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A note on input-to-state stability of sampled-data
nonlinear systems

A. R. Teel', D. Nesi¢? and P. V. Kokotovié?
CCEC, Electrical and Computer Engineering Department,
University of California, Santa Barbara, CA, 93106-9560

Abstract

It is shown for nonlinear systems that sampling suffi-
ciently fast an input-to-state stabilizing (ISS) contin-
uous time control law results in an ISS sampled-data
control law. Two main features of our approach are: we
show how the nonlinear sampled-data system can be
modeled by a functional differential equation (FDE);
we exploit a Razumikhin type theorem for ISS of FDE
that was recently proved in [14] to analyze the sampled-
data system.

Keywords: Functional differential equations, input-
to-state stability, nonlinear systems, sampling, small
gain.

1 Introduction

The prevalence of computer controlled systems moti-
vates the investigation of discrete-time and sampled-
data control systems (for related linear results see, e.g.
[3, 4] and for nonlinear results see [6, 9, 1, 11, 8]). There
are many ways in which the controller design for sys-
tems consisting of a continuous time plant and digital
controller can be done [4]. One possible approach is
to design a continuous time controller for the continu-
ous time plant and then discretize the controller using
a sampler and hold device. In the present paper we
concentrate on this approach to the design of sampled-
data nonlinear controllers. When the continuous time
controller stabilizes the continuous time plant, stability
properties of the sampled-data system depend crucially
on the choice of the sampling period T'.

It has been shown in [3] for linear systems that, if
the continuous time controller is stabilizing and the
sampling is fast enough (7" is small enough), the ob-
tained sampled-data closed loop system remains stable.
Moreover, fast sampling of a continuous time controller
(with an anti-aliasing filter) preserves L, stability for
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any p € [1,00]. In the nonlinear context, some results
in this spirit have been obtained for the stabilization
problem in [5], the regulation problem in [1], Ly stabil-
ity of a class of nonlinear systems in [11] and output
dead-beat control in [6].

We concentrate on the input-to-state stability (ISS)
property introduced by Sontag in [13] and recently ex-
tended to functional differential equations by Teel in
[14]. Our main tool is the small gain theorem for func-
tional differential equations proved in [14]. The con-
nection between functional differential equations and
sampled-data systems that we establish appears to be
new.

As a nonlinear counterpart of [3], we show that, if a
continuous time input-to-state stabilizing controller is
sampled fast enough, the obtained sampled-data non-
linear system still has the same (but in general dete-
riorated) properties as the continuous time system. It
is of practical significance that we can compute a de-
sired sampling rate and use it in applications where the
sampling rate is a design parameter. We note, however,
that the estimates obtained using the small gain argu-
ments may be conservative.

The paper is organized as follows. In Section 2 we
present notation and key results from [14] which are
needed in the sequel. In Section 3 we prove and dis-
cuss the main results of the paper. In Section 4 we
point out several directions in which our results can
be generalized, and also show how using our results we
can recover some known results from the literature. A
summary of our results is given in the last section.

2 Preliminaries

We use the following notation introduced in [14]. Let
tq be a nonnegative number. Given a function w :
[—tq, 00o[— R™ and fixing t € [0, oo, wq(t)(-) represents
a function from [0,%4] to R™, defined by wq(t)(r) :=
w(t —T).

Consider v : R>g — Rxo. 7 € G if it is continuous,
zero at zero and nondecreasing. v € K if v € Gand
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B : R>0x R>0 = R>q is of class-ICL if (-, 1) is of class-
K for each t > 0 and (s, -) is monotonically decreasing
to zero for each s > 0.

We consider the ordinary differential equation:
&(t) = f(z(t), w(t)) (1)

and the functional differential equation

£(t) = F(za(t), wa(t)). (2)
We define:
fra)] =, s o)) lizallo = s ()]

Given continuous functions = : [—t4,00[— R™ and
Vi [—tq,00[xR™ = R>o, we define V(t,z(t)) =: V().
Considering the solution z of (2), the upper right-hand
derivative of V' along the solution is defined as:

V({t+h)— V()

D1V (t) = limsup;,_,o+ h

Of the two following definitions, the first is standard
(see [13]), while the second was recently introduced in
[14].

Definition 1 If there exist a; € Ko,i = 1,2,3,
smooth function V. : R™ — R>o, and v € G such

that ay(|z]) < V(z) < as(|z]) end |z| > y(jw]) =
%f(a:,w) < —as(|z|), then we say that the system (1)
is ISS with gain 7 = a; o az 07y.

Definition 2 Lety € G,v € R>o and Ay, Ay € R>oU
oco. The zero solution of (2) is said to be uniformly
input-to-state stable (ISS) with gain v [and offset v and
restriction (Ag, Ay)] if |za(to)] < Ay and ||wgll,, <
A, imply the solutions of (2) are defined ¥Vt and that
the following properties hold uniformly in tg > 0:

1. for each € > 0 there exists d > 0 such that

|[za(to)] < 0 = [|zallt, < max{e,y(|lwalls), v}

2. for each € > 0,1, €]0, Az and ny €10, Ay there
exists T' > 0 such that
{lza(to)| < nes Nwalleo <mw} =

||md||t0+T < max{e)'y(de”to)) V}'

We need the results which are listed with their sources:

vclillila 1 /14, LJ] LEbL (b~ U Wttt &6 T /Av. L) V \L) = b
implies DTV (t) < —a(V (t)) then there ezists 3 € KL
(independent of pu) with B(s,0) > s such that V(t) <
maX{ﬂ(V(tO),t - tO)nu’}

One of the main results in [14] is:

Theorem 1 [14] Suppose there exist ay,ay €
K, a continuous function V [—tq,00[xR™ —
R>0, Ye,Yw € G, az € K and nonnegative real num-
bers 6 < A such that

1. ar(Jz(t)]) < V(1) < ax(|z(t)]),

2. |z(t)] > max{ys(|lza(t)]), Yw(lwa(®)])} implies
that DTV (t) < —az(|z(t)]),

3. ailoazov,(s) <s, ford <s<A.

Let 8 € KL be as in the conclusion of Lemma 1 when
a = azoa, . Then the origin is uniformly ISS with
gain yy = al_l 0 (a3 © Yy, offset & and restriction
(A,,Ay) such that max{a;* (B(az(s1),0),w(s2)} <
A when s1 < Ay, 80 < Ay

Lemma 2 [2] Consider the system:
&= ®(x,u1,us) (3)

If the system (8) with us(t) = 0 is ISS with gain 7,,,
then there exists an m x m matriz G(z,uy) of smooth
functions, invertible for oll z € R™, uy € R?® that sat-
isfies G(x,u1) = Imyxm in a neighborhood of the origin,
and a function 7y, of class Koo such that the system

T = @(Z’,Ul, G(x)ul)UZ)

is ISS with gain (Yu,,Yu,). More precisely, there exist
ai,i = 1,2,3 functions of class-K such that a;(|z]) <
V(z) < az(|z]) and following holds:

lz()] > max{yy, (Ju1()]), Yo (lu2()])} = (4)
ov
%Q(a:,ul,G(a:,ul)w) < —0.5a5(|z(t)])
Finally, if vy, is class K, then the matriz G can be

chosen to be independent of uy.

3 ISS of sampled-data nonlinear systems

We show in this section how one of the main results
developed in [14], Theorem 1 above, can be used to an-
alyze ISS of nonlinear sampled-data systems. Consider
the nonlinear system

&= f(z,u,w) (5)
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u = uc(2) (6)

has been designed. Vectors z,u, and w denote respec-
tively the state, control input and disturbance. It is
assumed that f and wu. are locally Lipschitz. If the
controller (6) is implemented using the sampler and
zero order hold, that is,

ur(z,t) = uc(x(kT)),t € [kT,(k+1)T[,k=0,1,2,...
(7)

we obtain the closed loop system in the form:

i':f(mauT(mvt))w) (8)

To stress the presence of the time delay due to sampling
we rewrite (8) as

£(t) = f(z(t), uc(z(t — 7(1))), w) (9)
where 7(t) = t—kT,t € [kT, (k+1)T[is a time-varying
time delay. The digital control law (7) and the function
7(t) depend on the sampling period T and an impor-
tant question is: If the system (5), (6) is ISS, does there
exist a positive number T* > 0 such that for any sam-
pling interval T €]0,T*[, the system (9) is uniformly
ISS? The answer to this question is of practical signif-
icance in cases when the sampling rate can be chosen
by the designer.

Theorem 2 Suppose that the origin of the closed loop
(5, 6) is ISS with gain 5. Then, given arbitrary num-
bers 0 < & < A, there exists T* such that, for all
T €]0,T*], the origin of (9) is uniformly ISS with gain
7, nonzero offset § and nonzero restriction A.

Proof: Since the continuous time system:

T = f(a:,uc(:r),w)

is ISS, recall from Definition 1 that there exists an ISS
Lyapunov function V(z) such that a;(Jz]) < V(z) <
as(]z|) and :

o) > A(Jul) = G 1, ww), w) < ~as(ja).
In this case the corresponding gain is 4 := a; ' oag 0.
Consider now (9), (7) and write it as follows
H1) = F((t),uca®) + €D, w()  (10)
€0 = uelelt —(0)  uela(t)

Introduce the following |24(t)| = max,ej;—o7¢ |7(5)]-
Since u, is locally Lipschitz there exists a continuous
nondecreasing function L : R>9 — R>0, such that:

€@ < Llza@)])|2(t — 7(t) — z(t)] (11)
L(|x z(s),xz(s — 7(s)),w)ds
(lza(®)]) /tT(t)f( (s),z(s = 7(s)),w)

IN

DLce g s 1VCally  LApPsCLILZ, |7 (0] ~ 4, Ve alll

f(0,u.(0),0) = 0, there exist v;,~v5 € K such that

/t (t)f(:r(s),a:(s —71(s)),w)ds| <

T max{vy; (Jza(®)]), 5 (|lwa(?)|)}

and hence we can write

€@ < TL(|za(t)]) max{y (|za(®)]), v2 (lwa(£)])}-
(12)
|

Let us introduce a function p € K. Then if |z4(t)| >

p(lwq(t)]) from (12) it follows that

@) < TL(wa(t)]) max{~{ (lza(t)]), 75 (p~*
= T yi(lea(®)])

Otherwise, when |wq(t)| > p~1(|za(t)]), it follows from
(12) that

1§ < TL(p(|wa(t)|
= T (Jwa(t)])
Hence, we can write

€@ < Tmax{(|lza(®)]), 72 (lwa(t)])} (13)

where 1,7, € K. Since the system (5), (6) is ISS,
from Lemma 2 it follows that there exists a smooth,
invertible m x m matrix G and g € K such that the
system

z = f(m,uc(m) +G(:L’,’LU)9,U)) (14)
satisfies

lz(t)] > max{y(|6()]),y(lw®)])}
= V< —0.5a3(|z(t)]). (15)

The original system (9) can be written in form (14)
with § = G(z,w)~'¢, and this together with (13) im-
plies that there exist 7; and 7- such that

6()] < T max{y(|za(t)]), v2(lwa(t)])}- (16)

The functions =1, v, are arrived at using the same type
of argument used to construct 7{,~v5. We define ¥ € G
as Y(s) := max{yp(Ty2(s)),v(s)} and write

lz(t)] > max{ye(Ty(lza(®)]),¥(lwa(t)])}
= V< —0.5as(|z(t)]) (17)

Since 75 (0) = 0, for any positive §, A, there exists T >
0 such that for any T €]0,T[ we have

al_l oan 0ovg(Ty(s)) < s, Vs €]6,A] (18)

From Theorem 1 it follows that, given arbitrary offset ¢
and arbitrary restriction (A, A,), there exists 7' such
that if T' €]0, 77, then the origin of (9) is uniformly ISS

(lza(®)]))}

) max{"7 (p(|lwa(t)])), 75 (Jwa(t)])}
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can be found so that for any T' €]0,T*[ we have
Oé;l O (g © ')/g(T')/Q(Aw)) S 6

and we can replace a; ' o ap 04 with a; Loz oy =7,
which proves Theorem 2. Q.E.D.

Comment 1 If condition (18) is satisfied for all s >
0, then the origin of (9) is globally uniformly ISS. This
can happen if the system (5) is globally exponentially
stable and f and u. are globally Lipschitz. Then we
can find T* so that the system (9) is globally uniformly
ISS for any T €]0,T*], but the gain may have to change
near the origin and at infinity. Also, if ay, 2,7 and
1 in (18) are locally sector bounded gains, we can ren-
der the offset equal to zero by choosing small T, whereas
the restriction may still be finite.

The result of Theorem 2 can be applied when instead of
a static state feedback controller we design a dynamic
controller, and implement it digitally using some form
of approximation or numerical scheme. Suppose that
the continuous time plant:

z = flz,u,w)
y = h(x) (19)

has been rendered ISS with the use of the controller

9(2,y)

To illustrate our approach we assume that the digital
controller is implemented as follows:

1. y(kT),k =0,1,2,... is measured,

2. controller dynamics are approximated by the Eu-
ler discretization scheme and a zero order hold:

z2(k+1) = z(k)+Tg(z(k),y(k)), (21)
UT(Zay)t) = UC(Z(k)vy(k))) te [kT, (k + l)T[

We have a result analogous to Theorem 2:

Theorem 3 If the closed loop system (19), (20) is ISS
with a gain 7, then given arbitrary numbers 0 < § < A,
there exists a positive number T* > 0 such that for any
sampling period T €]0,T*[ the closed loop system (19),
(21) is uniformly ISS with gain 7, nonzero offset § and
restriction A.

Proof of Theorem 3: We introduce the notation n =
(@ 2)T, F(n,u,w) = (f7 (2, u,w) g™ (n))" and with

LHE COLLLOL Wel /) LHE CIOUSEU 1VOVP SysLelll DELULLIES 100.

ay(|n) < V(n) < ax(|nl) (22)

ov
Inl > y(lw]) = a—nF(ﬁ,Uc(W),w) < —az(|nl)
where the gain is ¥ = aj ' o ag 0 7.

The closed loop system (19), (21) is first written in the
form:

a(t) = fle),uc(z(t —7(t)),y(t = 7(t))), w(t))

it) = g(z(t—7(),y(t —7(2))) (23)
where 7(t) = t—kT,t € [T, (k+1)T[is a time varying
time delay. The first equation in (23) is obtained by
noting that z(t — 7(t)) = z(kT),t € [kT,(k + 1)T[ and
by integrating the second equation in (23) over one
sampling interval we obtain (21). The equation can be
rewritten as:

e(t) = [fla),u(z(t),y(t) + & (1), w(t))
9(z(t),y(1)) + & (1) (24)

where

§@) = ue(z(t—7(t),yt —7(t)) —uc(2(t),y(t))

&) = g(z(t—7(t),y(t —71(t)) —g(2(t),y(t))
(25)

(&l &), the

and if we introduce the new variable £ =
equation (24) can be written in the form

(t) = @(n(t),§(t), w(t))- (26)
From Lemma (2) and the fact that the continuous time
closed loop system (19), (20) is ISS, i.e., (26) with
&(t) = 0 is ISS, we know that there exists a smooth
invertible G(n,w) and ¢ € K& such that the system

(t) = (1), G(n(t), w®)E@), w(t))  (27)

satisfies

Il = max{ye([£(H)]),v(lw(®)])}
=V < —0.503(|n(t))) (28)

Using (25) and (28) and following the steps of the proof
of Theorem 2, the proof is completed. Q.E.D.

4 Further generalizations and related results

Results similar to Theorems 2 and 3 can be proved for
more general situations:

1. The controller discrete-time approximation is not
Euler as in Theorem 3 but some higher order ap-
proximation of controller dynamics (see for in-
stance [10] for such formulas for a class of non-
linear systems) or obtained using some other nu-
merical schemes, such as Runge-Kutta.
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stead of the zero order hold, such as

wg) = (kD)) + L (o (w(kT))

—uc(z((k —1)T))) (29)

We sketch below a general approach to all such prob-
lems. The first step is to write a functional differ-
ential equation with time varying delay whose solu-
tion coincides with the solution of the sampled-data
nonlinear system (for example in Theorem 3 it is
the equation (23) ). The form of the equation de-
pends on the approximation scheme we use for the
controller dynamics and the type of the hold device
which we use. In general, however, we obtain the
closed loop system of the form (26) where 1 includes
both plant and controller states and £ is the vec-
tor of “new” disturbances. Since we know that the
continuous time system 7 = ®(7,0,w) is ISS, using
Lemma 2 it follows that the system (27) is uniformly
ISS with respect to w and £. Also, the bound of
the form |¢| < Tmax{y(|za(t)]),v2(|wa(t)])} can be
obtained, where T is sampling period and |z4(t)] =
mMaXselt,t—nT| lz(s)], |wa(t)] = MmaXse(t,t—nT][ lw(s)],
and the integer n depends directly on the type of hold
function and the approximation scheme we use for the
controller. Finally, Theorem 1 is invoked to show that
given arbitrary 0 < § < A, there exists T* > 0 such
that for any sampling period T' €]0,7*[, the system
(26) is uniformly ISS with the same gain, offset § and
restriction A.

In Theorems 2 and 3 we have not addressed the rate
of convergence of the state of the sampled system, al-
though this information can be obtained in certain sit-
uations. Consider, for instance, the case of conver-
gence to the origin, i.e., w = 0, and suppose we can
choose the sampling period T' > 0 such that, there ex-
ist 1 >A>0,K >0,a >0 such that for all t; > 0 the
following holds

[2a(t)] < max{KeC0) z,4(t0)], MlJwal ey}t > to.
(30)
at least for |z4(t)| sufficiently small.

This would be the case if the origin of the continuous
time closed loop system (when T = 0) is locally expo-
nentially stable and then 7" > 0 is chosen sufficiently
small for the sampled system. It immediately follows
from the proof technique in [14] that

lzallee < Klzalto)l,

i.e., we have uniform stability. For an estimate of the
rate of convergence, let ¢; be such that Ke=%ft = ).
Using (30) for ¢ = ¢ + t; we obtain that

[wa(F+2)] < max{K e =10 ()], Alleal 1o}, > to-

4 11eltlule, WL lldvo

sup [z4(t +11)] = sup |za(s)] =
t>to s>t1+to
zalltg+e, < max{A|za(to)], Allzalle, }
= Alzalle (31)

and so we can write

zallty+nts < A*[|zalls,

for each positive integer n. Define b = —zIn . Let
t be given and let n be the largest integer such that
to + nt; < t, that is to + (n + 1)t; > t. The following
standard argument is similar to that used in [7, pp.
194-195]:

lza(®)] < lalliorne, < A*||zalle
= AN |zl

t—t
< AN |zl
t=ty
= AT Yl
t—t
= Ao el
< Alemtt) Ky (). (32)

This proves exponential convergence of the states of the
sampled system. A similar statement can be proved for
the ISS stability but then we have exponential conver-
gence to a ball whose diameter depends on the L.,
norm of disturbances.

Using Theorem 2 for disturbance-free case w = 0 and
the above given arguments we can recover, for exam-
ple, Corollary 3 in [3] which was given for the follow-
ing set-up. A linear plant P, with minimal realization
(Ap,bp, cp) is controlled using an output dynamic linear
controller K., whose minimal realization is (A, b, ¢k )-
The resulting system is given by:

& = Apr+bp(cexz)
= Apz+bp(cpx)
Ue = Cp2 (33)

and in the implementation the control signal c,z is
sampled whereas the signal ¢,z is implemented using a
zero order hold device (it is piecewise constant). The
following result is stated in [3], and now it can be de-
rived as a consequence of our results:

Corollary 1 If (P, K.) is stable, there exists a posi-
tive number T such that the state of the sampled-data
system converges exponentially for every T €]0,T™*].

5 Summary

Theorem 3 is very important for applications since in
the nonlinear context the controller design is usually
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mentation of a nonlinear controller usually requires
some form of approximate discretization. The fact
that for fast sampling and even with the simplest Eu-
ler approximation of the controller dynamics we have
semiglobal practical stability of the sampled-data sys-
tem motivates implementation of such algorithms in
cases when sampling rate is a design parameter. We
remar there are cases when Euler discretization of the
dynamic controller may yield global stability, as proved
for the special case of a current-fed induction motor in
[12].

Finally, if the bounds on the sampling rate are to be
found from our method, the obtained estimates may be
conservative. Obtaining less conservative estimates for
the domain of attraction of the sampled-data system
and/or the sampling rate appear to be important issues
which should be addressed in future research.
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