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Abstract

In this paper, we study the joint Laplace transform and probability gener-
ating function of some random quantities that occur in each environment
state by the time of ruin in a Markov-modulated risk process. These quan-
tities include the duration spent in each state, the number of claims and
the aggregate amount of claims that occurred in each state by the time of
ruin.

Explicit formulae for the joint transforms, given the initial surplus, and
the initial and terminal environment states, are expressed in terms of a
matrix version of the scale function. Moments and covariances of these ruin-
related quantities are obtained and numerical illustrations are presented.

The joint transform of the duration spent in each state, the number of
claims and the aggregate amount of claims that occurred in each state by
the time when the surplus attains a certain level are also investigated.

Keywords: Markov-modulated risk model; the duration in a certain state;
the number of claims and aggregate claims in a certain state; first hitting
time; matrix scale function



1 Introduction

Markov-modulated risk models have been studied by a number of authors since the
important paper by Asmussen (1989). In such a model, both the claim amounts
and the claim arrivals are influenced by an external environment process which we
denote by {J(t); t > 0}. This process is assumed to be a homogeneous, irreducible

and recurrent Markov process on a finite state space £ = {1,2,...,m}. The
process has intensity matrix A = (ozi,j);’”j:l, with «;; := —a; for i € E, and has
stationary distribution 7 = (71, ma, ..., ™).

Let N(t) denote the number of claims occurring in (0,t]. If J(s) = i for all
s in a small interval (¢,t 4+ h], then N (¢t + h) — N(t) represents the number of
claims occurring in that interval, and has a Poisson distribution with parameter
Ai (> 0). The process {N(t);t > 0} is a Markov-modulated Poisson process, and
can also be viewed as a Poisson process with its parameter driven by the external
environment process {J(t);t > 0}.
Next, we assume that given J(t) = 4, individual claim amounts have distri-
bution function F; and probability density function f;, with Laplace transform
= [ e fi(x)dz, and finite mean p; (i € E). We further assume that
premlums are recelved continuously at a positive constant rate c;.
Fori € E, let {U;(t)}+>0 be the surplus process in the classical risk model with
premium rate c;, Poisson parameter )\;, and individual claim amount distribution
F;. Then the surplus process {U(t); t > 0} in our Markov-modulated risk model

is given by
_u+2/ NdU(s), t>0, (1.1)

where v > 0 is the initial surplus and [ is the indication function. The positive
loading condition is assumed to hold, i.e.,

Zm( ci — Aipe;) > 0.
i=1

We next define T, = inf{t > 0: U(t) < 0} to be the time of ruin, with 7}, = co
if U(t) > 0 for all ¢ > 0, and

¥ i(u) =P(T, < 00, J(T,) = j|J(0) =14), i,j€E,

to be the ultimate ruin probability with ruin caused by a claim in environment
state j given initial environment state ¢, and hence

:Zw@j@ﬁ), UZO,’iEE,
j=1



is the probability of ultimate ruin given initial environment state .

Let N, := N(T,) be the number of claims and S, := S(T,) = ZnN:(T“) X, be
the aggregate claims by the time of ruin, respectively, where X, is the amount of
the nth claim. Now T, N, and S, can be decomposed as

m m m
T, = ZTu,ky Nu = ZNu,lm Su = Zsu,ka
k=1 k=1 k=1

where T, ;, is the duration that the surplus process spends in state £ € E until the
time of ruin, N, is the number of claims that occur in state k until the time of
ruin, and S, is the aggregate claims that occur in state k until the time of ruin.

For 6y, m. > 0,0 < v, <1, and k € E, define
¢i,j<u) =FEle™ > Ok Ty ke + 7, Su k) Hvlivu,kl—(Tu < o0, J(Tu) _ j) ‘ J(O) - (12)
k=1

to be the joint Laplace transform and probability generating function (p.g.f.) of
Tk, Sur and Ny for & = 1,2,...,m, with ruin caused by a claim in state j,
given initial surplus v and initial environment state ¢ € E. Then

j=1

is the joint Laplace transform and p.g.f. of T}, x, Sy, and N, for k =1,2,... ,m,
given initial surplus v and initial environment state i € E.

The function ¢; j(u) defined in (1.2) gives a unified treatment of 75, 5, Ny,
and Sy, for k =1,2,...,m, and many special cases can be obtained by specifying
parameters. Some examples are as follows.

o Ifo, =9, r, =7 and v, = v for k € E, then
015(u) = B[ TrSuN (T, < o0, J(T,) = §) | J(0) = i
is the joint Laplace transform and p.g.f of T},, S, and N,,.
0 If 6, >0,7.>0,0<wv,<1,0,=0,7=0,v, =1 for [ # k, then
0u5(u) = B e Tk nSerg (T, < 00, J(Ty) = §) | J(0) = i]

is the joint Laplace transform and p.g.f. of T}, s, S, and IV, for a partic-
ular state k. Further setting vy, = 1 and r, = 0, ¢;;(u) gives the Laplace
transform of T, ;; setting 0, = 1, = 0, ¢; j(u) gives the p.g.f. of N, ; and
setting 9y = 0 and vy = 1, ¢; j(u) gives the Laplace transform of S, .
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e If6,>0,0,>0,0=0,i#k 1#1,r,=0,v,=1, fori e E, then
014(u) = E|e” T [(T, < 00, J(T,) = §)|(0) = ]

is the joint Laplace transform of T, and T),;. Similarly, the joint Laplace
transform of S, and S,; and the joint p.g.f. of N, and N, ; can also be
obtained.

There has been much written about the Markov-modulated risk model in
recent times. References include Asmussen et al. (1995), Bauerle (1996), Schmidli
(1997), Snoussi (2002), Lu and Li (2005), Lu (2006), Ng and Yang (2006), Li
and Lu (2007, 2008), and Li et al. (2015). An excellent review paper of the
Markov-modulated Poisson process is Fischer and Meier-Hellstern (1993). In this
paper, we investigate the joint transform, moments and covariances of 1), i, Ny k
and S, for £ = 1,2,...,m. Section 2 gives some preliminaries used to derive
our main results, then a matrix form integro-differential equation is derived in
Section 3. Explicit expressions for ¢, ;(0) are given in Section 4, and in Section
5, we study ¢; j(u) for u > 0. A recursive formula for the n-th moment of T, is
derived in Section 6. In Section 7, we give some numerical examples on moments
and covariances involving T, and N, . In Section 8, we give a compact matrix
form expression for the joint transform of the duration, number of claims, and the
aggregate claims in each state by the first hitting time of a level b > u.

2 Preliminaries
The operator
Tra) = [ e )y, w20

where f is an integrable real function was introduced by Dickson and Hipp (2001)
for s € R and extended by Li and Garrido (2004) to cover s € C. In particular,
T:f(0) = f(s) is the Laplace transform of f.

In this paper, the following operator is needed to simplify derivations of our
main results:

Tsf(z) = /Oo eI (y)dy = diag(Ts, f1(2), .., To, fin(2)),

where s = diag(sy, s2, - - ., $p) and f(z) = diag(f1(x), fo(z), ... ,fm(x)). Clearly,
Ta Tk (x) = (51 — 82) 7' [To,f(z) — To,f(z)], 2 >0.

4



We remark that 7, 7s,f(2) exists if the inverse of the diagonal matrix s; — so
exists. However, it may also exist when this inverse does not exist. For example,
if sy = sy = s then Tg, Tg,f(2) is a diagonal matrix with element (i,4) equal to
—d%TS,L.fi(x) forie E.

Remarks

1. Li and Lu (2008) extend the Dickson-Hipp operator to an integrable real-
valued matrix function B with definition:

T:B(x) = / e B(y)dy, seC,xz>0.

2. Feng (2009) extends the Dickson-Hipp operator to the following matrix ver-
sion:

Tef) = [ Sy, xz0
where S is a square matrix such that the above integral exists.

Now we define the divided differences of a matrix A(s), with respect to dis-

tinct numbers sq, s9, ..., recursively, as follows:
A(s) — A
Alss] — (s) — A(s1) |
S — 851
A —A
A[Sl,SQ,S] — [3175] [51732] ’
S — S

Alsy, s9,83,8] = Alsy, 89, 8] — Alsy, S2, s3] |
5 — 83
and so on. As for the divided differences of a function (Gerber and Shiu (2005)),

we have the following formula for the (k — 1)th divided difference

k

Alsrsn 5] =3 A

j=1 Hi:l,i;ﬁj(sj —5;)

3 A system of integro-differential equations
Using the same arguments as in Ng and Yang (2006) or Li and Lu (2008), we

obtain the following integro-differential equations for ¢; ;(u) by conditioning on
the events occurring in a small time interval [0, h], for ¢ € E:

Gidi(u) = N+ 06) dialu) = ik dri(u)
k=1
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o [Coutu= et [Terenw)] e
¢i ¢ i(u) = (Ni+8)@i(u) —vidi [ ¢ij(u—x)e " fi(z)de

= i dr(u). (3.2)

We now introduce the following notation for matrices:

c = diag(ci,c,...,Cm),
A = diag(A, Ag, .o An),
v = diag(vi,va, ..., Um),
r = diag(ry,re, ..., "),
0 = diag(o, 52,...,5m),

(
= diag(F Fy(x), ..., F(x )),
= (¢U( ))mxm

Then Equations (3.1) and (3.2) can be re-written in matrix form as follows:
¢'(u) = c A+ —A)p(u)
—c ' Av [/ e_”f(a:)qb(u—x)dx%—/ e_”f(a:)das] . (3.3)
0 u

Now let f.(z) = e *f(x) with Laplace transform
£.(s) = / 5, (2)dz — / TN () dp — T o£(0), (3.4)
0 0

where I is the m x m identity matrix. Denote ¢(s) = Jo" e p(u)du and let
B(s) = sI—c YA +8 — A) + ¢ AviL(s).
Taking the Laplace transform of Equation (3.3) we obtain
fr - fr — Py
B(s)p(s) = ¢(0) + cfl)\VM = ¢(0) + c ' Avf.[s, 0], (3.5)
s
which implies that

R B*(s)[(0) + c ' Avk,[s, 0]]

$(s) = Det[B(s)] : (36)
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where B*(s) is the adjoint matrix of B(s) and

. £.(sy) — f.(s
flov o) = TELZE) g Tk, s

is the divided difference of the matrix f.(s).

4 Explicit expressions for ¢(0)

Using the matrix generalization of Rouche’s Theorem (De Smit (1983)) or similar
arguments to Li and Ren (2013), we can show that the generalized Lundberg
equation det[B(s)] = 0 has exactly m roots with positive real parts, say

Pi = Pi(01, o 0y Ty e Ty U1, oy U), G =1,2,...,m.

The quantities py, po, ..., pm play an important role in determining the initial
values ¢(0) and we assume that they are distinct in the sequel.

We use a similar idea to Ren (2007) to find ¢(0). Let row vector g; be a left
eigenvector of B(p;) with respect to eigenvalue 0, i.e., ¢;B(p;) =0,i=1,2,...,m
Setting s = p; and left-multiplying both sides of (3.5) by the vector q;, we have

6 = B(H() = Gb0) + - [ e e Hwne Ay
— ~—/ e " f(z)drc Ay, i=1,2,...,m.
In matrix form we have
Qb0 = p7Q [ e TH@dre Ay
—p ! /OO e P"Qe " f(x)dr c ' Av,

0

where Q = ((_ﬂ,(_i;, .. ,Ej;)T and p = diag(p1, p2,--.,pm). As we assume that
P1, P25 - - - Pm are distinct, qi,qo, ..., |, are linearly independent and so Q is
invertible. Then we have

W0 = i "yt
—QIPIQ/ Q e P"Qe ™ f(x)drc ' Av
0

7



— @! {/ e_mf(x)dx—/ e_egce_mf(x)dm] c v, (4.1)
0 0

where ® = Q~!p Q. In particular, if r = diag(ry,rs,...,7,) = 0, then
$(0) =01 [I —/ e@xf(x)dx} c v,
0

Formula (4.1) gives a compact matrix-form expression for ¢(0). Further,
using a similar method to Li and Lu (2008), we can derive an alternative expression

for ¢(0).
For distinct py, po, ..., pm, since éu(s) is finite for R(s) > 0, then

B*(p:)¢(0) = =B*(p;)c ' AvE[p;, 0], i=1,2,...,m.

Therefore A
B*[p1, p2]p(0) = —(B* ¢ Av £[-, 0])[p1, pal,

where (B* cfl)\vf;r[- ,0])[p1, po] is the divided difference of the product of matrices
B*(s) and ¢! Avf,[s, 0] with respect to p; and ps, given by

(B* ¢ 'AVE [, 0))[p1, po] = B*(p1) ¢ " AvE[p1, p2, 0] + B*[p1, pole " Avi[p2, 0] .
Recursively, we have
B*[p1, 2, pm]#(0) = —(B*cAVE[, 0])[p1, p2s - - -, Pl

= =) Bpi,....plc AvE[pi, .o, 0] (42)
=1

Then we have the following result for ¢(0) :

#(0) = —c 'AvE[pn, 0] — (B*[p1, p2s- .. o) ' X
m—1
ZB*[pl,...,pi] cfl)\vfr[pi,...,pm,O]. (4.3)
i=1

5 Explicit expressions for ¢(u)
In this section, we find explicit expressions for ¢(u). We first consider the case

when claim amounts follow exponential distributions, and then we consider the
general case by inverting the Laplace transform of ¢(u).
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5.1 Exponential claim distributions

We assume that fi(r) = ;e %% with 8; > 0,2 > 0,4 € E, ie., f(x) = Be P2,
with 3 = diag(fy, B2, ..., fm). Differentiating Equation (3.3) we obtain a 2nd
order matrix differential equation:

@' () + [B+r—c A+ -A)] ¢ (u) +c AV — (B+1)( A+ - A) (u)

with lim, e ¢(u) = 0 and lim, o ¢p(u) = ¢(0). The solution to this matrix
differential equation is

P(u) = e *9(0),
where R is an m x m matrix satisfying the following equation:
R—[B+r—c'A+6-A)]R+c ' AvVB—(B+r)(A+6—A)]=0.(5.1)

Remarks

1. A study of approaches to solving quadratic matrix equations is conducted
in Higham and Kim (2000).

2. The solution to Equation (5.1) is not unique and the one whose eigenvalues
have positive real parts is our R. This follows by consideration of the case
m = 1.

Example 5.1 Suppose that there are two states (m = 2) with intensity matrix:

—-1/4 1/4
NS
3/4 —3/4
with (7m1,m) = (3/4,1/4). Further assume that fi(z) = ™%, fo(x) = 0.5e70°7,

x > 0, )\1 = 1, )\2 = 2/3, (51 =Tr = 004, 52 = T9 = 006, V1 = 02, Vg = 05,
c1 =4/3 and ¢; = 5/3 so that the positive loading condition holds true. Then

R 0.9774 —0.0785
-\ 01061 04661 )
To obtain this solution, we simply applied the MATLAB code in Higham and Kim
(2000), and obtained the result instantaneously.
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5.2 An explicit expression for ¢(u) in terms of the matrix
version of the scale function

Define W, (u) to be a matrix function such that
Wisrev(s) = / e "W pv(u)du = [B(s)] 7.
0

It follows from Equations (3.5) and (3.6) that
1

d(s) = [B(s)] '¢(0) + ;[B(S)]_l [B(s) —sI+c ™ (A+d—A)]
—é[B(s)]lcl)\vf}(O)
- éI — [B(s)]"'[I — (0)] + %[B(s)]‘l [c—l(A +8—A) - c-lxvfr(())} .

Inverting this Laplace transform gives
d(u) = IT—Wspy(u)[I—¢(0)]
+ / Wiry(@)de [e A+ 8= A) = 'AvE(0)] . (5.2)
0

Remarks

1. Ws.v(u) can be viewed as the matrix version of the scale function in the
Markov-modulated risk model.

2. When m = 1, the model simplifies to the classical risk model and the result
in Equation (5.2) simplifies to

pu) = E[e N (T, < c0)]

ANt6— Mf(r v
= L Wl - of0)] + 20 J(r) /0 Wi o(2)da,

where W, ,(u) is a function such that

c
cs — (A +0) + Mf(r+s)

/ e "W p(u)du =
0

In particular, Wsoq(u) is the scale function in the classical risk model.
Kyprianou (2013) points out that this scale function plays a very impor-
tant role in the classical risk model and many quantities can be expressed
in terms of the scale function.
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3. To evaluate Wy v (u), we need to make assumptions about the claim size
distributions. If we assume that each fl(s) is a rational function, then we
can show that each element of W, ,(s) = [B(s)]"! = B*(s)/Det[B(s)] is
a rational function which is readily inverted by partial fractions. Further,
the computation of ['Ws,y(2)dz can be done by inverting [B(s)] ™' /s =

B (s)/{sDet[B(s)]}.

6 The moments of 7, ; and T,

Once the joint Laplace transform and p.g.f. of T}, i, N, and S, has been derived,
we can derive the joint and marginal moments, as well as the covariance between
any two of the 3m random variables. In this section, we restrict ourselves to
deriving the moments of T, and T, , for a specific k € E. Forn € Nand ¢,5 € £
we let
Gy (W) = EITNIT, < oo, J(T) = j)|J(0) =1,
Wi () = E[TLI(T, <00, J(T,) = j)IJ(0) =],
with 93 (u) = 43 (u) = i (w).
Let ¢, (u) = (¢ (u)) and 4, (u) = (" (w), . with

Yo(u) = kPo(u) = P(u) = (Qﬂi,j(“))mxm

Let b, (s) = (@@f’;)(s))mxm and yp, (s) = ( k@@i(j;)(s))mxm be their Laplace trans-
forms with respect to s. It follows that

0" ¢(u)
— —]_ n
kd}n(lL) ( ) 85% 51:7"1:0,111:1’
A "¢ (s)
kd)n(S) ( ) 65]? 6=r;=0,u;=1
Differentiating n times with respect to dx on both sides of Equation (3.5) and
setting oy =, =0and v, =1, for [ = 1,2,...,m, we have
(als) = Bols)] [ k0,(0) = ne T ab, ()] (6.1)
Bj(s) | 10,(0) = ne T xab, 1 (s)] C e
- Det[Bo(s)] 820 (62)
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where By(s) = B(s)|,_ . =sI—c (A—A)+ ¢ 'Mf(s) and I is an m x m
diagonal matrix with the k-th element on the diagonal being 1 and all other
elements on the diagonal being zero.

Using the same method as in deriving ¢(0) in Section 3, we have two expres-
sions for 1, (0) :

K, (0) = n/ e ¢y, (2)d, n=1,2..., (6.3)
0
Wa(0) = e ity (pm) + 1 (Bglpr, oo p]) "

m—1
Z Bg[pb s api]cillk k":bnfl[pia cee 7pm] )
=1

where p; = 0, pa, ..., pm are the roots of the generalized Lundberg equation and
© is the matrix defined in Section 4 with d =r =0 and v =L

It follows from Section 5 that [Bo(s)] ™' = W 01(s). Inverting Equation (6.1)
yields forn =1,2,...,

(1) = Woox(u) b, (0) — / Woor(u — 2)e T by ()dr,  (6.4)
where rtp(u) = P(u).

Remarks

1. Using similar arguments, we have
b0 = 0 [ Oy, (@) (6.
0

b (1) = Woor(u),(0) —n /0 Woor(u— 2)c v, (x)dz, (6.6)

with 1pg(u) = ¥ (u). See Li et al. (2015).

2. In particular, when m = 1 the Markov-modulated risk model reduces to the
classical risk model with A = © =0, Wy 1(u) = [1 —¢(w)]/[1 —¢(0)], and
19, (1) = ¥y (u). Then Equation (6.3) simplifies to

0l =2 [T v

and Equation (6.4) simplifies to the corresponding result in Lin and Willmot
(2000).

12



7 Numerical illustrations

Suppose again that there are two states (m = 2) with intensity matrix

—-1/4 1/4
A=
3/4 —3/4
with (71, m) = (3/4,1/4). Further, as in Example 5.1, assume that fi(z) =
e folx) = 05795 2 > 0, A\ = 1,y = 2/3,¢c1 = 4/3,¢co = 5/3 so that the
positive loading condition holds true. Table 7.1 gives the expected ruin time, ex-

pected values and two types of covariance of durations of surplus in states 1 and
2 for varying v and initial state ¢ = 1, where

Covy = Cov(Tu,ll(Tu < 00), Ty 2l(T, < oo)), Covy = Cov(Tu,l,Tug!Tu < oo) )

. J0) =1

D) [ 19w [ 260 (w) | Covi | Cov,
0 | 2.9078 2.2900 0.6178 | 27.31 34.65
2 | 4.7390 3.6518 1.0872 | 52.94 | 94.37
4 | 4.7820 3.8466 1.2104 | 64.76 | 156.87
6 | 3.5313 3.5536 1.1628 | 68.34 | 222.70
8 | 4.7820 3.0828 1.0384 | 66.71 | 292.41
10 | 3.5313 2.5780 0.8876 | 61.94 | 366.40
15 | 2.0407 1.5039 0.5368 | 44.83 | 571.61
20| 1.1096 0.8131 0.2965 | 28.72 | 806.92

Table 7.1: Covariances and the expected values of durations in states 1 and 2

We can see in Table 7.1 that the expected times spent in states 1 and 2,
given that J(0) = 1, are increasing in w at first, and are then decreasing in u
and converge to zero when u goes to infinity. The unconditional covariance of the
durations in states 1 and 2 is positive, increasing in u at first and then decreasing
in u, while the conditional covariance given ruin has occurred is an increasing
function of u. Similar patterns hold for J(0) = 2. Figure 7.1 shows the conditional
expected durations in states 1 and 2 given that ruin has occurred for J(0) = 1
(left) and J(2) = 2 (right). The figure shows the conditional expected durations
are increasing in u for both J(0) = 1 and J(0) = 2, and so behave differently
to the unconditional ones. Table 7.2 gives the expected values and two types of
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E(:rlhllTu < X) E(Tu.l‘Tu < \)
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Figure 7.1: Expected times in states 1 and 2 given T,, < oo for J(0) = 1 and
J(0) =2

covariance of numbers of claims that occur in states 1 and 2 by the time of ruin

for J(0) = 1, where

X (W) = E[NJ(T, < c0)|J(0) = 1],

(1) = E[NGI(T, < 00)[J(0) =1, k=12,
Covy = Cov(N,1I(T, < 00), NyoI(T, < o)),
Covy = Cov(Nuil,Nu,Q}Tu oo)

We can see that the expected numbers of claims in states 1 and 2 by the time of
ruin, given that J(0) = 1, are increasing in u at first, then decreasing in u and
they converge to zero when w goes to infinity. The unconditional covariance of
the numbers of claims in states 1 and 2 is positive, increasing in u at first and
then decreasing in u, while the conditional covariance given ruin has occurred is
strictly increasing in w. Similar patterns hold for J(0) = 2. We can draw similar
conclusions for aggregate amounts of claims in states 1 and 2 for both J(0) = 1
and J(0) = 2.
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J(0) =1

U m o) o)
Xi(u) | axi(u) | axq(u) | Covz | Covy
0 | 34450 [ 2.8390 | 0.6060 | 23.77 | 29.98
2 | 5.5376 | 4.4629 | 1.0747 | 47.77 | 83.00
4 | 59003 | 4.6986 | 1.2017 | 60.27 | 139.50
6 | 54849 | 4.3270 | 1.1579 | 65.34 | 200.39
8 | 4.7823 | 3.7459 | 1.0364 | 65.25 | 266.32
10 | 4.0155 | 3.1279 | 0.8875 | 61.74 | 337.72
20 | 1.2812 | 0.9834 | 0.2978 | 30.37 | 781.77

Table 7.2: Covariances and the expected numbers of claims in states 1 and 2 for

1=1

8 Quantities related to the hitting time of an
upper barrier

For u < b, define T® = min{t > 0: U(t) = b} to be the first time when the surplus
reaches level b. Let N? := N(T?) be the number of claims and S? := S(T?) =

Zﬁl X, be the aggregate claims by time T?, respectively. Further, T, N? and
SP can be decomposed as

m m m
b __ § b b __ § : b b __ § b
Tu - Tu,k? Nu - Nu,k? Su - Su,k?
k=1 k=1 k=1

where Ti”k is the duration in state k € F, Nﬁ,k is the number of claims that occur
in state k, and Sﬁyk is the aggregate claims that occur in state k, until the time
TP. For 6y, 1 > 0, 0 < vy, < 1, k € E, define

m m b
i (ush) = B e 2 O Tt TTuf 1010 = ) [ J(0) =], (8.1)
k=1

for u < b, with 7, ;(b;0) = I(i = j).
Let 7(u;b) = (73,5(u; b));nj:l. Using the same arguments as in Section 3, we
have for ©v < b :

T'(u;b) = ¢ ' A+ - A)T(w;b) —c AV /000 e "“f(z)T(u—x;b)dx, (8.2)

with 7(b; b) = L
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From the facts that (i) 7(b;0) = I; (ii) 7(u;b) is a function of (b — u); (iii)
7(u; b1)7(b1;b) = T(u;b) for u < by < b, we conclude that 7(u;b) must have the
following form:

T(u;b) = e TOW 4 < b, (8.3)

where I' is an m x m matrix and all of its eigenvalues must have positive real
parts. Substituting Equation (8.3) into Equation (8.2) shows that I" satisfies

[+c'Av / f(r)e e T%dr —c ' A+6—-A)=0. (8.4)
0

In Section 3, we have shown that Det[B(s)] = 0 has m roots p1, p2, ..., pm,
where

B(S) = sl — c_l()\ + 06— A) + C_1AV/ f(:):)e_(r+51)xdx.
0

Fori=1,2,...,m, let column vector HI be an eigenvector of B(p;) corresponding
to the eigenvalue 0. Then

0 =B(p)h] =ph, +c'Av / f(z)e ™ e *h de —c ' (A+6 — A)h] .
0
In matrix notation, we have

Hp+c'Av / f(z)e " "He P%dr —c'(A+d — A)H =0, (8.5)
0

where H = (h] b, ... ,ﬁ;) and p = diag(p1, pa,--.,Pm). As we assume that
P1, P25 - - - pm are distinet, h{ hj), ... h' are linearly independent and so H is
invertible. Multiplying both sides of Equation (8.5) by H™!, we obtain

HPH4+c4Av/ f(x)e " *He **H 'dr —c'(A+d —A)=0. (8.6)
0

Comparing Equation (8.4) with Equation (8.6), we obtain
Fr—HpH "
Remarks

1. When §; = 6,7, = r and v; = v for i = 1,2,...,m, we have 7(u;b) =

(Ti,j (u; b))znj:l = e T~ where

7mww%:EF4ﬁ”%M%Hﬂﬂb:jwmyzd, u<b.
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2. When m = 1, the Markov-modulated risk model simplifies to the classical

9

risk model, T' simplifies to p and the matrix 7(u;b) simplifies to a scalar
7(u; b) with

T(u;b) = E [e"STg”"SZ | = e POw) oy <D,
where p := p(9,7,v) > 0 satisfies the following equation:
cs—(A+08)+ f(r+s)=0.

The matrix © in Section 4 is different from the matrix I', as it can be shown
that © satisfies the following matrix equation:

O + / e @ f(r)drc I AV —c ' A+ 5 - A) =0,
0

while matrix T" satisfies a different equation, as in (8.4).

Concluding remarks

This paper shows how quantities such as duration, number of claims, and aggre-
gate claims in a certain state by the time of ruin or by the first passage time of
a certain level, can be analyzed through a generalized Gerber-Shiu function. The
joint transform of the duration of surplus, number of claims, and the aggregate
claims in a certain state by the two-sided first exit time can be analyzed accord-
ingly. Some results and methods can be extended to the MAP (Markovian Arrival
Process) risk model.
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