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Abstract

We consider a class of multitype Galton-Watson branching processes with a
countably infinite type set Xy whose mean progeny matrices have a block
lower Hessenberg form. For these processes, we study the probabilities g(A)
of extinction in sets of types A C X3. We compare g(A) with the global
extinction probability g = g(Xy), that is, the probability that the population
eventually becomes empty, and with the partial extinction probability g, that
is, the probability that all types eventually disappear from the population.
After deriving partial and global extinction criteria, we develop conditions for
q < q(A) < q. We then present an iterative method to compute the vector
q(A) for any set A. Finally, we investigate the location of the vectors g(A) in

the set of fixed points of the progeny generating vector.
Keywords: infinite-type branching process; extinction probability; fixed point
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1. Introduction

Multitype Galton-Watson branching processes (MGWBPs) describe the evolution of
a population of independent individuals who live for a single generation and, at death,
give birth to a random number of offspring that may be of various types. MGWBPs
have numerous applications; for example, MGWBPs with countably infinitely many
types, which are the focus of this paper, arise naturally as stochastic models for various

biological populations (see [1, Chapter 7).
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2 Peter Braunsteins and Sophie Hautphenne

One of the primary quantities of interest in a MGWBP is the probability that
the population eventually becomes empty or extinct. Let Z,, = (Zy¢)ecx record the
number of type-£ individuals alive in generation n > 0 of a population whose members

take types that belong to the countable set X'. We let

g =P [T}Ln;ozzn,e:()\soo :4
Lex

be the probability of global extinction given that the population begins with a single
individual of type o = i, and we refer to g := (g;);cx as the global extinction probability
vector. It is well known that q is the minimal nonnegative solution of the fixed point
equation s = G(8), where G(8) := (G;(8));cx records the probability generating
function associated with the reproduction law of each type (see Equation (1) for a
formal definition).

When the set X is finite, many of the fundamental questions concerning q are
resolved in classical texts such as [12]. In particular, it is well known that: (i) ¢ =1
if and only if the Perron-Frobenius eigenvalue of the mean progeny matrix M =
((0Gi(s)/0sj)|s=1)s,jex is less than or equal to one, (i) g can be numerically computed
by repeatedly applying G(-) to a vector initially comprised of zeros, and (%ii), when M

is irreducible, the set of fixed point solutions
S={sec0,1]":s=G(s)}

contains at most two elements, g and 1.

If we allow X to contain countably infinitely many types then this complicates
matters considerably. Indeed, even the concept of extinction now needs to be carefully
defined. We let

qizp[nlggozn,gzo, VEEX|900:i]

be the probability of partial extinction given the population begins with a single
individual of type 4, and we refer to § := (q;)icx as the partial extinction probability
vector. Like q, the vector q is an element of S. While global extinction implies partial
extinction, there may be a positive chance that every type eventually disappears from
the population while the total population size grows without bound; it is then possible

that ¢ < g. To generalise (i)—(iii) to the infinite type setting it is generally accepted
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that we should give the corresponding results for both q and q. That is, we aim to
(i) derive a partial and a global extinction criterion, (i) develop iterative methods to
compute g and g when an algebraic expression cannot be found, and (i) locate g and
g in S. While open questions remain, a number of authors have made progress on (7)
[8, 11, 16, 19, 20], (i) [7, 13, 17], (iii) [4, 8, 16] (to name a few).

While the literature focuses on global and partial extinction, it is natural to define
extinction more generally. For A C X', we let

e el
leA

be the probability that there exists a finite generation after which we never see an
individual with a type in the set A, given that the population begins with a single
individual of type i, and we let g(A4) := (¢i(A))icx be the corresponding extinction
probability vector. The vectors g(A) are also elements of S (see Equation (2)). Such
a general definition of extinction leads to redundancies. Indeed, in an irreducible
branching process, if A is finite, then g(A4) = ¢ and q(X\A) = q (see Theorem 4.1).
However, when A is infinite it is possible that ¢ < g(A4) < ¢ (see Examples 1 and 2).
The vectors g(A) are therefore interesting in their own right. Apart from the recent
work in [3, 4] which did not directly address the possibility that ¢ < q(A) < g, it
appears that the vectors q(A) have received little attention in the literature. In this
more general context, Assertions (i)—(%ii) lead to a number of natural questions: (%)
can we use M to determine whether g < g(A) < g7 (it) How do we compute g(A4)?
(#4i) Can we locate the extinction probability vectors g(A) in S? These questions are
the primary focus of this paper.

Properties of the vectors g(A) are difficult to derive for general MGWBPs with
infinitely many types. We therefore restrict our attention to a subclass of branching
processes that is more amenable to analysis. One possible subclass is the lower
Hessenberg branching processes (LHBPs) considered in [8]. In these processes, which
have the typeset X = {0,1,2,...}, the primary restriction is that type-i individuals
can produce offspring of type no larger than i + 1. For irreducible LHBPs, the authors
of [8] derive partial and global extinction criteria, and identify q and @ respectively
as the minimum and supremum of the set S\{1}. While tractable, these processes

are too restrictive for our purposes. This is because in an irreducible LHBP, if A is
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finite then g(A) = @, whereas if A is infinite then gq(A) = q. An irreducible LHBP
therefore has at most two distinct extinction probability vectors: g and q. Here we
extend the class of LHBPs so that there may exist A such that ¢ < q(A) < g. We
refer to processes in this extended class as block LHBPs. In a block LHBP, which
has the typeset Xy :={0,1,2,...} x {1,2,...,d}, the primary restriction is that type-
(i, k) individuals can produce offspring of type (j,¢), where j is no larger than i + 1.
Following the terminology of [6] where random walks in a random environment on a
strip (without branching) are studied, we can equivalently refer to block LHBPs as

branching random walks on a strip.

We derive a number of results for block LHBPs. We start by developing partial and
global extinction criteria (Section 3). We then turn our attention to the more general

extinction probability vectors q(A) (Section 4). In particular,

(i) we provide sufficient conditions for ¢ = q(A), ¢ < ¢q(4) < q and ¢q(4A) = g
(Section 4.1),

(ii) we develop an iterative method to compute g(A) for any set A (Section 4.2), and

(i1i) we make progress towards locating the vectors g(A) in the set S (Section 4.3).

Perhaps the most interesting part of the paper is Section 5. In this section we apply the
results developed in Section 4 to treat an example where, by varying a single parameter,
we can transition smoothly between situations where there exists one, two and four
distinct extinction probability vectors. This example leads us to conjecture a rule for
identifying which elements of S correspond to an extinction probability vector g(A):
we postulate that the vectors g(A) correspond to points of non-differentiability on the
boundary of finite-dimensional projections of S (Conjecture 5.1). We conjecture that
this rule extends to any irreducible multitype Galton-Watson branching process with

countably many types.

In this paper, we let 1 and 0 denote the infinite column vectors of 1’s and 0’s,
respectively, and we let 1, represent the x x 1 vector of ones. For any vectors & and
y, we write € < y if z; < y; for all 4, and < y if < y with z; < y; for at least
one entry i. Finally, we denote by e; the infinite vector with all entries equal to zero,

except entry ¢ which is equal to 1.
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2. Preliminaries and notation

Consider a multitype Galton-Watson process with countably infinite type set Xy =
{(k,i) : k> 0,1 <4 < d} for some 1 < d < oo. It will be implicitly assumed that
the types in any subset A C X, are ordered lexicographically. We assume that the
process initially contains a single individual whose type is denoted by ¢g. It then

evolves according to the following rules:

(i) each individual lives for a single generation, and

(ii) at death gives birth to r = (r¢)scx, offspring, that is, 7 1) individuals of type
(0,1), 70,2y individuals of type (0,2), etc., where the vector r is chosen inde-
pendently of that of all other individuals according to a probability distribution,
p;(+), specific to the parental type j € Xj.

We say that a type-(k,i) individual is in level k and phase i. We partition Xy in two
ways: by level, Xy = UkZOLk’ where Ly = {(k,1),(k,2),...,(k,d)}; and by phase,
Xg = U?:l A;, where A; = {(0,1),(1,7),...}. The primary assumption we make is
that an individual in level k cannot have any level j > k + 1 offspring. In other words,

the offspring vector from a level-k individual belongs to the set

Ria:= {TGNOX“’:TJ-:O vie U L}
i=k+2

While this assumption is made throughout, many of our results hold without it. We
refer to the resulting process as a block lower Hessenberg branching process, or block
LHBP for short.

The branching process is defined on the Ulam-Harris space [12, Ch. VI], labelled
(Q, F,P), as follows. Let J = UnZO Jn where J,, describes the virtual n-th generation.
That is, Jy = X4, where g € Jy specifies the type of the root, and for n > 1,
Tn = Xax (N x Xy x N)* where (¢o;%1,71,Y1;- -+ %n, jn, Yn) denotes the i,-th child
of type jn born to (©o;i1,J1,Y1;---;in—1,Jn—1,Yn—1), and y, denotes the individual’s
unique identification number (to define the process on the Ulam-Harris space we do
not generally require the identification number y,; however, this additional index will
be used in the sequel, see Remark 1). Each virtual individual I € J is assigned a

random offspring vector N (I) = (Ng(I))eex, that takes values in Ry 4 when I’s type
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belongs to level k, and has distribution p;(-) when I is of type j, independently of
all other individuals. The random set of individuals who appear in the population,

X =U,>0 Xn, is then defined recursively from the values of IN(I) as follows
XO = {300}3 Xy = {iL’ = (‘%vzn,]nvn) €eJn:T€E anla i, < N]n({é)}
The population in generation n is described by the vector Z,, with entries
Znj= > LI € Xy, ju=j), j€Xa
IeJn
We will often refer to branching processes by their sequence of population vectors
{Zn}n20~
From the set of probability distributions {p;(-)}jcx, we define the probability gen-
erating function G(-) : [0,1]¥¢ — [0,1]%, which contains entries
Gi(s) = pi(r)s" = pi(r) I] i, jeda (1)
r r keXq
We denote the n-fold composition of G(-) by G™(-). For any n > 0 and any set of
types A C Xy, let

En(A) = {weﬂ;izm,i :o}

l=ni€A
denote the event that no individual of type ¢ € A appear in the population from

generation n, and let £(A) = lim,, o, £,(A) represent the event of eventual extinction

in A. For n > 0, we define the vector q,,(A) whose i-th element is given by
qn.i(A) = Pi(€n(A)),

where P;(+) := P(-|po = 7). The vector q,(A), which represents the probability that no
individual with type in A will ever be produced, plays an important role in the sequel.
The vectors {q,,(A)}n>0 form a monotone non-decreasing sequence that satisfies the

equation

Consequently, by the monotone convergence theorem, each extinction probability vector
q(A) := (P;(E(A)))icx is obtained as the limit of the sequence {q,,(4)} as n — co. In
addition, by continuity of G(-), we have

q(4) = G(q(4)), (2)
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which implies that g(A) is an element of the set
S={sc0,1]%:s5=G(s)}

Let T}, = Uf:o L; be set of types whose level is at most k. Following [13] we refer
to Nrey £(Tk) and E(Xy) as the partial and global extinction events, respectively, and
denote their corresponding extinction probability vectors by ¢ and q.
The mean progeny matrix M is an infinite matrix whose entries are given by
M(i, j) = M ,  fori,j e Ay,
Isj |g=1
where M (7, j) can be interpreted as the expected number of type-j children born to a

parent of type i. By assumption M has a block lower Hessenberg structure,

Moy Moy 0 0 0
My My M2 0 0
M= |Myy My My My 0 ;
Mszo Mz Mszz Mz Msy

where for k,1 > 0, My := (M(4,]))icL,.jer, are square matrices of order d. To M,
we associate a weighted directed graph, referred to as the mean progeny representation
graph. This graph has vertex set X; and contains an edge from ¢ to j of weight M (i, j)
if and only if M (4,7) > 0. The branching process is said to be irreducible if there is a
path between any two vertices in the mean progeny representation graph on Xy. It is

well known (see for instance [13, Proposition 4.1]) that

v(M)<1 & §=1,

where v(M) := sup; ;{lim SUPn(Mn)Vn

ij ) denotes the convergence norm of M.

For any A C X,; we define a branching process labelled {ZEIA)}HZO. This process,
constructed on (2, F,P), is such that for any w € Q,

N(w,I), 1 eA,
) (.1 = (w, 1)

0, I¢A,

N

where the notation I € A means that the type of individual I is in A. In other words, an

outcome of {Z ELA)} corresponds to one of {Z,,} in which the individuals in A := X,;\ A
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are sterile, that is, they produce no offspring. The process {25:4)} performs two roles
that have parallels in the study of Markov chains on Xj. First, {(Z,SAJC))ZG A}n>0 is the
branching process formed by immediately killing offspring with type in A, that is, the
process with the taboo subset A. Second, (ZNT(LTﬁ))me Ly is the vector counting the lines
of descent that first enter level k£ + 1 in generation n, that is, the vector of n-step first
passage paths to Ty. We let M@ = (M(i,7))ijea be the mean progeny sub-matrix
restricted to the types in A, and we denote by d(A) the global extinction probability
vector of {Z;A)}. In [8, 13] the authors proved that §'7*) — § pointwise as k — oo

~(Tk)

(where G7*) was denoted as ).

Throughout this paper we make repeated use of [3, Theorem 3.3] which, for com-

pleteness, we now state and prove.

Theorem 1. For any A C X, the following statements are equivalent:

(1) a(A) > q
(i1) there exists i € Xy such that qo;(A) > ¢;
(iii) there exists i € Xy such that there is a positive chance of global survival with
wo = 1 without visiting A.
Proof. We obtain (ii)=-(i) from the inequalities g(A) > q,(A) and g(A) > q. The
implication (i)= (ii) follows from the monotonicity of G™(-) for all n: if g,(A) < g,
then g, (A) = G™(gy(A)) < G™(q) = q for all n, which implies g(A) < q. The

relations (i1)=(ii1) and (%ii)= (i) are immediate. O

3. Partial and global extinction criteria

We begin our analysis by deriving partial and global extinction criteria for block
LHBPs. These criteria extend the results in [8, Theorem 5.1]. They are based on the

sequence of d x d matrices { My, }>0 recursively defined as
= (k)\"™
Mk = Z (M ) Mk:,k-‘rly k Z Oa (3)
n>0

where

k
MO = My, M® = ZMkiMi—ﬂc—la k>1, (4)
i—0
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with M,_,; := M; M1 --- M for i < j. We set My, := oo if the series (3) does not
converge, that is, if and only if sp(M*)) > 1, where sp(-) denotes the spectral radius.

If the series converges, then
My = (1= MO My o, (5)

and we can compute My, recursively. We refer to the matrices My, as step-up matrices
because of their similarity to the step-down probability matrices G*) in [15] defined
for level-dependent quasi-birth-and-death processes. The term “step-up” comes from
the fact that, when M; < oo for j = 1,...,k, the matrix M, records the expected
number of first passage paths to Ly that descend from a single individual in Ly, or
more specifically,
Con 5(Tk)
Mk(lvj) - E{k,i) Z Zny(kk_._l,ﬂ P
n>0
where E;(+) := E(:|¢o = 7). We show this rigorously in Lemma 3.2. In addition to the
step-up matrices { My}, our global extinction criterion makes use of three regularity
assumptions:
(A1) inf, p;(0) > 0,
(A2) infr>0,ije(1,...d} Pik,iy (2€(k.5)) > 0,

(A3) supy>g, i ieq1,...ay Ar(i; 4,1) < oo, where the d x d* matrices {Ay} satisfy the

recursion
Ao = [I- Mo()r1 [Vo,00(Mo @ Mo) + Vo,01 (Mo ® I) + Vo,10( @ Mo) + Vo, 11],
k -1 k1l k41
Ay = |I- Z My Mi%k1:| . {Z Z Viyig (Misk ® M)
i=0 i=0 j=0

k-1
+ Z My Missj—1 A Mjp155 @ Mj+1~>k)} y k>1,
1=0
the d x d? matrices Vk,:; have entries
%Gy (8
Viii(a;b, ) = <’“7><) ’
05(5,5) 05 j,c) ls=1
and ® denotes the Kronecker product.
Assumptions (Al) and (A2) are simple to verify in practice, whereas assumption
(A3) is more challenging but can often be verified numerically. The matrices { M}

and {A;} have a physical interpretation, as we show in Lemma 3.2.
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fpa(X(w))

FIGURE 1: A visualisation of the embedded processes for a specific w € 2. Nodes correspond

to individuals, the first digit denoting their level and the second their phase.

Theorem 3.1. If{Z,} is irreducible, then
M <oo forallk>0 < q=1, (6)

and if @ = 1, then under Assumptions (A1)-(A3),

Y (i Moskls) =0 & q=1, (7)
k=0

where recall that 14 is a d X 1 vector of ones.

Before turning to the proof of Theorem 3.1, we introduce the branching process {Y ;. }
embedded within {Z,}, whose sample paths are constructed from those of {Z,}
as follows: we define a function fy(-) : J — J that takes each line of descent
(039151, Y15 - - - 3 ins Jn, Yn) and deletes each triple (ix, jx, yx) whose level is not strictly
larger than that of all its ancestors. For each w € Q the family tree of {Y 1} is then given
by fy(X(w)); see the middle tree in Figure 1 for an example. Observe that generation
k of {Y\} contains individuals in level k only. Specifically, it contains the individuals
that are the first to enter level £ in their line of descent. To avoid confusion we take
the convention that {Y '} starts at the generation corresponding to the level of the
initial type in {Z, }. The embedded process {Y .} evolves as a d-type Galton-Watson
process whose offspring distributions vary deterministically with the generation: an
individual’s phase corresponds to its type and an individual’s level corresponds to its
generation. The process {Y} is therefore a multitype Galton-Watson process in a

varying environment (see for instance [14]). In addition, for the reasons laid out in [8,



Branching random walk on a strip 11

Section 3], individuals in {Y '} may have an infinite number of offspring; in this case,

we say that {Y'x} is explosive. According to the arguments in [8, Corollary 1],

&) = { lim ¥y =0}, (8)

and -
() E(Tx) = {|Y k| < 00, VE > 0}, (9)

k=0

where |Yi| denotes the total size of generation k. In other words, {Z,} experiences
global extinction if and only if {Y';} experiences extinction, and {Z,} experiences
local survival (avoids partial extinction) if and only if {Y'x} experiences explosion.
This enables us to evaluate whether partial or global extinction occurs in {Z,,} simply

by observing {Y';}.

Remark 1. To understand why we include the third entry in the triple (ig, jk, yx)
when we define the process on the Ulam-Harris space (see page 5), suppose we removed

it; then, for w illustrated in Figure 1, we have

f9(<07 1>; 17 <07 2>; 1; <17 1>) = f9<<0a 1>; ]-7 <1a 1>) = (<07 1>; 1’ <17 1>)7

causing both individuals in generation one of f,(X(w)) to have the same label. This

makes the construction of the lineages in the next generation unclear.

We denote the probability generating function of the offspring distribution of indi-
viduals in generation k of {Y 1.} by g,(5?) = (gx.:(s(?))1<i<d, where s(4) € [0,1]%.
For £ <k we let g, (s(V) :=g,0gp,1 0 0g,(s?D).

Lemma 3.1. For any k >0, g, (-) satisfies
gk,i(s(d)) = G(k,i) (gOﬁk(S(d))vgl—ﬂc(s(d))? s 7gk(s(d))a S(d)a 1) 17 s ) (10)

Proof. The proof follows the same conditioning argument as that of Lemma 3 in [8]

but in the multitype setting. g

We now show that the matrices { My} and {Ax} correspond to the first and second

factorial moment progeny matrices in {Y'}.

Lemma 3.2. If g =1, then for any k >0,

o Ogri(s® . ?gp i(s@
My (i, 5) = i ((d) ) ) and  Ag(i; ,1) = (]3)( (d))
s s@=1 Is5 08" | gy _1
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Proof. By (9) and the assumption § = 1, we have |Y;| < co almost surely for all k.
Thus, g,_,,(1) =1 for all £ < k and k > 0. The statement then follows by successive
differentiations of (10). O

Proof of Theorem 3.1. By Lemma 3.2, assertion (7) follows from (8) and [9, Propo-
sition 2.1(e) and Theorem 2.1].

To obtain (6), we embed a second process in {Z,, }, this time with the mean progeny
matrix M*) defined in (4). To do this we introduce a function f, x(-) : J — J that
takes a (possibly infinite) line of descent (q;i1,71,Y1;%2,J2,Y2,--. ), and operates in
two stages: first, it deletes the descendants of all triples (i, j¢, y¢) whose level is strictly
larger than k, to obtain the corresponding line of descent in {ZEALT’C)}; and second, it
deletes all remaining triples whose level differs from k to obtain the restriction (see [15,
p118]) of {ZELT’C)} to level k. When the function f, x(-) is applied to a random tree X,
the result is a random tree which evolves as a d-type Galton Watson process; see the
right tree in Figure 1 as an example. In addition, if M; < oo forall j =0,...,k—1,
the mean progeny matrix of this embedded process is indeed given by M*). By
irreducibility, with probability 1 this embedded process endures extinction if and only
it {2,
for instance [12, Ch. II, Theorem 7.1]), ¢™*) = 1 if and only if sp(M*)) < 1. Thus,
if sp(M®) <1 for all k> 0, then g™ = 1 for all k, and according to [8, Theorem

} does as well. Invoking the extinction criterion for finite-type processes (see

A.1] we then have § = 1. Similarly, if there exists k such that sp(M*)) > 1 then
G <1 and § < g7 < 1. Finally, if there exists k such that sp(M®)) = 1, then
by irreducibility there exists a path from level k to itself via a maximum level £ > k in

the mean progeny representation graph of M, which again leads to g < (j(T‘) <1l. 0O

4. Extinction in sets of types

4.1. Extinction criteria

We now shift our attention to the more general extinction probability vectors g(A),
in particular, we investigate how to determine when q(A) differs from g and q. We
begin with a general result that allows us to use gg,;(A4), the probability that a type-i

individual has no descendants in A, to compare extinction probability vectors.
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Theorem 4.1. Let A, B C Xy. If sup;cp qo,i(A) <1 then q(A) < g(B).

Proof. Let F,, denote the history of the process up to generation n. By Lévy’s 0-1

law, for any fixed ¢ > 0,
P(E(A)|Fn) = 1(E(A)) asn — oo (11)

on a subset 2] of the sample space that has probability 1. Let * = mezo Qj. For
any outcome w € £(B) N Q* (such that {Z,,(w)} contains individuals with types in B
for infinitely many n), we have P(E¢(A)|F,)(w) < 1 — ¢ for infinitely many n, and for
some £ > 0. Thus, by (11), 1(£(A))(w) < 1 — ¢, that is, w € &(A). Since this holds
for all £, w € U5 E(A) = E(A). Hence £(A) N E(B) C O, leading to

Pi(E(A)) =P; (E(A) NEB)) +P; (£(A) NE(B)) < Pi(E(B))

for any i € Xjy. g

Corollary 4.1. Let A C Xy. If {Z,} is irreducible then q(A) < @, and if in addition
|A| < oo then q(A) = q.

Proof. We first show that if |A| < oo, then g(A) = §. By irreducibility, the condition
of Theorem 4.1 is satisfied for any finite sets A and B. Thus, letting B = T}, we have
q(A) = q(Ty) for all k > 0. Because &(Ti41) C E(Tk), by the monotone convergence

theorem,

q(4) = lim q(T) =P lim E(T)) =G,

k— o0
Now, for any A C Xy (not necessarily finite) and ¢ € A we have g(A4) < q({i}), and by
what precedes, g({i}) = @, therefore g(A) < q. O

Given Corollary 4.1 we will focus on extinction in infinite sets A. In particular, we
shall consider sets A belonging to the sigma algebra generated by the phase partition
{A;}, which we denote by o(A1,...,44). As we will see, even with just two phases
(d = 2), it is possible for a process to survive in phase one, A;, while enduring
extinction in phase two, Ao, and vice versa. A concrete example is provided in Section
5. Nonetheless, the following result states that if the phases are sufficiently intertwined,
then the probability of extinction in any set A € o(Ay,..., A4) coincides with the global

extinction probability.
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Corollary 4.2. If sup,c 4, qo,e(Aj) <1 for alli,j € {1,...,d} then q(A) = q for any
Aeo(Ay,..., Ag).

Proof. Since d < 00, supye 4, o,e(A;) < 1foralld,j € {1,...,d} implies sup,c x, o,i(A) <
1 for any A € 0(Ay,...,Ay). The statement then follows from Theorem 4.1. O

Corollaries 4.1 and 4.2 indicate that, under quite general conditions, q(A) = §q if
|A] < oo and q(A) = g if |A| = oo, the same as in the single-phase LHBP analysed in
[8]. So, when do we have ¢ < q(A) < g7 We begin with a necessary condition, which

follows from Theorem 1.
Corollary 4.3. If g < q(A) then
g < 1. (12)

Corollary 4.3 states that to have g < g(A), it must be possible for {Z,,} to survive
in the types A without any outside assistance from the types in A. To verify (12), we
observe that when A € o(Ay,..., Aq), M@ is block lower Hessenberg; we can then
compute the sequence {./\;l,(f)}kzo using (3) with M (4) gubstituted for M, and apply
Theorem 3.1. The matrices {/\;l,(f)} are also a fundamental ingredient in Theorem 4.2.

In preparation for this theorem, for each level k > 0, we let A(k) = AN Ly, and we
define

e the column vector t,(f) = (tﬁ))ieg(k), where
A .
tod = 3 M(i.j)
jeA
is the expected total number of direct descendants in A from a parent of type
(k,i) € A, and
e the matrix FIEA) = (F,EA) (4,7))i,jc Ak, Where F,EA)(Z', 1) := 1, and where for i # 7,
FVG5) =MD+ Y MD i) MDD iy i) - M (i, 5)
E>1
01,12,k FJ
is the weighted sum of first passage paths from i to j in level k£ in the mean
progeny representation graph of M),
We also let /\;lé’izk_l = MéA)MYD . M,(é)l, and v be the number of phases in A so
that v = |A(k)| for all k.
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Theorem 4.2. Let A € o(Ay,...,Aq), and assume G <1 and v(M@A) < 1. If, in
addition,
(4) Eiio(lgtig))/\h@k,llv < 00, and

(B) there ezists K < oo such that F,gg) <K1,-1; forallk>0,
then q < q(A) and q(A) <

Proof. We first demonstrate that, under the conditions of the theorem, the expected
number of sterile individuals produced over the lifetime of {Z ELA)} (those with type in
A) is finite. Without loss of generality we assume that the process starts with an
individual of type i € A(0). Let MAn) (4,4) denote the (i, 7)th entry of the nth power
of M. The expected number of sterile types produced throughout the lifetime of
{ZELA)} is then given by

E, (izm) =3 ) i A i) (13
n=01cA k=0 je n=0

Observe that for any k& > 0, i € A(0), and j € A(k), we have

o0

S Ay = 3 M 6D E(L ) ZM (4, 7)
n=0 leA(K) n=0
1 ~(A 1, .
= (vt ) P2 ) "

where (14) follows from [18, Theorem A4]. By (13), (14), and the assumptions of the
theorem, we then have in matrix form

o0
(A) 1 ~ (A F(A)(A)
IEA(O (ZZZ ) (1V(M(A))>kz_oMO—>lek Ly

n=01€A

A A
@l M,

Because this expectation is finite, with probability 1 there exists a generation n after
which a sterile type in A never appears in the population. Thus, under the assumption
('J'(A) < 1, there exists a type i € A such that starting from 4 there is a positive chance

of global survival without entering the set A. By Theorem 1 we then have g < q(A).
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In addition, by the assumption V(M(A)) < 1,if {Z,} survives in A but not in A, then

it becomes partially extinct with probability one, leading to g(A) < g. g

If for some set B € o(Ay,...,Aq) the conditions of Theorem 4.2 hold with both
A= Band A = B, then ¢ < q(B) < g and q < q(B) < §. Condition (A) of
Theorem 4.2 can be verified easily if there are only finitely many edges between A and
A in the mean progeny representation graph of M, because in that case there are only
finitely many values of k such that tff) is non-zero. Condition (B) of Theorem 4.2
is of a more technical nature. It holds for example if A contains a single phase, or if
the phases in A are sufficiently intertwined, or if there is some symmetry between the

phases. The next lemma formalises this.

Lemma 4.1. If V(M(A)) < 1 then each of the following conditions are sufficient for
Condition (B):

(B1) A= A; for somei € {1,...,d};
(B2) There exists € > 0 such that FéA)(i,j) > ¢ for alli,j € A(k) and k > 0;

(B3) For any k,0 >0, i€ A(k) and j € A(), we have M (i, j) = M@ (4, ).

Proof. The sufficiency of (B1) is trivial since then F() = 1. The sufficiency of (B2)
and (B3) follows from the fact that when v(M) < 1, for any k > 0 and i, € A(k),
FW (i, j)F (4,1) is bounded above by the weighted sum of first return paths from i

to ¢ in the mean progeny representation graph of M, which is strictly less than 1. O

In the specific case where {Z,,} is singular, that is, each individual produces exactly
one offspring with probability one, the process survives with probability 1 (g = 0),
and the process {Z,}n>0, where Z,, := i < Z,,; > 0, corresponds to an irreducible
Markov chain on the state space Xy. The arguments in the proof of Theorem 4.2 then
lead to the following corollary, which can be viewed as the algorithmic complement to

the more theoretical result of [10, Corollary 8].

Corollary 4.4. If |Z,| =1 a.s. for alln >0, then

g(4)>0 & lim1] I~ ) 1, >o0. (15)
j=k
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In addition, if 3, ¢ 3k41) M@ ((k,i),z) > 0 for all (k,i) € A, then the right hand
side of (15) may be replaced by 1) (H;io Mgg)) 1, >0.

Proof. By Theorem 1, q(A) > 0 if and only if there exists i € A such that
the probability that the chain {Z,} never visits A starting from 4 is strictly posi-
tive, which is equivalent to the right hand side of (15). The additional condition
DAt M@ ((k,i),z) > 0 for all (k,i) € A ensures that there is no null factor in

0o A (A)
the product [[;Z, M;™. O

4.2. Computational methods

Given the existence of extinction probability vectors g(A) different from g and g,
we now develop a method of computing them.

For any k, ¢ > —1, define the finite-type branching process { Z***)(4)} on the same
probability space as {Z,,}, in which individuals give birth according to the probability
generating function G*9(A4)(s) such that

0, ifie AN Tk
G (A)s) = 11, ificAnT,
Gi(s) otherwise,

and denote by g(*¥)(A) its extinction probability vector. In other words, g*:*)(A) is
~ (AUT,

the probability that the branching process {Z 2 U z)} becomes extinct before producing

a type in ANTy (with T_; = @ and T_, = X,). For any k and ¢, the vector q(*:*)(A)

can then be computed using established techniques for finite-type branching processes.

Theorem 4.3. If {Z,} is irreducible then

lim lim ¢*9(A) = q(A).

k—00 —00

Proof. By Theorem A.1 of [8], for any fixed value of k, limy ., q*¥(A) is the
partial extinction probability of the original process modified so that types in A N T}

are immortal. Let

N(A) := inf{N >0: i > Zni> 0}

n=NicA
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be the last generation at which a type in A appears in the population, and
k
Te(A):=inf S k>0 Z Z Zn; >0 (16)
n=043c AN Tk

be the first generation at which a type in ANT}, appears in the population. By Corollary
4.1 and the fact that |A N Ty| < oo for all k, we have, for all i € Xy,

Jim ¢*0(4) = P; ({N(A) < (A} { 01 E(ANT,) })
=P; ({N(4) <(A)}).

By the monotone convergence theorem we then have

Jim Pi({N(4) < 7:(4)})

Pi({N(4) < lim 7,(4)})

P;(N(A) < o)
= P;i(E(4)),

which conlcudes the proof. O

Following the arguments in the proof of Theorem 4.3, we obtain a method to

compute the probability g,(A) that no individuals with type in A will ever be produced:

Corollary 4.5. If {Z,} is irreducible then
lim ¢~ (4) = go(A).
£— 00

While Theorem 4.3 may be applied in a general setting, it requires both k and ¢
to be increased to infinity separately. From a computational perspective it would be
more efficient to set ¢ = k and let them both increase to infinity together. We now

derive a sufficient condition ensuring convergence of the resulting sequence.

)

Theorem 4.4. If sup;c 4 (ng <1 then

lim g9 (4) = q(4).

k—o0

Proof. First, suppose that {Z, } becomes extinct in the set A. In this case, there
exists K such that 7,(A) = oo for all & > K, where 7,(A) is defined in (16). In

addition, by Theorem 4.1 there is almost sure partial extinction. This implies that,
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for k > K there is almost sure global extinction in {Z{**)(A)}, leading to q(A) <
liminf, g% (A).

Now suppose that {Z,} survives in the set A. At any generation n consider the
daughter processes of each individual in (Z, ;);c4 truncated so that all types in A
have no offspring. Note that if one of these truncated daughter processes survives
globally, then there exists K such that Z (k’k)(A) survives globally for all k£ > K. This
is because for these values of k an immortal type A N T} must eventually be born
into the population. Let D be the event that, throughout the life of {Z,}, there
exists an individual that has a truncated daughter process which survives globally. By
assumption, there exists ¢ > 0 such that, whenever (Z, ;);ca is non-empty, we have
P(D|F,,) > e. Because {Z,,} survives in the set A, (Z,,;)ic 4 is non-empty for infinitely
many values of n, therefore, following the same arguments as in the proof of Theorem
4.1, the event D occurs with probability 1. This then implies g(A) > lim sup, g**)(A).
O

To understand why we impose the sufficient condition sup;¢ 4 qEA)

< 1 in Theorem
4.4, consider an example with two phases where this condition is not satisfied. Assume

G(s) contains entries

S(k+1,1)5(0,2) (k,i) € Ay
G r,iy(s) = . X
riﬁ(kﬂg) + 5 (k,i) € Aa.

In this case q(,1y(A2) = 0 but qgg’f;(Ag) =(1- %ﬁ)k“ — e~1. While this is a
reducible example, it highlights a pathology that can also occur in the irreducible

setting.

4.3. Fixed Points

We now briefly turn our attention to the set S, which contains the extinction
probability vectors g(A). To allow the results on (single phase) LHBPs provided in
[8, Section 4] to be applied directly, we introduce the concept of a block LHBP that is
locally isomorphic to a (single phase) LHBP. Roughly speaking, this is a block LHBP
which takes the distribution of a LHBP when we sum the number of individuals in each

level (i.e (EjeLk Zn, i) k>0 4 Z,,, where {Zn} is a LHBP). More specifically, {Z,,} is



20 Peter Braunsteins and Sophie Hautphenne

locally isomorphic to a LHBP {ZAn} if for each level k > 0, there exists a probability
distribution py(-) : Rg,1 — [0, 1] such that for any v € Ry 1 and j € Ly,

Pr(u) = > pin) (17)
TERy 4 5.1.
Secr, rem Vi

We define the projection of S onto the kth level,
Si = {u € [0,1]?: Is € S with (s;)jer, = u}.

The next proposition is the irreducible block analogue of [8, Theorem 4.1].

Proposition 4.1. Suppose {Z,} is locally isomorphic to a LHBP that satisfies the
conditions of [8, Theorem 4.1]. Then

g=minS,  G=supS\{1},

and

(xque,1y + (1 = 2)qr1y)1a € Sk,  for all z € [0,1], (18)
where Q1) =+ = Qr,dy, Ond g1y = 0 = Qi,d)-

Proof. Let s = [0,1]** and suppose s = é(s) Then for any k > 0 and any j € L,

Gj (Sold, Slld, e ) = Z (S()ld, S1 ]-d7 e )upj (u)

UER,q
=2 & 2.
UECRy 1 v:“i:ZmeLi Vg, Vi
= Z suﬁk(u) = Sk-
UERE 1
Therefore,
(Sold, Slld, . ) = G(Sold, Sllda ce ),
and the result follows as a direct consequence of [8, Theorem 4.1]. 0

Remark 4.1. Blackwell [5] demonstrates that, if {Z,} is singular (so ¢ = 0) and
q = 1, then there are two distinct extinction probability vectors if and only if every
bounded solution to s = G(s) is of the form s = ¢l for ¢ > 0. In the context of this

section, this means that if {Z,} is singular then g(A4) € {q,q} for all A C X if and
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FIGURE 2: The mean progeny representation graph corresponding to Example 1.

only if Sy is entirely made up of the linear segment identified in Proposition 4.1. The
next example suggests that this criterion does not generalise to non-singular branching

processes.

5. Illustrations

We now illustrate our main theorems through two examples, and motivate some

open questions.

Example 1 We consider a two-phase (d = 2) block LHBP with G(s) given by

%Suo,z) + 58?1,1') + %3?0,3—@ +1- b+Z+y7 k=0,

G I\Ss) = a u b gu c gu
(ki) (8) w1 T wSki) T wSkt1,0)

Yy a+b+c+yz7k’
F oSy T1— @ ) k=1,

for i = 1,2, where a,b,¢,y >0, x > 1, and u = [a + b+ ¢+ y + 1]. Observe that, in
this example, individuals produce either u offspring or no offspring. The corresponding
mean progeny representation graph is illustrated in Figure 2.

In this example, the processes {Z;Al)} and {Z~£LA2)} restricted to each phase form
stochastically identical nearest-neighbour branching random walks with an absorbing
barrier [2]. Individuals within the same level give birth to each other with a probability
that decays geometrically at rate x with the individual’s level. We can also verify that

the process is locally isomorphic to a LHBP {Zn} The next proposition highlights
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the contrasting asymptotic behaviours of the branching process as a function of the

decay rate x.
Proposition 5.1. Suppose b+ 2y/ac < 1 and
= (1—b— (1—b)2—4ac) /2a > 1.
We have
(i) ifx=1and b+y+2y/ac <1, then g =q(A1) = q(A2) < §=1;
(i) ift =1 and b+ y+2\/ac > 1, then ¢ = q(A1) = q(A3) =g < 1;
(iii) if x > 1, then q < q;
() if x > p, then g < q(A1) < g and g < q(A2) < q.

Proof. (i) and (ii). Suppose x = 1. By Corollary 4.2, ¢ = q(4;) = q(Asz), and
by [8, Corollary 3], ¢ < 1. Note that there is partial (global) extinction in {Z,} if
any only if there is partial (global) extinction in its local isomorphism {Z,}. Denote
the mean progeny matrix of {Zn} by M. This is a tridiagonal matrix with entries
M(i,i —1) = al{i > 1}, M(i,i) = b+y, M(i,i +1) = ¢ for i > 0, and 0 otherwise.

By [13, Proposition 5.1], (M) = b+ y + 2y/ac, which means
g=1 & b+y+2yac<1

yielding (i). Observe that, when 2 = 1, {Z,,} is a branching random walk with an
absorbing barrier, which implies that G ; is decreasing in k. Consequently, when
b+ y+2y/ac > 1 the entries of ¢ are uniformly bounded away from 1. By [16, Lemma
3.3], S contains only one such element, which, when combined with the fact that ¢ < g,
yields (ii).

(iii). Suppose x > 1. Let M(T#) = (M(Tk)(i,j))i,jzl, where M T+ (i, j) == M ((i +
k,1),(j+k,1)), is the mean progeny matrix of the process {Z,} taboo on T}, (which we
denote by {2 ;Tk) 1), with entries relabelled for convenience. It is such that M(Te) (5, 4) =
b+y/zkti, M@ (i i4+1) =cfor i > 1, and MT)(i,i — 1) = a for i > 2. We have
b < b+y/zFt < b+ y/zFt! for all k,4; therefore, by definition of the convergence
norm, and by [13, Proposition 5.1], b + 2y/ac < v(MT)) < b4 y/z*+! + 2\/ac for all
k, leading to

lim v(MT)) = b+ 2y/ac < 1.

k— o0
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_ ~(T,
In addition, by [8, Corollary 3], for any k& > 0 and initial type ¢ € T}, {Zi k)} has a
positive chance of global survival. The assertion then follows through direct application

of [8, Theorem 7.1].

(iv). Suppose x > u. We have t,(cAl) = y/x*, and by [8, Lemma 9] ./\;I,EAI) — .

Thus,

. ~ (Ay A\ /K
Jm (M ™) =/ <1,

(A1) t(Al)
0—k—1"k

3] and [13, Proposition 5.1] we have ') < 1 and v(M“)) = b+ 2,/ac < 1. By

The root test for convergence then gives 3 7o, M < oo. By [8, Corollary
Theorem 4.2 we have g < g(A3) and g(A;) < g. The result then follows by repeating

the same arguments with As in place of A;. O

Welet a=1/5,b=0,c=1, and y = 1/5, and we study the extinction probabilities
for different values of the parameter x. In this case, b+ y+ 2y/ac =~ 1.09 and p ~ 1.38.

Here sup;c 4, ijEAj)

< 1 for j = 1,2, therefore we can use Theorem 4.4 to compute
q(A1) and q(Asz). The top graph in Figure 3 depicts the extinction probabilities g1y,
40,1y (A1), q(0,1y(A2) and §(o,1y for 1 <z < 3. As Proposition 5.1 suggests, we observe
two phase transitions points, the first at z = 1, where the number of distinct extinction
probability vectors increases from one to two (even if it only becomes clear slightly after
x = 1), and the second at x = u, where the number of distinct extinction probability
vectors increases from two to four. By visual inspection, there exists an infimum value
of x for which ¢ = 1. Using Theorem 3.1 we numerically estimate this value to be
approximately 1.09.

The bottom nine graphs in Figure 3 illustrate the set Sy (S projected onto level 0)
for nine values of x ranging from z = 1 to x = 20. The projected extinction proba-
bilities (q(0,1),9(0,2)): (2(0,1) (A1), 4(0,2) (A1), (9(0,1)(A2) (0,2)(A2)), and (G(0,1), d(0,2))
are marked by bold discs. We observe that for small values of z (i.e x = 1,1.05,1.1)
the elements in Sy cling tightly to the straight line of fixed points connecting g and ¢
that we identified in Proposition 4.1. As z increases, the set Sy inflates until it visibly
contains area. Noticeably, this occurs when z < u (i.e. © = 1.2; see Remark 4.1) as
well as when > p. For large values of © (i.e z = 5,20), the extinction probabilities
(9(0,1)(A1), 90,2 (A1)) and (q(0,1)(A2), q(0,2)(A2)) appear to correspond to vertices in

So, while this is less clear for smaller values of z > p (i.e. x =1.4,1.6).
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Due to the symmetry of the progeny distributions between phases 1 and 2, the
level projection sets Sy are symmetric with respect to the diagonal. The next example

considers an asymmetric modification of Example 1.

Example 2 We modify Example 1 such that the mean progeny representation graph
becomes as shown in Figure 4. In Figure 5 we plot the set Sy for a = 1/5, b = 1/20,
and ¢ = 1, and observe that there are only three distinct extinction probability vectors,
g, q(As) and ¢. Indeed, by Corollary 4.2, g(A;) = q. Despite the lack of symmetry,
this branching process is still locally isomorphic to a single phase LHBP. Thus, by
Proposition 4.1, the set Sy still contains the linear segment that connects the global
and partial extinction probabilities, (g(0,1y,q(0,2)) and (Go,1y;G(0,2))- On inspection of

Figure 5 we see that this linear segment now sits on the boundary of Sp.

Examples 1 and 2 motivate several questions, which to our knowledge remain open.

In particular:

(i) We have only focused on sets A € o(A1, ..., Ay), leading to a maximum of 2¢ — 1
potentially distinct extinction probability vectors g(A) (if we exclude q(0) = 1).
We may then ask if more than 2¢ (including §) distinct extinction probability

vectors can exist in an irreducible block LHBP when we consider any A C Xj.

(ii) Given the set S, we may question whether it is possible to identify which elements

correspond to extinction probability vectors.

We now propose an answer to (ii), which we suggest applies to any irreducible

multitype Galton-Watson branching processes with countably many types:

Conjecture 5.1. If ¢ = q then S = {q,1}, whereas if ¢ < § then S contains a
continuum of elements, whose minimum is q, and whose mazximum is q. In addition,
the boundary of any projection set is differentiable everywhere except at points that

correspond to an extinction probability vector q(A) for some A C Xy.
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FIGURE 3: Example 1. Top: the extinction probabilities q(o,1y, q(0,1y (A1), 90,1y (A2) and 0,1y

for 1 <z < 3. Bottom: the projection set Sy for nine values of x.
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FIGURE 4: Mean progeny representation graph corresponding to Example 2.
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FIGURE 5: The projection set Sp corresponding to Example 2.



