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Abstract

Wireless communication systems with low-resolution quantization are envisioned to be
a major part in future wireless communication networks because of their potential to
improve the energy efficiency of the network. In this thesis, we present a comprehensive
and rigorous analytical investigation on the performance impact of using low-resolution
phase quantization at the receiver of a wireless communication system, when compared
to traditional high-resolution systems. To that end, we consider three different system
setups; a point-to-point wireless communication system with coherent detection, a
point-to-point wireless communication system with non-coherent detection and a
multi-antenna system with coherent detection. We study the optimum detectors and
draw fundamental insights on the error probability performance of low-resolution
quantization systems in the presence of fading and noise.

Firstly, we focus on coherent detection with M-ary phase shift keying (M-PSK)
modulation and, derive the optimum maximum likelihood (ML) detector for a single-
input single-output (SISO) system. Utilizing the structure of the derived detector, a
general average symbol error probability (SEP) expression for M-PSK modulation with
n-bit quantization is obtained when the wireless channel is subject to Nakagami-m
fading. We show that a transceiver architecture with n-bit quantization is asymptotically
optimum in terms of communication reliability if n > log, M + 1.

The coherent detection techniques discussed above require channel state informa-
tion (CSI) to be available at the receiver. Due to the non-linear nature of quantization,
channel estimation has been one of the major challenges associated with low-resolution
quantization based systems. Taking these into account, next we focus on non-coherent

detection by adopting the differential quadrature phase shift keying (DQPSK) mod-
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ulation scheme to differentially encode the transmit data. At the receiver side, we
employ non-coherent detection that does not require instantaneous CSI. With DQPSK
modulation, the ML detector is derived using which, a general average SEP expression
with n-bit quantization is obtained when the wireless channel is subject to Rayleigh fad-
ing. It is shown that a transceiver architecture with n-bit quantization is asymptotically
optimum in terms of communication reliability if n > 4. That is, the decay exponent
for the average SEP is the same and equal to 1 with infinite-bit and n-bit quantizers
for n > 4. Therefore, when the channel knowledge is not available at the receiver, the
quantizer has to use one additional bit to achieve optimum communication robustness.

Finally, we extend our investigation to low-resolution quantization based multi-
antenna wireless communication systems equipped with one transmit antenna and
N receive antennas. We derive the ML detector and then propose three sub-optimum
detection rules based on selection combining which have less computational complexity
compared to the ML detector. We also note that the simple sub-optimum detector that
selects the path with the channel that locates the rotated constellation point furthest
away from the decision boundary is asymptotically optimum in terms of communication
reliability if n > 3. An extensive simulation study is performed to illustrate the accuracy

of the derived results.
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Chapter 1

Introduction

Mobile wireless communication has evolved a long way since its introduction in the late
seventies. From there onward, the world has experienced five successive generations
of wireless standards, namely, first-generation (1G) to fifth-generation (5G), up to now
and we are expecting to move to its sixth generation around 2030. When we move
from one generation to another, the main focus is to improve the data-carrying capacity
and decrease the latency. Let us first outline the key breakthroughs along the journey
of wireless standards from 1G to where we are today, on the verge of a global 5G

deployment.

All these began with the decision of the World Administrative Radio Conference
(WARC) to allocate the frequency band between 890 and 960 MHz for mobile commu-
nications in 1979 [1]]. Later in the same year, the first 1G mobile network was launched
by Nippon Telegraph and Telephone (NTT) in Tokyo. About a decade later, in 1991 the
first commercial 2G mobile network was launched with Global System for Mobile Com-
munications (GSM) in Finland. It replaced the 1G analog systems with revolutionized
digital systems where for the first time, mobile users could send text messages (SMS),
picture messages and multimedia messages (MMS) from their phones. This made
mobile communications very popular among the general public as well as the business
world. The first commercial 3G network was launched by NTT DoCoMo in Japan in
2001 [2]. This introduced significant improvements in data transmission capabilities
compared to 2G and it opened up a vast set of new services such as video conferencing,
video streaming and voice over IP, in addition to the international roaming facilities.

4G was first deployed in Stockholm, Sweden and Oslo, Norway in 2009 as the Long

1
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Term Evolution (LTE) standard. It allowed users to use high-quality video streaming
by offering fast mobile internet access. Global 4G population coverage was around 80
percent at the end of 2019 and is forecast to reach over 90 percent in 2025 [3]]. In April
2019, South Korea deployed the first commercial 5G network. To date, there have been
more than 75 5G commercial launches across the world with a global 5G population
coverage of 5 percent at the end of 2019. It has been predicted that 5G internet will
cover up to 65 percent of the world population by the end of 2025 [3].

In recent years, the demand for mobile data has been increasing at an unprecedented
pace, with most of that coming from video traffic. With a forecast of 31 percent annual
growth of mobile traffic between 2019 to 2025 [3], mobile networks will need to provide
as much as 1000 times the capacity compared to the current systems [4]. On the other
hand, it is predicted that there will be more than 24.9 billion Internet of Things (IoT)
connections by 2025 compared to the estimated human population of 8.1 billion with
the development of massive IoT, vehicular-to-everything (V2X) technologies [3]. With
over 30 percent of millennial smartphone users’ primal expectation from 5G being a
factor beyond better speed and coverage [5], achieving all these demands will be a

formidable challenge.

To cope with the projected increase in the demand for capacity, there has been
a growing interest in multiple mobile transmission technologies including massive
multiple-input-multiple-output (MIMO) and millimeter wave (mmWave) communica-
tions. The main idea behind massive MIMO is to use many antennas (i.e., hundreds
or even more) at the base station, which provides a large number of spatial degrees
of freedom for the simultaneous serving of multiple user terminals on the same time-
frequency channel [6]. On the other hand, mmWave communication aims to use the
frequency band from 30 GHz to 300 GHz, where wider bandwidths for data transmis-
sion can be utilized. Thus, mmWave communication can offer more than 200 times
the spectrum when compared to the current cellular allocations [4]. Despite some
challenges [4], both technologies are well capable of providing the data rates required

by next-generation wireless communication networks.

During the past decade, energy efficiency emerged as another important perfor-



mance measure in communication networks. This is mainly because telecommunication
networks are responsible for approximately 2 percent of global energy consumption
[7] and 0.2 percent of global carbon emissions [8]. Since this figure may continue
to grow day by day at a rapid pace with the increase of mobile traffic, developing
energy-efficient alternatives or “green” communications while keeping the spectral

efficiency has become the norm of current research in wireless communications.

Analog-to-digital converters (ADCs) are known to consume a significant amount of
power dissipated at a base station receiver [9]. It is shown that the power consumed by
ADCs grows exponentially with their resolution level and linearly with their sampling
rate [4,10-12]. We use Fig. EI to illustrate these variations using the data available
for commercial ADCs. Thus, using high-resolution quantization with high sampling
rates can significantly degrade the energy efficiency of a communication system. With
the introduction of massive MIMO and millimeter wave (mmWave) technology, this
is even more prominent in next-generation wireless systems. Because massive MIMO
systems use hundreds of antennas where each antenna is connected to a dedicated

radio frequency (RF) chain equipped with high-resolution ADCs.

MmWave systems, on the other hand, use much larger bandwidths that require
higher sampling rates. Since mmWave uses larger bandwidths, the corresponding
sampling rate of the ADC also goes up. As shown in Fig. the power consumption
of ADCs increases quadratically with sampling frequency beyond the sampling rates
of 100 megasamples per second. In fact, the typical power consumption of a high
speed (> 20 GSamples/s) and high-resolution (8-12 bits) ADC is around 500 mW. As
an RF chain contains one ADC for the in-phase (I) component and another ADC for the
quadrature (Q) component of the received signal, the total power consumption of the
ADCs in a single RF chain is around 1 W. Therefore, a future mmWave massive MIMO
system with 256 RF chains and 512 ADCs will require around 256 W of a significant

amount of power [13]].

To overcome this challenge, one can consider two possible solutions. The first

solution is to use high-resolution but low-speed sub-ADCs, whereas the second one

IFig. source: [10]. Accessed Sep. 2020.
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Figure 1.1: Walden figure of merit (FOMyy) versus the speed of the ADCs. FOMy, = W

snyq
where P is the power dissipation, fsnyq is Nyquist sampling rate, and ENOB is the effective

number of bits defined by the signal-to-noise and-distortion ratio (SNDR). It is evident that the
energy efficiency drops rapidly beyond a sampling rate of 100 MHz.

is to use high-speed but low-resolution ADCs. Since high-resolution but low-speed
sub-ADC architecture introduces error floors due to mismatches among sub-ADCs [13],
the research in the field has been more focused on the second solution. Consequently,
the idea of replacing power-hungry high-resolution ADCs with low-resolution ADCs
could provide a viable solution to the power consumption concerns in future wireless

systems.

1.1 Low-Resolution Quantization

Fig. [1.2]illustrates a typical receiver architecture of a low-resolution quantization based
MIMO or massive MIMO system. Each receive RF chain contains a quantizer (with
ADCs), demodulator, down-converter, low noise amplifier (LNA), mixers, automatic
gain control (AGC), variable gain amplifier (VGA), and some filters. The VGA and
AGC will make sure that the power of the analog signal is within the required range

for the quantizer. Similar circuitry is employed at the transmit side [13].
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Figure 1.2: MIMO or Massive MIMO receiver architecture with low-resolution ADCs. The
output of each quantizer is used for baseband processing to estimate the transmitted signals.

We now focus on the low-resolution Quantizer which is the central module relevant
to our work. Each quantizer outputs the quantized observations of its received signal
to the detector. The detector then decodes the transmitted signals based on those
quantized observations. There are multiple ways of implementing the low-resolution
quantizers. Out of those, the most common situation is quantizing the in-phase (I) and

quadrature (Q) channels independently as illustrated in Fig. To that end, most

Re (-) ADC |——| Signal
\t» LNA ——| Mixer —> VGA Im (-) S &
ADC |—| Detector

I—' AGC

Figure 1.3: The receiver architecture with independent I and Q channel quantization for a
point-to-point system.

of the systems available in the literature [14-28] use extremely low-resolution one-bit
ADC, one for each I and Q components of the received signal. In this case, the quantizer
only outputs the quadrant on which the received signal lands. Thus, the quantized

received signal Y can be represented as

A

Y =sgn(Re(Y)) +7sgn(Im(Y)), (1.1)



6 Introduction

where Y is the received signal and sgn (a)

1 ifa=0
sgn (a) = - . (1.2)
-1 ifa<O.

Similarly, two low-resolution b-bit quantizers (b > 2) can be used separately to quantize
the I and Q channels. In that, each quantizer maps an input to one of 2b quantization
regions which are characterized by the quantization boundaries —o0 = g9 < q1 < g2 <
<+ < gu_1 < gu = 0. More specifically, if b bits are used to quantize each of Re (Y)
and Im (Y), the quantizer Q outputs the index of the region in which Re (Y) and Im (Y)
lie as an input to the detector. As such, we declare Q(Re (Y)) = kif Re (Y) € (gx, gx+1]
for k € [0:2° — 1] where we use [i : j] to denote the discrete interval {i,i +1,..., j} for
a pair of integers i < j. The work related to multi-bit low-resolution quantization can

be found in [29,30].

Another possible architecture for the quantizer is using phase quantizers which
quantizes only the phase of the received signals as discussed in [31-34]. More specifi-
cally, if n bits are used to quantize Y, the quantizer Q divides the complex domain C
into 2" quantization regions and outputs the index of the region in which Y lies as an
input to the detector. As such, we declare Q(Y) = kif Y € Ry for k € [0 : 2" — 1], where
Ry < C is the k-th quantization region given by

2

Rk—{zeC: on

k <Arg(z) < 227;(k+1)}. (1.3)

Another quantizer architecture is using polar quantization in which the received
signal is quantized based on both its phase and magnitude. First, the magnitude range
is partitioned into L magnitude levels indexed by [0 : L — 1] and then each magnitude
level will be sub-divided to P phase levels indexed by [0 : P — 1] depending on the
phase of the received signal. The quantizer outputs these two indices. The work related

to polar quantization can be found in [35-37].

Fig.[1.4illustrates the different quantization regions used by the quantizers that we

discussed above.
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“Im “Im

(c) (d)
Figure 1.4: (a) Quantization regions when I and Q components of the received signal are
quantized independently using one-bit ADCs (b) Quantization region when I and Q components
of the received signal are quantized independently using b-bit quantizer (c) Quantization
regions with phase quantizer (d) Quantization regions with the polar quantizer. The received
signal is assumed to be landed in the coloured area.

Indeed, low-resolution ADCs have long been known to provide significant energy
savings in digital transceiver implementations [18,38,39]. Their other benefits include
simplification in design (especially with 1-bit ADCs) and reduction in transceiver form-
factor [13}/16,40]. On the other hand, using low-resolution ADCs will limit the amount
of data that has to be transferred over the link that connects the RF components and
the baseband-processing unit [29]]. For example, let us consider a base station that is
equipped with 256 antennas. At each antenna element, the in-phase and the quadrature
components are sampled with 10-bit ADCs operating at 20 GSamples/s. Such a system
produces over 10 Tbit/s of data. However, this data rate exceeds the rate supported by
the common public radio interface (CPRI) used over today’s fiber-optical fronthaul links

[41]. This is also a severe problem in cloud radio access network (C-RAN) architectures
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where the baseband processing is moved away to a central unit from the base stations
[42]. Furthermore, the future long-term evolution (LTE) networks are also expected to
support a wide range of Internet-of-Things (IoT) applications through protocols such
as LTE-M, NB-IoT and EC-GSM, where devices are usually battery power-limited [43].
In these future application scenarios, low-resolution ADC based digital transceivers
can prolong the battery lifetime of remote IoT devices as well, and thereby lessening
the operating costs and the need for frequent human intervention.

Motivated by the potential of low-resolution ADCs, in this work, we aim to un-
derstand the fundamental trade-off between using low-resolution quantization and
achieving higher communication reliability. More specifically, we analyse the error
probability performance of a communication system, when the receiver is equipped
with a phase quantizer.

Although the use of low-resolution quantization at the receiver can significantly
improve the energy efficiency of a communication system, there are a certain set of
challenges that still need to be answered. In the next section, we discuss these challenges

under five main areas and present the related work available in the literature.

1.2 Related Work

Random House Webster’s dictionary defines quantization as “the division of a quantity
into a discrete number of small parts, often assumed to be integral multiples of a
common quantity [44].” Although the idea of quantization appears in literature as long
as 1898, the first recognition of quantization as a key role player in communication
systems with modulation and analog-to-digital conversion was identified in 1948. This
was from the paper published by Oliver, Pierce, and Shannon. Starting from the very
early stages, the development of quantization techniques in chronological order can be
found in [44].

With the aim of developing communication systems with low power consumption
and low complexity, many scholars have investigated the ability to use low-resolution

ADCs in various aspects of a wireless communication system. As illustrated in Fig.
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the following literature review is carried out focusing on these different aspects.

Research Directions

! l 1 l

Signal Detection Channel Estimation Performance Analysis Precoding System Design

Figure 1.5: Organization of the literature review

1.2.1 Signal Detection

Under coherent detection, the signal detector aims to estimate the transmitted signals
by minimizing the symbol error probability (SEP) using the knowledge of quantized ob-
servations and channel state information (CSI). In the case of multiple antenna systems
with unquantized or high-resolution quantization, signal detectors such as maximal-
ratio combining (MRC), Zero Forcing (ZF) [45-47], Least Squares (LS), minimum mean
square error (MMSE) [48-50], maximum likelihood (ML) [51-53] and message passing
detector are commonly used. However, these existing detectors may not be able to be
used directly in low-quantization based systems due to the significant degradation of
performances [13,29]. Therefore, many scholars have paid their attention to develop
novel signal detectors counting the effects of low-resolution quantization.

To that end, [14] presents an optimal ML detector and a low-complexity ZF receiver
for a low-resolution quantization based system with one-bit ADCs. In this case, the
complexity of the ML detector grows exponentially with high signal constellations,
the number of transmit antennas and the number of users in the uplink. On the other
hand, the sub-optimal ZF-type receiver is simple to implement and shows compara-
ble performance with the ML receiver in the low signal-to-noise ratio (SNR) regime,
however it experiences an error rate floor at high SNR. Due to the high complexity of
the ML detector, [15] presents a near maximum likelihood (nML) detector which is
based on convex optimization techniques. Numerical examples show that the nML

detector is capable of performing well even with fewer antennas. Fig. illustrates

2Fig. [1.6]is recreated using [13] ©2018 IEEE
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Figure 1.6: nML detector for massive MIMO systems with one-bit ADCs.

the functionality of the nML detector using [13].

In [54], the authors present another sub-optimal detector (naive-ML) for a low-
resolution quantization based MIMO system. This detector is based on the distance
measures to the quantization regions and it shows almost the same performance as the
optimum ML detector in the high SNR regime in terms of bit error rate (BER). In [55],
the authors present an MMSE multiuser detector for uplink large-scale MIMO systems
with one-bit ADCs. The detector is based on the Message Passing De-Quantization
algorithm. An algorithm for uplink multiuser detection in a massive MIMO system
using quantized phase only measurements is presented in [56], whereas [57] presents a
convex optimization based multiuser detection technique for uplink large-scale MIMO
systems with low-resolution quantization. In [58], the authors present a low-complexity
nML detector called one-bit sphere decoding for an uplink MIMO system with one-bit
ADCs. The detection algorithm estimates the transmitted symbol vector sent by uplink
users (a codeword vector) by searching over a sphere, which contains a collection of
codeword vectors close to the received signal vector at the base station in terms of a

weighted Hamming distance.

In [59], the authors propose a linear minimum mean square error (LMMSE) receiver

when in-phase and quadrature components of the received signal are independently
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quantized by using a low-resolution ADC. They provide an approximation for the
mean squared error between the transmitted symbol and the received one, and derive
an optimized linear receiver that performs better than the conventional Weiner filter.
Results in [59] were further extended to an iterative decision feedback receiver with
quantized observations in [60].

For a massive MIMO system with one-bit ADCs, a sphere decoding based low-
complexity near-ML detection method is presented in [61]. In the proposed algorithm,
which is called one-bit-sphere decoding (OSD), the complexity of the construction of the
sphere is reduced by dividing the received signal vector into multiple subvectors. The
authors discuss the trade-off between performance and complexity with the dimension
of the sphere and the length of the subvectors. In [62], the authors focus on the
development of soft-output detection methods for low-precision ADCs and propose
another near-optimal detection method for a coded mmWave MIMO system. More
recently, there is progress in machine learning based approaches as well [63-65]]. In
[63]64] a reinforcement learning approach is used to design a robust likelihood function
learning method for MIMO systems with one-bit ADCs. For a similar system, a semi-
supervised learning detector is proposed in [65] which is further improved to an

online-learning detector.

1.2.2 Channel Estimation

Many of the low-resolution quantization based detectors that we come across in the
literature need accurate CSI at the receiver to reach their full performance. However,
the nonlinearities of low-resolution ADCs degrade the performance of conventional
channel estimation techniques [13]. Therefore, estimating the CSI plays an important
role in low-resolution quantization based communication systems. In this sub-section,
we briefly provided a discussion on some such channel estimation techniques.

An expectation maximization (EM) algorithm is presented in [66] for a MIMO
system with one-bit ADCs. The EM algorithm computes the minimum mean square
estimate of the quantized received signal iteratively until it converges and hence it

has high computational complexity. The numerical results show that the performance
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of the channel estimator compared to the unquantized case in terms of mean square
error (MSE), is relatively good in low SNR regime. In [16], a modified EM algorithm
is proposed for channel estimation for a mmWave MIMO system with one-bit ADCs.
This estimator uses the property of sparsity in the channel to reduce the computational
complexity.

In [18], the channel estimation problem for a MIMO system with one-bit ADCs
is converted to a channel estimation problem for a single-input-single-output (SISO)
system using orthogonal pilots to find a closed-form ML channel estimate. In [38], an
iterative method is presented to find the ML channel estimate using the quantized
observations. As evaluated in [15], the channel estimation problem in both [18] and [38]
are not convex and the algorithm may converge to a local optimum in high SNR regime.
Table 1 of [13] presents a comparison of channel estimation algorithms [15}16,129,30,66]

which are commonly used in literature.

1.2.3 Performance Analysis

The performance of a low-resolution quantization based system is relatively low com-
pared to a classical unquantized system due to unavoidable reasons. To measure the
performance of low-resolution quantization based systems we can use metrics such
as channel capacity, achievable rate, SEP and spectral efficiency. In this sub-section,
we briefly discuss some of the key performance related findings of low-resolution
quantization based systems.

There are many research papers investigating the capacity of communication sys-
tems with one-bit ADCs under the additive quantization noise model (AQNM) [9,24,67].
However, it is very difficult to find a general expression for capacity for a communica-
tion system with multi-bit low-resolution quantization [68]. In [23], authors present
bounds on capacity in high SNR regime for a single-input-multiple-output (SIMO)
and a MIMO system with one-bit ADCs under flat fading. The results show how the
number of paths, number of transmit antennas, and number of receive antennas impact
the capacity at high SNR regime. Further, it shows that the capacity in high SNR regime
is lower bounded by the rank of the channel. The work in [23] is further extended
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in [24] to obtain a closed-form expression for multiple-input-single-output (MISO)
channel capacity assuming that CSI is available at both the transmitter and receiver.

Mutual information between the inputs and the quantized outputs of a one-bit
ADC based MIMO system is in [25] and [26]. Using the second-order expansion of the
mutual information, it is showed that the power penalty due to one-bit quantization
is approximately equal to 7 (1.98 dB). This confirms that low-resolution quantization
performs adequately in low SNR regime while reducing power consumption. Numeri-
cal results in [69]] show that for a phase-quantized block non-coherent channel with
8-bin phase quantization under quadrature phase shift keying (QPSK) modulation
can recover about 80-85 percent of mutual information attained with unquantized
observations when SNR is larger than 2-3 dB.

In [27], the achievable rate of a downlink of a massive MIMO system with one-bit
ADCs is analyzed. The results show that it is enough to have approximately 2.5 times

more antennas at the base station to overcome the loss due to one-bit ADCs.

1.2.4 Precoding

The majority of research on communication systems based on low-resolution quan-
tization is in the direction of the uplink where the base station is equipped with
low-resolution ADCs. However recently, a considerable amount of research attention
has been paid to downlink communication. Most of the existing work on MIMO
downlink precoding has assumed that each RF chain is equipped with high-resolution
digital-to-analog converters (DACs). Similar to ADCs, the power consumption of
DAC:s increases exponentially with their resolution and hence using low-resolution
DAC s in precoding has the potential to save a considerable amount of power in the
communication system.

In [24], the authors show that when the channel matrix has a full row rank with a
small condition number, channel inversion precoding becomes optimum. Papers [20]
and [21] present low complexity ZF precoders for downlink massive MIMO multiuser
system with one-bit DACs. Numerical results of [20] show that the quantized ZF

precoder outperforms the ML encoder for low to moderate SNR. In [21], the authors



14 Introduction

provide asymptotic symbol error rate expressions using the Bussgang theorem at
each terminal for the above-mentioned setup. However, there is an error floor at the
medium-to-high SNR regime due to the low-resolution quantization. To improve this,

[22] presents a method by perturbing the transmitted signal before quantization.

1.2.5 System Design

When designing wireless communication systems, the most commonly used perfor-
mance metric is spectral efficiency. However, with the emergence of the green commu-
nication concept a few years back, developing energy-efficient communication systems
has also gained a considerable amount of interest [6]. Though there is a trade-off in
achieving both spectral and energy efficiency at the same time [70], joint optimization
of them has considered in recent years. To that end, in [70], the authors consider the
joint optimization of the power amplifier and a pulse shaping filter over a point-to-
point additive white Gaussian noise (AWGN) channel using one-bit ADCs and DACs.
Using the product of power efficiency and spectral efficiency as the objective function,
the optimization problem finds the optimal system parameters. In [6], the authors
investigate the optimal design of single-cell massive MIMO systems with one-bit ADCs.
By analyzing the spectral and energy efficiency trade-off, it shows that a system with
one-bit ADCs needs 2-2.5 times more antennas to achieve the same ratio of spectral
efficiency to energy efficiency as a classical unquantized system.

To avoid some of the adverse effects of low-resolution quantization, some of the
research work has carried out on mixed-ADC architectures [71-74]. Mixed-ADC
architectures contain a mixture of both high-resolution and low-resolution ADCs. This
architecture is expected to inherently immune to the capacity loss in high SNR regime,
to the high pilot overhead for channel estimation and to the error floors in multiuser
detection [13]]. In this, channel estimation can be done using the high-resolution
quantizers while the data decoding phase can be carried out using the low-resolution
quantizers. Further, in [71], it is presented a mixed-ADC architecture which both
one-bit ADCs and high-resolution ADCs for a massive MIMO system. Results show

that mixed-ADC architecture can achieve a near similar performance as conventional
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architecture while reducing the power consumption considerably.

Fig. (a) and (b) illustrate two proposed mixed ADC architectures in [71] and
[74] respectively. Fig. (a) uses an ADC switch module before the quantizers in each
path. Fig. [1.7](b) has receivers with Ny number of high-resolution quantizers and Ny
number of low-resolution quantizers, where 0 < II\\]]—“; < 1. In each case, we can use a

high-resolution section for channel estimation and a low-resolution section for data

decoding [13]].

1.3 Focus of the Thesis

Motivated by the potential of low-resolution ADCs, in this work, we aim to understand
the fundamental trade-off between low-resolution quantization and achieving higher
communication reliability. More specifically, we conduct a comprehensive analytical
study on the performance impact of using low-resolution phase quantization at the
receiver of a wireless communication system, when compared to traditional high-

resolution systems.
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In this thesis, we study the optimum and sub-optimum detectors and error rate
analysis for wireless communication systems with low-resolution quantizers in the pres-
ence of fading and noise. We adopt phase shift keying modulation under Nakagami-m
and Rayleigh faded wireless channels with additive white Gaussian noise (AWGN).
We derive optimum ML detectors and sub-optimum detectors and based on these
detectors, we conduct rigorous analysis on the average SEP performance which pro-
vides a measure of network reliability and the decay exponent of the average SEP
which helps to discover the first-order effects of wireless communication systems with
low-resolution ADCs. We first focus on point-to-point systems under both coherent
and non-coherent detection. This work is further extended to more general multi-
antenna systems later. We establish a fundamental ternary behaviour in the average
SEP performance of a wireless communication system with low-resolution ADCs and
phase modulation. Further, we draw fundamental insights on the optimum number
of quantization bits that minimizes the performance gap between high-resolution and

low-resolution quantization based wireless communication systems.

1.4 Main Thesis Contributions

The thesis is presented in three main chapters. Each chapter contains a detailed introduc-
tion, theoretical analysis and numerical results. Below, we provide a chapter-by-chapter
summary of the thesis contributions. Further, a detailed version of the contributions

can be found at the beginning of each chapter.

Low-resolution Quantization in Single-Input-Single-Output Systems

In Chapter[2} we consider a point-to-point wireless communication system, in which
the receiver is equipped with a low-resolution ADC that quantizes the phase of the
received signal. We note that the SISO system provides the basic building block of a
more complex multi-antenna system. We adopt the SISO system to draw fundamental
insights. It allows us to conduct a rigorous mathematical investigation to provide exact

analytical expressions for the error probability performance. The performance results
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obtained in this chapter hold in the general case of n-bit quantization, M-ary phase shift
keying (M-PSK) modulation and Nakagami-m fading channels. We note that most of
the work on low-resolution ADCs have previously focused one-bit quantization. In this
chapter, our focus is on identifying the trade-off between the number of quantization
bits and the error probability performance. Therefore, we take a different approach
in which we allow the number of bits in the quantizer to vary until the transceiver
architecture becomes asymptotically optimum in terms of communication reliability.

The main contributions of this chapter are listed as follows.

¢ For any M-ary modulation scheme and quantizer structure, we show the existence
of an error floor below which the average SEP cannot be pushed if the number of

quantization bits 7 is less than log2 M.

* We derive the optimum ML detection rule for signal detection with low-resolution

ADCs.

* We obtain exact analytical expressions for the average SEP attained by the derived

ML rule when the wireless channel is subjected to Nakagami-m fading.

* We establish a fundamental ternary behaviour in the average SEP performance
of a wireless communication system with low-resolution ADCs and M-PSK
modulation. Based on the Nakagami-m fading model, we show that the decay
exponent of the average SEP is the same as that of an infinite-bit quantization,
which is equal to m, when 7 is larger than or equal to log, M + 1. We also show

that it is equal to 1 and 0 for n = log, M and n < log, M, respectively.

* By analysing the error probability performance in the high-SNR regime, we char-
acterize the diversity order (DVO) for low-resolution ADC based communication

systems.

* We perform numerical analysis to compare the performance of phase quantiza-
tion to the more common situation where I and Q channels are independently

quantized.



18 Introduction

¢ We provide a numerical analysis establishing an important robustness property

for our analytical results under channel state estimation errors.

Low-resolution Quantization with Non-coherent Detection

In Chapter 2} we assumed the perfect knowledge of CSI is available at the receiver
and due to the non-linear nature of quantization, channel estimation has been one of
the major challenges associated with low-resolution ADCs. Researchers have focused
on several approaches in obtaining CSI using low-resolution ADCs. To that end,
many researchers have used iterative channel estimation algorithms based on the least-
squares approach and expectation maximization method, however, the complexity
of these approaches is significant as it requires many iterations for convergence. As
a solution to this, a mixed one-bit ADC architecture was proposed in which most
antennas were equipped with one-bit ADCs, and some antennas equipped with high-
resolution ADCs. These high-resolution ADCs were used to acquire precise CSI by
reducing the channel estimation overhead.

In Chapter 3} we take a different approach to handle this challenge by adopting
non-coherent data detection. More specifically, we adopt the differential quadrature
phase shift keying (DQPSK) modulation method to differentially encode the transmit
data and at the receiver side, employ non-coherent detection that does not require
instantaneous CSI. we consider a point-to-point wireless communication system, in
which the receiver is equipped with a low-resolution ADC that quantizes the phase
of the received signal. We note that the SISO system provides the basic building
block of a more complex multi-antenna system. We adopt the SISO system to draw
fundamental insights into using non-coherent detection. It allows us to conduct a
rigorous mathematical investigation to provide exact analytical expressions for the
error probability performance. The performance results obtained in this chapter hold
in the general case of n-bit quantization, DQPSK modulation and Rayleigh fading
channels. We note that most of the work on low-resolution ADCs has previously
focused one-bit quantization. In this chapter, our focus is on identifying the trade-off
between the number of quantization bits and the error probability performance, which

has not been considered previously. Therefore, we take a different approach in which
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we allow the number of bits in the quantizer to vary until the transceiver architecture
becomes asymptotically optimum in terms of communication reliability. The main

contributions of this chapter are listed as follows.

* We derive the optimum ML detection rule when the detection is performed by

using two consecutive received symbols.

* We derive the exact analytical expressions for the average SEP when the channel

is subjected to Rayleigh fading.

* By analysing the asymptotic behaviour of the SEP performance, we establish that
under non-coherent detection with DQPSK modulation, we can achieve the same
DVO as with that of an infinite-bit quantization, when the number of quantization
bits n > 4. Comparing this result with coherent detection considered in Chapter
we highlight that, for DQPSK modulation with non-coherent detection we need
one additional quantization bit to achieve the full diversity when compared to
the number of quantization bits required for QPSK modulation with coherent

detection.

* We also analyse a system with DQPSK modulation under coherent detection
when low-resolution phase quantization is employed. We obtain the optimum
ML detection rule and analyse the average SEP results under Rayleigh fading.
We also analyse the asymptotic behaviour of the SEP performance by focusing

on the high SNR regime.

Low-resolution Quantization in Multi-Antenna Systems

In Chapter 4, we focus on optimum and sub-optimum detectors and error rate
analysis for wireless systems with low-resolution quantizers in the presence of fading
and noise for a wireless communication network consisting of one transmit antenna
and N receive antennas. This is an extension of our work in Chapter 2| to a more general
system with multiple antennas. We adopt the SIMO system to draw fundamental
insights. It allows us to conduct a rigorous mathematical investigation to provide exact

analytical expressions for the error probability performance. The performance results
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obtained in this chapter hold in the general case of n-bit quantization, QPSK modulation
and Rayleigh fading channels. We note that most of the work on low-resolution
quantization based systems have previously focused on one-bit quantization. In this
chapter, our focus is on identifying the trade-off between the number of quantization
bits and the error probability performance, which has not been considered previously.

The main contributions of this chapter are listed as follows.

¢ We derive the optimum ML detection rule for signal detection with low-resolution

ADCs.

* We establish a fundamental ternary behaviour in the average SEP performance
of a wireless communication system with low-resolution ADCs and QPSK modu-
lation by using Monte Carlo simulations. Based on the Rayleigh fading model,
we show that the decay exponent of the average SEP is the same as that of an
infinite-bit quantization, which is equal to N when 7 is larger than or equal to 3
with N antennas at the receiver. We also show that it is equal to & and 0 for n = 2

and n < 2, respectively.

* Due to the complexity of the derived ML detector, We propose three sub-optimum
detection rules based on selection combing for signal detection with low-resolution

ADCs in a SIMO wireless communication system.

* We obtain exact analytical expressions for the average SEP attained by the pro-
posed sub-optimum detection rules when the wireless channel is subjected to

Rayleigh fading.

* By analysing the error probability performance in the high-SNR regime, we char-
acterize the DVO for low-resolution ADC based communication systems. We note
that the simple sub-optimum detector that selects the path with the channel that
locates the rotated constellation point furthest away from the decision boundary
is asymptotically optimum in terms of communication reliability if n > 3. An
extensive simulation study is performed to illustrate the accuracy of the derived

results.
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Chapter 2

Low-Resolution Quantization in
Single Input Single Output Systems

This chapter studies optimum detectors and error rate analysis for wireless systems with low-
resolution quantizers in the presence of fading and noise. A universal lower bound on the average
SEP, correct for all M-ary modulation schemes, is obtained when the number of quantization
bits is not enough to resolve M signal points. In the special case of M-PSK, the ML detector is
derived. Utilizing the structure of the derived detector, a general average SEP expression for M-PSK
modulation with n-bit quantization is obtained when the wireless channel is subject to fading with
a circularly-symmetric distribution. For the Nakagami-m fading, it is shown that a transceiver
architecture with n-bit quantization is asymptotically optimum in terms of communication
reliability if n > log, M + 1. That is, the decay exponent for the average SEP is the same and
equal to m with infinite-bit and n-bit quantizers for n > log, M + 1. On the other hand, it is only
equal to % and 0 for n = log, M and n < log, M, respectively. An extensive simulation study
is performed to illustrate the accuracy of the derived results, energy efficiency gains obtained by
means of low-resolution quantizers, performance comparison of phase modulated systems with
independent in-phase and quadrature channel quantization and robustness of the derived results

under channel estimation errors.

2.1 Introduction

2.1.1 Background and Motivation

Motivated by the potential of low-resolution ADCs, in this chapter, we aim to un-
derstand the fundamental trade-off between using low-resolution quantization and

achieving higher communication reliability. More specifically, we analyse the error

23
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probability performance of a communication system when the receiver is equipped
with a phase quantizer that only outputs the knowledge of the phase quantization
region on which the received signal lands. Phase quantization is a generalization of the
common approach of using independent 1-bit quantization on I and Q arms, considered
in several previous works [14-28]. In this case, the quantizer only outputs the quadrant
on which the received signal lands. Using the derived structure of the ML detector, we
fully characterize the SEP performance of a SISO system when the receiver is equipped
with an n-bit phase quantizer.

We note that the SISO system provides the basic building block of a more complex
MIMO system. We adopt the SISO system to draw fundamental insights. It allows us to
conduct a rigorous mathematical investigation to provide exact analytical expressions
for the error probability performance. The performance results obtained in this chapter
hold in the general case of n-bit quantization, M-PSK modulation and Nakagami-m
fading channels. We note that the Nakagami-m fading model characterizes a broad
range of fading phenomena ranging from severe to moderate and no fading conditions
as m varies over [0.5,00) [75}76] and it reduces to Rayleigh fading for m = 1.

We note that some work on low-resolution ADCs has previously focused on MIMO
systems [14-27]] but under the case of one-bit quantization. In this chapter, our focus
is on identifying the trade-off between the number of quantization bits and the error
probability performance, which has not been considered previously. Therefore, we
take a different approach in which we allow the number of bits in the quantizer to
vary until the transceiver architecture becomes asymptotically optimum in terms of

communication reliability.

2.1.2 Main Contributions

In this work, we consider a point-to-point wireless communication system, in which
the receiver is equipped with a low-resolution ADC that quantizes the phase of the

received signal. Our main contributions are summarized as follows.

¢ For any M-ary modulation scheme and quantizer structure, we show the exis-

tence of an error floor below which the average SEP cannot be pushed if the
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number of quantization bits 7 is less than log, M. This provides a fundamental
performance limit for the SEP of a communication system that does not have
enough quantization bits to resolve the M possible transmitted signals. This

result is presented in Theorem

* Motivated by the capacity achieving property of circularly symmetric input
distributions for low-resolution ADCs [77], we adopt M-PSK modulation and
derive the optimum ML detection rule for signal detection with low-resolution
ADCs. For the general n-bit quantization, we obtain exact analytical expressions
for the average SEP attained by the derived ML rule when the wireless channel
is subjected to Nakagami-m fading. We use extensive numerical examples to
compare the analytical expressions against the Monte-Carlo simulations. These

results are presented in Theorems [2.2|and [2.3| respectively.

* We establish a fundamental ternary behaviour in the average SEP performance
of a wireless communication system with low-resolution ADCs and M-PSK
modulation. Based on the Nakagami-m fading model, we show that the decay
exponent of the average SEP is the same as that of an infinite-bit quantization,
which is equal to m when 7 is larger than or equal to log, M + 1. We also show
that it is equal to % and 0 for n = log, M and n < log, M, respectively. This result
is presented in Theorem [2.4]

* By analysing the error probability performance in the high-SNR regime, we
characterize the DVO for low-resolution ADC based communication systems.
From a system design point of view, our results show that using one additional
bit on top of log, M of them can achieve optimum communication robustness
in the high-SNR regime. In particular, for fading environments with a large
value of m, using an extra quantization bit improves communication reliability
significantly. On the other hand, for fading environments with a low value of m,
it may be more beneficial to use log, M bits, without sacrificing communication

robustness too much but doubling system energy efficiency.

¢ We perform numerical analysis to compare the performance of phase quantiza-
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tion to the more common situation where I and Q channels are independently
quantized. For this analysis, we focus on Rayleigh fading (m = 1) with QPSK
(M = 4) modulation to obtain some initial key insights into the potential bit sav-
ings that can be provided by the phase quantization approach employed in this
work. While clearly 2-bit phase quantization is identical to using 1-bit quantiza-
tion on each of the I and Q arms, we show that 3-bit phase quantization performs
very similarly to the optimized independent I and Q quantization using 4-bits.
This indicates that phase quantization provides a 1-bit saving in this particular
case. Further, our analysis also demonstrates that the optimized independent
quantization with 6-bits in total performs the same as 4-bit phase quantization,
i.e., a saving of 2 bits. An important conclusion from this analysis is that not
only does phase quantization have the potential to save bits, but the independent
case needs to be optimized and adjusted as a function of the channel statistics,

something that is not required for phase quantization.

We provide numerical analysis establishing an important robustness property
for our analytical results under channel state estimation errors. A salient feature
arising from this numerical analysis is that the derived fundamental ternary
behaviour of the decay exponent of p(SNR) stays the same if n + 1 bits are used
during the channel estimation stage, while n being the number of bits used for
data decoding. Moreover, the performance difference between using n and n + 1
bits for channel estimation becomes negligibly small as n increases. We note that
the use of a different number of bits for data decoding and channel estimation is
possible by employing mixed-ADC receiver architectures commonly used in the
literature. Furthermore, the same effect to improve channel estimation accuracy
can be achieved by using carefully designed training sequences to perform a

bisection search during the channel estimate phase.
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2.2 System Setup

2.2.1 Transmitter Architecture

In order to formalize the receiver architecture and the optimum signal detection prob-
lem below, we will assume that the transmitted signals are taken from the constellation
set of information signals C = {e]” (% -1) }kM_;l € C, which is the classical M-PSK
signal constellatio and for ease of exposition,_we only consider the case in which M

is an integer power of ﬂ

2.2.2 Channel Model

We consider the classical point-to-point wireless channel model with flat-fading. For
this channel, the received discrete-time baseband equivalent signal Y can be expressed
by

Y = VSNRHX + W, 2.1)

where X € C < C is the transmitted signal, C is the constellation set of information
signals in C, SNR is the ratio of the transmitted signal energy to the additive white
Gaussian noise (AWGN) spectral density, H € C is the unit power channel gain between
the transmitter and the receiver which is random with zero-mean and generated
according to a continuous distribution, and W is the circularly-symmetric zero-mean
unit-variance AWGN, i.e., W ~ CN(0,1). Here, W is independently generated at each

channel use, independent of its past realizations and the realization of H.

2.2.3 Receiver Architecture

The receiver architecture is based on a low-resolution ADC. As illustrated in Fig.
the received signal Y is first sent through a low-resolution quantizer, and then the

resulting quantized signal information is used to determine the transmitted symbol X.

I This choice of C ensures that the phase of X always lies in [—7t, 77)
2Extensions of our results to the more general case of M being any positive integer is straightforward,
albeit with more complicated notation and separate analyses in some special cases.
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Y n-bit

Quantizer

Signal X Estimate of the
Detector Transmitted Symbol

Figure 2.1: The receiver architecture with low-resolution quantization. The signal detector
observes only the n-bit quantized versions of Y to estimate the transmitted signal.

In the following, we describe the quantization process in detail.

2.2.4 Quantization Process

If n bits are used to quantize Y, the quantizer Q divides the complex domain C into 2"
quantization regions and outputs the index of the region in which Y lies as an input to
the detector. As such, we declare Q(Y) = kif Y € Ry fork € [0: 2" — 1], where Ry < C
is the k-th quantization region. Since information is encoded in the phase of X with the
above choice of constellation points, we choose R as the convex cone given by

27T
o
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(k+ 1)} . (2.2)

The use of phase quantization in our receiver architecture is further motivated by
the following two factors. First, considering channel impairments as phase rotations
in transmitted signals, quantization and decision regions for M-PSK modulation are
conveniently modelled as convex cones in the complex plane [78] as described above,
and without requiring the use of automatic gain control. Second, phase quantizers
can be implemented using one-bit ADCs that consist of simple comparators, and they

consume negligible power (in the order of mW).

2.2.5 Key Assumptions

We assume that the n-bit quantizer is fixed and independent of the wireless channel.
We also assume that full CSI is available at the receiver. The motivation behind

our model with full-precision CSI in the paper is two-fold. First, in previous work

[40], it was shown that it is possible to attain a high channel estimation precision (for

SNR = 10 dB, the estimator based on 3-bit ADC gives a mean square error of -20
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dB with 11 training symbols) with the use of low-resolution ADCs by increasing the

number of training symbols in the closed-loop estimation process.

Second, the mixed-ADC architectures are also commonly investigated in the litera-
ture, and they can be employed to achieve high channel estimation accuracy [71]. In
a mixed-ADC architecture, high-resolution ADCs (structured through either serial or
parallel connections) are used during the channel estimation stage [18,40,71] and the
data transmission phase, the receiver switches to low-resolution operation by using
less number of quantization bits. Although the energy consumption is increased in
this approach, this is not a restrictive degradation for our purposes. Each fading state
will span a large group of information bits at the target multiple Gbits per second
data rates in next-generation wireless systems. Hence, the energy saving during data
transmission is more significant than the increased energy consumption during channel
estimation. Based on the existing results for channel estimation accuracy with low-
resolution quantizers, the assumption on the availability of full CSI at the receiver is
also commonly used by the pioneering papers in the field [30,40,66,79]]. The effect of
channel estimation errors on the SEP performance is further investigated in Section

2.7.3

We also assume that there is no feedback path from the receiver to the transmitter
to get the CSI that is available at the receiver. Therefore, there is no CSI available at
the transmitter and hence it is not possible to pre-equalize the channel phase at the

transmitter. Further, in this work, we are not employing any error correction codes.

2.3 Optimum Signal Detection

The detector aims to minimize the SEP by using the knowledge of Q(Y) and CSI, which

can be represented as selecting a signal point £ (k, /1) satisfying

% (k,h) € argmax Pr{X = x|Q(Y) =k, H = h}, (2.3)

xeC
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for h e Cand k € [0 : 2" — 1]. The main performance figure of merit for the optimum

detector is the average SEP given by
p(SNR) = Pr{X # 2(Q(Y),H)}. (2.4)

It is important to note that p (SNR) depends on SNR as well as the number of quantiza-
tion bits.
We will analyze the communication robustness that can be achieved with low-

resolution ADCs by focusing on the decay exponent for p (SNR), which is given byﬂ

DVO — — Tim 108P(SNR)

SNR—ox  log SNR @5

Following the convention in the field, we will call DVO the diversity order, although
there is only a single diversity branch in our system.

We mainly focus on the error probability perspective in this analytical study on
the performance impact of using low-resolution quantization in an uncoded system.
Therefore, we select SEP and DVO as the two main performance metrics. Especially, the
DVO can be used to quantify the error probability behaviour in the high SNR regime.
Though it is not considered in this thesis, throughput is another important performance
metric that can be considered when analyzing the performance impact of using low-
resolution quantization, especially when coding is entertained. In the literature, most
of the works on analyzing the information-theoretic throughput focus on one-bit ADC
based systems with independent I and Q quantization [29/80,81]. The SEP results that
we generate in this thesis can be used to find information-theoretic bounds for channel
capacity and throughput with suitable mathematical analysis.

Our first result indicates that there is an SNR-independent error floor such that the
average SEP values below which cannot be attained for n < log, M. The following
theorem establishes this result formally. We note that this theorem establishes a more

general result that holds for any choice of modulation scheme and quantizer structure.

Theorem 2.1. Let pmin be the probability of the least probable transmitted symbol. If n <

3We will show that the limit in (2.5) exists, and hence there is no ambiguity in the definition of DVO.
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log, M, then for any choice of modulation scheme and quantizer structure

M-2"

p (SNR) = on pmin (26)
forall SNR = 0.
Proof: See Appendix O

Firstly, we note that the error floor in is always a valid lower bound since
Pmin < % Secondly, it does not depend on the fading model. The average SEP values
below M%nz"pmm cannot be achieved due to the inherent inability of low-resolution
ADC receivers to resolve different signal points when n < log, M. We also note that
the Fano’s inequality can also be used to obtain similar, perhaps tighter, lower bounds
on p (SNR) [82]. However, this will require the calculation of equivocation between X
and Q(Y) for each choice of modulation scheme and quantizer structure. Hence, it is
not clear how the minimization can be carried out over the modulation and quantizer
selections in this approach.

Next, we will assume that all signal points in C are equiprobable, with probability

4, and hence the optimum detector in (2.3) is equivalent to the ML detector given by

% (k,h) € argmax Pr{Q(Y) = k|X = x,H = h} (2.7)

xeC

forhe Cand k € [0:2" —1]. Since Y is a proper complex Gaussian random variable

with mean E [Y] = vVSNRAx and variance Var (Y) = 1, we can write the probability in
as

Pr{Q(Y) = kX = x,H = I} = f %exp (— v - \/SNth‘Z) dy,  (28)
Ry

where the integral in (2.8) is with respect to the standard Borel measure in C [83].

It is also important to note that the error floor in Theorem is independent of

the fading model. The unachievability of the average SEP values below Mz;nz”pmm

arises from the inherent inability of low-resolution ADC receivers to resolve different

signal points when n < log, M. Therefore, in the rest of this work we only focus on



32 Low-Resolution Quantization in Single Input Single Output Systems

n = log, M case.
The next theorem describes the operation of the ML detector for the above signal

detection problem.

Theorem 2.2. Assume H has a continuous probability density function (pdf). Then, % (k, h) is

unique with probability one, i.e., the set of h values for which

argmax Pr{Q(Y) = k|X = x,H = h}

xeC

is singleton has probability one, and the ML detection rule for the low-resolution ADC based

receiver architecture can be given as

% (k, h) = argmin dist (hx, Hy), (2.9)

xeC

whereh € C, ke [0:2" —1], dist (z,.A) is the distance between a point z € C and a set A < C,
which is defined as dist (z, A) = infe 4 |z — 5|, and Hy = {z € C : Arg (z) + m = J- (2k+ 1)}

Proof: See Appendix O
We first note that although the ML detection rule given in Theorem 2.2]is written as

dependent on the full channel knowledge, we only need to know the phase of H in order
to determine £ (k, /7). This can be seen by means of simple scaling arguments as the set
Hy is invariant under any amplitude scaling. The half-hyperplane #; in Theorem[2.2]
bisects the kth quantization region R into two symmetric regions. This is an important
observation since it indicates that we are only required to estimate the channel phase
to implement the ML detector. For phase estimation with circularly symmetric fading
distributions, the estimation errors due to low-resolution quantization can be modelled
as bounded uniform random variables, which lead to a key robustness property for
our analytical results under channel estimation errors as explained in Section [2.7.3]
Secondly, given X = x and H = &, the conditional probability of the event Q(Y) =
k corresponds to the integral of unit-variance and mean v/SNRhx proper complex
Gaussian distribution over Ry. As we vary x in C, we change the mean value v/SNRhx.
Hence, Theorem [2.2| indicates that the most probability mass is accumulated in the

region R, when the unit-variance proper complex Gaussian distribution with mean
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V/SNRhx, x € C, closest to H, is integrated over Ry, which coincides with the intuition.
We will use the structure of the ML detection rule to derive integral expressions for
p (SNR) for M > 2 in Section[2.4] Further, in order to characterize the communication
robustness with low-resolution ADCs in the high SNR regime, we will also provide a

detailed analysis of the asymptotic decay exponent of p (SNR) in Section [2.5|

2.4 Average Symbol Error Probability

2.4.1 Symbol Error Probability for n > log, M

We first obtain a key lemma that simplifies the calculations for deriving p (SNR) when
the number of quantization bits is at least log, M. We note that this lemma holds for
general circularly-symmetric fading processes without assuming any specific functional

form.

Lemma 2.1. Let H = Re/™ be a circularly-symmetric fading coefficient with R and A denoting
the magnitude and the phase of H, respectively. Let the joint pdf of R and A be given by
froa (r,A) = 5=fr (r) for A € [—7t, 7w) and r > 0. Then, p (SNR) is equal to

21’1

-1
p (SNR) = -

f;\ﬁ; JOOO Pr {mrefe +W¢ 5}fR (r) drdf, (2.10)

Mo
where & = {ze C:0 < Arg(z) < 3£}

Proof: See Appendix[2.9.3] O

Using Lemma next we obtain integral expressions for p (SNR) when H is
circularly-symmetric with the generalized Nakagami-m fading magnitude.

Considering these advantages, we will focus on the Nakagami-m fading model for

H to derive integral expressions for p (SNR) in the remainder of the paper. This will be

done so for all parameter combinations of M > 2 (as an integer power of 2), n > log, M

and m > 0.5. It will be seen that the derived integral expressions are easy to calculate

numerically and they reduce to simple closed-form expressions in some special cases.

Further, we will also show that using log, M + 1 bits is enough to achieve the maximum



34 Low-Resolution Quantization in Single Input Single Output Systems

communication robustness achieved by using an infinite number of quantization bits.

Theorem 2.3. Assume H is a unit-power fading coefficient distributed according to a circularly-
symmetric distribution with Nakagami-m fading magnitude. Let Q (-) be the complementary
distribution function of the standard normal random variable and T () be the gamma function

[84]. Then, for n > log, M and M > 2, p (SNR) is given according to (2.11).

p(SNR){ pLNR) + p2 (SNR) = ps (SNR) +pa (SNR) M4

( NR) M=2
n— 1 z o —m
p1 (SNR) — 2 2 M ’ ( c0526+m> d6dp 2.12)
7'[2 7r T ’
M an
on—1,, R ) —m
p2 (SNR) = sm O0+m) dodp, (2.13)
M an
n—1 I I T ln .2 —m
p3(SNR)=2 3m Jz ZJM (SNRcos 0 SNI.?szm 9—|—m) d0dpd,
T 0 z_n sin? B sin” 7y

(2.14)

pu(SNR) = — j f [ o ()

Q <\/2$NRr sec <§\/I> sin (3\7/11 > +12wtan <3\/I>) dwdrd6.
(2.15)

Proof: In the following we provide the proof for M > 4. Please note that the

proof for M = 2 is similar and simpler. With a slight abuse of notation, we define
p (SNR, 1) = Pr{\/SNRref9+W¢S}, (2.16)

where the set £ is defined as in Lemma[2.1} The probability in ( can be calculated
by conditioning on the real part of W, which is denoted by W,.. By using Fig.

as a visual guide, we can write p (SNR, 1) after conditioning on W, as (2.17) for w >
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Figure 2.2: An illustration of average SEP calculations. If the noise does not drag the original
M-PSK constellation point rotated by the channel / beyond the region £ (shaded area), there
will not be any errors in decoding.

—+/SNRr cos 6.

Pr{mrej9+w¢5‘wre=w} _
Q (\/ZSNRrsin9> +Q <VZSNRrsec (3\2) sin (27r — 9) + v2wtan (%\Z))

M
(2.17)
Similarly, for w < —+/SNRr cos 6, we get
Pr {\/SNRreje W ¢ E | Wee = w} ~1. (2.18)

Integrating (2.17) and (2.18) with respect to the pdf of W, which is given by
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fw, (w) = ﬁe_wz, we obtain p (SNR, 1) as (2.19).

p (SNR, h) =
Q <\/ZSNchos 9) + 9 (vZSNRrsin9> -9 (VZSNchos 9) Q <v2SNRrsin9>
2\ . (27m 2n _u?
V2SNRy sec <M) sin (M — 9) +v2wtan (M)) e Y dw.

1 Q0
" ﬁ J—JSNT?’COS@ Q <
(2.19)

For Nakagami-m fading distribution with shape parameter m > 0.5 and spread

parameter O > 0 [85], we can write the pdf of the fading magnitude as fr (r) =

2m™ 2m—1

oy e 4" forr > 0. We set () = 1 in our calculations to make sure that H has

unit-power. We average p (SNR, 1) over the fading distribution and solve the resulting
integral based on Lemma and the fact that 9 lies between 0 and ZM", to obtain
p (SNR) in Theorem O

2.4.2 Centering Property: Impact of Quantization Bits on the Average SEP

In this subsection, we will present an intuitive explanation as to why p (SNR) improves
with the increasing number of quantization bits. In particular, we will observe that one
extra bit, on top of log, M of them, provides a desirable centering property that steers
the received signal away from the error-prone decision boundaries. This intuition will
help to understand the underlying dynamics leading to the ternary behaviour for the
decay exponent of p (SNR) that we establish in the high SNR regime in Section 2.5]

Forie [0: M—1], letx; = ¢ (%7 ~1) be the ith signal point in the constellation
setCand & = {ze C: Arg(x;) — f5 < Arg(z) < Arg (x;) + 55 }. It can be shown (i.e.,
see Appendix [2.9.3) that the regions defined by &;x = exp (7 (k—2""") %) &; for i e
[0: M—1] and k € [0:2" — 1] contains all H;’s to which v/SNRhx; is the closest for
h € Dy, where

Doz{zeczn—zlnsArg(z)<n}U{zeC:—n<Arg(z)<zﬁn—n} (2.20)
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and
Dk:{zec:(2k—1)25n<Arg(z)+n<(zk+1)%}. (2.21)

This means that all the received signal points in &; ; will be detected as x;, and hence
& x can be considered as the region of attraction of x;. This also means that if the received
signal lands in &;  when x; is transmitted, then there will not be any detection errors.

Let us consider an example of QPSK modulation with 2-bit and 3-bit quantization.
Without loss of generality, we will assume that x3 = e/ M is the transmitted signal. Our
analysis will be for two cases of A = {g and A = 18, where A = Arg (h). Table
summarizes these two cases, and Fig. [2.3]illustrates them. In this figure, we show both
the original signal points (indicated by ‘c”) and the rotated ones (indicated by “e’) after
multiplying with v/SNR and 5.

A=f A=
heD, heDy
n=2 i=3k=2]i=3k=4
Eix=& Eix=2E
he 2 h€D4
n=23 i=3k=2|i=3k=5
gk:g Si,kze]%gg,

Table 2.1: Centering property for QPSK modulation with 2-bit and 3-bit quantization. &;  is the
region of attraction of the symbol x; when the quantizer output Q (Y) = k.

For both 2-bit and 3-bit quantization, we observe that 1 € Dy and h € Dy for A = {5
and A = 7%, respectively. Therefore, for 2-bit quantization, the region of attraction for x3
will be &3 for both cases. Here, we can see that the rotated constellation point v/SNRhx;
is very close to the decision boundary when A = 3Z. Hence, there is a high probability
that the received signal v/SNRhx3 + w lands in the adjacent quantization region for
A= %. In this instance, we will have a detection error. However, with the addition of
one bit to the quantizer (i.e. with 3-bit quantization), the region of attraction of x3 will
be e/% &3, and hence the ML detector can correctly decode the transmitted signal even
if the received one lands in the adjacent quantization region. This is illustrated in Fig.

d). Therefore, the addition of one extra bit to the quantizer steers the received signal
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Figure 2.3: An illustration of the centering property for QPSK modulation with 2-bit and
3-bit quantization. Original signal points are indicated by ‘c’, whereas the rotated ones after
multiplication with v/SNR and / are indicated by ‘e’. Quantization region boundaries and the
corresponding bisectors are indicated in solid black lines and green dash lines, respectively.
The shaded area represents the region of attraction of the transmitted symbol x3.

away from the error-prone decision boundaries to improve p (SNR). Similarly, when

the number of bits in the quantizer continues to increase, the quantization regions will

become thinner, and hence the regions of attraction will be better centered around the

received signal points. This is the fundamental phenomenon that explains why the

average SEP improves with a larger number of quantization bits.
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2.5 The Decay Exponent for the Average Symbol Error Proba-
bility

In this section, we will analyze the communication robustness that can be achieved
with low-resolution ADCs by focusing on the decay exponent for p (SNR), which is
given by DVO defined in (2.5). Following the convention in the field, we will call
DVO the diversity order, although there is only a single diversity branch in our system.
It should be noted that Nakagami-m amplitude distribution can be obtained as the
envelope distribution of m independent Rayleigh faded signals for integer values of
m [75]. Hence, visualizing a Nakagami-m wireless channel as a pre-detection analog
square-law diversity combiner will put the results of this section into context. We
devote the rest of the current section to the proof of this important finding. We will first
start with a definition that will simplify the notation below.

Definition 2.1. We say a function f is exponentially equal to SNR? if limsyg .0 lol%é(%ls) =

d for some d € R. We write f (SNR) £ SNRY to indicate exponential equality when-

ever this limit exists. Similarly, we also write f (SNR) < SNRY and f (SNR) S SNRY if

. log f(SNR . log f(SNR .
limsnR_ oo %NR) < d and limgnr_ o % > d, respectively.

The following lemma establishes two important properties for exponential equality.
Lemma 2.2. Let f (SNR) £ SNR? and f; (SNR) £ SNR® for i € [1 : NJ. Then,
(i) Forany a >0, af (SNR) £ SNRY (i.e., invariance with scaling property).
(ii) Zfil fi (SNR) £ SNR¥™x where doay = maxe[1:n) di (i.e., summation property).

Proof: See Appendix O
The next two lemmas establish the decay rates for p; (SNR) and p, (SNR) in Theo-

rem [2.3|in terms of exponential equalities.
Lemma 2.3. For M > 4, p1 (SNR) is exponentially equal to
SNR™2 ifM=4andn =2,

p1(SNR) =< SNR™ ifM =4andn > 2, (2.22)
SNR™ if M > 4 and n > log, M.
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Proof: See Appendix O

Lemma 2.4. For M > 4, p, (SNR) is exponentially equal to

1
SNR™2 ifn = log, M,
P2 (SNR) £ fn = log, (2.23)
SNR™ ifn > log, M.
Proof: See Appendix O

The following lemma establishes lower and upper bounds on SEP in (2.11). We
note that the bounds in Lemma [2.5/hold for all circularly-symmetric fading processes,

including Nakagami-m magnitude pdf as a special case.

Lemma 2.5. For M > 4 and n > log, M, let L(SNR) = p; (SNR) + %pz (SNR) and
U (SNR) = p1 (SNR) + 2p2 (SNR). Then,

L(SNR) < p (SNR) < U (SNR).. (2.24)
Proof: See Appendix O

The upper and lower bounds obtained in Lemma [2.5 are instrumental for us in
providing proof for Theorem In particular, they decay at the same rate as SNR
grows to infinity. Technically speaking, they are exponentially equal to p (SNR) (i.e., see
Definition[2.1), and this exponential equality property enables the derivation of ternary
behaviour for DVO as established in Theorem [2.4] Further, our numerical analysis in
Section2.7]shows that the upper bound U (SNR) becomes also a very tight bound for

p (SNR) for large SNR values in some certain circumstances.

Theorem 2.4. The DVO of a low-resolution ADC based receiver architecture with M-PSK

modulation and Nakagami-m fading is given by

L n=1log, M,
DVO = { 2 82 (2.25)
m n>=log, M+ 1.

Proof: The proof for M > 4 directly follows from Lemmas and
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For BPSK modulation (i.e., M = 2) and n = 1, we have

n—1,,m r3 rm —m
p (SNR) = 2 — JZJ <§N2R sin29+m> dodp
0 Jo

sin” B

n—1,,m % pZ —m
_2 n szz(s'\'f sin29+m> 46dp
T 0o Jo \sin“p

271 Ly z —m
j < sin? 6 + m> dedp (2.26)
Sll’l

By using the change of variables § = 6 — 7 in the second integral term of (2.26), we

have

n— 1
p (SNR) = 2 f J ( sin 0+m> aodp
sin’

2n i f J < NR cos 9+m> d@dﬁ (2.27)
sin® B

This expression is equivalent to p; (SNR) + p2 (SNR) for M = 4 and n = 2. Hence, by

using Lemma 2.2} we can conclude that

log (p (SNR)) 1
SNR o log(SNR) 2 (2.28)
for BPSK modulation with 1-bit quantization and m > 1.

For BPSK modulation with n > log, (M), we have

211y Mt /sin? @ m
SNR (SNR)™ de 2.29
Pl )= f f —Z (sm ﬁ SNR> B ( )

Therefore

M o . 2 —m
log (p (SNR)) = ¢ —mlog (SNR) + log ( f f +ﬂ (S;g;+w";> dedﬁ>,
(2.30)

n—1,, —m
where ¢ = log (2 — ) Define the function gsnr (6, B) = (Sm o 4 SNR) , indexed

sin? B

by SNR. Since it is positive and increases to the limiting function g, (6, B) = (Sinz 9) B

sin? B
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as SNR increases, we can use the monotone convergence theorem [86] to write

Mt (sin?0  om \
o, 108 (f f L <smz/s+ sNR> dedﬁ)
+5 —m
— log (f JM i <sm 9) d@dﬁ).
z sin?

We note that the last integral is finite since g (6, B) is continuous and finite over the

range of integration. Therefore, after observing that the last term in (2.30) converges to

a finite value for each fixed m > %, we get

_log(p(SNR)) _
SNR o0 log (SNR) " (231)

for BPSK modulation with n > log, (M). O

The DVO analysis above helps to discover the first-order effects of the low-resolution
ADC based receivers on the SEP system performance. In particular, we observe that it is
enough to use log, M + 1 bits for quantizing the received signal to extract full diversity,
which is equal to m for Nakagami-m faded wireless channels. Considering the fact
that energy consumption increases exponentially with the number of quantization
bits [11], this finding indicates that a significant energy saving is possible by means of
low-resolution ADC based receivers without any (first order) loss in communication

robustness.

We also observed that the DVO is only equal to 3 when n = log, M. Together with
the universal bound obtained in Theorem the discovered ternary behaviour has
significant implications in terms of how to choose the number of quantization bits for
low-resolution ADC based receivers. In particular, for fading environments with m
close to %, a system designer may decide to trade off reliability for energy consumption,
without having too much degradation in average SEP by using log, M bits. On the
other hand, for fading environments with large m, it is more beneficial to use one extra

bit to have a major improvement in average SEP.
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2.6 Performance Analysis for QPSK modulation

In this section, we conduct performance analysis for QPSK modulation with low-
resolution ADCs by using our results in previous sections. We first present a simplified
version of the average SEP expression in (2.11) for QPSK modulation, and then we

analyze the effect of low-resolution quantization under Rayleigh fading.

2.6.1 Symbol Error Probability for QPSK modulation

Nakagami-m Pading: In the special case of QPSK modulation (i.e., M = 4), the average
SEP expression in can be further simplified to produce

p (SNR) = p1 (SNR) + p2 (SNR) — p3 (SNR),, (2.32)

because tan (3%) = oo for M = 4. By using hypergeometric function »Fy[-] [84], we can
simplify (2.32)) for 2-bit quantization (i.e., M = 4 and n = 2) as

2 (2 1 ~SNR
p(SNR):T[L 2F {2/7’1,1 ]dﬁ

m sin? B

_f J (SNZR —|—m> zFl{ mlz]d,l%d'y,
T Jo Jo \sm”7y

SNR(sin2 B—sin? 7)

where z = SNR-+m sin? y

Rayleigh Fading: For special case of Rayleigh fading, which is obtained by setting
m =1, the expression in (2.32)) can be re-expressed as (2.33).

; 2sin B4/SNR + sin?
p (SNR) J __ sinf arctan ( il . il tan (2:1>) dap

2
v/SNR+sin2 SNR + 2sin” B

n—1
E f j sin? Bsin? 1y —— -arctan (8) dBdy,
(SNR +sin” B) (SNR + sin” 7)

(2.33)

2sin B sin 'y\/(SNR + sin? B)(SNR + sin? )

where ¢ = an( i )
SNR(sin? B + sin® ) + 2 sin® Bsin® ¢ 2n—17"
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Furthermore, for 2-bit quantization with Rayleigh fading (i.e., M = 4, n = 2 and

m = 1), we can obtain p (SNR) in closed form as

p (SNR) = %arctan (x/Sll\I7R> — (711 arctan <\/51|\|7R)>2

This closed-form analytical expression is very easy to compute without resorting to any

numerical integration.

2.6.2 Analysis of Quantization Penalty for QPSK Modulation

By using the Taylor series expansion for high SNR values, we can re-express the average

SEP expressions for QPSK modulation under Rayleigh fading given in (2.33) as (2.34).

2SNR™2 + 0 (SNR™?) n=2
pa(SNRm) =& 27 1 1 (2.34)
;73tan (zﬁl) SNR™ +o0 (SNR_ ) n>=3.

While phase quantization with less number of quantization bits is desirable, due to
less processing complexity at the receiver, it deteriorates the average SEP performance
of the system. In the following, we quantify the increase in the average SEP as a

quantization penalty defined as

¥ (SNR, 1) = 101log <m> , (2.35)

where p4 (SNR, ) is the average SEP with infinite number of quantization bits. Based

on (2.34), we can derive p4 (SNR, ) as

(4 —1 1 _
pA(SNR,oo)—< - >SNR +o(SNR ) (2.36)

where we have used the small-angle approximation tan(x) = x as x — 0. Substituting

(2.34) and (2.36) into (2.35) and doing some mathematical manipulations, we can derive
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the quantization penalty in terms of average SEP with n-bit quantization as (2.37).

1010g ( (425 ) SNR?) + 0 (SNRY) =2

10log (%tan(zﬁln +0(1) n=3.

¥ (SNR, 1) = (2.37)

In Section we use ¥ (SNR, 1) to quantify the increase in average SEP as we

change from infinite-bit to n-bit quantization.

We further notice that, in order to achieve the same average SEP as with n-bit
quantization, we need to transmit the signal using a higher power if we use only
(n — 1)-bit quantization. In the following, we quantify the increase in the transmit

power as another quantization penalty defined by

SNR. (2.38)

NR,—
® (SEP, 1) = 101og (S " 1) ,
where SNR;; and SNR,,_; are the SNR values required to achieve a certain average SEP
with n and n — 1 quantization bits, respectively. Substituting (2.34) into (2.38) and
doing some mathematical manipulations, we can derive the quantization penalty with

n-bit quantization as

_ ! B
® (SEP, 1) = 10log <2(4n71) (SNRz)Z) n=3

(2.39)
10log (3 tan (35) cot (55)) n=4.

In Section[2.7} we use @ (SEP, n) to quantify the required transmit power increase as

we change from n-bit to (n — 1)-bit quantization.

2.7 Numerical Results

In this section, we present analytical and simulated SEP results for M-PSK modulation
with n-bit quantization. Channel fading is unit-power and circularly-symmetric with
Nakagami-m distributed magnitude, and additive noise is complex Gaussian with zero

mean and unit variance.
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2.7.1 Effect of Quantization Bits on System Performance

First, we will investigate the effect of the number of quantization bits on the system
performance and illustrate the accuracy of our analytical results obtained in previous
sections. Fig. plots the average SEP as a function of SNR for QPSK modulation
with n = 2,3,4-bit quantization under Nakagami-m fading with shape parameter
m = 1 and 2. The simulated results are generated using Monte Carlo simulation,
while the analytical results are generated using our expression in (2.11)). As the plot
illustrates, the analytical results accurately follow the simulated results for all cases.
We observe a noteworthy improvement in the average SEP when n changes from 2 to
3-bit quantization for QPSK modulation in both m = 1 and 2. This jump in the average
SEP performance is expected in the light of Theorem [2.4] which states that using one
extra bit, on top of log, M bits, improves the DVO from % to m. We also observe that
the average SEP reduces as we increase 1, but the amount by which it reduces also gets
smaller as we increase n. This can be clearly observed from the zoomed-in section in
Fig. As expected, DVO = m for all n > 3. Furthermore, DVO = ] for any m when
n=2.

10_2 fm=2 X Simulation
Analytical
10 11 12 13 14
10,4 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20
SNR, dB

Figure 2.4: Average SEP curves as a function of SNR for QPSK modulation. n = 2,3,4 and
m=1,2.
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Fig. plots the average SEP as a function of SNR for QPSK, 8-PSK and 16-PSK
modulations schemes while keeping the Nakagami-m shape parameter fixed at m =1,
which is the classical Rayleigh fading scenario. We plot the average SEP for each
modulation scheme by using n = log, M, log, M + 1 and log, M + 2 bits. From the
plots, we can clearly observe that QPSK with 2-bit, 8-PSK with 3-bit and 16-PSK with
4-bit quantization have a DVO of % Further, we can observe that QPSK with 3 or
more bits, 8-PSK with 4 or more bits, 16-PSK with 5 or more bits quantizations have
a DVO of 1, which is equal to m in this case. To further emphasize this point, the
zoomed-in section in Fig. illustrates the asymptotic average SEP versus SNR for
QPSK modulation. As stated in Theorem these numerical observations clearly
indicate the ternary behaviour in the decay exponent for p (SNR) depending on whether

n = log, M +1,n = log, M, or n < log, M.

™
Z
2
= 10 \
QPSK Asymptotes RNANY AN
2 = RN >
102 NS n=2 SN :
S RN
N <~ N
N SO
S.n=3 A
n=4 >d
0 5 10 15 20 25
-3 I I I I
10
0 5 10 15 20 25
SNR, dB

Figure 2.5: Average SEP curves as a function of SNR for different modulation schemes. n =
log, M,log, M +1,log, M +2and m = 1.

In order to illustrate the accuracy of upper and lower bounds on p (SNR), derived
in Lemma 2.5} in Fig. 2.6l we plot the expressions in (2.24), alongside the exact p (SNR)
curve, as a function of SNR for QPSK, 8-PSK and 16-PSK modulations under Rayleigh

fading (i.e., m = 1). This figure clearly shows that U (SNR) becomes a very tight upper
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bound for 8-PSK and 16-PSK in the high SNR regime. The figure also confirms that the
decay exponents of both L (SNR) and U (SNR) are the same as that of the p (SNR).

p(SNR) — — — U(SNR) L(SNR) — — —Ug(SNR)
10°

8-PSK 16-PSK

n=4

~
N\ N

0 10 20 0 10 20 0 10 20
SNR, dB SNR, dB SNR, dB

Figure 2.6: Upper and lower bounds on p (SNR) as a function of SNR for QPSK, 8-PSK and
16-PSK modulations. n = 2,3,4,5 and m = 1.

Next, in Fig. we plot the simulated average SEP curves as a function of SNR
for 8-PSK modulation with 2-bit quantization and 16-PSK modulation with 2 and 3-bit
quantization. We consider equiprobable transmitted symbols and Nakagami-m fading
channel model with m = 0.5,1 and 2. The simulated results are again generated by
using Monte Carlo simulations. We can clearly observe an error floor for high SNR
values when 1 < log, M, as established by Theorem 2.1} In particular, the average SEP
for 8-PSK has a lower bound of 0.5 with 2-bit quantization. Similarly, the average SEP
for 16-PSK has a lower bound of 0.75 with 2-bit quantization and a lower bound of 0.5
with 3-bit quantization. It should be noted that the error floor given in Theorem 2.1]is
more conservative than those observed in Fig. This is because it is a universal lower
bound that holds for all modulation schemes, quantizer types and fading environments,
not only for very specific ones used to plot average SEP curves in Fig.

Fig. [2.8]illustrates the quantization penalty and plots the asymptotic average SEP

curves as a function of SNR for QPSK modulation with n = 2, 3, 4 and o under
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0.85 ‘
16-PSK with n = 2

0.8 m=0.5,1,2
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0.5

0 5 10 15 20 25
SNR, dB

Figure 2.7: Average SEP as a function of SNR for 8-PSK and 16-PSK modulations. n = 2 <
log, Mand m = 0.5,1 and 2.

Rayleigh fading. The asymptotic plots are generated by using the expressions in (2.34).
We observe that a DVO of half is achieved with 2-bit quantization, and the full DVO of
one is achieved with n > 2. When the SNR is fixed at 18 dB, we observe a quantization
penalty of ¥ (18 dB, 2) ~ 6.35 dB as we change from n = 2 to w, i.e., we get a 5-fold
increase in the average SEP as we change from n = 2 to co. When the average SEP is
fixed at 0.015, we observe a quantization penalty of ® (0.015,4) ~ 0.8 dB as we change
from n = 3 to 4, i.e., to achieve an average SEP of 0.015 with 4-bit quantization, we

need 0.8 dB more transmit power than what is required with 3-bit quantization.

2.7.2 Comparison with Independent I and Q Quantization

In this part, we will compare and contrast the system performance results obtained by
using M-PSK modulation with the commonly adopted approach using independent I
and Q channel quantization. To this end, Fig. [2.9 provides performance comparison
curves for Rayleigh fading and QPSK modulation. We set the number of quantization

bits to n = 2,3,4 and 6 by numerically optimizing the quantization regions for inde-
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Figure 2.8: Quantization penalty for QPSK modulation and the asymptotic average SEP curves.
n=2340andatm = 1.

pendent I and Q quantization. In order to cover all possibilities in the latter case, we
also consider, in addition to the identical bit allocation strategy, unbalanced allocation
of quantization bits to the I and Q arms.

For n = 2, 2-bit phase quantization SEP performance coincides with that of using
1-bit quantization on each of the I and Q arms. The reason for this behaviour is that
the optimized quantization regions coincide with the phase quantization regions, as
introduced in Section in the form of convex cones in C. When n = 3, the 3-bit
phase quantization clearly outperforms independent I and Q quantization with 2 bits
on the I arm and 1 bit on the Q arm (and with optimized quantization regions). When
n = 4, perhaps more interestingly, we observe that independent I and Q quantization
with optimized quantization regions for 2 bits on both arms performs very similarly to
the 3-bit phase quantization. Hence, for this particular allocation of quantization bits
to the I and Q arms, the phase quantization approach introduced in this chapter has
the advantage of saving one quantization bit when compared to the commonly used

independent I and Q quantization.

To test the robustness of our observations above, we have also obtained the SEP
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Figure 2.9: Average SEP as a function of SNR for QPSK modulation with phase quantization
and separate I and Q quantization, m = 1.

curves for the 6-bit independent I and Q quantization, with 3 bits on each of the I
and Q arms. Our results indicate that the SEP performance for 6-bit independent
I and Q quantization is similar to 4-bit phase quantization. Surprisingly, we need
two more additional bits in the case of independent I and Q quantization in order
to match the SEP performance attained by 4-bit phase quantization. Similar results
with an increased performance gap continue to hold with the unbalanced allocation
of bits on the I and Q arms. While these results provide some initial insights into the
bit-advantage of using phase quantization over independent I and Q quantization,
a more thorough investigation is required to obtain general proofs establishing this

phenomenon rigorously.

2.7.3 Effect of Channel Estimation Errors on DVO

In this part, we provide a robustness analysis for our analytical results under chan-
nel estimation errors. As we discussed above, we have assumed the availability

of full-precision CSI at the receiver to derive the DVO results given in Theorem
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This assumption was motivated by the previous work establishing the feasibility of
accurate channel estimation by means of carefully designed training sequences for
low-resolution ADC receivers as well as by the availability of mixed-ADC architectures.
Below, we will focus on Rayleigh fading (m = 1) and QPSK (M = 4) modulation but
our conclusions continue to hold more generally.

In order to model channel estimation errors in the numerical study below, we first
recall that our ML detector in Theorem [2.2|only requires the knowledge of the channel
phase to determine the most likely transmitted symbol. Hence, we can model the
channel estimation problem as that of estimating the phase information of H EI For the
purpose of analyzing the effect of channel estimation errors on the SEP performance,
this shows that the channel estimation errors due to low-resolution quantization can
be modelled as bounded uniform random variables with the MMSE estimator being
the mid-point of the quantization regions (i.e., H has a circularly symmetric distribu-
tion). Hence, Figs. and are generated based on the assumption of bounded
uniform channel estimation errors, with a span of Zz—f when b bits are used for channel
estimation ]

A salient feature arising from the SEP curves presented in Figs. and is
that the derived fundamental ternary behaviour for the decay exponent of p(SNR) in
Theorem 2.4]stays the same if 1 + 1 bits are used during the channel estimation stage.
We recall that 7 is the number of bits used for data decoding. Moreover, the performance
difference between using n and n + 1 bits for channel estimation becomes negligibly
small as 7 increases. We note that the use of a different number of bits for data decoding
and channel estimation is possible by employing mixed-ADC receiver architectures
commonly used in the literature [71]. Furthermore, the same effect to improve channel
estimation accuracy can be achieved by using carefully designed training sequences to
perform a bisection search in [—7t, 71) during the channel estimation stage.

The robustness of our results against channel estimation errors in Figs. and

4In addition to assisting in modeling channel estimation errors, this is also practically an important
observation since it signifies that the same phase quantizer in a mixed-ADC architecture can be used for
both channel estimation and data decoding by only dynamically changing the number of quantization
bits.

5Here, we ignore the channel noise to focus on channel estimation errors due to quantization noise
only.
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Figure 2.10: Average SEP as a function of SNR for QPSK modulation with 4-bit quantization
and imperfect CSI, m = 1, b is the number of quantization bits used for channel estimation.
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quantization bits used for channel estimation.
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R2.1T)arise from the following two key properties of the approach employed in the paper.
The first property leading to the observed robustness behaviour is the fact that the
optimum ML detector we obtained in Theorem [2.2)is only dependent on the channel
phase information. The second one is the centering property achieved by the number
of quantization bits steering the received symbols away from the decision boundaries
and leading to the observed ternary behaviour for the decay exponent of p(SNR) with
full-precision CSI, as explained in Section in detail. The same effect continues to
hold for the channel estimation, with one more additional bit providing the required
accuracy in channel phase estimation and thereby preventing the bounded channel
phase estimation errors from causing the received symbols to flip over the adjacent

quantization regions.

2.8 Conclusions and Future Generalizations

In this chapter, we performed a theoretical analysis of a low-resolution based ADC
communication system and obtained fundamental performance limits, optimum ML
detectors and a general analytical expression for the average SEP for M-PSK modula-
tion with n-bit quantization. These results were further investigated for Nakagami-m
fading model in detail. We conducted an asymptotic analysis to show that the decay
exponent for the average SEP is the same and equal to m with infinite-bit and n-bit
quantizers for n > log, M + 1. We also performed an extensive numerical study to illus-
trate the accuracy of the derived analytical expressions, comparison with independent
I'and Q channel quantization and robustness under channel estimation errors.

In most parts of the chapter, we have focused on phase modulated communications.
Phase modulation has an important and practical layering feature enabling the quan-
tizer and detector design separation in low-resolution ADC communications. For a
given number of bits, the quantizer needs to be designed only once and can be kept
constant for all channel realizations. The detector can be implemented digitally as a
table look-up procedure using channel knowledge and quantizer output. On the other

hand, this feature is lost in joint phase and amplitude modulation schemes such as
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QAM. The quantizer needs to be dynamically updated for each channel realization in
low-resolution ADC based QAM systems. This is because the fading channel amplitude
may vary over a wide range, but the phase always varies over [—7,7r). However,
phase modulation is historically known to be optimum only up to modulation order 16
under peak power limitations [87]. Hence, it is a notable future research direction to
extend the results of this chapter to higher order phase and amplitude modulations by
taking practical design considerations into account.

A major result of this chapter is the discovery of a ternary SEP behaviour, indi-
cating the sufficiency of log, M + 1 bits for achieving asymptotically optimum M-ary
communication reliability. Hence, without modifying the conventional RF chain, we
can use one extra bit and still achieve asymptotically optimum communication per-
formance. Another important future research direction is to compare and contrast the
backwards-compatible receiver design approach of using one extra bit proposed in
this chapter with other approaches that can potentially modify the conventional RF
chain and manipulate the received signals in the waveform domain by introducing
extra analog components. This study needs to be done in detail by considering the
accuracy and agility of analog domain operations, the energy consumption of analog
and digital circuit components, different modulation schemes and the average SEP
performance curves resulting from different low-resolution ADC based receiver archi-
tectures. Similarly, utilizing the results of this chapter, a further detailed study on the
receiver architecture design to determine where to place the diversity combiner (before
or after quantizer or detector) and its type is needed when multiple diversity branches

are available for data reception.

2.9 Appendix

2.9.1 Proof of Theorem

Let us consider a class of hypothetical genie-aided detectors g : C* x [0:2"71] —
[0 : M — 1] that has the knowledge of channel noise W € C, fading coefficient H € C and
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quantizer output Q (Y) € [0: 2"71]. We also let Sy, ;1 = {x €C:+/SNRhx +we Rk}
be the set of transmitted signal points resulting in Q(Y') = k for particular realizations
of H=hand W = w. We first observe that since n < log, M, there exists at least one
quantization region R; (depending on w and h) such that S, r contains at least u
signal points. We note that 2 is always an integer greater than or equal to 2 since M is
assumed to be an integer power of 2. Then, the conditional SEP of any detector g given
W = w and H = h, which we will denote by p, (SNR, 1, w), can be lower-bounded as

(2.40).

Pg (SNR, 1, w) = Prmin 2 Pr{g(h,w,f();éxi’W=w,H=h,X:xl-}

xiesw,h,fc

= — Pmin, (240)

By averaging with respect to w and /, we have pg (SNR) = Y=22p .. where p, (SNR)
is the average SEP corresponding to detector g. This concludes the proof since the
obtained lower bound does not depend on the choice of modulation scheme, quantizer
structure and detector rule, and hence holds for detectors not utilizing the knowledge

of W for any choice of modulation scheme and quantizer structure.

2.9.2 Proof of Theorem

To prove Theorem we will first obtain the following result.

Lemma 2.6. Let R be a convex cone given by R = {z € C : a1 < Arg(z) < ap} for wq, a0 €
[—7t, ), and Wy ~ CN (p1,1) and Wy ~ CN (12, 1) be proper complex Gaussian random
variables with means satisfying |u1| = |u2| = r for some r > 0. Then, Pr{W; e R} >

Pr{Ws e R} if |41 — Zmid| < |p2 — Zmid|, where zpyiq = rel 72

Proof: It is enough to show this result only for a; = —a; = a. Otherwise, we
) +a
can first rotate Wy, W, and R with e™/ 22 and repeat the same calculations below.

Let g (1;) = Pr{W; e R} fori = 1,2, and assume |}1 — Zmid| < |42 — Zmid|- There are
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multiple cases in which the inequality |1 — zmid| < |p2 — Zmid| holds, which we will
analyze one-by-one below.
First, we will consider the case in which both y; and p; lie outside R°, where R°

is the set of interior points of R. This is the case shown in Fig. To start with, we

Imf
i reflection of pe when Arg (u2) < 0
pi2 for Arg (p2) >0

|/1'2 — Zmid

o for Arg (p2) < 0

Figure 2.12: An illustration for the proof of Lemmawhen 11 and iy lie outside R°. |p1| =
2l =71, |11 — Zmia| < [p2 — Zmia| and @z = —a1 = a.

will assume 0 < Arg (p1) < Arg (y2) < 7. Then, for any y € R, the angle between the
line segments Lo, and Loy, is smaller than the one between the line segments Lo, and
Eomﬂ Hence, applying the cosine rule for the triangle formed by O, y and 1, and for
the triangle formed by O, y and 5, it can be seen that |y — y1| < |y — 2| forally € RE]
Therefore, g (1) = + §zexp (— y - m!2) dy > 7 fpexp (— y - ﬂz!2) dy = g(p2).
Next, we assume Arg (y2) € [—7,0) and 0 < Arg (p1) < |Arg (2)| < 7. Let W be the
auxiliary random variable distributed according to CN (ji, 1) with ji = re/ |Arg(i2)l e,

fi is the reflection of p; around the real line. Symmetry around the real line implies that

6The line segment L, ,, between the points z; € C and z; € C is defined as L;,, =
{1 —=1t)zy +tzp : t€[0,1]}.

7This statement is correct even when both y and y lies on the boundary of R and the triangle formed
by O,y and p; reduces to a line segment.
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g (u2) isequal to g (ji) = Pr {W € R}, which is less than g (y1) due to our arguments
above. For Arg (1) € [—,0), the same analysis still holds after reflecting 31 around
the real line, leading to g (y1) > g (p2) for all pq, pp ¢ R° satisfying |p1 — zZmiq| <
M2 = Zmid-

Second, we consider the case where 1 € R° but pp ¢ R°. This is the case shown in

Fig. It is enough to establish the desired result only for 0 < Arg (1) < Arg (112) <

‘ M1 — Zmid |

Zmid o R

€

Ro

Figure 2.13: An illustration for the proof of Lemmawhen p1 € R°and pp ¢ R°. |p1| =
2l =7, |41 — zZmid| < [p2 — Zmia| and ap = —a1 = a.

7t. When yq or yz has a negative phase angle, the same analysis below still holds after
reflecting the mean with negative phase around the real line. Let W be the auxiliary
random variable distributed according to CN (i, 1) with ji = re/*, i.e., ji is located at the
upper boundary of R. Our analysis in the first case shows that g (fi) = Pr {W € R} >
g (u2) since both ji and py are outside R° and 0 < Arg (ji) < Arg(yu2) < 7. We
next divide R into two disjoint regions: Rq = {z€ C: Arg(y1) < Arg(z) < a} and
Ry ={zeC:—a < Arg(z) <Arg(p1)}. Then, we have Pr {W € Rl} = Pr{W; € R}
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due to symmetry around the line bisecting R1 and Pr {W e R } Pr{Wj € Ry} since
ly — 1| < |y —jfi| for ally € Ry. Hence, g (1) > g(fi) = g (y2). This establishes the
desired results for all y; € R°, yo ¢ R° satisfying |1 — zmid| < |p2 — Zmid|-

Finally, we will consider the third case where both 1 and y; lie inside R°. This is

the case shown in Fig. Similar to the first two cases, it is enough to focus only on

/Hlld’

Re

Figure 2.14: An illustration for the proof of Lemma when u1 and pp lie inside R°. |pq| =
|V2| =7, ‘.ul _Zmid‘ < |ﬂ2 _Zmid| and ap = —a = a.

0 < Arg (1) < Arg (u2) < a. We divide R into four disjoint regions given by

Ri1={zeC:Arg(n2) <Arg(z) <a}
Ro={zeC:Arg(m) < Arg(z) < Arg (p2)}
R3 ={zeC:Arg (1) +Arg (i2) —a < Arg (z) < Arg (j1)}

Ry={zeC:—a <Arg(z) <Arg (1) + Arg (42) — a}

Using the symmetry in the problem, we have Pr {W; € R} = Pr{W, € R3}, Pr{W; € Ry} =
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Pr{W, € Ry} and Pr{W; € R3} = Pr{W, € R1}. On the other hand, Pr{W; € R4} >
Pr{W, € R4} since |y — u1| < |y — p2| for all y € R4. Hence, g (1) > g (112) when both
u1 and po lie inside R°, which completes the proof. O

Now, we will utilize Lemma to prove Theorem For Q (Y) = k, the ML

detector given in (2.7) reduces to finding a signal point in C maximizing the probability

Pr {\/SNith +We Rk}, ie.,

% (k, h) € arg max Pr{vSNth +We Rk}.

xeC

By Lemma % (k, h) is the signal point in C such that h£ (k, 1) is closest to z; =
re/ (%kﬂ%), where v = |h|. Further, £ (k,h) is unique with probability one due to
the continuity assumption of the fading distribution. Consider now the semi-circle
S = {zeC:z|} such that |z| = rand (Fk+ £ — %) < Arg(z) < (Fk+ £ + %)
centered around z; and having Hy as its bisector. The semi-circle § is illustrated in
Fig[2.15 Let x* € argmin dist (hx, Hy). For the M-PSK modulation scheme (M > 2)

xeC
with regularly spaced signal points on the unit circle, we always have hx* € S and

h%(k,h) € S. Take now another signal point x € C different than x* and satisfying
hx € S. Consider the triangle formed by 0, zx and hx*, and the one formed by 0, z; and
hx. We first observe that the area of the first triangle is smaller than the area of the
second one since they share the line segment Lo, as their common base but the height
of the first one dist (hx*, Hj) corresponding to this base is smaller than the height of the
second one dist (hx, Hj) corresponding to the same base. This is also illustrated in Fig.
This observation, in turn, implies |hx* — zx| < |hx — z;| because the remaining
side lengths of both triangles are equal to . Since this is correct for any x € C satisfying

hx € S, we conclude that x* is unique and equal to x* = %(k, h).

2.9.3 Proof of Lemma

The proof of Lemma 2.1]is based on an application of the law of total probability [88].
To this end, we consider a partition {Dk}i:)l of C, where each element of this partition

isgivenby Dy = {zeC: (2k—1) L <Arg(z)+m < (2k+1) %} fork e [1:2"—1],
& y 2 2
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y<mpU{zeC:—m<Arg(z) < § —m}. Letx; =

and Dy = {zeC:m— L <Arg(z
(7 1) be the ith s1gna1 point in the constellation set C for i € [0 : M — 1]. Then, we

can express p (SNR) according to (2.41).

M— _
Z Z jPr{xl;«éx( (Y),h)|H = h, X = x;} fy (h)dh.  (2.41)

Dk

We will show that all the terms in ( are equal to each other. Next, we define
£} fori e [0: M—1]. Note that &

p (SNR)

E = {zeC:Arg(x;) — & < Arg(z) < Arg (x;) +
contains all Hy’s (i.e., bisectors of quantization regions) to which x; is the closest

signal point since x;’s are uniformly spaced on the unit circle in C. Furthermore,

this statement continues to be true for v/SNRhx; as long as Arg (h) € [—3%, 3%) since
. Notice that Arg (h) €

[ T 3—”) , the region

the angular spacing between #;’s is uniform and equal to 22
ons n

|- 75, #%) if and only if i € Dy,—1. On the other hand, if Arg (h)
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el%gé’i = {e]%gz € C:Arg(x;) — 17 < Arg(z) < Arg(x;) + ﬁ} contains all H;’s to which
V/SNRhzx; is the closest. Notice also that Arg (h) € [, g—f) if and only if h € Dyu-14.
Similarly, e/ 5 & contains all H;’s to which v/SNRAx; is closest if Arg (hye [-35, -2,
and Arg (h) € [— gif, —7) if and only if i € Dy,-1_;. The same idea extends to any D,

and we define

ix = exp <] (k - 1) ?;f > &, (2.42)

forie [0: M—1]and k € [0: 2" —1]. We will use the sets defined in (2.42) to show
that all the terms in (2.41) are equal.

To complete the proof, we let p; , = SDk Pri{x; #2(Q(Y),h)|H="hX=x;} fu(h)dh
forie[0: M —1]and k € [0:2" — 1]. We also define

2i 2
A (&-1) 0 = — (k—Z”‘l) Zl and 0; = 0/ + 0!

fori € [0: M—1] and k € [0:2" —1]. We first observe that e/%+&;; = & y since
multiplication with e/% rotates the ith signal point to x M and multiplication with e/%
removes the effect of partition selection for h. Secondly, we observe that when h € Dy,
the event {x; # £ (Q(Y),h)} is equivalent to {Y ¢ &;} since & contains all bisectors
to which v/SNRhx; is closest for this range of h values. Hence, the following chain of

equalities hold:

ij Pr \/SNthi+W¢8i,k}fH (h) dh
Dy

J Pr W¢51k—\/SThxl}fH()
Dy

| pe{emew g ety — e VENRRx:} fis () d
Dy
QJ Pri{W ¢ &y — VSNRe hxy | fi () d,

Dy

where (a) follows from the independence of W, H and X, and (b) follows from above
observations and the circular symmetry property of W. Let us now define z = e/%h

in (2.43). Since multiplication with a unit magnitude complex number is a unitary
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transformation (i.e., rotation) over the complex plane, we have

Pik = J Pr {W ¢ Ey — mdgi'hx%} fu (h) dh
Dy
j— _ _]6//
_ L%k Pr{W ¢ €y — VSNRzxy | fir (e7%2) dz

(i)f Pr{W¢5M_ SNszM}fH(Z)dZ
Dn 1 ’ i

on—

®) f Pr{VSNRzxy + W ¢ Eypu s} fir (2)dz
D ’ "

on—1

—
~

L puyin, (2.43)

where (a), (b) and (c) follow from the circular symmetry of H [89,90] and the corre-
sponding definitions for Dy, & and p;x fori e [0: M —1] and k € [0:2" —1]. This
shows p (SNR) = 2"p y v For a circularly-symmetric pdf fy (h), it is well-known
that 7fy (rcos A, rsinA) = % fr (r) [91]. Switching to polar coordinates, and using the

identities 7 f (rcos A, rsinA) = %fR (r), Xy = e/ and S%,zn,l = &£, we have

7T

p(SNR) = 2! Jz foo Pr{\/sTRref(%”Mww}fR (r) drdA.
5o

By using the change of variables 6 = {7 + A, we conclude the proof.

2.9.4 Proof of Lemma

The proof of part (i) follows immediately from Definition 2.1}

log («f (SNR)) lim log « m log f (SNR)

SNRow  logSNR  SNRow log SNR T SNR D logSNR
=d;.

For the proof of part (ii), given any € > 0, let ¢ > 0 be such that

SNR%~€ < f; (SNR) < SNR%+€ (2.44)
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forall SNR > cand i € [1: N]. Let i’ = argmaxie[i.ny d;- Then, as SNR — o0, we can

write

N N
log <Z fi (SNR)) < log (Z SNRdf+€>
i=1

i=1

N

= log SNR#+€ 1 Jog [ 1+ ) SNR#fmax
i=1
i#i!

= (dmax + €)logSNR+0 (1),

which implies Zfi 1 fi (SNR) < dmax + €. Since € > 0 is arbitrary, we conclude that
Zfi 1 fi (SNR) < dmax- The other direction Zf\i 1 fi (SNR) s dmax follows from the same

arguments, which completes the proof.

2.9.5 Proof of Lemma

We start with the case M = 4 and n = 2, and obtain upper and lower bounds on
p1 (SNR) that will lead to the same exponential equality. For the upper bound, we write
p1 (SNR) as

2m™ (2 (2 ( SNR "
;91(SNR)—7TZJ0 Jo< Z,BCOS 9+m> dodp

sin

mm (2 2 —m
< — (SNRcos® 0 +m) " de.
0

Let 6* (SNR) be such that cos (6* (SNR)) = SNR™2. Then, 6* (SNR) = arccos (SNR’%> =
57— SNR™2 — o (SNR_%) as SNR — o0. Using the fact that the line 1 — 26 is a lower

bound for cos 6 for 6 € [0, 5], we have

m™ (0*(SNR) ) m m" (2 ) —m
p1 (SNR) < — (SNRcos® 0 +m) — df + — (SNRcos* 0+ m) — db
T Jo 7T Jo*(SNR)

m 6* (SNR) 7 —2m 1
< mSNR"”f <1 - 9) 46+ ~SNR™2 (140 (1))
T 0 T T
m 1—20*(SNR)
- —mzst—mf w2y + %SNR‘% (1+0(1))
1
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Hence, we have (2.45)

SNR™20 (log SNR)  if m =
p1 (SNR) = (2.45)

SNR™20 (1) if m >

Nl—= N=

for large values of SNR. Equation (2.45) shows that p; (SNR) < SNR™2 for all m > :

when M = 4 and n = 2. For the other direction, we obtain a lower bound on p; (SNR)

as (2.46)).

p1 (SNR) = 2% Jz fz (sin B)*™ (SNRcos? 6 + msin® B) " dodp
0 Jo

2m™

> 5 : (sin B)*" dp JZ (SNRcos?6 +m) " df (2.46)
0 0

We observe that So (sin B)*" dp = % form > —% and let ¢ = 1"’5 rr(( 1)). We

first consider the case m = j. Then, as SNR — o0, we have

E

1
p1 (SNR) = ¢SNR™ 2J (cos?0+1) 2do
0

— SNR™2Q(1). (2.47)

For m > %, we define 6* (SNR) as above and lower bound p; (SNR) for large values

of SNR as

3 m \-m
SNR) > ¢SNR™ ’”f cos? 0 + —— do
P1(SNR) > 9*(SNR)< SNR)

2 1 m\ "
> —m ) e
> eSNR L*(SNR) <SNR + SNR)
= SNR™2¢(1+m) ™™ (1+0(1))
— SNR2Q)(1). (2.48)

Using (2.47) and (2.48), we conclude that p; (SNR) S SNR™? for all m > % when
M =4 and n = 2. Since p; (SN R) also satisfies p1 (SNR) < SNR™? in this case, we have
p1 (SNR) © SNR™2 form > M 4and n = 2.
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Next, we consider M = 4 and n > 2. In this case, we write p; (SNR) as

2=y 2 (ita fcos?® om \ "
NR) = NR™" — + = dodp. 2.4
p1SNR) = —75—5 Jo J <sin2/3 * SNR) p 2D

4 on

Let gsnr (0, 8) = <c0329 + #) " be a collection of functions indexed by SNR. These

sin? B

) L S 4
functions increase to g (6, B) = (C059> " as SNR — . Further, {7 S%fﬁ Qo0 (6, B)dodp <
om

sin B

o0. Hence, as SNR — o0, we conclude that
p1 (SNR) = SNR™"@ (1) (2.50)

by using the monotone convergence theorem [86], which implies p; (SNR) = SNR™™.

The proof for M > 4 and n > log, M is similar, and we omit it to avoid repetition.

2.9.6 Proof of Lemma 2.4

For M = 4 and n = 2, p (SNR) = p; (SNR), and hence the proof of p, (SNR) = SNR™2
in this case directly follows from Lemma For M > 4 and n > log, M, a similar
argument using the monotone convergence theorem as in the proof of Lemma
readily shows that p, (SNR) = SNR™" for all m > 3. Therefore, we will only focus on

the case M > 4 and n = log, M to complete the proof of Lemma

For M > 4 and n = log, M, we will obtain upper and lower bounds on p; (SNR)

leading to the same exponential equality. For the upper bound, we have

n—1,,m T p2
222 [
Pz( ) 2 o Jo

n—1l,m r5 r3 —m
<Zn JZ JZ < >Nk sin29+m> dodp
T 0o Jo \sin“p

—m

sNzR sin? 6 + m) daedp
sin” B

2 SNR"2, (2.51)

where the last equality follows from the fact that p, (SNR) = SN R™z for M = 4 and
n =2 and Lemma[2.2l
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2 m 1
For the lower bound, we have (2.52) where ¢ = znn# 1;((1:13)) .

anlmm

772

T2t
p2 (SNR) = Jz JM (sin §)*" (SNRsin? 6 + msin? B) " dfdp
o Jo

2

> cSNR_’”JM

0 (sin2 o+ ﬂ) ) (2.52)

SNR

Let 6* (SNR) be such that sin (6* (SNR)) = SNR™2. Then, 6* (SNR) = arcsin <SNR_%> =
SNR*% +o0 (SNR*%> as SNR — o0. Hence, as SNR — o0, we have

6* (SNR)

“m ) m o\~
1> (SNR) > cSNR fo (sin0 + ) do
. 9*(SNR) 1 m —m
— SNR™2Q) (1), (2.53)

which implies p, (SNR) = SNR2. Since p2 (SNR) also satisfies p> (SNR) < SNR™? in
this case, we have p, (SNR) £ SNR™2 for m P %, M > 4 and n = log, M.

2.9.7 Proof of Lemma

We will prove this lemma for general circularly-symmetric fading processes. To this
end, let H = Re/© be the circularly-symmetric fading coefficient with the joint phase
and magnitude pdf fre (r,0) = 5 fr () for 6 € [—7, ) and r > 0. In the proof of
Theorem [2.3, we obtained the expression p (SNR, i) with i = re/? given by (2.54).

p(SNR,h) = Q (\/mr cos 9> + 9 (\/mr sin@)
-Q (\/ZSWV cos 9) Q (\/ZSWr sin 9)

+ — O (V2SNRrsec [ == )sin [ == —0 | +v2tan [ == ) w | e ™ dw.
\/E —+/SNRr cos 0 M M M

(2.54)

Below, we will always use re/’ as the polar coordinate representation of 4, i.e.,

r = |h| and 8 = Arg(h). Integrating 2"p (SNR, h) with respect to fre (7,0) for 6 €
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[ — 7% % + 7) and r > 0, and using the Nakagami-m pdf for fz(r) together with

Craig’s formula, we obtained the resulting p (SNR) expression in Theorem 2.3] Here,

we will not assume any specific functional form for fr(r).

We start with obtaining the lower bound L (SNR) on p (SNR). Let

p1(SNR, 1) = O (\/ZSNRr cos 9)
p2 (SNR, 1) = Q (\/ZSNRr sin 9)
=Q

ps (SNR, h) (\/ZSWY cos 9) Q (\/ZSWr sin 9)

and p4 (SNR, h) be the last integral term in (2.54). For i € [1 : 4], p; (SNR) is defined to
be the integral of 2"p; (SNR, h) with respect to fre (r,0) for 0 € [ — &, &% + %) and
r > 0. For the given integration range, p3 (SNR, 1) < 1p> (SNR, h) since the argument

of the O-function is always positive. Hence, we have

p (SNR, k) = p1 (SNR, h) + p2 (SNR, i) — p3 (SNR, h)

> p1 (SNR, 71) + %pQ (SNR, h). (2.55)

After scaling with 2" and integrating (2.55) with respect to fr ¢ (7,6) over the above

integration range, we have

1
p(SNR) = p1 (SNR) + 2 p2 (SNR)

= L(SNR). (2.56)

Next, we establish that U (SNR) = p; (SNR) + 2p, (SNR) is an upper bound on p (SNR).
To this end, we will show that ps (SNR) < p2 (SNR) for all M > 4. For M = 4, this is
trivial since p4 (SNR, ) = 0 < p2 (SNR, h). For M > 4, we define

1 (® 2
ps (SNR, h) = \/EJ Q(p)e “duw,

where ¢ = v2SNRrsec (2£) sin (2F — 6) + v2wtan (2F). We also define ps5 (SNR) to
be the integral of 2" p5 (SNR, 1) with respect to fre (r,0) for 0 € [ — 5, 7% + 55) and
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r=0.

We observe that ps (SNR) < p5 (SNR) since the integrands are always positive and
the integral with respect to w is over the whole real line for ps (SNR, ). Thus, it will
be enough to show p; (SNR) = ps5 (SNR) to conclude the proof. For SNR = 0, this
can be verified by using the identity Q(x) = 1 — Q(—x). To prove the equality for
all SNR > 0, we define the function f (SNR) = p2 (SNR) — p5 (SNR). It is enough to
show that the derivative of f (SNR), which we represent by f’ (SNR), is equal to zero
everywhere in order to show p; (SNR) = p5 (SNR). This is because if f' (SNR) is equal
to zero for all SNR > 0, then f (SNR) must be a constant function. Since f (0) = 0, we
have f (SNR) = p2 (SNR) — p5 (SNR) = 0 for all SNR > 0. We devote the rest of the
proof to showing that f' (SNR) = 0 for all SNR > 0

Using the definition of the Q-function, the derivative of p, (SNR) with respect to

SNR, which we represent by p5, (SNR), is given by

5 (SNR) =

21 JW f"o Ap2 (SNR, €)1 1
- 1cnob JR

0 dSNR

N

T

oM

i S

T

A 1JM+2" JOO —rsin6
T Jr_z Jo 2+/71SNR

2

e—SNRV2 sin? efR (r)drdf)

=

Similarly, pz (SNR) can be written as

on=1 (fitd (% dps (SNR, rel®)
/
pL (SNR) = ff e e fx(r)drde
2"1 W0 —A0)
= r)drdo, 2.57
ff S 1(,0) ful)ir 2.57)

2
where A (r,0) = rsec (3F)sin (35 —6), I (r,0) = §* e_(w2+(A(r’9) VSNR+Bw) )dw and
B = tan (3Z). After completing the term in the exponent in I (r,6) to square and using
the affinity of the resulting expression to a Gaussian pdf, I (r,8) can be shown to be

equal to

I(r,0) = /7t cos (%\Z) e~ SNRr?sin® (57 —6) (2.58)
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Using (2.58) in (2.57)), we have

27

n=1 rf+ar O _pgin (2Z — 9 ) .
pL (SNR) — 2 f n f rein (5 —0) o -snreoin (3 - ) fo(r)drde.  (2.59)

&l

s
2

=

i 2
Change of variables u = 3 —

f"(SNR) = 0 as desired.

0 2+4/7tSNR

6 in (2.59) shows that p5 (SNR) = p% (SNR), and hence



Chapter 3

Low-Resolution Quantization with
Non-coherent Detection

This chapter studies optimum detectors and error rate analysis for wireless systems with low-
resolution quantizers in the presence of fading and noise. In the case of DQPSK, the ML detector is
derived with and without the CSI at the receiver. Utilizing the structure of the derived detector, a
general average SEP expression for DQPSK modulation with n-bit quantization is obtained when
the wireless channel is subject to Rayleigh fading. It is shown that a transceiver architecture with
n-bit quantization is asymptotically optimum in terms of communication reliability if n > 4
when there is no channel knowledge available at the receiver. That is, the decay exponent for the
average SEP is the same and equal to 1 with infinite-bit and n-bit quantizers for n > 4. On the
other hand, it is only equal to % and 0 for n = 2,3 and n < 2, respectively. On the other hand,
it is shown that a transceiver architecture with n-bit quantization is asymptotically optimum
in terms of communication reliability if n > 3 when the channel knowledge is available at the
receiver. That is, the decay exponent for the average SEP is the same and equal to 1 with infinite-bit
and n-bit quantizers for n = 3. On the other hand, it is only equal to % and O for n = 2 and
n < 2, respectively. Therefore, when the channel knowledge is not available at the receiver, the
quantizer has to use one additional bit to achieve optimum communication robustness. An extensive

simulation study is performed to illustrate the accuracy of the derived results.

3.1 Introduction

3.1.1 Background and Motivation

All the coherent detectors that we discussed in Section require CSI to be available at
the receiver. However, due to the non-linear nature of quantization, channel estimation

has become one of the major challenges associated with low-resolution quantization

71
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based communication systems. As presented in Section[I.2.2} researchers have focused
on several approaches to estimate CSI as accurate as possible with low-resolution
ADCs.

In this work, we take a different approach to handle this challenge by adopting non-
coherent data detection. More specifically, we adopt the DQPSK modulation method to
differentially encode the transmit data and at the receiver side, employ non-coherent
detection that does not require instantaneous CSI. We consider a communication system
in which the receiver is equipped with low-resolution ADCs that quantize the phase of
the received signal.

To draw fundamental insights, we consider an abstract SISO system that provides
the building block for more complicated MIMO systems. The error probability perfor-
mance of such a system is analysed in detail in the previous chapter under coherent
detection where we established a fundamental ternary behaviour on the average er-
ror probability with low-resolution ADCs. In this chapter, we focus on non-coherent
detection and conduct a thorough mathematical analysis to quantify the difference in
SEP performance between coherent and non-coherent detection. In other words, we
quantify the penalty we have to pay in terms of the number of quantization bits, for

not using the CSI at the receiver with low-resolution ADCs.

3.1.2 Main Contributions

In this chapter, we consider a point-to-point wireless communication system, in which
the receiver is equipped with a low-resolution ADC that quantizes the phase of the

received signal. Our main contributions are summarized as follows.

* Motivated by the capacity achieving property of circularly symmetric input
distributions for low-resolution ADCs [77], we adopt DQPSK modulation and
derive the optimum ML detection rule for signal detection with low-resolution
ADCs. We first consider the case where CSI is not available at the detector
and then CSl is available. These results are presented in Theorems [3.1|and

respectively.
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* For the general n-bit quantization, we obtain exact analytical expressions for
the average SEP attained by the derived ML rule when the wireless channel is
subjected to Rayleigh fading. We use extensive numerical examples to compare
the analytical expressions against the Monte-Carlo simulations. These results are

presented in Theorems [3.2]and [3.5|respectively.

* We establish a fundamental ternary behaviour in the average SEP performance
of a wireless communication system with low-resolution ADCs and DQPSK
modulation under non-coherent detection. Based on the Rayleigh fading model,
we show that the decay exponent of the average SEP is the same as that of an
infinite-bit quantization, which is equal to 1 when # is larger than or equal to 4.
We also show that it is equal to % and 0 for n = 2,3 and n < 2, respectively. This

result is presented in Theorem 3.3

* We establish a fundamental ternary behaviour in the average SEP performance
of a wireless communication system with low-resolution ADCs and DQPSK
modulation under coherent detection. Based on the Rayleigh fading model, we
show that the decay exponent of the average SEP is the same as that of an infinite-
bit quantization, which is equal to 1 when 7 is larger than or equal to 3. We also
show that it is equal to § and 0 for n = 2 and n < 2, respectively. This result is

presented in Theorem

* By analysing the error probability performance in the high-SNR regime, we char-
acterize the DVO for low-resolution ADC based communication systems. From a
system design point of view, our results show that by using 4-bit quantization,
we can achieve optimum communication robustness in the high-SNR regime
when the channel knowledge is not available at the receiver. We also analyse
the asymptotic behaviour of the SEP performance by focusing on the high SNR
regime when the channel knowledge is available at the receiver and conclude that
if the instantaneous CSI is available at the receiver we need one less quantization
bit to achieve the full DVO when compared to the number of quantization bits

required for non-coherent detection.
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¢ We perform numerical analysis to compare the performance of DQPSK modula-
tion to the more common QPSK modulation when low-resolution quantization is

used. The QPSK results are generated using [92] under coherent detection.

3.2 System Setup

We consider a classical point-to-point wireless communication system with DQPSK
modulation. We adopt a block fading model where the channel is assumed to remain

constant at least over two symbol periods.

3.2.1 Transmitter Architecture

The transmitter is composed of two blocks, which we call the message source and modula-
tor as shown in Fig. The time index is taken to be a non-negative integer and will be
denoted by t in the remainder of this chapter. Message source generates equiprobable
iid messages from an alphabet M = {m, my, my, m3} according to Pr {M; = m;} = %

forallt >1andi=0,1,2,3.

Modulator

Phase Selector

— | e o) ,
Message Source A ® St

M; € {mg, m1, mz, m3} exp (75)
> Sy
t>1 exp (J7) t—1
Delay

oxp (55) 7-1

Figure 3.1: The transmitter architecture with the DQPSK modulation scheme. The modulator
generates the symbol to be transmitted at time ¢ according to (3.1).

The output of the modulator or the transmitted symbol at time f, which will be
denoted by S;, will be governed by the message M; and symbol S;_; forallt > 1. To

initiate the communication process at time t = 0, the modulator generates a random
imii1n)3
signal Sy uniformly at random from C = { e/ 1(2i+1) } . For t > 1, we can express the

i=0
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Message (M;) 00 10 |01 |11 (10|01 |10 |00
Transmitted RelativePhase | 0 | -5 | 0 | @ | 5 | w | 7 | &
Transmitted symbol (S;) 00 | 10 {00 | 11 |01 | 11|01 |01
Table 3.1: An example of the DQPSK modulation scheme.
differentially encoded transmitted symbol S; at time ¢ as
S =S 1eMT  if My = m,. 3.1)

We note that Pr {St = e]%(ZiH)} =tfori=0,1,23.

The following example further elaborates on the DQPSK modulation scheme. Let
the information symbols 00, 01, 11 and 10 correspond to relative phases of 0, 7, 7
and —7 respectively. Then Table 3.1/shows the encoded symbol sequence for a given

information sequence with respect to the above-mentioned relative phases.

3.2.2 Channel Model

We consider a fading wireless channel in which fading process changes at a slower
time scale than the input signalling rate. Therefore, the input-output relationship of the

channel can be represented as
Y; = VSNRHS; + W;, (32)

where t > 0 is the time index, H € C is the Rayleigh fading coefficient that stays
constant over a large block of input signals, W; is the circularly-symmetric zero-mean
unit-variance additive white Gaussian noise (AWGN), i.e., W; ~ CN(0,1). For a given
channel realization H = h, {Y;};-; is an iid sequence of random variables since the

input sequence {S;};2, is iid.

3.2.3 Receiver Architecture

The receiver architecture is based on a low-resolution ADC. As illustrated in Fig.

the received signal Y; is first sent through a low-resolution quantizer, and then the
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resulting quantized signal information is used to determine the transmitted message
M;. Since information is encoded in the phase difference of S;_; and S; with the above
choice of constellation points, we choose the same quantization process given in Section

to quantize each received signal Y;.

n-bit Q (Y, Signal )
Y . M
Quantizer Detector
Q (Yi-1)
Delay
Z—l

Figure 3.2: The receiver architecture with low-resolution quantization with differential modula-
tion. The signal detector observes only the n-bit quantized versions of Y; and Y;_; to estimate
the transmitted message signal M;.

We assume that no CSl is available at the receiver. Therefore, the signal detector
estimates the transmitted message symbol non-coherently. Since the message M; is
encoded in the phase difference of the two consecutive transmitted signals S;_; and Sy,
the detector has to use at least two consecutive quantized received signals Q (Y;_1) and
Q (Y;) to estimate the transmitted message symbol M;.

We define the block-2 detector as follows.

Definition 3.1. A block-2 detector g is defined as a mapping
g:[0:2" - 1]2 — {mo, my, my, ms}, (3.3)

which takes two consecutive quantized observations to produce a single estimated
message value. Here, the first quantized observation is used as a reference for decoding.
We can illustrate the operation of the block-2 detector to estimate M; as in Fig.

In this work, we consider block-2 detectors for our analysis. This forms the baseline
model for our analysis since this case is a direct extension of the detector available
for unquantized differentially encoded systems. We also note that this detector is
not optimum in general as it considers only two consecutive quantized observations
Q(Y;_1) and Q (Y}) to estimate the message M; while neglecting all the other quantized

observations before t — 1.
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Q(Yi—1)

+ Previous Quantized Received Signal

Q) |—» Detector
Present Quantized -
Received Signal + Estimated Message
M,

Figure 3.3: The block-2 detector architecture with low-resolution quantization with differential
modulation. The signal detector uses two consecutive n-bit quantized received signals Q (Y;_1)
and Q (Y}) to estimate the message M;.

3.3 Optimum Signal Detection

The detector aims to minimize the SEP by using the knowledge of Q (Y;_1) and Q (Y})

which can be represented as selecting signal point M; (k;_1, k;) satisfying

M; (ki—1,ki) € argmax Pr{M; = m|Q (Yi—1) = ki—1,Q (Y3) = k¢}, (3.4)
meM

for ki_1,ki € [0:2" —1]. The main performance figure of merit for the optimum

detector is the average SEP given by

p (SNR) = Pr{M; = M; (Q (Yi—1),Q(Ys))}. (3.5)

It is important to note that p (SNR) depends on SNR as well as the number of quantiza-

tion bits.

The ML detector for the above-mentioned signal detection problem can be given as

in Theorem

Theorem 3.1. The ML detection rule for the low-resolution quantization based receiver archi-
tecture with block-2 detector g (ki—1,kt) can be given as

A my ifA#4
M (ki—1, ki) = / (3.6)

my lf)\ = 4,
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where ky is the quantizer output at time t > 1. A can be using either the detection rule 1 where

[ktZ—nlﬁz—l—| ifke = ki—q

A= (3.7)
[ktz_,,litz_l + 4—‘ lfkt < kt—ll
with |a] representing the ceil of a or using the detection ruel 2 where
ke—k .
| =5z ] ifki = ki1
A= ki—ki_1 i (38)
l on—2 +4J l_fkt < kt*ll
with |a| representing the floor of a.
Proof: See Appendix
U

Before moving to analyze the SEP performance with respect to the above derived
ML detection rule, we would like to note down an important observation with respect
to the above-mentioned ML detector. According to the ML detector given, there are
two possible detection rules that maximize the given likelihood function. For n = 2,
both the detection rules have the same output and hence the given likelihood function
will be maximized by only one element in M. However, for n > 3, the given likelihood
function will be maximized by two elements in M. As an example, for n = 3 both
mo and m3 maximize the likelihood function when Y;_1 € Ry and Y; € R7. Those are
given in the detection rule 1 and 2 respectively. Similarly for n = 3, both m; and mg
maximize the given likelihood function when Y;_; € Ry and Y; € R. Those are given
in the detection rule 1 and 2 respectively. Therefore, the detector has to choose one
of these two detection rules when estimating the message. The detector can use any
randomized strategy to select one out of these two detection rules. Therefore, we can
have infinitely many ML detectors. In this case, we consider only one of them. Here

onward, we assume that the detector has chosen the detection rule 1.
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3.4 Symbol Error Probability

In this section, we will obtain a general p (SNR) expression for the optimum ML detector
with a block length of 2. We will only consider the case n > 2 due to the existence of
an error floor for n < 2 with DQPSK modulation. This is because with the DQPSK
modulation the detector requires at least 4 quantization regions to differentiate the
transmitted signals.

Considering these advantages, we will focus on the Rayleigh fading model for H to
derive integral expressions for p (SNR) in the remainder of this chapter. This will be
done so for all parameter combinations of n > 2 with DQPSK modulation. It will be
seen that the derived integral expressions are easy to calculate numerically. Further,
we will also show that using 4 bits is enough to achieve the maximum communication
robustness achieved by using an infinite number of quantization bits. In comparison
with coherent QPSK modulation with low-resolution quantization [92], this is one
bit additional where we only require 3-bit quantization to achieve the maximum

communication robustness achieved by using an infinite number of quantization bits.

Theorem 3.2. Assume H is a unit-power Rayleigh fading coefficient. Then, for n > 2 with
DQPSK modulation, p (SNR) is given according to

(SNR) = f f J Jyt 1tan e lp)G( ) dyi™, dy™  dy™© dyi
p y) dyi™ dyiSy dyp® dy™
ZSNR+1 yt tan(Z

yt 1tan 211 on—1 II)) d im d o d red im 39
ZSNR+1 f J f Jr tan(5 G (y) dyi%y dy,, dy;® dy; 3.9)

where G (y) = exp {_255'?\1% |5 + seamat (ke + yim, v )}, \lyl|, is the Euclidean

norm of the vector y = [y, yi™, yi® yitm]T, and
p= T zf n=2
0 ifn=3.

Proof: See Appendix O

For the special case of n = 2 and 3, Theorem [3.2| can be presented compactly as
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given in the following corollary.

Corollary 3.1. Assume H is a unit-power Rayleigh fading coefficient. Let Q (-) be the comple-
mentary distribution function of the standard normal random variable. Then, for n = 2 and 3

with DQPSK modulation, p (SNR) is given according to

27T 00
p(SNR) =1— ij J Q? <—VZSNRr cos 9) Q? (—stNRT sin 9> re™" dr do.
0o Jo

(3.10)

Proof: See Appendix[3.9.3] O

3.5 The Decay Exponent for the Average Symbol Error Proba-
bility

In this section, we will analyze the communication robustness that can be achieved
with low-resolution ADCs by focusing on the decay exponent for p (SNR), which is
given by (2.5). Following the convention in the field, we will call DVO the diversity
order, although there is only a single diversity branch in our system. We devote the rest
of the current section to the proof of this important finding. We will use Definition
to simplify the notation. The following theorem establishes an important result for the

DVO for our system.

Theorem 3.3. The DVO of a low-resolution ADC based receiver architecture with DQPSK
modulation and Rayleigh fading is given by

DVO{

Proof: See Appendix O

(3.11)

_ N
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3.6 Low-Resolution quantized systems with DQPSK modula-
tion under coherent detection

In the above sections, we focused on a low-resolution quantization based system with
DQPSK modulation when there is no channel information available at the receiver. That
is, we used non-coherent detection. In this section, we analyze the same communication
system when perfect knowledge of the channel is available at the receiver to obtain a
lower bound on the error probability. We assume the same transmitter architecture and
the channel model as provided in Section However, the receiver architecture and

the optimum detector will be different due to the availability of CSI.

3.6.1 Receiver Architecture with Coherent Detection

The receiver architecture is based on a low-resolution quantizer as illustrated in Fig.
where the quantization process is the same as the one used in Section 3.2 In this
case, the message at time t will be estimated in two steps. The signal detector will
use the quantized observations available at time t along with CSI to first estimate the
transmitted signal S;. Then, by comparing S with the estimated transmitted signal in

the previous time interval, S, 1, estimated message M; will be decided.

Signal S .
! Comparator M,
Detector

Si—1

n-bit Q(Vr)

Y —> .
Quantizer

Delay
Z—l

Figure 3.4: The receiver architecture with low-resolution quantization with differential modula-
tion when perfect channel knowledge is available at the receiver. The message at time ¢, M; will
be decided after two steps. The signal detector first uses the n-bit quantized versions of Y;_1
and Y; to estimate the transmitted signals $; 1 and $; respectively. These estimated transmitted
signals will be compared to estimate the message M;.

Similar to our previous work, we consider two consecutive quantized observations
Q(Y;_1) and Q(Y;) to decide on the estimated message M;. Therefore, the detector

aims to minimize the SEP by using the knowledge of Q (Y;_1) = k;—1, Q (Y¢) = k¢ and
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H = h which can be represented as selecting the signal point M; (k;_1, k:, h) satisfying

M; (ki_1,ki, h) € argmax Pr{M; = m|Q (Yi—1) = ki—1,Q(Ys) =k, H=h}, (3.12)
meM

fork;—1,k;€[0:2" —1]and h € C.

3.6.2 Optimum Signal Detection with Coherent Detection

The ML detector for the above-mentioned signal detection problem is given by the

theorem below.

Theorem 3.4. Assume H € C has a continuous pdf. Then, M (k;_1, ks, h) is unique with
probability one, and the ML detection rule for the low-resolution ADC based receiver architecture

can be given as
~ ra A T
M (ki—1,ke, h) = my  if 8 = 8;_1 exp (/\]7) (3.13)
where A € {0,1,2,3} and

§¢ (ki ) = arg min dist (\/SNRhst,Hk,) ) (3.14)

StEC
inwhich k; € [0: 2" — 1], dist (z, A) = infse 4 |z — 5| is the distance between a point z € C and
aset A< Cand Hy, = {z € C: Arg(z) = & (2k + 1)} is the bisector of Ry where Y; € Ry.

Proof: See Appendix O
We first note that although the ML detection rule given in Theorem [3.4]is written

as dependent on the full channel knowledge, we only need to know the phase of H in
order to determine 3; (k, ). This can be seen by means of simple scaling arguments
as the set H, is invariant under any amplitude scaling. The half-hyperplane Hy,
in Theorem [3.4| bisects the kth quantization region Ry at time ¢ into two symmetric
regions. This is an important observation since it indicates that we are only required to
estimate the channel phase to implement the ML detector. For phase estimation with

circularly symmetric fading distributions, the estimation errors due to low-resolution
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quantization can be modelled as bounded uniform random variables, which lead to a
key robustness property for our analytical results under channel estimation errors as
explained in [92].

Secondly, given S; = s and H = &, the conditional probability of the event Q(Y;) =
k¢ corresponds to the integral of unit-variance and mean v/SNR#s proper complex
Gaussian distribution over R at time t. As we vary s in C, we change the mean value
v/SNRAKs. Hence, Theorem [3.4/indicates that the most probability mass is accumulated
in the region R at time t when the unit-variance proper complex Gaussian distribution
with mean v/SNR#s, s € C, closest to Hy, is integrated over Ry, which coincides with
the intuition. We will use the structure of the ML detection rule to derive integral
expressions for p (SNR) for n > 2 in Section Further, in order to characterize the
communication robustness with low-resolution ADCs in the high SNR regime, we will

also provide a detailed analysis of the asymptotic decay exponent of p (SNR) in Section

B.6.4

3.6.3 Symbol Error Probability with Coherent Detection

In this section, we will obtain a general p (SNR) expression for the optimum ML detector
that we presented above in the presence of Rayleigh fading when n > 2. It will be
seen that the derived integral expressions are easy to calculate numerically. Further,
we will also show that using 3-bit quantization is enough to achieve the maximum
communication robustness achieved by using an infinite number of quantization bits
when perfect channel information is available at the receiver. Recalling that we wanted
to have at least 4 bits at the quantizer to achieve the full communication robustness
with DQPSK modulation when there is no channel knowledge at the receiver, we can
conclude that we need 1 additional bit at the quantizer when the channel knowledge
is not available at the receiver. In other words, we need to have one more bit at the
quantizer to compensate for the non-availability of the channel knowledge at the

receiver.

Theorem 3.5. Assume H is a unit-power Rayleigh fading coefficient. Let Q (-) be the comple-

mentary distribution function of the standard normal random variable. Then, for n > 2 with
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DQPSK modulation under coherent detection, p (SNR) is given according to

on Tt

p(SNR)=1- " J{ZQZ 25Nchos€)Q2<p ZSNRrsin9>}

T

i

rexp (—r?) drdo, (3.15)

where p© = (—1)' fori =1,2,3,4, p™ = —1 fori = 1,2 and p'™ =1 fori = 3,4.

Proof: See Appendix [3.9.6] O
The following corollary establishes an important comparison for SEP when n = 2

case with coherent and non-coherent detection.

Corollary 3.2. Assume H is a unit-power Rayleigh fading coefficient. Let Q (-) be the comple-
mentary distribution function of the standard normal random variable. Then, for n = 2 with
DQPSK modulation under both coherent and non-coherent detection, p (SNR) is the same and

given according to

27T
p (SNR) _1—f J 92 ZSNRrCOSG) QZ( \/ZSNRrsin9> re" dr do.

(3.16)

Proof: See Appendix O

According to Corollary the SEP performance of the detector will not change
depending on whether the channel knowledge is available or not for n = 2. This means
that the SEP for any block-L detector, L > 2, with non-coherent detection where L > 2
will be given by and the block-2 detector that we considered is the optimum one

for n = 2. This result is presented in the following Theorem.

Theorem 3.6. The ML block-2 detector given in Theorem |3.1|is the optimum detector among
the class of block-L detectors when n = 2.

Proof: We proved that the SEP with non-coherent detection using the optimum
block-2 detector is the same as that achieved by the optimum detector with coherent
detection. This result is presented in Corollary Since the optimum coherent

detection forms a lower bound for the SEP performance of any block-L detector with
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non-coherent detection, whilst the optimum non-coherent block-2 detection forms an
upper bound for the same and these upper and lower bounds coincide with each other
as established in Corollary 3.2} it can be concluded that the ML block-2 detector studied
in the previous section is the optimum detector among the class of block-L detectors

when n = 2. O

3.6.4 The Decay Exponent for the Average Symbol Error Probability under
Coherent Detection

The following theorem establishes the DVO for DQPSK modulation with coherent
detection under Rayleigh fading.

Theorem 3.7. The DVO of a low-resolution ADC based receiver architecture with DQPSK
modulation and Rayleigh fading with coherent detection is given by

% n=2
DVO — (3.17)
1 n=3.
Proof: See Appendix[3.9.8 O

By using the SEP and DVO results in the previous and current sections, we can
draw several important insights regarding the block-2 detectors that we analyzed in
the previous section. From Theorem we know that the DVO is the same as that
of an infinite-bit quantization, which is equal to 1 when n > 4 under non-coherent
detection. Since this is the optimum DVO, we can conclude that it is enough to use a
block-2 detector to achieve the optimum DVO when the quantizer is equipped with
at least 4 bits and channel knowledge is not available at the receiver. In this case, the
SEP achieved by the optimum block-2 detector will be an upper bound to the SEP
achieved by the optimum block-L detector for L > 3. In this work, we did not focus on
the optimum block-L detectors for L > 3 due to the problem complexity.

On the other hand, we have an important and somehow surprising result when
n = 2. For n = 2, we proved that the SEP with non-coherent detection using the
optimum block-2 detector is the same as that achieved by the optimum detector with

coherent detection. This result is presented in Corollary[3.2} Since the optimum coherent
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detection forms a lower bound for the SEP performance of any block-L detector with
non-coherent detection, whilst the optimum non-coherent block-2 detection forms an
upper bound for the same and these upper and lower bounds coincide with each other
as established in Corollary 3.2} it can be concluded that the ML block-2 detector studied
in the previous section is the optimum detector among the class of block-L detectors
when n = 2. Although this result cannot be generalized to any n greater than 2, we still
know that the ML block-2 detector is still the optimum detector in the DVO-sense for

n = 4.

3.7 Numerical Results

In this section, we present analytical and simulated error probability performance
results for DQPSK modulation with n-bit quantization and evaluate the performance of
non-coherent detection with low-resolution quantization. Channel fading is unit-power
and circularly-symmetric with Rayleigh distributed magnitude, and additive noise is

complex Gaussian with zero mean and unit variance.
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Figure 3.5: Average SEP curves as a function of SNR for DQPSK modulation with non-coherent
detection. n = 2,3,4,5, .
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Fig. 3.5 plots the average SEP as a function of SNR for DQPSK modulation with
n = 2,3,4,5 and co-bit quantization under Rayleigh fading with non-coherent detection.
The simulated results are generated using Monte Carlo simulation, while the analytical
results are generated using our expression in (3.9). As the plot illustrates, the analytical
results accurately follow the simulated results for all cases. As mentioned in Theorem
we observe similar SEP curves for both n = 2 and 3-bit quantization. We also
observe a noteworthy improvement in the average SEP when 7 changes from 3 to 4-bit
quantization for DQPSK modulation. This jump in the average SEP performance is
expected in the light of Theorem which states that using two extra bits, on top
of log, M bits, improves the DVO from 1 to 1 which is the full DVO under Rayleigh
fading. We also observe that the average SEP reduces as we increase 1, but the amount
by which it reduces also gets smaller as we increase n. This can be clearly observed
from the zoomed-in section in Fig. [3.5|which indicates that DVO = 1 for all n > 4 and
DVO = % for n = 2,3, as expected.

Fig. [3.5|also illustrates the quantization penalty using and for DQPSK
modulation under Rayleigh fading and non-coherent detection. When the SNR is fixed
at 18 dB, we observe a quantization penalty of ¥ (18 dB,2) ~ 6.14 dB as we change
fromn = 2,3 to o, i.e., we get a 5-fold increase in the average SEP as we change from
n = 2,3 to co. When the average SEP is fixed at 0.03, we observe a quantization penalty
of ®(0.03,5) ~ 0.8 dB as we change from n = 4 to 5, i.e., to achieve an average SEP of
0.03 with 5-bit quantization, we need 0.8 dB more transmit power than what is required

with 4-bit quantization.

Fig. B.6| plots the average SEP as a function of SNR for DQPSK modulation with
n = 2,3,4,5 and c0-bit quantization under Rayleigh fading with coherent detection.
The simulated results are generated using Monte Carlo simulation, while the analytical
results are generated using our expression in (3.15). As the plot illustrates, the analytical
results accurately follow the simulated results for all cases. Under coherent detection,
we observe a noteworthy improvement in the average SEP when n changes from 2 to
3-bit quantization. This jump in the average SEP performance is expected in the light

of Theorem which states that using one extra bit, on top of log, M bits, improves
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Figure 3.6: Average SEP curves as a function of SNR for DQPSK modulation with coherent
detection. n = 2,3,4,5, 0.

the DVO from % to 1 which is the full DVO under Rayleigh fading. Similar to Fig.
we observe that the average SEP reduces as we increase 1, but the amount by which
it reduces also gets smaller as we increase n. This can be clearly observed from the
zoomed-in section in Fig. 3.6{which indicates that DVO = 1 for all n > 3 and DVO = }
forn = 2.

Fig. [3.6|also illustrates the quantization penalty using and for DQPSK
modulation under Rayleigh fading and coherent detection. When the SNR is fixed at
18 dB, we observe a quantization penalty of ¥ (18 dB, 2) ~ 6.86 dB as we change from
n = 2to o, i.e., we get a 5-fold increase in the average SEP as we change from n = 2
to co. When the average SEP is fixed at 0.03, we observe a quantization penalty of
® (0.03,4) ~ 0.8 dB as we change from n = 3 to 4, i.e., to achieve an average SEP of 0.03
with 4-bit quantization, we need 0.8 dB more transmit power than what is required
with 3-bit quantization.

Fig. plots the average SEP as a function of SNR for DQPSK modulations scheme
with coherent and non-coherent detection. We plot the average SEP for both the cases

by using n = log, M, log, M + 1, log, M + 2 and log, M + 3 bits. From the plots, we



3.7 Numerical Results 89

100 T T T T

% With non-coherent detection
With coherent detection (h)

St n = 2,3 with non-coherent

™~ detection .
'< > n = 2 with coherent

% T detection
X N
x ~ 4
N
\ NS o

N
n = 4,5 with \\
non-coherent
wdetection

n=3,4,5
with coherent
detection

1 1 1 1

0 5 10 15 20 25
SNR, dB
Figure 3.7: Average SEP curves as a function of SNR for coherent and non-coherent detection
with DQPSK modulation. n = 2,3,4,5. For n = 2-bit quantization, both coherent and non-
coherent detection show the same SEP behaviour with respect to average SNR. It is also visible
that the full DVO is achieved with n = 3 under coherent detection. On the other hand, it
requires # = 4 for non-coherent detection to achieve full DVO.

can clearly observe that DQPSK modulation with 2-bit quantization shows a similar
SEP curve for both non-coherent and coherent detection with a DVO of % DQPSK
modulation with non-coherent detection with 2 and 3-bit quantization have a DVO of
3 whereas DQPSK modulation with coherent detection with 2-bit quantization has a
DVO of % Further, we can observe that DQPSK with 4 or more bits with non-coherent
detection and DQPSK with 3 or more bits with coherent detection have a DVO of 1,
which is equal to the full diversity under the Rayleigh fading. To further emphasize
this point, the zoomed-in section in Fig. 3.7]illustrates the average SEP versus SNR for
DQPSK modulation under the two different detection methods. As stated in Theorem
B.3] these numerical observations clearly indicate the ternary behaviour in the decay
exponent for p (SNR) under non-coherent detection, i.e., the DVO =1, % or 0 depending
on whether n > log, M + 2, n = log, M,log, M + 1, or n < log, M, respectively.
Similarly, as stated in Theorem 3.7, these numerical observations clearly indicate the

ternary behaviour in the decay exponent for p (SNR) under coherent detection, i.e.,
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DVO = 1,% or 0 depending on whether n > log, M +1, n = log, M, or n < log, M,

respectively under coherent detection.
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Figure 3.8: Average SEP curves as a function of SNR for QPSK modulation and DQPSK modu-
lation with non-coherent detection. n = 2, 3,4, 5.

Fig. 3.8 plots the average SEP as a function of SNR for QPSK and DQPSK modula-
tions schemes with n-bit quantization. We adopt coherent and non-coherent detection
for QPSK and DQPSK modulation schemes, respectively. We plot the average SEP for
each modulation scheme by using n = log, M, log, M + 1, log, M + 2 and log, M + 3
bits. The analytical results for the average SEP of QPSK modulation under coherent
detection were generated using Theorem 3 of [92]. The plot clearly illustrates that
QPSK modulation with 2-bit and DQPSK modulation with 2 and 3-bit quantization
have a DVO of % Further, we can observe that QPSK modulation with 3 or more bits
and DQPSK modulation with 4 or more bits quantizations have a DVO of 1, which is
equal to the full DVO under Rayleigh fading.

Fig. 3.9 plots the average SEP as a function of SNR for QPSK and DQPSK modu-
lations schemes with n-bit quantization under the Rayleigh fading scenario. Here we
use coherent detection for both QPSK and DQPSK modulation schemes. Similar to

Fig. the analytical results for the average SEP of QPSK modulation under coherent
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Figure 3.9: Average SEP curves as a function of SNR for QPSK modulation and DQPSK modu-
lation with coherent detection. n = 2, 3,4, 5.

detection was generated using Theorem 3 of [92] while that for DQPSK modulation
under coherent detection was generated using (3.39). We plot the average SEP for
each modulation scheme by using n = log, M, log, M + 1, log, M + 2 and log, M + 3
bits. From the plots, we can clearly observe that QPSK modulation with 2-bit and
DQPSK modulation with 2-bit quantization has a DVO of 1 under coherent detection.
Further, we can observe that QPSK and DQPSK modulation schemes with 3 or more bit

quantization have a DVO of 1, which is equal to the full DVO under coherent detection.

3.8 Conclusions and Future Generalizations

In this chapter, we performed a theoretical analysis of a low-resolution based ADC
communication system and obtained fundamental performance limits, optimum ML
detectors and a general analytical expression for the average SEP for DQPSK modula-
tion with n-bit quantization. These results were further investigated for the Rayleigh
fading model in detail. We conducted an asymptotic analysis to show that the decay

exponent for the average SEP is the same and equal to 1 with infinite-bit and n-bit
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quantizers for n > 4 under non-coherent detection. Similarly, the decay exponent for
the average SEP is the same and equal to 1 with infinite-bit and n-bit quantizers for
n = 3 under coherent detection. We also performed an extensive numerical study to

illustrate the accuracy of the derived analytical expressions.

Channel estimation has been one of the major challenges associated with low-
resolution quantization based communication systems as all these coherent detection
techniques require CSI to be available at the receiver. In this work, we took a different
approach to handle this challenge by adopting non-coherent data detection. We adopt
the DQPSK modulation to differentially encode the transmit data and at the receiver
side, employ non-coherent detection that does not require instantaneous CSI. Phase
modulation has an important and practical layering feature enabling the quantizer
and detector design separation in low-resolution ADC communications. For a given
number of bits, the quantizer needs to be designed only once and can be kept constant
for all channel realizations. The detector can be implemented digitally as a table look-
up procedure using channel knowledge and quantizer output [92]. On the other hand,
this feature is lost in joint phase and amplitude modulation schemes such as QAM.
The quantizer needs to be dynamically updated for each channel realization in low-
resolution ADC based QAM systems. This is because the fading channel amplitude
may vary over a wide range, but the phase always varies over [—m, 7). However,
phase modulation is historically known to be optimum only up to modulation order 16
under peak power limitations [87]. Hence, it is a notable future research direction to
extend the results of this chapter to higher order phase and amplitude modulations by

taking practical design considerations into account.

A major result of this work is the discovery of a ternary SEP behaviour, indicating
the sufficiency of 4 bits for achieving asymptotically optimum DQPSK communication
reliability under non-coherent detection. This is one extra bit more than to achieve the
asymptotically optimum communication performance when the channel knowledge is
available at the receiver. This is the penalty we have to pay in terms of the number of
quantization bits for not having the CSI at the receiver of a low-resolution quantization

based communication system. Another important future research direction is to extend
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the result to general M-ary differential modulation schemes under Nakagami-m fading.
Similarly, utilizing the results of this chapter, a further detailed study on the receiver
architecture design to determine where to place the diversity combiner (before or after
quantizer or detector) and its type is needed when multiple diversity branches are

available for data reception.

3.9 Appendix

3.9.1 Proof of Theorem [3.1]

We will first focus on n = 2 case. For n = 2, we note that both the detection rules 1 and
2 are overlap with each other. In this case, without loss of generality, we will assume
that k;_1 = k; = 0. The proof for different combinations of k;_; and k; is similar and

will be omitted to avoid repetitions.

In order to obtain the ML rule for the setup described above, we have to maximize

the likelihood function £ (s;_1, s¢) given by

L (si—1,5¢) = Pr{Yi_1 € Ro,Yr € Ro|Si—1 = st—1,5¢ = st}
— Pr {\/SNR Hsi_1 + Wi_1 € Ro,VSNR Hs; + W; € Ro | Si—1 = St_1, St = st} .
(3.18)

We note that given S;_1, S¢, the message transmitted at time ¢ is completely determined
according to the encoding rule in (3.I). In particular, M; depends only on the phase
difference between S;_; and S;. Based on this observation, it will be enough to find the
optimum phase difference between s;_; and s; maximizing £ (s;_1,s;). To this end, we

will write £ (s;_1,s¢) as

L(s,¢)=Pr{Yi1€RoYi€Ro|Si-1 =55 =se?}
— Pr {\/S,ITRHS + Wi_1 € Ro,VSNRHse" + W; € Ro|S_1 =5, S = se]"’}
(3.19)
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T

foragivense Cand ¢ € ® = {0, %, 71, X }. We can graphically represent an example

case for the decoding process of the detector with 2-bit quantization as in Fig. The

t=20 t=1 t=2 t=3
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ko=0 k1=0 ko=1 ks =0
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Figure 3.10: The decoding process of the ML detector with 2-bit quantization with differntial
modulation.

detector compares two consecutive quantized observations to estimate each message.

The critical step to obtain the pair (s*, ¢*) maximizing L (s, ¢) in (3.19) is to obtain
the joint distribution for the vector [Y;_1, Yt]T. To this end, we will utilize the fact
that the channel is Rayleigh distributed and slowly varying in our setup. We first
observe that the received signals Y; 1 = v/SNR Hs + W;_; and Y; = v/SNR Hse/® + W;
are identically distributed circularly-symmetric zero-mean complex Gaussian random
variables at times t — 1 and t. However, they are not independent. The slowly-varying
fading process introduces dependency between them. It will be enough to obtain their
covariance matrix K obtain the joint distribution of Y;_; and Y; since they are jointly

Gaussian. The derivation of K is given as below.

We first define the vectors Y, 1 = [Y, Y™ ], v, = [y Yim|', w,, =
[wre, wim ", w, = [wre wim]", H = [H* H™]" and s = [s® s™]", where
Z™ and Z™ represent the real and imaginary parts of the complex variable Z € C (i.e.,

7" = Re(Z) and Z™ = Im (Z)). With these definitions, we can write

Ytrg 1 Hregre _ Him Sim W;‘S .
= +vSNR +

_ _ _ . (3.20)
YtlTl Hreslm + Hlmsre thgil
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and

Yre Ccos —sin Hregre _ [Jimgim Wwre
“ | =VSNR ? ? , . +| ", G2
Y™ sing cos¢ Hreg™m 4 Hmgre wim
where W€, Wtiinl, W€, and Wtirj‘l are all independent random variables with a Gaussian
distribution of zero mean and a variance of % (i.e, WS¢y, Wtir_nl, Wre, Wti?l ~N (0, %))
Further defining Y = [Y{El YtiTl Yre Y}m]T and taking K = E [YYT] (i,e, E[Y] =0),
we can obtain

SNR +1 0 SNRcos¢ SNRsing |
Kzl 0 SNR+1 —SNRsin¢ SNRcos¢
2| SNRcos¢p —SNRsing SNR+1 0
| SNRsin¢  SNRcos¢ 0 SNR+1 |

after some matrix calculations.

Therefore we can write the pdf of Y using multi-variate Gaussian distribution [88]

as
@ () = L L T 1
A0 = o o | oK) = s o) 62

2. . . .
where |K| = ( %) is the determinant of the covariance matrix for all ¢ € ® and

G(y,¢) = —iy"K 'y is given as

A+B(—y e —y™y™) ¢ =0,

Gier={ 1T 0
A+B (v yr+yi™my™) ¢ =,
| A+ By yim—yimye) ¢ =,

for different values of ¢ € ®. Here A = — 2JREL {(yie_l)z + (yitTl)z +(y)* + (yf“)z}

__25NR
and B = 5537

Using the pdf in (3.22)), we now can evaluate the likelihood function in (3.19) for
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any S;_1 =se(Cas

1 o0 o0 o0 o0 . .
5(5/¢)=7TZ(25,\|R+1)J0 Jo L Jo exp{G (y,¢)} dy;2y dy;"y dyy® dyy™. (3.23)

The limits of the integrals came because Y;_1, Y; € Ro where Y[, >0, Y}Tl >0,Y°>0
and Y™ > 0. By comparing the likelihood function for different values of ¢ € ®, we
can conclude that

L(s50)>L <sg> iy (s, 32”> > L(s, 1), (3.24)

for any s € C. Therefore the maximum likelihood occurs when ¢* = 0 which cor-
responds to the estimated message M; = my. This is the same as the output of the
detector presented in Theorem 3.1|for n = 2. The analysis can be simply extended for

all the cases with different combinations of k;_; and k; in a similar manner.

We now focus on n > 3 case. In this case, the detector has to choose which detection
rule to use first. We first provide the proof for the detection rule 1 given as (3.7). The
steps of the proof for the detection rule 2 is similar and we will brief it at the end of this
proof. We will also provide a graphical example at the end of the proof to showcase the

difference between the two detection rules.

According to the detection rule 1 given in (3.6), if Y;_1 € Ry and Y; € & where

7T 7T 7T 7T

for k € [0: 2"71], the detector outputs mg as the estimated message. Without loss of
generality, in this proof, we assume that Y; € Ry (i.e. k;—1 = 0) and Y; € &. As an
example, for n = 3, if ky = 0 or k; = 7 given that k;_; = 0, the detector outputs my as
the estimated message. The proof for different combinations of Y;_1 € Ry and Y; € & is

similar and will be omitted to avoid repetitions.

In order to obtain the ML rule for the setup described above, we have to maximize
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the likelihood function L (s;_1, s¢) given by

L(si—1,5¢) = Pr{Yi_1€ Ro,Yr € & | St—1 = 5¢—1, 5t = st}

— Pr {\/SNiRHStfl +Wi_1 € Ro,VSNR Hs; + Wy € & Si—1 = s¢-1, 51 = St}-

Since M; depends only on the phase difference between S;_; and S;, it is enough to find
the optimum phase difference between s;_; and s; maximizing £ (s;_1, s¢). Therefore,

we can write

L(s,¢) =Pr{Yi1€ Ry, Yi€ & |Si—1 =5,5 = s/}
= Pr { \/SNR HS + Wtfl € RQ, V SNRHSe]‘P + Wt € 5() ’ St,l = S/St = se]‘P} ,
(3.25)

foragivens e Cand ¢ € ®.

By using similar steps to the analysis provided for n = 2 case, we can express the

likelihood function as

L(s,9) = j £9 () dy.

R()Xgo

However, in this case, to compare the values of the likelihood function for different ¢
values, we have to re-arrange the likelihood function in terms of the pdf of Y;_; and
the conditional pdf of Y; given Y;_;. Further, only the latter pdf depends on ¢. Then

we write

L(s,¢) = f P W) Ay (019, 4) dy, 4y dy,

R()X(‘:o

= JR froa () Pr{Yie&|Yi1 =yi-1,S1-1 =5,S = s} dy, ;. (3.26)
0

We now need to evaluate the probability Pr{Y; € & |Y;_1 = y;_1,S;-1 = 5,5 = se/?}
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for ¢ € ®. To that end, we will first find the conditional distribution of Y; given Y;_; as

() A w
fytm_1 (yt | yt—l) = s (%-1),

where f)({q)) (y) is given in (3.22)) and the marginal distribution of Y;_; is given as

1 1 2
fris (yt—l) = mexp <_SI\IR+1 Hyt_1H2> . (3.27)

2
) . (3.28)
2

By inspecting the above conditional pdf, we observe that Y; is Gaussian distributed

Therefore, we can write

SNRe/?

SNR+1( SNR+1 |
) ST SNR 1Y

@) _ _
My W) = Saenr+ 1 2SNR + 1

and its conditional mean E [Y¢|Y;_1 = y;—1] = g“gﬁ Yi—1. This means that the mean of

Y; lies in Roe/? given that Y;_1 € Ry for ¢ € ®. Hence, by using Lemma 6 of [92], we

can conclude that

0 = argmaxPr{Y; € &|Y;—1 € Ro,S—1 =5, S = se/?}, (3.29)
ped
since E [Y;|Y;_1] is closest to the bisector H¢, of & when ¢ = 0. We use Fig. asa

visual guide to further illustrate this.

Therefore the maximum likelihood value of occurs when ¢ = 0 which cor-
responds to the estimated message M; = mj. This coincides with the output of the
detector presented in Theorem 3.1} With similar steps, we can prove the theorem for all
the combinations of Y;_1 € Ry and Y; € & forallk € [0: 2"1].

We use Fig. as a visual guide to illustrate how Fig. would be changed if
we select the detection rule 2 given in (3.8). According to the detection rule 2 given in
(B.6), if Yi_1 € Ry and Y; € & where
T U T

7T
sy (k+1) = 5 < Arg(2) < 55 (k+1)+Z}

SkZ{ZE(:t
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E[Yi[Yio1],o g € Roe’% EY:[Yio1],_g € Roe’?
Im Im E[Y2[Yi-1],—0 € Ro
o fid
1 T
E YiYiilyq € Ro :
Yi 1 €Ro Yi_1 €Ro
—————————————— i Re NS e
Eo Y, €& Eo
Y, €& t
‘ -
_r _r
E[Yi[Yi1]y—, € Roe™™ I 4 E[Yi[Yi1]y—, € Roe™™ 4
E[Yi[Yio1]yosx € Roe? s E[YilYi1]yose € Roe?

(a) (b)
Figure 3.11: An illustration for the proof of Theorem [3.1|using the detection rule 1. (a) n = 3 (b)
n = 4. Given that, Y;_1 € R, E[Y}|Y;—1] should be in either one of the blue coloured regions
depending on the value for ¢. Given Y; € &, E[Y}|Y;_1] become closest to the bisector H ¢, of
the region & when ¢ = 0.

EMifYialy—s € Roe’? EMfYialy_z € Roel®
Im Im E[Yt\YFl]@:O cRo
= s
Y, €& 4 1
E[Y|Yi—1]y—0 € Ro z
Yi1 €Ro Yi 1 €Ro
————————————— 7:[ e e ———————————= Re
& Yie& e
t
T
‘ 4
s _x
E[Vl¥iot],, € Roe™ i EVilYii],_, € Roer™ ;
E (efYioiysp € Roe’™ E [i[Yi1]y-sp € Roe?™

(a) (b)
Figure 3.12: An illustration for the proof of Theorem using the detection rule 2. (a) n = 3 (b)
n = 4. Given that, Y;_1 € Ro, E[Y}|Y;_1] should be in either one of the blue coloured regions
depending on the value for ¢. Given Y; € &, E[Y}|Y;_1] become closest to the bisector H ¢, of
the region & when ¢ = 0.

for k € [0 : 21, the detector outputs 1 as the estimated message. As an example, for
n = 3,if k; = 0 or k; = 1 given that k;_; = 0, the detector outputs m as the estimated
message. The proof with detection rule 2 is similar to that of detection rule 1 and will

be omitted to avoid repetitions.
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3.9.2 Proof of Theorem [3.2]

We first focus on n = 2 case. In this case, without loss of generality, let us assume that
M; = my (i.e., S;_1 = S¢). Then, there will not be any error in estimating the message
M, if the two consecutive received signals land in the same quantization region (i.e.,
Q (Yi—1) = Q(Y3)). Therefore, we can write the SEP as
21
p(SNR) = > Pr{Yi_y € Ry, Yi ¢ Rye|Si—1 = Si},

k=0

@ onpr (Y, 1 € Ro, Vi ¢ Ro|Si1 = Si}, (3.30)

where (a) follows due to the circular symmetry of the problem.
We can write Pr{Y;_1 € Ro,Y: ¢ Ro|Si—1 = St} by integrating the pdf in (3.22) as

Pr{Yi—1€ Ro, Yt ¢ Ro|Si—1 = St} =
1 o0 —0 o0 o0 . .
72 (2SNR + 1) J—oojo Jo Jo G (y) dyi2y dy;, dyi© dy;
1 —00 o0 o0 o0] . .
T 2SNR+1) H)L fo L fo G(y) dy,"y dy;Zqdydy™,  (3.31)

where G (y) is as given in Theorem 3.2

We will now focus on n > 3 case. In this case, without loss of generality, let us
assume that the message M; = my is transmitted. That is S;_1 = S;. According to the
ML detector given in Theorem there will be no error in detecting the message if the
received signal Y; € & given that Y;_; € Ry where

7T 7T 7T 7T

for k € [O : 2”_1]. Here we use the detection rule 1 given in (3.7). There will be no
difference in SEP expression even if we use the detection rule 2 given in (3.8). We use

Fig. as a visual guide to illustrate an example for n = 3 and n = 4 cases.
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3T
Im Im 8
. Y1 €R2
Yi1€Ra 4 I
Y, €& s
Y, €&
Re Re

(a) (b)
Figure 3.13: An illustration of average SEP calculations for n > 3 case assuming that M; = my.
(a) n = 3. Given that, Y;_1 € Rq, if Y; € &, there will be no error in the estimating the message
M. (b) n = 4. Given that, Y;_1 € Ry, if Y; € &, there will be no error in the estimating the
message M;. Without loss of generahty, we choose K’ in which Y;_1 € Ry such that Y; € &y
where & = {ze C: 0 < Arg(z) < §}.

Then, we can write the SEP as

2"—1
p (SNR) = Z Pr {thl € Rk, Yt ¢ 51< ’ St,1 = St},
k=0
@ P (Y, 1 e Ru, Yi ¢ Ev | Siot = Si), (3.32)

where (a) follows due to the circular symmetry of the problem. Without loss of general—
ity, wechoose Ry = {ze C: < Arg(z) < F+ 555} and & = {ze C: 0 < Arg(z) < 5}
As illustrated in Fig. k’ =1land2 respectlvely for n = 3 and 4 cases.

Then, we can write Pr{Y;_1 € Ry, Yi ¢ Ry | St—1 = St} by integrating the pdf in
(3.22) as

Pr {thl € Rk/ Yt ¢ Rk’ ‘ St,1 = S } =

‘eltan 2n1 .
2SNR+1f f JL G (y) dyiZy dyi, dyi® dy;™

—1

?/tltanq 2n1 gyim e d re gy
ZSNR+1J J J j G (y) dyZy dy;2, dy; y

Vit

where G (y) is as given in Theorem Therefore, we get the SEP expression in
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Theorem 3.2 for n > 3.

3.9.3 Proof of Corollary[3.]

We first focus on the n = 2 case and start the proof by defining the SEP conditioned on a
particular realization of the fading coefficient. To that end, let us assume H = h = re/%
and S;_; = S; = s = e/%, where |h| = r, Arg (h) = 0}, and Arg (s) = 6. Then, with a

slight abuse of notation, we write the conditional SEP as

p (SNR, 1) = 1 — 4Pr {\/SNRreJG + W, € Ro, VSNRrel + W, e RO},
—1-4Q? <—\/2SNRr cos 9) Q> (—\/ZSNRr sin 9) (3.33)

where 6 = 0}, + 6; and Q2 (-) is the second power of Q (-). By averaging the above
expression with respective to Rayleigh fading distribution fi (r) = 2re™" forr = 0
and fg (0) = %, we get the expression in forn = 2.

We now move to the proof for n = 3 case. In this case, we can write the conditional

SEP

2" -1
p(SNR,I) =1— Y Pr{Yiy e Ry, Yi € &},
k=0

@ _4(Pr{Y, 1 eRo,Yie &) +Pr{Yi e R,Y:i €&,

where (a) follows due to the symmetry of the problem. Further, it is evident that
Pr {Yt,1 € Rl,Yt € 51} = Pr {Yt,1 € Rl, Yt € 5()}

due to the symmetrical nature of the problem as illustrated in Fig. Therefore, we

have

p (SNR,h) =1 —4(Pr {Yt,1 e Ry, Y € 5()} + Pr {Yt,1 eRi, Y e 50}),
=1 —4Pr{Yt_1 € Ro U R1,Yt € 5()},
—1-4Pr {VSNRre + Wi 1 € Rg U Ry, VSNRre? + Wy e &},
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k]
ESE]

Y € & Yi 1 €Ry

Yi—1 €Ro Y, €&
Re

(a) (b)
Figure 3.14: An illustration of average SEP calculations for n = 3. Due to the symmetry of the
problem, Pr{Y;_1 € Ry, Yr € &1} = Pr{Yi_1 € Rq, Y: € &}. By combining (a) and (b) together,
we evaluate the probability of Pr{Y;_1 € Rou Rq, Yt € &}

which is the same conditional expression that we evaluated for n = 2 case. Hence, by

averaging the conditional SEP with the fading distribution, we get the same SEP as

given in Corollary

3.9.4 Proof of Theorem [3.3

We will first focus on n = 2 and 3 cases. As given in Corollary SEP expressions for
both cases are the same. There are two methods that we can use to prove Theorem

for n = 2 and 3 cases. We can either work with the SEP expression given in Theorem

or the one given in Corollary
Method 1:

In this case, we use the SEP expression given in Theorem 3.2 to prove the DVO
result for n = 2 and 3. To that end, we can convert the express (3.9) to

Q0 o0 o0 Q0 . .
p(SNR) =14 jo jo fo fo Fr (y) dyie dy™, dyr® dyi™,

where

f()—; X fMH H2+ﬂ(re re | im im)
YW=t sNR 1) OP T 2sNR 11 1Y T asNR 1 Wi Tl
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In order to find the decay rate of the above integral expression, we first define
Yee = [, Y7e] " and Yim = ¥, ¥{"]" such that fy (4) = fr,. (¥ie) frm (im) where
e (yre) and fy,, (yim) are the pdf of Y. and Yin, respectively, given as

1 C1 2 T T
fYre (yre) = 7T 2SNR + 1 eXp (_E ||yreH2 - Czyte—lyte) 4

1 €1 im _im
frm Wim) = e g P (—5 19imll3 = covi™ivi™)

SNR+1 2SNR

where ¢ = 2553g T and ¢z = —5&\R 7. Since the limits of all the variables of the

above expressions are similar, we can interchange the argument of fy,, (y,.) with

y,, and produce the same expression. Therefore, fv,, (¥,.) = fv.. (Vi) and hence

@) = (fro ()2

By doing some mathematical manipulations, we can re-express fy,, (y,,) as
1 I re1

= -2y, =

fYre (yre) 27 /|Z| exp ( 2yre yre) ’

1 C2

where &1 =
G O

] . Therefore, we can identify fy,, (y,.) as bivariate Gaussian

distribution with zero mean and covariance matrix X.

Therefore, we have

o 0O 2
p(SNR) =1— <2f0 fo Free Wee) iS4 dy?) :

By defining p’ (SNR) = 2§, §" fv.. (¥,0) 4y, dy'®, we then focus on finding the

u re
decay rate of p’ (SNR). To that end, we use the transformation [ ] —x 2 [ Ji-1 ]
v yi

to find the asymptotic behaviour of p’ (SNR) as SNR — co.
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We then have,

Sl\}gﬂ@p (SNR) J f exp (— W+ )) dudv

_f JU i exp< ;(u2+v))dudv
_ff exp< + 02 )dudv,

1+\/W

1 u
2

(a) % (tan ( ) + Z)

W, 2(. 7 V2 N

T ( 27 2VNR T (SNR ) * 4)

_ V2 1

=1 e 40 (SNR ) (3.34)

where (a) follows by converting the following integral to polar coordinates as

JOO J_v exp 1 (u? +0?) | dudo =
0 (,1 ﬁ v 2

K3 A2 ﬁ 7T
)Lex <—) dAdB =tan ' [ -1 + ——— -
f Jtan_1 1+\/W p 2 ﬁ ( SNR) 4

in which A? = u? + v? and B = tan™! (%) [84]. With similar steps, we can prove that
N

[ () ot (14 20 o 7

Then, (b) follows from the Taylor series expansion and hence, when SNR — oo, we have

I

p (SNR) = ZLfSNR—* +0 <SNR—1) . (3.35)

Therefore, p (SNR) < SNR*%, and hence the DVO = % forn = 2 and 3.

Method 2:

We can prove the DVO result, starting with the SEP expression given in Corollary
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as well. To that end, we can re-express the conditional pdf given in (3.33) as
p(SNR, ) = 40 (—\/ZSNRr cos 9) Q (—\/ZSN Rrsin 9) 5 (SNR, 1),

where

p(SNR,h) = Q (V2SNchos(9> Q (—\/ZSWrsinG) +
Q <\/ZSW1’ cos 0) Q (\/ZSWr sin 9) + Q <—\/23Wr cos 9) Q <\/25Wr sin 9) .

By using the fact that Q (—a) = 1 — Q (a), we can expand the above expression as
p (SNR, 1) = 4{1 — A (SNR, )} A (SNR, 1),

where

A(SNR, k) = Q (—\/ZSWT’COS 9) +Q (—\/mr sin9)
-9 (-\/ZSWT’COS 9) Q (—\/ZSWrsin(?) )

Therefore, we can evaluate the decay rate of each term of the integral expression as

1 27T (OO )
p (SNR) = f f p (SNR,h)re™" drde,
TJo Jo
4 27T o0
- j J {Q (\/ZSNRr cos 9) + 0 (\/ZSNRr sin 9) -
TJo Jo
Q <\/2SNRr cos 9) ) (\/ZSNRr sin 9) — A2(SNR, h) }re_rz dr de,

where A2 (SNR, 1) contains the higher order terms of Q (-) which we can omit. Then,
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by using Lemmas 3 and 4 in [92], we can conclude that
27T ) o ;
J f V2SNRr cos0) re™" drdf £ SNR3,
27T ) o 1
J J ZSNRrsm9> re” " drdf = SNR™2,

27T
f J V2SNR7 cos 9) Q (vZSNRrsiHG) re " drdd £ SNRL.

With a similar analysis, we can find the decay rate of the rest of the terms and show
that they are decaying to zero at a rate greater than SN R™2. Hence, we conclude that

p (SNR) = SNR™2 for n = 2 and 3.

Now we will move to the proof for n > 4 case. In this case, we write

SNR f J f Jyt 1tan(2+2n711—¢)
( vie 1tan i~ l/’)

gsnR (¥ )dyt 14y dytedy

SNR J JJFHM Tty lﬂ)
(2 1tan

gsnr () dyi™; dy L Ay dy™,

p (SNR) =

where gonr () = exp{~3 T [ly|3 + 2 (yi%,y° + yimyim) } is a collection of
SNR
functions indexed by SNR. As SNR — o0 the function gsyr goes to

1 T T im _im
8 (y) = exp {—2 Iyllz + (v awi® + yi™ayi )} :

Further,
v 1tan(z+2””1 1!’) im re re 7.,im
f f j J tan(5—9) Qoo (y) dyi™y dyi 4 dyi® dy;
t 1 an

and

Yisq tan :lr—~_2'7n1 lp) im re re 7,im
f f f f S (y) dy;Zy dyi=, dy;© dy;

Y 1tan T—
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Hence, as SNR — o0, we conclude that
p (SNR) = SNR™'® (1) (3.36)

by using the monotone convergence theorem [86], which implies p (SNR) = SNR™.

Therefore, the DVO = 1 forn > 4.

3.9.5 Proof of Theorem

In order to obtain the ML rule for the setup described above, we have to maximize the

likelihood function £ (s;_1, s¢, h) given by

L (si—1,50,h) = Pr{Yi1€ Ry, ,, Vi € Ry, | St—1 = 51-1,S¢ = sy, H = h},
@ Pr {'V SNRAs;_1 + W;_1 € RkFl |St,1 =s_1,H = ”l}

Pr{ VSNRhs: + Wi e Ry, |S; = si, H = h},

where (a) follows due to the independence of two received signals given the channel
and s;_1, s; € C. Therefore, in order to maximize the above likelihood function, we have

to maximize each of the two probabilities separately. Let §(k, I1) be defined as

§(kh) = argmaxPr{\/SNRhs +WeRk|S=sH= h}.

seC

By solving this optimization problem for each probability in £ (5;_1,3;, k), we can
maximize the likelihood function.
The structure of the above optimization problem is exactly in the same form studied

in [92], and using Theorem 2 in this paper, we can write

§(k, h) = arg min dist (\/SNRhS, Hk> ,

seC

where H is defined as given in Theorem 3.4}

After estimating $;_1 and $;, the estimated message at time t is completely deter-

mined by reversing the encoding rule given in (3.1). This is because the transmitted
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message depends only on the phase difference of $;_; and $;. Therefore, the ML estima-

tor of the message at time ¢ is given by
M (ki1 ke h) = my if 8 = §_1 exp (A%) , (3.37)

which concludes the proof.

3.9.6 Proof of Theorem [3.5

Without loss of generality, we will assume that M; = mj is the message at time ¢. That

is, S; = S;_1. Then, we can write the SEP
p(SNR) = Pr{S; # S;_1|Si-1 = St = s} (3.38)

Here, we first present the proof for the n = 2 case. To that end, with a slight abuse of

notation, we write the SEP conditioned on fading as
3
p(SNR,I) =1— > Pr{Y; 1 e Ry, Ys € Ry|S;1 = Sy =s,H =},
k=0

3
—1-Ypr {\/SNRrefe + W1 € Rie|Si1 =5, H = h}
k=0

Pr{\/sTRrewat €eRy|Si =5 H= h},
—1- Q*(~V2SNRrcos6) Q* (~v25NRrsin6)
— Q2 (VESNRr cos0) Q2 (—V2SNRrsin )
— Q (V2SNRrcos6) @ (V2SNRrsin )

Q2 (—\/mr cos 9) Q? (\/ZSWr sin 9) .
(3.39)

By averaging (3.39) with respect to the fading distribution, we get the SEP expression
given in Theorem 3.4|for n = 2.

We now move to the proof for n > 3 case. By using Lemma 1 and its proof, we
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know that when 0 € [% — g4t 2%], we have the same conditional SEP as given in
(3.39). Hence, by averaging with respect to the fading distribution, we get the general
SEP expression for n > 2 as in (3.15). We avoid giving these steps to avoid repetitions.

3.9.7 Proof of Corollary[3.2]

Under coherent detection, in order to get the SEP expression (3.15), we have

p (SNR) —1—J J ZPr VSNRrel® + W,_1 € Ri|Si_1 =s,H = h}
Pr{ SNRre® + Wy e Ry | S = s, H = h} re=" drdo,
4 (2 (* e
=1- E {Al + A+ Az + A4}re drdf,
0o Jo

where

Q? (~V2SNRrcos) @ (~V2SNRrsind) ,
~ Q*(V2SNRrcos ) Q* (~V2SNRrsin6)
Q* (VaSNR
o (-

By using the change of variables § = 6 + k7 for each integral term So% §o A re~"drde,
we get SO% §o0 Axre " drde = S:?% §o” A1re " drdf and hence we can convert the
2

p (SNR) expression to
Z proo T 0O
p(SNR)=14JZJ Alre_’zdrd94j f Ay re"drdd
TJo Jo TJz Jo

3
4 Aol 4 27T OO
- = f : J Ay re™" drdf — f f Ay re™" drdo,
TJr Jo T STn 0
4 27T 00 )
=1- f J A1 re " drdo.
TJo Jo

Therefore we get the SEP expression in (3.16) and it is the same as (3.10) which give
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the SEP under non-coherent detection. Therefore, we conclude that for n = 2, the SEP

is same for both coherent and non-coherent detection.

3.9.8 Proof of Theorem

In this case, we will first re-express the SEP given (3.15) as

T+ .
p(SNR) = = [*° P V2SNRr cos ) Q (i V2SNRr sin )

mT_
4 2n

pi (SNR, ) rexp (—r?) drdf

where p}¢ = (—1)i fori=1,2,3,4, p%m =—1fori=1,2and p}m =1fori=23,4,and

p1(SNR 1) = Q(2%) Q (=2'™) + Q (") Q (™) + Q (~=%) Q (z'™)

p2(SNR, ) = Q (~2") Q (—2'™) + Q(2) Q (z™) + Q (~2%) Q (™)
ps(SNR 1) = Q(~2%) Q (—2'™) + Q (2) Q (~2™) + Q(~z") Q (™)
Pa(SNRB) = Q(=2) Q (—2™) + Q (=) Q (—2™) + Q (") Q (=),

in which z™ = +/2SNRr cos § and z™ = +/2SNRr sin 6.

By using the fact that Q (—a) = 1 — Q (a), we can expand the above expression and

evaluate the decay rate of each term of the integral expression as

p (SNR) 2n Jﬁ:” f C1Q (\/ZSWNOSG) +0Q (\/mrsm(%)
39 (vZSNRr cos 9) Q (\/ZSNRr sin 9) + o }re*r2 drde,

where ¢y, ¢y, c3, - - - are constants and we omit the higher order terms of Q (-). Then, by

using Lemmas 3 and 4 in [92], we can conclude that

1
LN A SNR™Z ifn=2
f P f 0 (\/2SNRr COS 9) re " drdo & ,
SNR™! ifn>=3
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1
itar SNR™? ifn=2
F f Q( 2SNRrsin9)re—r2drd9§ ,
§ar V0 SNR™!  ifn >3

=B

4

and

i

T+ o
J4 : J Q (\/ZSNchos 9) Q (\/ZSNRr sin@) re " drdf £ SNR™! ifn > 2.
0

n_
4 2

With a similar analysis, we can find the decay rate of the rest of the terms and can show
that they are decaying to zero at a rate greater than SNR™!. Hence, we conclude that
p (SNR) = SNR™Z for n = 2 and p (SNR) = SNR™! for n > 3. Therefore the DVO result
in TheoremB.71



Chapter 4

Low-Resolution Quantization in
Multi-Antenna Systems

This chapter focuses on optimum and sub-optimum detectors and error rate analysis for wireless
systems with low-resolution quantizers in the presence of fading and noise for a wireless com-
munication network consisting of one transmit antenna and N receive antennas. In the case of
QPSK, the ML detector is derived. Based on selection combining, we present three antenna selection
strategies that pick the best antennas based on the channels and the quantization regions in which
the received signals land. We derive exact analytical expressions for the average SEP attained by
each antenna selection strategy when the wireless channel is corrupted by Rayleigh fading and
AWGN. For QPSK modulation, it is shown that a transceiver architecture with n-bit quantization
and N receiver antennas is asymptotically optimum in terms of communication reliability if
n = 3. That is, with the optimum ML detector, the decay exponent for the average SEP is the same
and equals to N either with infinite-bit quantizers or with n-bit quantizers where n > 3. On the
other hand, it is only equal to % and 0 for n = 2 and n < 2, respectively. We show that the strategy
that selects the diversity branch with channel rotated constellation points being furthest away from
the decision boundary is the best strategy in terms of the symbol error probability performance. An

extensive simulation study is performed to illustrate the accuracy of the derived results.

4.1 Introduction

41.1 Background and Motivation

In this chapter, we extend the work presented in Chapter 2| to low-resolution quantiza-
tion based communication systems with multiple antennas. In Chapter 2, we analyzed

the error probability performance of a SISO communication system when the receiver

113
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is equipped with a low-resolution phase quantizer. Considering that a SISO system
acts as a basic building block for more complex systems, in this chapter, we focus on
analyzing the error probability performance of a SIMO system with low-resolution
quantization. The performance results obtained in this chapter hold in the general case

of n-bit quantization, QPSK modulation and Rayleigh fading channels.

4.1.2 Main Contributions

In this chapter, we consider a wireless communication system with 1 transmit antenna
and N receive antennas, in which the receiver is equipped with low-resolution ADCs
that quantizes the phase of the received signal. Our main contributions are summarized

as follows.

* Motivated by the capacity achieving property of circularly symmetric input dis-
tributions for low-resolution ADCs [77], we adopt QPSK modulation and derive
the optimum ML detection rule for signal detection with low-resolution ADCs
in a SIMO system. For the general n-bit quantization, we analyze the average
SEP attained by the derived ML rule when the wireless channel is subjected to
Rayleigh fading through Monte-Carlo simulations. These results are presented in

Theorems@.1]and

* Based on selection combining, we present three antenna selection strategies that
pick the best antennas based on the channels and the quantization regions in
which the received signals land. These strategies are presented in Sections [4.4.1]
[.4.2Jland [4.4.3] We derive exact analytical expressions for the average SEP attained
by each antenna selection strategy when the wireless channel is corrupted by
Rayleigh fading and AWGN. We use extensive numerical examples to compare

the analytical expressions against the Monte-Carlo simulations. These results are

presented in Theorems and [4.5] respectively.

* Under the selection strategy given in Section[4.4.1} we establish a fundamental
ternary behaviour in the average SEP performance of a wireless communication

system with low-resolution ADCs and QPSK modulation. Based on the Rayleigh
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fading model, we show that the decay exponent of the average SEP is the same
as that of an infinite-bit quantization, which is equal to N when n > 3. We also
show that it is equal to 3 and 0 for 2 and n < 2 bit quantization, respectively. This

result is presented in Theorem

e Under the selection strategy given in Section[4.4.2} we establish a binary behaviour
in the average SEP performance of a wireless communication system with low-
resolution ADCs and QPSK modulation. Based on the Rayleigh fading model, we
show that the decay exponent of the average SEP is 1 for N > 2and n > 2. We
also show that it is equal to 0 for n < 2 bit quantization. This result is presented

in Theorem

 Under the selection strategy given in Section[4.4.3| we establish a fundamental
ternary behaviour in the average SEP performance of a wireless communication
system with low-resolution ADCs and QPSK modulation. Based on the Rayleigh
fading model, we show that the decay exponent of the average SEP is the same
as that of an infinite-bit quantization, which is equal to N when 7 is larger than
or equal to 3 using numerical results. We also show that it is equal to & for 2-bit

quantization.

* By analysing the error probability performance in the high-SNR regime, we
characterize the DVO for low-resolution ADC based communication systems.
From a system design point of view, our results show that the best sub-optimum
detection rule is the one given in Section #.4.3] The results show that using one
additional bit on top of 2-bit quantization can achieve optimum communication
robustness in the high-SNR regime. In particular, for Rayleigh fading, the simple
sub-optimum detection rule given in Section is optimum in terms of the

DVO.
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4.2 System Setup

4.2.1 Channel Model and Signal Modulation

We consider a wireless communication network consisting of a transmitter with one
antenna and a receiver with N antennas. The received signals at the receiver antenna

array can be given in vector form as
Y = VSNRHX + W, (4.1)

where X € C is the transmitted signal with C denoting the constellation set of informa-
tion signals in C, SNR is the ratio of the transmitted signal power to the AWGN power,
H=[Hy H -+ H N_l]T with Hj € C is the unit power channel gain between the
transmitter and the [-th receiver antenna, and W = [Wy, W; --- WN_l]T with W;

is the circularly-symmetric zero-mean unit-variance AWGN, i.e., W; ~ CN(0,1) at the

I-th receiver antenna. Then Y = [Yy Y; --- YN_l]T with
Y, — VSNRH, X + W, 1=01,---N—1 (4.2)

where Y] represents the received signal at the receiver antenna I. Assuming that the

i 3
24“—1)} - While the

i=

transmitted symbols are modulated using QPSK, we set C = {e] (
analysis presented in this chapter is restricted to QPSK modulation it can be extended

to M-PSK modulation.

Under high-resolution quantization where the receiver can fully observe Y = y with
perfect channel knowledge H = h, the symbol detected by the optimum ML detector

can be given as

2
S (1) — g [~ v &

xeC

where ||(-)||, represents the Euclidean norm of the vector (-) [93]. In our work, however,
we are focusing on the case where the receiver quantizes each incoming signal and

conveys the quantized received signal vector Q (Y) = [Q (Yp),Q (Y1), --,Q (Yn_1)]"
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to the detector. By using these quantized observations, the detector has to estimate the

transmitted signal X.

4.2.2 Receiver Architecture

The receiver architecture is based on a low-resolution ADC. As illustrated in Fig.
each received signal is sent through a low-resolution quantizer, and then the
resulting quantized received signals are used to determine the transmitted symbol
X. More specifically, the signal Y; received from antenna / goes through an n-bit
low-resolution quantizer for all I = 0,1,--- ,N — 1. Then the resulting quantized
signals Q (Yp),Q (Y1),---,Q(Yn—1) are used to estimate the transmitted signal X.
Since information is encoded in the phase of X with the above choice of constellation
points, we use the same quantization process as given in Section[2.2.4]to quantize each

received signal Y;.

v. N QYo)
0
E—— n-bit Quantizer
f )
Y; QM)
—_— n-bit Quantizer
\- J N
X
Signal Detector
Estimate of the
Transmitted Signal
Y1 Q(Yn-1)

n-bit Quantizer

Figure 4.1: The receiver architecture with low-resolution quantization. The signal detec-
tor observes only the n-bit quantized versions of Y; to estimate the transmitted signal.
1=01,---N-1

We also assume that full CSI is available at the receiver. The motivation behind our

model with full-precision CSI is the same as given in Section
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4.3 Optimum Signal Detection

With slight abuse of notation, we first define Q(Y) = [Q (Yo),Q (Y1), .., Q (Yn_1)]" for
vector notation of the quantized observations of the received signals. Then, the aim of
the detector is to minimize the SEP by using the knowledge of Q(Y) and CSI H, which

can be represented as selecting a signal point £ (k, k) satisfying

% (k,h) € argmax Pr{X = x|Q(Y) = k,H = h}, (4.4)

xeC
where k = [ko, k1, -+, kn_1]" with Q(Y;) = kyand h = [ho, hy,- -, hy_1]" with b € C
foralll € [0: N —1]and k; € [0 : 2" — 1]. The main performance figure of merit for our

detection problem is the average SEP given by
p(SNR) = Pr{X # 2(Q(Y),H)}. (4.5)

In the following, we present five detection techniques that can be used in the
process of estimating the transmitted symbols in this setting. Then we analyze the
SEP performance of them under n-bit quantization. We start with the optimum ML
detector and since the complexity of the ML detector increases with the number of
receiving antennas, we next focus on detectors based on selection combining and

majority combining.

4.3.1 ML Detector with 2-bit Quantization

In the following, we present the ML detection rule for the special case with n = 2 which

is later generalized to n > 3.

Theorem 4.1. Assume H; has a continuous pdf foralll = 0,1,--- ,N —1and Q (-) is the
complementary distribution function of the standard normal random variable. Then, % (k, h) is

unique with probability one because the set of h values for which

argmax Pr{Q (Y) = k|X = x,H = h}

xeC
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is singleton has probability one. Then, the ML detection rule for low-resolution ADC based

receiver architecture with 2-bit quantization can be derived as

N-1
% (k,h) = argnélax H Q ( sgn (Re (Y})) VSNRr; cos {Arg (h;) + Arg (x)})
xeC =0

Q (—sgn (Im (Y;)) v/SNRr sin {Arg (1) + Arg (x)}) , (4.6)

where r; = |hy| is the magnitude of h;, Arg (h;) and Arg (x) are the phase angles of h; and x
respectively and sgn (-) is signum function given as (1.2).

Proof: See Appendix O

4.3.2 ML Receiver with n-bit Quantization

In the following, we generalize the ML detection rule for n > 3 and present the

following theorem.

Theorem 4.2. Assume H; has a continuous PDF foralll =0,1,--- ,N —1and Q (-) is the
complementary distribution function of the standard normal random variable. Then, % (k, h) is
unique with probability one and the ML detection rule for low-resolution ADC based receiver
architecture with n > 3 bit quantization can be derived as

N-1

% (k, h) = arg max H (1 exp (— SNerz) + g (Arg (x) ,kl,hl)) , 4.7)
xeC 1=0

where

g(Arg kl/hl)

(kj+1) n
,/Serj ” exp{ SNRr? sin® (« — Arg (1) — Arg (x )}

cos (o — Arg (h;) — Arg (x)) Q (—\/ZSNer cos (o — Arg (h;) — Arg (x))) ] dux,

where r; = |hy| is the magnitude of h;, Arg (h;) is the phase angles of hy and k; = Q (Y).

Proof: See Appendix O
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4.4 Antenna Selection and Signal Detection

We can see that evaluating the integral expressions in the ML detector given in Theorem
is not easy. As we increase N, the number of integral expressions in the likelihood
function also increases. Therefore, in the following, we focus on sub-optimum detectors
based on the selection combining and derive easy-to-evaluate expressions for the error
performance. Therefore, we next move to sub-optimum detectors based on selection
combining to check whether there are ways to reduce the complexity.

In selection combining, we pick a path L* according to a given selection criterion

which can be defined as follows.

Definition 4.1. A selection criterion s is defined as a mapping
s:CN > [0:N-1], (4.8)

which takes N fading coefficients as input and outputs the index of the selected path. That is,
s(H) = L*where H = [Hy H; --- Hy_1]" with HeCforallle[0: N —1].

Once the path L* is selected, the detector only uses the information available at
antenna L* to estimate the transmitted signal. Thus, the detector has to minimize the
SEP using the knowledge of Q (Y1+) and Hj+, which can be represented as selecting a

signal point £ (k*, h*) satisfying

& (k*,h*) € argmax Pr{X = x|Q(Y;+) = k*, Hp» = h*},

xeC

for all i* € C and k* € [0 : 2" — 1]. As such, the SIMO system considered in this chapter
reduces to a point-to-point system once a path is selected. Therefore, we can directly
use Theorem [2.3]of Chapter 2] to express the ML detection rule under a given selection

criterion as

2 (k*, h*) = arg min dist (\/SN Ri*x, ’Hk*) , (4.9)

xeC

where dist (z, A) £ inf,c 4 |z — 5| is the distance between a point z € C and aset A < C,
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and Hi = {z € C: Arg(z) + 7 = 3t (2k* + 1)} is the bisector of R with Yi+ € Rye.

In this work, we consider three different criteria to select a path from N independent

paths as

1. Selection Criterion 1: Selecting the path having the channel with the maximum

amplitude.

2. Selection Criterion 2: Selecting the path having the channel with the minimum

absolute phase angle.

3. Selection Criterion 3: Selecting the path having the channel that locates the rotated

constellation point furthest away from the decision boundary.

These selection criteria are discussed in detail in the following. We also analyse the

SEP performance of each method.

44.1 Selection Criterion 1

In this case, the detector chooses the path with the maximum channel magnitude as

the path L*. Thus, the path selection criterion can be given as

L* = argmax R, (4.10)
1e[0:N—1]

where R; = |H,| is the channel magnitude of path I. The main idea behind this selection
criterion is to choose the path with the channel that locates the rotated constellation
signal (i.e., vV'SNRH, X) furthest away from the origin of the constellation plane. Hence,
it maximizes the effective SNR of the system. Albeit its simplicity, this selection criterion
does not take into account the phase of the channel when selecting the path L*. The
observations available in the selected path L* is used in to estimate the transmitted

symbol £ (k*, h*).
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4.4.2 Selection Criterion 2

In this case, the detector chooses the path with the minimum absolute phase angle of

the channel as the path L*. Then the path selection criterion can be given as

L* = argmin |Q)], (4.11)
1e[0:N—1]

where ©; = Arg (H;) is the phase angle of the channel in path I. The main idea behind
this selection technique is to choose the channel which makes the rotated constellation
signal (i.e., v/SNRH; X) closest to the bisector Hy, of the quantization region Ry, where
Y; € Ry,. This selection criterion is motivated by Theorem [2.3|in Chapter 2l which
indicates that most probability mass is accumulated in the region Ry, when the unit-
variance proper complex Gaussian distribution with mean v/SNRk;x, x € C, closest to
Hy, is integrated over Ry,. The observations available in the selected path L* is used in

to estimate the transmitted symbol £ (k*, 1*).

4.4.3 Selection Criterion 3

In this case, the detector chooses the path L* that locates the rotated constellation point
V/SNRH; X furthest away from the boundary of the region in which the received signal
has to be landed for correct decoding of the transmitted signal X. We call this the
region of attraction and its boundaries the decision boundaries. The main idea behind
this selection technique is to choose the channel that will minimize the probability
of making an error. Let us use Fig. to illustrate this criterion assuming that the
region of attraction is the first quadrant of the constellation plane. Let xy be the
transmitted symbol. Given a channel /;, we make an error if the rotated constellation
point (\/Smhlx) is dragged to a region other than R, by AWGN. Therefore, by
selecting the channel which makes the rotated constellation point furthest away from
the decision boundary, we reduce the probability of making an error.
As illustrated in Fig. the distances to the decision boundaries are ‘ Re (\/SI\TQHQ() ’

and ’Im (mHlX> ' for each path [. Therefore the detector chooses the smaller dis-

tance out of these two distances for each path /
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A
Im

\ Re

Figure 4.2: This is an example case for n = 2 case. We assume x = x (indicated by the red
dot) has been transmitted and Arg (H;) € [—%, F]. The transmit signal xo has been moved

to vVSNRI;xp (indicated by the blue dot) by the channel H; = k; in path . Since, in this case
the region of attraction is R, the distances to the decision boundaries are ‘Re (\/SN Rhlx()) ‘

and ‘Im (\/SN Rhlx()) ‘ The detector compares these distances for all / and chooses the path
according to (4.12).

(i.e., min {‘Re (\/Sl\T?Hﬂ()

that maximizes the minimum distance as the path L* as given by

7

Im (\/ SN RHIX) H) Then the detector chooses the path

L* = argmax {min (|H}® — Hlim| , |Hf® + Hllm|)} 4.12)

Ie[0:N—1]
where H® and H]™ denote the real and the imaginary parts of H;, respectively. The ob-
servations available in the selected path L* are used in to estimate the transmitted

symbol £ (k*, h*).

4.5 Average Symbol Error Probability

In this section, we derive analytical expressions for the SEP when the sub-optimum
detection criteria introduced in Section {4.4|are adopted.

Under selection combining we select the path L*, which could be different based
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on the detection criteria that we use. Once the path L* is selected, the setup reduces
to a point-to-point system in which H;» = h* and k;» = k*. The pdf of Hy+ is different
from one detection criteria to another. With a slight abuse of notation, we first define

the SEP conditioned on the channel fading as
p (SNR, ) = Pr {\/SNRV* e L W ¢ 5*}, (4.13)

where r*e/” = I*x, W* = Wy« and the set £* is definedas £* = {ze C: 0 < Arg(z) < £}.
The probability in (4.13)) can be calculated by conditioning on the real part of W*, which
is denoted by W, as,

Pr {\/SNRr* e LW ¢ S| WE = w} o) (\/ZSNRr* sin 0*) ) (4.14)
for w > —+/SNRr* cos 6*. Similarly, for w < —+/SNRr* cos 8%, we get

Pr{ SNRre/®" + W* ¢ £*

W2 = w} - 1. (4.15)

Integrating (4.14) and (4.15) with respect to the pdf of Wy, which is given by fw. (w) =
ﬁe_wa we obtain p (SNR, h*) as

p(SNR,h*) = Q (mr* cos 9*) +Q <\/25Wr* sin 9*)
-9 (\/ZSN Rr* cos 9*) Q (\/ZSWW sin 9*) . (4.16)

We also highlight that is a special case of in Chapter 2] which is derived for
a point-to-point system with M-PSK modulation and Nakagami-m fading channels.
Thus, more details on the derivation of are available under the proof of Lemma
and Theorem 2.3 of Chapter 2] With Rayleigh fading, we can write the pdf of the
fading magnitude for each path [ as fg, (r) = 2re™" for r > 0. Based on this, we next
derive the distribution of H;~ under each selection criteria and proceed to derive an

expression for the average SEP.
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4.5.1 SEP with Selection Criterion 1

Under selection criterion 1 given in Section [#.4.1, where the detector chooses the path
with the maximum channel magnitude as the path L* to estimate the transmitted signal

% (k*, h*), the average SEP can be derived as given in the following Theorem.

Theorem 4.3. Assume H; is a unit-power Rayleigh fading coefficient. Under selection criterion
1, for a system with 1 transmit antenna and N receive antennas with QPSK modulation and

n = 2 bit quantization, the average SEP is given according to

2"N %+2Ln * *\ ok *\ 2 *\2 N-1 * 3%
p(SNR) = = e fo p (SNR, h*) r exp{—(r ) }[1—exp{—(r) }] dr* do*,
(4.17)
where r* = l {g\flxl] 11, with |hy| = ryand p (SNR, h*) is given in (4.16).
e|U:N—
Proof: See Appendix[4.9.3] O

4,5.2 SEP with Selection Criterion 2

Under selection criterion 2 given in Section where the detector chooses the
path with the minimum absolute channel phase angle as the path L* to estimate the

transmitted signal £ (k*, h*), the average SEP can be derived as given in the following

Theorem [4.4]

Theorem 4.4. Assume H; is a unit-power Rayleigh fading coefficient. Under selection criterion
2, for a system with 1 transmit antenna and N receive antennas with QPSK modulation and

n = 2 bit quantization, the average SEP is given according to

n+1 I+ oo ngx\ N—1
p (SNR) = 2N f4 ’ f p (SNR, *) r* exp {— (r*)z} (1 +2n2 2" > dr* de*,
7T 0 7T

T

4

(4.18)

where p (SNR, h*) is given in (4.16).

Proof: See Appendix O
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4.5.3 SEP with Selection Criterion 3

Under selection criterion 3 given in Section [4.4.3] where the detector chooses the path
L* with the channel which makes the rotated constellation point furthest away from

the decision boundaries, the average SEP can be derived as given in the following

Theorem F.5]

Theorem 4.5. Assume Hj is a unit-power Rayleigh fading coefficient. Let Q (-) be the comple-
mentary distribution function of the standard normal random variable [|84)]. Under selection
criterion 3, for a system with 1 transmit antenna and N receive antennas with QPSK modula-

tion, the average SEP is given according to

21+

p(SNR) = —

1 T+ (O N—1
N J4 i f p (SNR, i*) {G (\/SNR;’*COSG*)}

% 0

rexp {— (r*)z} dr* do* (4.19)
where p (SNR, *) is given in and
2
G (\/SNRr* cos 9*) =g (\@r* cos 9*) —n2 {1 -29 (\@r* cos 9*)}
with
2" « /2t T on 2
g (a) = TNR L {1 —-20 (?NR tan <Z + 211)) } exp (_SNR) dt.

Proof: See Appendix O

4.6 The Decay Exponent for the Average Symbol Error Proba-
bility

In this section, we will analyze the communication robustness that can be achieved with

low-resolution ADCs by focusing on the decay exponent for p (SNR), which is given

by (2.5). We will use Definition 2.1]to simplify the notation. The following Theorems

will establish some important results for DVO for our system under the three selection
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criteria we presented above.

4.6.1 DVO with Selection Criterion 1

Under selection criterion 1 given in Section [#.4.1, where the detector chooses the path
with the maximum channel magnitude as the path L* to estimate the transmitted signal

% (k*,h*), the DVO can be derived as given in the following Theorem [4.6|

Theorem 4.6. The DVO of a low-resolution ADC based receiver architecture under selection

criteria 1 with QPSK modulation and Rayleigh fading is given by

I n=2
! =
DVO = (4.20)
N n=z=3
where N is the number of receive antennas.
Proof: See Appendix O

4.6.2 DVO with Selection Criterion 2

Under selection criterion 2 given in Section where the detector chooses the
path with the minimum absolute channel phase angle as the path L* to estimate the

transmitted signal £ (k*, h*), the DVO can be derived as given in the following Theorem

4.7

Theorem 4.7. The DVO of a low-resolution ADC based receiver architecture under selection

criteria 2 with QPSK modulation and Rayleigh fading is given by
DVO =1 (4.21)

where N > 2 is the number of receive antennas and n > 2.

Proof: See Appendix O
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4.6.3 DVO with Selection Criterion 3

Under selection criterion 3 given in Section the detector chooses the path L* with
the channel which makes the rotated constellation point furthest away from the decision
boundaries. In this case, we only obtain the DVO through numerical simulations. Based

on the numerical simulations given in Section we can obtain that

n=2

Nz

DVO = (4.22)

Z

n=3.

Further, for the special case of N = 2 and n = 2, we find an upper and a lower bounded
for DVO as given in Appendix[4.9.8|

For n = 2 case, the DVO of a low-resolution ADC based receiver architecture under
selection criterion 3 with QPSK modulation and Rayleigh fading is difficult to derive.
Thus, we take a bounded approach and show that the DVO is lower bounded by % and
upper bounded by 3 for the specific case of N = 2. More details about the derivation of
these bounds are included at the end of Appendix[4.9.8) However, based on simulations
we show that the DVO in this system is & where N is the number of receive antennas.

We have added a detailed discussion on the DVO for n = 2 case in Section

4.7 Numerical Results

In this section, we present numerical examples to illustrate the accuracy of SEP analysis
for QPSK modulation with n-bit phase quantization. Channel fading is unit-power
and circularly-symmetric with Rayleigh distributed magnitude, and additive noise is

complex Gaussian with zero mean and unit variance.

4.7.1 System Performance with ML Detector

First, we investigate the system performance with the optimum ML detector presented
in Sections and Fig. [4.3|plots the average SEP as a function of SNR for QPSK
modulation with n = 2, 3,4 and co-bit quantization under Rayleigh fading. We change
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the number of receive antennas as N = 2, 3,4 and simulate the SEP results based on the
detection rule provided in Theorem @4.1|and We use the ML detector given in (4.3)
to plot the average SEP for the unquantized case (n = o). We observe a noteworthy
improvement in the average SEP when n changes from 2 to 3-bit quantization for QPSK
modulation. This states that using one extra bit, on top of log, M bits, improves SEP
significantly. By using the simulation results, we can figure out the DVO and it moves
from % to N when n changes from 2 to 3 or more, i.e., we observe full DVO when
the number of quantization bits is log, M + 1. We also observe that the average SEP
reduces as we increase 1, but the amount by which it reduces also gets smaller as we

increase n. As expected, DVO = N for all n > 3. Furthermore, DVO = % when n = 2.

10°

10°8

10-4 L L L L L
0 2 4 6 8 10 12

SNR, dB

Figure 4.3: Average SEP curves as a function of SNR with QPSK modulation and ML detection.
n=2,3,4,0and N = 2,3,4. We note that the non-smooth variations of the curves in the high
SNR regime are a result of numerical errors in the simulation.

Next, we investigate the effect of the number of quantization bits on the system

performance with selection combining.
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Figure 4.4: Average SEP curves as a function of SNR with QPSK modulation and selection
combining with selection criterion 1. n = 2 and N = 2,3, 5, 10.
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Figure 4.5: Average SEP curves as a function of SNR with QPSK modulation and selection
combining with selection criterion 1. n = 2,3,4and N = 2,3, 5.
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4.7.2 System Performance under Selection Criterion 1

Fig. [£.4 plots the average SEP as a function of SNR for QPSK modulation with n = 2
bit quantization under Rayleigh fading. We change the number of receive antennas
as N = 2,3,5,10. The simulated results are generated using Monte Carlo simulation,
while the analytical results are generated using our expression in (.17). As the plot
illustrates, the analytical results accurately follow the simulated results for all four
cases. As established by Theorem[4.6] we observe that with 2-bit quantization, the DVO
remains % for all N. We also observe that the average SEP reduces as we increase N,
but the amount by which it reduces also gets smaller as we increase N.

Fig. plots the average SEP as a function of SNR for QPSK modulation with
n = 2,3,4 bit quantization under Rayleigh fading. We also change the number of
antennas as N = 2,3, 5. The plots are generated using the analytical expression in {#.17).
We observe a noteworthy improvement in the average SEP when n changes from 2 to
3- bit quantization for all N = 2,3,5. This is expected in light of Theorem which
states that using one extra bit, on top of 2-bits, improves the DVO from 1 to N. We also
observe that the average SEP reduces as we increase 7, but the amount by which it
reduces also gets smaller as we increase n. As expected, DVO = N for all n > 3 and

DVO = %whenn =2.

4.7.3 System Performance under Selection Criterion 2

Fig. {4.6|plots the average SEP as a function of SNR for QPSK modulation with n = 2
bit quantization under Rayleigh fading. We also change the number of antennas as
N = 2,3,5,10. The simulated results are generated using Monte Carlo simulation,
while the analytical results are generated using our expression in (£.18). As the plot
illustrates, the analytical results accurately follow the simulated results for all cases. As
established by Theorem [4.7, we observe that the DVO = 1 forall n > 2and N > 2. We
also observe that the average SEP reduces as we increase N, but the amount by which
it reduces also gets smaller as we increase N.

Fig. plots the average SEP as a function of SNR for QPSK modulation with
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Figure 4.6: Average SEP curves as a function of SNR with QPSK modulation and selection
combining with selection criterion 2. n = 2 and N = 2,3, 5,10, 50.

n = 2,3,4 bit quantization under Rayleigh fading. We also change the number of
antennas as N = 2,3, 5. The plots are generated using the analytical expression in (4.18).
We do not observe a noteworthy improvement in the average SEP even when we use
more quantization bits. This is expected in light of Theorem 4.7} which states that the
DVOis 1 forall N > 2 and n > 2. This may be because selection criterion 2 does not
take the advantage of better SNR values at other antennas. In the classical approach,
more antenna branches improve DVO since some of them provide higher SNR either
selected individually or maximally combined together. Here, there is no such SNR gain

due to the SNR-ignorant operation of the system.

4.7.4 System Performance under Selection Criterion 3

Fig. 4.8 plots the average SEP as a function of SNR for QPSK modulation with n = 2
bit quantization under Rayleigh fading. We also change the number of antennas as
N = 2,3,4. The simulated results are generated using Monte Carlo simulation, while

the analytical results are generated using our expression in (4.19) for n = 2. As the plot
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Figure 4.7: Average SEP curves as a function of SNR with QPSK modulation and selection
combining with selection criterion 2. n = 2,3,4and N = 2,3,5, 10, 50.

illustrates, the analytical results accurately follow the simulated results for all cases.
We observe a noteworthy improvement in the average SEP when N changes. Using
the simulations, with 2-bit quantization we get the DVO = % Thatis, DVO = 1,1.5 and

2 as we change N as 2, 3, and 4, respectively.

Fig. plots the average SEP as a function of SNR for QPSK modulation with
n = 2,3,4-bit quantization under Rayleigh fading. Again we change the number of
antennas as N = 2,3,4. The curves are generated using the analytical expression in
for n > 3. We observe a noteworthy improvement in the average SEP when n
changes from 2 to 3-bit quantization for all N = 2, 3, 4. Through simulation results, we
obtain DVO = ¥ for 2-bit quantization and DVO = N for n > 3 bit quantization. This
means that using one extra bit, on top of 2-bits, improves the DVO from % to N. We
also observe that the average SEP reduces as we increase 1, but the amount by which it

reduces also gets smaller as we increase 1.
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Figure 4.8: Average SEP curves as a function of SNR with QPSK modulation and selection
combining with selection criterion 3. n = 2 and N = 2,3, 4.
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Figure 4.9: Average SEP curves as a function of SNR with QPSK modulation and selection
combining with selection criterion 3. n = 2,3,4and N = 2,3,4.
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4.7.5 System Performance Comparison

Fig. plots the average SEP as a function of SNR for QPSK modulation under
Rayleigh fading with the selection criteria 1,2 and 3 withn = 2,3,4 and N = 2. The
curves are generated using Theorem and {4.5|respectively for selection criterion
1,2 and 3. We observe that selection criterion 3 outperforms selection criterion 1 and 2.
For n = 2 case, this performance difference is very clear. However, for n > 3, selection

criterion 3 outperforms selection criterion 1 by a very small margin.

n=2 ~
103 F B Selection Criterion1 = — =n=3 < A

B Selection Criterion 2

Selection Criterion 3

10—4 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20

SNR, dB

Figure 4.10: Average SEP curves as a function of SNR with QPSK modulation and selection
combining with different selection criteria. n = 2,3,4and N = 2.

Fig. plots the average SEP as a function of SNR for QPSK modulation under
Rayleigh fading with the ML detector and selection criterion 3 with n = 2,3,4 and
N = 2. The curves related to the ML detector are generated using Monte Carlo
simulation and the curves related to selection criterion 3 are generated using Theorem
We observe that selection criterion 3 shows the same DVO performance compared
to the ML detector. That is, with 2-bit quantization the DVO is % and with 3 or more bit
quantization, the DVO is N.

Fig. plots the average SEP as a function of SNR for QPSK modulation under

Rayleigh fading with the ML detector, selection criterion 3 and majority combining
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Figure 4.11: Average SEP curves as a function of SNR with QPSK modulation under the ML
detector and selection combining with selection criterion 3. n = 2,3,4 and N = 2.
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Figure 4.12: Average SEP curves as a function of SNR with QPSK modulation under the ML
detector, selection combining with selection criterion 3 and majority combining. n = 2,3,4 and

N = 3. We note that the non-smooth variations of the curves in the high SNR regime are a result
of numerical errors in the simulation.
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withn = 2,3,4 and N = 3. In majority combining, the detector first estimate the
transmitted signal £; (k;, ;) by applying Theorem[2.2)for each path / € [0 : N — 1]. Then
the estimated transmitted symbol £ (k, k) will be decided based on the majority of
%y (kj, hy) for all I € [0 : N — 1]. This can be given as

x (k, h) = majorityof {5@0 (ko, hg) ,551 (kl,]’ll) PR J’(?N,1 (kal, I’lel)} .

If the majority is shared between two or more estimated transmitted signals, then the
detector has to make a random guess to estimate the transmitted signal. While this is a
sub-optimal approach, we only use this method for comparison and do not perform a
mathematical analysis.

We observe that both the ML detector and selection criterion 3 outperform the
majority combining based detector in terms of SEP for alln = 2,3,4and N = 3. We
also observe that the average SEP performance gap between the ML detector and
the majority combining detector increases as we increase n. Through Monte Carlo
simulation, we also observe that the DVO is less than % for n = 2 and DVO is less than
N for n > 3. Therefore, the proposed selection criterion 3 based sub-optimum detector

is the closest to the ML detector in terms of SEP performance.

4.8 Conclusions and Future Generalizations

In this chapter, we performed a theoretical analysis of a low-resolution based ADC
communication system with a single transmit antenna and multiple receive antennas
and obtained fundamental performance limits, optimum ML detectors, sub-optimum
detectors and a general analytical expression for the average SEP for QPSK modulation
with n-bit quantization. These results were further investigated for the Rayleigh fading
model in detail. We presented three antenna selection strategies and characterized
their SEP performance limits. The average SEP expressions are derived for QPSK
modulation with n-bit quantization. For the Rayleigh fading channel, it is shown
that a transceiver architecture with n-bit quantization and N receiver antennas is

asymptotically optimum in terms of communication reliability if n > 3. That is, with
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the optimum ML detector, the decay exponent for the average SEP is the same and
equals to N either with infinite-bit quantizers or with n-bit quantizers where n > 3.
On the other hand, it is only equal to § and 0 for n = 2 and n < 2, respectively. We
also note that the simple sub-optimum detector that selects the path with the channel
that locates the rotated constellation point furthest away from the decision boundary is

asymptotically optimum in terms of communication reliability if n > 3.

A major result of this chapter is the discovery of a ternary SEP behaviour, indicating
the sufficiency of 3-bits for achieving asymptotically optimum QPSK communication
reliability. Hence, without modifying the conventional RF chain, we can use one extra
bit and still achieve asymptotically optimum communication performance. Another im-
portant result is that the discovery of the new selection combining based sub-optimum

detector that performs the same as the ML detector in terms of DVO.

We can extend this research to M-ary modulation schemes under the Nakagami-m
fading as given in Chapter 2} This would allow generalizing our findings to broader
cases. We then can extend this analysis to a low-resolution quantization based MIMO
wireless communication systems. Further, as discussed in Chapter 2} another important
future research direction is to compare and contrast the backwards-compatible receiver

design approach of using one extra bit proposed in this chapter.

4.9 Appendix

49.1 Proof of Theorem

In order to obtain the ML rule for the setup described above, we have to maximize the

likelihood function £ (x) given by

L(x)=Pr{Q(Y)=k|X=xH=h}. (4.23)
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First, we re-express (4.23) as a multiplication of N probabilities given by

—_

N—
L(x)=T]Pr {\/SNRhlx + W e Ry, | X =x H = hl} . (4.24)
1=0

VSNRh;z

VSNRr; sin(6; + 0,,)

I
I
I
I
I
I
I
I
I
I
N
I
I
I
I
I
I
I
I

V' SNRr; cos(6; + 6,) Re
Figure 4.13: This is an example case. We assume the received signal at path | has been landed in
Ro. The transmitted signal x (denoted by the red dot) has been rotated by the channel #; to the
point vSNRE;x (denoted by the blue dot). Unless the noise W, drags vSNR#A;x to a different
quantization region other than R, there will be no errors in estimating the transmitted signal.

As such, there will be na error if Y > 0 and Y™ > 0. .
Then, we use Fig. as a vidual guide to provide the proof for ML detection rule

when 1 = 2. By defining Z" = Re (Z) and Z'™ = Im (Z) for any Z € C we can write the

real and the imaginary parts of the signal received at antenna [ as

Y/® = V'SNRr; cos (0 + 0) + W/,
Y™ = v/SNRy; sin (6; + 6;) + Wi™,

where r; = ||, 6; = Arg (h;) and 6, = Arg (x). From Fig. |4.13|we observe that unless
the noise W, drags v SNR#;x to a different quantization region other than Ry, there will
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be no errors in estimating the transmitted signal. As such, we can re-express (4.24) as

L(x) = F%@%ﬁNWm%wﬁﬂa+WF>mX=eﬁjﬁ:nJ}
1=0
m&ﬁ-wmﬁmeﬁQ+Mm>mngam:mJ@
N-1

= Pr {W,re > —p;*VSNRr;cos (0; + 0) | X = e/ H = rlefe’}

Pr{w1m —pim mmwm@+@ﬂxzd%m=nwﬁ,
(4.25)

where the terms pi* = sgn (Re (Y;)) and pI™ = sgn (Im (Y;)) are the signs of real and
imaginary parts of the received signal in path I, respectively. Since W; ~ CN (0,1) is
the AWGN at receiving antenna | we note that W/® and W™ are Gaussian random
variables with zero mean and variance 1 and the resulting probabilities can be written

in terms of the Q function as

N-1
Q ( V/SNRr; cos (6; + 6 )) Q (—p}m SNRy;sin (0; + Gx)) . (4.26)
1=0

The ML detection rule given in (4.6) is achieved by maximizing the likelihood function

in (4.26).

4.9.2 Proof of Theorem

In this section, we provide the proof of theorem 2. In order to obtain the ML rule for
the setup described above, we have to maximize the likelihood function £ (x) given by
(@249). To that end, we need to maximize the probability Pr{Y; € Ry, | X = x, H, = I}
which states the probability of landing in the quantization region Ry, which is no longer
a quadrant. In order to find this probability we first write the real and imaginary parts

of the received signal at antenna [ as

e = v/ SNRr; cos (91 +9x) + ere
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and
Y™ = v/SNRr; sin (6; + ;) + W™,

where 7 = ||, 6; = Arg(h)) and 6y = Arg(x). Since W/® and W™ are Gaussian
random variables with zero mean and a variance of %, given H; = h; we have Y© ~
N (\/SI\TR;*I cos (6, + 0z), %) and Y™ ~ N/ (VSI\Ter sin (0) + 65), %) Then we proceed
to find the joint pdf of Y/ and Y;™ which can be expressed using a bivariate Gaussian

distribution as

fyre yim (i vi™) =
2 . 2
%exp {— (y}e — V/SNRr cos (6 + ex)) - (y}m — V/SNRr;sin (6 + ex)) } . @27)

Thus, for each | we can find Pr{Y; € Ry, | X = x, H; = h;} by integrating the above pdf
within appropriate regions. However, in our model, these regions are convex cones
and to proceed with our analysis we convert the pdf into polar coordinates and write
Pr {Yl € Rk, ’X =x,H = hl} as

(ki +1)

Pr{YleRkl\sz,Hl Ihl} =

T
kl on—1

b
2n—

0
1 f fYIre,Ylim (rcos@,rsinf)rdrdf. (4.28)
0
By substituting (4.27) into (4.28) and using the integral identity given by

fzexp (—az* + bz +c) dz

Y b? 2az—b 1 2
_4a%bexp c+ oo )erf NG —zaexp(—az +bz+c)+C,

where C is a constant, we can reduce this integral expression to
1 ’ SNR
Pri{Yie Ry, | X =x,H = I} = i &P (=SNRrj) + 7r1g(Arg (x), ki, ), (4.29)

where g (Arg (x),k;, hy) is given in Theorem [4.2] Substituting (#.29) into (4.24), the ML
detection rule given in {4.7) is achieved.
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4.9.3 Proof of Theorem [4.3]

As the channel fading from the transmitter to each receiving antenna is independent,

we can write the cumulative distribution function (cdf) of R* = |H;+| as
* * * *\2 N
Fr« (r*) = Pr{R* <r*} = [1—exp{—(r ) }] ,
and the resulting pdf can be given as

frx (r*) = 2Nr* exp {— (r*)2} [1 —exp {— (r*)z}]N_l . (4.30)

Similar to the analysis given under the proof for Theorem [2.3|of Chapter 2} using the
fact that 6* lies uniformly between (§ — 35) and (¥ + 3F) for n bit quantization, we get
the expression in (4.17) by averaging (4.16) with respect to the pdfs of R* and 6*.

4.9.4 Proof of Theorem [4.4]

In order to find p (SNR), we can average over the distributions of R* = |Hj«| and
©*. As discussed in Theorem 2.3in Chapter 2} without loss of generality let us assume
that xo = e/% is transmitted and ©; € [-£, 2] for all ] € [0: N —1]. By defining
Q) = |©y|, we can write the cdf of it as Fq, (w) = 2-w. According to the selection rule,
the detector selects (2* in such a way that O* = min (). Thus the cdf of ()* can be

1e[0:N—1]
derived as

21w\ N
FQ*(aJ*)zPr{Q*<aJ*}=1—<1— ;") .

Therefore, in the selected path L* we have @+ = sgn (0p+) 3* where sgn (-) is given as
(L.2). Then we can write the pdf of O+ as

1N 20 AN\NT!
fo )= 28 (1 21

where [A| is the modulus of A. Then the angle of the rotated constellation point (H*xg)

will be @ = O« + F. Therefore, the pdf of the angle of the rotated constellation point
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©* can be given as

7T

n— ngx N-1
2N (1224 28T i gt <

7T

N-1
2"'N 1N <1+2n 2 2”9*) if 0% >
for (67) =

R

Since the pdf of Rayleigh fading magnitude in the selected path L* is fr« (r*) =
2r* exp {— (r*)z}, we can use fr+ (r*) and fo~ (6*) to average p (SNR, h*) to get the
SEP expression in (4.18).

4.9.5 Proof of Theorem 4.5
We will first obtain the following lemma as a supporting result.

Lemma 4.1. Consider a finite sequence of random variables
(Uo, Vo), (U, V1) -+ - (UN—-1, VN-1),
where Uy, - - - Un—1, Vo, - - - Vn—1 are all iid with a joint pdf of

fw)f() if (11,0) € S¢
fu,v (u,0) = { fe

0 otherwise,

where f (1) is a common pdf, S¢ is the convex cone given as

+5},

e = {(00) e R T - <tan () <

and Pg is the normalization coefficient given by

Pg —f Jumn v) f (u) dvdu,

:L f(u) F utan(zjté’))—lf(utan(%—g))] du,

where F (u) is the corresponding cdf of f (u). Let Z™" = min {U}, V;}, Z"* = max {U;, V}}

and then Z* = max Zlm'" L* = argmame'” and Z*, = max Z™min. Further, let E,
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be the event such that E; = {Z* = Z™"} and Pr{E;} = % forall | € [0: N —1]. Then let
gz~ (z) and gz+  (z) be the pdf of Z* and Z* , respectively. Then the following results hold.

1.
f(v)gz+ (1) ifo >u
Fano oo (0,0) = | Flon( 307 7 (4.31)
e 0 otherwise.
2.
f(v) l v 2 u
Fapaniig i (o) = § - Fletan(E8))=Fw) d 432)
0 otherwise.

Proof: We first provide the proof for the first case. In this case, we can write

N-1
leznin,zzl,(ax (u, ZJ) = Z Pr {El}leminlzlmax|El (u, Z)) .
1=0

Since Pr{E;} = & and lemin’ZIrT\axlEl (u,v) = fz[r]nin’z(v)naxlEl (u,v) foralll € [0: N —1], we
have fZTinrzznfx (u,v) = fzin zmax (1, v). That concludes the proof of the case 1.
Therefore, we then find Fzgqinlzanaxwo (u,v) = Pr {Z(')“i” <u, 2 < v Eo} which is
the joint cdf of Z{)T1in and Z7® conditioned on the even Ey. Then, for v > u, we
have Fypin smexg, (1,0) = Pr{Z{™ <u, Z§* < v|Z§™ > Z*,}. By using the Bayes’
theorem, we can write FZBH;H,Z(TM‘EO (u,v) = NPr {Z:O < Z(’)nin < u, 2y < v}. Further,

by conditioning on the event Z* ;, = z, we can write
u .
Eypin, 7o, (14,0) = NJO Priz <Zi" <u,Z§™ <v|Z'y=z}gz (2) dz
Due to the independence of Z* , from (Up, V), we can re-write the above expression as

u
FZBﬁin,ZBnax|E0 (u, Z)) = NJ PI’ {Z < Z(r]nm g u/ Z(!_)nax < v} gz:o (Z) dZ
0
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Considering the symmetry of the problem, we note that
Priz<Z{™ <u,Z{™ <o} =2Pr{z<Uy<u U<V <v}.
Therefore, we have

u
Fz(r)ninlz(r)nax|E0 (u, v) = ZNJ PI’{Z <Uy<ulUy sV < U} 8z*, (z) dz.
0

After some mathematical manipulations, we then write fZBnin, 7|, (u,v) which is

62

the ]Olnt pdf Of Zan and Z(Snax glvel’l EO as fZ81in/Z81ax|E0 (u, ’0) = ouov

Fz(r]nin,ZB'\ax|E0 (l/l, 'U) can

be given by

% (0) f (u) Gz» (u) if (u,0) € S¢

0 otherwise,

fzg\in’ZBnax|E0 (u, Z)) - { (433)

where G+ (u) = Pr{Z*, <u}and v > u. Since gz+ (u) = £Pr{ZI" < M}N, we have
gz (u) = NGz» | (u)fz(r)nin (u). We will then find fZBnan (1) and to that end we first find
the cdf Fzmin (1) as follows.

Fzpin (1) = Pr{Z§"™ < u}
=2Pr{ly < u,Vp = Up}

:quPr{Vozt\Uozt}f(t) dt
0

_ 135 : [F(ttan (5 +€)) —F (0] £ () ae

Therefore,

fzgin (1) = 135 (u) [F (u tan (g + 8)) —F (u)] )

Therefore, we have

g7e (1) = ZPI:GZ:O () f () [F (wtan (5 +€)) ~ Fw)]. (4.34)
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By substituting Gz+ () using the expression (4.34) in (4.33), we get the expression
(4.31). That concludes the case 1 of the proof.
We then moved to the case 2 of the proof. In this case, we write
fzg)"i",zomaX\EO (u,v) fZZ"i",ZFfX (u,0)

max min (O|U) = =
o 1) N 1)

Therefore, by substituting the expressions and in the above expression, we
get (4.32). That concludes the case 2 of the proof. O

We now use Lemma to prove Theorem To that end, let us first define U; =
’Re (\/SI\TRHZXN and V; = ’Im (mH1X>‘ which are the distances to the relevant

decision boundaries given that (U;, V}) € Sz with n-bit quantization. Therefore, under

. . _ 2 u? —_1_ V2u
Rayleigh fading, we have f (u) = J=onR &P (_W>' F(u) =1-209 (m) and
1 . . .
Pz = 5. We use Fig. as a visual guide.
5
Im
R us
// 1
7
ZMin = 4 = v/SNRr* cos 6* ///
___________ ' VSNRh*zg,»”
| e
| 7
| //
4 Sz s b
: P =X 1 om
K4
VSNRr A
29
e I
/ |
% I
o |
o I ZP =wv = vSNRr* sin 0*
|
/ |
//9* :

Figure 4.14: An illustration of the average SEP calculation undg‘e the selection strategy 3.
Without loss of generality, let us assume that the xp is transmitted and the region of attraction is
R ={ze€C:0<Arg(z) < §}. Then, the distances to the decision boundaries are Z\" = u and
Zma = v. Using polar coordinates, we can represent these distances as ZM" = v/SNRr* cos 6*
and Z["* = v/SNRr* sin 0* where r* = |h*| and 6* = Arg (h*x).

By following similar steps to obtain (4.16), we can write

p(SNR,h*) = Q (\@u) + 09 (\@U) ) (\qu) Q (\/Ev) , (4.35)
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given that Zzli" = u and Z"™ = v. Therefore, we then have to average the above
expression by the joint pdf of ZM" and Z* to obtain p (SNR). By substituting gzs (u)
given in (#.34) to the expression (£.31)), we write the joint pdf ZM" and Z12* as

(4.36)

2n+lN u 1o .
Fymin gmae (14, 0) = 7SR Gzz, () exp ( SNR ) eif (u,v) e Sz
0 otherwise,

N-1
where Gz+ (1) = {annin (u)} with Fypmin (u) being the cdf of ZJ"'". We can find this
cdf as

2 (" Tom

Fymin (1) = b fo {P <ttan (Z + 2—) - P(t))}f(t) dt
2 T o7 F? (u)
~ 5, L F(ttan(ZJrz—n))f(t) dt — by
By substituting the corresponding functions, we get
2" " V2t T t2
Fzgﬂn (u) = SNR Jo {1 —-2Q ( TNR tan (Z + 211)) } exp (—SNR> dt
N2u
—-2"71-2 ENR

for general n-bit quantization. For n = 2 case, we can further simplify the above

expression to

Fzpin (u) = 1 -40Q? <\/\§TMR> .

Therefore for (1,v) € Szﬂn, we have

2"HIN N-1 u? + v?
fZILnin’ZLm*ax (1/[, U) == m {Fz(r)nin (u)} eXp (_SNR> . (4.37)

By averaging the expression (4.35) over the above joint distribution, we get the p (SNR).
To get the average SEP expression in Theorem [4.5 we use the change of variables

SNRr* cos 0* and v = +/SNRr* sin 6*.
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4.9.6 Proof of Theorem [4.6]

We start the proof by defining
! drde,

o \/2SNchos 9) rexp ( ) [1 —exp (—rz)]N

1 (SNR)

» (SNR) J f \/ZSNRr sm@) rexp (—r%) [1 —exp (—72)]N_1 dr do,

N:}

N::
N‘: :‘21

and
T
3 (SNR) f f V25NRr cos9) Q (V2SNRrsin )
2 2y 1N—1
rexp (—r°) [L—exp (=)~ drde.
By using Q (x) = L So exp ( m) dp from the Craig’s formula and [1 — exp (—r )]N '
A ((—1) exp (—ir?) ) from the Binomial expansion, we can re-express p1 (SNR)
as

2
SNR cos 9> rZ}drdeﬁ,

1 (SNR) f J“ waN 1( )(_1)irexp{— <z’+1+ S p

where (N 1) = % We further can reduce this integral using equation 3.321 of

[84] as

1 (SNR) J jzzj ( 1) (_1)i {(z+1)smszlr,[;fSNRc0529} 46dp.

Using the expression 2.562 of [84] and after doing some mathematical manipulations

we define psnr (B) be a collection of functions indexed by SNR.

o[ 1
PsNR (B) = E {(i+1)sjn2ﬁ+SNRc0529}

tan—1 \/(i+1) sin? ﬁ{(i+l) sin? /5+SNR}{tan(%+2%)—tan(%—zﬂn)}
an 2(i+1) sin p+SNR

V(i + 1)sin® B {(i +1)sin® B + SNR}
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Hence, we have

s
2

1 (SNR) f ( ) (—1)" sin? B psnr (B) dp-

Let us now, evaluate the above integral for n = 2 case first. When n = 2, the numerator

of the function psnr (B) becomes 7 and p; (SNR) reduces to

L (SNR) JZNZ <N 1> 1) \/( sin’ B 4.

i+1)sin® B {(i + 1) sin® B + SNR}

sin® B

T N-1
_ SNR—éZF <Ni_1> (—1) ——
0 %0 \/ (i +1)sin2 B {LQNS;{“ B 1}

dp.

This function goes to p1 (SNR) = SNR™2Z L A Gy i/Ll as SNR — o0. Hence, as

SNR — o0, we conclude that
p1 (SNR) = SNR™20 (1), (4.38)

which implies p; (SNR) = SNR™2 for n = 2.

We now consider the proof for n > 3 case. To that end, by using the Taylor series

expansion for tan~! (a) = a + ta® + - - [84], we note that for high SNR regime,

2 (i +1)sin? B + SNR

by considering the first term of the series which has the smallest decay rate in term of

SNR. Hence, we can simplify p; (SNR) to

1 - 2{2(i+1)sin? B}
prONR) = 5 fran (3 + 55) ~tan (5= 3 fr[ 1~{2z+1smﬁ+SNR}dﬁ'

after doing some mathematical manipulations. This function goes to

%NZ

P1(SNR):%{tan<g+2£n>—tan<g—2£n>}SNR Nf H{z (i +1)sin? B} dB,
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as SNR — oo. Further, So% l—[fiBZ {2(i+1) sin? B} dB < o and hence, as SNR — o0, we

conclude that
p1 (SNR) = SNR™NO (1), (4.40)

which implies p; (SNR) = SNR™Y for n > 3. The proof for p, (SNR) and p3 (SNR) are

similar, and we get

o | SNRzZ n=2
p2 (SNR) =
SNR™N >3,
and

p3 (SNR) = SNR™Y,

for n > 2. However, we omit the proof to avoid repetition.

Since p (SNR) = 2"71\] (p1 (SNR) + p2 (SNR) — p3 (SNR)), we conclude that p (SNR) =
SNR™Z for n = 2 and p (SNR) = SNR™Y for n > 3.

4.9.7 Proof of Theorem 4.7

We start the proof by defining,

T

|

l+% 0 n N-1
p1(SNR) = |* : J Q (vZSNchos 0) rexp (—7?) <1 +2M2 27;9) drdo,
0
0¢]

Lot

N

+ 75 n N-1
p2 (SNR) = J i j Q (vZSNRr sin 9) rexp (—1%) <1 +2"72 2:) drdo,
0

4

and

T
o

LOO Q (\/ZSWr cos 9) Q (\/ZSWV sin 9) rexp (—7?)

nas N—1
<1 422 2;) drdo.

T+
p3 (SNR) = J:T
T
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By using Craig’s formula for Q (-) and

2ng\ N1 NN /N -1 219 i
n-2 <YV _ n—2 .
(2 20) =0 B () (rare)

from the Binomial expansion, we can re-express p; (SNR) as

- [ RO (i)

2
rexp{— (SNRC(;SQ + 1) rz}drdedﬁ

sim

:m_zr;—z)f sin ,BJZ Z%( _1)( (142:12’“2))1

o'
d
SNRcos? 0 + sin? B

0dp.

(1+2 2N

n i i
Let 8SNR (9’ ,3) SIH ﬁ Z ( ] ) <_ 7T(1+22"—2)> SNRCOS§9+SiD2 B be a collec-

tion of functions indexed by SNR. These functions increase to

N-1 i i
N-1 2" 0
.2 _
sin” ZZ_(:) < i ) < 7r(1—|—2”—2)> cos? 0

as SNR — co. Further, we have So% S?FZL" g (0, B) d0dB < o by using the expression
4
2.643(9) of [84] for N > 2. Hence, as SNR — oo, we conclude that

(1+2n-2)N!

2 (6,) = SNR™

p1 (SNR) = SNR™1@ (1) (4.41)

by using the monotone convergence theorem [86], which implies p; (SNR) = SNR™".
The proof for p (SNR) and p3 (SNR) follow similar steps and we get p, (SNR) = SNR™!

and p3 (SNR) = SNR™. However, we omit the proof to avoid repetition.

Since p (SNR) = ZHIN (p1 (SNR) + p2 (SNR) — p3 (SNR)), we conclude that p (SNR) =
SNR™! forn >2and N >

We also note that, for N = 1 case, the system become a SISO and by following

similar steps as given in the proof of Theorem 4 of [92], we have DVO = 1 for n = 2
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and DVO =1 forn > 3.

4.9.8 DVO bounds for N = 2 and n = 2 case with Selection Criterion 3

Let us consider the case where n = 2. We start the proof by defining

1 (SNR) : J V2SNRr cos 9) [ (\frcos 9)] rexp (—r*) drdo,

N-1

» (SNR) Jg \/257Nr sin 9) [1 —40? (\er cos 9)] rexp (—rz) drdo,

and
5 (SNR) f J (V2SNRrcos ) Q (V2SNRrsin6)
1402 (V2rcos 9)]N*1 rexp (—r2) dr do.
By using O (x) = 1 go exp( 5 /3) dp, O (x) = L {d exp( 2s§jzﬁ)d/3 [94] and
[1-40Q% (V2 rcosG)] = SN () 0¥ (\f rcosf) from the Binomial ex-

pansion, we can re-express p1 (SNR) as

o = [ LR (TSR

NR cos? d
rexp{r2 <1+S Reos b+ 3 L()COS 9)}drd9d/3d'yl~-- d,,

sin” f8 ot sin’ Tp

where sgn (-) is given as (1.2). Using [84], we can simplify the above expression as

1(SNR) J J j Jf Z_ <Nz 1) (nli)l 2(1+]_;c0529) 49 dp . - di,

LLPECT ) oo

SNR

b1 oo (;) Using the Taylor series expansion [84], in the high SNR

where B =
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regime tan~! (1 + B) converges to 5. Therefore,

oy = [T [ TS (VG

as SNR — oo.

Let us now consider the case for N = 2 case. Then the above expression becomes

SNR dle’)’l

1
s1n Y1

ST

Through numerical simulations, we can show that the decay rate of the above expres-
sion is 1 which is equal to . However, it is difficult to show that the decay rate of this
expression analytically. Therefore, we will provide an upper and lower bound to this
expression in order to bound the decay rate. We will start with the upper bound by
substituting the smallest value for sin? ; which is 0 in this case. Therefore, an upper

bound p;,, (SNR) for p; (SNR) becomes

SNR—1 : 1 d
Pl,u( )*10 W 5,

sin® B
and as SNR — o
1 (7 1 _1
p1u (SNR) = ZSNR ZJ sinp dp = ESNR 2, (4.42)
0
which concludes that
p1a (SNR) = SNR™20 (1), (4.43)

which implies p; , (SNR) = SNR™2.

We now move to provide a lower bound p;; (SNR) for p; (SNR) by substituting the
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largest value for sin? y; which is % in (4.42). Therefore, we have

e L[
1] =— -
o Jo \/1+§% \/3+

SNR d‘B d’)’]
n“ B in?

S
By using several mathematical manipulations, we can write the above expression as
P11 (SNR) =

1 F JZ 2sin’ BdBdy
o Jo \/SNR+sin2ﬁ\/SNR+BSin2ﬁ(\/SNR+3sinzﬁ+\/SNR+sin25>

In the high SNR regime, we can write the above expression as

p1; (SNR) = %SNR_% fz sin® BdpB = éSNR_%,
0

which concludes that
p11 (SNR) = SNR™20 (1), (4.44)

which implies p; , (SNR) = SNR™2.
Therefore, we have the DVO which is bounded as % < DVO < % for N = 2 case.
However, through simulations, we have the exact DVO = 1 for N = 2 case. In a similar

manner, we can find lower bounds for different N values.



Chapter 5

Conclusion and Future Work

In this thesis, we presented a comprehensive and rigorous analytical investigation
on the performance impact of using low-resolution phase quantization at the receiver
of a wireless communication system when compared to traditional high-resolution
systems. Our new analytical results accurately establish the factors that contribute to

improve the performance of a low-resolution quantization based system.

5.1 Summary of Contributions

In Chapter 2] we considered a point-to-point wireless communication system with a
low-resolution phase quantization. We derived the optimum ML detection rule for
signal detection and obtained exact analytical expressions for the average SEP attained
by the derived ML rule when the wireless channel is subjected to Nakagami-m fading.
We established a fundamental ternary behaviour in the average SEP performance of a
wireless communication system with low-resolution ADCs and M-PSK modulation.
Based on the Nakagami-m fading model, we showed that the decay exponent of the
average SEP is the same as that of an infinite-bit quantization, which is equal to m
when 7 is larger than or equal to log, M + 1. We also showed that it is equal to 3 and 0
for n = log, M and n < log, M, respectively.

In Chapter |3, We adopted the DQPSK modulation scheme to differentially en-
code the transmit data in a point-to-point wireless communication system with low-

resolution phase quantization. We derived the optimum ML detection rule when the
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detection is performed non-coherently by using two consecutive quantized observa-
tions and the exact analytical expressions for the average SEP when the channel is
subjected to Rayleigh fading. We showed that we can achieve the same DVO as with
infinite-bit quantization when the number of quantization bits n > 4 which is one bit
additional compared to the case where full CSl is available at the receiver.

In Chapter 4, we considered a SIMO wireless communication system with low-
resolution phase quantization. The wireless channel consists of a transmitter with one
antenna and a receiver with N antennas. We derived the optimum ML detection rule
and used Monte Carlo simulations to numerically analyze the average SEP performance
under QPSK modulation when the channel is subjected to Rayleigh fading. We further
proposed three sub-optimum but low-complexity antenna selection strategies and
characterize their symbol error probability performance. We showed that the strategy
that selects the diversity branch with channel rotated constellation points being furthest
away from the decision boundary is the best strategy in terms of the SEP performance.
We also establish that this selection strategy achieves the same diversity order with the

optimum ML detector under the same operating conditions.

5.2 Future Research

Signal Detection

In this thesis, we considered a wireless channel model with flat-fading when de-
riving the detection rules. A potential direction for future research is to extend the
ML and sub-optimum detection rules for a wireless channel model with frequency-
selective fading. Further, low-complexity sub-optimum detectors which can reduce the
computational complexity of the optimum ML detectors should be investigated.

In Chapter [ of this thesis, we presented detection rules for a low-resolution quanti-
zation based SIMO system with selection combining. A potential direction for future
research is to investigate the possibility of extending the work with maximal ratio

combining and analyze the performance.
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Channel Estimation

Developing accurate channel estimation techniques in low-resolution quantization
based systems are essential to gain its full benefits. A potential direction for future
research is to develop a channel estimation technique for a low-resolution based phase
quantized system. Techniques to reduce the complexity of the estimator and the lengths
of the training sequences should be important considerations. Further, low-complexity
non-coherent detection techniques can be developed. The findings in Chapter [3|can be
extended to differential M-ary modulation schemes under Nakagami-m fading to gain

more insights in this regard.

Channel Capacity Analysis

The exact channel capacity of a low-resolution quantization based massive MIMO
system is still unknown since the input distribution is unknown. To achieve this goal,
a potential direction for future research is to find the channel capacity of a multi-bit

phase quantized wireless communication system. To start with, one can use the system

models provided in Chapters[2]and

Multi-Antenna Systems

In this thesis, we considered SISO and SIMO wireless communication systems with
low-resolution quantization. A potential direction for future research is to extend the
analysis to MIMO, massive MIMO systems with multi-user detection. Further, in this
thesis, we considered uncoded SEP for performance considerations. The analysis may

be extended to coded systems as well.

Mixed-ADC Systems

In Chapter 2, we assumed full CSI available at the receiver. We suggested using
a mixed-ADC architecture where high-resolution ADCs are used during the chan-
nel estimation stage and during the data transmission phase, the receiver switches
to low-resolution operation by using fewer quantization bits. A potential direction

for future research is to investigate the optimum way of deploying high-resolution
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and low-resolution ADCs depending on SNRs while making full use of the available
low-resolution quantizers during the channel estimation phase. Further, the energy

efficiency trade-off should be considered in that sense.
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