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Abstract

In this paper, we study the joint Laplace transform and probability gener-
ating function of some random quantities that occur in each environment
state by the time of ruin in a Markov-modulated risk process. These quan-
tities include the duration spent in each state, the number of claims and
the aggregate amount of claims that occurred in each state by the time of
ruin.

Explicit formulae for the joint transforms, given the initial surplus, and
the initial and terminal environment states, are expressed in terms of a
matrix version of the scale function. Moments and covariances of these ruin-
related quantities are obtained and numerical illustrations are presented.

The joint transform of the duration spent in each state, the number of
claims and the aggregate amount of claims that occurred in each state by
the time when the surplus attains a certain level are also investigated.

Keywords: Markov-modulated risk model; the duration in a certain state;
the number of claims and aggregate claims in a certain state; first hitting
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1 Introduction

Markov-modulated risk models have been studied by a number of authors since the
important paper by Asmussen (1989). In such a model, both the claim amounts
and the claim arrivals are influenced by an external environment process which we
denote by {J(t); t ≥ 0}. This process is assumed to be a homogeneous, irreducible
and recurrent Markov process on a finite state space E = {1, 2, . . . ,m}. The
process has intensity matrix A = (αi,j)

m
i,j=1, with αi,i := −αi for i ∈ E, and has

stationary distribution ~π = (π1, π2, . . . , πm).

Let N(t) denote the number of claims occurring in (0, t]. If J(s) = i for all
s in a small interval (t, t + h], then N(t + h) − N(t) represents the number of
claims occurring in that interval, and has a Poisson distribution with parameter
λi (> 0). The process {N(t); t ≥ 0} is a Markov-modulated Poisson process, and
can also be viewed as a Poisson process with its parameter driven by the external
environment process {J(t); t ≥ 0}.

Next, we assume that given J(t) = i, individual claim amounts have distri-
bution function Fi and probability density function fi, with Laplace transform
f̂i(s) =

∫∞
0
e−sxfi(x)dx, and finite mean µi (i ∈ E). We further assume that

premiums are received continuously at a positive constant rate ci.

For i ∈ E, let {Ui(t)}t≥0 be the surplus process in the classical risk model with
premium rate ci, Poisson parameter λi, and individual claim amount distribution
Fi. Then the surplus process {U(t); t ≥ 0} in our Markov-modulated risk model
is given by

U(t) = u+
m∑
i=1

∫ t

0

I(J(s) = i)dUi(s), t ≥ 0 , (1.1)

where u ≥ 0 is the initial surplus and I is the indication function. The positive
loading condition is assumed to hold, i.e.,

m∑
i=1

πi(ci − λiµi) > 0.

We next define Tu = inf{t ≥ 0: U(t) < 0} to be the time of ruin, with Tu =∞
if U(t) ≥ 0 for all t ≥ 0, and

ψi,j(u) = P
(
Tu <∞, J(Tu) = j

∣∣J(0) = i
)
, i , j ∈ E,

to be the ultimate ruin probability with ruin caused by a claim in environment
state j given initial environment state i, and hence

ψi(u) =
m∑
j=1

ψi,j(u), u ≥ 0, i ∈ E,
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is the probability of ultimate ruin given initial environment state i.

Let Nu := N(Tu) be the number of claims and Su := S(Tu) =
∑N(Tu)

n=1 Xn be
the aggregate claims by the time of ruin, respectively, where Xn is the amount of
the nth claim. Now Tu, Nu and Su can be decomposed as

Tu =
m∑
k=1

Tu,k, Nu =
m∑
k=1

Nu,k, Su =
m∑
k=1

Su,k,

where Tu,k is the duration that the surplus process spends in state k ∈ E until the
time of ruin, Nu,k is the number of claims that occur in state k until the time of
ruin, and Su,k is the aggregate claims that occur in state k until the time of ruin.

For δk, rk ≥ 0, 0 < vk ≤ 1, and k ∈ E, define

φi,j(u) = E
[
e−

∑m
k=1(δkTu,k+rkSu,k)

m∏
k=1

v
Nu,k

k I(Tu <∞, J(Tu) = j) | J(0) = i
]

(1.2)

to be the joint Laplace transform and probability generating function (p.g.f.) of
Tu,k, Su,k and Nu,k for k = 1, 2, . . . ,m, with ruin caused by a claim in state j,
given initial surplus u and initial environment state i ∈ E. Then

φi(u) =
m∑
j=1

φi,j(u), u ≥ 0, i ∈ E,

is the joint Laplace transform and p.g.f. of Tu,k, Su,k, and Nu,k for k = 1, 2, . . . ,m,
given initial surplus u and initial environment state i ∈ E.

The function φi,j(u) defined in (1.2) gives a unified treatment of Tu,k, Nu,k,
and Su,k, for k = 1, 2, . . . ,m, and many special cases can be obtained by specifying
parameters. Some examples are as follows.

• If δk = δ, rk = r and vk = v for k ∈ E, then

φi,j(u) = E
[
e−δTu−rSuvNuI(Tu <∞, J(Tu) = j) | J(0) = i

]
is the joint Laplace transform and p.g.f of Tu, Su and Nu.

• If δk > 0, rk > 0, 0 < vk < 1, δl = 0, rl = 0, vl = 1 for l 6= k, then

φi,j(u) = E
[
e−δkTu,k−rkSu,kv

Nu,k

k I(Tu <∞, J(Tu) = j) | J(0) = i
]

is the joint Laplace transform and p.g.f. of Tu,k, Su,k and Nu,k for a partic-
ular state k. Further setting vk = 1 and rk = 0, φi,j(u) gives the Laplace
transform of Tu,k; setting δk = rk = 0, φi,j(u) gives the p.g.f. of Nu,k; and
setting δk = 0 and vk = 1, φi,j(u) gives the Laplace transform of Su,k.
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• If δk > 0, δl > 0, δi = 0, i 6= k, i 6= l, ri = 0, vi = 1, for i ∈ E, then

φi,j(u) = E
[
e−δkTu,k−δlTu,lI(Tu <∞, J(Tu) = j)

∣∣J(0) = i
]

is the joint Laplace transform of Tu,k and Tu,l. Similarly, the joint Laplace
transform of Su,k and Su,l and the joint p.g.f. of Nu,k and Nu,l can also be
obtained.

There has been much written about the Markov-modulated risk model in
recent times. References include Asmussen et al. (1995), Bäuerle (1996), Schmidli
(1997), Snoussi (2002), Lu and Li (2005), Lu (2006), Ng and Yang (2006), Li
and Lu (2007, 2008), and Li et al. (2015). An excellent review paper of the
Markov-modulated Poisson process is Fischer and Meier-Hellstern (1993). In this
paper, we investigate the joint transform, moments and covariances of Tu,k, Nu,k

and Su,k for k = 1, 2, . . . ,m. Section 2 gives some preliminaries used to derive
our main results, then a matrix form integro-differential equation is derived in
Section 3. Explicit expressions for φi,j(0) are given in Section 4, and in Section
5, we study φi,j(u) for u > 0. A recursive formula for the n-th moment of Tu,k is
derived in Section 6. In Section 7, we give some numerical examples on moments
and covariances involving Tu,k and Nu,k. In Section 8, we give a compact matrix
form expression for the joint transform of the duration, number of claims, and the
aggregate claims in each state by the first hitting time of a level b ≥ u.

2 Preliminaries

The operator

Tsf(x) =

∫ ∞
x

e−s(y−x)f(y)dy, x ≥ 0,

where f is an integrable real function was introduced by Dickson and Hipp (2001)
for s ∈ R and extended by Li and Garrido (2004) to cover s ∈ C. In particular,
Tsf(0) = f̂(s) is the Laplace transform of f .

In this paper, the following operator is needed to simplify derivations of our
main results:

Ts f(x) =

∫ ∞
x

e−s(y−x)f(y)dy = diag
(
Ts1f1(x), . . . , Tsmfm(x)

)
,

where s = diag(s1, s2, . . . , sm) and f(x) = diag(f1(x), f2(x), . . . , fm(x)
)
. Clearly,

Ts1Ts2f(x) = (s1 − s2)
−1 [Ts2f(x)− Ts1f(x)] , x ≥ 0.
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We remark that Ts1Ts2f(x) exists if the inverse of the diagonal matrix s1 − s2
exists. However, it may also exist when this inverse does not exist. For example,
if s1 = s2 = s then Ts1Ts2f(x) is a diagonal matrix with element (i, i) equal to
− d
dsi
Tsifi(x) for i ∈ E.

Remarks

1. Li and Lu (2008) extend the Dickson-Hipp operator to an integrable real-
valued matrix function B with definition:

Ts B(x) =

∫ ∞
x

e−s(y−x)B(y)dy, s ∈ C, x ≥ 0.

2. Feng (2009) extends the Dickson-Hipp operator to the following matrix ver-
sion:

TSf(x) =

∫ ∞
x

e−S(y−x)f(y)dy, x ≥ 0,

where S is a square matrix such that the above integral exists.

Now we define the divided differences of a matrix A(s), with respect to dis-
tinct numbers s1, s2, . . . , recursively, as follows:

A[s1, s] =
A(s)−A(s1)

s− s1
,

A[s1, s2, s] =
A[s1, s]−A[s1, s2]

s− s2
,

A[s1, s2, s3, s] =
A[s1, s2, s]−A[s1, s2, s3]

s− s3
,

and so on. As for the divided differences of a function (Gerber and Shiu (2005)),
we have the following formula for the (k − 1)th divided difference

A[s1, s2, . . . , sk] =
k∑
j=1

A(sj)∏k
i=1,i 6=j(sj − si)

.

3 A system of integro-differential equations

Using the same arguments as in Ng and Yang (2006) or Li and Lu (2008), we
obtain the following integro-differential equations for φi,j(u) by conditioning on
the events occurring in a small time interval [0, h], for i ∈ E:

ci φ
′
i,i(u) = (λi + δi)φi,i(u)−

m∑
k=1

αi,k φk,i(u)
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−vi λi
[∫ u

0

φi,i(u− x) e−rixfi(x)dx+

∫ ∞
u

e−rixfi(x)

]
, (3.1)

ci φ
′
i,j(u) = (λi + δi)φi,j(u)− vi λi

∫ u

0

φi,j(u− x) e−rixfi(x)dx

−
m∑
k=1

αi,k φk,j(u) . (3.2)

We now introduce the following notation for matrices:

c = diag(c1, c2, . . . , cm),

λ = diag(λ1, λ2, . . . , λm),

v = diag(v1, v2, . . . , vm),

r = diag(r1, r2, . . . , rm),

δ = diag(δ1, δ2, . . . , δm),

F(x) = diag
(
F1(x), F2(x), . . . , Fm(x)

)
,

φ(u) =
(
φi,j(u))m×m .

Then Equations (3.1) and (3.2) can be re-written in matrix form as follows:

φ′(u) = c−1(λ+ δ −A)φ(u)

−c−1λv

[∫ u

0

e−rxf(x)φ(u− x)dx+

∫ ∞
u

e−rxf(x)dx

]
. (3.3)

Now let fr(x) = e−rxf(x) with Laplace transform

f̂r(s) =

∫ ∞
0

e−sxfr(x)dx =

∫ ∞
0

e−(sI+r)xf(x)dx = TsI+rf(0), (3.4)

where I is the m×m identity matrix. Denote φ̂(s) =
∫∞
0
e−suφ(u)du and let

B(s) = sI− c−1(λ+ δ −A) + c−1λvf̂r(s).

Taking the Laplace transform of Equation (3.3) we obtain

B(s)φ̂(s) = φ(0) + c−1λv
f̂r(s)− f̂r(0)

s
= φ(0) + c−1λvf̂r[s, 0], (3.5)

which implies that

φ̂(s) =
B∗(s)

[
φ(0) + c−1λvf̂r[s, 0]

]
Det[B(s)]

, (3.6)
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where B∗(s) is the adjoint matrix of B(s) and

f̂r[s1, s2] =
f̂r(s1)− f̂r(s2)

s1 − s2
= Ts1I+rTs2I+rf(0), s1 6= s2,

is the divided difference of the matrix f̂r(s).

4 Explicit expressions for φ(0)

Using the matrix generalization of Rouche’s Theorem (De Smit (1983)) or similar
arguments to Li and Ren (2013), we can show that the generalized Lundberg
equation det[B(s)] = 0 has exactly m roots with positive real parts, say

ρi = ρi(δ1, . . . , δm, r1, . . . , rm, v1, . . . , vm), i = 1, 2, . . . ,m.

The quantities ρ1, ρ2, . . . , ρm play an important role in determining the initial
values φ(0) and we assume that they are distinct in the sequel.

We use a similar idea to Ren (2007) to find φ(0). Let row vector ~qi be a left
eigenvector of B(ρi) with respect to eigenvalue 0, i.e., ~qiB(ρi) = ~0, i = 1, 2, . . . ,m.
Setting s = ρi and left-multiplying both sides of (3.5) by the vector ~qi, we have

~0 = ~qiB(ρi)φ̂(ρi) = ~qiφ(0) + ~qi
1

ρi

∫ ∞
0

e−ρixe−rxf(x)dx c−1λv

−~qi
1

ρi

∫ ∞
0

e−rxf(x)dx c−1λv, i = 1, 2, . . . ,m.

In matrix form we have

Qφ(0) = ρ−1Q

∫ ∞
0

e−rxf(x)dx c−1λv

−ρ−1
∫ ∞
0

e−ρxQe−rxf(x)dx c−1λv ,

where Q =
(
~q>1 , ~q

>
2 , . . . , ~q

>
m

)>
and ρ = diag(ρ1, ρ2, . . . , ρm). As we assume that

ρ1, ρ2, . . . , ρm are distinct, ~q1, ~q2, . . . , ~qm are linearly independent and so Q is
invertible. Then we have

φ(0) = Q−1ρ−1Q

∫ ∞
0

e−rxf(x)dx c−1λv

−Q−1ρ−1Q

∫ ∞
0

Q−1e−ρxQe−rxf(x)dx c−1λv
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= Θ−1
[∫ ∞

0

e−rxf(x)dx−
∫ ∞
0

e−Θxe−rxf(x)dx

]
c−1λv , (4.1)

where Θ = Q−1ρQ. In particular, if r = diag(r1, r2, . . . , rm) = 0, then

φ(0) = Θ−1
[
I−

∫ ∞
0

e−Θxf(x)dx

]
c−1λv .

Formula (4.1) gives a compact matrix-form expression for φ(0). Further,
using a similar method to Li and Lu (2008), we can derive an alternative expression
for φ(0).

For distinct ρ1, ρ2, . . . , ρm, since φ̂i,j(s) is finite for <(s) ≥ 0, then

B∗(ρi)φ(0) = −B∗(ρi)c
−1λv f̂r[ρi, 0], i = 1, 2, . . . ,m.

Therefore
B∗[ρ1, ρ2]φ(0) = −(B∗ c−1λv f̂r[· , 0])[ρ1, ρ2],

where (B∗ c−1λvf̂r[· , 0])[ρ1, ρ2] is the divided difference of the product of matrices
B∗(s) and c−1λvf̂r[s, 0] with respect to ρ1 and ρ2, given by

(B∗ c−1λvf̂r[· , 0])[ρ1, ρ2] = B∗(ρ1) c−1λvf̂r[ρ1, ρ2, 0] + B∗[ρ1, ρ2]c
−1λvf̂r[ρ2, 0] .

Recursively, we have

B∗[ρ1, ρ2, . . . , ρm]φ(0) = −(B∗ c−1λvf̂r[· , 0])[ρ1, ρ2, . . . , ρm]

= −
m∑
i=1

B∗[ρ1, . . . , ρi] c
−1λvf̂r[ρi, . . . , ρm, 0] . (4.2)

Then we have the following result for φ(0) :

φ(0) = −c−1λvf̂r[ρm, 0]− (B∗[ρ1, ρ2, . . . , ρm])−1 ×
m−1∑
i=1

B∗[ρ1, . . . , ρi] c
−1λv f̂r[ρi, . . . , ρm, 0] . (4.3)

5 Explicit expressions for φ(u)

In this section, we find explicit expressions for φ(u). We first consider the case
when claim amounts follow exponential distributions, and then we consider the
general case by inverting the Laplace transform of φ(u).
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5.1 Exponential claim distributions

We assume that fi(x) = βi e
−βix with βi > 0, x > 0, i ∈ E, i.e., f(x) = βe−βx,

with β = diag(β1, β2, . . . , βm). Differentiating Equation (3.3) we obtain a 2nd
order matrix differential equation:

φ′′(u) +
[
β + r− c−1(λ+ δ −A)

]
φ′(u) + c−1 [λvβ − (β + r)(λ+ δ −A)]φ(u) = 0,

with limu→∞φ(u) = 0 and limu→0φ(u) = φ(0). The solution to this matrix
differential equation is

φ(u) = e−Ruφ(0),

where R is an m×m matrix satisfying the following equation:

R2 −
[
β + r− c−1(λ+ δ −A)

]
R + c−1 [λvβ − (β + r)(λ+ δ −A)] = 0. (5.1)

Remarks

1. A study of approaches to solving quadratic matrix equations is conducted
in Higham and Kim (2000).

2. The solution to Equation (5.1) is not unique and the one whose eigenvalues
have positive real parts is our R. This follows by consideration of the case
m = 1.

Example 5.1 Suppose that there are two states (m = 2) with intensity matrix:

A =

(
−1/4 1/4

3/4 −3/4

)

with (π1, π2) = (3/4, 1/4). Further assume that f1(x) = e−x, f2(x) = 0.5e−0.5x,
x > 0, λ1 = 1, λ2 = 2/3, δ1 = r1 = 0.04, δ2 = r2 = 0.06, v1 = 0.2, v2 = 0.5,
c1 = 4/3 and c2 = 5/3 so that the positive loading condition holds true. Then

R =

(
0.9774 −0.0785

0.1061 0.4661

)
.

To obtain this solution, we simply applied the MATLAB code in Higham and Kim
(2000), and obtained the result instantaneously.
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5.2 An explicit expression for φ(u) in terms of the matrix
version of the scale function

Define Wδ,r,v(u) to be a matrix function such that

Ŵδ,r,v(s) =

∫ ∞
0

e−suWδ,r,v(u)du = [B(s)]−1.

It follows from Equations (3.5) and (3.6) that

φ̂(s) = [B(s)]−1φ(0) +
1

s
[B(s)]−1

[
B(s)− sI + c−1(λ+ δ −A)

]
−1

s
[B(s)]−1c−1λvf̂r(0)

=
1

s
I− [B(s)]−1[I− φ(0)] +

1

s
[B(s)]−1

[
c−1(λ+ δ −A)− c−1λvf̂r(0)

]
.

Inverting this Laplace transform gives

φ(u) = I−Wδ,r,v(u)[I− φ(0)]

+

∫ u

0

Wδ,r,v(x)dx
[
c−1(λ+ δ −A)− c−1λvf̂r(0)

]
. (5.2)

Remarks

1. Wδ,r,v(u) can be viewed as the matrix version of the scale function in the
Markov-modulated risk model.

2. When m = 1, the model simplifies to the classical risk model and the result
in Equation (5.2) simplifies to

φ(u) = E
[
e−δTu−rSuvNuI(Tu <∞)

]
= 1−Wδ,r,v(u)[1− φ(0)] +

λ+ δ − λvf̂(r)

c

∫ u

0

Wδ,r,v(x)dx,

where Wδ,r,v(u) is a function such that∫ ∞
0

e−suWδ,r,v(u)du =
c

cs− (λ+ δ) + λvf̂(r + s)
.

In particular, Wδ,0,1(u) is the scale function in the classical risk model.
Kyprianou (2013) points out that this scale function plays a very impor-
tant role in the classical risk model and many quantities can be expressed
in terms of the scale function.

10



3. To evaluate Wδ,r,v(u), we need to make assumptions about the claim size

distributions. If we assume that each f̂i(s) is a rational function, then we
can show that each element of Ŵδ,r,v(s) = [B(s)]−1 = B∗(s)/Det[B(s)] is
a rational function which is readily inverted by partial fractions. Further,
the computation of

∫ u
0

Wδ,r,v(x)dx can be done by inverting [B(s)]−1/s =
B∗(s)/{sDet[B(s)]}.

6 The moments of Tu,k and Tu

Once the joint Laplace transform and p.g.f. of Tu,k, Nu,k and Su,k has been derived,
we can derive the joint and marginal moments, as well as the covariance between
any two of the 3m random variables. In this section, we restrict ourselves to
deriving the moments of Tu and Tu,k for a specific k ∈ E. For n ∈ N and i, j ∈ E
we let

ψ
(n)
i,j (u) = E [T nu I(Tu <∞, J(Tu) = j)|J(0) = i] ,

kψ
(n)
i,j (u) = E

[
T nu,kI(Tu <∞, J(Tu) = j)|J(0) = i

]
,

with ψ
(0)
i,j (u) = kψ

(0)
i,j (u) = ψi,j(u).

Let ψn(u) =
(
ψ

(n)
i,j (u)

)
m×m and kψn(u) =

(
kψ

(n)
i,j (u)

)
m×m, with

ψ0(u) = kψ0(u) = ψ(u) =
(
ψi,j(u)

)
m×m.

Let ψ̂n(s) =
(
ψ̂

(n)
i,j (s)

)
m×m and kψ̂n(s) =

(
kψ̂

(n)
i,j (s)

)
m×m be their Laplace trans-

forms with respect to s. It follows that

kψn(u) = (−1)n
∂nφ(u)

∂δnk

∣∣∣
δl=rl=0,vl=1

,

kψ̂n(s) = (−1)n
∂nφ̂(s)

∂δnk

∣∣∣
δl=rl=0,vl=1

.

Differentiating n times with respect to δk on both sides of Equation (3.5) and
setting δl = rl = 0 and vl = 1, for l = 1, 2, . . . ,m, we have

kψ̂n(s) = [B0(s)]
−1
[
kψn(0)− nc−1Ik kψ̂n−1(s)

]
, (6.1)

=
B∗0(s)

[
kψn(0)− nc−1Ik kψ̂n−1(s)

]
Det[B0(s)]

, s > 0, (6.2)
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where B0(s) = B(s)
∣∣
δ=r=0,v=I

= sI− c−1(λ−A) + c−1λf̂(s) and Ik is an m×m
diagonal matrix with the k-th element on the diagonal being 1 and all other
elements on the diagonal being zero.

Using the same method as in deriving φ(0) in Section 3, we have two expres-
sions for kψn(0) :

kψn(0) = n

∫ ∞
0

e−Θxc−1Ik kψn−1(x)dx, n = 1, 2, . . . , (6.3)

kψn(0) = nc−1Ik kψ̂n−1(ρm) + n (B∗0[ρ1, ρ2, . . . , ρm])−1 ×
m−1∑
i=1

B∗0[ρ1, . . . , ρi]c
−1Ik kψ̂n−1[ρi, . . . , ρm] ,

where ρ1 = 0, ρ2, . . . , ρm are the roots of the generalized Lundberg equation and
Θ is the matrix defined in Section 4 with δ = r = 0 and v = I.

It follows from Section 5 that [B0(s)]
−1 = Ŵ0,0,I(s). Inverting Equation (6.1)

yields for n = 1, 2, . . . ,

kψn(u) = W0,0,I(u) kψn(0)− n
∫ u

0

W0,0,I(u− x)c−1Ik kψn−1(x)dx , (6.4)

where kψ0(u) = ψ(u).

Remarks

1. Using similar arguments, we have

ψn(0) = n

∫ ∞
0

e−Θxc−1ψn−1(x)dx, (6.5)

ψn(u) = W0,0,I(u)ψn(0)− n
∫ u

0

W0,0,I(u− x)c−1ψn−1(x)dx , (6.6)

with ψ0(u) = ψ(u). See Li et al. (2015).

2. In particular, when m = 1 the Markov-modulated risk model reduces to the
classical risk model with A = Θ = 0, W0,0,1(u) = [1−ψ(u)]/[1−ψ(0)], and

1ψn(u) = ψn(u). Then Equation (6.3) simplifies to

ψn(0) =
n

c

∫ ∞
0

ψn−1(u)du,

and Equation (6.4) simplifies to the corresponding result in Lin and Willmot
(2000).
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7 Numerical illustrations

Suppose again that there are two states (m = 2) with intensity matrix

A =

(
−1/4 1/4

3/4 −3/4

)

with (π1, π2) = (3/4, 1/4). Further, as in Example 5.1, assume that f1(x) =
e−x, f2(x) = 0.5e−0.5x, x > 0, λ1 = 1, λ2 = 2/3, c1 = 4/3, c2 = 5/3 so that the
positive loading condition holds true. Table 7.1 gives the expected ruin time, ex-
pected values and two types of covariance of durations of surplus in states 1 and
2 for varying u and initial state i = 1, where

Cov1 = Cov
(
Tu,1I(Tu <∞), Tu,2I(Tu <∞)

)
, Cov2 = Cov

(
Tu,1, Tu,2

∣∣Tu <∞) .
u

J(0) = 1

ψ
(1)
1 (u) 1ψ

(1)
1 (u) 2ψ

(1)
1 (u) Cov1 Cov2

0 2.9078 2.2900 0.6178 27.31 34.65
2 4.7390 3.6518 1.0872 52.94 94.37
4 4.7820 3.8466 1.2104 64.76 156.87
6 3.5313 3.5536 1.1628 68.34 222.70
8 4.7820 3.0828 1.0384 66.71 292.41
10 3.5313 2.5780 0.8876 61.94 366.40
15 2.0407 1.5039 0.5368 44.83 571.61
20 1.1096 0.8131 0.2965 28.72 806.92

Table 7.1: Covariances and the expected values of durations in states 1 and 2

We can see in Table 7.1 that the expected times spent in states 1 and 2,
given that J(0) = 1, are increasing in u at first, and are then decreasing in u
and converge to zero when u goes to infinity. The unconditional covariance of the
durations in states 1 and 2 is positive, increasing in u at first and then decreasing
in u, while the conditional covariance given ruin has occurred is an increasing
function of u. Similar patterns hold for J(0) = 2. Figure 7.1 shows the conditional
expected durations in states 1 and 2 given that ruin has occurred for J(0) = 1
(left) and J(2) = 2 (right). The figure shows the conditional expected durations
are increasing in u for both J(0) = 1 and J(0) = 2, and so behave differently
to the unconditional ones. Table 7.2 gives the expected values and two types of

13



Figure 7.1: Expected times in states 1 and 2 given Tu < ∞ for J(0) = 1 and
J(0) = 2

covariance of numbers of claims that occur in states 1 and 2 by the time of ruin
for J(0) = 1, where

χ
(1)
1 (u) = E[NuI(Tu <∞)|J(0) = 1],

kχ
(1)
1 (u) = E[Nu,kI(Tu <∞)|J(0) = 1], k = 1, 2,

Cov3 = Cov
(
Nu,1I(Tu <∞), Nu,2I(Tu <∞)

)
,

Cov4 = Cov
(
Nu,1, Nu,2

∣∣Tu <∞) .
We can see that the expected numbers of claims in states 1 and 2 by the time of
ruin, given that J(0) = 1, are increasing in u at first, then decreasing in u and
they converge to zero when u goes to infinity. The unconditional covariance of
the numbers of claims in states 1 and 2 is positive, increasing in u at first and
then decreasing in u, while the conditional covariance given ruin has occurred is
strictly increasing in u. Similar patterns hold for J(0) = 2. We can draw similar
conclusions for aggregate amounts of claims in states 1 and 2 for both J(0) = 1
and J(0) = 2.
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u
J(0) = 1

χ
(1)
1 (u) 1χ

(1)
1 (u) 2χ

(1)
1 (u) Cov3 Cov4

0 3.4450 2.8390 0.6060 23.77 29.98
2 5.5376 4.4629 1.0747 47.77 83.00
4 5.9003 4.6986 1.2017 60.27 139.50
6 5.4849 4.3270 1.1579 65.34 200.39
8 4.7823 3.7459 1.0364 65.25 266.32
10 4.0155 3.1279 0.8875 61.74 337.72
20 1.2812 0.9834 0.2978 30.37 781.77

Table 7.2: Covariances and the expected numbers of claims in states 1 and 2 for
i = 1

8 Quantities related to the hitting time of an

upper barrier

For u ≤ b, define T bu = min{t ≥ 0: U(t) = b} to be the first time when the surplus
reaches level b. Let N b

u := N(T bu) be the number of claims and Sbu := S(T bu) =∑Nb
u

n=1Xn be the aggregate claims by time T bu, respectively. Further, T bu, N b
u and

Sbu can be decomposed as

T bu =
m∑
k=1

T bu,k, N b
u =

m∑
k=1

N b
u,k, Sbu =

m∑
k=1

Sbu,k,

where T bu,k is the duration in state k ∈ E, N b
u,k is the number of claims that occur

in state k, and Sbu,k is the aggregate claims that occur in state k, until the time

T bu. For δk, rk ≥ 0, 0 < vk ≤ 1, k ∈ E, define

τi,j(u; b) = E
[
e−

∑m
k=1(δkT

b
u,k+rkS

b
u,k)

m∏
k=1

v
Nb

u,k

k I(J(T bu) = j) | J(0) = i
]
, (8.1)

for u ≤ b, with τi,j(b; b) = I(i = j).

Let τ (u; b) =
(
τi,j(u; b)

)m
i,j=1

. Using the same arguments as in Section 3, we

have for u ≤ b :

τ ′(u; b) = c−1(λ+ δ −A)τ (u; b)− c−1λv

∫ ∞
0

e−rxf(x)τ (u− x; b)dx, (8.2)

with τ (b; b) = I.
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From the facts that (i) τ (b; b) = I; (ii) τ (u; b) is a function of (b − u); (iii)
τ (u; b1)τ (b1; b) = τ (u; b) for u ≤ b1 ≤ b, we conclude that τ (u; b) must have the
following form:

τ (u; b) = e−Γ(b−u), u ≤ b, (8.3)

where Γ is an m × m matrix and all of its eigenvalues must have positive real
parts. Substituting Equation (8.3) into Equation (8.2) shows that Γ satisfies

Γ + c−1λv

∫ ∞
0

f(x)e−rxe−Γxdx− c−1(λ+ δ −A) = 0 . (8.4)

In Section 3, we have shown that Det[B(s)] = 0 has m roots ρ1, ρ2, . . . , ρm,
where

B(s) = sI− c−1(λ+ δ −A) + c−1λv

∫ ∞
0

f(x)e−(r+sI)xdx.

For i = 1, 2, . . . ,m, let column vector ~h>i be an eigenvector of B(ρi) corresponding
to the eigenvalue 0. Then

~0> = B(ρi)~h
>
i = ρi~h

>
i + c−1λv

∫ ∞
0

f(x)e−rxe−ρix~h>i dx− c−1(λ+ δ −A)~h>i .

In matrix notation, we have

Hρ+ c−1λv

∫ ∞
0

f(x)e−rxHe−ρxdx− c−1(λ+ δ −A)H = 0, (8.5)

where H = (~h>1 ,
~h>2 , . . . ,

~h>m) and ρ = diag(ρ1, ρ2, . . . , ρm). As we assume that

ρ1, ρ2, . . . , ρm are distinct, ~h>1 ,
~h>2 , . . . ,

~h>m are linearly independent and so H is
invertible. Multiplying both sides of Equation (8.5) by H−1, we obtain

HρH−1 + c−1λv

∫ ∞
0

f(x)e−rxHe−ρxH−1dx− c−1(λ+ δ −A) = 0. (8.6)

Comparing Equation (8.4) with Equation (8.6), we obtain

Γ = HρH−1.

Remarks

1. When δi = δ, ri = r and vi = v for i = 1, 2, . . . ,m, we have τ (u; b) =(
τi,j(u; b)

)m
i,j=1

= e−Γ(b−u), where

τi,j(u; b) = E
[
e−δT

b
u−rSb

uvN
b
uI(J(T bu) = j

∣∣J(0) = i
]
, u ≤ b.
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2. When m = 1, the Markov-modulated risk model simplifies to the classical
risk model, Γ simplifies to ρ and the matrix τ (u; b) simplifies to a scalar
τ(u; b) with

τ(u; b) = E
[
e−δT

b
u−rSb

u vN
b
u

]
= e−ρ(b−u), u ≤ b,

where ρ := ρ(δ, r, v) > 0 satisfies the following equation:

cs− (λ+ δ) + λvf̂(r + s) = 0.

3. The matrix Θ in Section 4 is different from the matrix Γ, as it can be shown
that Θ satisfies the following matrix equation:

Θ +

∫ ∞
0

e−Θxe−rxf(x)dx c−1λv − c−1(λ+ δ −A) = 0 ,

while matrix Γ satisfies a different equation, as in (8.4).

9 Concluding remarks

This paper shows how quantities such as duration, number of claims, and aggre-
gate claims in a certain state by the time of ruin or by the first passage time of
a certain level, can be analyzed through a generalized Gerber-Shiu function. The
joint transform of the duration of surplus, number of claims, and the aggregate
claims in a certain state by the two-sided first exit time can be analyzed accord-
ingly. Some results and methods can be extended to the MAP (Markovian Arrival
Process) risk model.
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