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Observing the Slow States of General Singularly Perturbed Systems

Mohammad Deghat, Dragan Nesi¢, Andrew R. Teel and Chris Manzie

Abstract— This paper studies the behaviour of observers for
the slow states of a general singularly perturbed system — that
is a singularly perturbed system which has boundary-layer
solutions that do not necessarily converge to a slow manifold.
The solutions of the boundary-layer system are allowed to
exhibit persistent (e.g. oscillatory) steady-state behaviour which
are averaged to obtain the dynamics of the approximate slow
system. It is shown that if an observer has certain properties
such as asymptotic stability of its error dynamics on average,
then it is practically asymptotically stable for the original
singularly perturbed system.

I. INTRODUCTION

Estimation of physical variables that cannot be measured
is crucial in a range of engineering problems. This in-
cludes problems in which the system exhibits a two-time-
scale behaviour. Physical systems that exhibit two time-
scale behaviour can be modeled as so-called singularly
perturbed systems and their stability can be analyzed using
singular perturbation techniques which were first developed
by Tikhonov in [1].

Singularly perturbed systems have been widely studied
after the early work of Tikhonov; see for example [2] for the
results on the classical singular perturbation techniques. State
estimation and observer design for classical singularly per-
turbed linear systems are also well studied. Such results can
be found in, e.g., [3] and references cited therein. Recently, a
more general class of singularly perturbed systems has been
studied in which the solutions to the fast subsystem do not
converge to a slow manifold, but converge to a bounded set;
see [4]-[15].

Observer design for general nonlinear systems is a difficult
problem which still attracts research attention in the control
literature. This problem is further complicated when the
system exhibits multiple time scales. Some of the estimation
results in the literature that study the classical singularly
perturbed nonlinear systems are [16]-[21]. These results
use Lyapunov techniques to study the stability behaviour of
observer error dynamics.

This paper studies the observer design of a general sin-
gularly perturbed system in which the solutions to the so-
called boundary-layer system do not necessarily converge
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to a slow manifold. Unlike most of the above-mentioned
observer design results, we use a trajectory-based approach
as opposed to Lyapunov approaches for stability analysis.
This will allow us to directly work with the system solutions
and obtain the quantitative results that we desire.

The results in this paper are inspired from the results in
[13] where an input-to-state stability result is developed for
two-time-scale systems. A challenge in using the results from
[13] is to formulate the problem in a way that the results are
valid for a wide range of nonlinear observers. The seemingly
natural approach of “first averaging the model and then
designing observer for the averaged model” is not actually
the most general approach, and by carefully formulating the
problem, we are able to use results from [13] almost off the
shelf; see Remark [2| for more details.

The paper is organised as follows. In Section [[I} the
general class of singular perturbation systems is explained
and the problem is formulated. The main result of the paper
is given in Section[[II} An illustrative example is presented in
Section and finally some concluding remarks are given
in Section [Vl

Notation:

o A class-KCL function from R>p X R>o to R>g is a
continuous function which is zero at zero and strictly
increasing in its first argument, and decreasing to zero
in its second argument.

e BB denotes a closed unit ball, o8B a closed ball of radius
o, and X5+ 0B the union of all sets obtained by taking
a closed ball of radius o around each point in the set
Xs.

II. PROBLEM FORMULATION

A. General singularly perturbed systems

We will focus on singularly perturbed systems with the
following state-space model

&= f(z,z,e), z(0)==xo (1a)
gé:g(sc,z,s), Z(O) = 20 (1b)
y = h(z, z,¢€), (Ic)

where ¢ is the time-scale parameter, x € R™ and z € R™
are respectively the slow and fast variables, and y € RP? is
the measured output.

Define the fast-time variable 7 as 7 := ¢/c. Then the
singularly perturbed system (I) can be written in the 7 time
scale as

dv _ ef(z,z,€)

P (2a)
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dz

E :g($,27€)

y = h(z,z,¢).

(2b)
(20)

Following the standard approach in the analysis of singularly
perturbed systems, we will define two limiting systems,
namely the boundary-layer system and the reduced system,
that arise from the original system (I). The boundary-layer
system is defined in the fast, i.e., 7, time domain, for € = 0,
as

d.l?b

dz

- = (2, %,0) (3b)
-
Yo = h(xp, 21, 0), (o)

where the subscript b denotes the state of the boundary-
layer system and z is constant for all 7 > 0. We denote
(T, 2, 20) as the solution to the boundary-layer system
(3B), when z,(0) = 2o, which is assumed to be unique for
each x;. Unlike the classical singular perturbation problem,
we assume the solutions to the boundary-layer system,
denoted by ¢, do not necessarily converge to a unique
equilibrium, but may converge to a bounded set which is
possibly parameterised by the slow variable x;. For example,
the solutions to the boundary-layer system may converge to
a family of limit cycles parameterised by the slow variables.

The second limiting system arising from (1) is the reduced-
average system. We will refer to this system as the reduced
system so that our terminology is consistent with the classical
singular perturbation literature. We now define some of the
sets which will be used in the paper and then define the
reduced system. The notation and presentation in this paper
will be similar to [13].

The set K5 is a compact set of initial conditions for z,
Ky is a compact set of initial conditions for 2, and R, and
‘R . are respectively, the sets over which the solutions of
and @, when initialised in ICs and Ky, will range.

Definition 1 (Admissible average). The function fu, () pro-
vides an admissible average if for any given p > 0, there
exist T* > 0 and € > 0 such that for all T > T,
e € (0,e*], z € Ry and 2y € Ky, the following condition
holds

1

T
?A |:f(x790b(87x720)75) - ftw(x)] ds S p- (4)

Any admissible average, f,.(-), that satisfies the condition
in @ can be used to generate a reduced system which is
defined as

Az gy

dr

Remark 1. In general, the reduced system is a differential
inclusion (see e.g. [5], [10]) of the form

dz g

dr

= Efav(ajav)- (5)

€ eFup(Tav),

where the set-valued mapping F., is defined for all x € R,
as

Fao(z) = conv( U {Tliianl,/OTf(ac,m(&:c,zo)@)ds})

20€K

with conv(S) denoting the closed convex hull of a set
S. This is due to the fact that fa, in @) is in general a
Sfunction of zy which can take values from the set Ky. We
however assume in this paper that the set-valued map Fy,
is a singled-valued function, i.e., F,,(x) = {fav(x)}. This
is a more restrictive assumption compared to [5], [10] and
more general conditions will be the topic for further research.
Observer design for differential inclusions is a largely open
topic and the above problem formulation strongly motivates
observer design for general differential inclusions.

B. Observer

We aim to show in this paper that any observer which has
certain properties, including asymptotic stability on average
for the reduced system, has practical asymptotic stability
property for the slow states of the original (non-averaged)
system in (I). Any function ® that satisfies the observer
conditions, listed below in Definitions [2] and [3} can be used
to construct an admissible observer in the form of

Z—f_ =e® (2, h(z, 2,¢),¢), (6)
where & € R™ denotes the estimate of x.

We now define some other sets and then define admissible
observers. Let Z(0) € K5 and let R; be the set over which
the solutions of (6), when initialised in s, will range.

Definition 2 (Average observer). The function ®,, provides
an admissible average for (T,x,z,€) — @(i,h(w,z,s),s)
if for any given p > 0, there exist T* > 0 and €* > 0 such
that for all T > T*, ¢ € (0,e*], € Ry, & € Rz and
2o € Ky, the following condition holds

1 T
T/ [@(i,h(m,qﬁb(s,x,zo),e)) —@av(rﬁ,x)}ds <p.
0
(7)
Definition 3 (Admissible observer). The function

(T,z,2,6) — @(;%, h(z,z,€), 5) provides an admissible
observer for the slow states x on average if the set

Q:= {(‘ramfi‘av) cTav = fi‘av} (8)
is asymptotically stable for the system
d av
% = 5fa'u (xav) (93.)
dA(l'U ~
;’7’ = 5q>av(xa'ua xav)~ (9b)

This condition holds if there exists a class-KL function [
such that for x4,(0), Z4,(0) € Ks, the solutions of Q) exist
and satisfy

[Zav(T) = Zaw(T) || < 5s(||zav(0) - iav(O)HaET)~ (10)



Remark 2. There are different ways of constructing an
observer and defining its average. The approach in this paper
is to design an admissible observer so that when we use the
actual output in the observer map in and then average,
the averaged observer satisfies the desired stability condition
given in Definition 3| An alternative approach is to first
average [ and h, given in (1), and then design observer for
averaged fq., hay and then find conditions under which the
stability of the averaged estimation error gives us practical
stability of the estimation error of the original system when
the observer designed for the averaged system is applied to
the original system, that is, when the observer uses h instead
of hay. This approach is used in [17]-[20] for observer
design for classical singularly perturbed systems. The results
of these two cases will coincide in situations when ® is
affine in h. The alternative approach would require stronger
conditions to ensure that the solutions still converge, but in
some sense, it is an easier approach to design an observer.

C. Assumptions

In this subsection, we state the assumptions needed for
establishing the main result of the the paper. But before that,
we define the set X; which will be used in the following
Assumptions and also in the statement of the main result of
the paper.

X :{(Cc(wv j:(w) :

||xav - ijav” S 55( ||‘rav - fi'av”yo)}~

Y

Assumption 1 (Regularity and boundedness). There exist
L >0, M >0 and o > 0 such that the following hold

1) X,+0BC Ry xR

sup

Tav,TavEKs

2) sup ||z —Z|| :==¢s < >
T, €KX

12)

3) For each p > 0, there exist €* > 0 such that for all
z € R, (2,2), (Tav, Tav) € Xs + 0B and € € (0,&*]
the following hold:

f(z,2,¢)
H ® (2, h(z,z,¢),¢) H =M (13)
fav(Zav)
H Dy (Fav, Tav) H =M (14)
£ 21,e) = )l < Dl =zl + 9 (9

Assumption 2. For any given p > 0 and all z,(0) = z(0) €
Ky and xp € X5 + 0B, there exists €* > 0 such that for all
e € (0,e*] and T € [0, 0),

12(7) = o (7 20, 2 (0)]] < 4, (16)

where z(T) is the solution to the fast part of the original sys-

tem (1) and @y (7, 2, 2(0)) is the boundary-layer solution.

Assumption [2] guarantees closeness of solutions of the
boundary-layer system and the fast part of the original
singularly perturbed system.

III. MAIN RESULT

Theorem 1. If f,, and ®,, provide admissible averages
according to Definitions [I| and [2| ® provides an admissible
observer for the slow states x according to Definition |3} and
if Assumptions [l and 2 hold then for each § > 0, there exists
€* > 0 such that for all € € (0,e*] and all initial conditions
2(0),2(0) € KCs and z(0) € Ky, the solutions of

Z—i =cf(x,z,¢) (17a)
% =g(z,2,¢) (17b)
% =e® (2, h(z,2,€),¢) (17¢)
exist and satisfy
l2(r) = &(7)|l < Bs ([2(0) — 2(0) ||, e7) +4,  (18)

where (B, is defined in Definition

Proof.

The proof follows similar idea and technique as the proof of
Theorem 1 and Proposition 2 in [13].

A. Summary: The proof is decomposed into three claims
which establish the following:

1) By choosing ¢ small, (z(7),Z4,(7)) can be made
to stay arbitrarily close t0 (24,(7), Zav(7)) and also
close to the set X, on finite, but arbitrarily large, time
intervals with length of order 1/e.

2) Because of the closeness of solutions over a finite time
given above, ||z — Z|| stays close to ||xgqy — Zqv|| Over
the same finite time interval.

3) The above two claims are combined to establish prac-
tical stability of the set ) given in ().

B. Claims:
Claim I: For each 6 > 0 and T' > 0 there exists £* > 0 such
that

2(0), £(0), 4y(0), £4,(0) € Ks;
2(0) — 244,(0)
‘%(O) - i‘av (O)
imply for 7 € [0,T /]

20) ey (19)

H <e*; ee(0,e7] (20)

(z(7),%(7)) € Xs + 5B, (21)
(7)) — Tap(7)
| 2075 | <o 22

Proof.

Step 1. Definition of €*: Let § > 0 and T' > 0 be given.
Assume without loss of generality that & satisfies § < &.
Define

. )

1T exp(LT)’

(23)

oL _p

Sz =1 ™ o

p =



For this p, assume there exist admissible averages, f,, and
®,,,, according to Definitions [1|and [2] and let 7* and &5 be
respectively the maximum and minimum values generated
by Definitions [T and 2] Let Assumption 2] generate € and
let the last item of Assumption |I| generate €. Next, define

)
AMT*"

*

ex =

(25)
Then define £* as
e* = max{e], e5,¢€5,¢x, €5} (26)

Step 2. Behaviour of trajectories: From (I0), the definition
of the set X; in (11 and ¢, in (12), it follows that

[Zaw(T) = Zau(T)] < Bs(”xav(o) - J%av(O)Hng)
< Bs (CSa 75)
< Bs(cs,0). 27)
Therefore,
(Tao(7),2a0(T)) € X, VT E[0,00).  (28)
Define

7i=sup {7 €[0,T/e] : (z(¢),

(29)
Since z(0),2(0) € Ky (see (19)), it follows from the
definition of X that 7 is well-defined and 7 > 0. In fact,
(z(7),&(7)) € Xy + 6B for all 7 € [0,7) and if 7 < T/e
then at 7 = 7 we have

7)) ) < 5
Z(T) — &au(T) || —
Suppose 7 < T*, where T is the maximum 7™ generated

by Definitions [I] and [2] Then we obtain from (T3) and (T4)
that

(30)

f(IE,Z,E) - fav(x)

N 03, bz, 2,8),6) — Buy(@,a

H <2M. (31)

From (20) and the above inequality, it follows for 7 € [0, 7]
that

H %(T)f%av('r) H <€*+/T2€Mdt
(1) — Zan(T) || — o
=" +2eMT
<e*+2eMT™
@ <e* 42t MT™
6 0
a6, S+5 <0 (32)

Up to here, we showed that for 7 € [0, 7], the inequality
in (32) holds. We need to show the inequality holds for all
7 € [0,T/¢]. From (28)), (32) and also the definition of 7 in
([29), it follows that 7 > min{T*,T/e}. If T'/e < T* then
the proof is complete. Otherwise, suppose T* < 7 < T'/e.
Then we have for all 7 € [0, 7]

- xav H

- Iav

&) e X;+aB tel0,7]}.

| (1520 = funto)) s

(3

/T<
<eg*+4e¢ /T*(fxze

/ [z, op(s,2,20),€) — fav(a:))ds

-‘r&“/* <<I>(a: h(z,z,€), )—@a,u(i‘,m))ds
BOD, <o yer [ 1) -

*

-
AsumplonBl < x4 e Ljr + 3epr (33)

From (23), * < §/2. Also since 7 < T'/e, it follows that
er < T and using (23) and (24), we have T'(Lj+3p) < §/2.
Then (33) can be written as

yh(z, z,€) ) —@av(i,m))ds

:U ,on(8, T, zo),e))ds

ou(s,x, 20)|| ds + 3ept

2(T) — Zaw(7) 3 . )
= C
‘ i(T)_j:av(T) <d<o, € [T 77—] = [T 7T/E].
(34)
It follows that 7 = T/ and the result is established. -

Claim 2: There exists T > 0 such that for each 1" > T
and § > 0, there exists ¢* > 0 such that for ¢ € (0,£*] and
T€0,T/e]

(Z‘(O),i‘(O)) (xav 7l'av(0 ) ( ) S ’Cf 35
’ ) H 5 ee (0] (36)

imply
llz(1) = 2(7)l| = l|Zav(7) = Zau(n)[I| < 6. (37

Proof. Let Claim 1 generate €* for the pair (J,7"). Then from
Claim 1,

Using the properties of the norm function, (38) implies (37).
O

2(T) — gy ()

(1) — Zaw(7) (38)

H <4, V1 e (0,T/¢].

Claim 3: For each § > 0, there exists €* > 0 such that for
all e € (0,e*], which holds for 7 € [0, T/¢] implies for
7 € [0, 00) that

l2(7) = &(7)|l < Bs (I2(0) — £(0)l|, e7) + 4.

Proof. The proof is almost identical to the proof of Theo-
rem 1 in [13]. Let 6 > 0 be given and let § > 0 be such
that

(39)

(5s(7’+5, T) — Bs(r,7)> +6< g

sup
re(0,cs],7€[0,00)

(40)

The existence of § follows from the properties of class-KCL
functions. Let T* come from Definition [I] and let T > T*
be large enough so that

l\D\Ow

Bs(cs,eT) < VT € [T /e, 00). (41)



Let £* come from Claim 2 for the pair (§,27). Then from
(37), we have for all € € (0,&*] and 7 € [0, 27 /¢]| that

|2(7) = #(7)| < |20 (7) = & (7)]| + &

o, gﬁs(nxav(m—m ), e7) +

BE, < 5. (Jl2(0) - 2(0)| +5.e7) +
o, Sﬁs(llff(o)*i(o)llaU)Jré @)

2
From @I)) and (@2), it follows that for 7 € [T'/e, 2T'/¢]

la(7) — &(7)]| < 6. (43)
This argument can be applied repeatedly to obtain
lz(T) — Z(7)|| <4, T € [T/e,0). (44)

Finally, we conclude from (@2) and #4) that for 7 € [0, 00),
l2(7) = &(r)ll < Bs (I2(0), 2(0)]|,e7) +0. (45)
O

IV. EXAMPLE

We consider an example which has a stable reduced sys-
tem and a boundary-layer system whose solution converges
to a limit cycle. Consider the following singularly perturbed
system

:i?l = X2
i’g = -1 — 2%2 + 051’% + 21
: toag+ ——2
EZ1 = —21 z9
z% + z% 46)
. 22
EZg = —21 — 29 + + exo
22 4 22
1 2
Yy=x1+ 2.

Note that (6) is not defined for (21, z2) = 0. The boundary-
layer system is exponentially stable and its solutions con-
verge exponentially fast to the set

{z1,20 ER: 2] + 25 = 1}. 47)

Indeed, the solutions to the boundary-layer system, starting
from the initial condition zg = (21(0), 22(0)), are

z1(7) = ((ro — 1)e™ "

29(7) = ((ro —1)e "

where 6y = atan(z2(0)/21(0)) and rq =
22(0) + 22(0).

Consider the following observer for the x-component of

@)
[ “””1 } = ®(2,h(z,2,€), )

+ 1) cos(—7 + )

+ 1) sin(—7 + o) “%)

llzoll =

)
B Ba+ k(y — 31)
—x1—2x2—05x1—|—x1( )+Z1+k‘( —]A,‘1)
(49)

where £ > 0 is the estimator parameter to be determined.
Define the estimation error as

@:{”ﬁl]z[”_"fl]. (50)

z2 T2 — X2

Then the estimation error dynamics can be written as
] Fo — ki — k2 1)
Go | T | ~(1+k)F — 28y + 0532 —kz |-

Define g = {x : [|z]| < 0.5} and Ky = {2 : 0.5 < [|z|| <
1.5}. Then from the exponential stability of the boundary-
layer solutions and also from (]Z_EI), it can be shown that
Assumption [2] holds.

Using (@8), we can find the following admissible average
and observer that satisfy the conditions in Definition [T] and

xavg

2T qu, +0.522, ] (52)

fosla) = |

(I)a'u (jf'ava xav) =
|: _-/i’avl

where Zoy = [Zav, s Tavs]” -
It follows from (@6) and (32) that

_(Eavl

xav2 + k(xavl - xa'ul)
A ~9 A
—2%av, — 0.525,, + Tav, Tav, + K(Tau,

- j:avl) :|
(53)

f(:zc7apb(7',:r7zo),5) — fau(z) = [ 21(()7') } (54)

and from (48), there exists 7 > 0 for any given p > 0 such
that for 7' > T* the condition in (@) is satisfied. Similarly,
the condition in (7)) is satisfied for the observer (49) and its
admissible average (33).

We now show the stability condition in Definition 3] holds.
Define the estimation error for the average system as

o — ‘%avl _ -Tavl - fi‘avl
Loy = ~ - A .
xavz xavg - xavg
The estimation error dynamics for the average system can
be written as

(55)

i'aﬂl _ ‘%avg ki’avl
[ Fany ] = [ Ty — 2aw, +0.552,, — kg, } - (56)
Define the Lyapunov function V(Za,) = (22, + 2,,).
Then
V= =k, = 2050, + 058, Favs ~ kTav, vy (57)
Let || Zauv, ||, ||:i’av2 || <1 and define the matrix @ as
k _ 0.5+k
Q= 0.5+k o (58)
— 054k

The matrix () is positive definite for all 0.036 < k£ < 6.96.
Therefore for any % in the above range,

V § *Anlin(Q)”iasz (59)

and there exists a class-K L function S, such that (T0) holds.
From the definition of Ky and Ky, it is straightforward
to demonstrate that for any given § > 0, there exist o > 0,



L >0 and M > 0 such that Assumption [T holds. Therefore ~ Another future direction is to find stronger conditions that
from Theorem [1| there exists e* such that for ¢ € (0,e*], result in semiglobal, global and non-practical stability of the
(@3) holds. estimation error of the non-averaged system.

We choose k& = 1 and plot |4, (t) — 24y (t)| in Fig.
and ||Z(¢) — z(t)|| in Fig. [2] for two different values of ¢ to

show how the error changes as ¢ changes. It can be seen [11 A. Tikhonov, “On the dependence of the solutions of differential
equations on a small parameter,” Matematicheskii sbornik, vol. 64,
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