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Abstract 

Simple necessary and sufficient conditions for dead- 
beat and complete controllability for a class of discrete- 
time generalized Hammerstein systems are derived. 
Due to the mild nonlinear structure of the considered 
systems, only linear algebra is used in the controllabil- 
ity test. A similar result is then proved for continuous- 
time generalised Hammerstein systems. 

1 Introduction 

Controllability is one of the fundamental notions in 
control theory which shows our ability to achieve a de- 
sired operating regime of a system in finite time by 
means of actuators. Hence, it is one of the most im- 
portant properties of a controlled system, since it un- 
covers some fundamental limitations to the systems' 
performance. Therefore, controllability tests are im- 
portant tools in the analysis of control systems. Lin- 
ear controllability problem has been throughly studied 
and understood [5]. On the other hand, there is still 
no universal and unified method for the investigation 
of nonlinear systems controllability. 

The purpose of this paper is to  present several sim- 
ple controllability tests for a class of generalized Ham- 
merstein systems. Generalized Hammerstein systems 
may arise from identification techniques of the so called 
block oriented models [3, 41. They represent a subclass 
of the class of input-output polynomial systems, very 
often referred to as NARMAX (nonlinear ARMAX) 
[3, 41. Generalized Hammerstein systems can be re- 
garded as a parallel connection of a simple Hammer- 
stein system whose input nonlinearity is quadratic and 
a linear system, see Figure 1. Examples of this class 
of systems can be found in [6], where the model of a 
cement mill is identified as a generalized Harrirnerstein 
system, and in [l], where the model for the cooling 

'This paper presents research results of the Belgian Pro- 
gramme on Inter-university Poles of Attraction, initiated by the 
Belgian State, Prime Minister's Office for Science, technology 
and Culture. The scientific responsibility rests with its author. 
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Figure 1: Block diagram of a generalized Hammerstein 
system 

water circulation of a thermal power plant was also 
identified in this form. 

In this paper, we present necessary and sufficient condi- 
tions for dead-beat/c:omplete controllability of discrete 
and continuous-time generalized Hammerstein systems. 
We exploit the resull, on controllability of discrete and 
continuous-time linear systems with positive controls 
[a, 101 in the proof (of our main result. The obtained 
dead-beat controllatlility tests are surprisingly simple 
and very easy to use. 

The paper is organized as follows. In Section 2 we 
present definitions, the class of systems that we con- 
sider and some resullts that are needed in the sequel. 
The main result is stated and proved in Section 3. 
Section 4 contains an analogous controllability result 
for continuous time generalized Hammerstein systems. 
The ideas and results3 are illustrated by some examples 
given in Section 5. 

2 Preliminaries 

We start by considering discrete-time generalized Ham- 
merstein systems of the form [3, 41: 
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do + dlU(k) + d2u2(k) (1 )  
where x(k) = (z1(k) z ~ ( k ) ) ~  E R" is a state of the 
system at time k and u ( k )  E R is the control at time k .  
We also have F1 E RnlXnl, F2 E R"zxna ,  g l  E RnlX1, 
g2 E RnzX1, xl(k) E Rnl and ~ ( k )  E R"z. 

We denote a control sequence as 

ut = { u ( O ) , u ( l ) ,  . . . ,u(t  - l ) } ,  u ( k )  E R .  

The state that is reached from x ( 0 )  at time t by apply- 
ing the control sequence Ut is denoted as z ( t ,  x(O),Ut).  
We need the following definitions: 

Definition 1 The system (1) is dead-beat controllable 
i fVx(0)  E R" there exist finite t = t ( z (0 ) )  and a control 
sequence Ut such that x ( t ,  x(O),Ut)  = 0. 

Definition 2 The system (1) is completely control- 
lable i f  Vx(O), x* E R" there exist an integer 
H = H ( x ( O ) , x * )  and a finite control sequence UH = 
{u(O), u ( l ) ,  . . . , u ( H - 1 ) }  such that the system is trans- 
ferred from the state x ( 0 )  to the state x* under the ac- 
tion of the sequence U H ,  that is z ( H , x ( o ) , U ~ )  = 2'. 

The following theorems play a crucial role for dead-beat 
controllability of generalized Hammerstein systems. 

Theorem 1 [2] The system 

t(k + 1) = A x ( k )  + bu(k) ( 2 )  
with U E [O,+m[ is completely controllable on R" if 
and only i f  

1. rank[b Ab . . . A"-'b] = n, 
2. the matrix A has no real positive or zero eigen- 

values 

By slightly modifying Theorem 1, we obtain conditions 
for dead-beat controllability [7]. 

Theorem 2 The system (2,) with U E [0, +CO[ is dead- 
beat controllable on R" i f  and only i f  

1. rank[XI - A : b] = n,  VX # 0, X E C, 
2. the matrix A has no real positive eigenvalues 

Notice that the conditions of Theorem 1 are stronger 
than the conditions of Theorem 2 .  Indeed, in Theo- 
rem 2 the matrix A is allowed to have zero eigenvalues 
(Condition 2) and moreover zero modes do not have to 
be controllable (Condition 1).  

The following theorem is a consequence of Theorem 1. 
Its proof is contained in the proof of Theorem 1 in [a].  

Theorem 3 I f  the second condition of Theorem 1 is 
satisfied, there exists a polynomial C(<) = ci<' = 
0 ,  CN = 1 with ci > 0,V i  = 0 ,  1 ,  . . . , N - 1 such that 
the following matrix equation holds: 

N '  

C ( A )  = 0 

In other words, is A has no real positive or zero eigen- 
values, there exists a monk polynomial with positive 
coefficients which is divisible by the characteristic poly- 
nomial of the matrix A .  

3 Controllability test 

In this section we present necessary and sufficient con- 
ditions for dead-beat and complete controllability of 
discrete-time generalized Hammerstein systems. It is 
shown that the system (1) is dead-beat (completely) 
controllable if and only if its subsystems 

z i ( k  + 1)  = F i z i ( k )  + g i u ( k )  

x2(k + 1) = F222(k) + g 2 u 2 ( k )  

(3) 

(4) 
and 

are dead-beat (completely) controllable: 

Theorem 4 The system (1) is dead-beat controllable 
if and only i f  the following conditions are satisfied: 

1. rank[lX - F1 : gl] = n l ,  VA # 0, X E C 
2. rank[IA - FZ : g2] = 122, VX # 0 ,  X E C 
3. F2 has no positive real eigenvalues 

Comment 1 The first condition of Theorem 4 means 
that the subsystem (3) is dead-beat controllable. The 
second and third conditions of Theorem 4 represent nec- 
essary and suficient conditions for dead-beat controlla- 
bility of the subsystem (4). It is obvious that dead-beat 
controllability does not require zero modes to be con- 
trollable. 

If we consider odd monomial nonlinearities, an extra 
condition should be added to have complete controlla- 
bility result, which is analyzed in [9]. Also, in the same 
reference the results are extended to include some other 
polynomial nonlinearities. However, if the nonlinearity 
is of even order, as an thrs paper, the complete control- 
lability of subsystems always implies complete control- 
lability of the overall system. 

Comment 2 Notice that if there are some zero eigen- 
values of F1 or Fz, we can find a nonsingular transfor- 
mation T such that 
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and Di2 is a nil-potent matrix. Assume that the degree 
of nil-potency of Di2 is d j .  Consider the state at step 
k +  1 2  dj: 

k-1 

z i ( k  + 1) = F:zi(O) + F : - ' - ' i j i ~ ( l ) ,  i 1 1 , 2  
1=0 

I f  we apply u(1) = 0 , l  = k - dj, k - dj + 1,. . .,IC, we 
have that zi(k + 1) = (i?' O ) T ,  i = 1 , 2  irrespective of 
the control sequence ~ ( l ) ,  1 = 0,1, . . . , k - di - 1. Thus, 
there is no loss of generality ij we concentrate just on 
situations when 

rank[Fi - I X  : gi] = ni, VX E C, i = 1 , 2  

In other words, we assume that 

1. rank[gl : FIgl : . . . : F;l-'gl] = nl 

3. F2 has no zero or positive real eigenvalues 
2. rank[gz : F2g2 : . . . : F,na-' 921 = nz 

Proof [8]: 
Necessity: Suppose tbat at  least one of the conditions of 
Theorem 4 is violated. This implies that at  least one of 
the subsystems (3) or (4) is not dead-beat controllable. 
Without loss of generality suppose that the subsystem 
(3) is not dead-beat controllable. From the definition of 
dead-beat controllability it follows that there exists an 
initial state zT(0) E Etn1 for the subsystem (3) that can 
not be driven to the origin in finite time. This implies 
that any initial states of the overall system (1) which is 
given by ( ~ ' ( 0 ) ) ~  = ((z;(O))* z ~ ) ~ , z  E Wna can not 
be driven to the origin in finite time. Consequently 
the overall system (1) is not dead-beat controllable by 
definition. 

Suficiency: In order to prove sufficiency we will con- 
sider special sequences of controls which can transfer 
any initial state of (1) to the origin if the conditions of 
theorem are satisfied. 

Since the last two of the conditions in Comment 2 
guarantee that the subsystems (4) is completely con- 
trollable, it is possible to find a sequence of controls 
U p =  {u(O),u(1), . . . ,  u(P-l)}whichyieldsz2(P) = O  
and z l ( P )  E &In1. As a result, we assume without loss 
of generality that z(0) = (zT(0) O ) T .  

Since F2 has no positive or zero eigenvalues (see Com- 
ment a) ,  according to Theorem 3 the matrix F2 satisfies 
a polynomial equation with real positive coefficients: 

i=N 

C(F2) = QF; = 0 ,  ci > 0, V i  = 0 ,1 , .  . . , N .  (5) 
i = O  

Consider now the following sequence of controls: 

u(0) = f & ? J ( O )  
u(1) = f G w ( 0 )  

4 2 )  = k G V ( 0 )  
. . .  I 

u ( N )  = f J c o v ( 0 )  
u ( N +  1) = f f i v ( 1 )  

. . .  
u ( ( N  + 1)nl - 1) = f J c o ~ ( n 1  - 1) (6) 

It is obvious that because of (5) the state of the subsys- 
tem (4) z z ( k )  is zeroed every N + 1 steps irrespective 
of the values v ( k )  E HS, k = 0 ,1 , .  . ., n1 - 1. That is, 
V v ( k )  E W we have that Q ( N  + 1) = z2(2(N + 1)) = 
. . . = zz(n1(N + 1)) = 0. 

Hence, we now consider if it is possible to zero the 
state of the subsystem (3) z l ( n l ( N  + 1)) by using 
w(k), k = 0, I , .  . . , nl - 1 if we start from any initial 
state q ( 0 )  E Etn1. It is important to emphasize that 
the sign of control U(,!:) and the values v(k) in (6) can 
be arbitrarily assigned and it is this additional degree 
of freedom that we art: exploiting in the proof. 

We have : 

( N t 1 ) n i  - 1 

Zl((N + 1)m) = F{N+l)ni-l-i g 1 4 q  
i = O  

$1 (0) (7) +F{N+l)nl 

The control sequence 116) is now substituted in (7) and 
we want to specify the existence of appropriate signs 
and values v(k), k = 0 ,1 ,  . . . , nl - 1 such that: 

( N + l ) n i  - 1 

glu( i )  = -F{N+l)nl X l ( 0 )  
F{N(N+l)nl-l-i 

i = O  

(8) 
We introduce the follolwing vector functions: 

i = N  

i = O  
i = N  

i = O  ... 
i=N 

i = O  

where dk, i  = kfiT, V k  = 0,1 , .  . .,n1 - 1,i = 
0, 1, . . . , N .  We can rewrite the equation (8) as follows: 

i v(n1 !.! - 1) 1 -F , (N+l )n l z l (0 )  = [Lo : L1 : . . . : Lnl - l ]  

(10) 
If there exists a sequenl:e of controls of the form (6) such 
that the matrix [LO : L1 : . . . : L,,-1] is nonsingular 
then the system (1) is dead-beat controllable. 
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Because of non-singularity of F2 there exists at least 
one 6k , i  > 0. Non-singularity of matrices F1 and F2 and 
controllability of the pair (F1, g l )  causes the vectors Lk 
to have entries which are linear functions of & , j ,  i = 
0 , 1 , .  . ., N .  As a result, the determinant of [LO : L1 : 
. . . : L,,-l] is a multi-hear function of 6 k , i ,  which we 
denote as P ( 6 k j ) .  

For any scalar valued affine function l ( y )  = ay  + 
b,  a,  b E R ,  a # 0 in a scalar variable y ,  we have that if 
l ( y )  = 0 then I(-y) # 0.  This observation is exploited 
to Select &,i such that p(dk,i) # 0. 

Let us consider a multi-linear function with three bk,j # 
0, which we relabel as Sl, 62, S3. It is easy to check that 
any such function can be written in the following form: 

((K161 +L1)&+(1(2S1 +L2))63+( K3Sl +L3)62+&& +L4 
(11) 

where K;, L; E Iw. 

If K1 # 0, we can render K161 + L1 # 0 by an ap- 
propriate choice of 61. Moreover, with this choice of 61 

we can render (K161 + Ll )& + (K261 + L2) non zero 
by choosing 62 and finally the whole expression can be 
made non zero by a choice of 63. If IC1 = 0 but if L1 # 0 
we can do the same, etc. By induction, we show that 
there is no combination of 6; = *&, which renders 
(11) non zero only if Ki,Li  = 0 , i  = 1 , 2 , 3 , 4  or Fz is 
singular (that is, 6; = 0 , i  = 1 , 2 , 3 ) .  Since we assumed 
that di # 0, it follows that either F1 is singular or the 
pair (F1,g l )  is not controllable (e.g. g1 = 0). Con- 
tradiction completes the proof. The argument can be 
carried out for a multi-linear function in any number 
of variables &$ and hence conditions of Theorem 4 are 
sufficient for dead-beat controllability. Q.E.D. 

We note that the result holds for complete controlla- 
bility and we can state: 

Theorem 5 The system (1) is completely controllable 
i f  and only i f  its subsystems (3) and (4) are both com- 
pletely controllable. 

The only point that is different from the dead-beat ar- 
gument is the possible existence of zero modes. How- 
ever, notice that if the subsystem (4) is completely con- 
trollable, Fz is necessarily non-singular. So the only 
situation that needs to be addressed is when F1 is sin- 
gular and both subsystems are completely controllable. 
We omit the proof but remark that recently we gener- 
alized the result to arbitrary degree of the nonlinearity 
- including the odd case. In this situation, the zero 
modes play a very subtle role which shows the differ- 
ence between the dead-beat and complete controllabil- 
ity results. 

Comment 3 Note the difference between the state- 
ments of Theorems 4 and 5 and the result on com- 
plete (dead-beat) controllability of parallel linear con- 
nections. Denote the sets of poles of linear blocks 
W l ( z )  and W z ( z )  as PI and Pz. In [5] we can find 
the result which states that the parallel connection of 
linear systems W ~ ( Z )  and WZ(z) is completely (dead- 
beat) controllable if and only if both subsystems are 
completely (dead-beat) controllable and P I  n P2 = (21 
(PS E @, s # 0, s E PI n Pz). Hence, besides con- 
trollability of the subsystems we need an extra condi- 
tion on the sets of poles of the subsystems. W e  can 
interpret our result by saying that the square nonlinear- 
ity, which appears in generalized Hammerstein systems, 
destroys this last condition on the poles. More surpris- 
ingly, no extra conditions on sets of poles of subsystems 
are needed for generalized Hammerstein systems, which 
is an interesting observation. 

4 Continuous-time case 

In this section we show that the results on dead-beat 
controllability of discrete-time systems can be used to 
prove that Theorem 4 holds for continuous-time gener- 
alized Hammerstein systems of the following form: 

where xi E Iwn*,i = 1 , 2 , .  . . ,m,u( t )  E Iw and ma- 
trices F;, g; have the appropriate dimensions. We 
prove the main result of this section by showing 
that a continuous-time generalized system (12), whose 
subsystems are controllable, can be transformed into 
a discrete-time generalized Hammerstein system (1),  
whose subsystems are controllable, by using piecewise 
constant controls (sampler and zero order hold). 

Before we state the main result of this section we need 
to state some preliminaries. We denote the control 
function restricted to the time interval [ t o ,  t r ]  as upo,t,l. 
The state of the system (12) at time T, which emanates 
from the initial state x ( 0 )  under the control U[O,T]  is de- 
noted as c(T, c(O),  up,^]). 

Definition 3 A continuous-time system C is com- 
pletely controllable i f  given any states x(O), x*, there 
exists T E JR and control u[O,T] such that X' = 
x ( T ,  x ( 0 ) ,  u[O,T]). 

The following result was proved in [lo]: 

Theorem 6 Consider a continuous-time linear system 
with positive controls: 

k ( t )  = A x @ )  + bu( t ) ,  (13) 
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where z ( t )  E R", u( t )  E R, u( t )  2 0, Vt .  The system 
(13) is completely controllable if and only if: 

1. rank[XI - A : b] = n,VX E C 
2. A has no real eigenvalues 

An interesting consequence of Theorem 6 is that only 
continuous-time linear systems of even order may be 
completely controllable with positive controls. For in- 
stance, a scalar continuous-time system can never be 
completely controllable with positive controls! 

The main result of this section is given below: 

Theorem 7 The system (12) is completely control- 
lable if and only i f  both its subsystems Sj,i = 1 , 2  are 
completely controllable. 

Proof of Theorem 7: Necessity of the proof is trivial 
and we concentrate only on the sufficiency. 

Assume that the control signal is piecewise constant, 
that is: 

u( t )  = u ( k )  = const., V t  E [kh, (k+ l)h[,  h > 0, k EN 

In other words, we assume that a zero order hold and 
sampler are used. The particular structure of the sys- 
tem (12) allows us to obtain a discrete-time model of 
the system in the same manner as for the linear sys- 
tems. Indeed, the discrete-time model of the system 
(12) with the assumption of zero order hold, is given 
by ( l ) ,  where 

If we can find a sampling period h such that for all 
controllable subsystems Si of ( la) ,  we obtain that all 
the subsystems of the system (1) with (14) are control- 
lable, the proof of Theorem 7 follows immediately from 
Theorem 4. 

Both subsystems Si, i = 1 , 2  in (12) are controllable. 
Consider the subsystem SI. Denote the eigenvalues of 
the matrix A1 as ut = pt + jw:. From [5][pg. 174-1751 
it follows that since the pair (AI,  b l )  is controllable, 
the pair (Fl , gl), which is computed using (14), will be 
controllable if and only if whenever 

2kn  
wi - w l  

p ~ - p ~ = O t h e n h # ~ ,  i , l E { l , 2  ,..., n l } , k € N  

Hence only countably many values of h are critical. 
That is, the discrete-time subsystem 5'1 may not be 
controllable only for the values of h defined in (15).  

(15) 

On the other hand, if we consider the subsystem S2, 
we need besides the controllability condition of the pair 

(F2,gz) also that F 2  has no positive real eigenvalues. 
Consequently, we need the following condition to pre- 
serve controllability of the (F2,gz) pair: 

2 k r  
p:-p; = 0 then h # -2 i , l  E {1,2, .  . . ,nz} ,k  E N  

w; -w,2' 
(16) 

Notice that if the matrix A2 had any real eigenvalues 
(the continuous-time subsystem S 2  is not controllable), 
then for any sampling period h > 0, the matrix F 2  de- 
fined by (14) would have a real positive eigenvalue, and 
hence the discretized subsystem S 2  is also not control- 
lable. Since the matrix A2 has only complex eigenval- 
ues U: = p: + jw : ,  w: + 0, V t ,  if the sampling period is 
chosen so that: 

2 k r  

W t  
h#, ,VtE{1,2,  ..., n z } , k E M  (17) 

then F 2  has no positive real eigenvalues. In summary, 
the critical values of h are given by conditions (15), (16) 
and (17) and therefore it is always possible to  choose 
h > 0 so that all subsystems of the discretized system 
(1) with (14) are controllable. Notice also that F2 ob- 
tained using (14) are all non-singular. The proof of 
Theorem 7 follows from Theorem 4. Q.E.D. 

5 An illustrative example 

Consider the system: 

where: 

. ,  
Since the following holds: 

1. det[gl : Flgl] = --1$0, 
2. det[gz : F2g2] = --1$0, 
3. eigenvalues of F2 are Ai, i = n. 

the system (18) is dead-beat controllable. Moreover, 
the system is also completely controllable. 

Indeed, we check this statement using the method ex- 
ploited in the proof of' Theorem 4. Since the subsys- 
tem S2 is dead-beat controllable, we can without loss 
of generality assume that z2(0) = 0. Notice that the 
matrix F 2  satisfies the following equation F; + Fi + 
F 2  + I = 0. Assume now that we apply the following 
control sequence: u(O) = v ( O ) , u ( l )  = -v(O),u(2) = 
- ~ ( O ) , u ( 3 )  = -u(O),u(4) = v(l),u(5) = v(l) ,u(6) = 
v(l),u(7) = - w ( l ) ,  with 22(0) = 0. Then we have: 

21(8) = F,8zl(O) + [(F: - Ff - F: - Ff)gl : 
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[9] D. NeiiC, ‘Controllability for a class of parallelly 
connected polynomial systems”, submitted for publica- 
tion, 1997. 

V ‘  = O  = O  [lo] S. H. Saperstone, “Global controllability of linear 
systems with positive controls”, SIAM J .  Contr., vol. 

(F? + F,” + FI - Os11 
~ ( 8 )  = F , ~ L ~ ( O ) J ~ [ ( F ~ ~ + F : + F : + ~ F P ) ~ ~ :  

Y 

(Ff + F,” + 4 + I )  gl] ” ( O )  11, pp. 417-423, 1973. - ( 2 ( 1 )  ) (20) 
= O  

and therefore we have that z ~ ( 0 )  = 0 for any 
v(O) ,v( l )  E R. Moreover, with the chosen control se- 
quence, we can see that the state of the first subsystem 
can be arbitrarily assigned since the matrix 

is non-singular. 

6 Conclusions 

Necessary and sufficient conditions for dead-beat and 
complete controllability of discrete and continuous- 
time generalized Hammerstein systems are presented. 
The conditions are very easy to check and they resem- 
ble the linear systems controllability conditions. 
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