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Data Assimilation of Transitional
and Separated Turbomachinery
Flows With Physics-Informed
Neural Networks
Despite the demonstrated utility of Reynolds-averaged Navier–Stokes (RANS) calculations
for many industrially relevant problems, the method yields unsatisfactory representations of
many flows of engineering interest, such as nonequilibrium turbulence, massive flow
separation, coherent unsteadiness, and secondary flow features. Due to the Reynolds-aver-
aging process, a turbulence model is required to close the RANS equations, and the simple
physical arguments and approximations used in many turbulence models can cause errone-
ous results when applied to the flows that feature strong pressure gradients, sudden changes
in mean-strain-rate, surface curvature, and turbulence anisotropy. Physics-informed neural
networks (PINNs) offer a way to model aerodynamic problems without explicitly requiring
turbulence closure. The network can use sparse training data and unclosed RANS equations
to reconstruct the flow without a turbulence model. In this work, PINNs are applied to two
problems of relevance in the turbomachinery community. First, we consider a variable
area channel known as the periodic hills, which features a shear layer, a separation
bubble, as well as favorable and adverse pressure gradients. Second, a PINN is applied
to the T106C low-pressure turbine blade with two different levels of inlet turbulence inten-
sity, featuring the additional challenges of transition and laminar separation. We demon-
strate that PINNs are capable of modeling wall-bounded quantities such as C f and Cp

in such complex flows, capturing sensitive features such as the change in separation
length when the turbulent inlet conditions are altered. This article undertakes a considered
and pragmatic assessment of the state of PINNs when applied to complex high Reynolds
number flows, highlighting where the method is comparable to the quality of high-fidelity
simulations, and conversely where the method degrades with a lack of training data
around regions of interest. [DOI: 10.1115/1.4068396]

Keywords: turbulence, transition, physics-informed neural networks, low-pressure turbine,
closure modeling, machine learning

1 Introduction
Conducting analyses of turbomachinery flows using the

Reynolds-averaged Navier–Stokes (RANS) equations is a cost-
effective and practical method for aeroengine design. While the
method is an affordable way to undertake parametric design
studies, simulating a flow with RANS has its own challenges. For
2D flows, the Reynolds-averaging process leaves three unknown
Reynolds-stress terms that require a model to close the RANS equa-
tions. The Reynolds-stress terms can be modeled with several dif-
ferent techniques, but the industry has historically preferred
eddy-viscosity turbulence models due to low computational cost
and simplicity. Many eddy-viscosity turbulence models can fail to

capture important features such as the separation bubble length
[1], as well as the correct wake loss profiles downstream of
turbine blades [2]. Both quantities are crucial for understanding
the performance of the blade and the interaction with the prior
and subsequent stages of the engine. This poor performance is
partly due to the inherent assumptions used in the turbulence
model, such as the Boussinesq approximation [3] or the tuning of
parameters in the transport equations to represent the production
and decay of turbulent kinetic energy and dissipation rate. The
Boussinesq approximation models Reynolds-stress tensor compo-
nents as the sum of isotropic and anisotropic contributions [2]
and is defined as

u′iu
′
j =

2
3
kδij − 2νTSij (1)

where u′iu
′
j is a component of the Reynolds-stress tensor τij, νT

is the turbulent viscosity, ui is the Reynolds-averaged velocity com-
ponents, and δij is the Kronecker delta function. The mean-strain-
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rate tensor is defined as Sij = (1/2)((∂ui/∂x j) + (∂u j/∂xi)), and the
turbulent kinetic energy of the fluid is defined as k = (1/2) u′iu

′
i

( )
.

The description assumes that the principle axis of the
Reynolds-stress tensor is coincident with the mean strain-rate
tensor for all locations in the turbulent flow [3], which is known
to not hold for many flows of engineering interest. The true normal-
ized anisotropy tensor is defined as bij = u′iu

′
j/2k − δij/3 [3], and

because of the strong nonlinearity in the Navier–Stokes equations,
there are no complete mathematical descriptions that can be used for
a posteriori predictions of bij. Corrections to the description of the
anisotropy typically improve separation and secondary flows in
RANS calculations [4,5].
In the past decade, machine learning has widely been adopted in

the turbulence modeling community as a method to make meaning-
ful improvements in certain modeling challenges [6]. Because of the
unsatisfactory description of anisotropy in Eq. (1), machine learning
has led to the development of improved and generalizable anisot-
ropy tensors [4,7]. The anisotropy tensor can be added to different
eddy-viscosity turbulence models, modifying the relationship in
Eq. (1) to a more sophisticated explicit algebraic Reynolds-stress
model. This methodology has demonstrated improvements in sec-
ondary flows in ducts [5,7], flow separation in the periodic hills
[4], as well as passage and wake effects in low-pressure turbine
(LPT) blades [2,8]. While the method has demonstrated notable
improvements in turbulence modeling performance, it has been
observed that anisotropy corrections are unable to improve all
aspects of the flow around the LPT at engine-relevant operating
conditions [2,8]. Rather the anisotropy expression can be trained
to either represent the wake mixing downstream of the blade (the
physics of which is a strain-dominated phenomenon) or to represent
the near-wake region to capture the separation bubble behind the
blade (which has a higher rotation rate than the wake region of
the flow) [2].
Motivated by this observation, we seek to explore recent devel-

opments in physics-informed neural networks (PINNs) and demon-
strate how this methodology can study time-averaged complex flow
phenomena in turbomachinery-relevant applications. PINNs are a
meshless partial differential equation (PDE) solver that uses a
deep neural network (DNN) to act as a solution function for the
problem being studied, and this DNN allows for derivatives of
network predictions to be calculated with a process known as auto-
matic differentiation. DNNs are used in this work for their unique
ability to assimilate observational data to solve inverse problems,
and should not be considered generalizable to any a posteriori
problem. The present network architecture is a regularized DNN,
as the data loss term is combined with a PDE regularization term
which weakly enforces the governing equations [9]. The data loss
is evaluated at locations where training data are available, and the
residual (PDE) loss is evaluated at discrete locations in the
domain known as residual points.
In the field of fluid dynamics, PINNs have been applied to a wide

range of incompressible flows in the temporal [9–15] and time-
averaged [16–18] forms of the Navier–Stokes equations. Inviscid
compressible problems have also been studied by Refs. [12,19–
21], with the networks typically demonstrating good shock-
capturing abilities. The present work builds on the work of Eivazi
et al. [16], who demonstrated that the network could infer the
closure of the embedded RANS equations without a turbulence
model when the network is trained on sparse data. The appeal of
this method is that the flow is solved in a model-free manner
(unlike a RANS calculation) as the method avoids all turbulence
modeling assumptions and approximations. The methodology of
Ref. [16] has been applied to a range of turbulent flows such as
favorable and adverse-pressure-gradient incompressible turbulent
boundary layers [16,17,22], the backward-facing step benchmark
[18], and the periodic hills [16,17]. The work of Pioch et al. [18]
demonstrated that using the network to infer the stress field had
better performance than the k–ω turbulence model proposed by
Wilcox [23] when applied to the backward-facing step flow.

Furthermore, Hanrahan et al. [17] applied the methodology to
sparse experimental data of the periodic hills at high Reynolds
numbers, noting that the costs of the method do not necessarily
scale with Reynolds numbers.
In this work, we take advantage of the inherent properties of

PINNs and apply the network to two turbomachinery-related prob-
lems. First, we investigate periodic hills at Reb = 10, 595, a
problem that has relevance to variable geometry ducts and
channel flows in engine designs. We place emphasis on the pre-
dicted friction coefficient (Cf ) and pressure coefficient (Cp), as
these distributions are valuable to engine designers. We then
apply PINNs for the first time to compressible viscous fluid flows
and study multiple test cases relating to the flow around a T106C
turbine blade. No turbulence models are used to calculate the
Reynolds-stress fields, rather the Reynolds-stresses are inferred by
the network during training. For the compressible cases, the turbu-
lent heat-flux terms are also inferred by the network to close the
energy equation. The advantage of this inference is that the pre-
dicted Reynolds-stress fields have been solved in a model-free
manner and have not been modeled with the Boussinesq approxi-
mation or transport equations. PINNs are still in the early stages
of technological readiness and are typically applied to small prob-
lems and benchmarks. We seek to document the performance of
PINNs when applied to turbomachinery-related problems and to
understand whether this method could be used to assimilate
sparse experimental data for specific problems where RANS calcu-
lations are known to produce erroneous predictions. This work
seeks to demonstrate the current state of the art of PINNs when
applied to problems of industrial relevance.

2 Method
2.1 The Physics-Informed Neural Network. The PINN

architecture utilizes a DNN to act as a universal functional approx-
imator to represent quantities relevant to the incompressible or
compressible flow regimes in domain Ω (Fig. 1). LetN D :Rdimin �
Rdimout represents a neural network of D layers which consists of an
input layer, D − 1 hidden layer, and a linear output layer. x ∈ Rdimin

are the input coordinates of the network. An intermediate layer of
the network is described as

N d x( ) = σ WdN d−1 x( ) + ϕd
( )

∈ RN d

(2)

where the layer-wise weight matrix is represented by Wd, and the
layer-wise bias vector is represented by ϕd . N d is the layer-wise
output vector, and σ is the nonlinear activation function for each
neuron in the network. For the incompressible case, σ = tanh(·) is
used as the activation function with a fixed gradient, but for the
compressible cases, this was modified to be a layer-wise locally
adaptive activation function (L-LAAF) to improve the learning
efficiency of the network [24]. For this modification, a trainable
layer-wise gradient scaling term ad is included in each layer of
the DNN architecture so that

N d x( ) = σ n × ad WdN d−1 + ϕd
( )( )

∈ RN d

(3)

For the L-LAAF architecture, the activation function σ = tanh(·)
is still used, and the constant n = 5 is used to adjust the sensitivity of
the function, which was informed by prior work on the topic [25].
The key objective of using a PINN is to represent a surrogate

model Û of a hidden solution Uh, so that

Û − Uh ≈ 0 ∈ Ω and Û ≈ g ∈ ∂Ω (4)

are satisfied. The output layerN D is the prediction of state Û, and g
represents a prescribed condition on the domain boundary ∂Ω.
Automatic differentiation is used to determine the symbolic deriva-
tives of the network [26], with respect to a set of residual points (a
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set of spatial coordinates x within Ω). The network predictions
and their associated derivatives are substituted into the relevant gov-
erning equations, and the residual loss Lres is calculated for each
residual point. Lres contributes to the loss function L, which is
used to optimize the network during training, and further details
regarding the formulation of the loss function are discussed in
Secs. 2.2 and 2.3.

2.2 Incompressible Flow Equations. The network outputs
are u, v, p, u′2, u′v′, v′2, and the governing equations are continuity,
and the unclosed 2D x and y momentum equations, which are

ε1 =
∂u
∂x

+
∂v
∂y

(5a)

ε2 = u
∂u
∂x

+ v
∂u
∂y

+
1
ρ

∂ p
∂x

− ν
∂2u
∂x2

+
∂2u
∂y2

( )
+
∂u′2

∂x
+
∂u′v′

∂y
(5b)

ε3 = u
∂v
∂x

+ v
∂v
∂y

+
1
ρ

∂ p
∂y

− ν
∂2v
∂x2

+
∂2v
∂y2

( )
+
∂u′v′

∂x
+
∂v′2

∂y
(5c)

The network is trained on loss function L which is minimized by
the optimization algorithm during training, and this is defined as

L = λdataLdata + λbcLbc + λ pbcLpbc + λresLres (6)

The loss function consists of terms that relate to relevant compo-
nents of the optimization problem, such as the data loss Ldata, the
residual loss Lres, the Dirichlet boundary conditions loss Lbc, and
the periodic boundary condition (PBC) loss Lpbc. All loss compo-
nents are scaled by an appropriate weighting λ, and this is used to
increase or decrease the representation of the term in the loss func-
tion. The training data loss term Ldata is defined as

Ldata =
1

NdNb

∑Nd

j=1

∑Nb

i=1

|Tij − Ûij|2 (7)

where Tij is the supervised training data matrix, Nb is the number of
training data points, and Nd is the number of predicted quantities of
the network. The loss of the Dirichlet boundary conditions Lbc is
also calculated in the same manner as Eq. (7). The periodic bound-
ary conditions are solved with the difference between the network

predictions at the inlet (xin) and the outlet (xout) as

Lpbc =
1

NdNpbc

∑Nd

j=1

∑Npbc

i=1

|Ûij xin( ) − Ûij xout( )|2 (8)

where Npbc is the number of residual points along the PBC inter-
face. Finally, the residual loss term Lres is defined as

Lres =
1

NeNr

∑Ne

j=1

∑Nr

i=1

|ϵij|2 (9)

where Nr is the number of residual points in the domainΩ, and Ne is
the number of governing equations in the problem.
The training data are normalized by the absolute maximum value

of each quantity in Tij, and during runtime, Eq. (7) was solved with
normalized Tij and Ûij. The residual loss in Eq. (9) is solved in
quantities with the magnitude of the original dataset before
normalization.

2.3 Compressible Flow Equations. The network outputs are
ũ, ṽ, p, −ρu′2, −ρu′v′, −ρv′2, loge T̃

( )
, ρu′T ′, ρv′T ′, and the PINN

is regularized with the Favre-averaged Navier–Stokes equations,
which are written as

ϵ1 =
∂ρũ j

∂x j
(10a)

ϵ2, ϵ3 =
∂
∂x j

ρũiũ j + pδij
( )

−
∂
∂x j

σij ũ( )( )
+

∂
∂x j

τRij

( )
(10b)

ϵ4 =
∂
∂x j

ũ j ρẽ +
1
2
ρũiũi + ρk + p

( )[ ]
−

∂
∂x j

ũiσij ũ( ) + ũiτ
R
ij

( )
−

∂
∂x j

q̃ j − qRj

( )
−

∂
∂x j

F j

( )
−

∂
∂x j

V( ) (10c)

The Favre-averaged viscous stress tensor and the Reynolds-stress
tensor are described, respectively, as

σij ũ( ) = μ −
2
3
∂ũk
∂xk

δij +
∂ũi
∂x j

+
∂ũ j

∂xi

( )
(11)

Fig. 1 The PINN architecture with Favre-averaged Navier–Stokes equations and a simple loss function
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τRij = −ρ ũiu j − ũiũ j

( )
= −ρu′iu′j (12)

The turbulent heat-flux tensor qRj , V (effects of viscosity on the
velocity fluctuations), and F (the total flux of the turbulent
kinetic energy) are defined as

qRj = ρCp T̃u j − T̃ ũ j

( )
= ρu′iT ′ (13)

V = u′′i σij ũ( ) + ũiσij u′′
( )

(14)

F j = −
1
2
ρu′′j u

′′
i u

′′
i − p′′u′′i δij + u′′i σij u′′( ) (15)

V and F have been neglected from the energy equation as these
effects are considered negligible for the flow around the LPT.
The equation of state and Sutherland’s law have been used to calcu-
late ρ and the kinematic viscosity μ in the fluid, and these are
described as

ρ =
PγM2

ref

T̃
(16)

μ =
T̃
1.5

ReRef
+
1 + TSu
T̃ + TSu

(17)

where γ is the specific heat ratio,Mref is the reference Mach number,
and TSu is Sutherland’s temperature. The energy equation (10c) is
closed with the turbulent heat-flux terms ρu′T ′ and ρv′T ′ which
are predicted by the network in the same way as the Reynolds-
stresses, avoiding modeling assumptions. The loss function L for
the compressible cases is defined as

L = Ldata + λresLres + λsrLsr (18)

where a slope recovery term Lsr is used to increase the gradients of
the L-LAAF when possible during training [24]. This is achieved by
forcing the network to increase ad via minimizing

Lsr =
1

1/(D − 1)
∑D−1

i=1 eai
(19)

in the loss function. A periodic boundary condition in the pitchwise
direction was not implemented for the LPT case, rather the pitch-
wise boundary was enforced in the loss function with training
data as defined in Eq. (18).
The compressible data are normalized with min–max scaling, and

the normalized network predictions were only used for calculating
Eq. (6), meaning that the governing equations are solved with quan-
tities with original magnitudes. In addition to this, the T̃ field is
forced to be positive to ensure stability during training. This was
achieved by applying an exponential function to the network predic-

tion (i.e., eloge
ˆ̃T

( )
= T̃) when the predictions need to be in the orig-

inal magnitudes. This method has been utilized in other works to

enforce positive values of P and ρ [19,20]. For simplicity in
Fig. 1, this feature is just described as T̃ .

3 Periodic Hills at Reb = 10, 595
3.1 Numerical Setup. The periodic hills are a common bench-

mark in the turbulence modeling community, as they capture many
of the features that are challenging to simulate with RANS and his-
toric large eddy simulation (LES) attempts [4,27]. The benchmark
is an incompressible channel flow with a symmetric and periodic
converging–diverging bottom wall, a feature that is often described
as a “periodic hill.” There is a flat extent between the two hills as
shown in Fig. 2. The 2D computational domain is normalized by
the hill height h, with the stream-wise length Lx = 9h and the wall-
normal length Ly = 3.035h. The hills constrict the cross-sectional
area of the flow by 33%. This restriction in the cross section of
the flow causes a favorable-pressure-gradient to form on the wind-
ward side of the hill and an adverse-pressure-gradient on the
leeward side of the hill. The hill is a smooth curved surface, with
flow separation occurring on the leeward side of the hill. Reattach-
ment occurs on the flat plate between the hills, and inter-hill dis-
tance allows the flow to recover away from the acceleration due
to the convergent region of the channel [27].
The residual points are extracted from the LES mesh of Ref. [27],

which is stretched away from the bottom wall with an expansion
ratio of 1.05. The top wall of the channel has a coarse resolu-
tion, as this region was not of interest for the original LES
campaign. The mesh has 129 residual points in the wall-
normal direction and 197 points in the stream-wise direction. The
profiles of velocity and Reynolds-stress from Ref. [27] have been
used as “sensor data” for this problem, which are located at
x/h = 0.05, 0.5, 1, 2, 3, 4, 5, 6, 7, 8[ ]. For this case, the network
will predict the pressure field from a hidden state, as no pressure
data are given in these profiles. Dirichlet boundary conditions are
enforced at 3600 discrete points located at the top and bottom
walls of the channel. The PBC is enforced for all prediction quan-
tities in the network including pressure and is applied at 2000 equi-
distant discrete points along the boundary at x/h = 0 and x/h = 9.
The network is trained with the Adam optimizer [28] for 1000
epochs with a learning rate of 0.001—where an epoch is one train-
ing cycle of the network. The limited-memory Broyden–Fletcher–
Goldfarb–Shanno (L-BFGS) optimizer [29] is used for the remain-
ing 50, 000 epochs of training. Adam is a first-order gradient
descent method with variable learning rate step sizes to accelerate
learning [30], and L-BFGS is a second-order quasi-Newton
method that uses an approximation of the Hessian of the loss func-
tion [30]. Adam is initially used in training, as the method has
robust training performance and can avoid being caught in local
loss function minima that are typically found in early training.
L-BFGS is known to get caught in these minima, and this optimiza-
tion method is used as a second step of training for its superior con-
vergence performance. All calculations in the network are made at
double network precision.

Fig. 2 The numerical setup of the periodic hills, with the residual points of the domain decreased
by a factor of 16 for visualization purposes

111011-4 / Vol. 147, NOVEMBER 2025 Transactions of the ASME

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/turbom

achinery/article-pdf/147/11/111011/7459185/turbo-24-1059.pdf by guest on 26 N
ovem

ber 2025



3.2 Results and Discussion. The network has several parame-
ters that can affect the prediction capability of the network, and
this can be better understood with a network hyperparameter
study. For this study, λres was varied between 0.1 and 10 with the
other weightings fixed at unity (λbc = λ pbc = λdata = 1.0). The
network width w was varied between 20 and 100 neurons, and
eight layers were used in all runs. λres = 0.1 and w = 80 yield excel-
lent quality predictions, and these quantities are used for the remain-
der of this study. To acknowledge and discuss the robustness of
PINNs with considerations to the overfitting of network hyperpara-
meters, a detailed discussion has been included in Appendix A.
Training for this network architecture was conducted on a single
80GB Nvidia A100 graphics processing unit, with each instance
of the network taking 1.70 h to complete training. All PINNs run-
times are shown in Table 1, with the periodic hills parameters
denoted as PH.
It can be a challenge to assess sensitive network predictions such

as Cf , and this is because the training of a DNN is a stochastic
process where each run of the network will have minor differences
in the predictions. We use ensemble averaging to overcome this by
taking the mean and standard deviation of ten network models to
provide a simple statistical analysis of network convergence in
regions with sensitive quantities.
The first observation from the hyperparameter study is that

decreasing λres decreases the mean prediction error of all quantities.
The relaxation of the governing equations in the early stages of
training allows the network to prioritize fitting the training data.
This in turn allows the residual loss to become a more prominent
feature of the loss function in the later stages of training. The
second observation from the hyperparameter study is that larger
network widths are associated with smaller standard deviations in
the ensemble-averaged quantities. A wider network of the same
depth is more expressive than a narrow network. Generally speak-
ing, a more expressive network requires fewer iterations to fit the
solution space as there are more degrees-of-freedom. This means
that for a given amount of training, the wide networks will not

need to prioritize (and compromise) predicted quantities when
moving toward an optimal solution.
The network predictions of the velocities, and Reynolds-stresses

are of excellent quality as shown in the mean error plots of Fig. 3,
and only regions near the wall and the boundary of the separation
bubble have errors greater than 5%. These errors may be spurious
due to very small quantities in some of the regions in the separation
bubble and along the wall. The absolute error

ε = 100 ×
|Uh − Û|
|Uh| (20)

is calculated at every point in the domain. As the pressure field is
only accurate up to a constant when trained as a hidden state (i.e.,
no training data provided) [10], the pressure field is scaled by

Δ p = p − pwall, inlet (21)

before calculating the absolute error. The p error field is sensitive
λres, and the magnitude of the ε > 5% region on the leeward side
of the hill tended to decrease with smaller λres. The profiles of the
pressure have the same shape as the reference quantities throughout
the domain, and the focus of this work is on modeling the quantities
of the wall.
The ensemble average and the standard deviation of the network

predictions are shown in Fig. 4. All velocity and Reynolds-stress
profiles 0.05 < x/h < 8 are of excellent quality, and this clearly
demonstrates the capabilities of PINNs as the network predictions
are comparable to the velocity and Reynolds-stress profiles of a
highly resolved LES study. It is encouraging to see the high-quality
predictions of the Reynolds-stress fields when the network is
solving the RANS equations without turbulence closure. There
are several differences between the network predictions and refer-
ence data in Figs. 3 and 4. The artifact on the predicted u profile
at 2.8 < y/h < 3 is due to a cubic interpolation of the network pre-
dictions in a region with sparse information. Close to the top wall of
the channel, oscillations can be observed in the v error field of
Fig. 3, and this is due to small oscillations found in the reference
dataset. The network solutions filter out the oscillations as shown
in Fig. 4, and this is an indication of a well-fitted network.
The predictions of u′2, u′v′, and v′2 become erroneous close to the

wall in the region of 8 ≤ x/h ≤ 9, and the velocity profiles in the
boundary layer are over-predicted (Fig. 4). The PINN ensemble
velocity predictions have a low standard deviation in the wall-
normal direction, yet the Cf curve in Fig. 5 indicates a region of
higher standard deviation in the region. In our work, we have
observed that the standard deviations of network predictions tend
to increase when the network is not provided with enough data in
a region where the physics of the flow is rapidly changing. In this
region in the periodic hills problem, the boundary layer thins due
to the acceleration of the flow [27], and after x/h > 7, a redistribu-
tion occurs from the stream-wise component of the Reynolds-stress

Table 1 A summary of the numerical setup and run time for the
compressible and incompressible cases

Name Net. Res. Pts. Act. Func. Runtime (h)a

PH 80 25, 413 Fixed 1.70
Wake 60 29, 450 L-LAAF 8.19
BL 60 64, 000 L-LAAF 22.43
TI = 0.0% 60 134, 921 L-LAAF 31.05
TI = 0.9% 60 134, 921 L-LAAF 31.01

Note: aThe reported runtime for all compressible cases included additional
scripts for monitoring the convergence of the PINN. This added
approximately 1 h to the reported runtime of a full domain case.

Fig. 3 The mean ensemble error fields of the periodic hills. The error is limited to 5% for visualization purposes.
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tensor to the wall-normal and spanwise stress components, through
the pressure-strain mechanism [27]. The network predictions of the
PBC at x/h = 9 compare well with the reference data of Frölich
et al. [27]. This has led us to the conclusion that the network predic-
tions of the boundary layer have degraded due to a lack of training
data in a region of strong acceleration.
The curves of skin-friction Cf of the prediction and the reference

case are shown in Fig. 5, and this is defined as

Cf =
2(∂u/∂y)wall

UbReb
(22)

where ∂u/∂y
( )

wall is a linear approximation of the wall tangential
velocity gradient. The network has predicted the separation point
and the reattachment point remarkably well considering that these
are regions where the accuracy of RANS simulations traditionally
becomes erroneous [31]. There are two regions where the PINN
makes incorrect predictions of the Cf curve: downstream of the
separation point and at the windward side of the hill. Downstream
of the separation point, the PINN predicts a brief reattachment
and separation (i.e., Cf > 0), which was not observed in the original
study [27]. At x/h > 8, the network was unable to predict the peak
magnitude of Cf , and this is due to the aforementioned lack of train-
ing data in this region.
The ensemble averaging of the network predictions provides

some quantification of the reliability of the network predictions of

the Cf curve. The mean prediction minimizes the stochastic
effects from training and the noise along the boundary of the
domain. The current formulation of PINNs is nonconservative
[21], and this effect is observed along the wall of the domain.
The ensemble average of larger network widths is found to
improve the Cf prediction and decrease the associated standard
deviations in the predictions as well; however, it did not offer sub-
stantial improvements after x/h > 8.

4 T106C Low-Pressure Turbine
The T106C LPT is a high lift design that is prone to forming

separation bubbles on the aft portion of the suction side of the
blade, due to the large pressure gradients and low levels of turbulent
structures surrounding the blade when operating at cruising engine
conditions (lower Re). However, the separation bubble is sup-
pressed when operating at take-off conditions (higher Re). The ref-
erence data come from the highly resolved large eddy simulation of
Rosenzweig et al. [32], which was run on HiPSTAR, a high-
performance finite difference solver [33]. The blade has an angle
of attack of 34 deg at Reis = 80, 000 and Mais = 0.65 based on isen-
tropic exit conditions. The statistics are processed after 55 convec-
tive time units of the simulation, where a convective time unit is
defined as the blade axial chord length divided by the streamwise
velocity component at the outlet of the domain. The dataset includes
two different inlet turbulent intensities (TI), which are TI = 0.0%
and TI = 0.9%. We seek to understand if the PINN can model sen-
sitive features such as the shift in the separation point due to the
changes in TI. This problem is an excellent test case for PINNs,
as the problem includes compressibility effects and flow features
that typically require a turbulence model, a transition model, and
a heat-flux model to run the compressible RANS calculation.

4.1 Numerical Setup. The residual points of the problem are
extracted from the mesh of Ref. [32], which consists of a back-
ground h-grid mesh and an o-grid mesh surrounding the blade.
The o-grid mesh consists of 80 points in the wall-normal direction
and 800 points around the blade, and the h-grid mesh consists of
190 points in the y-coordinate and 468 points in the x-coordinate.
The compressible PINN is applied to four different problem config-
urations, investigating the wake region, the boundary layer around
the blade, the full domain with a TI = 0.0%, and a full domain with
TI = 0.9%. A diagram of the different test cases is shown in Fig. 6.
We use a PINN to model the region downstream of the blade to see
whether improved wake loss profiles can be obtained. RANS sim-
ulations with the k–ω shear stress transport and Spalart–Allmaras

Fig. 4 A summary of the profiles of the periodic hills at ((a) and (b)) x/h = 2.5, ((c) and (d)) x/h = 3.5, ((e)
and (f)) x/h= 8.5, and ((g) and (h)) x/h = 8.75. The profiles represent the mean ensemble value, and the
banded region represents the standard deviation of the ensemble.

Fig. 5 The Cf and Cp on the bottom wall of the periodic hills
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turbulence models typically over-predict the peak value in the wake
loss profiles and also underestimate the width of the profiles [2].
This test case uses a subsection of the reference domain, between
0.94 ≤ x/C ≤ 1.71 (which is 0.1 ≤ x/Cax ≤ 1 downstream of the
trailing edge), and only uses training data around the perimeter of
the test domain, as shown in Fig. 6(b). Next, to understand the net-
work’s abilities to model the boundary layer and laminar-to-
turbulent transition effects around the blade, the o-grid is used as
a second test case. The training data in this case are the data on
the surface of the blade, the outer region of the o-grid, as well as
11 wall-normal profiles of data located around the blade. The
boundary layer model is shown as the second test case in
Fig. 6(c). The final two test cases use a larger domain size as
shown in Fig. 6(d ). This setup combines the training data of the pre-
vious boundary layer and wake test cases, along with profiles at
x/C = −0.4, − 0.17, 0.94, 1.17, 1.71. These test cases are run at
TI = 0.0% and TI = 0.9%, which allows a comparison between
the Cf curves around the blade to understand how PINNs
respond to the shift in the separation point on the blade.
For each test case, the network is provided with ũ, ṽ, p, −ρu′2,

−ρu′v′, −ρv′2, loge T̃
( )

, ρu′T ′, ρv′T ′ at each location of training
data. All compressible PINN models are trained with the Adam
optimizer for 50, 000 epochs at Lr = 0.0005, and the L-BFGS opti-
mizer for a further 127, 000 epochs. Eight hidden layers are used for
all compressible PINN test cases, and further details about the
numerical setup are summarized in Table 1, where the wake
model is denoted as wake, the boundary layer model is denoted
as BL, and the two models of the complete domain are denoted as
TI = 0.0% and TI = 0.9%. All networks are trained with double pre-
cision. All results plotted in this article come from a network ensem-
ble; with the wake and boundary layer cases consisting of five runs
of the PINN and the full domain T106C cases consisting of ten
PINN predictions consisting of ten network predictions.
Training the PINN is significantly more computationally expen-

sive for the compressible flow when compared to the periodic hills.
This is due to the large number of residual points in the problem and
the larger network sizes required to represent the additional pre-
dicted quantities. Undertaking a hyperparameter study for this test
case was more challenging due to the high computational costs,
and only one run of the network could be undertaken for each
hyperparameter. The network required more epochs of training,
and this may be due to the inclusion of the additional heat-flux
terms and the energy equation, or the calculations of ρ and μ
during training. The hyperparameter study was undertaken by

assessing the loss of the o-grid and h-grid meshes separately. It
was observed that the mean square error of the h-grid mesh was rel-
atively stable with network widths of w ≥ 60 neurons. The o-grid
mesh demonstrated different convergence behavior, where the
larger network sizes continued to improve the network prediction
quality around the blade. Due to computational cost, the hyperpara-
meter study was limited to a network width of w = 60 neurons wide.
The hyperparameter study identified that λdata = 1.0, λres = 0.001,
and λsr = 0.0001 were suitable for quality network predictions.
A discussion of the network training dynamics and convergence
of the equation residuals of the T106C case are included in
Appendix B2.

4.2 Results and Discussion

4.2.1 Wake Region. For the wake test case, the network makes
excellent predictions of velocities, pressure, and temperature in the
wake region. A typical assessment of turbulence model quality in
turbomachinery applications is the wake loss profile Ωw at x/Cax =
40% downstream of the trailing edge. The wake loss and the total
pressure are defined as

Ωw =
pt,1 − pt,2 y

( )
pt,1 − p2

(23)

pt =
p

1 + 0.5 γ − 1
( ) 









ũ2 + ṽ2
√( )

/a
( ) −γ/(γ−1)( ) (24)

where the speed of sound is defined as a = γ p/ρ. The wake loss pro-
files in Fig. 7 show that the network can correctly predict the mag-
nitude and width of the profile in a region far away from training
data. The inferred Reynolds-stresses generally match those of the
high-fidelity dataset with the correct magnitude and shape in the
wake region. The ũ and ρu′v′ fields are shown in Fig. 8. In small
regions of the domain, the normal Reynolds-stress components
yield small, positive predictions. These terms should be strictly neg-
ative (as defined in Eq. (12)), and enforcing a negative condition for
this term could be achieved with a simple mathematical function.
This hard enforcement of Reynolds-stress realisability should be
considered for future work. The quality of the turbulent heat
fluxes ρu′T ′ and ρv′T ′ is mixed, with acceptable quality predictions
in most of the domain, and over predictions in between the wakes.

Fig. 6 The numerical setup of the T106C cascade. Numerical grid was reduced by a factor of 144 for visualization.
(a) The problem schematic, (b) the wake test case, (c) the boundary layer test case, and (d) the full domain test
case.
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This effect is more prominent in the ρu′T ′ field. We conclude that
more data are needed in the range of 0.94 ≤ x/C ≤ 1.71 and an
additional profile of data is included for the full domain test case
at x/C = 1.17 to improve the heat-flux predictions.

4.2.2 Boundary Layer Region. We now focus our attention on
the predictive capabilities of the PINN in the blade boundary layer.
The network makes excellent predictions of the boundary layers
around the blade, and the peak velocity on the suction side was
also well modeled (Fig. 9). The largest differences between the ref-
erence data and the prediction are found close to the leading and
trailing edges of the blade. These regions have very high gradients
in both x and y, and we assume that more data are required in this
region to make more accurate predictions. T̃ and P, as well as the
calculation of ρ are all of excellent quality. The Reynolds-stress
fields are well predicted, with the same exceptions as in the wake
modeling case previously discussed: there are some regions of
unphysical normal Reynolds-stress components in the boundary
layer, and the magnitude of the peak Reynolds-stress is under-

predicted by the network. The turbulent heat-flux terms are well
modeled (Fig. 9) and only have large errors at the trailing edge.
This is an encouraging result, as the closure of the heat-flux terms
has been inferred by the network, rather than with a mathematical
model. The discussion of the boundary layer quantities (δ⋆, θ,
H12, Cp, and Cf ) will be undertaken in the context of the full
domains, where comparisons will be made between inlet conditions
of varying turbulent intensities, and the effect of inlet conditions on
the quality of these predictions.

4.2.3 Full Domain With Varying Inlet Conditions. Based on
the conclusions of the wake and boundary layer studies, an addi-
tional profile of data was included upstream and downstream of
the cascade to improve the prediction quality (Fig. 6(d )). This
resulted in excellent PINN predictions for all quantities as shown
in Fig. 10. The ρu′v′ stress field is well predicted with minor dis-
crepancies at the leading and trailing edges. Perhaps the most inter-
esting result is the turbulent heat-flux predictions in the wake
region, as shown in Fig. 10. The predictions of ρu′T ′ and ρv′T ′
have improved considerably from the wake test case due to the addi-
tional profile of training data added to the wake region. Profiles of
the velocity vector, the Reynolds-stress tensor, and the heat-flux
vector are plotted in Fig. 11, and these components have been
rotated to be in wall-normal and wall-tangent coordinates. The pro-
files show that the network has typically produced excellent veloc-
ity predictions around the blade, and reasonable Reynolds-stress
predictions as well. All predictions were observed to break down
at the trailing edge (location c), and the Reynolds-stress and heat-
flux terms also broke down on the pressure side of the trailing
edge (location d).
Studying the boundary layer is the primary interest of this work,

and we will now assess the PINN capabilities at different inlet tur-
bulent intensities of TI = 0.0% and TI = 0.9%. The boundary layer
displacement thickness (δ⋆), the momentum thickness (θ), and the
boundary layer shape factor (H12) are plotted in Figs. 12(a)–
12(c). These quantities capture the turbulence transition and separa-
tion on the suction side of the blade and are defined as

δ⋆ =
∫∞
0

1 −
ũ

ũ∞

( )
dn (25)

θ =
∫∞
0

ũ

ũ∞
1 −

ũ

ũ∞

( )
dn (26)

H12 =
δ⋆

θ
(27)

Fig. 8 Network predictions and the absolute difference for ũ and
ρu′v′ for the wake test case

Fig. 7 The wake loss profiles Ω of the wake loss test case in
axial chord units downstream of the linear cascade:
(a) x/C= 0.96, (b) x/C= 1.01, (c) x/C= 1.11, and (d) x/C= 1.20.
The banded region represents one standard deviation of the
network ensemble.

Fig. 9 Network predictions and the absolute difference for ũ and
ρu′T′ for the boundary layer test case
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For the calculations of the boundary layer quantities, the
boundary layer edge locations are extracted from the high-
fidelity data, and this is used for the integration limit of the
PINN and the reference curves. The predictions of δ⋆, θ, and
H12 are well predicted and provide meaningful assessments of
the boundary layer formation and development around the
blade. Similar comparisons can be made with Cf , as this

indicates when the flow has separated in a region around the
blade.
The introduction of inlet turbulence is known to delay the onset

of separation or even completely suppress the separation bubble on
a turbine blade, and a comparison between the Cf curves
(TI = 0.0% and TI = 0.9%) is shown in Fig. 12(d ). The PINN pre-
dictions show the same trend as the reference data, with the

Fig. 10 A comparison of the ũ, ρu′v′, and ρu′T′ fields of the T106C cascade

Fig. 11 (a)–(d) Wall-normal and wall-tangent profiles of the velocity vector, the Reynolds-stress tensor, and the heat-flux vector
around the T106C blade. All locations listed in “unwrapped blade coordinates” correspond to (e). (a) 0.19, (b) 0.81, (c)−1.0, and (d)
−0.8. The regions where the generalization error is assessed for the turbine cases, as shown in Fig. S3(b).
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turbulent inlet conditions sustaining higher values of Cf for longer.
In this section, the reference data and the network predictions have
calculated Cf with the same fourth-order finite difference scheme.
For the laminar case, the network predicted a separation point at
x/Cax ≈ 0.682, and for the case with TI = 0.9%, the network pre-
dicted a separation point at x/Cax ≈ 0.749. The network was thus
able to predict a delay in separation for the TI = 0.9% test case.
In the reference high-fidelity data, two separation bubbles form
near the trailing edge, with a small region of reattachment occurring
between the two. The PINNs solution in this case only predicts one
separation bubble with the separation point closely matching the
location of the first bubble, and the reattachment point closely
matching that of the second one.

Differences between the reference and the prediction are more
prominent on the pressure side of the trailing edge as shown in
Figs. 11(d ) and 12(d ). Training data are not provided in this
region—as data are only applied to the suction side—and this is
shown in the insert in Fig. 6(c). RANS solvers can adequately
predict the flow on the pressure side of the blade up to the trailing
edge, and this region is not of primary interest in this work. We con-
sider a good prediction of the suction side of the blade to be an
encouraging outcome for PINNs. Based on the hyperparameter
study of the periodic hills in Sec. 3.2, it is expected that the near-
wall velocity gradients close to the wall should improve with
increasing network size, and we expect the magnitude of the pre-
dicted Cf curve to improve with larger network sizes. The Cp

curve is also shown in Fig. 12(e), and the curve has been well rep-
resented on both sides of the blade. The Ωw profiles are plotted in
Fig. 13, and the networks are shown to represent the different
wake profile shapes with the two inlet turbulence intensities.

5 Conclusion
PINNs are applied to the periodic hills at Reb = 10, 595 and a

T106C cascade at Reis = 80, 000 in this work. The problems were
selected since they feature flow physics such as separation and
the wake region downstream of the cascade; both of which are chal-
lenging to simulate with baseline RANS turbulence models. The
objective of this study was to demonstrate the performance of
PINNs when inferring the Reynolds-stress and turbulent heat-flux
fields. For the periodic hills case, the network made excellent pre-
dictions of the bulk quantities in the range of 0.05 < x/h < 8, and
the separation and Cf curve were also well modeled in this
region with no turbulence closures.
For the T106C cascade, the network was applied to four test cases

to understand the capability of PINNs when applied to different fea-
tures of industrial flows. The network modeled the wake region
between 0.1 ≤ x/Cax ≤ 1 downstream of the trailing edge, with
the predictions of the wake loss profile approaching the quality
of the high-fidelity dataset. The network was also found to model
the suction side of the boundary layer region well, and the Cf cap-
tured the effects of separation and transition. The prediction of Cf

was found to be sensitive to inlet turbulence intensity, and the
PINN captured these trends in the separation bubble on the trailing
edge of the blade. When provided with high-quality data located

Fig. 13 Two wake loss profiles for the full domain cases with
TI= 0.0% and TI= 0.9% inlet conditions. (a) x/C= 0.96,
(b) x/C= 1.01, (c) x/C= 1.11, and (d) x/C= 1.20. The banded
region represents one standard deviation of the network
ensemble.

Fig. 12 Boundary layer and wall-bounded quantities of the full domain caseswith differing inlet turbulence inten-
sities. (a) Boundary layer thickness, (b) momentum thickness, (c) H factor, (d) friction coefficient, and (e) pressure
coefficient. The banded region represents one standard deviation of the network ensemble.
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near the features of interest, the PINN predictions can exceed the
quality of RANS simulations [31]. PINNs are capable of recon-
structing flows with sparse data, but the best predictions typically
require training data close to features of interest such as the bound-
ary layer or the separation bubble—regions that are challenging to
measure in turbomachinery-related experiments. In this work, the
highest quality PINN predictions were prioritized over computa-
tional costs and resources. This means that in this study, high-
quality structured meshes were used with large network sizes to
ensure the best possible predictions. Furthermore, ensemble averag-
ing was used to provide a statistical assessment of the reported
results. This study of data assimilation with “vanilla” PINNs (the
architecture first proposed by Raissi et al. [10]) demonstrates the
advantages and shortcomings of using PINNs to infer closure of
the Reynolds-stress tensor in aerodynamics and fluid dynamics
problems. The methodology of Eivazi et al. [16] is capable of recon-
structing flow fields to a quality comparable to high-fidelity
methods, given there is adequate data in regions of changing flow
physics. The shortcoming of the methodology is that the network
predictions can degrade in regions that have an absence of training
data that feature changes in flow physics (i.e., the boundary layer in
the periodic hills in 8 ≤ x/h ≤ 9 and the pressure side of the trailing
edge of the turbine blade). The current architecture is a meshless,
non-conservative methodology [21] with weakly enforced Dirichlet
boundary conditions. Future research on this topic should only con-
sider the conservative PINN architectures [21] in combination with
a distance function to exactly enforce Dirichlet boundary conditions
of the domain [34]. The combination of the two methodologies
should ensure that quantities are conserved between regions of
sparse training data, and that Dirichlet boundary conditions are
exactly enforced. Moving away from the initial architecture of
Raissi et al. [10] to the architecture of Jagtap et al. [21] is the
logical next step to improve the quality of data assimilation of
sparse experimental data with PINNs.
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Nomenclature
p = pressure
q = heat-flux
u = stream-wise velocity
v = wall-normal velocity
C = chord length
T = temperature
S = mean-strain-rate tensor
T = supervised training data

U = network prediction
s, n = tangent and wall-normal coordinates
x, y = Cartesian coordinates

Greek Symbols

δ = Kronecker delta function
ε = residual
ν = fluid kinematic viscosity
ρ = density

Superscripts and Subscripts

b = bulk value
c = airfoil chord
h = hidden solution
t = stagnation quantity
R = closure term
ax = axial
bc = boundary condition
is = isentropic
res = residual
ref = reference value
Su = Sutherland temperature
Ref = reference quantity
1,2 = inlet, outlet quantities
∞ = freestream value

Calculated Quantities

Ma = Mach number, u/








(γp/ρ)

√
Re = Reynolds number, uL/ν

( )
ref

TI = turbulence intensity,







2k/3

√
/|u|

Accents

· = time-averaged
·′ = fluctuation
·̃ = Favre-averaged
·̂ = network prediction

Acronyms

DNN = deep neural network
PBC = periodic boundary condition
PINN = physics-informed neural network
RANS = Reynolds-averaged Navier–Stokes

Appendix A: Overfitting Datasets With PINNs?
In the field of data science, there is a common discussion about

the overfitting of datasets with neural networks. Because PINNs
use a modified architecture that features a loss function that
weakly regularizes the governing equations, we believe that there
is a value in describing what overfitting means for PINN
applications.
In practical terms, the definition of overfitting a neural network is

where the network solution function Û is more complex than the
underlying hidden solution Uh. By having this unnecessary com-
plexity, fluctuations can occur in the network solution between
points of training data. These fluctuations in Û are identified with
the test error Ltest, and this represents the mean squared error of
the network prediction at locations where data were not provided
to the network in training. In an assessment of overfitting a DNN,
the Ldata term continues to decrease while Ltest has reached a
minimum and begins to increase again. This occurs because the
solution function Û prioritizes the data Tij over the hidden solution
Uh. The concept of overfitting is of particular importance to neural
networks applied to generalized predictive problems, and identify-
ing this minima of Ltest is an indicator of the correct network
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hyperparameters and training schedule for the generalizable predic-
tive model.
Physics-informed neural networks are weakly regularized with

residual points scattered between the training datapoints, and this
means that (in principle) the solution function Û is also forced to
fit the residual points during training. If network derivatives are
included in the residual loss term, it also means that the residual
points are also weakly enforcing the derivatives at each residual
point. This further enhances the robustness of the PINN in training.
To demonstrate the capabilities of PINNs to avoid overfitting a
priori problems, a DNN and a PINN solve a simple solution func-
tion of y = sin (x). Both networks have eight hidden layers
and 20 neurons in width with σ = arctan ·( ), and both networks
are trained with Adam for 500 epochs. The DNN is trained
on four equidistant points of training data in the range of
x ∈ 0, 2π[ ], and the PINN is trained with the boundary condi-
tions of Uh(0) = Uh(2π) = 0, ∂Uh 0( )/∂x = ∂Uh 2π( )/∂x = 1, and
∂2Uh 0( )/∂x2 = ∂2Uh 2π( )/∂x2 = 0, as well as the associated residual
functions for

Lres = Û − sin (x1) +
∂Û
∂x

− cos (x1) +
∂2Û
∂x2

+ sin (x1) (A1)

The x1 mesh contains 12 equidistant residual points between
x ∈ 0, 2π[ ], and after training, both networks are probed with a
high-resolution mesh x2, which contains 1200 points between
x ∈ 0, 2π[ ]. The network predictions of the DNN and the PINN
are shown in Supplemental Fig. S1 available in the Supplemental
Materials on the ASME Digital Collection. Because of the coarse
training data, the DNN is unable to infer the underlying solution
to the problem. When probed with the x2 mesh, the solution func-
tion is shown to deviate significantly from the solution y x( ). By
the commonly accepted definition of overfitting, the network was
correctly trained after 125 epochs, as this is the point of inflection
of the Ltest term. The PINN has been able to learn the Uh,
∂Uh/∂x, and ∂2Uh/∂x2 terms from the Lres. For the PINNs case,
Ltest is solved in a similar manner to Eq. (A1), where the high-
fidelity x2 mesh is used to sample the network. We can see that
the Ltest error term of the PINN continues to converge, and the
network is not producing oscillations in the network solution in
the x2 mesh. Clearly, in this example, the PINN is not overfitted.
There are two situations where the hyperparameter studies should

be thoroughly scrutinized with PINNs. PINNs have been demon-
strated to be capable of filtering noise from experimental datasets,
and this was demonstrated by Cai et al. [35]. Experimental data
have measurement and positional errors, and a well-tuned set of
network hyperparameters are required to constrain the functional
complexity of the network to correctly fit the underlying hidden
solution Uh. This was observed in the work of Hanrahan et al.
[17], where small network sizes were required to prevent overfitting
of the periodic hills experimental datasets.
As shown above, PINNs can be sampled with other residual point

meshes after training, meaning that the network could be trained
with a coarse mesh, before being upscaled to be compared to an
LES or direct numerical simulation dataset. While the example of
the y = sin (x1) function was shown to be robust, we still advise
caution when using this method of upscaling, as the residual
points have changed locations, meaning that the enforcement of
the governing equations on the residual points located at x1 may
not have the same adherence for the x2 mesh.
The learning from this example can be directly applied to the

hyperparameter study of the PINNs with embedded RANS equa-
tions. If reasonably dense mesh is used, and the derivatives of the
predicted quantities are included in the residual loss term, it can
be expected that the network solution function to converge, and
not overfit Uh. In the present study, both PINNs have been
trained on high-quality numerical data, and the mesh resolution
has not been modified after training. Based on the simple demon-
stration, we see overfitting as a somewhat trivial issue for the
problems studied in the present work, as we focus on the

convergence of the residual functions. The hyperparameter
studies in Secs. 3.2 and 4.2 were undertaken to identify the
correct weightings λ and network widths to ensure that the
PINN would train on the governing equations and to prevent
underfitting of the solution.

Appendix B: Network Training Statistics
B.1 Convergence of the Periodic Hills. The convergence of

the periodic hills network loss function is shown in Fig. S2(a)
where each component of the loss function is inclusive of the cor-
responding weighting λ. The data loss, residual loss, and boundary
conditions all show good convergence. The residual of the continu-
ity and momentum equations is shown in Fig. S2(b) and the equa-
tion residuals effectively plateau by the end of training.

B.2 Convergence of the T106C Full Domain at TI = 0.0%.
For the T106C full domain case, further network statistics have
been extracted for analysis, and these are shown in Fig. S3. The
evolution of the loss functions in Fig. S3(a) shows the convergence
of the loss function for the problem. The evolution of the loss func-
tion changes after 50, 000 epochs and smoothly descends to a loss
function minima. This coincides with the transition from the Adam
optimizer to the LBFGS optimizer and highlights the value of using
an LBFGSmethodology in PINNs training. The test error Ltest of the
boundary layer and wake regions of the domain is shown in
Fig. S3(b). This has been calculated with all available data in the
boundary layer and the wake region (see regions in Fig. 11(e)).
This data is compared with the network solution at each epoch of
training with Eq. (7) and show a steady reduction throughout train-
ing. By assessing the continued convergence of the Ltest curves
shown in Fig. S3(b) and the governing equation residuals plotted
in Fig. S3(c), it is clear that the network has not overfitted the
problem. The final percentage error of each case of the network is
included in Table S1 where low errors are achieved among the
velocity, pressure, temperature, and density terms. The tabulated
values of the Reynolds-stress and heat-flux terms have larger
errors, however, these are very small quantities of interest, and
this may lead to large errors in certain regions of the flow. Based
on this consideration, we refer the reader to the velocity,
Reynolds-stress, and heat-flux predictions around the blade,
shown in Figs. 11(a)–11(d ).
Finally, the value of ad of the L-LAAF has been plotted in

Fig. S3(d ). L-LAAF is intended to increase the gradients of the
hidden layers of the network during training to improve learning
efficiency, and the figure shows how the value of ad increases
during training of the network, typically with the hidden layers
closer to the network inputs gaining larger values of ad . This sug-
gests that it is challenging to train the earlier hidden layers 1 ≤ d ≤
4 of the DNN without a gradient tuning process such as L-LAAF
[24], and this process has increased the magnitude of the gradients
in this region of the network during training.
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