;
in principleswe could also choose r iteratively, but choosing both r and the dj’i”g
adaptively is somewhat redundant as we can reduce r artificially simply by settir\ldg

~Re

all the dj;j:S to ZZ!:Q; for appropriate values of j. Therefore, a good alternativ?_i{l-(_i
computationally less demanding approach is to fix r to be a large value, andzizhoose
only the dj,;-Ts adaptively. Motivated by this, in our numerical work we took r = 16
(we tried la;g;er values but foﬁ&ﬁhis took much more time ﬁlj%e-g@m improving the
results significantly). {o - 2 gepregsion

For a fixed value of p, we needtind the dj,ij? that minimiffa Ty atl(\2.5) by applying
Lloyd’s algorithm iteratively to a set of dj,iE, under the constraint that the 7,0@8 are
orthogonal. This problem is too difficult to be solved in a reasonable amount of time
and so we useq@ greedy algorithm to search for the dj’;F. Dote-thad =these form a set

Lol —

of p orthnormal vectors in a space of dimension r, th-a,?:-i-efp vectors located on an

14
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lim,&

r[dimensional unit sphere. Our greedy algorithm iteratively examines a very large
collection of p orthogonal vectors on this sphere by starting with an arbitrary set of p
orthonormal vectors, and iteratively rotating and reflecting them in twoZdimensional
subspaces. See Appendjx B.1 for details. As in Delaigle et al. (2012), we choose the
number/ p/ of projections tlsing a measure of tightness of the clusters, defined by

= > x- & (4.1)

k=1 X;eCy(p) R
‘H\o& L2
where Ci(p) denotes the kth cluster of the partltlonbbtalned when using p projection

functiong® Xj &= 1#(3;0( )} IS Xi I{ X € Ci(p)}, #Cr(p) denotes the number of
observations in cluster Cy (p) andfon this occasion, || - || is the L, Lnorm of functions.
Specifically, tochoose a reas%oable value/ / of p, we consider increasing values of p
(ile.p=1,2,...) until 7, startsﬁncreasﬁqg-f or decreases by a too small amount. This

can be achieved by choosing p* = inf,, { 0T = Tor1 & pT} where, as in Aflﬁ)gle et

al. (2012)smp-dehotes a pre{determmed small proportion, tfeftaea.m-plg p 0.05, 0.1 or

0.2. As muthe clasmﬁcatmn context of Delaigle et al. (2012), for most methods our

numerical nvestigations indicated that those values of p all gave similar results; see

Section 4.2 foF more details about our practical implementation.

@ 4.2[ Numerical results

We compared our clustering algorithm, computed as in section 4.1 with the Haar
basis and denoted below by DHPy,, with seven other clustering methods, on both
simulated.(s Lectlon 4.2.1) and real (sectian 4.2.2) data. Our main Matlab code is avaﬂ{
Tom ey -
able%ht p //researchers ms . unimelb.edu,au/~ ‘aurored/Proj_Kmeans.m; it re{
- (Clouner - =
quires b %code avallable stc—http //researchd §.unimelb.edu.au/" aurored/ -
means.. m.
We first considered four commonly used or recently developed approaches: L2,

the stand@rd k-means algorithm applied to the full curves equipped with the funct
.
tional Lg-[.distance, as described in the third paragraph of Section 2.1; DHB, the

a—

15

This article is protected by copyright. All rights reserved



clustering method in Delaigle et al. (2012); L2;¢, the standard k-means algorithm

ED(J()“\esgbased on|(2.1), where V}; = [ X,(t ng 4 dgkw'i?ch Par; the jth empirical elgenfunc-[

Seprest

e

tion computed from the data from mixed population (i.e. from the data coming from
both II, ‘and 1I5);and GR, the RFRKMn method of Gattone and Rocci (2012) (we
used tﬁfzgg-th@mf code, where, as discussedin their section 2.2, we took p = 1).
Thengutosillustrate the fact that the way We construct the functions ; for our
new method, (see s section 4.1) is important, we considered two alternative ways of
computmg the 1/13 s: DHPp; and DHPpg, wher g}/\e apphed the k-means algorithm
based on[(2%) Wlth each 1 defined like 1,0 at |( L2 .7) buthstead of the Haar basis as
in section 4.1, we took/ respectively/ (bM,] and x; equal to the jth element of the
D;ubechies DB2 wavelet basis (see ééirdle et al. ( @OIZJ). Finally, we also considered our
procedurewith the ¥nbalanced Haar basis }DHPUBHi adapted from Fryzlewicz (2007)

to our setting, replacing his criterion for choosing a breakpoint of a single curve (see

his section"®)"by the sum of that criterion over all the data curves. __u\ ok oo

on For all methods except L2, and GR, we used the tightness-based crlterlonLdeT
scrlbed belowZ(4 1) to choose the number p of projection functions. For the DHP,,
method, sifiee,the first few eigenfunctions of the pooled covariance function are often
not a very good choice for the basis functions, to work reasonably well, the
DHP:; method tends to need higher values of p thanZthe other approaches, so li-ha.\
for this method p = 0.05 works the best (this is what we used in our numerical work
for this methed). For all other methods, our numerical investigations indicated that
p = 0.2 worked slightly better, which is what we used in our numerical work.
Theotem 2 suggests that, in some cases, our method needs only p = 1 function
¥, and that we can chose this Eﬂnction as ¢ = Y = Z; 1 0.‘1 (vij — va;) &5
compared the iterative procedure DHPy . ldescribed in sectlon 4.1 with the mtgv_vme
instead of computing the wjb iteratively, we prOJected the data onto an estimator of
the function 4@, which we obtained by replacing the 0,}5, the qb,;l/s and the ijJ/s by

their empirical estimators computed from the data clustered in two groups at the last

16
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step of the aboveLmentloned iterative procedure. Here, we chose r by mlnlmltmg the

e;c?veSS‘ Lo

©

Sy

@"(5) _/,f')

tlghtwﬂ 5) with respect to r. We obtained almost exactly the same results

(not reported here) as with the above iterative procedure, which suggests that the

latter is effective.

4.2.][ Simulated data n
We applied the eight clustering algorithms to datagets coming from two populations
IT; and W5, where, as in Delaigle and Hall (2012), for £ = 1,2 and i = 1,...,ny, the

ith observation {rom the kth population was generated from the model
40
2
Xk't Z 1/ Zkz] + ,u’]k) ¢J( )

on a grid of 128 equispaced points ¢ in Z = [0, 1], where the Zk,-;i\s were independent
standard normal random variables and, for each j, ¢;(t) = s1(,E1,§7T7t‘) We considered
three versions 6f this model, referred to below as models (}), ( ) anda (f4), and which
were chosen 56—&5{’00 make the clustering problem reasonably ¢ alléngingi;l\(ﬁ 0; =572
for j ERI40, pjy = 0 for k = 1,2 and j > 6, (p11, pa1, a1, fhan, fhs1, he1) =
(0, —0.30,0.60,"-0. 30 0.60, —0.30)4 and (12, fiza, haz, Haz, Ms2, e2) = (0, —0.45,0.45,
—0.00 078470 60)’[@ Y for 5= 1,...,40, 0, = exp|— {2 1— (j - 1)/20) g1 = 0 and
piz = 0.2625 (—1)711{1 < 3} R)E ) for j = 1,...,40, 6; = 572 p; = 0 and
pie =0.75(=1P {15 < 3}

Typical curves from each grc&bp for each case, as well as their empirical group
means, are depicted in F1gﬁ1’¢s 5 -ﬁE 7 in Appendix B.2. In both cases, we generated
100 data‘sets, where each t1me we considered n; = 30, 50#&6 100. To assess the
effectiveness,of/each clustering method, we computed the average purity function and
the average adjusted :Iland index over the 100 simulated data sets, where those two
indices aresdefined as,follows in the case of K clusters. For a given data set and for
k=1, K, let X0 denote the set of observations coming from population Hk/ and[ 7

for each clustering algorithm, let X) denote the set of observations clustered in cluster

17
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<

)

Table 1/ 100xpurities an h}OOxadJusted rand indices averaged over 100 samples

}al/e}ﬁe from models ) for several group s1ze nk nd clustering methods/
z - kor iL\Q #L ou\na A

L { —— - Purities "
oL 30&/“74.0 770 | 740 | 821 |/56.3 | 55.7 | 56.7 | 63.7

Ps0i =789 | 789 |\ 816 |) 89.2 | 553 |\ 54.9 | 56.5 \64.7
, & 4100} 850 | 899 /857 915 |)538 | 53.4 | 546 |)65.2
‘({) 30/ 77798 (768 ('759.7 <, 55.5 553 | 55.3 /f54.9< 56.2

50y 82.1 774 ) 56.7 [ 542 | 54.8 ) 54.6 /| 54.3 \| 54.9
e | 100] ,88.8 87.6 ( 56.9 | 53.0 ( 53.0 | 52.7(\_52.9 53.1
Ith) [730(] "75.6 788 |"68.9 | 752 |769.5 | 69.17|771.1 | 74.9
500 ) 81.6 824 | 68.7 | 745 | 69.7 | 69.1 | 71.0 | 74.9
100) 84.5 885 | 69.9 | 848 | 69.7 | 69.3 | 70.7 | 75.6

T o '/ {__Adjusted rand indices ™2~ o._}" XA

A |

"f@ |30 383 435 [7305 [ 580 | 0.79] . 35\ F111 ] 7.78
50&\ 494 | 498 |) 458 |) 748 |) 0.72| 052 |) 1.65 | 9.59
- (100] 661 | 767 [ 552 | 80.8nfu0.40 & 0220/ 0.85 | 9.55

72010 0.65

(

() 2 30(‘1 T39.7 35.0 )” 4.19 0.26< 204 (} 6ed

_50;6 462 | 376 (2011 0184 0.39) - |

o 0D ers 4 ss2 Y 233\ 164, 164 8ed| 88| ek

") 3% 7328 | 395 | 1174 | 318 |'162 | 149 |1203 | 258
451 | 469 | 176 | 319 | 164 | 151 | 205 | 25.4

100 5.6 | 601 | 185 | 520 | 158 | 15.0 | 19.0 | 26.3

e e e S~——————~_ ~ -
O exxam [ ) T
k by thatialgorithm. The purlty function (seei%g-} Manning et al.|2 LOO@) is defined by
1 K
: 0 0 _ 1 0 .
purlty(Xl,...,XK,Xl,...,XK) = Z;ILI}E%IX,C ﬂX]|.
J_

It takes values between 0 and 1; the larger the purity, the more effective the clustering
algorithmmis. The adJusted rand index is more complicated and we refer to Hubert
and Arabies(1985) for a definition. It is often considered to be a better measure of
the qualitysefselusters than purity. Its maximum value is also ﬁvlz'ei when the X, Ols and
the Xk’s apefin perfect match/ and[che larger the index, the better the match, but it

can also takenegative values when the partitions are close to being created randomly.
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The results, which are summariﬁed in Table 1, indicate that, overall, our DHP,
method and its unbalanced version DHP gz worked very well (they were among the
best methods for each model), whereas the other methods worked well in some cases/
but performed very poorly in others. Our DHPy, and DHPygy approaches improved
significantly as the group sizes ny increased, which reflects the fact that, as the nkTs
increase poumprocedure chooses the projection functions 1, so as to optimiﬁg clusterir:g
performaneessThe improvement was rather modest or nonLexistent for the other
competing approachgi, except cf—or DHPg. and DHP,y, the alternative versions of our
method, m models @ and (it)) The relatively poor performance of DHP,, and
DHP; in model (I&) highlights the importance of the choice of the basis functions ;.
For examplesuin this case, since the first few eigenfunctions correspond to 6; large,
they aresnotwa good choice for a basis, since the main differences between the ,UJJ:E

correspofid to 6; small.

2
@ 4.2.2[ Realidata sets "

H\ 'L:N ext we applied the eight clustering methods to four real data sets. The first dataket

we considered was described in Kalivas (1997). It consists of a set of moisture and

proteingdevels and near infrared spectra of 100 wheat samples measured at 700 Wave@
lengths. As usual with spectra curves, we took the X:Es to be the derivativgs of

spectra, estimated via spline smoothing as in Ferraty and Vieu (2006). See Figt—re 9

in Appendix*B.2 for a graphical repres ntation of the curves.

We applied the eight clustering m;%]ods introduced in gection 4.2, and then, for
each method, we created a scattei;(zlot of protein versus o:;ture level '(sec(lj‘iglt;q 1),
using different symbols to represent the observations[cluste%)é% in each group: the
blue circles were ‘31\1 uﬁustie\re(’ad in one group, and the red triangles in the other. We

c uster?created by our DHPy, procedure (equal to D‘&I%DB and al@

most equal to DHP sy in this example) are such that all the data for whic [moisture

can see that the

level was less than 14% were clustered in a group and those with moisture level
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higher than 15% were clustered in another group (no curve had a moisture level
in thegintervals [14,15]). These results are part(iﬁularly interesting when considerj:\
ing properties of wheat. Specifically, wheat with]low moisture level can be stored
more safelythan wheat Witthigh moisture level, so tha4 Iaoisture level is often used
as a quality factor for wheat. In Canada, wheat WithLmoisture level lower than

14 5% can be sold as btl'&lght grade seeds; see Jayas et al (1994), page 347, and

P P——

http / /vl agrlc gov a}B ca/$department/deptdocs nsf/all/cro_p1204

_&@\J The clusters/created by L2, and DHB correspond roughly to high and low protein

levels, whereas the other methods created clusters that do not seem to correspond to

specific gtoupsbased on ﬁeither the protein 1!1or the moisture levels. _H.\a.f e
For ourssecond example we used the Austr:tl;an ramfall data/described in Delaigle
oM ~ Lourigd ————————
and Halls( 2010)/ and/fwallable ﬁ-http //rda ucar. edu/datasets/ds482 1. The
dat‘—‘iiep(gilted n Flg%ra 9 in Appendix B.2, concern 191 rainfall curves X;(t) collected

at Australiamgweather stations, where X;(t) represents the average rainfall at time ¢ €

W t(‘l\
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DHPygy
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Latitude T T

DHPrc

four methods

rof @Ile ‘numbers m—ﬁHe—EgeTﬁra_

ke Created by each method[
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Latitude &

7fhe femr symbols correspond to the femr clusters created for K = 4) COL)

i
NN —_—— T \ﬁ\“/ﬁxﬁ\“__“‘*—-\m_ N -
1

[1,365], taken over the years \xﬁre the ¢th station has been operating, and smoothed Z

using a local polynomial smoother.

In Delaiglesand Hall (2010), these data were classified

Delos ?L&

ma

and Ha[( (2.010)

nually by

into northern.and southern weaﬂg&r st tlons dependmg on their location on the map

of AustraliamHere our goal is to lu ter

e d’ata

RF SE LN
automatically

W groups be

using each of the eight methods [Bsed ea,rher and/see which clusters are created by

each method (the extension of our method to more than two groups, using hierarchical

clustering; 13 discussed in section 5.2).

-
p—
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For each.method, to create K > 2 clustersjusing hi%rgrchical clustering, we proceed

. o]
iteratively as follows. At the first step, we create Eclusters. At step k, where we
have createdsks 1 clusters, we apply again the clustering method to each of the k+1

clusterspwhichs we divi ein two clusters. Then, among the resulting & + 1 possible

. LONLL guiaon .
cluster eonfigurations of l{j—P clusters, we keep the hat gives the smallest tightness
where, for a given configuration of k + 2 clusters Cy, ..., Cryo, tightness is computed

as Eéif DX.eC . ||X¢ —X'£||2. For each method, we repeat this procedure until we have

reached®the maximum number (here 5) of clusters bve wish to consider. We denote

-—

bY Xk ka,...kg> With k1,... kg = 1,2, a clus%%rl\asbtained by clustering group xy, into
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two groups, X, and Xkl,zifollowed by clustering group X, k, into two groups,. ..,
followed by clustering group X, k,,...k,_, i0£O two groups.

ﬂ Fig@&s 2 and 3 depict the cluste;sEbtalne(fieflre‘chis way for all eight methods,
displayed on a map of Australia. The five clusters are displayed in different colours;
we also display the four clusters criéz%gg for K = 4 by using a different symbol for
each of those foyr clusters. We also display the values of ki, ..., k‘é for each cluster,
so that the clﬁ‘slji\% ob%‘i%ed for K = 2 and K = 3 can be deduced from thesqd

lm\(i (" fig@Res/ For example, for our DHP,, method, for K = 5 we obtained the clusters

2.

X2, X11, Xwgd, X1.221 and xi1222. The clusters for K = 4 are xo, X1,1, X121 and
X1,22 = X1,221)U X1,2.2,2, those for K = 3 are x2, x1,1 and x12 = x1,21 U X122, and
those for K =2 are x1 = x1,2U x1,1 and Xxo. U‘EHQ

It can be seen that, overall, our method DHPy,, and, a b%t less clearly, DHP gy,
DHPpp and=PHPpc, clustered the stations into groups that are geographically sepa?
rated. Thesether clustering methods produced clusters which seem less easy to intelt{/:\
pret on afmap of Australia, with stations from various geographical locations spread
over several clasters, although there might be some other logical interpretation of the

‘“\Ql— Obcvl%ste\r%rcated by'those methods. .#,

Our_third example comes from Kalivas (1997). The datiﬁset consists of spectra
of 60 gasoline samples (see Flgf-m 9 in Appendix B.2) and their ctan&;g}aues We
applied all eight clustering methods to these data and the clusters Acreated by our
method correspond, with a purity of 91%, to the g@\olme samples that have octane
level below 87/(group 1) and octane level grea,ter[\?r equal to 87 (group 2). These
results arg”quite interesting becausé in the standard octane rating from the US gov{

Sufficiently
ernmentygasoline with octane level below 87 is considered of not jgood dneagly quahty
for vehicle use; see https //wiw. fue]%ec%nokfr‘ly- g_ov/feg/ octane.shtml. The other
/\ methods created clusters which do not segm to be very connected to the octane level.
See Flgitrd 4, where we depict the clusters %%eated by each method according to the

octaneflevel.
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Finallypferrour fourth illustration, we used the Berkeley growth data of Tudder\l_{?

i . ham andsSnyder (1954), described in Ramsay and Silverman (2005). As indicated in
SE@\'\DI\ 4

examples there may be several insightful ways to cluster the data. In this example,

lon4 the notion of a perfect cluster is not uniquely defined, and in real

there éx%%q a natural way of clustering the data, which consist of height measuré}:
ments of ny = 39 girls (population II;) and n, = 54 boys (population II,), taken at
31 time points;t between age 1 and 18§, W%ich we turned into continuous curves X;(¢),
t € T £11,18],via local polynomial smoothing. We used gender as a benchmark for
the Ytrue clustersv, to measure the quality of the various clustering methods. How@
ever, thisds.merely for illustration b@eses, aé[unlike for the simulated examples, we
do not k6w What theVideal clusteré\’) should be nor whether these are even uniquely
/ deﬁI}ed. Thercurves from each group, as well as the group n_léims, Sgg sgepicted in
—\"' Figzl-sq 10 in Appendix B.2. The purities and adjusted éand indices Jobtained for each
Q*HQ method are pravided in Table 2. Considering boys and girls as the true clusters, our
- DHPy, and DHP gy procedures worked particularly well; their performance was not
nearly approached by any of the six competing procedures.

Overall, we'conclude from our simulated and real data examples that our DHP,,,

. cofn
and DHPypy methods eem—tof provide clusters that Ex—e—&h&e—bd capture important
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\ Table 2L 100 x purities and IOOxadJusted rand indices [Arand) for eight clustering

~ N,
| methods applied to the Berkeley data/ mwu_s or _&\Q o\\Dw g .
\q _J)_ 7 _xr thodss _/ehoot
( DHPy, | DHPysy 1) DHPpg ) DHPy | L2: LQPC- DHB \ GR_ \ m\é/
Pufities.() 90.3 925 [ 742 | 86.0 [645,)645 /f60 2 645

Arandes, 647 | 710 1225 { 514 “7427] 7.42 \'3.07 <742

—— —

—_— e — & e e — e ) — -

‘9\ differences between groups of individuals. In most of the cases Eve considered, the
0&' clustersi they created were easier to interpret than those created by other methods.

5[ Extensmns

@ 5. 1[ Heteroscedastic case

Asymptotically perfect clustering is possible in broader settings than those discussed
earlier. However, in more general cases it is usually not possible to find an analytic
formula forthe functions v, that maximié the ratio between the differences of the
projected means and the standard deviations. This makes the results more implicit
and less elegant than those in ?l!heorem 2, but the lack of analytic formulae is irrelevant
in practice'since we choose the w;l\s, and the number of them, in a data-driven way.

In ghis section, we extend ourumain result to the case where the data come from

two populations II; and Iy, and the data from the kth population can be written as
Xki = vk + Za (5.1)

where the covariance function of Z; is equal to ki, where, x; Bnd ko may differ, and,

7 for a givenskypthe Z;W]s are identically distributed with b%q Let & denot%covan{

kac‘w ) ance funetionsef the mixed centéred population, and let ©(u,v) = 3222, 0;4;(u)¢;(v)

SISMO\ and ki (W O)=D 02 ) Ok, (u )qﬁk] (v), k = 1,2, denote the spectral decompositions of

r and k. For'k = 1,2, write v, = 3022, wy;¢; and Zy; = PR 6%2 Zij $rj, where
Vi = [7 Uk @5 and Zy;; = 9_1 sz Zii Drej -

Fongany integer r > 0, let ¢ = ZJ L0, For k = 1,2, we have v (") =

E{Xw(yt ))} Z] 1 Vijoj and Uk(¢(r) ar{Xk (w( ) } Z] 1 Ok (El_ O‘tdkéa) )
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have
where We[llsed the notation 5;01] = f:r Drj (}54 The following result shows conditions on

the o ls under which asymptotically perfect clustering is possible.

k\, \\t L2 T ( TOM \M\' e_&c ml(‘;a ‘H:%OL&‘,QQ R —
D Them'em 3. Assume the heteroscedastzc mizture model de;‘med by;(5 1) and (3. 13
SO /

CRax s
J and let i@l E- 1% qﬁj Thefif sup,c,jzlg,_'lE(Zk”) < oo and

105 \ Jim |11 (@) — 13y ©)|/ max {01 ($©), 02(@) } = 0 , (5.2)
\'5? | — e o ®
7 Elélg max {02%@3, 01%(-’3;} << (5.3)

| hold, the clusfering algorzthm 8 asympggfzcally perfect, m the sense that, if Ry and R
L0n

denote the regwns[fgfnd by mzmmzfzngL(S .2), there E?ﬁ-ty a permutation (k(1), k(2))
of the pair(ls2) such that, for l— 1,2,

lim P{X(y®) € Ry [ Ir=1} = 1. (5.4)

~o =00 —
Condition™(5.2) is similar to condition (3.17); it requires that the ratio between
the mean difference and the standard deviation diverges to !-nﬁ%itgq Condition (5.3)
is a technical assumption. It assumes that no population is much more spread around

its mean than.the other.

@ 5.2[ More than two clusters

All the results kve have presented so far assumed that the data could be clustered into
K = 2 greupsiln particular, note from '{heorem 2 that the theoretical function ("
used to project the data is a scaled squared distance between the means of the two
populations, and it is not clear how to extend this concept of binary comparison to
more than two populations. One exception is the case Whe]f gie can reasonably assume
that the data follow a binary hierarchical structure, tlcf,t..ls{ where we can apply
hierarchical clustering. In that case, we can partition the data into K > 2 groups

by sequentiallyfapplying our binary clustering procedure. As usual with hierarchical

clustering,some caution is required when applying this technique as the weaknesses
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of that clustering approach carry over from the multivariate case to the functional
case. See our discussion in section 6. ~ {_0

There, once the sample X has been split 1ritwo clusters X; and A, blsing the

60 Q Se—y . .

methodologykntroduced in the previous sections, our clustering procedure can be
applied to the/clusters X}, k = 1,2, which are then partitioned into two clusters X1
and X s=wThis process can be iterated several times, i.e., applying again the same
procedurepeach cluster Xy ;, k,7 = 1,2, can be further split into two clusters Xy
and A% ;4, and those new clus@ezrls can themselves be split in two clusters, etc. At each

-t

>
step, when a cluster is split inftwo, only the data from that cluster are used when

applying our procedure. C{l’ ore

As notedsby Hastie et al. (2009), often the clusters Lcreated at each splitting level
are shownginsthe hope that some of those clusters can help the experimenteriu;lcover'
interesting properties of their data. In the multivariate setting, there have been some
attempts at developing procedures which can automatically detect which subclusters
are\)true cluster§J , but most of them are quite informal and requirg subjective choices
of tuning parameters which do not work universally well. See Evéi*%gt al. (2011) for

a discussionen these and related issues. The difficulty of choosing which clusters are

/true clusters" is also closely related to the fact that the notion ofon‘true clusterr is not CL’D N i

o Summary
clearly determined in real applications, %inoted in the

Since the theoretical properties of sters}(iz)b ined by repeatedly dividing clus}

ot aré
ters are simila®y, in this section we derive propertlesﬁ)b ained only at the first sphttmg
level, wheresthie clusters A; and X, are each divided lIlLtWO clusters ’[Ehat-l.a we con—)

sider the(case where the data come from four different populations II, k = 1,. 4

For k =1,...,4, we assume that the data from II; can be represented as atL(B 12
where, to simplify our discussion, we assume that the Zkzls have the same covariance;

the heteroscedastic case can be treated as in section 5.1. Spemﬁcally we assume that

—

\,.( I{or k=4, . 4, the functions Zy; are all distributed as the random function —
Z with E(Z) = O;/the location terms vy are fixedgfand the populations ITj .(5'5)
arise in respective proportions pi, where z:=1 pr =1 and each pp > 0. —
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Our goal in this section is to show that under appropriate regularity conditions, if
hierarchical clustering is performed, at each split into two clusters, it is possible to find
a direction such that, if the data are pIO_]eCted along that direction then at the first {_n

and respectively

stage of the clustering algorithm, the cluster X1 4 X, } asymptotically correspond
g

to IT; UTl kd‘%p'\ IT; U 1'I4] at the second sta of the clustering algorithm, A} Lnes.pﬂ&nct
Xy sphg,}“uﬁ;vo clusters X;; and X &pesp., X1 and Ao gv which asymptotically

éorres;ﬁﬁé\to II; and II, k&&;%g and H4Q

The spectral decomposition of the covariance function & of Z can be eﬁpressed

as k(u,v) =52, 0;¢;(u)$;(v). Next, 1et via = (pn + para)/(p1 + p2) Vag = ancl
(p3vs + pava)/(ps + p4)!denote tﬁe mean bf the pooled II; and II, (J.e.s@;; and
H4’ Fotake=wl, ..., 4 write v = ZJ 1 Ve j®; and Zy; = Zj -1 0]. Zk,-j ¢;, where L)"'

ve; = [piedsiand Z; = 6,7 [, Zui ¢;, and for (k,€) = (1,2) and[(\é, 4 write —

Vkéz Zj 1 ykfj¢j where Vk[j = fI th ¢J and let U[k,r] = [g,'r] = Z.;:l(yk’j B V«.l’j)zaj_l.

Finally, for (k%) = (1 2@(3 4), let ,ukq = i1 07 (Vi — V) (12, — vas,;) and

oty = S (Vs — vaes)05

The following theorem can be proved in the same way as "I(heorem 2. It shows

one scenatiosfor K = 4 where asymptotically perfect clustering is possible, as long as
we recompute the function () each timezg cluster is spli%’in two subclusters. The
conditions can be satisfied in cases similar to the homoscedastic case where K = 2. See

sectlon 6 for a discussion about more general cases and weaknesses of the hierarchical

approach o Lﬁ less Mor‘w& oﬁ‘rerwxs:a Y —
L\r\r N2~ Fong.

eq;U-DL )5
I The“l em \ 4. Assume the model defined byL3 12) and (5.5) and that ky == E(Zkl)

tS?l% K(B Let ¢(.) J 1 91 ! (1/12,3 1/343)<15J If E, 1(1/12J 1/343)293_ = o0 holds and

,u(g]| + |u[ ] < min—y, \/@ /2)x C’au for all T, where G is a ¢ nstant such that

3 + ming=y \/Q/ 2},k 1, and if R1 and R, denote the regions found by mm{
n
zmzszn;‘ifgsf)‘o there exists a permutation (k(1),k(2)) of the pair (1,2) such that, for

£=1,3, iy P{X (00) € Ry | It =1 0r fp1 =1} =1.
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s WL 100xpurities and 100xadjusted rand indices averaged over }OO samples

generated from the hierarchical example, with group sizes n; = 30, 50 100 and
for eight clustering methods) (2@ gd_ﬁ\ olowsia wing
25 AT “C[ethodsg = S}NO\‘{'_ “'-]l
#E ) DHPy, | DHPyow { DHP,, § DHPro £ 120 ] L2 { DHB § GR | \ ™2/
1 . Purities B .
5 ' 77T "81.2 Y 716 1] 60.8 | 43.07H42.4 ) 45.5 ", 42.4
— - 50 ', 83.1 84.9 74.8 ( 65.7 () 42.0¢ 424 45.0 ( 41.5
/i h \ 00}==02.5 S 1900 { 755 4 724 {409 41.25 44.1,{ 40.6
( Ak )/ L] T AdJusted,_J;and indices’ ' S
| T 80/ " 56.0 }'"633 [ 429 7295 +0.027 0.02 5 0.04"] 0.02
50, [ 060 G 704 [ 485 ) 389 (0.2 002 0.04 { 0.01
1004 82.9 79.9 { 50.7 50.8 [0.02]0.02Y 0.04 |0.01
4 \\ —— . N
D mo\ \ N T
8 — {bm UU\LGM Tﬂut‘LeOl )
U( ) For (k, k") = (1,2) and (k k’) = (3,4), let qpkk, = L 057 (Vg = Yo, )¢] If
0\\39 | Z (z/,CJ — Vis ) (9 ! = o0 holds, and if Ri1 and 'Rlz 7?,21 and. R22 denote
v RUprection seectively and

[ the Teqgions found by mzmmzimg [ 3.2) using only the data clugtered in Ry

_' R2/ there bﬂief-‘%s a permutation (k(1), k(2)) of the pair (1,2) such that, ford=1,2,
;' 11mr_>oo P{X?) € Ruweh |t = 1} = 1, and, for { = 3,4, lim, o0 P{X () €
/ Raxy Mlg=tp== 1.

Nei;e-t-h.a.h{ heorem 4, for simplicity, we assume that the Z,;FS have the same
covariance fun;tlon for all four populations. d}.lﬁ assumption could be eased as in
{heorem 3.as long as co tl(%lrsilmlla.r to Ltﬁ::gfﬁai (5.3) are assumed to ensure that
one of themprejected populations is not much more widespread than the other. leel
wise, T(heorem 4 deals only with a scenario where the populations are well clustered
when projected using a single function/ but/in many other cases, several projection
functions would, be needed to achieve good clustering performance.

To illustrate our procedure in this setting, we generated data from three popul%z\

% tions. For k= 1,2,3 and i = 1,...,ny, the ith observation from the kth population
Coup
3‘3“\ \ was generated @s Xj(t) = 3150 (6’;/ 2 Zhii + 1ik) ¢ () for 128 equispaced points ¢ in

7=1
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7 = [0,1]; the Zk%(ﬁ were independent standard normal random variables and we took

@i (t) = \/‘c\sm (mjt), 65 = 372, (b1, pa1, a1, far, pisa, per) = (0,0.2,0.1,—0.2,0.08,0.18),
(M2, oz, {132, Haa, fis2s pea) = (0.2,0.1,—0.1,0.2, —0.04, 0.16), (i3, f1as, K33, fhas, fis3: the3)
= (—-0.22, 0.31,0.4, —0.08 — 0.02, —0.25) and p;, = 0 for j > 6. LSerE.
Then we applied hierarchical clustering with the eight methods /introduced in
sectlon 4s2elmmliach time, we ﬁrst created two clusters and hen applied again bl-r
nary clustering to both clusters[ Fhat-isy we split cluster 1 1n[two clusters, thereby
obtaining three clusters. Then, instead, we split cluster 2 1rﬁwo clusters, thereby
obtaining @l6ther configuration of three clusters. To choose whi of the two con{
figurations jof three clusters was the most likely, we chosé: élu e@e that mlmmlEe:i/
tightness Zl=1 > Xiect HXZ — Xﬁ” , where, for a given configuration, C¢ denotes the
!th clustes %he puriti—es and adjusted _:Iiand indices are presented in Table 3 for each

method. fThese numbers indicate thatT)n average our DHP,, and DHP,,; methods

outperform@@the other methods.

6[ Discussion: more than two clusters

~

As discussedeat the beginning of sectlon 5.2, near perfect clustering performance is
only possible when the data can be reasonably clustered by hierarchical clustering. In
particulag, as in the standard multivariate case, hierarchical clustering has difficulty
handling groups of very different sizes or very large groups, which can be incorrectly
split into{partsjthat are merged with other clusters.

Theorem 4 considers one of the scenarios where our method is ensured to give
good clustering performance in the K = 4 population context. Note that “[(’:{)l] is the
differengelbetween the means of populations II; and H£ projected via the function
"), and a[zr] i§equal to the difference between the means of the pooled II; and I,
and the pooled’T]; and II; projected via the function 4. Therefore, in Z(heorem 4,
the condition l /‘[12]| + I [ 34]| < min—, \/g)u@x C’cr[ ] ensures that, after projection
via ("), théWdifference between the pooled means of II; and I, and of II3 and Iy,
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LJLJ&\
) {-ﬁ sufficiently large compared ‘1@ the difference between the means of II; and Il,, and
@&j&\?\ . ti'o that between the means of II3 and IIy. Moreover, the condition Z;’il (v12; —

. )/
.___ﬁ‘gi‘f_i} 7/34,]')29]-_ ! = o0 means thatltogether, populations II; and II; form a tight cluster ‘tk 0&3 i

around their pooled mean, which is infinitely apart from the cluster[s_reated by I3
and II,.[ This prevents situationsﬁw{lere a projected population would overlap with
other populations, in which case neay/ perfect clustering would not be possible.
g)ther scenarios or values of K can be handled similarly, each time requiring
that/at amy binary splitting step of the procedure, when projected via the function
") (whosesformula depends on the scenjf:tmgr\it(;)L C(;lrfsidered) the populationsLm‘&wdy ore
are separated into two clearly distinct clusters, each of which contains one or more
entire populations. This also implies that several configurations of K clusters need
to be investigated and compared iﬂ—erd-ef to decide which éa¢ is the most suitable.
Indeed, inscases where, at a given binary splitting step, the two new clusters contain
an unequalsnumber of populations, one of the two clusters will need to be split
subsequefitly“more often than the other. If, at any stage of the procedure, there
is one population that does not belong very distinctly to one of the clusters only,
m\‘\id\ %}glen there,are risks that this population will be split between two different clusters,
La situationswhich is irreversible at later stages of the iterative procedure. Also, even
if the entire populations can be aggregated into well distinct clusters, if the sample is

such thatithe group sizes are very different, then the algorithm may fail.

@ Acknowledgements
< This

WK
Lﬁesearchésupfg)orted by grants and fellowships from the Australian Research Council ‘ﬁ\nt
(DP170102434, FT130100098 and FL110100003). The Australian weather data five
used in the paper were assembled by the Australian Bureau of Meteorology. They are
available'fromrthe Research Data Archive at the National Center for Atmosphericﬁg@_@;er
——_ search, Computational and Information Systems Laboratoryghttp ://rda.ucar.edu/ =
7 A‘Ms datasets/ds482.1. Bob Dattore is acknowledged for providing the data. The wheat {C
9013 0T and the oetame data are available in Shang and Hyndman’s (2014) fds°R package, \LOW &~
noile / The Berkeleysgfowth data are available in/Ramshy et al.ls (2014) R fda package! We
———"¢" thank the¢/editor, the @sso_cfi_a@ _gd_it_Qt_a-m_ WO Teviewers for their helpful comments

JG «nb  which hel E’dr--igniﬁca‘:ﬁtl}limbr(‘)’ve the paper.

TR acknowledggmmentl-
\\ {mm Ll qugemen \)

This article is protected by copyright. All rights reserved



-~

9\)9@)\&\3@5 from
ne:d:{-o VO

_———

¥
Abraham, C., Cornillon, P.A., Matzner-Lgber, E. and Molinari, N (2003)/ Uns¥per7\
v1sed curve clusterlng using B-splines. Scand. J. Stat;f 30 581 595.

References

- ?h\h\ Antoniadis; A", Brossat, X., Cugliari, J. and Poggi, J. M (2013)J Clusteri g &{nc‘monal

§

‘_:

data“using wavelets Int. J. Wavﬁl@s Mu]ti 11 L135000_hh'“w' c@
Auder, ByandFischer, A. (2012)} PrOJectlon-based curve clustering. J. Stat C’omputl/

~ uln ""@82 1145-1168.

Brusco, M. J. and Steinley, D. (2007) A comparison of heuristic procedures for minif
mum'within-cluster sums of squares partitioning. Psychometnkaﬁ 2, 583-600.

Chiou, JD@[ and Li, P. l_I: (2007) i Functional clustering arjld identifying substructures
ofilengitudinal data. J. Rff§. Statist. Soc]Ser[ B|69, 679-699.

Delaigle,#A gand Hall, P. (2010)} Dgfimng probability density for a distribution of
random functions. Ann, StagtISS 1171-1193.

Delaigle, A. and Hall, P. (2012 I Achlexsmg nearfperfect classification for functional
data. J, Rfiy. Statist. Soc.}-Sedq B|74, 267-286.

Delaigle,"A7"Hall, P. and Bathia, N. (2012) )Componentwme classification and clus-/
terlng of functional data. B10metr1kaL99 299-313.

Du, Q., Fabery,V.fand Gunzburger, M. 1999 / Centroidal Voronoi tessellations: ap{
plications and algorithms. SIAM revéew 41, 637-676.

Everitt, B. §,, Landau S Leese , M.J and Stahl, D. (2011)}; Cluster Analysis, 5@@ e(i/

L SOT 1. New York[ j

Ferraty,.F. and Vieu, P. (2006)/ Nonparametnc functional data anaIySJS ﬁprmgez
SerieFhrStatisties—Springer Nm — R

Fryzlewiez, P. (2007) Untz lanced Haar technique for nonparametric function estif®
magion. J. Am. St& at] Asspa 102, 1318-1327. ¥

Gattone, SW. and Rocci, R% (2012)! Clustering curves on a reduced subspace. J.

C’cgppﬂt]_Graph Statf'21, 361-379.
Hartigan, JeAs, (1975) | Clustering, 2a]gorlthms W eyﬁﬁew York ¢

Hastie, T, Tibshirani, R. and Friedman, J. (2009){ The glements of statistical IeamJ
ing* data Qmmg, inference, and =predmtwn 2nd Ed[ ’Sprmger&)«le'\f}a,g — N{Lw OY}Q
Hasegawd, S., Imai, H., Inaba M., Katoh, N. and NakanoL\J (1993)/ Efficient al-i\ ii{“

gorlthms for varlance—based k—clusterlng in Prog Pacify

Pul)*\; S\\iﬂ&- C’onfifmee-eﬂ Computer Graphics and Apphcatzons TL\ 'orld Smentlﬁc]( T—Ever E‘&aeo

{p. 75 _8®
Hérdle, W., Kerkyacharlan G., Picard, D. and Tsybakov, A. (2012) Wavelets, ap{ L
proximation, and stamsmca] apphcatmns LeetureNote: f«;ﬁqﬂmTl%, BQI AW

Springer. P 4
Hennig, €, (2015)/ What are the true clusters? Patt@in Recognftion Lettﬁr‘is 64, 53-62.
Hubert, L. and®Arabie, P. (1985){ Comparing partitions. J. CJaSSJ§\2 193-218. < \(‘5‘1,

32

This article is protected by copyright. All rights reserved



¥ ¥ W “Roco %n'

- Jayas, D.S. \IZchite N. P and Muir, W\EJ (1994) /Stored—graln ecosystems.JCRC Press. S St“
- Kalivas, (:[-f 1997) }'Two data sets of near infrared spectra. Chemometr. Intell. Lab. Z )
7%‘ *37 255-259. e
-~ Lloyd S \lf (1957 ’, Least square quantization in PCM. Technical ReportLBell Tele{
“\\-owﬂ ¥ Phone Laboratories. 2rons, ]
_ Lloyd, S.'%D. (1982)f Least squares quantization in PCM. IEEE TJ Inform. Theory/ 28,
129-4137.
Ty Mannlng, C% Raghavan P.f and Schiitze, H., (2008) / Introduction to Information
LQV\[)T‘ . etr1eva1 KCambndge University Press. 15# >

Pollard, D. é}QSl)/ Strong consiggency of k-means clustering. Ann. Stat/9, 135-140.

Ramsay, J.O. and Silverman, | B W. (2005) / Functional data analys1s Seeeﬂﬂ’,‘ CQO\\IR\L ol

SptgngerL New YorkZ

A M
-~ r\'ﬁu \ Ramsay,J. 0 Wickham, H., Graves, S. and Hooker, G. (2014) fda Fﬂng’monal data FP-D
bg{-ul,,) analysus R 1@_0___kagg\_/g§_on2 4.3 jhttp: //CRAN R-project.org/package= fda)
~ =" SchreiberpTH (1998)7A Vortnoi diagram based adaptive k-means-type clustermW @.6’

gorithm for multidimensional weighted data. In Computational Geometry
Methods, A1g0r1thms and Apphcatmns Efds} H. Bieri and H. Noltemelej
Pp. 265-275. Sprlnger New York[‘\\

Y Y Serban, N'™and Wasserman, L (2005)} CATS: clustering after transformation and

\ ?%ﬁ.& P%tmoothmg J. Am. Sgat] Asépa. 100, 990-999.
Shang,

PR and Hyndman, RH (2013)! £ E{mctlonal data sets. R package version
@V&J ¥ S L.C./http://CRAN.R-project. o:Li%pﬁ%ge =fds” = nz
‘F_D = Tarpey, Twand Kinateder, K. (2003); Clustering functlonal data. J. C]ass1ﬁ20

93144

. Telgarskipivimand Vattani, A. (2010)/ Hartigan’s method: k-means clustering without
Vorongi. J. Mach. Learn. Res’}9 9, 820-827.

~ Tuddenham, . and Snyder, M?’ 954 ,' Physical growth of Cahforma boys and
girls from _birth to age 1 Umvfps;-ty—el Caber.ﬂ-l-a Pub]@&&eﬂs—m C'h(ﬁd

Devé]dpmént 1, 183-364.
Pwer\ob'x, S ( Ro Wﬂf— R&or@

@ / A Z Technical arguments \_ re&eyeglcfi{//
CA.lL Proof of/’f‘heorem 1
Let

Tk

Sk (%) = nik > (=B {Xuly) — s (D)},

i=1
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and observe that

;}; Z{sz ) Xk(%)} )

i=1 -

"= ;l; Z {Xua(W5) — s (9) } = {XaW5) — s (9)

LXPrREG =t
Therefore; byZ(Z.él), gmanﬁ-“
3 [sk, (9) + B{Xu () — s (9) }°

S { %) umﬁ

3|

M'@

T, & | ) =

also rechion
Note l;Ed thatyby [(3.2),

) 2
talt | R) Z e > 7 (9, Rie) E{Xia (v3) — s (%)},
9 k=1

7=1

2
107

<.
Il

“Csinalley

where X1(1;)sdenotes a random variable with the distribution of X (¢;) conditional

on X () S Rk Hence
o {m i T !
‘T2 Xl,X2 l 770) - t2 | 7€ @
( p. 1 1 2/
: SZ T g [|Skj @H{Xk () Mkj(@}]

P 1 1 2 g 2
. ; 6?2 o)l & n B{Xunlhs) - 13 (9)}

p 2
+Z o (4;)? Z "ﬁ' — (%, Re) ’E{Xkl(%’) — i (%) }°. (A.1)
7= =! Q eLh o0
Since E|[X|* &1 then, in view ofF

B0, - s (B)} <E{Xk1(¢])}/ G e
- p[x@p[ix@) er]  Gralles
e T
<y EIXPIsP TX ) € R
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1
Si - ”X”2\ mln
R
erulk (¥, R)

This property and|(A.1) imply that
.z\‘"“"n”’ e

1 1 1 } e
G oL T oS el

< x 2 M rgk; ()] + {Xe(wy) Mkj(d;)}ji/)

-
il
—

+i LS N |
= 1o(y)? a)?l ™t
e g ]
o BRI (A
J=1 1 k=1

n 0\“3
The feurth series in[(A.Z) is relatively easy to bound, as follows. First, note that

for the definitién of Ry given below (3.2),

U the random integers n; and n,, Wherg ny denotes the number of functions
,’0\\3‘?[0& Xt 1" i K n, that satisfy X;(v) € Ry, jointly have a multinomialJ(A 3)

Ind \
distributiom with parameters n and m; and 72, where 7, = w(¢, Ry). 0

the

Result (A.3), assumption (3.9) and|large deviation properties of the binomial
distribution éHoeffding’s inequality) imply that, for all ¢ > 0, there %;%t constants
an
Cy = Cl(e)LC’g = Cy(¢) > 0 such that

max Plla~" ny — (%, Ri) | > o(¥;) 6}/
S 2exp { - na(z/)j)‘l} <2 eXp:( — Cy nc) ,

uniformlyingy, . . ., ¥, € Q, and R € V,,,. Therefore,

P{ 252 Z ‘nk W(J,Rk)‘ > e} = O[exp{ —C(e) ncH , (A4)

uniformly in the same sense, where we interpret C'(e) as a generic constant.
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N
Next we bound the first factor in the third series on the right-hand side of] (A.2).

Note that, since E[|X[[* =1 and [|¢|| = 1 for ¢ € Qn, we have o(3)2.< 1. Therefore,

if € @, and € = 4462, where 0 < § < 1, then., ¢ <5
Shomy Gl
P{|a(¥)2— oy 2| >e} P{|0(¢ —o(y |>6&(¢)2‘7(¢)2}[_. /
& —Fwo 'ﬂ' =4 £
s [la(z/) — oy I > e{a(p)* - 1/))2|0 2 2|}]

{&wf o) > 22O }\Pﬂa — (] > yeo(v)?)
é" 0 n o

{ > 6o }2
(7+p{

|> oy}
tO“[)exp{ — C(e) nc}} , EA 5)
| expressions

where theyidentity holds uniformly in ¢ € Q, and R € Vp.n and follows from[(?» 7)

and (3.8)s o
Observe 'l;te that

)

(' -.§M( \.‘U(__’

P{|Si; (Bph> ST N

»/= P{ nik i (1."’— E) {Xk¢(¢j)2 — 2 i () Xis(93) + g (’Z)z} > ﬂiein]
f+ p{ ffijiﬂ i(l — E) Xii(;)| > ,;}' (A.6)

A0 £4 e
To bound the second probablhty on the far right-hand side of?(A 6) we observe

that { ,rm \HQP

’.Ukj(J)lz ‘E[ ;) {I{ (_’)ERk}”/H
i 5

\<«7r( ,Rk % ZI{XJ ERk}]

/ '“-.
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( Smo&hf . _Cm_p\LE‘
Y

(E %CZ:;?;X eRk}]}

\i
é‘ .“”15\, LT
< E[IXPly1* 1{X (@) e R )
e “w(«p, H X e R
1 12 o~
< —=—(BIXI*) " < mmin _
e = w(P, Re) sesult
where_w 3.5), and the fact that ||¢;]| = 1 for 9; € @, as prescribed by/(3.3),

and EH& > = 1. Therefore, for any € > 0,

‘%(1— E) Xls) mm} <P{’_ > (1 - EB) Xui(yy) >e}, i
Clan)
an%morm .tmlla

J)_l’l‘kj(@lz > ¢2 { ;}- Z(l—E’)X}cz('L/)J) >e}, (Ag)
in L’hQﬁ b= msu&
o rtﬁglgqiplacmﬁe o(1;)? inf(A.6) and (A.7), and by € o(i;) in](A.8), we deduce from
9 L(3 .6) an (Aﬁf,—)a that | tmaller

(= B Xl > cotv,))
O[exp{ —C(e)n }] : (A.9)

uniformlm, ey ¥p € Qu and R € V, .. (Note that o(y;) <1)
\‘EEL\JH’EE;@(A.B) that ng, a random variable, has the binomial Bi{n, 7 (¢, Ry)}
distributi om this property??ﬁgi;legsi(tgg) and Hoeffding’s inequality, it can be
shown £
max P(|ng — mxn| > 2 men) K exp(—Csn),

where C’$ q,ncl. expressions )
Combining/this property[(A.Z), (A.4), (A.5) and (A.9) we deduce thatffor each

e >0, 25 M
P 1% | 9) —a(§ | R)| > ¢} = Ofexp { — C(e)n}], (A.10)
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RAPTELGIONG
uniformly in ¢1,...,%, € @, and R € V,,. Result (3.11) follows from[(3 3), (3.5),

(3.6) and (A.10).

@ A.2Z Proof of Tfkleorem 2
J

For each j, let 7 = 1n; — 1y } and[without loss of generality, assume that v, = 0.

To simplify the notation, we do not explicitly indicate the dependence of 4 on r, so

— that we let v = ¢, Let py = IE{X%(¢)}2= 0 and u; = E{X1;(¥)}. We deduce

@%‘g—i{?\\l from theg€alculations preceding tha theore—méthat o=y 07 = > 07102
\ -~ and var{Xei(®) } = var{ Xy, (¢)} = X7_, 67752 = p.

Letting )f denote the density function of Xy (1), the density function of X;;(¢)
is equal o f(z — p1) and the density function of X (1) can be written as g(z) =
p1f(z — o) 021 (2). When ~€>c ——résxévllc‘)uh ¥ = %™, it can be proved that finding the
regions Ry and R, mlmmltngl’( 1s equivalent to finding =

(Z1, T2) = arg mm mln ||a: — t|1%g(z) dz (A.11)

1,2 =1

and then taking R; and R; to be determined by (—oo, (Z1 + Z2)/2] and (1 +
Z3)/2,00)."Without loss of generality, T; < Z,, so bhet R; = (—oc, (Z1 + Z2)/2] and
Ry = (T +.7Z2)/2, oo) For 1 = 1,2, let E; and P; denote the expectation and the
probability condltlonallvon being in the ith populatlory respectively. w\‘n & “l)w;,

We start by deriving two results which will be useful in ﬂshe—seq-vzéh First, we derive

an upper botnd for the minimum value of the objective function on the nghtLhand

side of [(ANkd)yfas follows:
to

/ g;gnw—@u%ws [ migle - lg(e) ds @ @

min 2 — ulPo1f (@ - e+ [ miple P ) &

< [l - mlftosta— ) do s / INAY-
o
= [ o= il S - ) +p2/||xn e

eq}uo&

oM
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~ [ el (a) dz

s
Second, r;gﬁlli?g&that IE(?;‘ZJ) = K4, We note that . @
| il 725
E{\X%(w4} - E(Z 91/2 sz) = Z 92MZ2ZA+ 3 Z ].9: 2)%@221’3
j=1 J#k=1

RN 17_]4 . ﬁzﬁk g
_;932/{4+3j;109k 3/@;(29]2 +J§10‘9k)

= 3K

In the next paragraphs, we construct balls A; and A; which are such that all
the individualg in those balls are correctly clustered as long as r 1sLlarge E@g—h \L\Ql\ui
Then, we'prove thatLas 7 — 00, the probability that these two balls contam the entire
population tends to 1. Together, these two results prove the theoremL‘Nete-thaﬂ since
we project the data on a space of dimension p = 1, the balls are in fact intervals, but
we use the terminology Wba,lléJ because it makes it simpler to refer to the cent%@ and
the radius of the balls.

For j =192; we let A; denote the ball of cent@@ u; with radius ¢;puq, where ¢ is a

positiveseenstant that will be determined later. Since e = 0, we have, for j = 1,2,

Jale = f(w%x— MLGEE gmz{nxj? >eru21_l2_ﬂ
*:;N(A,U,Qr
=p1 = Ez{WXz(w) Mm @
Zm- {E2||X2 4—;@”4}{ %

S 2v/E P Xo(y eA“}l/z (A.13)
Bl Xa () — pa|” 3172
> —2\/“ g }
= Fa f 01#1
2
&M — o N0, (A.14)

J
Letgk” = 2 be a positive integer{ andf/for j = 1,2, let A;, be the ball of cen ;
= 7y Hj

with radius Kefu,. Assume that there exists j € {1,2} such that neither Z; nor Z,
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Mo,

UDM&AW\)

belong to the ball A;. For z € Aj, ||z — ;]| & c1p1 and for any i € {1, 2},

e = Zi|| 2 1|12 — g5l = 1z ~ ]l Zkerpn — crpa = (b — Deypn = (b — 1)z — p4 -

C@SLOC'\
Thereforepusing|(A. 19) o 0

[ minle—@lo do = [ wiglle - aiPodoz [ =171 - wlo(e) &
i=1,2 AJ- i=1,2 Aj

> / (k= 12|z — pilPp; £ (z — ;) de

2 1/2
Z (k= 1)%p; (m S NV )L)
Chooge & such that (k£ — 1)>min;—y 2 p; > 2 and ¢; = (5k)~. Then the balls Ajx
are disjoint/and /when r 1s sufﬁ(:lentl large so that > 20k
) / ZVV 4 & \/ﬁ_ \/q _\,ma.n.U

2v/K =
/mm fo=zi|’g(2) dz 2 (k - 1)%, (m w‘*#i”) > 2 - 10k Rar”)
' S'Mwl
1
f‘"‘“k"" > 2(m = 5m " m"?) >,

wesulb o 2
which contradrlc@(A 12). Thus, each ball A;; must contain one Z / a,ndélnce the balls

o

are disjoint, they must contain exactly one Z;.
Withoutless of generality, assume that Z; € A for ¢ = 1,2. Then ||Z; — | <
kcypy . @di€t_B; be the ball centidr)at Z; with radius (k 4+ 1)cip1. Then B; contains A;.

Now, for any z € B;, we have

|2 = Zol | ZHT = poll = llp2 — Zall 2Nz — w2l — kerp =l — pall = ||z — ]| = kerp
2 b sl — Il = 2]l = 132 — purl| — kerps 2 i — (3 + e
(st L)y 2 ||z — |-

Thus, if 2 € B, then z belongs to R;. The same argument applies to the case z € B,.
Hence, for i = 1,2, B; belongs to the R;. Since B; contains A;, all the points in A; are
correctly clustered. Thus, all the points of population IT; which are wrongly clustered,

must lie in theset AS. Hence, the error rate of clustering, which is equal to
PP {X(¥7) € Ri| L =1} + py P{X () € Ry |, = 1}
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is bounded by
Eol| Xa(¥) —pal® 2

C < 2 — ,
@\o 7 R
which tendsto ztr_—@; as r — oo.

3

@ A.:?Z Proeof of ’f{heorem 3
J

For eachy 7, let 7; = vy; — vy;/ and/ without loss of generality, assume that v, = 0.
J j 7

To simplify the notation, we do not explicitly indicate the dependence of ¥ on r,

™~ so that we let v = ¢, Let uy = E{X5 (1)} = 0 and gy = E{X1;(¥)}. Recall

%Cﬂk\) ) from thefcdlculations before the theoremEhat p1 = Z;Zl Qv = Z;zl a;; and
= Yar{Xw:(v¥)} = 3321 6y (301_, ilii;)”. For simplicity, write o2(¢) as o2.

Letting f; denote the density function of Xy;(v), and fi(z — u1) be the density

function of X;i(v), the density function of X (1)) can be written as g(z) = p1 fi(z — ression
2 ©
p1) +p2f2(z). As in the homoscedastic case, finding the regions R, and R, minimiﬁing [
(3.2) is eguivalent to finding -
(71, %) = arg mltn/mm Iz~ tlg(z) (A.15)
t1,t2

and then_taking R; and Ry to be determined by (—oo, (%1 + Z2)/2] and ((Z; +
T3)/2,00). Without loss of generality, Z; < Z3, so that Ry = (—o0, (%, + Z2)/2] and
Ra = ((Z1 + Z2)/2,00). For i = 1,2, let E; and P; denote the expectation and the
probability conditional on being in the ith popula,tion/ respectively.

Similarly to the homoscedastic case, we have o
[ BT 2le(@)ds < [l =l hie = ) do+ ps [ el o) do
= plaf + ,020'% : (A16)

G&EQ{QR Second, recalling that IE(Z,‘;J) k4 and letting p; = 91/ 2 > i1 @i0ri;, we have, for
— &Mﬂ,uﬁf /—} o . , . )
[{X;A 0 - )] = {{ > 20y (3 ) } } =E( 3 Zuiry)
i=1 j=1
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= 2 el 3 3 ARl el)
j=1

. j#k=1

<3n(oop4-+ 3 p2-p2)
H s Vi ;QJ Z 45 Ptk

i#k=1
0 2
Q = 3’“(2@) = 3ra0}.
N =1
In thsgext paragraphs, we construct balls A; and A, Wili()h are such that all the
fretently

individual8 ihose balls are correctly clustered asgl\‘cl)fig as r‘\isllarge snonel. Then, we
) [

prove th — 00, the probahility that these two balls contain the entire projected

populatign s to 1. Together, these two results prove ke theorem['a’

For j = we let A¢ denote the ball of centgﬁ p4 with radius ¢y puq, where ¢; is a
t that will be determined later. We have, for £ = 1,2,

(o ot
2= el el — g) dz = B {1 X (0) ~ g} (@

¢ (”\Qmuuey =

positive

A

CU = o} — B IX00) - mal*La}  Go®
1/2 \ 1/2
2 4 )
2zt~ {BAX) - v’y (Beld)
>0} — 2\/?;;‘40_3 PX((v) € A (A.17)
o PEEL| X () — p])>y1/2
2 2 - 2vhad PO i
= = 1
—— "\e:g;,
L ’60{2__2_&{12@ (A.18)
- 1 231
2
O = 2(1_ﬂ04)_ (A.19)
- C1ih
e J
Letgce a positive mteger/ and[for g = 1,2, let Ag) be the ball of cent%&\
c1p1. Assume that there exists g € {1,2} such that neither Z; nor

e wit
- 2
T belongfto the ball Agy. For z € Ay, ||z - ,udl £ e andl)‘for any ¢ € {1,2}, as

HE

in the homoscedastic case we have ||z — Z;|| > (k — 1)||z — w||. Therefore, as in the

homoscedasticgase and using[(A.19) on
0
<@@;g |z - Z:|*g(z) dz = /A (k= 1%l — 1l pefa(x — ) de
) ‘ - -
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>,(k—1)%po3 < 1
,/(k ) Pjﬂg { L
Choose k such)that (k—1)?min—1 5 p; > 2C? and ¢; = (5k)~*. Then the balls A,
are disjoint/ and then r is sufficiently large so that p; > 2016\/}@:0[,
iy} -

. N 10k+/K,0¢
—ZillPg(x) dx > (k — 1)2pgos {1 — 4L > 200257{1 — — -V Tt
/ min femdillsg(z) dz 2 (k= 1)°peoq ) #F ™

> C%07 > max {01,053} = prot + peod,
vesw b )
which contradictslSA.l(i). Thus, each ball A;; must contain one z; / an%since the balls

are disjointythey must contain exactly one z;.
The zesti of the proof is similar to the homoscedastic case, leading to the error rate

of clusteringgwhich is bounded by
T
: 2

2 1K () — 10112 2., 2
Z]P,z(Az)éZEz”Xt(w) /J'zH =g_1__+ﬂ’

@L = = ciu? i
0

which tends to z?pe as r — oo.

@Aé% INustration of the conditions used in ’fheorem 1

1’\To illustrate €ondition (3.10), let @Q,, denote the set of functions ¢ € Ly(Z) having the
@WQ‘ f(?r?n_:p(” at}(2:7) where each d; € D, and D, contains no more than n“* elements,
for some C’lh> 0, and including zero. Then we can take c%fP ggi(%?), to be given by
a, = nCifi= exngC’l r Iog@)’g Unless a function 9 € Ly(Z) has a particularly slowly
converging expansion in terms of the basis functions x;, the construction in terms
of a polynomial grid given in this paragraph ensures that 1 is approximated, in an
LQZsense, at a polynomial rate by functions in (),. This can often be extended to
approximationsgn the supremum metric, if the suprema of the absolute values of the
functionsx;.and their first derivative diverge at no faster than a polynomial rate in j.

Let V., bea set of b, = n® scaled ce tgoidal Voronoi tessellations, where Cy > 0
Qf,wji—l n
is a constant@@Then, the left-hand side of /(3.10) is bounded above by

expgp Cir log@inc2 ex;i( - Cn%),
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/
| 8% U“

& \'\Whmh converges totztr-e if r = oi ne/ log@)g Thi—l-&ti;er condition is therefore sufficient
conty t% ensure(3.10). Condition (3.5) can be ensured by discarding tessellations for which
at least (?ge region Ry fails to contain at least a given fixed proportion of points in
the dataﬁat.
To illustrage conditions (3.6)—(3.9), take for example X to be a Gaussian process,
or a mixture.of Gaussian processes, such that
2> g
condibiong e, W
where 0 <'¢; < 3. Then}(3.6)—(3.9) hold with ¢ = i — 4¢;. (Equation (3.8) is the
determining faetor here.)
Fependic
@ L BZ Additional numerical results
@, B. ]Z Details for computing the d“[s used in sectlon 4.1

—~._  Recall frém sect1on 4.1 that, for j = 1,...,p, we compute the ]th projection function

GJ;Q:&%\’ ;88 P = Zizl dji Xi, where x; denotes the ith element of the Haar basis. Recall tzé
L

g — that, for'each j # j’, we want the functions ; and v to be orthonormal. Therefore,

as well

we needs#6"Choose the coefficients d;; and d;/ # so that

@
N Z / @)X (t)dt = 0. (B.1)
( \\NQS N i,i'=1
Segap T ~ eqfucdzmn
Let d; £ (dj1...,d;,)". Since the Xzb are orthonormal LB 1) is equivalent to
~

f‘Tﬁ‘\?AX !

“x_,_ -

ddej: =v\1ﬂ{] 7 }. In other words, the dﬁs need to be orthonormal vectors in
R". Searching for all possible combinations of orthonormal vectors in R™ would be too
computationally intensive, and so instead we suggest using a greedy algorithm, which
iteratively"apdates the components of the vectors d; two by two, through consecutive
rotationsrandsreflections while maintaining orthonormality. The following notation{
will be_useful. Recall that d; € R", and note that each of the » dimensions correi\
sponds to ammaxis. For k = 0,...,90, let oy = 27k/180 and, for two of the r axis,
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say 4 and 7', let Ry, ;» denote the rotation of angle oy, on the plane determined by

the sth and i'th axes. Finally, let R%* denote the reflection about the ith axis in the

plane determined by the ith and i'th axes. To compute the djls{: P BET -@0“.0&\:2\\'1
pe:

nda
l' 1,...,p

L_Z F6r e T IZ o\
_ Qany
Dfori' =i+1,. Z ‘H\cdr"\s’
W7 I{or j=1,...,pand k=1,...,90, let ((53’“10,5;“;) be the pairbbtained by ‘&\ _k, n
applying to (d;;,d; ) the rotation R, ;«, and let (5;“11, 5;“’21) be the pair / v
obtained by applying R to (6;“10 , 6]’“2? ) Z)L/et

1[ S/art with p arbitrarily chosen orthonormal vectors d; = (dJ 1y~ -- ,dj,r)T, j =

A= {(651, 055, 1< kK 90,6 = 0,1}

denote the set of all possible p-pairs created by these rotations and reJ
| ﬂecmonszokfpdate the value of (d;;, ;)% ;=1 by taking

e
_ (d s 4 )?:1 - ar%in(%oﬂjl);ﬁAZ& (%a)
G/L . ’f\m 1 ' .
\ cap | where 1o = (Ya1,...,%ap) , and, for j = 1,...,p, t,,; = i d2; X
NS M\ with (d2,,d%,) = (ajo, az) and, for £ & {3,i'}, d2y = d; 4
|

)~3 R/epeat step 2 once.

@ B.2/ Graphs of simulated and real data
- > b an ,
RSS In Figﬁi@s 5% 7, we depict a random sample of 50 curves from II; and of 50 curves

g\.) 6} from Il,,las well as the1r emplrlcal means, where the curves are drawn from respec}
Y% ) tlvelyl models ( L te 1ntrod%\ Dj{ln.sec’mon 4.2.1. Flg%—e 8 shows a random sample
= of 50 curyes from II;, 50 curves from II; and 50 curves from Il3, ag well as their em-'(\

!25 pirical means, where the curves are drawn from the hierarchical exa%ple fréroduced

in sectlon 5 2

ER @?) In Flglh-zq 9, we depict all the curves from the wheat, rainfall and octane data. In
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