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Structured Moving Horizon Estimation for Linear System Chains™

Meichen Guo®

Abstract— Computational aspects of moving horizon state
estimation are studied for a class of chain networks with bidi-
rectional coupling in the linear state dynamics, and measured
outputs. Moving horizon estimation involves solving a quadratic
program to minimize the estimation error relative to a model
over a fixed window of past input-output observations. By
exploiting the spatial structure of a chain, two algorithms for
solving this quadratic program are considered. Both algorithms
can be distributed in the sense that the computations associated
with each sub-system component of the state depend only on
information associated with the immediate neighbours. The
algorithms differ in the way that the linear Karush-Kuhn-
Tucker conditions for optimality are solved. Computational and
information dependency overheads are analyzed. Numerical
results are presented for a 1-D mass-spring-damper chain.

I. INTRODUCTION

Estimation techniques are used in control engineering
when the system state is difficult to measure directly. Moving
horizon estimation (MHE) is an optimization based method
for state estimation. Specifically, observations of system
inputs and outputs over a fixed time horizon into the past, and
a prediction of the system state at the start of this window,
are the inputs to an optimization problem to be solved at each
time. This problem is formulated to minimize the estimation
error over the horizon, relative to a given model of the
dynamics [1], [2], [3], [4].

In recent years, work has emerged on decentralized and
distributed MHE for networks of sub-systems. For instance,
in [5] and [6] partition-based MHE algorithms for estimating
each sub-system component of the state are developed.
However, all-to-all information exchange is required between
the computations for each partition, at each time step. A
distributed MHE strategy is proposed in [7] for unconstrained
large-scale systems having sparse banded or sparse multi-
banded system matrices, based on a Chebyshev approxi-
mation of the centralized solution to the MHE problem.
However, the hop proximity of information required to
compute the estimate of a sub-system component of the state
grows with the time horizon.

In this paper, computational aspects of the situation in
which the linear system dynamics has chain structure are
investigated. This structure corresponds to an interconnec-
tion of sub-systems over a path graph, with localized bi-
directional coupling in the state dynamics, and the de-
pendence of the observed sub-system output on the sub-
system states. For this case, a tailored formulation of the
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optimization problem to be solved at each time step in an
MHE scheme is amenable to structured computations. More
specifically, by exploiting structure, the computations asso-
ciated with each sub-system component of the state can be
distributed across a (real or virtual) network of information
processing agents, one for each sub-system. Moreover, the
computational dependencies between these agents can be
localized to the agents associated with the (at most two)
neighbouring sub-systems in the chain only.

For the linear model considered here, without inequality
constraints on the state estimates along the horizon, the
tailored optimization problem to solve at each step is an
equality constrained quadratic program. In particular, the
Karush-Kuhn-Tucker (KKT) conditions that characterize op-
timality (e.g., see [8]) amount to a block tri-diagonal system
of linear equations to be solved. Although not explicitly
considered below, with inequality constraints along the hori-
zon, each Newton step of an interior point method (e.g.,
see [8]) would also involve a block tri-diagonal system of
linear equations of the form studied. Two structure exploiting
algorithms are proposed for solving these equations. One is
based on direct solution by backward-forward recursion [9].
A similar approach is studied in [10], [11], [12] for moving
horizon control/estimation of linear cascade systems; i.e.,
unidirectional coupling. The other algorithm is based on
consensus iterations [13], [14], [15]. For both algorithms,
the computational dependencies are localized in the sense
described above. However, the computational and informa-
tion exchange overheads are quite different.

The paper is organized as follows. In Section II, the MHE
problem is formulated as a quadratic program. In Section III,
two algorithms are developed for solving the corresponding
KKT conditions. These are applied to a one dimensional
mass-spring-damper chain in Section IV. Simulation results
are illustrated and analyzed for the algorithms. Finally, the
conclusions are drawn in Section V.

II. PROBLEM FORMULATION
Consider the standard discrete-time system model
z(t+1) = Az(t) + Bu(t), y(t) = Cx(t), (1)

with state x(t) € R”, input u(t) € R™, and output y(t) €
RP, for ¢ € N U {0}. Moving horizon estimation (MHE)
involves minimizing



by selecting the estimator output Z:(t —T'|t) at each time step
t > T. This selection determines ¢(k) = Ci(k) for k =
t—T,...,t,via2(k+1) = Az(k)+ Bu(k) and 2(t —T) =
Z(t—Tt) in accordance with (1), for the given observations
u(t—=T),y(t="T),...,u(t),y(t) and prediction Z(t —T) =
Az(t—T —1|t— 1)+ Bu(t — T — 1), based on the estimate
Z(t —T — 1|t — 1) from time step ¢ — 1. The integer T' >
0 is the estimation horizon, () € RP*P is positive definite
and P € R™*"™ is positive semi-definite. If (A,C) is T + 1
step observable, or P is positive definite, then the optimal
estimate is unique [2]. When the observability hypothesis
holds, the estimation error is stable for any positive semi-
definite P, with exponential decay rate related to the size
of P [2]; for P = 0 it is deadbeat. When this observability
hypothesis does not hold, initial error may persist.

The special case of MHE for a chain of N € N sub-
systems with bidirectional coupling is the focus below. In
particular, attention is restricted to dynamics of the form

zi(t+1) = Ajzi(1) + Biwi(t) + Ei—wi—1 (1) + Eipzia (1),
yi(t) = Cixi () + Hi—ai—1 (t)+ Hip i1 (1), 2

where z;(t) € R™, u;(t) € R™, and y;(t) € RP¢ are respec-
tively the components of the overall state z(t), input u(¢) and
output y(t) associated with sub-system ¢ = 1,..., N at time
t € NU{0}. The spatial boundary conditions are consistent
with setting F1_ = Enyy =0and Hi_ = Hyy = 0.

Assumption 2.1: The pair (A, C) is observable over time
horizon T" + 1, where

A Eip e e 0
Fo_ A2
A=y , and
o Ev-n+
L0 - 0 Ey. Ay
[0, Hys 0
Hy_
C=1 o
5 R Hin-1)+
0 0 Hy_ Cn

Subsequently, the special structure in the model (2) is
exploited to compute the minimizer of a correspondingly
S N
separable estimation error J; = ). | Jy ;, where

Jui = 3@t=T) =T (=T P ~T) ~2,(t—T))

t
1 . N
T3 Z (9i(k)—yi(k) Qi(9: (k) —yi(k)),  (3)
k=t—T

Q; € RPi*Pi g positive definite, P; € R™*" is positive
semi-definite, and ¢;(k) is constructed according to the
model (2) with initial condition &;(t — T) = Z;(t — T|¢),
given input-output observations

wipe = [ui(t —T),.. it —1)T] € R™T,

Yie = [yt =T)7, ... 7yi(t)T]T € RPi(THD),

and the prediction Z;(t — T') € R™ from the previous step
of the MHE scheme, for each ¢« = 1,..., N. Specifically,
it is of interest to localize the spatial dependencies between
the computations associated with construction of each sub-
system component &;(t — T'|t) of the estimate for each
i =1,...,N. In particular, it may be desirable to structure
the computations in a way that distributes across a network
(virtual or real) of processing agents with an information
exchange graph that mirrors the chain structure of the system
dynamics (i.e., an undirected path). The approach taken
is based on considering the collection of state-estimates
across the whole horizon as the decision variables when
characterizing the solution of the optimization problem,
instead of resolving the structured equality constraints by
taking &(t — T') as the only decision variable, along the
lines suggested in the generic problem formulation above.
Indeed, it is the resolution of the equality constraints in this
way that results in all-to-all exchanges in the partition based
distributed MHE schemes of [5], [6].

Lemma 2.1: With reference to (3), the problem
ming, (+—T|¢)eRm Zf\; Jii» can be formulated as the
quadratic program (QP):

PR
i (S 6P,
ii|t€R"i(T+1)7 ({Ilel]gﬂl, meRpi(T+1) 2 (; 7+ 1Y
+ (yije — Ciije — 1) Qi (e — Cidtype — m)) 4

subject to
Ay — Eiy gy — Bimdoy — Kidi — d; =0, 5)
ni — Hix Ty — HimZ_ye = 0,

for ¢ = 1,...,N, where d; = —Bl-um + T, X =
['fz(t - T) leniT}Tv Kz = [Ini OniXmT]T,

Onixni B — Onixm,yT
OTL,’,TX’VL;, ’ ! IT ®B’L ’

On,;me

Ai =1, r41) — L-T@)Ai

E_‘*+ _ Onl Xnip1T On,i><n¢+1
i =
IT ® El+ OniTanj+1 ’
E‘ — Onixni,lT Onixni,l
" IT X B an;TXni,l ’

Ci=Ir)®Ci, Qi =I111)®Qi, Hie = I(741)®Hi—,
Hiy = I(741)® Hiy, and @ denotes Kronecker product, Iy
a k x k identity matrix, and Ogyx; a k X [ zero matrix.
Proof: With the definitions above, and with §; = &, (t —
T) — i‘l(t — T)_, ‘%2|t = [Li'l(t — T), .. ,i?i(t)].r, and i =

Hi+§7(i+1)|t + Hif-'fj(ifl)\t fori=1,..., N, it follows that

1 ~ A S — A~
Jii= 3 (5zTP)idi + Wi — CiZipe —1:) Qi (Yipr — Ciie —m)) :

The constraints (5) simply encode these additional defini-
tions, which are consistent with (2). |

The solution of the QP (4-5) is unique under Assump-
tion 2.1. The rest of the paper is about structured compu-
tation of this solution, via the KKT conditions. The aim is
to achieve distributed computations in the aforementioned
fashion with localized information dependencies.



It is important to note that the formulation of QP (4-5) is
tailored to exploiting the chain structure of the MHE problem
at hand. The temporal structure in (2) is reflected in the
structure of A;, B;, EH_, and F;_. However, it is difficult to
simultaneously exploit this structure and the spatial structure
in the KKT conditions; see Remark 3.2.

III. STRUCTURED COMPUTATIONS

Two algorithms for solving the KKT conditions for the
QP (4-5) are developed in this section. First the structure
of the corresponding KKT conditions is identified. The two
different approaches to solve the resulting block tri-diagonal
linear system of equations are then devised. One involves
direct solution of this system of equations. The other involves
consensus iterations to compute the solution. In both cases,
only localized dependencies arise in computations that can
be associated with each sub-system in the chain. In this
sense, the algorithms are amenable to distribution across a
network of processing agents with undirected path graph for
information exchange.

A. Structure of the KKT conditions
The KKT conditions for QP (4-5) are given by
CiQiCid + CIQimi — Ajq;
+E&71)+q(i71) + E&H)JI(M)
—H{; 1) o1y = Hzppy L)
—CiQiyie = 0,
QiCiZi + Qni + l; — Qiyije =0,
Pid; + Kjq; =0,
Ai(i”t — Ei+fi'(i+1)\t — Ei—i'(i—l)|t — K261 — dz = 0,

(6)

ni — Hip Ty — Hi—Zi—1)e = 0,

fori =1,...,N, where ¢; € R%(T+D) and [; € RP:(T+D
are the dual variables associated with the equality constraints
in (5). With ¢; = [(&,)7(7:)7(6:)7(¢;)7 (L)"]" for i =

1,..., N, the conditions (6) can be re-written as
A N I
T, Dy Y, - : G2 (5
|0 0 YTy Dy) NI L¥n
where
CIQ.C CIQi 0 —AT 0
QiC; Qi 0 0 ILrsy
D, = ] 0 P, K] 0 ,
—A; 0 K; 0 0
0 Ir+1y O 0 0
T _ 0 0
T, = ~O Ti-n+ » Tip=| Eip 0,
T _H. 0
i+

5 _0 0 Qiyi\t
Ti, = El_ 0 s and ’IZ)Z = 0 y
—-H,_ 0 —d;
0
fort=1,...,N.

Note that (7) admits a unique solution by Assumption 2.1.
Two structured algorithms for computing the solution (;, ¢ =
1,..., N, are developed in the next two sub-sections. From
this solution the state estimate Z;(t — T'|t) can be extracted.
By virtue of the block tri-diagonal structure of the matrix €2
on the left-hand side of (7), for each 7 the computation, in
both cases, depends on information pertaining to sub-systems
1—1, % and ¢41 only. In the first algorithm, the dependence is
sequential. In the second algorithm, the dependence is across
iterations of the underlying consensus approach.

B. Computation by backward-forward recursion

The first approach, summarized in Algorithm 1, is based
on the following lemma.

Lemma 3.1: If Py is positive definite, then given ¢ =
[¢T - ¢ ] the solution ¢ = [¢] - ¢& ]" of (7) can be deter-
mined by the following backward and forward recursions:

i {wN ~ for i = N

! wi—rgﬂz(i}rl)w(m) fori=N-1,...,1
Gi= {Zflil fori=1

TS @ - YiCuoyy) fori=2,...,N
where

s Dy fori =N

! Di—T;HZ@iUTM fori=N—-1,...,1°

Proof: The backward-forward recursions stated above
arise as described in [9], for example. Note that D is non-
singular, as Apn and Py are non-singular for ¢ = 1,... N,
whereby Dy clearly has full column rank. As such, Xy
is non-singular. To see that 3J; remains non-singular for ¢ =
N—1,...,1, suppose there exists 7 < IV such that this holds
fori=N,...,j+ 1 but not i = j; i.e., there exists w; # 0
such that ¥;w; = (D; — sz+1)2(j1+1)T(j+1))wj = 0. Then
with w; = =X Tw, fori =j+1,..., N, and w; = 0 for
i=1,...,7—1, it follows that Q[w],...,wx]" = 0. This is
a contradiction, since {2 is non-singular by Assumption 2.1.
Therefore, no such j exists, and the recursions are well
defined as claimed. [ ]

Remark 3.1: It can be shown that Dy is non-singular
if (An,Cn) is T 4 1 step observable. This observability
condition can replace the positive definiteness condition on
Py in Lemma 3.1. Note that similar forward-backward
recursions can be devised in the case that D, is non-singular,
which hold if P; is positive definite, or (A;,Cq) is T + 1
step observable.

Remark 3.2: Although each D, is structured in accor-
dance with the temporal dynamics expressed in (2), this
is difficult to exploit in line 6 of Algorithm 1. As the
algorithm evolves in ¢ from N downto 1, the matrices X;



Algorithm 1: Backward-forward recursion

Algorithm 2: Consensus iterations for sub-system 3

1 L//J\NZO

2 AN:O

3 for : = N downto 1 do
4 | Py ahy—

5 Ez%D,fA,

6 | solve I; [X; x| = {Ti Jl}
7 {[J\ifl — T;Xi

8 Ai,1 — TIXZ

9 end

10 (o< 0

11 fori=1to N do

2 | G xi— Xiu-

13 end

lose structure. Therefore, the solve step in line 6 eventually
incurs computational burden that scales as 7. On the other
hand, the number of such solves scales as V.

Remark 3.3: Note the sequential nature of Algorithm 1.
It can be distributed (but not parallelized) across a network
of N processing agents with computational dependencies
(through the variables 1;, A;, and ;) that mirror the chain
structure of the system dynamics. The tasks of agent ¢ €
{1,..., N} in such an implementation would be as follows:
(a) to process the body of the for loop in lines 3-9, after
agent 7 4+ 1 has completed the corresponding task and made
the result available to agent ¢, starting with agent N; and then
(b) to process the body of the for loop in lines 11-13, after
agent ¢ — 1 has completed the corresponding task and made
the result available to agent ¢, starting from agent 1. In this
way, the overall number of localized information exchanges
between agents is limited to 2(N — 1).

Remark 3.4: In the absence of inequality constraints, as
above, the part of step 6 in Algorithm 1 that yields X;, need
only be done for ¢ = T'. However, with inequality constraints
over the time horizon, the corresponding Newton sub-steps
required to solve the bi-linear KKT conditions in an interior
point method (IPM) would involve a different >, at each
iteration, and as such, the computation of X; would need to
be done repeatedly.

C. Computation by consensus iterations

Alternatively, the block tri-diagonal system (7) could be
solved by consensus based iterations as the underlying graph
structure is connected. This can be done without sacrificing
localized dependencies of the computations that can be
associated with each sub-system ¢ = 1,..., N, in line
with the preceding developments. Moreover, the consensus
updates for each sub-system can be parallelized. However,
many iterations may be required to converge to the solution.

For ¢« = 1,..., N, let e; denote the i-th canonical basis
vector in R, and let II; denote the orthogonal projection
onto the kernel of the i-th block row €2; of the block tri-
diagonal matrix €2 on the left-hand side of (7); i.e., II; =

s+ 0
solve D; ( = ;
C[Si] =e;®(
r—e+1
while » > ¢ do
Pl Lgen: (G = 6Gy)
S S S
i < S+ @ Hieg
s+ s+1
r < max; [ ppjlloo
end

e e NN N R W N =

-
=)

I — QI(Q;Q7)71€;. Moreover, let N; denote the set of the
indexes of sub-systems that neighbour sub-system ¢ in the
chain; i.e., N; = {(: —1),(i+1)} fori =2,..., N — 1, and
N = {2}, and Ny = {(INV — 1)}. With this notation, and
card(X) denoting the cardinality of set X', Algorithm 2 is an
implementation of the consensus iterations studied in [14],
[15], for example.

Remark 3.5: Note that the computations in Algorithm 2
naturally distribute across a network of N processing agents
in a parallel fashion, with inter-iteration dependencies for
lines 6-7 that can be characterized by a path graph. These
dependencies lead to 2N localized information exchanges
per consensus iteration. The residual update in line 9 can
be determined via a forward-backward pass along the chain
to update the max of ||p};)[l sequentially, which incurs a
further 2(N — 1) exchanges per consensus iteration. The
per-iteration overhead in these terms scales comparably to
Algorithm 1.

Remark 3.6: Many iterations may be required for con-
sensus to be reached, leading to large computational and
information exchange overhead overall. Indeed, while a path
graph is connected, its algebraic connectivity is given by
1 — cos(m/(N — 1)), which approaches 0 as the number of
nodes N approaches infinity. This property of path graphs
translates to poor scalability of the number of iterations
required to reach consensus as the path graph grows in
length, as confirmed in the numerical example below.

Remark 3.7: The per agent computational burden per con-
sensus iteration, scales as 72, due to the matrix vector
product II; p[si].

IV. NUMERICAL EXAMPLE

In this section, the two algorithms from the previous
section are applied to the problem of state estimation of
mass-spring-damper chains of various lengths. To facilitate
this initial comparison in terms of overall computational
overhead, the implementation of the algorithm in both cases
involves a single thread on one processor; i.e., the possibility
of exploiting parallelism in the implementation of Algorith-
m 2 is not considered, and in each case the computations for
each component of the state are done sequentially.

Consider a mass-spring-damper chain consisting of N >
0 masses, m; > 0 for 7+ = 1,..., N, with corresponding



spring constants k; > 0, and damper coefficient b; > 0 for
i=1,...,N +1, as illustrated in Figure 1. The continuous
time dynamics of the system can be expressed as

miGs = —bit1(di — Git1) + bi(dim1 — )
—kit1(qi — qiv1) + ki(qio1 — @) ®)

fori =1,..., N, where ¢; = szi:l Ak, 2; 18 the position
of m; from the left wall, \; is equilibrium position, and
g =0 = qn—_1. Deﬁning €r; = [Qi ql]T and u; = F;, the
dynamics (8) can be written in the form of

i = Ay + By iy + Ei_xi 1,

where

~ 0 1
A; _kitkiv1  bitbiga |

- 0 0 - 0 0
EH— = |:kz:+1 bi+1:| aE’i— = |:kl bi:l s

fort=1,...,N, and El_ = EN+ = (2x2. Discretizing the
continuous time model via forward Euler gives

where A; = AtA; + Iy, By = AtE~i+, and F,_ =
AtE;_.

The following setting are made for the numerical example:
m; = lkg; ki = 1IN/m; b; = 1Ns/m, At = 0.5s. The
observation matrices C;, H;_ and H; are set such that y;, =

i Zi i—qi—1t+ A :
[z,§+i] = [q:I*q:]+1l*)\i Jfori=1,...,N, where 2 =

0=gqo and zy11 = Zk;ll M and gy11 = 0; ie., relative
positions between neighbouring masses are measured. The
cost function J; is set with P; = 1073], and @Q; = I for
i=1,..., N. Note that the cost doesn’t depend on \; as this
is included in the estimates ¢;. The algorithms are applied
varying chain length N. As expected, while Algorithm 1 is
able to give a good solution, Algorithm 2 can take many
iterations to converge. To help speed up the convergence of
Algorithm 2, an equivalent state-space model of the mass-
spring-damper chain is obtained by pre-scaling the model,
before application of the algorithms.

Figure 2 shows the processor time for single thread
implementations of the two algorithms for varying N, fixed
T =5, and stopping conditions ¢ € {107%,107%,107%} in
the iterative Algorithm 2. For Algorithm 1, the processor
time scales linearly as /N grows from 2 to 200. Algorithm 2
takes much longer to determine a solution, and the processor
time scales poorly. It is observed that decreasing the stopping
condition ¢ increases the processor time for Algorithm 2. For
N > 10 the consensus iterations exceed 10* in all cases!

Figure 3 shows the error [[t) — Q(|| for the outcome ¢
of each algorithm for fixed 7" = 5 and varying N and e¢.
For Algorithm 1, the errors remain in the order of 10-15
for increasing N. For Algorithm 2, the lower bound of the
errors depends on the stopping condition. Smaller ¢ yields
smaller errors, and thus more accurate solution.

Figure 4 shows the number of iterations required to
reach consensus to the level of ¢ € {107%,107¢} for

N € {10,20,30}. Even with relatively small N and T,
Algorithm 2 requires thousands of iterations to reach the
stopping conditions. When N or T increases, the number
of iterations needed grows substantially. In fact, Figure 4
explains why the processor time of Algorithm 2 is much
longer than that of Algorithm 1, and why smaller ¢ requires
longer processor time in Figure 2.

Finally, Figure 5 shows how the processor time varies with
the estimation horizon 7 for N = 10 and ¢ = 10~°. Similar
to Figure 2, the processor time of Algorithm 2 is longer
and scales in a less favourable way than for Algorithm 1.
Compared with Figure 2, Figure 5 shows that the processor
time of Algorithm 1 scales as 7° as anticipated.

V. CONCLUSIONS

Computational aspects of moving horizon estimation are
investigated for a class of linear system chains with bidirec-
tional couplings in system dynamics, and measured outputs.
By exploiting the spatial structure of such systems, two
algorithms are developed that are amenable to distributed
computations. Algorithm 1 involves strictly sequential sub-
system related computations that are bounded in number in
proportion to the length of the chain. Algorithm 2 involves
consensus iterations, which can be parallelized, however
overall computational burden is high because the number
of iterations required to reach consensus scales poorly as
the length of the chain grows. An alternative approach, that
also leads to parallelizable iterations, could be obtained by
application of the alternating direction method of multipliers
(ADMM) to the QP (4-5). This and the accommodation
of inequality constraints is documented in papers under
preparation.
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