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Abstract

A class of singularly perturbed hybrid dynamical systems is analyzed. The fast states are restricted to a compact set a priori.
The continuous-time boundary layer dynamics produce solutions that are assumed to generate a well-defined average vector
field for the slow dynamics. This average, the projection of the jump map in the direction of the slow states, and flow and
jump sets from the original dynamics define the reduced, or average, hybrid dynamical system. Assumptions about the average
system lead to conclusions about the original, higher-dimensional system. For example, forward pre-completeness for the
average system leads to a result on closeness of solutions between the original and average system on compact time domains. In
addition, global asymptotic stability for the average system implies semiglobal, practical asymptotic stability for the original
system. We give examples to illustrate the averaging concept and to relate it to classical singular perturbation results as well
as to other singular perturbation results that have appeared recently for hybrid systems. We also use an example to show that
our results can be used as an analysis tool to design hybrid feedbacks for continuous-time plants implemented by fast but
continuous actuators.

Key words: Singular perturbation; Averaging; Hybrid dynamical systems; Practical stability.

1 Introduction

Systems exhibiting two time scale behavior (or multi-
ple time scale behavior), with fast and slow dynamical
variables, arise in all areas of science and engineering;
properties of such systems can be analyzed using singu-
lar perturbation methods. For continuous-time systems,
the celebrated Levinson-Tikonov approach to analyz-
ing singularly perturbed systems relates the dynamical
properties of the perturbed system to the properties of
two auxiliary systems, fast (boundary layer) and slow
(quasi-steady state) systems. The main singular pertur-
bation results can be classified into two main categories:
closeness of solutions of the original perturbed system
to solutions of its approximation on compact or infinite
time intervals [18,32]; and stability results of the origi-
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nal system that are based on appropriate stability prop-
erties of the slow and the fast systems [34,3]. Analogs
of Levinson-Tikonov theorem are established for differ-
ential inclusions, such as [9,35] on finite time intervals
and [38] on infinite time intervals with the assumptions
that the boundary layer system converges to a Lipschitz
set-valued map and global asymptotic stability of the
reduced system. There are also results on singular per-
turbations for discrete-time systems [16,20].

The averaging method was developed for continuous-
time systems, discrete-time systems and differential in-
clusions [4,8,26,36], but there exist only a few results for
special classes of hybrid systems. For example, results
on averaging of switched systems and dither systems to
approximate time-varying hybrid systems by non-hybrid
systems were considered in [17,23,37]. Recently, asymp-
totic stability for a class of time-varying hybrid systems
via averagingwas considered in [33], where states change
continuously in a set in the state space and change in-
stantaneously in another set in the state space.

Combining averaging and singular perturbation tech-
niques, the results in [3] consider continuous-time sys-
tems when the boundary layer system (obtained in the
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singular perturbation approach by setting the deriva-
tive of slow state variables to zero) is time-varying and
possesses a time-varying integral manifold on which the
derivative of slow state variables can be averaged. The
results can be applied to adaptive control systems [25]
and extremum seeking control systems [31]. The aver-
aging method is also helpful in considering the singular
perturbation problem when the boundary layer system
is not time varying. Instead of insisting that trajectories
of the boundary layer system converge to an equilibrium
manifold, as in the classical singular perturbation the-
ory, a set is used to replace the equilibrium manifold.
In particular, trajectories of the boundary layer system
are assumed to converge to a family of limit cycles pa-
rameterized by slow state variables, which then can be
used to average the derivative of slow state variables.
This idea can be found in the optimal control results in
[11], the work of Artstein in [1,2], the work of Gram-
mel in [14,15] and more recently in a unified framework
for studying robustness to slowly-varying parameters,
rapidly-varying signals and generalized singular pertur-
bations in [32]. Artstein considered limiting behavior of
the slow dynamics and statistical limit behavior of the
fast dynamics for differential equations and differential
inclusions respectively in [1,2], by replacing the equilib-
ria of the boundary layer system with an invariant prob-
ability measure. With the assumption that finite time
average of the slow dynamics converges to a continuous
limit set, Grammel [14,15] constructed a limit differen-
tial inclusion for the slow motion. Singular perturbation
theory based on averaging leads to a reduced order sys-
tem, where fast motions appear implicitly and only their
average influence on slow motions is considered. In gen-
eral, this approach requires the assumption that large
time scale behavior of trajectories of the fast dynamics
is in some sense independent of its initial values [16],
or properties guaranteed by a unique invariant measure
[1,2,15] or some stability properties [9,32,35,38].

Hybrid dynamical systems are considered in the present
paper, which naturally arise in a range of engineering
applications including power electronics, robotics, man-
ufacturing, automated highway systems, air traffic man-
agement systems, chemical process, and so on [29,21,10].
Moreover, even for a continuous-time plant, the capabili-
ties of nonlinear feedback control can be enhanced by us-
ing a hybrid controller [12,24,22]. For hybrid dynamical
systems, singular perturbation results appear in [28,27].
Robustness to measurement noise and unmodeled dy-
namics of stability in hybrid systems was considered in
[28] with the assumption that the boundary layer system
converges to a quasi-steady state equilibrium manifold.
The paper [27] presents results on stability of hybrid con-
trol systems singularly perturbed by fast but continu-
ous actuators, where a more general set-valued mapping
used to approximate the limiting behavior of the bound-
ary layer system replaces the equilibriummanifold in the
classical singular perturbation theory. It shows that if
a hybrid control system has a compact set that is glob-

ally asymptotically stable when the actuator dynamics
are omitted, or equivalently, are infinitely fast, then the
same compact set is semi-globally practically asymptot-
ically stable in the singular perturbation parameter.

We combine the averaging and the singular perturba-
tion techniques to consider both closeness of solutions
of a hybrid system with solutions of its average and sta-
bility properties of the actual system based on stability
of its average in this paper. We show that each solution
of the slow dynamics of the singularly perturbed hybrid
system can be made arbitrarily close on compact time
domains to some solution of its average system when
the average system is forward complete. We also show
that a compact set is semi-globally practically asymp-
totically stable for the actual hybrid system if it is glob-
ally asymptotically stable for the average system. Com-
pared to hybrid singular perturbation results in [27], our
results give sharper conclusions in some cases and an
example is used to illustrate this claim.

The paper is organized as follows. In Section 2, some
basic definitions under the hybrid system framework are
reviewed. We introduce a class of singularly perturbed
hybrid systems in Section 3. The main results are given
in Section 4. The proofs of main results are listed in
Section 5 and Section 6 contains the conclusions.

2 Preliminaries

The singularly perturbed hybrid systems that we con-
sider are based on two time scales, (τ, j) and (t, j) with
τ = εt, with the notations x′ = dx

dτ
, ẋ = dx

dt
. Z≥0 =

{0, 1, 2, · · · }. B is the closed unit ball in an Euclidean
space, the dimension of which should be clear from the
context. A set-valued mapping M : Rn ⇉ Rn is outer
semi-continuous at x ∈ Rn if for all sequences xi → x
and yi ∈ M(xi) such that yi → y we have y ∈ M(x),
and M is outer semi-continuous (OSC) if it is outer
semi-continuous at each x ∈ Rn. A set-valued mapping
M : Rn ⇉ Rn is locally bounded if for any compact
set A ⊂ Rn there exists r > 0 such that M(A) :=
⋃

x∈AM(x) ⊂ rB; if M is OSC and locally bounded,
then M(A) is compact for any compact set A. A func-
tion x : R≥0 → Rn is locally absolutely continuous if
its derivative is defined almost everywhere and we have

x(t) − x(t0) =
∫ t

t0
ẋ(s)ds for all t ≥ t0 ≥ 0. Given a

set S, conS denotes the closed convex hull of a set S.
Given a compact set A ⊂ Rn and a vector x ∈ Rn,
define |x|A := miny∈A |x − y|. A continuous function
σ : R≥0 → R≥0 is of class-L if it is non-increasing and
converging to zero as its argument grows unbounded. A
continuous function γ : R≥0 → R≥0 is of class-G if it is
zero at zero and non-decreasing. It is of class-K if it is
of class G and strictly increasing. A continuous function
β : R≥0 ×R≥0 → R≥0 is of class-KL if it is class of K in
its first argument and class of L in its second argument.
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Consider a hybrid system with states ξ ∈ Rn specified
as:

H
ξ′ ∈ F (ξ), ξ ∈ C,

ξ+ ∈ G(ξ), ξ ∈ D,
(1)

and a hybrid system with x ∈ Rn that depends on a
small parameter µ > 0:

Hµ

x′ ∈ Fµ(x), x ∈ Cµ,

x+ ∈ Gµ(x), x ∈ Dµ.
(2)

Solutions for hybrid systemH are defined on hybrid time
domains in [6]. A set S ⊂ R≥0×Z≥0 is called a compact

hybrid time domain if S =
⋃J−1

j=0 ([tj , tj+1], j) for some
finite sequence of times 0 = t0 ≤ t1 ≤ t2 ≤ · · · ≤ tJ .
The set S is a hybrid time domain if for all (T, J) ∈
S, S ∩ ([0, T ]× {0, 1, · · · , J}) is a compact hybrid time
domain.

A hybrid signal is a function defined on a hybrid time
domain. hybrid signal ξ : dom ξ 7→ R

n is called a hybrid
arc if ξ(·, j) is locally absolutely continuous for each j.
A hybrid arc ξ : dom ξ 7→ Rn is a solution to the hybrid
system H in (1) if ξ(0, 0) ∈ C ∪D and:

(1) for all j ∈ N and almost all τ such that (τ, j) ∈
dom ξ, ξ(τ, j) ∈ C and ξ′(τ, j) ∈ F (ξ(τ, j));

(2) for all (τ, j) ∈ dom ξ such that (τ, j + 1) ∈ dom ξ,
ξ(τ, j) ∈ D and ξ(τ, j + 1) ∈ G(ξ(τ, j)).

A solution is maximal if it cannot be extended.

The closeness of solutions of the singularly perturbed
system to the solutions of its average system on com-
pact time domains is considered as one of the main re-
sults. We require the following concepts of forward pre-
completeness, that implies solutions are contained in a
compact set on compact time domains, and (T, J, ρ)-
closeness that defines graphical convergence of hybrid
arcs, see details in [13, Section 4].

Definition 1 (Forward completeness) A hybrid solution
is said to be forward complete if its domain is unbounded.
A hybrid solution is said to be forward pre-complete if
its domain is compact or unbounded. System H is said
to be forward pre-complete from a compact set K0 ⊂ Rn

if all maximal solutions ξ with ξ(0, 0) ∈ K0 are forward
pre-complete. �

Definition 2 (Closeness of hybrid signals) Two hybrid
signals ξ1 : dom ξ1 7→ Rn and ξ2 : dom ξ2 7→ Rn are
said to be (T, J, ρ)-close if:

(1) for each (t, j) ∈ dom ξ1 with t ≤ T and j ≤ J there
exists s such that (s, j) ∈ dom ξ2, with |t − s| ≤ ρ
and |ξ1(t, j)− ξ2(s, j)| ≤ ρ,

(2) for each (t, j) ∈ dom ξ2 with t ≤ T and j ≤ J there
exists s such that (s, j) ∈ dom ξ1, with |t − s| ≤ ρ
and |ξ2(t, j)− ξ1(s, j)| ≤ ρ. �

We also consider the stability properties of the per-
turbed system under the assumption that the aver-
age system has a global asymptotic stability property.
Global asymptotic stability for the system H in (1) and
semi-global asymptotic stability for the system Hµ in
(2) are defined as the follows.

Definition 3 For the hybrid system H in (1), the com-
pact set A is said to be globally asymptotically stable with
respect to β ∈ KL if

|ξ(τ, j)|A ≤ β(|ξ(0, 0)|A, τ + j), ∀ (τ, j) ∈ dom ξ. �

Note that the existence of the class-KL function β in
Definition 3 for the compact set A is equivalent to sta-
bility and pre-attractivity of the set A as defined in [7].
For more details see [13, Theorem 6.5].

Definition 4 For the hybrid systemHµ in (2), the com-
pact set A is said to be semi-globally practically asymp-
totically stable (SGP-AS) with respect to β ∈ KL if, for
each compact set K0 and positive real number ν > 0,
there exists µ∗ > 0 such that, for each µ ∈ (0, µ∗], each
solution x with x(0, 0) ∈ K0 + µB satisfies

|x(τ, j)|A ≤ β(|x(0, 0)|A, τ+j)+ν, ∀ (τ, j) ∈ dom x. �

3 Singularly perturbed hybrid systems

Consider a class of singularly perturbed hybrid systems
with the time variables (τ, j):

Hε

x′ = f(x, z, ε)

z′ = 1
ε
ψ(x, z, ε)

}

, (x, z) ∈ C ×Ψ, (3)

(x, z)+ ∈ G(x, z), (x, z) ∈ D ×Ψ,

where x ∈ Rn, z ∈ Rm, C,D ⊂ Rn, Ψ ⊂ Rm, f :
C × Ψ × R≥0 → Rn, ψ : C × Ψ × R≥0 → Rm, G :
Rn×Rm ⇉ Rn×Rm, and ε > 0 is a small parameter re-
flecting that the flow dynamic of z are much faster than
x. Let f0(x, z) := f(x, z, 0) and ψ0(x, z) := ψ(x, z, 0).
We assume that system Hε satisfies the following condi-
tions.

Assumption 1 The sets C and D are closed and the
set Ψ is compact. G is outer semi-continuous and locally
bounded, for each (x, z) ∈ D × Ψ, G(x, z) is nonempty.
f0 : C ×Ψ → R

n and ψ0 : C ×Ψ → R
m are continuous,

and for each δ > 0 and compact K ⊂ Rn there exists
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ε∗ := ε∗(K, δ) > 0 such that

|f(x, z, ε)− f0(x, z)| ≤ δ

|ψ(x, z, ε)− ψ0(x, z)| ≤ δ

}

∀ ((x, z), ε) ∈ ((C ∩K)×Ψ)× (0, ε∗]. (4)

The set Ψ is assumed to be compact as we wish to deal
with compact attractors for the fast state z and with-
out any assumption on the set-valued map G; if (3) ad-
mits solutions with a purely discrete-time domain then
a jump rule like z+ = z will not allow z to converge to a
compact set unless it is constrained to a compact set a
priori.

Remark 1 While the averaging results presented here
can be extended to the situation where the flow map is a
set-valued mapping, resulting in a differential inclusion,
for simplicity of exposition we have chosen to focus on
the single-valued case here. Indeed, for inclusions, the
definition of an average is slightly more involved. Com-
pare with [1,14] where averaging with inclusions has been
addressed, we consider hybrid systems of form (3), for
which the flow mapping is a continuous function.

To facilitate the definition of the boundary layer system
(see (6) below), the systemHε is also expressed with the
time variables (t, j) with t := τ/ε:

Hε

ẋ = εf(x, z, ε)

ż = ψ(x, z, ε)

}

, (x, z) ∈ C ×Ψ, (5)

(x, z)+ ∈ G(x, z), (x, z) ∈ D ×Ψ.

We define the boundary layer system of the systemHε as

Hbl

ẋbl = 0

żbl = ψ0(xbl, zbl)

}

, (xbl, zbl) ∈ C ×Ψ, (6)

which is obtained by ignoring the jump mapping and
setting ε = 0 in (5).

Definition 5 For functions f0 : C × Ψ → Rn and ψ0 :
C × Ψ → Rm, the function fav : C → Rn is said to be
an average of f0 with respect to ψ0 on C × Ψ if for each
compact set K ⊂ Rn there exists a class-L function σK
such that, for each L > 0, x ∈ C ∩K and each function
zbl : [0, L] 7→ Ψ satisfying żbl = ψ0(x, zbl), the following
holds:

∣

∣

∣

∣

∣

1

L

∫ L

0

[f0(x, zbl(s))− fav(x)]ds

∣

∣

∣

∣

∣

≤ σK(L). (7)

To analyze the singularly perturbed system Hε through
its average system Hav, we need the assumption that a
well-defined average is admitted by Hε.

Assumption 2 The function f0 : C × Ψ → Rn admits
a continuous average function fav : C → Rn with respect
to ψ0 : C ×Ψ → Rm on the set C ×Ψ. �

Before we give examples to show that Assumption 2
holds, but not limited to, classical singular perturbation
problems and periodic disturbances, a lemma on exis-
tence of averages for systemsHε in (3) is first presented.
This idea is implicit in the results of [32]. The proof is
provided in the Appendix.

Assumption 3 For a given compact set Ω ⊂ C × Ψ,
there exists a class-L function σΩ such that, for each L >
0 and function zbl : [0, L] 7→ Ψ satisfying (x, zbl(0)) ∈ Ω
and żbl = ψ0(x, zbl), the following holds:

∣

∣

∣

∣

∣

1

L

∫ L

0

[f0(x, zbl(s))− fav(x)]ds

∣

∣

∣

∣

∣

≤ σΩ(L).

Lemma 1 Suppose that the singularly perturbed system
Hε in (3) satisfies Assumption 1. Assumption 2 holds if
for each compact set K ⊂ Rn there exists a compact set
Ω ⊂ (C ∩K) × Ψ such that Assumption 3 holds and Ω
is globally asymptotically stable for the boundary layer
system in (6) with C replaced with C ∩K. �

With Lemma 1 in hand, we come to some examples to
show where Assumption 2 holds. For instance, it holds
in the case when the boundary layer system Hbl has a
globally asymptotically stable quasi-steady state equi-
librium manifold h : C → Ψ, which is the essential as-
sumption for classical singular perturbation theory. The
existence of the average fav : C → Rn of the function
f0 : C × Ψ → Rn with respect to ψ0 : C × Ψ → Rm

for the perturbed system Hε in (5) is considered as an
example.

Example 1 For continuous functions f0 and ψ0, as-
sume that there exists a continuous function h : C → Ψ
such that, for each compact set K ⊂ Rn, the compact set
Ω := {(x, zbl) : x ∈ C∩K, zbl = h(x)} is globally asymp-
totically stable for the boundary layer system Hbl formed
in (6) with C replaced by C ∩K. Then, we show that the
function x 7→ f0(x, h(x)) is the average of f0 with respect
to ψ0.

Based on Lemma 1, we just need to show that Assump-
tion 3 holds. From the global asymptotic stability of Ω,
in particular, its forward invariance, we have that if
(x, zbl(0)) ∈ Ω then zbl(s) = h(x) for all s ≥ 0. It is
then immediate that Assumption 3 holds for fav(x) =
f0(x, h(x)) using σΩ(L) ≡ 0.
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The following example illustrates the existence of the
average of f0 with respect to ψ0 if the dynamics of the
boundary layer system follow an oscillator that con-
verges to a stable limit cycle.

Example 2 Consider a singularly perturbed system with
x ∈ R and z ∈ R2:

ẋ = εf(x, z)

ż = ψ(z) + εϕ(x, z)

}

, (x, z) ∈ C ×Ψ, (8)

where C := {x : x ≥ 0}, Ψ is a compact set satisfying
S
1 ⊂ Ψ ⊂ R

2 \ {0} with S
1 being the unit circle, ϕ :

C ×Ψ → Ψ is locally bounded, and

f(x, z) := (−0.5x+ xz1),

ψ(z) :=

[

z1 − z2 − z1
√

z21 + z22

z1 + z2 − z2
√

z21 + z22

]

. (9)

It is more straightforward to consider the dynamics ż =
ψ(z) in polar coordinates with z1 = ρ sin θ and z2 =

ρ cos θ: ρ̇ = ρ(1 − ρ) and θ̇ = 1, which shows that the
solution of ż = ψ(z) is an oscillator that asymptotically
converges to the unit circle S

1 ⊂ Ψ. For each compact
K ⊂ R, let Ω := (C ∩ K) × S1. Noting that Ω is glob-
ally asymptotically stable for the system Hbl of (8) with
C replaced by (C ∩K), the solution z1 of system Hbl with
(x, z(0)) ∈ Ω satisfies z1(t) = sin(t + φ), where the pa-
rameter φ is determined by the initial condition of z.

Then, for each L > 0 and solution z1 : [0, L] 7→ Ψ of
system Hbl satisfying (x, z(0)) ∈ Ω, it follows that,

∣

∣

∣

∣

∣

1

L

∫ L

0

[(−0.5x+ xz1(s)) + 0.5x]ds

∣

∣

∣

∣

∣

≤ |x|
L

∣

∣

∣

∣

∣

∫ L

0

sin(s+ φ)ds

∣

∣

∣

∣

∣

≤ 2maxx∈K |x|
L

:= σΩ(L),

where the last inequality holds since the integration of a
sinusoid function over a finite time is less than 2. From
Lemma 1 and the fact that σΩ is of class-L, we have the
average of system (8) is:

ξ′ = −0.5ξ, ξ ∈ C. (10)

Note that global asymptotic stability of the boundary
layer system in Example 1 or the condition that solutions
of the boundary layer system converge to stable limit
cycle in Example 2 is not necessary for the existence of
an average. To illustrate this, we revisit Example 2 and
redefine ψ : Ψ → Ψ such that the boundary layer system
contains equilibria that are neither stable nor attractive
but the average is equal to what would be obtained by

restricting the initial conditions of the boundary layer
system to these equilibria.

Example 3 Consider the singularly perturbed system
(8) with replacing ψ in (9) as

ψ(z) :=









− z1

(√
z
2
1
+z

2
2
−1

)

3

√
z
2
1
+z

2
2

+ z21z2 + z2

(

1−
√

z21 + z22

)2

− z2

(√
z
2
1
+z

2
2
−1

)

3

√
z
2
1
+z

2
2

− z31 − z1

(

1−
√

z21 + z22

)2









.

(11)
Like in Example 2, the set Ψ is a compact set satisfying
S1 ⊂ Ψ ⊂ R2 \ {0}.

Noting the dynamics ż = ψ(z) in polar coordinates:

ρ̇ = −(ρ− 1)3 ,

θ̇ = ρ2 sin2 θ + (1− ρ)2 ,
(12)

we know that θ is unbounded when the solution of ż =
ψ(z) starts off the unit circle S1, since the first term of
righthand of dynamics of θ is positive and second term
is not integrable. Considering that θ̇ > 0 and θ(t) is
unbounded when t grows, we know that the equilibria of
the boundary layer system Hbl of system (8) are neither
stable nor attractive for any solution of system Hbl that
starts in Ψ \ S1.

0 200 400 600 800 1000
−5

0

5

t

z 1

0 200 400 600 800 1000
−2

0

2

t

z 2

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
−5

0

5

z
2

z 1

Fig. 1. Trajectories of the solution z of ż = ψ0(z).

FromFig. 1, we can see that solutions of ż = ψ(z) starting
off the unit circle S1, tend toward S1 while rotating in the
counterclockwise direction withmotion that becomes arbi-
trarily slow at points arbitrarily close to (0, 1) or (0,−1).
Let K = [−M,M ] and defining Ω := (C ∩ K) × S1. It
is clear that Ω is globally asymptotically stable for the
boundary layer system withC replaced byC∩K. We next
consider if there exists a σΩ ∈ L such that Assumption 3
holds to invoke Lemma 1.

Note that system (12) degenerates into θ̇ = sin2 θ
when z(0) ∈ S1, for which the solution is θ(t) =
arcctg(ctg(θ(0))−t) with θ(0) being the initial condition.
Noting that cotangent function is periodic with period π,
we can consider the solution θ(t) in a period [0, π]. For
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arbitrary δ ∈ (0, 1/2], let

θ(0) := arcsin(δ) ∈ [0, π/6],

T (δ) := {t : θ(t) = π − θ(0)}, (13)

and through the solution θ(t) = arcctg(ctg(θ(0))− t), we
have T (δ) = 2

√
1−δ2

δ
. Noting that T : (0, 0.5] → R>0 is

continuous, strictly decreasing, bounded away from zero
and limδ→0 T (δ) = ∞, there exists a α ∈ K∞ such that
α(1/δ) = T (δ) for δ ∈ (0, 0.5].

For each solution θ(t) of θ̇ = sin2 θ, let T1 := min{t ≥
0 : θ(t) = arcsin(δ)} and T1 := 0 if sin(θ(t)) ≤ δ for all
t ≥ 0. Let T2 ≥ T1 := min{t ≥ 0 : θ(t) = arcsin(δ)} and
T2 := T1 if sin(θ(t)) ≤ δ for all t ≥ T1. Then, we can get
that T2−T1 ≤ T (δ) with T (δ) in (13) and for each L > 0:

1

L

∫ L

0

| sin(θ(s))|ds

≤ 1

L

(

∫ T1

0

δds+

∫ T2

T1

1ds+

∫ L

T2

δds

)

≤ T (δ)

L
+ δ =

α(1/δ)

L
+ δ. (14)

Noting that (14) holds for arbitrary δ ∈ (0, 1/2], it holds
for

δ = min







0.5,
1

α−1
(√

L
)







. (15)

Recall that the solution z1 : R≥0 → R of system Hbl

satisfies z1(t) = sin(θ(t)) when (x, z(0)) ∈ Ω. Then, for
each M > 0, L > 0, x ∈ [−M,M ] and solution z1 of
system Hbl with (x, z(0)) ∈ Ω, we have

∣

∣

∣

∣

∣

1

L

∫ L

0

[(−0.5x+ xz1(s)) + 0.5x]ds

∣

∣

∣

∣

∣

≤ |x|
L

∫ L

0

| sin(θ(s))|ds,

≤ M





max
{

2, α
(√

L
)}

L
+min



0.5,
1

α−1
(√

L
)







 ,

:= σΩ(L).

The function σΩ defined by the inequalities above is of
class-L, which together with Lemma 1 shows that (10) is
also the average of system (8) when ψ in (9) is replaced
with (11). �

For the singularly perturbed system Hε modeled in (3)
or (5) with a well-defined average, we have its average

system Hav := (Fav , Gav, C,D) formed as (1) with

Fav(x) := fav(x), ∀ x ∈ C, (16)

Gav(x) := {v1 ∈ R
n : (v1, v2) ∈ G(x, z), (z, v2) ∈ Ψ× R

m}
(17)

where fav comes from the definition of the average, the
jump mapping Gav : Rn ⇉ Rn is the projection of G
on the x direction. To illustrate how to get the jump
mappingGav of the averaged system fromG of the actual
hybrid system, a simple example is given.

Example 4 Consider the hybrid system Hε with the
data (f, ψ,G,C,D,Ψ) formed as (5) with f, C,Ψ given
in (8) and ψ in (9) or (11), and for some γ > 0 with
G,D being defined as

G(x, z) := [−γx+ z21, g(x, z)], D := {x : x ≤ 0}, (18)

where g(x, z) is an arbitrary function. Noting the defini-
tion of Gav in (17) and the average of f with respect to
ψ on C × Ψ from Examples 2 and 3, we get the average
of the hybrid system Hε with ξ ∈ R:

ξ′ =−0.5ξ, ξ ∈ C,

ξ+ ∈ −γξ + [c3, c4], ξ ∈ D, (19)

where the positive real numbers c3 := minz∈Ψ{z21} and
c4 := maxz∈Ψ{z21}. �

4 Main results

First in Theorem 1 we present results on closeness of the
slow solutions x of the singularly perturbed systemHε to
the solutions of its average system Hav on compact time
domains, under the assumption that the system Hav is
forward pre-complete from a given compact set.

Theorem 1 Suppose that the singularly perturbed sys-
tem Hε in (3) satisfies Assumptions 1 and 2 and that its
average system Hav defined in (1), (16) and (17) is for-
ward pre-complete from a compact set K0 ⊂ Rn. Then,
for each ρ > 0 and any strictly positive real numbers T, J ,
there exists ε∗ > 0 such that, for each ε ∈ (0, ε∗] and
each solution x to system Hε with x(0, 0) ∈ K0, there
exists some solution ξ to system Hav with ξ(0, 0) ∈ K0

such that x and ξ are (T, J, ρ)-close. �

Next, the stability properties of system Hε are consid-
ered in Theorem 2 under a global asymptotic stability
assumption on the average system Hav.

Theorem 2 Suppose that the singularly perturbed sys-
temHε in (3) satisfies Assumptions 1 and 2 and the com-
pact set A is globally asymptotically stable for its average
system Hav defined in (1), (16) and (17) with respect to
β ∈ KL. Then, the compact set A × Ψ is SGP-AS for
system Hε with respect to β. �
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In the following example, we consider a continuous-time
plant with a hybrid controller implemented through a
fast actuator and with additive disturbances that are
fast but have zero average. Note that the hybrid model
in Example 5 is general enough to include the motiva-
tion example in [27, Section 3] as a special case and the
stability analysis based on such models can find appli-
cations in areas such as robot motion control systems
[30] and rotational-translational actuator systems [19].
In this case, the averaging approach to singular pertur-
bations, as studied in the current paper, allows treating
both disturbances within one framework to assess sta-
bility properties of the closed-loop system.

Example 5 Consider a continuous-time system with
states ξ ∈ Rn, disturbances w ∈ Rm and parameter
ε > 0:

ξ̇ = f(ξ) + g(ξ)u+ ℓ(ξ)Qw, (20)

εẇ= Sw,

where f : Rn → Rn, g : Rn → Rn×l, ℓ : Rn → Rn×m,
u ∈ Rl is the control vector, Q is a constant matrix, the
matrix S is stable such that ẇ = Sw generates sinusoids
or exponentially decaying sinusoids.

Let Z1 be a finite subset of the integers and κ : Rn×Z1 →
Rl be continuous. We consider the case that the hybrid
state feedback u has an internal state q that takes values
in a finite subset Z1 of the integers. Such input signal u
is generated by fast actuators through ǫζ̇ = Aζ+Bκ(ξ, q)
and u = Cζ with a Hurwitz matrix A and matrices C and
B of proper dimensions satisfying −CA−1B = 1. Then,
the overall dynamical system is

ξ̇ = f(ξ) + g(ξ)Cζ + ℓ(ξ)Qw

q̇ = 0

ǫẇ = Sw

ǫζ̇ = Aζ +Bκ(ξ, q)



























((ξ, q), (w, ζ)) ∈ C̄ ×Ψ,

ξ+ = ξ

q+ ∈ G(ξ, q)

w+ = w

ζ+ = ζ



























((ξ, q), (w, ζ)) ∈ D̄ ×Ψ, (21)

where ζ ∈ R
l, C̄, D̄ are closed subsets of Rn × Z1, Ψ is

compact, G is outer semicontinuous, locally bounded and
not empty on D̄.

Considering the results of Examples 1 and 3 and the
fact that the sum of sinusoids has zero mean [18, Exe-
cise 10.12], we get that the average of system (21) is the
closed-loop of continuous-time plant (20) with ignored

dynamics of the actuators and disturbances:

ξ̇ = f(ξ) + g(ξ)κ(ξ, q)

q̇ = 0

}

(ξ, q) ∈ C̄,

ξ+ = ξ

q+ ∈ G(ξ, q)

}

(ξ, q) ∈ D̄. (22)

Note that for the closed-loop original system (21), regu-
larity conditions for (G, C̄, D̄) and continuity of the flow
mapping required in Assumption 1 are satisfied. Then,we
can directly apply Theorem 2 to conclude that if the hy-
brid feedback κ(ξ, q) guarantees that there exists a set
A := A1 × Z1, where A1 ⊂ Rn is compact, such that it
is globally asymptotically stable for the average system
(22), then the set A is semi-globally practically asymp-
totically stable for the actual system (21) under the same
κ. In other words, this results demonstrates that ignor-
ing the dynamics of stable fast actuators is justified for
hybrid closed loop systems. �

In classical singular perturbation theory, say [34,3,18],
the boundary layer systemHbl is assumed to have a glob-
ally asymptotically stable equilibriummanifold. Such an
assumption is formulated as follows.

Assumption 4 For the boundary layer system Hbl in
(6), the function h : C → Ψ is continuous and for each
compact set K ⊂ Rn, the compact set

MK := {(x, zbl) : x ∈ C ∩K, zbl = h(x)}

is globally asymptotically stable with respect to β ∈ KL.

As shown in Example 1, Assumption 4 is sufficient to
guarantee Assumption 2. On the other hand, as shown in
Example 3, Assumption 4 is not necessary to guarantee
Assumption 2. From Example 1, we know that the func-
tion x 7→ fav(x) := f0(x, h(x)) is the average of f0 with
respect to ψ0 for the system Hε based on Assumption
4. Then, the average system Hav := {Fav, Gav, C,D} of
the perturbed systemHε is formed as (1) with sameGav

in (17) and

Fav(x) := f0(x, h(x)), ∀ x ∈ C (23)

and the following two corollaries follow directly from our
main results. Note that the results in the following corol-
laries are more general than [34,3,18,32], where both the
closeness of solutions between the actual continuous time
system with its average system and the stability prop-
erties of the actual system are considered, since the as-
sumption of Lipschitz continuity for the functions f0 and
ψ0 in [34,3,18,32] are not needed in the current paper.

Corollary 1 Suppose that the singularly perturbed sys-
tem Hε in (3) satisfies Assumptions 1 and 4 and its av-
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erage system Hav defined in (1), (23) and (17) is for-
ward pre-complete from a compact set K0 ⊂ Rn. Then,
for each ρ > 0 and any strictly positive real numbers T, J
there exists ε∗ > 0 such that, for each ε ∈ (0, ε∗] and each
solution x to system Hε with x(0, 0) ∈ K0 there exists
some solution ξ to system Hav with ξ(0, 0) ∈ K0 such
that x and ξ are (T, J, ρ)-close. �

Corollary 2 Suppose that the singularly perturbed sys-
temHε in (3) satisfies Assumptions 1 and 4 and the com-
pact set A is globally asymptotically stable for its average
system Hav defined in (1), (23) and (17) with respect to
β ∈ KL. Then, the compact set A × Ψ is SGP-AS for
system Hε with respect to β. �

We next compare our results with [27], which considers
a class of hybrid control systems singularly perturbed
by fast but continuous actuators, where a reduced sys-
tem that omits the actuator dynamics is used in analysis
of stability properties of the actual system. To extend
the classical singular perturbation theory to the hybrid
setting, the equilibrium manifold in Assumption 4 is re-
placed by a set-valued mapping H : Rm ⇉ R

n in [27].
The closed-loop of the hybrid control system considered
in [27] is formed as

diag(In, εIm) y′ ∈ F1(y), y ∈ C ×Ψ,

y+ ∈G1(y), y ∈ D ×Ψ, (24)

where y := (x, z) ∈ Rn × Rm, In and Im respectively
denote the n × n and m × m identity matrices, F1 :
Rn × Rm ⇉ Rn × Rm and G1 : Rn × Rm ⇉ Rn × Rm.
In [27], the reduced system Hr := {Fr, Gr, C,D} of the
perturbed system (24) is defined as (1) with the set-
valued mapping H and

Fr(x) := con{v1 ∈ R
n : (25)

(v1, v2) ∈ F1(x, z), z ∈ H(x), v2 ∈ R
m},

Gr(x) := {v1 ∈ R
n : (v1, v2) ∈ G1(x, z), (z, v2) ∈ Ψ×Ψ}.

Note that Gr defined in (25) is a projection of G to
the subspace of the slow state x, which is same as the
definition of (17) for the average system, except that the
fast states z are constrained to the compact set Ψ in (25)
and it is not required for our main results. Compared
with [27], the current paper gives sharper results in some
cases and we revisit Examples 2 and 3 with the result of
Example 4 to illustrate this.

Example 2 (continued) Consider the hybrid system
Hε := (f, ψ,G,C,D,Ψ) formed as (5) with with f, C,Ψ
given in (8), ψ in (9) or (11), and G,D in (18). From
the definition of the reduced system in (25) given in [27],
noting the fact that the boundary layer system of system
(8) converges to the unit circle S1 and letting c3 and c4
come from Example 4, the reduced system of [27] is

ξ′ ∈−0.5ξ + |ξ|B, ξ ∈ C,

ξ+ ∈−γξ + [c3, c4] ξ ∈ D. (26)

Note that there are solutions for the reduced system (26)
that exponentially grow unbounded.

From the average definition presented in this paper, we
get that the average system of system Hε is formed as
(19) in Example 4. Recalling that C := {ξ : ξ ≥ 0} in
(8), the jump mapping make all solutions starting from
the set D go back to the flow set C and we know that the
flow dynamics globally exponentially converge to the ori-
gin from (19). Then, we can analyze the stability proper-
ties of system Hε with the stability of its average system
(19) using Theorem 2, but we cannot draw this stability
conclusion from the reduced system (26) that was used in
[27]. �

5 Proofs

The proofs of Theorems 1 and 2 are given in this section.
Applying the coordinate transformation technique, we
show in Subsection 5.2 that for any compact set, solu-
tions of the actual hybrid system included in this set are
actually the solutions of its average system under small
perturbations when the parameter ε is sufficiently small.
Then, with the preliminary results on properties of gen-
eral hybrid systems listed in Subsection 5.1, we show
Theorems 1 and 2 in Subsection 5.3 and 5.4 respectively.

5.1 Preliminary results

To apply some useful results for the general hybrid sys-
tem H formed in (1), some mild conditions in Assump-
tion 5 are assumed to hold for the system H . We also
consider a hybrid systemHδ inflated from the systemH
to recall the robustness properties of H in Lemmas 2-3.

Assumption 5 The sets C,D ⊂ R
n are closed; F :

Rn ⇉ Rn is outer semi-continuous and locally bounded
and for each ξ ∈ C, F (ξ) is nonempty and convex; G :
R

n ⇉ R
n is outer semi-continuous and locally bounded,

for each ξ ∈ D, G(ξ) is nonempty.

Consider the hybrid system Hδ inflated from system H :

Hδ

x̄′ ∈ Fδ(x̄), x̄ ∈ Cδ,

x̄+ ∈ Gδ(x̄), x̄ ∈ Dδ,
(27)

where x̄ ∈ Rn, and for a parameter δ > 0, the data
{Fδ, Gδ, Cδ, Dδ} are defined as

Fδ(x̄) := conF ((x̄ + δB) ∩C) + δB,

Gδ(x̄) :=G((x̄ + δB) ∩D) + δB,

Cδ := {x̄ : (x̄+ δB) ∩C 6= ∅},
Dδ := {x̄ : (x̄+ δB) ∩D 6= ∅}.

For a given compact set K0 ⊂ R
n, let S(K0) denote

the set of maximal solutions ξ to system H in (1) with

8

CONFIDENTIAL. Limited circulation. For review only

Preprint submitted to Automatica
Received October 27, 2011 17:54:29 PST



ξ(0, 0) ∈ K0. Then, we have Proposition 1, see details
in [13, Corollary 4.7], that discusses the compactness of
the reachable set for the system H based on its forward
pre-completeness.

Proposition 1 Suppose that system H in (1) satisfies
Assumption 5 and it is forward pre-complete from a com-
pact set K0 ⊂ Rn. Then, for each T, J ≥ 0 the reachable
set R(K0, T, J) := {ξ(τ, j) : ξ ∈ S(K0), τ ≤ T, j ≤ J} is
compact. �

Lemma 2, also as [13, Corollary 5.5], is about closeness
between solutions of the system H and solutions of sys-
tem Hδ that is inflated from H by a small parameter
δ > 0. The robust stability properties of the hybrid sys-
tem H under small perturbations, also discussed in [13,
Theorem 6.6], are given in Lemma 3.

Lemma 2 Suppose that the systemH in (1) satisfies As-
sumption 5, and it is forward pre-complete from a com-
pact set K0 ⊂ Rn. Then, for each ρ > 0 and any strictly
positive real numbers T, J there exists δ∗ > 0 such that
for all δ ∈ (0, δ∗] and any solution x̄ of the inflated sys-
tem Hδ formed as (27) with x̄(0, 0) ∈ K0 + δB there ex-
ists a solution ξ to the system H with ξ(0, 0) ∈ K0 such
that x̄ and ξ are (T, J, ρ)-close. �

Lemma 3 Suppose that system H in (1) satisfies As-
sumption 5, and the compact set A is globally asymptot-
ically stable with respect to β ∈ KL for system H. Then,
the compact set A is SGP-AS for the system Hδ. �

5.2 State augmentation and coordinate transformation

To employ a coordinate transformation, a continuous
function reflects accumulating errors between the ac-
tual system with its average is usually constructed to
facilitate averaging techniques, see early works in [5] for
adaptive control systems, general averaging theory for
continuous-time systems [18] and for hybrid dynamical
systems [33].

We next augment Hε with a state η that facilitates
the averaging technique and is to be used in coordinate
transformation. Intersect the sets C,D with K and aug-
ment the perturbed system Hε in (5) with µ ≥ 0 and
the state η ∈ Rn into the form:

HK

x′ = f(x, z, ε)

z′ = 1
ε
ψ(x, z, ε)

η′ = 1
ε
[f(x, z, ε)− fav(x)− µη]















,

∀ (x, z, η) ∈ (C ∩K)×Ψ× Rn,

(x, z)+ ∈ G(x, z)

η+ = 0

}

,

∀ (x, z, η) ∈ (D ∩K)×Ψ× Rn.

(28)

For each solution (x, z, η) of HK , letting x = x̄+ εη and
noting η+ = 0, it follows that

x̄′ = fav(x) + µη,

x̄+ = x+.

Considering the definition of Gav in (17), for any given
δ > 0, we can write

x̄′ = fav(x̄ + εη) + µη, (x̄+ µη) ∈ C,

x̄+ ∈ Gav(x̄+ εη), (x̄+ µη) ∈ D.
(29)

Note that all solutions x of the system HK are con-
strained to the compact set K ∪ Gav(K ∩D), with the
compactness coming from the semi-continuity of the
jump mapping G. From (29), we know that if µ, ε and η
can be chosen sufficiently small such that both µ|η| and
ε|η| are bounded by any given δ > 0, then we get a sys-
tem that is inflated from the average system ofHK by δ:

x̄′ ∈ fav(x̄+ δB) + δB, x̄ ∈ Cδ,

x̄+ ∈ Gav(x̄+ δB), x̄ ∈ Dδ.
(30)

Using Lemma 2 and the forward pre-completeness of
the average system Hav of the perturbed system Hε, we
can consider the closeness of solutions of Hε and Hav

in Theorem 1 through the coordinate transformation.
Similarly, with Lemma 3, we can consider the stability
properties of Hε with the global asymptotic stability of
its average system Hav in Theorem 2. Note that the
compact set K that is used to define the augmented
system HK can be constructed from the forward pre-
completeness ofHav in the proof of Theorem1 and global
asymptotic stability of Hav in the proof of Theorem 2.
The requirements on µ|η| and ε|η| are established in the
following results. The proof of Lemma 4 is given in the
Appendix, while Corollary 3 follows from Lemma 4 and
the discussion above.

Lemma 4 Suppose that Assumption 1 holds for the sin-
gularly perturbed system Hε in (5). Then, for any ν > 0
and compact set K ⊂ Rn there exists (µ, ε∗) > 0 such
that, for all ε ∈ (0, ε∗], each solution (x, z, η) of the sys-
tem HK in (28) with η (0, 0) = 0 satisfies

µ|η(t, j)| ≤ ν, ∀ (t, j) ∈ dom (x, z). �

Corollary 3 Suppose that Assumption 1 holds for the
singularly perturbed system Hε in (5). Then, for any δ >
0 and compact set K ⊂ Rn there exists ε∗ > 0 such that,
for all ε ∈ (0, ε∗] and each solution (x, z, η) of the system
HK in (28) with η (0, 0) = 0, x̄ := x− εη is the solution
of the systemHδ in (27) inflated from the average system
Hav of Hε. �
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5.3 Proof of Theorem 1

Let the compact setK0 ⊂ Rn, T, J > 0 and ρ ∈ (0, 1) be
given. From Lemma 2, the setK0 with T and ρ

2 generate
a δ∗ ∈ (0, ρ/2) such that, for all δ ∈ (0, δ∗] and for any
solution x̄ with x̄(0, 0) ∈ K0 + δB of system Hδ in (27)
inflated from the average systemHav defined in (1), (16)
and (17), there exists a solution ξ with ξ(0, 0) ∈ K0 of
system Hav such that ξ and x̄ are

(

T, J, ρ2
)

-close for any
ε > 0. Consider a δ ∈ (0, δ∗].

Let Sav(K0) denote the set of maximal solutions to the
average system Hav in (1), (16) and (17) with ξ(0, 0) ∈
K0. Define

Rav (K0, T, J) := {ξ(τ, j) : ξ ∈ Sav(K0), τ ≤ T, j ≤ J} ,
K := (Rav(K0, T, J) + B) ∪Gav((Rav(K0, T, J) + B) ∩D),

(31)

where K is compact from Proposition 1 and the outer
semi-continuity and local boundedness of the jump map
Gav.

Let ε∗1 > 0 and µ > 0 be generated by Lemma 4 with the
compact setK and δ. Let ε∗ := min{ε∗1, µ} and consider
a ε ∈ (0, ε∗]. Then, Corollary 3 shows that, for each
solution (x, z, η) of system HK with (x(0, 0), z(0, 0)) ∈
K0 × Ψ and η(0, 0) = 0, x̄(τ, j) = x(τ, j) − εη(τ, j) is
a solution of the system Hδ in (30) inflated from Hav.
From the fact that δ < ρ/2, x is ρ

2 close to x̄ and then
it is (T, J, ρ)-close to ξ, the latter being a solution of the
average system starting in K0.

Now, consider a solution x̃ of the system Hε in (3) with
(x̃(0, 0), z̃(0, 0))∈ K0 × Ψ. According to the discussion
above, if x̃(τ, j) ∈ K for all (τ, j) ∈ dom (x̃, z̃) with
τ ≤ T and j ≤ J , then there exists a solution ξ of the
average systemHav such that x̃ is also (T, J, ρ)-close to ξ.
Otherwise, suppose that there exists (τ, j) ∈ dom (x̃, z̃)
such that x̃(s, i) ∈ K for all (s, i) ∈ dom (x̃, z̃) satisfying
s ≤ τ , i ≤ j and either

Case 1 (τ, j + 1) ∈ dom (x̃, z̃) and x̃(τ, j + 1) 6∈ K or
else,

Case 2 there exist a monotonically decreasing sequence
ri > 0 satisfying limi→∞ ri = τ , (ri, j) ∈ dom (x̃, z̃)
and x̃(ri, j) 6∈ K for each i.

Note that the solution x̃(s, i) must agree with a solu-
tion of system HK up to time (τ, j). Because of the re-
lationship, stated in Corollary 3, between HK and the
average system, x̃must satisfy x̃(τ, j) ∈ Rav(K0, T, J)+
ρB. Then, for Case 1, using the definition of K above,
x̃(τ, j + 1) ∈ Gav((Rav(K0, T, J) + ρB) ∩ D) ⊂ K,
which is a contradiction since ρ < 1, while, for Case 2,
there exists ρ̃ ∈ (ρ, 1) such that, for large i, x̃(ri, j) ∈
Rav(K0, T, J)+ ρ̃B ⊂ K, which is a contradiction. These
observations establish the result.

5.4 Proof of Theorem 2

Let ν ∈ (0, 1) and the compact set K0 ⊂ Rn be given.
Let β ∈ KL and the compact set A ⊂ Rn come from the
definition of global asymptotic stability for the average
system Hav. Using Lemma 3, let ν

3 and the compact set
K0 generate a δ > 0 such that each solution x̄ of system
Hδ inflated from Hav with x̄(0, 0) ∈ K0 + δB satisfies

|x̄(τ, j)|A ≤ β(|x̄(0, 0)|A, τ + j) +
ν

3
, ∀ (τ, j) ∈ dom x̄.

(32)
Define

K1 :=

{

x ∈ R
n : |x|A ≤ β

(

max
x̄∈K0

|x̄|A, 0
)

+ 1

}

,

K :=K1 ∪Gav(K1 ∩D). (33)

The set K is compact because of continuity of the β,
compactness of the set A and outer semi-continuity of
the set mapping Gav : Rn ⇉ Rn.

With the fact that β(m, s) converges to zero as s ≥ 0
approaches infinity for allm ≥ 0, let ε∗1 > 0 be such that,
for all x ∈ K and x̄ ∈ K + ε∗1B satisfying |x − x̄| ≤ ε∗1,
the following holds:

|x|A ≤ |x̄|A +
ν

3
,

β(|x̄|A, s)≤ β(|x|A, s) +
ν

3
, ∀ s ∈ R≥0. (34)

System HK defined in (28) is introduced. Let Lemma 4
with the δ and the setK generate ε∗2 > 0 and µ > 0. Let
ε∗ := min{ε∗1, ε∗2, µ} and consider a ε ∈ (0, ε∗]. Then,
Corollary 3 shows that for each ε ∈ (0, ε∗2] and solution
(x, z, η) of system HK with (x(0, 0), z(0, 0)) ∈ K0 × Ψ
and η(0, 0) = 0, x̄ := x−εη is the solution to the inflated
system Hδ, and then (32) holds.

Using (34), for all solutions (x, z) to system HK with
(x(0, 0), z(0, 0)) ∈ K0 × Ψ and (τ, j) ∈ dom (x, z), we
have

|x(τ, j)|A ≤ |x̄(τ, j)|A +
ν

3
,

≤ β(|x̄(0, 0)|A, τ + j) +
2ν

3
,

≤ β(|x(0, 0)|A, τ + j) + ν. (35)

In particular, since ν < 1, each solution to system HK

starting in K0 remains in the compact set

Kν :=

{

x ∈ R
n : |x|A ≤ β

(

max
x̄∈K0

|x̄|A, 0
)

+ ν

}

.

With ν < 1, Kν is contained in K defined in (33). Con-
sidering the solutions (x̃, z̃) of the perturbed system Hε
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in (3) with (x̃(0, 0), z̃(0, 0)) ∈ (C∩K)×Ψ, we show that
for the solution x̃ such that x̃(s, i) ∈ K up to s ≤ τ ,
i ≤ j and Cases 1-2 in the proof of Theorem 1 are as-
sumed occur. As x̃ must agree with a solution of HK up
to time (τ, j) and then satisfies (35). Noting the defini-
tion of K in (33), neither of Cases 1-2 can occur, which
establishes the conclusion.

6 Conclusions

We considered a class of hybrid dynamical systems with
the singular perturbations theory and the averaging
method. We showed that if there exists a well defined
average for the actual perturbed hybrid system, the
slow solutions of the actual system on compact time
domains are arbitrarily close to the solution of the aver-
age system that approximates the slow dynamics of the
actual system for arbitrarily small values of the singular
perturbation parameter. We also showed that the global
asymptotic stability of a compact set for the average
system implies that the set is semi-globally practically
asymptotically stable for the actual perturbed system.
Through several examples, we showed that the condi-
tion to guarantee the existence of the average is not
stringent and our results are more general than the clas-
sical singular perturbation theory, where the asymptotic
stability of the boundary layer system or local Lipschitz
continuity of the vector fields is assumed. The continu-
ity assumption on the slow vector field can be relaxed to
an assumption that small perturbations to the solutions
of the boundary layer system lead to small changes in
the integral that defines the average vector field. These
generalizations are useful for recovering the averaging
results of [33]. Also, one can consider set-valued aver-
ages and set-valued boundary layer dynamics. These
generalizations are useful for recovering the singular
perturbation results in [27]. These generalizations are
possible directions for further research.

References

[1] Z. Artstein. Invariant measure of differential inclusions
applied to singular perturbations. Journal of Differential

Equations, 152(289-307), 1999.

[2] Z. Artstein. On singularly perturbed ordinary differential
equations with measure-valued limits. Mathematica

Bohemica, 127(139-152), 2002.

[3] M. Balachandra and P. R. Sethna. Adaptive backstepping
control of a dual-manipulator cooperative system handling
a flexible payload. Archive for Rational Mechanics and

Analysis, 58(261-283), 1975.

[4] R. R. Bitmead and C. R. Johnson Jr. Control and dynamics:

Advances in theory and applications XXV, chapter Discrete
averaging principles and robust adaptive identification.
Academic Press, 1987.

[5] M. Bodson, S. Sastry, B. D. O. Anderson, I. Mareels, and
R. R. Bitmead. Nolinear averaging theorems, and the
determination of parameter convergence rates in adaptive
control. Systems & Control Letters, 7(145-157), 1986.

[6] C. Cai and A. R. Teel. Characterizations of input-to-state
stability for hybrid systems. Systems & Control Letters,
58(47-53), 2009.

[7] C. Cai, A. R. Teel, and R. Goebel. Smooth Lyapunov
functions for hybrid systems part II: (pre)asymptotically
stable compact sets. IEEE Transactions on Automatic

Control, 53(734-748), 2008.

[8] T. Donchev and G. Grammel. Averaging of functional
differential inclusions in Banach spaces. Journal of

Mathematical Analysis and Applications, 311(402-416), 2005.

[9] A. Dontchev, T. Donchev, and I. Slavov. A Tikhonov-
type theorem for singularly perturbed differential inclusions.
Nonlinear Analysis, Theory, Methods & Applications,
26(1547-1554), 1996.

[10] S. Engell, S. Kowalewski, C. Schulz, and O. Stursberg.
Continuous-discrete interactions in chemical processing
plants. Proceedings of the IEEE, 88(1050-1068), 2000.

[11] V. G. Gaitsgory. Suboptimal control of singularly perturbed
systems and periodic optimization. IEEE Transactions on

Automatica Control, 38(888-903), 1992.

[12] R. Goebel, C. Prieur, and A. R. Teel. Smooth patchy control
lyapunov functions. Automatica, 45(675-683), 2009.

[13] R. Goebel and A. R. Teel. Solutions to hybrid inclusions
via set and graphical convergence with stability theory
applications. Automatica, 42(573-587), 2006.

[14] G. Grammel. Singularly perturbed differntial inclusions: an
averaging approach. Set-Valued Analysis, 4(361-374), 1996.

[15] G. Grammel. Averaging of singularly perturbed systems.
Nonlinear Analysis, Theory, Methods & Applications,
28(1851-1865), 1997.

[16] G. Grammel. Limits of nonlinear discrete-time control
systems with fast subsystems. Systems & Control Letters,
36(277-283), 1999.

[17] L. Iannelli, K.H. Johansson, U.T. Jonsson, and F. Vasca.
Averaging of nonsmooth systems using dither. Automatica,
42(669-676), 2006.

[18] H. K. Khalil. Nonlinear Systems. Prentice Hall, Englewood
Cliffs, NJ, 2002.

[19] I. Kolmanovsky and N. H. Mcclamroch. Hybrid feedback
stabilization of ratational-translational actuator (rtac)
system. International Journal of Robust and Nonlinear

Control, 8(367-375), 1998.

[20] B. Litkuhi and H. Khalil. Multirate and composite control
of two-time-scale discrete-time systems. IEEE Transactions

on Automatic Control, AC 30(645-651), 1985.

[21] C. Livadas, J. Lygeros, and N. Lynch. High-level modeling
and analysis of the traffic alert and collision avoidance system.
Proceedings of IEEE, 88(926-948), 2000.

[22] C. G. Mayhew, R. G. Sanfelice, and A. R. Teel. Robust
source-seeking hybrid controllers for autonomous vehicles.
In Proceedings of the American Control Conference, number
1185-1190, New York, July 2007.

[23] M. Porfiri, D. G. Roberson, and D. J. Stilwell. Fast switching
analysis of linear switched systems using exponential
splitting. SIAM Journal of Control and Optimization,
47(2582-2597), 2008.

[24] C. Prieur. Uniting local and global controllers with
robustness to vanishing noise. Mathematics of Control,

Signals, and Systems, 14(143-172), 2001.

[25] B. D. Riedle and P. V. Kokotovic. Integral manifolds of slow
adaption. IEEE Transactions on Automatic Control, AC-
31(316-324), 1986.

11

CONFIDENTIAL. Limited circulation. For review only

Preprint submitted to Automatica
Received October 27, 2011 17:54:29 PST



[26] J. A. Sanders and F. Verhulst. Averaging methods in

nonlinear dynamical systems. Springer-Verlag, New York,
1985.

[27] R. G. Sanfelice and A. R. Teel. On singular perturbations
due to fast actuators in hybrid control systems. Automatica,
47(692-701), 2011.

[28] R. G. Sanfelice, A. R. Teel, R. Goebel, and C. Prieur. On the
robustness to measurement noise and unmodeled dynamics if
stability in hybrid systems. In Proceedings of the American

Control Conference, number 4061-4066, Minneapolis, June
2006.

[29] M. Song, T. J. Tarn, and N. Xi. Integration of task scheduling,
action planning and control in robotic manufacturing
systems. Proceedings of IEEE, 88(109-1107), 2000.

[30] C. Y. Su and Y. Stepanenko. Singular systems of differential
equations as dynamic models for constrained robot systems.
In Proceedings of the IEEE International Conference on

Robotics and Automation, number 21-28, San Francisco,
USA, 1986.
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Appendix

To present the proofs of Lemmas 1 and 4, we first define
functions Ybl : R≥0 → R

n × R
m, which are constructed

by piece-wise concatenating the solutions (xbl, zbl) of the
systemHbl. Consider an arbitrary compact setK ⊂ Rn.
Let Sbl(K) denote the set of maximal solutions (xbl, zbl) :
dom (xbl, zbl) 7→ C ×Ψ of the boundary layer system in
(6) for (xbl, zbl(0)) ∈ (C ∩K)×Ψ.

Definition 6 For any L > 0, T ≥ 0 and compact set
K, let n :=

⌈

T
L

⌉

and F(L,K, T ) be a set of functions
Ybl : [0, T ] → C × Ψ with Ybl := (Xbl,Zbl) such that for
each integer k ∈ {0, · · · , n} there exists yk :=

(

xkbl, z
k
bl

)

∈
Sbl(K) with L ∈ dom

(

xkbl, z
k
bl

)

:

Ybl(s+ kL) = yk(s), ∀ s ∈ [0, L) s.t. (s+ kL) ≤ T.

A Proof of Lemma 1

We need two technical lemmas to prove the conclusion of
Lemma 1. For a compact set Ω ⊂ C×Ψ, let S̃bl(Ω) denote
the set of maximal solutions (xbl, zbl) : dom(xbl, zbl) →
C×Ψ of the boundary layer systemHbl for (xbl, zbl(0)) ∈
Ω. Let F(L,Ω, T ) be defined same as F(L,K, T ) in Def.

6 with replacing Sbl(K) by S̃bl(Ω).

Lemma 5 Suppose that Assumption 3 holds for a com-
pact set Ω ⊂ C ×Ψ, f0 : C ×Ψ → Rn, ψ0 : C ×Ψ → Ψ
and fav : C → R

n are continuous. Then, for the set Ω
there exists αΩ ∈ K∞ such that, for each ν ∈ (0, 1] there
exists L > 0 such that, for each T ≥ 0 and each func-
tions (Xbl,Zbl) ∈ F(L,Ω, T ), the following holds for all
t ∈ [0, T ]:

1

t

∣

∣

∣

∣

∫ t

0

[f0(Xbl(s),Zbl(s))− fav(Xbl(s))]ds

∣

∣

∣

∣

≤ ν +
αΩ(1/ν)

t
.

�

Proof of Lemma 5: Let σΩ ∈ L come from
Assumption 3. Let arbitrary ν ∈ (0, 1] be given
and let L = σ−1

Ω (ν). Let αΩ ∈ K∞ be such that

σ−1
Ω (1/s) ≤ 1

σΩ(0)αΩ(s) for s ∈ [1,∞). The existence of

αΩ is implied by the fact that σ−1
Ω (·) is non-decreasing

and σ−1
Ω (1/s) is bounded for s ∈ [1,∞). Then, we

have LσΩ(0) ≤ αΩ(1/ν), which with Claim 1 im-

plies that
∣

∣

∣

∫ t

0
[f0(Xbl(s),Zbl(s))− fav(Xbl(s))]ds

∣

∣

∣ ≤
tσΩ(L) + LσΩ(0), which completes the proof. �

Lemma 6 Suppose that f0 : C×Ψ → Rn, ψ0 : C×Ψ →
Ψ and fav : C → Rn are continuous. Then, for each triple
of strictly positive real numbers (ν, L, ρ) there exists δ > 0
such that, for each compact set Ω ⊂ C ×Ψ and solution
(x, z) of the boundary layer system (6) with (x(0), z(0)) ∈
Ω + δB there exists a function (Xbl,Zbl) ∈ F (L,Ω, T )

where T ≥ T̃ − ρ and
[

0, T̃
]

= dom (x, z) such that

|f0(x(t), z(t))− f0(Xbl(t),Zbl(t))− fav(x(t))

+fav(Xbl(t))| ≤ ν t ∈
[

0,min
{

T, T̃
}]

.�

Proof of Lemma 6: Let a compact set Ω ⊂ C ×Ψ be
given. Let ν, L, ρ > 0 be given. Considering continuity
property of the functions f0 and fav, it follows that for
any ν > 0 there exists δ1 ∈ (0, 1) such that

max{|x1 − x2|, |z1 − z2|} ≤ δ1 ⇒ (A.1)
{

|f0(x1, z1)− f0(x2, z2)| ≤ ν
2 ,

|fav(x1)− fav(x2)| ≤ ν
2 .
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Let ρ1 := min{δ1, ρ}. Let L+1 and ρ1 generate a δ2 > 0
by using continuous dependence of ψ0 on initial condi-
tions to guarantee that solutions of the boundary layer
system Hbl satisfy |z(t, z1) − z(t, z2)| ≤ ρ1 for all t ∈
[0, L+1−ρ1] and |z1−z2| ≤ δ2. Let δ := min{δ1, δ2, ρ}.
For each solution (x, z) ∈ S̃bl(Ω) and T̃ > 0 such that
[

0, T̃
]

= dom (x, z), consider any T ≥ T̃ − ρ.

For the given L, the determined T̃ and T , let n :=
⌈

min{T,T̃}
L

⌉

. Noting the definition of δ2, for each

k ∈ {1, · · · , n − 1} and solution (x, z) of system
Hbl with (x(0), z(0)) ∈ Ω + δB, it follows that there

exists a solution
(

xkbl, z
k
bl

)

∈ S̃bl(Ω) of system Hbl

and t ∈ dom
(

xkbl, z
k
bl

)

with t ∈ [0, L + 1 − ρ],

|x(t + kL) − xkbl(t)| ≤ δ and |z(t + kL) − zkbl(t)| ≤ δ.
When k = n, we get that |x(t + nL) − xnbl(t)| ≤ δ and

|z(t+nL)−znbl(t)| ≤ δ for all t+nL ≤ min{T, T̃}. Consid-
ering the definition of function (Xbl,Ybl) ∈ F(L,Ω, T ),
we get that

|x(t) −Xbl(t)| ≤ δ

|z(t)−Zbl(t)| ≤ δ

}

, ∀ t ∈
[

0,min
{

T, T̃
}]

,

which with (A.1) completes the proof. �

Proof of Lemma 1: Let a compact set K ⊂ Rn be
given. Let the compact set Ω ⊂ (C ∩ K) × Ψ satisfy
Assumption 3 and be GAS for the boundary layer system
Hbl with C replaced by C ∩K. Let β ∈ KL and σΩ ∈ L
come from Definition 3 and Assumption 3, respectively.
Let the set K with Assumption 1 generate MK > 0
such that |f0(x, z)| + |fav(x)| ≤ MK for all (x, z) ∈
(C ∩ K) × Ψ. For each ν ∈ (0, 1], let αΩ ∈ K∞ be
generated by the set Ω from Lemma 5.

Let L := σ−1
Ω (ν/2) and (ν/2, L, 1) generate a δ > 0 from

Lemma 6. Noting that L(·) is non-increasing function,
it follows from the proof of Lemma 6 that δ(ν) increases
when ν grows. From the continuity condition of ψ0 in
Assumption 1 and the set Ω being GAS for system Hbl

with respect to β, it follows that there exists a continu-
ous, strictly decreasing function TK : (0, 1] → R≥0 that
satisfies

β

(

max
(x,z)∈(C∩K)×Ψ

|(x, z)|Ω, TK(δ)

)

≤ δ, (A.2)

which together with the fact that limδ→0 TK(δ) = ∞
and δ(·) is a continuous increasing function, shows that
there exists α̂K ∈ K∞ satisfying TK(δ(ν)) ≤ α̂K(1/ν).

Noting the definition of MK > 0, for each solution
(x, z) ∈ (C ∩K)×Ψ of system Hbl, we have:

1

L

∣

∣

∣

∣

∣

∫ TK(δ(ν))

0

[f0(x, z(s))− fav(x)]ds

∣

∣

∣

∣

∣

(A.3)

≤ MKTK(δ(ν))

L
≤ MK α̂K(1/ν)

L
.

Let X̃bl(·) := Xbl(· + TK(δ(ν))) and Ỹbl(·) := Ybl(· +
TK(δ(ν))). Noting (A.2), all solutions (x, z) of system
Hbl satisfy (x(t), z(t)) ∈ Ω+ δB when t ≥ TK(δ). Then,
using the results of Lemmas 5 and 6 gives

1

L

∣

∣

∣

∣

∣

∫ L

TK(δ(ν))

[f0(x, z(s)) − fav(x)]ds

∣

∣

∣

∣

∣

(A.4)

≤ 1

L

∣

∣

∣

∣

∣

∫ L−1

TK(δ(ν))

[f0(Xbl,Zbl(s))− fav(Xbl)]ds

∣

∣

∣

∣

∣

+
1

L

∫ L−1

TK(δ(ν))

|f0(x, z(s))− f0(Xbl,Zbl(s)) + fav(Xbl)

−fav(x)|ds +
1

L

∣

∣

∣

∣

∣

∫ L

L−1

[f0(x, z(s)) − fav(x)]ds

∣

∣

∣

∣

∣

,

≤ 1

L

∣

∣

∣

∣

∣

∫ L−1−TK(δ(ν))

0

[

f0

(

X̃bl, Z̃bl(s)
)

− fav

(

X̃bl

)]

ds

∣

∣

∣

∣

∣

+
ν

2
+
MK

L
≤ ν +

αΩ(2/ν)

L
+
MK

L
.

Combing (A.3) and (A.4), we have

1

L

∣

∣

∣

∣

∣

∫ L

TK(δ(ν))

[f0(x, z(s))− fav(x)]ds

∣

∣

∣

∣

∣

≤ ν +
αK(1/ν)

L
+
MK

L
, (A.5)

where αK(s) = αΩ(2s) +MKα̂K(s) is of class-K∞ with
αΩ and α̂K of class-K∞. Noting that (A.5) holds for arbi-

trary ν ∈ (0, 1], let ν = min

{

1, 1

α̃K(
√
L)

}

and substitute

it in (A.5), we get for all solutions (x, z) ∈ (C ∩K)×Ψ
of system Hbl:

1

L

∣

∣

∣

∣

∣

∫ L

0

[f0(x, z(s))− fav(x)]ds

∣

∣

∣

∣

∣

≤ min







1,
1

α̃K

(√
L
)







+
max

{

αK(1),
√
L
}

L
+
MK

L
,

:= σK(L),
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where σK is of class-L. Noting that the definition of
average holds with this σK , we know that fav is the
average of f0 with respect to ψ0 on C × Ψ and which
gives the conclusion. �

B Proof of Lemma 4

To prove Lemma 4, we need the following technical re-
sults in Claims 1-4.

Claim 1 Suppose that fav is a continuous function that
is an average of f0 with respect to ψ0 on C × Ψ. Then,
for each compact set K ⊂ Rn, L > 0, T ≥ 0 and all
functions (Xbl,Zbl) ∈ F(L,K, T ), the following holds for
all t ∈ [0, T ]:

∣

∣

∣

∣

∫ t

0

[f0(Xbl(s),Zbl(s))− fav(Xbl(s))]ds

∣

∣

∣

∣

≤ tσK(L) + LσK(0). �

Proof of Claim 1. Let a compact set K ⊂ Rn, T ≥ 0
and L > 0 be given and the L-class function σK be
generated by the set K from the definition of average of
f0 with respect to ψ0. Using the definition of average in
(7), we have:

∣

∣

∣

∣

∣

∫ L

0

[f0(xbl, zbl(s))− fav(xbl)]ds

∣

∣

∣

∣

∣

≤ LσK(L).

For any t ∈ [0, T ] and givenL > 0, let n :=
⌊

t
L

⌋

and then

we have t := nL+ t̃ with 0 ≤ t̃ < L. With the definition
of the function (Xbl,Zbl) in Def. 6, it follows that:

∣

∣

∣

∣

∫ t

0

[f0(Xbl(s),Zbl(s))− fav(Xbl(s))]ds

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

n−1
∑

k=0

∫ (k+1)L

kL

[f0(x
k
bl, z

k
bl(s))− fav(x

k
bl)]ds

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∫ nL+t̃

nL

[f0(x
n
bl, z

n
bl(s)) − fav(x

n
bl)]ds

∣

∣

∣

∣

∣

,

≤ nLσK(L) + t̃σK(t̃) ≤ tσK(L) + LσK(0), ∀ t ∈ [0, T ].

Claim 2 Suppose that fav is a continuous function that
is an average of f0 with respect to ψ0 on C×Ψ. Then, for
each compact set K ⊂ Rn and ν > 0 there exist L, µ >
0 such that, for each T ≥ 0 and function (Xbl,Zbl) ∈
F(L,K, T ) and η satisfying

η̇ = −µη + f0(Xbl,Zbl)− fav(Xbl), η(0) = 0,

the following holds

µ|η(t)| ≤ ν, ∀ t ∈ [0, T ]. �

Proof of Claim 2. Let a compact set K ⊂ Rn and
ν > 0 be given. Let L > 0 be large enough such that
σK(L) ≤ ν

2(exp(−1)+1) , where σK is a L-class function

generated by the set K from the definition of average of
f0 with respect to ψ0. Let µ = ν

4LσK(0) .

Let the function φ : R≥0 → Rn be such that φ̇ =
f0(Xbl,Zbl) − fav(Xbl) with φ(0) = 0. Then, we have

that η̇− φ̇ = −µ(η−φ)−µφ. Integrating this differential
equation, we have

η(t) = φ(t) −
∫ t

0

exp(µ(s− t))(µφ(s))ds. (B.1)

Adding and subtracting µφ(t)
∫ t

0
exp(µ(s − t))ds

to the right hand side of (B.1), we obtain η(t) =

exp(−µt)φ(t)+
∫ t

0
exp(−µ(t− s))[µ(φ(t)−φ(s))]ds. For

any T ≥ 0, we have that |φ(t)| ≤ tσK(L) + LσK(0)
for all t ∈ [0, T ] from Claim 1. For any s ∈ [0, T ], let

X̃bl(·) := Xbl(s + ·) and Z̃bl(·) := Zbl(s + ·). Then, it
follows that

|φ(t)− φ(s)| =
∣

∣

∣

∣

∫ t

s

[f0(Xbl(r),Zbl(r)) − fav(Xbl(r))]dr

∣

∣

∣

∣

,

=

∣

∣

∣

∣

∫ t−s

0

[f0(Xbl(s+ y),Zbl(s+ y))− fav(Xbl(s+ y))]dy

∣

∣

∣

∣

,

=

∣

∣

∣

∣

∫ t−s

0

[f0(X̃bl(y), Z̃bl(y))− fav(X̃bl(y))]dy

∣

∣

∣

∣

,

≤ (t− s)σK(L) + LσK(0). (B.2)

Noting (B.2), the definitions of L and µ, and using
the fact that y exp(−y) ≤ exp(−1) for all y ≥ 0 and
∫∞
0 exp(−y)ydy = 1, it follows that

µ|η(t)| ≤ µ exp(−µt)(tσK(L) + LσK(0))

+ µ2

∫ t

0

exp(−µ(t− s))[(t− s)σK(L) + LσK(0)]ds,

= σK(L)µt exp(−µt) + µLσK(0) exp(−µt)

+ µ2

∫ t

0

exp(−µr)[rσK (L) + LσK(0)]dr,

≤ σK(L) exp(−1) + µLσK(0) + σK(L)

∫ ∞

0

exp(−y)ydy

+ µLσK(0)

∫ ∞

0

exp(−y)dy,

≤ σK(L)(exp(−1) + 1) + 2µLσK(0) ≤ ν, ∀ t ∈ [0, T ].

�

Claim 3 For any function η satisfying η̇ = −µη + u2
with η(0) = 0, the following holds:

µ|η(t)| ≤ ||u2||, ∀ t ≥ 0, (B.3)
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where u2 : R≥0 → Rn and ||u2|| = ess supt≥0|u2(t)|. �

Proof of Claim 3. Consider the differential equation
η̇ = −µη + u2 with the Lyapunov function V (η) = η2.

Note that V̇ = 2η(−µη + u2) < 0 for all µ|η| > |u2|,
which implies that |η(t)| ≤ ||u2||

µ
for all t ≥ 0 and com-

pletes the proof. �

Consider a system Hδ
bl inflated from system Hbl in (6)

by δ > 0 and its flow set intersected with a compact set
K ⊂ Rn:

ẋ ∈ δB

ż ∈ con ψ0((x + δB) ∩ C) + δB

}

, (x, z) ∈ (Cδ∩K)×Ψδ,

(B.4)
where Cδ := {x : (x + δB ∩ C) 6= ∅} and Ψδ := {z :
(z + δB) ∩ Ψ 6= ∅}. For this Hδ

bl, we give the following
claim.

Claim 4 For each triple of strictly positive real number
(ν, L, ρ) and compact setK ⊂ Rn there exists δ∗ > 0 such

that, for each δ ∈ (0, δ∗], each T̃ > 0, and each solution

(x, z) of the systemHδ
bl in (B.4) with

[

0, T̃
]

= dom (x, z)

there exists a function (Xbl,Zbl) ∈ F (L,K, T ) where

T ≥ T̃ − ρ such that

|f(x(t), z(t), δ)− f0(Xbl(t),Zbl(t)) − fav(x(t)) (B.5)

+ fav(Xbl(t))| ≤ ν t ∈
[

0,min
{

T, T̃
}]

. �

Proof of Claim 4. Let ν, L, ρ > 0 and a compact set
K ⊂ Rn be given. Considering the continuity property
of the functions f , ψ and fav in Assumption 1, it follows
that for any ν > 0 there exists ν1 ∈ (0, 1) such that

max{|x1 − x2|, |z1 − z2|} ≤ ν1 ⇒
{

|f0(x1, z1)− f0(x2, z2)| ≤ ν
3 ,

|fav(x1)− fav(x2)| ≤ ν
3 .

Let Assumption 1, ν/3 and the compact setK generate a
δ∗1 such that the bounds (4) hold and there existsM > 0
such that |ψ0(x, z)| ≤ M for all (x, z) ∈ (C ∩ K) × Ψ.

Let ν2 := min
{

ν1
M+2 , ρ

}

. Let δ∗2 be generated by Lemma

2 with the set K and a triple of determined numbers
(L + 1, 0, ν2). Let δ

∗ := min{δ∗1 , δ∗2 , 1} and consider δ ∈
(0, δ∗]. For each solution (x, z) of the system Hδ

bl in

(B.4) and T̃ > 0 such that
[

0, T̃
]

= dom (x, z), con-

sider any T ≥ T̃ − ρ. From the definition of δ∗1 , for
each solution (x, z) of the system Hδ

bl if we can find

(Xbl,Zbl) ∈ F(L,K, T ) such that

|x(t)−Xbl(t)| ≤ ν1

|z(t)−Zbl(t)| ≤ ν1

}

, ∀ t ∈
[

0,min
{

T, T̃
}]

, (B.6)

then this will complete the proof of the claim.

For the given L, the determined T̃ and T , let n :=
⌈

min{T,T̃}
L

⌉

. For each k ∈ {1, · · · , n− 1}, each solution

(x, z) of the system Hδ
bl and l ∈ [0, L + 1], Lemma 2

with (L + 1, 0, ν2) guarantees that there exists a solu-
tion

(

xkbl, z
k
bl

)

∈ Sbl(K) of the boundary layer system

Hbl and t ∈ dom
(

xkbl, z
k
bl

)

with |t − l| ≤ ν2 such that,

|x(l + kL)− xkbl(t)| ≤ ν2 and |z(l+ kL)− zkbl(t)| ≤ ν2.

With the fact that |ẋ| ≤ 1 and |ż| ≤M+1 for the system
Hδ

bl, we have the solution (x, z) of Hδ
bl starting from the

point
(

xkbl(t), z
k
bl(t)

)

such that |x(0) − xkbl(t)| ≤ ν2 and

|z(0)− zkbl(t)| ≤ ν2 satisfies

|x(t̃)− xbl(t)| ≤ 2ν2 ≤ ν1

|z(t̃)− zbl(t)| ≤ (M + 2)ν2 ≤ ν1

}

, ∀
∣

∣t̃− t
∣

∣ ≤ ν2,

which with Lemma 2 implies that for each k ∈
{1, · · · , n−1} and solution (x, z) ofHδ

bl there exists some
solution

(

xkbl, z
k
bl

)

ofHbl such that |x(t+kL)−xkbl(t)| ≤ ν1
and |z(t + kL) − zkbl(t)| ≤ ν1 for all t ∈ [0, L + 1 − ν2].
Noting the fact that ν2 ≤ ρ from its definition, it fol-
lows that the conclusion |x(t + kL) − xkbl(t)| ≤ ν1 and
|z(t+kL)−zkbl(t)| ≤ ν1 also holds for all t ∈ [0, L+1−ρ].
Similarly, when k = n, we get |x(t + nL)− xnbl(t)| ≤ ν1
and |z(t+ nL)− znbl(t)| ≤ ν1 for all t+ nL ≤ T̃ + 1− ρ

and then holds for t + nL ≤ min
{

T, T̃
}

. Noting the

definition of (Xbl,Zbl) ∈ F (L,K, T ) in Def. 6, then
(B.6) holds and which establishes the conclusion. �

Proof of Lemma 4. Let a compact set K ⊂ R
n

and ν > 0 be given. Let µ, L > 0 be generated from
Claim 2 with ν

3 and the set K. Let M > 0 be such that
max{|f0(x, z)|, |fav(x)|} ≤ M/2 for all (x, z) ∈ (C ∩
K) × Ψ from the continuity of f0 and fav. Let Claim

4, the compact set K with
(

ν
3 , L,

ν
3(M+1)

)

generate a

δ1 > 0. Let δ := min{δ1, 1} and Assumption 1 with K
and δ generate ε∗1 > 0 such that the bounds (4) hold for

all ε ∈ (0, ε∗1]. Let ε
∗ := min

{

ε∗1,
δ

M+1

}

and consider a

ε ∈ (0, ε∗].

For each solution (x, z) of the system HK and (t, j) ∈
dom (x, z), let Ij := {t : (t, j) ∈ dom (x, z)}, t0j :=

min{t, t ∈ Ij} and T̃j := max{t, t ∈ Ij}. From the con-
struction of the augmented system HK in (28), for each
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j ∈ {(t, j) ∈ dom (x, z)}, the solution η :
[

t0j , Tj
]

7→ Rn

of system HK agrees with η̇ = −µη + u1 + u2 and
η
(

t0j
)

= 0, where u1 := f0(Xbl,Zbl) − fav(Xbl) and
u2 := f(x, z, ε)− f0(Xbl,Zbl)− fav(x) + fav(Xbl).

For any T̃j ≥ ρ, let Tj := T̃j − ρ and the function
(Xbl,Zbl) ∈ F(K,L, Tj) come from Claim 4. Consider
the response of η separately under inputs u1 and u2 on
the time interval

[

t0j , Tj
]

. For the effect of u1, Claim 2

shows that µ|η| ≤ ν/3. Noting the definition of ε and
the fact that the solution (x, z) of the system HK only
flows for all t ∈

[

t0j , Tj
]

, the solution (x, z) agrees with

the system Hδ
bl defined in (B.4). Then, Claim 4 shows

that |u2(t)| ≤ ν/3 for t ∈ [0, Tj] and Claim 3 guarantees
that µ|η(t)| ≤ ν/3 for all t ∈ [0, Tj] under u2. Driven
by both u1 and u2, we know that µ|η(t)| ≤ 2ν/3 for all
t ∈ [0, Tj] from the superposition principle.

Using the fact that |u1(t) + u2(t)| ≤M + 1 for all t ≥ 0
from the definition of ε∗1 and considering |η(t)| on t ∈
[

Tj, T̃j

]

from an initial point |η(Tj)| ≤ 2ν
3µ , we can get

µ|η(t)| ≤ 2ν
3 + (M + 1)ρ ≤ ν for t ∈

[

Tj , T̃j

]

. Similarly,

we can consider |η(t)| when T̃j ≤ ρ from η
(

t0j
)

= 0 and

get µ|η(t)| ≤ (M + 1)ρ ≤ ν
3 for all t ∈

[

t0j , T̃j

]

, which

completes the proof. �
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