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Abstract

To succeed in mathematics, middle-years’ students must move from additive to multiplicative thinking and
from arithmetic calculations to generalised algebraic reasoning. This thesis’ focus on fractions gives insight
into 607 middle-years students’ solution strategies and the potential to prompt algebraic thinking and
reasoning as they attempted two paper and pencil assessments: The Fraction Screening Test (FST) and the
Algebraic Thinking Questionnaire (ATQ). Analysis of the results has revealed that students exhibit many
previously reported misconceptions. For example, students ordered fractions by size of denominator or by
the difference between the numerator and denominator (gap thinkers). While many students struggled with
the ATQ, which focussed on multiplication and division of whole numbers, fractions and decimals, others
demonstrated their understanding about equivalence which is an important component of algebraic
reasoning.

A revised version of the FST included 'reverse fraction' tasks, so named because they require students to
find the number of objects in the whole collection when given the number of objects representing a
particular fraction. Analysis of student responses to both tests, in conjunction with these additional items,
provided new insights revealing evidence of emerging algebraic reasoning.

A semi-structured interview was constructed using reverse fraction tasks similar to those in the FST. The
interview questions included the same three fractions but with variations. These variations included changes
of the number of objects, the more generalised situation with 'any number' of objects; and if students were
successful with 'any number' concluded with the generalised question of 'any fraction' and 'any number' of
objects. All 43 students interviewed had successfully solved at least two of the three reverse fraction tasks
on the written version of the revised FST. Descriptions of nine case study students are included to highlight
the range of strategies students used in their written tests and those elaborated during their interview.
Detailed analysis of the strategies used to solve the three reverse fractions has allowed the development of
two new frameworks for classifying student strategies. The first, the Framework for Reverse Fraction
Tasks, assists the classification of students’ solution strategies for the reverse fraction tasks for both the
written assessment and the interview questions as being: diagram dependent, additive, or partially, fully or
advanced multiplicative. This framework highlights the importance of presenting fraction tasks where
students need to calculate the whole from the given fractional part, length or number of objects as well as
finding parts of a whole length, area or collection. The second, the Emerging Algebraic Reasoning
Framework, monitors the extent to which students exhibit emerging algebraic reasoning when opportunities
for generalised responses are prompted, as for the questions in the Structured Interview. These two
frameworks highlight the connection between middle-years students' fractional competence and reasoning
and emerging evidence of algebraic reasoning. The frameworks enable teachers to identify the strategies
students use to solve reverse fraction tasks, and then monitor their students' progress by giving clear
suggestions about what is needed to move to the next level. The new test items and frameworks add to

mathematics teachers’ tools for formative assessment.
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Preface

As the thesis research developed and pilot studies were conducted, preliminary results were
published in peer-reviewed national and international conference proceedings. The process of
peer review of these conference papers and comments from conference attendees contributed
significantly to the focus and consequent depth of the thesis. The individual contributions of the

publications to the overall thesis is described below.

1. Pearn, C., & Stephens, M. (2015a). Strategies for solving fraction tasks and their link to
algebraic thinking. In M. Marshman, V. Geiger, & A. Bennison (Eds.), Mathematics
Education in the Margins. (Proceedings of the 38th Annual Conference of the Mathematics
Education Research Group of Australasia, pp. 493-500). Sunshine Coast, Australia: MERGA

This peer reviewed conference paper discusses the links to the Lee and Hackenberg interview

tasks (2014) which is discussed in Section 2.3 and introduces Pilot Study 1 where 67 students

trialled the revised Fraction Screening Test to be used in the main study. Pilot Study 1 is discussed

in detail in Section 3.3.

The first-named author contributed approximately 70% and the second-named author contributed

approximately 30% towards the preparation of this 2015 MERGA conference paper.

2. Pearn, C., & Stephens, M. (2015b). The importance of fractional thinking as a bridge to
algebraic reasoning. In N. Davis, K. Manuel & T. Spencer (Eds.), Mathematics: learn, lead,
link. (Proceedings of the 25th Biennial Conference of the Australian Association of
Mathematics Teachers Inc., pp. 103-111). Adelaide, Australia: AAMT

This peer reviewed conference paper introduces Pilot Study 2 where 18 students trialled the three

reverse fraction tasks (Tasks C5, C6 and C7) from the Fraction Screening Test and either the

multiplication or division parts of the Algebraic Thinking Questionnaire to be used in the main

study. Pilot Study 2 is discussed in detail in Section 3.4.

The first-named author contributed approximately 70% and the second-named author contributed

approximately 30% towards the preparation of this 2015 AAMT conference paper.

3. Pearn, C., & Stephens, M. (2016). Competence with fractions in fifth or sixth grade as a
unique predictor of algebraic thinking? In B. White, M. Chinnappan, & S. Trenholm (Eds.),
Opening up mathematics education research. (Proceedings of the 39th Annual Conference of
the Mathematics Education Research Group of Australasia, pp. 519-526). Adelaide,
Australia;: MERGA.
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This peer reviewed conference paper is a summary of the results from 162 Years 5 and 6 students
from three schools. These are a subset of students from the main study. Overall scores are
compared for both the Fraction Screening Test, and the Algebraic Thinking Questionnaire, but
this form of analysis was not used for the whole student cohort in the main study.

The first-named author contributed approximately 65% and the second-named author contributed

approximately 35% towards the preparation of this 2016 MERGA conference paper.

4. Pearn, C., & Stephens, M. (2017). Generalising fraction structures as a means for engaging
in algebraic thinking. In A. Downton, S. Livy & J. Hall (Eds.), 40 years on: We are still
learning. (Proceedings of the 40™ Annual Conference of Mathematics Education Research
Group of Australasia, pp. 405-412). Adelaide, Australia: MERGA.

This peer reviewed conference paper discusses the results of 45 Year 5 and Year 6 students from

one primary school and includes an initial classification for the three reverse fraction tasks (C5,

C6 and C7) shown in Figure 3.7. For the final classification for the reverse fraction tasks see

Section 4.3.2. This paper introduces the interview protocol discussed in Section 4.5 and the initial

Scoring Framework discussed in Section 4.5.5.

The first-named author contributed approximately 60% and the second-named author contributed

approximately 40% towards the preparation of this 2017 MERGA conference paper.

5. Pearn, C., Pierce, R., & Stephens, M. (2017a). Questions to reveal and guide fractional
thinking. In V. Barker (Ed.), Capital Maths. (Proceedings of the 26th Biennial Conference of
the Australian Association of Mathematics Teachers Inc., pp. 125-322). Adelaide, Australia:
AAMT.

This peer reviewed conference paper discusses the results of a subset of 570 students from the

main study (607 students) for a subset of five fraction tasks from the Fraction Screening Test. The

results for all Fraction Screening Test tasks are discussed in detail in Section 5.1.

The first-named author contributed approximately 60% and the second- and third-named authors

contributed approximately 20% each towards the preparation of this 2017 AAMT conference
paper.

6. Pearn, C., Pierce, R., & Stephens, M. (2017b). Reverse fraction tasks reveal algebraic
thinking. In B. Kaur, W. K. Ho, T. L. Toh, & B. H. Choy (Eds.), Proceedings of the 41"
Conference of the International Group for the Psychology of Mathematics Education. (Vol 4
pp. 1-8) Singapore: PME.

This peer reviewed conference paper discusses the 117 Year 8 students’ responses to the three

reverse fraction tasks with a second revised solution method framework for these tasks which was
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further revised and shown in Section 4.3.2. The final results for the three reverse fraction tasks
are included in Section 5.1.4.
The first-named author contributed approximately 60% and the second- and third-named authors

contributed approximately 20% each towards the preparation of this 2017 PME conference paper.

7. Pearn, C., & Stephens, M. (2018). Generalizing fractional structures: A critical precursor to
Algebraic Thinking. In C. Kieran (Ed.), Teaching and Learning algebraic thinking with 5 —
to 12-year olds: The global evolution of an emerging field of research and practice. (pp. 237-
260). Cham, Switzerland: Springer.

This peer reviewed chapter summarises several sections in the thesis. These include:

1.1 The Australian Context

2.3 Links between fraction competence and algebra

3.4 Pilot Study 2

3.6 Consultation with some experts

4.5 The Structured Interview

The first-named author contributed approximately 65% and the second-named author contributed

approximately 35% towards the preparation of this 2018 chapter.

8. Pearn, C., Stephens, M., & Pierce, R. (2018a). Diagram effective or diagram dependent? In
J. Hunter, L. Darragh, & P. Perfer, (Eds.), Making Waves, Opening Spaces. (Proceedings of
the 41st Annual Conference of the Mathematics Education Research Group of Australasia.
pp. 631-638). Auckland, NZ: MERGA.

This peer reviewed conference paper focuses on two students who depended on diagrammatic

representations in both the Fraction Screening Test and the Structured Interview. A more detailed

description for each of these students is given in case study Sections 7.1 and 7.2 in Chapter 7.

The first-named author contributed approximately 60% and the second-named author contributed

approximately 30% and the third-named author contributed 10% towards the preparation of this

2018 MERGA conference paper.

9. Pearn, C., Stephens, M., & Pierce, R. (2018b). Interviews reveal Year 8 students’ struggle to
generalise solutions to reverse fraction tasks. In F. J. Hsieh (Ed). /ICMI-EARCOME 8§
Proceedings of the 8th ICMI-East Asia Regional Conference on Mathematics Education. (pp.
215-226). Taipei, Taiwan: ICME.

This peer reviewed conference paper includes the Year 8 students’ results for the three reverse

fraction tasks using the final classification (See Section 5.1.4). The results of the first three

interview tasks for 26 Year 8 students are classified according to the Classification Framework
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for Reverse Fraction Tasks given in Table 5.15. One Year 8 student’s responses to the three
reverse fraction tasks and the first five questions of the Structured Interview are discussed. This
student’s results are discussed in more detail in Section 7.1.

The first-named author contributed approximately 65% and the second-named author contributed
approximately 25% and the third-named author contributed 10% towards the preparation of this
2018 ICMI-EARCOME & conference paper.

10. Pearn, C., Stephens, M., & Pierce, R. (2019). Monitoring and prompting emergent algebraic
reasoning in the middle years: Using reverse fraction tasks. In G. Hine, S. Blackley & A.
Cooke (Eds.), Mathematics Education Research Impacting Practice. (Proceedings of the 42™
Annual Conference of The Mathematical Research Group of Australasia. pp. 564-571) Perth,
Australia;: MERGA.

This peer reviewed paper summarises the two paper and pencil instruments (Sections 4.3 and 4.4)

and the Structured Interview (Section 4.5). The relationship between the results for the two paper

and pencil instruments for all students in the main study are graphed. The two important
frameworks are presented: The Framework for Reverse Fraction Strategies (Table 5.15) and The

Emerging Algebraic Reasoning Framework (Table 6.12) and discussed in more detail in Section

8.7.

The first-named author contributed approximately 70% and the second-named author contributed

approximately 20% and the third-named author contributed 10% towards the preparation of this

2019 MERGA conference paper.

11. Pearn, C., Stephens, M., Zhang, Q., & Pierce, R. (2019). Identifying emerging algebraic
reasoning. In M. Graven, H. Venkat, A. Essien, & P. Vale, (Eds.), Proceedings of the 43"
Conference of the International Group for the Psychology of Mathematics Education. (Vol
2, pp- 201-208). Pretoria, South Africa: PME.

This peer reviewed conference paper compared the results of the 17 Australian and 12 Chinese

primary students who completed the three reverse fraction tasks and were interviewed. Results

from this exploratory study confirmed that the The Framework for Reverse Fraction Strategies

(Table 5.15) could be used to analyse the results from the three reverse fraction tasks and each

of the questions in the Structured Interview and that both Chinese and Australian students could

be placed on a level of The Emerging Algebraic Reasoning Framework (Table 6.11.)

The first-named author contributed approximately 60% and the second-named author contributed

approximately 20% while the other two authors contributed 10% each towards the preparation of

this 2019 PME conference paper.
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The publications that informed and reshaped the individual chapters of this thesis are provided in

the following Table.

Chapter

Relevant publication(s)

1. Introduction

Pearn, C., & Stephens, M. (2018). Generalizing fractional structures:
A critical precursor to Algebraic Thinking. In C. Kieran (Ed.),
Teaching and Learning algebraic thinking with 5 — to 12-year olds:
The global evolution of an emerging field of research and practice.
(pp. 237-260). Cham, Switzerland: Springer.

2. Literature review

Pearn, C., & Stephens, M. (2015a). Strategies for solving fraction tasks
and their link to algebraic thinking. In M. Marshman, V. Geiger, & A.
Bennison (Eds.), Mathematics Education in the Margins. (Proceedings
of the 38th Annual Conference of the Mathematics Education
Research Group of Australasia, pp. 493-500). Sunshine Coast,
Australia: MERGA

Pearn, C., & Stephens, M. (2018). Generalizing fractional structures:
A critical precursor to Algebraic Thinking. In C. Kieran (Ed.),
Teaching and Learning algebraic thinking with 5 — to 12-year olds:
The global evolution of an emerging field of research and practice.
(pp. 237-260). Cham, Switzerland: Springer.

3. Methodology and trial
of instruments

Pearn, C., & Stephens, M. (2015a). Strategies for solving fraction tasks
and their link to algebraic thinking. In M. Marshman, V. Geiger, & A.
Bennison (Eds.), Mathematics Education in the Margins. (Proceedings
of the 38th Annual Conference of the Mathematics Education
Research Group of Australasia, pp. 493-500). Sunshine Coast,
Australia: MERGA

Pearn, C., & Stephens, M. (2015b). The importance of fractional
thinking as a bridge to algebraic reasoning. In N. Davis, K. Manuel &
T. Spencer (Eds.), Mathematics: learn, lead, link. (Proceedings of the
25th Biennial Conference of the Australian Association of
Mathematics Teachers Inc., pp. 103-111). Adelaide, Australia: AAMT

Pearn, C., & Stephens, M. (2018). Generalizing fractional structures:
A critical precursor to Algebraic Thinking. In C. Kieran (Ed.),
Teaching and Learning algebraic thinking with 5 — to 12-year olds:
The global evolution of an emerging field of research and practice.
(pp. 237-260). Cham, Switzerland: Springer.

4. Main study method

Pearn, C., & Stephens, M. (2017). Generalising fraction structures as
a means for engaging in algebraic thinking. In A. Downton, S. Livy &
J. Hall (Eds.), 40 years on: We are still learning. (Proceedings of the
40 Annual Conference of Mathematics Education Research Group of
Australasia, pp. 405-412). Adelaide, Australia: MERGA.
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Pearn, C., Pierce, R., & Stephens, M. (2017b). Reverse fraction tasks
reveal algebraic thinking. In B. Kaur, W. K. Ho, T. L. Toh, & B. H.
Choy (Eds.), Proceedings of the 41*" Conference of the International
Group for the Psychology of Mathematics Education. (Vol 4 pp. 1-8)
Singapore: PME.

Pearn, C., & Stephens, M. (2018). Generalizing fractional structures:
A critical precursor to Algebraic Thinking. In C. Kieran (Ed.),
Teaching and Learning algebraic thinking with 5 — to 12-year olds:
The global evolution of an emerging field of research and practice.
(pp. 237-260). Cham, Switzerland: Springer.

Pearn, C., Stephens, M., & Pierce, R. (2019). Monitoring and
prompting emergent algebraic reasoning in the middle years: Using
reverse fraction tasks. In G. Hine, S. Blackley, & A. Cooke (Eds.),
Mathematics Education Research Impacting Practice. (Proceedings of
the 42" Annual Conference of The Mathematical Research Group of
Australasia. pp. 564-571) Perth, Australia: MERGA.

5.

Exploratory analysis of
paper and pencil
assessment results

Pearn, C., & Stephens, M. (2016). Competence with fractions in fifth
or sixth grade as a unique predictor of algebraic thinking? In B. White,
M. Chinnappan, & S. Trenholm (Eds.), Opening up mathematics
education research. (Proceedings of the 39th Annual Conference of
the Mathematics Education Research Group of Australasia, pp. 519-
526). Adelaide, Australia: MERGA.

Pearn, C., Pierce, R., & Stephens, M. (2017a). Questions to reveal and
guide fractional thinking. In V. Barker (Ed.), Capital Maths.
(Proceedings of the 26th Biennial Conference of the Australian
Association of Mathematics Teachers Inc., pp. 125-322). Adelaide,
Australia: AAMT.

Pearn, C., Stephens, M., & Pierce, R. (2018b). Interviews reveal Year
8 students’ struggle to generalise solutions to reverse fraction tasks. In
F. J. Hsieh (Ed.), ICMI-EARCOME 8 Proceedings of the 8th ICMI-
East Asia Regional Conference on Mathematics Education. (pp. 215-
226). Taipei, Taiwan: ICME.

Pearn, C., Stephens, M., & Pierce, R. (2019). Monitoring and
prompting emergent algebraic reasoning in the middle years: Using
reverse fraction tasks. In G. Hine, S. Blackley, & A. Cooke (Eds.),
Mathematics Education Research Impacting Practice. (Proceedings of
the 42" Annual Conference of The Mathematical Research Group of
Australasia. pp. 564-571) Perth, Australia: MERGA.

Pearn, C., Stephens, M., Zhang, Q., & Pierce, R. (2019). Identifying
emerging algebraic reasoning. In M. Graven, H. Venkat, A. Essien, &
P. Vale, (Eds.), Proceedings of the 43 Conference of the
International Group for the Psychology of Mathematics Education.
(Vol 2, pp. 201-208). Pretoria, South Africa: PME.
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6. Results from the Pearn, C., Stephens, M., & Pierce, R. (2018a). Diagram effective or

Structured Interview diagram dependent? In J. Hunter, L. Darragh, & P. Perfer, (Eds.),
Making Waves, Opening Spaces. (Proceedings of the 41st Annual
Conference of the Mathematics Education Research Group of
Australasia. pp. 631-638). Auckland, NZ: MERGA.

Pearn, C., Stephens, M., & Pierce, R. (2019). Monitoring and
prompting emergent algebraic reasoning in the middle years: Using
reverse fraction tasks. In G. Hine, S. Blackley, & A. Cooke (Eds.),
Mathematics Education Research Impacting Practice. (Proceedings of
the 42" Annual Conference of The Mathematical Research Group of
Australasia. pp. 564-571) Perth, Australia: MERGA.

Pearn, C., Stephens, M., Zhang, Q. & Pierce, R. (2019). Identifying
emerging algebraic reasoning. In M. Graven, H. Venkat, A. Essien, &
P. Vale, (Eds.), Proceedings of the 43 Conference of the
International Group for the Psychology of Mathematics Education.
(Vol 2, pp. 201-208). Pretoria, South Africa: PME.

7. Case Studies Pearn, C., Stephens, M., & Pierce, R. (2018a). Diagram effective or
diagram dependent? In J. Hunter, L. Darragh, & P. Perfer, (Eds.),
Making Waves, Opening Spaces. (Proceedings of the 41st Annual
Conference of the Mathematics Education Research Group of
Australasia. pp. 631-638). Auckland, NZ: MERGA.

Pearn, C., Stephens, M., & Pierce, R. (2018b). Interviews reveal Year
8 students’ struggle to generalise solutions to reverse fraction tasks. In
F.J. Hsieh (Ed). ICMI-EARCOME 8 Proceedings of the 8th ICMI-East
Asia Regional Conference on Mathematics Education. (pp. 215-226).
Taipei, Taiwan: ICME.
8. Discussing the research | Pearn, C., Stephens, M., & Pierce, R. (2019). Monitoring and
questions prompting emergent algebraic reasoning in the middle years: Using
reverse fraction tasks. In G. Hine, S. Blackley, & A. Cooke (Eds.),
Mathematics Education Research Impacting Practice. (Proceedings of
the 42" Annual Conference of The Mathematical Research Group of
Australasia. pp. 564-571) Perth, Australia: MERGA.
9. Conclusion and Pearn, C., Stephens, M. & Pierce, R. (2019). Monitoring and
implications prompting emergent algebraic reasoning in the middle years: Using
reverse fraction tasks. In G. Hine, S. Blackley, & A. Cooke (Eds.),
Mathematics Education Research Impacting Practice. (Proceedings of
the 42" Annual Conference of The Mathematical Research Group of
Australasia. pp. 564-571) Perth, Australia: MERGA.
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Chapter 1: Introduction

To succeed in mathematics, middle-years students must move from additive to multiplicative
thinking and from arithmetic calculations to generalised algebraic reasoning. Jacobs, Franke,
Carpenter, Levi, and Battey (2007) emphasise the need to “facilitate students’ transition to the
formal study of algebra in the later grades (of the elementary school) so that no distinct boundary
exists between arithmetic and algebra” (p.261). The National Mathematics Advisory Panel
(NMAP, 2008) in the USA stated that the conceptual understanding of fractions, and fluency in
solving fraction problems, are central goals of students’ mathematical development and are the
critical foundations for algebraic learning. Monitoring and prompting students’ progress along

this learning trajectory is one of the challenges for middle years’ mathematics teaching.

Student solutions to fractional tasks can take many forms. Solutions can be diagrammatic e.g.
when asked to demonstrate what one-half looks like students may draw a shape with one of two
equal parts shaded or draw a collection of small shapes and circle one-half of these shapes.
Subsequently some students learn that they can use multiplicative operations to calculate a
fractional part of a given whole e.g. to find two-thirds of 12 objects they may find one-third of 12
that is 4 and then double it to get 8 (See for example, Stephens & Pearn, 2003).

However, many students appear to find it more difficult to find the number of objects in the whole
group if given the number of objects in a specified part (Pearn & Stephens, 2007). In simple cases,
such as where the known part of objects represents a unit fraction, repeated addition or
multiplication can be used to find the unknown whole using either concrete materials, diagrams
or mental calculations. For example, if students were told that there were four apples left in a box
and this was one-half of the apples that were in box at the beginning of the day many would
double four and state correctly that there were eight apples at the beginning of the day. However,
these procedures become more difficult to undertake when the known part represents a proper or
improper fraction of the unknown whole. This research will focus on the types of fraction
problems that require more sophisticated multiplicative thinking (usually involving both

multiplication and division) to find the unknown whole.

Some of the methods used by students to solve these latter problems seem to anticipate or mimic

those algebraic methods that are required to solve equations of the form %(x) = c. Algebraic

reasoning in this study is not evidenced by students setting up and solving algebraic equations of
the type mentioned previously. However, student thinking can be described as algebraic or
emerging algebraic, if, when presented with a specific problem, they reason in one or more of the
following ways. First, for example, when told that the known part is %/; of the unknown whole,

they reason that: “I need to find '/; and I can do this by dividing the known part by two, and then



to find 7/; I need to multiply this new part by 7 to find how many make up the whole.” Some
students will complete this task using a sequence of division and multiplication operations; and
sometimes these may be expressed in idiosyncratic ways, but the algebraic thinking is clear.
Alternatively, some students argue that if the known part is %/ of an unknown whole, the quantity
representing the known part must be multiplied by /> to find the whole. These kinds of numerical
representations closely mirror what students need to do to solve /7 (x) = 16 or some given number.
In this study these problems will be referred to as “reverse fraction problems” to distinguish them
from those more familiar problems where students are asked to find fractional parts of a known

whole. Reverse fraction problems cannot be solved only by using additive methods.

For the study described in this thesis algebraic thinking or reasoning is defined in terms of
students’ capacity to identify an equivalence relationship between a given collection of objects
and the fraction this collection represents of an unknown whole, and then to operate
multiplicatively on both in order to find the whole. This definition has been derived from an
investigation of the literature as discussed in Chapter 2 and in consultation with current subject

experts which is discussed in Chapter 3.

1.1 The Australian Context

The Australian Curriculum: Mathematics (ACARA, 2018) includes three content strands which
describe what is to be taught: Number and Algebra, Measurement and Geometry, and Statistics

and Probability. According to the rationale for the curriculum document on the ACARA website:

The Australian Curriculum: Mathematics provides students with essential mathematical
skills and knowledge in number and algebra, measurement and geometry, and statistics
and probability. It develops the numeracy capabilities that all students need in their
personal, work and civic life, and provides the fundamentals on which mathematical

specialties and professional applications of mathematics are built.

Each content stand has several sub-strands. Under each sub-strand are numerous content
descriptions which are included to illustrate the sequence of concept development across year
levels. Table 1.1 includes the sub-strands for the Number and Algebra strand, the year levels for
which they are designed, and one example of a Year 6 content description for that sub-strand.
There are no content descriptions for two of the sub-strands, Real numbers and Linear and non-

linear relationships, as these topics are only introduced at Year 7.



Table 1-1: The sub-strands for Number and Algebra Strand (ACARA, 2018)

Sub-strands Example of Year 6 Content Descriptions for each sub-strand
Number and Place Select and apply efficient mental and written strategies and appropriate digital
Value (F - 8) technologies to solve problems involving all four operations with whole

numbers (ACMNA123)
Fractions and decimals ~ Compare fractions with related denominators and locate and represent them

(1- 6) on a number line (ACMNA)
Real numbers (7 - 10) n/a
Money and financial Investigate and calculate percentage discounts of 10%, 25% and 50% on sale

mathematics (1 - 10) items, with and without digital technologies (ACMNA132)

Patterns and algebra (F~ Continue and create sequences involving whole numbers, fractions and
- 10) decimals. Describe the rule used to create the sequence (ACMNA 133)
Linear and non-linear n/a

relationships (7 - 10)

In addition to the three content strands the Australian Curriculum: Mathematics (ACARA, 2018)
includes four proficiency strands that describe how the mathematical content is developed and
the actions in which students can engage when learning and using the content of the Australian
Curriculum: Mathematics. The four proficiencies: Understanding, Fluency, Problem-
solving and Reasoning provide the language to build in the developmental aspects of the learning
of mathematics. The proficiencies reinforce the significance of working mathematically within
the content and describe how the content is explored or developed. Table 1.2 documents the
descriptions of the four proficiencies as given in the Key Ideas document from the Australian
Curriculum: Mathematics (ACARA, 2018 retrieved 18th October 2019 from

https://www.australiancurriculum.edu.au/f-10-curriculum/mathematics/key-ideas/).

Table 1-2: Descriptions of Proficiencies (Australian Curriculum: Mathematics, ACARA, 2018)

Proficiency Description as given in Key Ideas (ACARA, 2018)

Understanding Students build a robust knowledge of adaptable and transferable mathematical
concepts. They make connections between related concepts and progressively apply
the familiar to develop new ideas. They develop an understanding of the relationship
between the ‘why’ and the ‘how’ of mathematics. Students build understanding when
they connect related ideas, when they represent concepts in different ways, when they
identify commonalities and differences between aspects of content, when they
describe their thinking mathematically and when they interpret mathematical
information.

Fluency Students develop skills in choosing appropriate procedures; carrying out procedures
flexibly, accurately, efficiently and appropriately; and recalling factual knowledge
and concepts readily. Students are fluent when they calculate answers efficiently,
when they recognise robust ways of answering questions, when they choose
appropriate methods and approximations, when they recall definitions and regularly
use facts, and when they can manipulate expressions and equations to find solutions.



Problem

Solving

Reasoning

Students develop the ability to make choices, interpret, formulate, model and
investigate problem situations, and communicate solutions effectively. Students
formulate and solve problems when they use mathematics to represent unfamiliar or
meaningful situations, when they design investigations and plan their approaches,
when they apply their existing strategies to seek solutions, and when they verify that
their answers are reasonable.

Students develop an increasingly sophisticated capacity for logical thought and
actions, such as analysing, proving, evaluating, explaining, inferring, justifying and
generalising. Students are reasoning mathematically when they explain their
thinking, when they deduce and justify strategies used and conclusions reached, when
they adapt the known to the unknown, when they transfer learning from one context
to another, when they prove that something is true or false, and when they compare
and contrast related ideas and explain their choices.

Table 1.3 documents the proficiencies for Years 5, 6, and 8 that relate to the topics of fractions

and algebra. Year 7 proficiencies have not been included in Table 1.3 as no Year 7 students

participated in this research. Year 9 is not included in this table as none of the Year 9 elaborations

of the proficiencies are specifically focused on either fractions or algebraic reasoning.

Table 1-3: Examples of proficiencies for Years 5, 6 and 8 (ACARA, 2018)

Proficiencies Year 5 Year 6 Year 8
Understanding  includes making includes representing includes identifying
connections between fractions and decimals in ~ commonalities between
representations of various ways and operations with algebra
numbers describing connections and arithmetic
comparing and ordering between them
fractions and decimals and
representing them in
various ways
Fluency includes using estimation  includes representing recognising equivalence
to check the integers on a number line  of common decimals and
reasonableness of answers  converting between fractions factorising and
to calculations fractions and decimals simplifying basic
using operations with algebraic expressions
fractions, decimals and
percentages
Problem includes formulating and includes formulating and includes formulating and
Solving solving authentic solving authentic modelling practical
problems using whole problems using fractions,  situations involving ratios
numbers decimals, percentages
Reasoning includes investigating includes explaining includes justifying the

strategies to perform
calculations efficiently
continuing patterns
involving fractions and
decimals

mental strategies for
performing calculations
describing results for
continuing number
sequences

result of a calculation or
estimation as reasonable




The specific Content Descriptions for the sub-strands Fractions and Decimals and Patterns and
Algebra, from the Number and Algebra strand of the Australian Curriculum: Mathematics
(ACARA, 2016) are shown in Table 1.4. These are the Content Descriptions for both sub-strands
that should have been implemented by teachers at the time this research was conducted. The

content descriptions in the left-hand column of Table 1.4 have also been reported in Pearn, Pierce

and Stephens (2017a) and a subset of both columns given in Pearn and Stephens (2017; 2018).

Table 1-4: Examples of Australian Curriculum: Mathematics sub-strands (ACARA, 2018)

Year

Fractions and Decimals

Pattern and Algebra

Compare and order common unit fractions and

Describe, continue and create patterns with

locate and represent them on a number line fractions, decimals and whole numbers
(ACMNA102) resulting from addition and subtraction
(ACMNAL07)

5 Investigate strategies to solve problems Find unknown quantities in number sentences
involving addition and subtraction of fractions involving multiplication and division and
with the same denominator (ACMNA103) identify  equivalent number sentences

involving  multiplication and  division
(ACMNAI121)
Compare fractions with related denominators
and locate and represent them on a number line Continue and create sequences involving
(ACMNA125) whole numbers, fractions and decimals.
Solve problems involving addition and Describe the rule used to create the sequence

6 subtraction of fractions with the same or (ACMNAI133)
related denominators (ACMNA126) Explore the use of brackets and order of
Find a simple fraction of a quantity where the operations to write number sentences
result is a whole number, with and without (ACMNAI134)
digital technologies (ACMNA127)

Compare fractions using equivalence. Locate
and represent positive and negative fractions
and mixed numbers on a number line
(ACMNA152)
Solve problems .1nv01\./1ng .addltlon a.nd Introduce the concept of variables as a way of
subtraction of fractions, including those with representing numbers using Jetters
unrelated denominators (ACMNA153) ACMNAI75
Multiply and divide fractions and decimals . .
7 Create algebraic expressions and evaluate

using efficient written strategies and digital

technologies (ACMNA 154)
Express one quantity as a fraction of another,

them by substituting a given value for each
variable (ACMNA176)
Extend and apply the laws and properties of

with and “without  the “use of  digital arithmetic to algebraic terms and expressions
technologies (ACMNA 155) N g P
. . (ACMNAI177)
Connect fractions, decimals and percentages
and carry out simple  conversions
(ACMNA157)
Recognise and solve problems involving
simple ratios (ACMNA173)



Extend and apply the distributive law to the
expansion  of  algebraic  expressions
Solve a range of problems involving rates and (ACMNA190)

8 ratios, with and without digital technologies Factorise algebraic expressions by identifying
(ACMNA188) numerical factors (ACMNA191)

Simplify algebraic expressions involving the
four operations (ACMNA192)

As shown in the content descriptions given in Table 1.4 fractions is seen as an important topic in
mathematics across Years 5 — 8. The focus at Year 6 is on finding fractional parts of a known
whole but students are not expected to find the unknown whole if given a known fractional part.
This may be addressed in Year 7 when students are asked to solve problems involving addition
and subtraction of fractions, but the curriculum document does not specifically state the focus,
purpose or content of these problems. However, there is no mention of a focus on multiplicative

solutions to fraction problems especially those involving finding an unknown whole.

The Content Descriptions contained in Table 1.4 appear to imply that the link between fractions
and algebra is limited to number patterns and sequences involving fractions. In Year 7 students
are expected to be introduced to the concept of variables and to use letters to represent numbers.
But any bridge between fractional knowledge and algebraic thinking is left unstated or at best
implicit. The focus of this research is to highlight the importance of linking fractional competence,

and, in particular demonstrating understanding, using and generalising fractional structure.

At the time when this research was undertaken the designated mathematics curriculum for
Victorian schools was the Australian Curriculum: Mathematics (ACARA, 2018). Since that time
the new Victorian Curriculum: Mathematics (VCAA, 2018) has been introduced. Table 1.5
compares Content Descriptions for Year 6 students from the Australian Curriculum (ACARA,

2018) and the current Victorian Curriculum (VCAA, 2018).

The only difference between these two sets of Content Descriptions appears to be the codes. This
means that although there has been a change in mathematics curriculum documents for Victorian
schools the purpose or intention of the mathematics curriculum has not changed in Victoria since

this study was conducted.



Table 1-5: Comparison of the Australian and Victorian Content Descriptions for Year 6

Victorian Curriculum: Mathematics Content
Descriptions (VCAA, 2018)

Australian Curriculum: Mathematics Content
Descriptions (ACARA, 2018)

Compare fractions with related denominators and
locate and represent them on a number line

(VCMNA211)

Solve problems involving addition and subtraction
of fractions with the same or related denominators
VCMNA212

Find a simple fraction of a quantity where the
result is a whole number, with and without digital

technologies (VCMNAZ213)

Compare fractions with related denominators and
locate and represent them on a number line
(ACMNA 125)

Solve problems involving addition and subtraction
of fractions with the same or related denominators
(ACMNA 126)

Find a simple fraction of a quantity where the
result is a whole number, with and without digital
technologies (ACMNA127)

While there has been some research in the USA there have not been any Australian studies that
investigate the links between fractional competence and algebraic thinking. Previous Australian
research has focused on the links between whole numbers and rational numbers (Hunting, Davis
and Pearn, 1996), multiplicative thinking and fraction knowledge (Siemon, 2003; Siemon, Breed,
& Virgona, 2005), fraction misconceptions (Clarke, Roche, Mitchell & Sukenik, 2006; Mitchell
& Clarke, 2004; Roche, 2005). Previous research will be discussed in more detail in Chapter 2.

1.2 Research Questions

The overall research question for this study is: How does middle-years students' fractional
competence and reasoning show evidence of (anticipate) algebraic reasoning? To address the key

question of this study the following research sub-questions will be investigated:

RQ1. Is overall fraction ability as measured by a broad fraction screening test a predictor of

success on reverse fraction tasks?

RQ2. How are performances on specific fraction tasks linked to success on the reverse fraction

tasks?

RQ3. To what degree do proficient multiplicative thinkers for fraction tasks (i.e. students who
demonstrate relational thinking, represent fractions in various ways and use reverse or reciprocal
thinking when solving rational number tasks) use solution strategies that demonstrate emerging

or established generalised algebraic reasoning?



RQ4. How does middle-years students’ fractional competence and reasoning show evidence of
non-symbolic algebraic thinking and its progressive transition towards more explicit forms of

symbolic thinking as expected in lower secondary classes?

RQS5. How is competence with reverse fraction tasks associated with equivalence, transformation

using equivalence, and generalisation anticipated in algebraic reasoning?

RQ6. What is the relationship between verbal fluency in describing mathematical reasoning in
the context of fraction tasks and demonstrated generalisations that are anticipated in algebraic

reasoning?

RQ7. How can students’ levels of emerging algebraic reasoning be described and identified so

that teachers may monitor and prompt students’ progress?

In Chapter 2 the research literature is discussed with a focus on the relevant research related to
both fractional competence and algebraic reasoning. Chapter 3 describes the methodology and
the trialling of the assessment instruments while Chapter 4 focuses on the specific methods used
for this research. Chapter 5 focuses on the results from the two paper and pencil assessment
instruments while Chapter 6 focuses on the results from the semi-structured interviews used with
one group of primary-aged students and one group of Year 8 students. Chapter 7 includes case
studies of nine students who used a range of strategies to respond to the questions from the
Structured Interview. Chapter 8 synthesises results in order to answer the research sub-questions
and address how these results support the main question being explored in this thesis: “How does
middle-years students' fractional competence and reasoning show evidence of algebraic
reasoning?” Chapter 9 is the concluding chapter and includes implications for both teaching and

further research.



Chapter 2: Literature Review

Many researchers believe that much of the basis for algebraic thinking rests on a clear
understanding of rational number concepts (Kieren, 1980; Lamon, 1999; Wu, 2001) and the
ability to manipulate common fractions. According to Wu (2001) the ability to efficiently
manipulate fractions is "vital to a dynamic understanding of algebra" (p. 17). Kieran (2004)
described algebraic thinking as: analysing relationships between quantities, noticing structure,
studying change, generalising, problem solving, modelling, justifying, proving, and predicting.
There is also research documenting the link between multiplicative thinking and rational number

ideas (Harel & Confrey, 1994; Baturo, 1997).

The National Mathematics Advisory Panel (NMAP, 2008) from the USA stated that the
conceptual understanding of fractions, and fluency in using procedures to solve fraction problems,
are central goals of students’ mathematical development and are the critical foundations for
algebra learning. Siegler et al.’s (2012) analysis of longitudinal data from both the United States
and United Kingdom showed that competence with fractions and division in fifth or sixth grade
is a uniquely accurate predictor of their attainment in algebra and overall mathematics
performance five or six years later when other factors were controlled. They controlled for factors

such as whole number arithmetic, intelligence, working memory, and family background.

Empson, Levi and Carpenter (2010) also argue that the key to learning algebra meaningfully is to
help students: "to see the continuities among whole numbers, fractions and algebra" (p. 411).
They suggest that students should develop and use computational procedures using relational
thinking to integrate their learning of whole numbers and fractions. Kieren (1980) suggested that
difficulties experienced by children solving rational number tasks arise because rational number
ideas are sophisticated and different from natural number ideas and that children have to develop
the appropriate images, actions, and language to precede the formal work with fractions, decimals,

and rational algebraic forms.

In this chapter the focus will be on the research literature that looks at fractional competence,
algebraic thinking and reasoning and finally the research that links fractional competence with

success in algebraic reasoning.

2.1  Fractional Competence

Over the past 20 years, research about rational number learning has focused on development of

basic fraction concepts, including partitioning of a whole into fractional parts, naming of

9



fractional parts, and order and equivalence (see for example, Behr, Wachsmuth, Post, & Lesh,
1984; Kieren, 1983; Pothier & Sawada, 1983; Streefland, 1984; 1991; Vergnaud, 1983). Kieren
(1976) distinguished seven interpretations of rational number which were necessary to enable the
learner to acquire sound rational number knowledge, but subsequently (Kieren, 1980; 1988)
condensed these into five interpretations: whole-part relations, measures, operators, quotients and

ratios. Examples are given in Table 2.1 to explain each of Kieren’s interpretations (1988) with

links to the Content Descriptors from the Australian Curriculum: Mathematics (ACARA, 2018).

Table 2-1: Rational number interpretations compared to Content Descriptions (ACARA, 2018)

Rational number interpretations (Kieren, 1988)

Interpretation

Example

Australian Curriculum: Mathematics
Content Descriptors (ACARA, 2018)

A continuous quantity can be partitioned or

Compare and order common unit fractions

Whole-part divided (e.g. length, area, and volume (ACMNAI102, Year5)
relations models) or a set of discrete objects can be Compare fractions with related
shared into equal-sized parts or groups. denominators (ACMNA125, Year 6)
Compare and order common unit fractions
and locate and represent them on a number
. line (ACMNAL102, Year 5)
A fraction can represent a measure of a . g
: . . . Compare fractions with related
quantity relative 1o one um‘F oftha.t quantity. denominators and locate and represent them
MCEERTES e nu@ber of equal parts naun l.t CAVAY " on a number line (ACMNAL125, Year 6)
depending on how many times it is divided ; . .
or partitioned e.g. number lines Compare _ fractions - equlvalenf: ©
Locate and represent positive and negative
fractions and mixed numbers on a number
line (ACMNAL152, Year 7)
Find a simple fraction of a quantity where
the result is a whole number, with and
A fraction can be used as an operator to without digital technologies (ACMNA127,
Operators  scale a number up or down e.g. >30f 12=8  Year 6)
or’lex12=14 Multiply and divide fractions and decimals
using efficient written strategies and digital
technologies (ACMNA154, Year 7)
A fraction (*») may represent the operation
of division or the result of a division e.g. 4 Express one quantity as a fraction of
Quotients =+ 5 =4/5. For example, this could represent another, with and without the use of digital
the amount of cake each student would technologies (ACMNALSS, Year 7)
receive if four cakes were shared equally
between five students.
Fractions can be used to compare the size of Compare fractions using equivalence ...
two sets or two measurements e.g. The ratio (ACMNA152, Year 7)
of blue counters to red counters can be Recognise and solve problems involving
Ratios

expressed as 2:3. If there were 10 counters
4 counters would be blue and 6 counters
would be red. This means that %/5 of the set
of 10 counters are blue and /s are red.

simple ratios (ACMNA173, Year 7)
Solve a range of problems involving rates
and ratios, with and without digital
technologies (ACMNA188, Year 8)
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Pothier and Sawada (1983) and Kieren (1976) have shown that students have a rich store of
informal knowledge of partitioning and equivalence of fractions. Gunderson and Gunderson
(1957) and Mack (1990) concluded that students not only possess informal knowledge, which
Mack defined as "applied, real-life circumstantial knowledge constructed by an individual student
in response to problems posed in the context of real-life situations familiar to him or her" (p. 17),
but that they are often able to connect this knowledge with formal symbols and procedures. Mack
also found that students focused on symbolic manipulations when they possessed knowledge of
rote procedures. The findings from Mack's study suggested that if partitioning was used to
develop a strand of rational number using the students' informal knowledge, then other strands of

rational number could be developed more easily.

Saenz-Ludlow (1994) maintained that students needed to conceptualise fractions as quantities
before being introduced to standard fractional symbolic computational algorithms. Streefland
(1984; 1991) discussed the importance of students developing their understanding of fractions by

constructing the procedures of the operations, rules and language of fractions.

Lamon (1993) noted that student's modelling and counting strategies demonstrated conceptually
based understanding and an adept ability to use whole number strategies. Students were more
likely to be able to solve ratio and proportion tasks when they combined counting and matching
strategies. To determine the whole number strategies that might facilitate or impede children's
progress towards rational number related concepts, researchers need to determine the extent of

the children's whole number knowledge and the type and quality of the strategies used.

Several researchers have noted how children's whole number schemes can interfere with their
efforts to learn fractions (Behr, Wachsmuth, Post, & Lesh, 1984; Bezuk, 1988; Hunting, 1986;
Hunting & Davis, 1991; Streefland, 1984; Van Hoof, Lijnen, Verschaffel & Van Dooren, 2013).
Behr, Wachsmuth, Post and Lesh (1984) referred to this focus on whole number thinking as
“whole number dominance” which they defined as “making separate comparisons of numerators
and denominators using the ordering of whole numbers” (p. 332). Hart (1981) noted that: “a
fraction of course involves two whole numbers which have to be dealt with as if they were
irrevocably linked” (p.69). According to Hart (1981) the “irrevocable” link is the ratio between

numerator and denominator.

Behr and Post (1988) stated that students needed to be competent in the four operations using
whole numbers, along with an understanding of measurement, to enable them to understand
rational numbers. They noted that rational numbers are the first set of numbers experienced by

children that are not dependent on a counting algorithm and the required shift of thinking caused
11



difficulty for many students. Siegler, Fazio, Bailey and Zhou (2013) suggested that
“understanding fractions requires learning that many principles that apply to whole numbers do

not apply to fractions” (p.15).

An Australian research project was designed to investigate the extent to which children's thinking
processes might be associated with qualitative differences in their whole number knowledge when
solving rational number tasks (Davis, Hunting, & Pearn, 1993a, 1993b; Hunting, Davis, & Pearn,
1996). This research highlighted the vast difference in the children's mathematical knowledge and
the types of whole number strategies they used when solving mathematical tasks. The most
successful students in solving whole number tasks were more successful, and used superior
strategies, when solving rational number tasks. Students who relied on rules and procedures when
solving whole number tasks were less successful with rational number tasks. These students
experienced some success with partitioning and ratio tasks but little or no success with fraction

tasks set in other contexts.

Pearn, Stephens, and Lewis (2002) discussed the differences in students’ responses to a set of
fraction tasks. In particular, the difficulties with fraction tasks experienced by students struggling
with mathematics, were elaborated. In this study it was found that many secondary students
classified by their teachers to be good at mathematics also had many misconceptions about
fractions. These misconceptions had remained hidden as the students could apply the correct rules
and procedures to successfully complete conventional classroom mathematics tasks and tests. The
misconceptions about fractions were only revealed when students are asked to apply their
fractional knowledge in unfamiliar contexts. For example, many Year 8 students were able to
identify or complete equivalent fractions but when asked to compare two fractions many appeared
to use a range of inappropriate procedures including looking at the differences between the

numerator and denominator.

Steffe and Olive (1990, 1993) showed that students used their natural language in their
construction of fraction knowledge, concepts and operations. The goal of their project was to
identify accommodations which children made to their counting sequences that would yield
fraction schemes. Two distinct fraction schemes emerged from their research. In the iterative
scheme, children established a unit fraction as part of a continuous but segmented unit. From this,

children developed their own fraction knowledge by iterating unit fractions.

Several researchers have noted the limitations of part-whole reasoning (e.g. Behr, Harel, Post, &
Lesh, 1992; Mack, 2001; Streefland, 1993). Part-whole reasoning allows students to recognise

and use proper fractions as they show that the proper fraction °/, (where a is less than b) has a
12



parts out of b equal parts altogether in the whole. For example, students using a part-whole scheme
who are given the fraction */s will most likely partition a continuous bar or rectangular shape into
five equal parts and indicate four of the parts as the number required. However, part-whole
reasoning is very limited, especially in situations involving improper fractions, as showing ’/s as
seven parts out of five equal parts makes little sense (Tzur, 1999). This approach does not promote

generalised reasoning.

Building on the work of Olive (1999) and Steffe (2002) Norton and McCloskey (2008) identified
four key fractional operations (mental actions) that students use to understand fractions:
Unitizing, Partitioning, Disembedding and Iterating. A year later McCloskey and Norton (2009)
added Splitting to their list of fractional operations. Table 2-2 replicates Table 1 given in
McCloskey and Norton (2009, p.46) and includes the definitions for the five fractional operation

terms.
Table 2-2: Fractional Operations (See McCloskey & Norton, 2009, p.46)
Operation Description Example of using the operation

Unitizing Treating an object or collection of objects Treating two hexagons as a whole (as
as a unit or whole with pattern blocks)

Partitioning Separating a unit/whole into equal parts ~ Sharing a pizza among four people

Disembedding Imaginatively pulling out a fraction from  After the pizza has been sliced in fourths,
the whole while keeping the whole intact imagining what three-fourths of the pizza
and unaltered would look like

Iterating Repeating a part to produce identical Use a one-fifth piece to identify a three-
copies of it fifths piece (as with fraction rods)

Splitting The simultaneous composition of “This bar is five times as long as another

partitioning and iterating

bar. Draw the other bar.”

McCloskey and Norton (2009) discuss Steffe’s fraction schemes used to describe the operations
or mental actions that students use to solve fraction tasks but emphasise that schemes are different
to strategies because: “schemes describe ways of operating that usually occur outside the student’s

awareness. Also, schemes are activated at once, rather than in a sequential manner” (p. 46).

Norton and McCloskey (2008) described schemes as teacher constructs because: “The teacher
attributes the scheme to the student only because it is useful in explaining and predicting the
student’s actions.” (p. 49). McCloskey and Norton (2009) included researchers as well as teachers
stating that: “Schemes are constructs used by teachers and researchers to model students’

cognitive structures” (p. 46). Table 2-3 includes a summary of Steffe’s fraction schemes used by
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teachers and researchers to characterise student thinking with examples of tasks designed to

encourage students to use these schemes (See Table 2 in McCloskey and Norton, 2009, p.47).

Table 2-3: Fractional schemes with descriptions of operations and sample tasks

Scheme

Operations

Sample Task

Simultaneous
partitioning scheme

Part-whole scheme

Equi-partitioning
scheme

Partitive unit

fractional scheme

Partitive fractional
scheme

Reversible partitive
fractional scheme

Iterative fractional
scheme

Unitizing the whole, partitioning the
continuous whole using a composite
unit as a template

Unitizing, partitioning, disembedding
a part from the partitioned whole
Unitizing, partitioning, iterating any
part to determine its identity with the
other parts

Iterating a given unit fraction to
produce a continuous partitioned
unitized whole.

Unitizing, disembedding a proper
fraction from the whole,
hypothetically partitioning the proper
fraction to produce a unit fraction,
iterating the unit fraction to produce
the proper fraction and the whole, co-
ordinating unit fractions within a
composite fraction (units coordinating
at two levels)

Splitting (that is, partitioning and
then iterating) an unpartitioned piece
of a larger whole to re-create the
whole.

Splitting (that is, partitioning and then
iterating) an unpartitioned piece of a
smaller whole to re-create the whole

Share this candy bar equally among
you and two friends

Show me two-thirds of the candy bar

If you share this candy bar equally
among you and two friends, show me
what your piece would look like.

If I give you this much (show a one-
third piece and an unpartitioned
whole), what fraction of the candy
bar would you have?

If I give you this much (show an
unpartitioned two-thirds piece and
unpartitioned whole), what fraction
of the candy bar would you have?

If the bar is four-fifths as long as your
candy bar [show an unpartitioned
piece], draw what your candy bar
would look like.

If the bar is five-fourths as long as
your candy bar [show an
unpartitioned piece], draw what your
candy bar would look like.

More recently, Steffe and Olive (2010) suggested a possible learning trajectory for students’

progress from less sophisticated schemes, such as the part-whole scheme, toward more

sophisticated schemes that account for fractional sizes relative to the whole.

Stephens and Pearn (2003) identified Year 8 proficient fractional thinkers as students who

demonstrated a capacity to represent fractions in various ways, and to use reverse thinking with

fractions to solve problems. Their research also suggested that effective reverse thinking depends

on a capacity to apply multiplicative operations to transform a known fraction to the whole.
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Siegler, Fazio, Bailey and Zhou (2013) suggest that accurate representation of fraction
magnitudes is crucial both to conceptual understanding of fractions and computations with
fractions. Fuchs et al. (2013) showed that when students received instruction that emphasised the
use of number lines and other representations that focussed on fraction magnitudes rather than an
emphasis on part-whole understanding and fraction arithmetic procedures made greater
improvement in conceptual understanding of fractions and proficiency with fraction arithmetic.
Thus, it would seem that improving understanding of fraction magnitudes should be an important

goal to ensure improvement of fraction knowledge more generally.

An examination of the literature would indicate that fraction competence includes: understanding
fraction size and relationships, demonstrating understanding of fraction concepts and basic

arithmetic competence with simple fractions.

2.2 Algebraic Thinking

The terms algebraic thinking and algebraic reasoning appear to be used interchangeably in much
of the mathematics education research literature. Jacobs, Franke, Carpenter, Levi and Battey
(2007) and Stephens and Ribeiro (2012) define algebraic thinking as students’ understanding of
equivalence, transformation using equivalence, and the use of generalisable methods. Kaput
(2008) suggested that algebraic thinking consisted of two important aspects. The first aspect is
making and expressing generalisations in increasingly formal and conventional symbol systems.
The second is the ability to reason with, and manipulate, symbolic forms. Similarly, Kieran (1989)
stated that a necessary component of algebraic generalisation “is the use of algebraic symbolism
to reason about and to express that generalization” (p. 165). Radford and Pierce (2006) suggested
that algebraic thinking is a particular form of reflecting mathematically. Radford noted that
generalising a pattern algebraically depends on students noticing the similarity about the terms in
that particular pattern, being aware that the similarity is common for all the terms of the pattern,

and then being able to use this similarity to articulate the pattern.

Kaput (1988) suggested that algebraic reasoning involves students’ capacity to build, justify and
express conjectures about mathematical structure and relationships. Blanton and Kaput (2011)
suggest that one form of algebraic reasoning involves functional thinking that they describe as:
“building and generalizing patterns and relationships using diverse linguistic and representational
tools and treating generalized relationships, or functions, that result as mathematical objects

useful in their own right” (p.8). More recently Blanton et al (2018) stated that primary students
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can engage in algebraic thinking when they generalise, represent, justify and reason with a variety

of mathematical structures and relationships.

Blanton and Kaput (2011, p. 8) used the work of Smith (2008) to elaborate the different types of

functional thinking which include:

e Recursive patterning that includes finding variation within a sequence of values.

e (Co-variational thinking that includes the analysis of two quantities and how they vary
simultaneously.

e Correspondence relationship that is based on identifying the relationship between
variables.

Blanton and Kaput (2011) suggest that:

.. varying a problem parameter enables students to generate a set of data that has a
mathematical relationship, and using sufficiently large quantities for that parameter

leads to the algebraic use of number (p.17)

2.2.1 Transition from arithmetic to algebra
Kieran (2004) suggests that students need to make many adjustments in the way they think when
making the transition from arithmetic to algebra. To develop an algebraic way of thinking,

students need to focus on:

e the relationships and not just on the calculation

o the inverses of the operations and the related idea of doing/undoing

e both the representation and the solution of a problem rather than just the solution
o focus on both numbers and letters/symbol

e refocus on the meaning of the equal sign

Tall (1991) stated that:
A procedural view of arithmetic may lead to the interpretation of an algebraic expression
as a process which cannot be carried out and cause a considerable conceptual obstacle,
which, even if overcome, may lead to a procedural view of algebra. On the other hand, a
flexible, proceptual, view of arithmetic, manipulating symbols so that known
relationships can be used to deduce derived facts is more appropriate to form a

foundation for meaningful manipulation of algebraic symbolism (p. 18).

According to Mason, Graham, Pimm and Gower (1985) thinking algebraically relies on the

recognition and description of patterns used to solve specific questions but does not require the
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use of symbols. However Kaput, Blanton and Moreno (2008) link algebra to the use of
conventional algebraic symbols while Carraher and Schliemann (2018) extend the notion of
algebraic thinking to a variety of representations including linguistic, tabular, graphical and

diagrammatic.

. reasoning that expresses itself as statements or other representations denoting
relations among sets of elements, typically numbers or quantities. We have found it useful
to include, as representations of algebraic thinking, various forms (linguistic, tabular,
graphical, diagrammatic etc.) in addition to algebraic notation because algebraic

thinking may be cultivated before algebraic notation is introduced (p. 131)

2.2.2 Relational Thinking

Symbolic representations and problem structure may hinder students’ ability to solve problems
(Carpenter, Hiebert, & Moser, 1981). Many students misunderstand the equals sign (see for
example, Kieran, 1981; Falkner, Levi & Carpenter, 1981). Many students do not understand that
the equal sign is relational, that is, shows that a relationship exists between the numbers or
expressions on each side of the equal sign (Jacobs, Franke, Carpenter, Levi and Battey, 2007).
The number or expression on one side of the equal sign should have the same value as the number
or expression on the other. Many students see the equal sign as an operational symbol, that is, the
equal sign indicates that they must give an answer. Misinterpretation of the equals sign may
develop from a misunderstanding of symbols or may develop when students are used to solving
standard equations which requires a calculation such as 5 + 3 = . If this task was rewritten as 5

+3=_+5 acommon incorrect response would be 8.

Powell (2012) suggests that understanding the equal sign in a relational way is important once
students start solving equations with missing information and when the equal sign is not in the
standard position e.g. 9=_ + 6. Herscovics and Kieran (1980) and Powell and Fuchs (2010) noted
that students need to understand the relational nature of the equal sign to solve algebraic equations
rather than the operational use. Carpenter, Franke, and Levi (2003) suggested that if
primary/elementary students struggle to solve equations, and do not learn the correct
interpretation of the equal sign, solving mathematical calculations will become more difficult as

they progress through school.

Many primary students tend to think of the equals sign as indicating that they need to give an
answer or record the result of a calculation. Jones, Inglis, Gilmore and Evans (2013) discussed

three different conceptions of the equals sign: operational conception, sameness-relational
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conception, and substitutive-relational conception. The operational conception of the equals sign
is described as the expectation that the equals sign indicates that the student needs to ‘give an
answer’ (Jones et al., 2013, p. 36). Researchers such as Baroody and Ginsburg (1983) and Rittle-
Johnson et al. (2011) suggest that students’ reliance on the operational conception of the equals
sign is reinforced by the way arithmetical equations are presented on worksheets and in textbooks
for primary students. Researchers such as Knuth et al. (2008) believe that students’ dependence
on the operational conception of the equals sign hinders both arithmetic and algebraic calculations
while McNeil (2007) suggests that the operational conception will prove to be increasingly

unsuccessful for secondary students trying to solve symbolic algebra.

The sameness-relational conception of the equals sign involves seeing the equals symbol or sign
as meaning ‘is the same as’ (Jones et al., 2013, p. 34) which encourages students to see the
sameness of the expressions on both sides of the equals sign thus seeing the equivalence when
comparing each expression. The substitutive-relational conception involves students thinking that
the equals sign also means ‘can be substituted for’ (Jones et al., 2013, p. 35) and enables students
to use arithmetic rules, such as commutativity, to change the arithmetic expressions on either side
of the equals sign but retain the equality. In 2008 Jones investigated whether the substitutive-
relational conception was distinct from the sameness-relational conception using a computer-
based arithmetic notating task called Sum Puzzles. In 2013 Jones and his colleagues attempted to

address the limitations of the 2008 study and found that:

...the tasks designed to engage children with the structure of arithmetic statements in
novel ways impact on conceptions of the equals sign, with a shift towards a more

relational understanding (p. 52).

substitutive-relational conceptions of the equals sign are important for algebraic thinking.
Gagnon and Maccini (2001) suggested that understanding the equal sign is foundational to

algebraic competence.

2.3 Links between fraction competence and algebra

This current study builds on the research of Hackenberg (2005), Lee (2012), Lee and Hackenberg
(2014), and Hackenberg and Lee (2015), who investigated students’ quantitative reasoning with
fractions and algebraic reasoning in writing and solving equations. Hackenberg (2005) tracked
the development of four Year 6 students' multiplicative reasoning with fractional quantities when
solving problems using basic linear equations. Hackenberg identified several areas for further

research that included students’ construction of fractions as operators and the use of reciprocity.
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Research conducted by Lee (2012), Lee and Hackenberg (2014) and Hackenberg and Lee (2015)
with 18 middle school and high school students showed that fractional knowledge appeared to be
closely related to establishing algebra knowledge in the domains of writing and solving linear
equations. While their research is about a total of 18 students the articles about this study each
report a subset of the 18 students: Lee (2012) focused on two seventh grade students, Lee and
Hackenberg (2014) wrote about one of the two students, and Hackenberg and Lee (2015) focused
on 12 of the larger group of 18 middle and high school students.

Their research used both a Fraction based interview and an Algebra based interview. The two
interview protocols were designed so that the reasoning involved in the Fraction based interview
provided a foundation for solving problems in the Algebra interview. In both interviews, students
were asked to draw a picture as part of the solution. For the Fraction tasks they were also asked
to find the answer whereas in the Algebra tasks they were asked to write an appropriate equation

but not solve it.

In the Lee and Hackenberg research, students were given a fractional relationship between two
collections of objects. The actual size of the collections was initially given but in later questions
was unstated and so needed to be represented by “unknowns”. Students were first asked to “Draw
a picture of the situation”, and then asked to write an algebraic equation to represent this
relationship. An example of the first kind of problem used by Lee and Hackenberg (2014) is the
Tanya-David Money Problem first presented and discussed in Pearn and Stephens (2015a) and
shown in Table 2-4.

Table 2-4: Examples of Lee & Hackenberg (2014) tasks

Fraction Task Algebra Task

Tanya has $84, which is g of David’s money. Theo has a stack of CDs some number of c¢m tall.

Sam’s stack is 2 of that height.
Could you draw a picture of this situation? 5

How much does David have? Can you draw a picture of this situation?
Can you write an equation?

Neither the Fraction Task nor the Algebra Task from the Lee and Hackenberg study (2014) shown
in Table 2.4 can be solved additively, for example, by saying: “I have to add another three-
sevenths” for the Fraction Task or “I need another three-fifths” for the Algebra Task unless they
have already found a representation or measure for the remaining three-sevenths or three-fifths.
The thinking required to solve these types of fraction tasks is similar to the kind of thinking

required to “solve for x” in a corresponding algebraic equation. In the Algebra task students are
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not required to solve the algebra equation S = %5 T (where S and T represent the number of CDs

that Sam and Theo have).

In the Fraction Task shown in the left-hand column of Table 2-4 the fraction /7 represents an
amount of $84. Students may attempt to represent Tanya’s money by drawing a rectangular shape
and dividing into four equal parts, while representing David’s money by a rectangular shape
divided into seven equal parts. With an appropriate pictorial representation, this problem could
be solved, without writing an algebraic equation, relying on the fact that the $84 can be split into
four equal parts consisting of $21 and so the seven equal parts would be presented by $21 x 7,
that is $147. The unknown three-sevenths can be represented by $63 which can then be added to
the $84 giving $147 which is described as a partially multiplicative method.

However, in the Algebra Task shown in the right-hand side of Table 2.4 the corresponding
numerical quantity is unstated. Lee and Hackenberg (2014) presented this second problem as an
example of reciprocal reasoning. Having drawn a picture of a rectangle that was partitioned into
five equal parts, Willa, the student who was the focus of the Lee and Hackenberg study, then drew
another rectangle that spanned two of those five parts. Willa used the letter ¢ to represent the
height of Theo’s stack and the letter s to represent the height of Sam’s stack. Willa then wrote a
correct equation s = (*/s) ¢. A correct pictorial representation of the fractional relationship allowed
Willa to show the relationship between Sam’s smaller CD stack and Theo’s larger CD stack
regardless of the specific number of CDs making up the respective collections. Willa was also
able to write the equation ¢ = (*/2) s, explaining that she “got 10 pieces by taking Sam’s two-part
stack height five times and the divided by two to find Theo’s five-part stack height”. This use of
a reciprocal solution can be described as demonstrating “reverse fractional thinking”. It is
interesting to note that Willa obtained the second “reciprocal” relationship by manipulating her

pictorial representations, as distinct from transposing the first equation algebraically.

The research by Lee (2012), Lee and Hackenberg (2014), and Hackenberg and Lee (2015) shows
that fractional knowledge is closely related to establishing algebra knowledge in the domains of
writing and solving linear equations. After analysing the data, Lee (2012) constructed models to
determine the fraction schemes used by students and their reasoning about unknowns and writing

equations.

While these studies point to some connections between fractional competence and algebraic
thinking they are based on small samples and do not include tasks requiring a generalised solution.
For the Hackenberg study (2005) it was four Grade 6 students, for the Lee and Hackenberg study

(2014) it was 18 students. Lee (2012) concluded: “Teaching fractions and equation writing
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together can create synergy in developing students’ fractional knowledge and algebra ideas" (p.
9). Willa and the other students interviewed in their study needed a clear understanding of
fractional structures in order to write correct algebraic equations in those cases where the physical

amounts being represented by a fraction were left unstated.

2.4 Focus of this research

Many researchers believe that much of the basis for algebraic thinking rests on a clear
understanding of rational number concepts (Kieran, 1980; Lamon, 1999; Wu, 2001), the ability
to manipulate common fractions and the importance of fraction/rational number knowledge. The
National Mathematics Advisory Panel (NMAP, 2008) stated that the conceptual understanding of
fractions and fluency in solving fraction problems are central goals of students’ mathematical
development and are critical foundations for algebraic learning. It is currently not clear which
specific fraction or rational number knowledge is needed to make the transition to successful

algebraic learning as stated by the National Mathematics Advisory Panel.

The focus of the Lee and Hackenberg research was on whether students were able to write specific
algebraic equations using appropriate algebraic notation, namely, being able to write and solve an
algebraic equation to represent a multiplicative relationship between two unknown quantities.
However, the research study described here includes students in the final two years of primary
school who have met fractions but are not yet expected to use and write algebraic notation as well
as secondary students where algebraic notation has been introduced. While it would be reasonable
to expect younger students to attempt to solve problems, similar to the Tanya-David Money
problem, it would less reasonable to present problems like the Sam-Theo CD problem, unless
students can be transitioned into solving these more abstract problems by careful scaffolding.
With younger students, the focus is the methods they use to approach problems, similar to the
Tanya-David Money problem, including contexts where they are provided with diagrammatic

representations of the quantities involved and other contexts where no diagram is supplied.

Three distinct aspects of algebraic thinking identified by Jacobs et al. (2007) and by Stephens and
Ribeiro (2012) are important for this study. They are students’ understanding of equivalence,
transformation using equivalence, and the use of generalizable methods. In this current research
algebraic thinking is defined in terms of students’ capacity to identify an equivalence relationship
between a given collection of objects and the fraction this collection represents of an unknown

whole, and then to operate multiplicatively on both in order to find the whole.
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Chapter 3: Methodology and trial of instruments

This study has been designed to investigate whether the conceptual understanding of fractions,
and fluency with fraction calculations are linked to algebraic reasoning, as advocated by
researchers and mathematics educators such as Kieran (1980), Lamon (1999), and Wu (2001).
The study used a mixed method approach (Creswell & Plano Clark, 2011) employing both
quantitative and qualitative methods. Students’ understanding and competence with both fractions
and algebra were assessed using paper and pencil assessments and analysed using quantitative
approaches. A subset of students was then interviewed using a semi-structured interview protocol
analysed using qualitative methods to gather further insights into students’ thinking and solutions
to fraction tasks. The two data collections were then integrated to answer the overarching research
question: “How does middle-years students' fractional competence and reasoning show evidence

of algebraic reasoning?”’

Mixed methods research involves collecting, analysing, and interpreting quantitative and
qualitative data in a single study or series of studies that investigate the same underlying
phenomenon (Creswell & Plano Clark, 2011; Leech & Onwuegbuzie, 2008; Onwuegbuzie &
Combs, 2010). Mixed methods use a combination of quantitative and qualitative approaches that
are believed to provide a better understanding of the research being investigated as it includes the
strengths of both (Creswell, 2003; Creswell & Plano Clark, 2011). While quantitative
methodologies address questions about causality, generalisability, or effect size, qualitative
research methodologies are used to explore why or how a phenomenon occurs, to develop a

theory, or describe the nature of an individual’s experience (Fetters, Curry, & Creswell, 2013).

However, using both qualitative and quantitative data collection methods in a single study is not
sufficient enough to categorise a study as ‘mixed methods'. Researchers have stated that mixed
methods research depends on the integration or linking of the two strands of data. Integration can
happen at multiple levels of a study — design-level, methods-level, or interpretation-level — and
can happen in a variety of different ways — connecting, building, merging, or embedding (Fetters,
Curry, & Creswell 2013; Creswell & Plano Clark 2011). Researchers have suggested that it is the
integration of quantitative and qualitative data that enhances the value of mixed methods research

(Bryman, 2006; Creswell & Plano Clark, 2011; Teddlie and Tashakkori, 2009).

According to Yin (2006) a mixed methods study must address a set of research questions that

deliberately requires complementary qualitative and quantitative evidence and methods. Both the
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quantitative and qualitative data would be analysed and interpreted together, before arriving at a

study’s main conclusion(s).

This mixed method approach has been used extensively in mathematics education research studies
where students complete a paper-and-pencil assessment or task-based interviews and their
responses are analysed to determine the strategies that they used to complete the particular

mathematical tasks (see for example, Siemon, Virgona, & Corneille; 2001).

3.1 Planning the main study

The initial intention of this research was to collect data from middle-years students’ responses to
fraction and algebra assessment tasks, analyse the students’ responses and then draw conclusions
as to whether or not there was a link between the students’ fractional competence and their
algebraic thinking. In particular, the aim was to determine whether or not there was evidence that
middle-years students were thinking algebraically as they elaborated their responses to a variety

of fraction tasks.

Initially the use of semi-structured task-based interviews was considered (Goldin, 2000).
Interviews such as those used in the Australian Fraction Research Project (See for example, Davis,
Hunting & Pearn, 1993a; 1993b; Hunting, Davis and Pearn, 1996) or the Early Numeracy
Research project (see for example, Clarke, Sullivan, Cheeseman, Clarke, 2000). However, if
students were to be interviewed this would limit the number of students in the study. To be able
to extend the study to include a larger number of students it was decided that the students could
initially complete paper and pencil assessments and then several could be interviewed to allow
them to elaborate their written responses used in the written assessments. This was a method used
to determine the levels of middle-years students’ multiplicative thinking in the Middle Years
Research Project (Siemon, Virgona, & Corneille, 2001).

Previously, the researcher had used a set of fraction assessment instruments extensively with
middle-years’ students from Years 5 - 9. These included a paper and pencil test: The Fraction
Screening Test, and two interview protocols: The Fraction Interview and The Probing Fraction
Interview. Results from these assessments have been reported and discussed previously at
national and international conferences. (see for example, Pearn & Stephens, 2007; Stephens &

Pearn, 2003).

A colleague had also previously used an algebraic assessment instrument with middle-years

students: The Algebraic Thinking Questionnaire (Stephens, 2006). The results from earlier
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versions of this assessment instrument have also been presented nationally and internationally.

(Stephens & Ribeiro, 2012; Mason, Stephens, & Watson, 2009).

An examination of the two paper and pencil assessment instruments revealed that both needed to
be modified to ensure there were a number of opportunities for students to demonstrate their
algebraic thinking as they completed both the Fraction Screening Test (FST) and the Algebraic
Thinking Questionnaire (ATQ).

This chapter will focus on two pilot studies that were designed to trial the two paper and pencil
assessment instruments which had been adapted specifically for this research: The FST and the
ATQ. Initially, the development and composition of each of these paper and pencil assessment
instruments will be outlined, then the results of the trials in the pilot studies will be presented and
discussed. Pilot Study 1 trialled the adapted FST designed to be used in the main study. Pilot
Study 2 trialled the adapted ATQ plus the three reverse fraction tasks from Part C (Tasks C5, C6,
C7) as these reverse fraction tasks had not had the extensive testing like most of the other items

from the FST. Table 3-1 gives details of the trialling of the two paper and pencil assessments.

Table 3-1: Trialling the assessment instruments

Pilot Study 1: School A
67 Year 6 students

Pilot Study 2: School B
18 Year 6 students

trial of revised FST tasks

additional trial of 3 reverse fraction tasks

FST
e results of FST tasks analysed (EST)

. initial trial of revised ATQ task
e 19 students asked to give more detailed ¢ Al At onrevise Q tasks

response for one of the three reverse fraction e analysis of results from 3 reverse fraction
tasks tasks to determine whether there was evidence

f algebraic thinki
e more detailed responses analysed o algebraic thinking

. . e analysis of the ATQ tasks
e reverse fraction tasks analysed to determine Y Q

whether there was evidence of algebraic
reasoning in written responses

Table 3-2 shows the structure of the two assessment instruments and the details of the changes
made to earlier versions. The FST is made up of three parts with 24 tasks overall and the ATQ is
split into two main parts with two types of questions in each part and 18 tasks altogether. The

FST is detailed in Section 3.2 and the ATQ is discussed in Section 3.3.
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Table 3-2: The structure of the two assessment instruments

Assessment Instruments Focus Number of tasks

FST Part A Simple geometric representations of fractions
Counting by fractions

Equivalent fractions 12
Addition of fractions with related denominators

Part B Number lines 5
Equivalence of fractions, decimals and

Part C percer}tages . 4
Ordering fractions
Reverse fraction tasks 3

ATQ Part M: Question 1 ~ Focus on multiplication and the relationship 4

between known numbers

Part M: Question2  Focus on multiplication and the relationship 5
between unknown numbers

Part D: Question I~ Focus on division and the relationship between 4
known numbers

Part D: Question 2 Focus on division and the relationship between
unknown numbers 5

3.2 The Fraction Screening Test

The background to the FST is discussed in Section 3.2.1 and the tasks are linked to Kieren’s five
interpretations of fractions (1980) in Section 3.2.2. In Section 3.3 the trialling of the revised FST
in Pilot Study 1 is discussed in detail.

3.2.1 Background to the Fraction Screening Test

The FST (Pearn & Stephens, 2014) intended for the main research study was revised and adapted
from an earlier version used extensively with students from Years 5 — 8 (Pearn & Stephens, 2007).
The original FST contained 20 tasks and four additional reverse thinking fraction tasks were
included in the trial version, making 24 tasks altogether. The additional tasks include Task A12
in Part A (Figure 3-2) and Tasks C5 - C7 in Part C (Figure 3-7). Another structural change was
the division of the FST into three parts: Part A, Part B and Part C. A copy of the revised FST can

be found in Appendix A.

Part A of the revised FST contains 12 routine fraction tasks, with 11 tasks trialled previously (see
for example, Pearn & Stephens, 2007). Part A tasks include pictorial representations of the
fraction three-quarters, counting backwards by a given fraction, equivalent fractions and the

addition of fractions with related denominators. The tasks in Part A would be similar to those
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fraction tasks students would be expected to complete in class. For example, in Task A9 (Figure
3-1) students are asked to write a number in the box to complete the equivalent fraction, a task
commonly found in most school texts. Analysis of the results for Part A tasks will be used to
determine students’ fractional competence with routine fraction tasks and discussed in response

to RQI1 and RQ2.

9.

What numberdo you need to write in the
box so thatthe fractions are equivalent

(have the same vslue)?

=10

o]

Figure 3-1: Task A9 (FST)

Figure 3-2 shows two Part A reverse fraction tasks. These tasks are called reverse tasks as each
task presents a quantity of objects that represents a given fraction and students are asked to
determine the number of objects that would represent the whole collection. For example, in Task
A4 (left-hand side of Figure 3-2) students are asked to determine how many lollies were in the
whole group if the four lollies given in the diagram represented one-half of the whole group. In
Task A12 (right-hand side of Figure 3-2) students are asked to find the amount of money saved
given that $4 represented one-seventh of the amount saved. However, Task A12 does not include
a picture or diagram that shows the number of objects representing the given fraction, but students

could draw a diagram if required.

fI"'.his is one -half of the lollies | started with.
12.
A‘.%, % To buy a new workbook | spent $4. This
%ﬁ, %a is 1/7 of what | saved up. How much did |
save up?

How many lollies did | start with?

Figure 3-2: Part A reverse thinking fraction tasks A4 and A12 (FST)

Researchers such as Wong (2009) and Mitchell and Horne (2008) have suggested that assessment
for fractional competence should include number-line tasks as many students have difficulty with
positioning fractions correctly on number lines. Many students will find the fractional part of the

line rather than the correct position of the fraction on a marked number line. Part B includes five
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number-line tasks with four used previously (see for example, Pearn & Stephens, 2007). Task B3,
shown in Figure 3-3, was included to see whether students placed the number three-fifths
accurately on the line between the points indicating zero and one or whether they marked three-
fifths of the entire line (Pearn & Stephens, 2007). Part B tasks have been included to determine
students’ fractional competence with the measurement interpretation of fractions (Kieren, 1980)

shown in Table 3-3 and are needed to respond to research questions RQ1 and RQ2.

3.
Here is a numberline 2 units long.

Puta cross (x) where you think the number % would be on the number line below.

| | |
[ [ [
0 1 2

Figure 3-3: Task B3 (FST)

Task B4, shown in Figure 3-4, is a task that requires students to work in reverse and could be
considered another example of a reverse fraction task. Typically, students in middle-years’
classrooms would be given number-line tasks similar to Task B3, where they would be given the
two end points and asked to position a given fraction on the number-line. In Task B4 students are
asked to mark the position of the number one (the whole) having been given the part (one-third).
This means that instead of dividing a line into parts, as with Task B3, students need to replicate
or iterate the length from zero to one-third twice more. Students who have difficulties with this
task typically place the mark for the number one at the end of the number line while some students

place their response for the number one between zero and one-third.

H4.
- . 1
This number line shows where the number — is.

Put a cross (x) where you think the number 1 would be on the number line.

Figure 3-4: Task B4 (FST)

Task B5 in Figure 3-5 is a new task for the revised version of the FST. This task was included, as
previously many students placed the fraction three-quarters on a number line very close to the
number one and justified their response by stating: “three-quarters is nearly one”. Students are
expected to choose the correct response and then explain or justify why the other two responses

were not appropriate.
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5.

3
On this numberline 0 and the number 2 are shown.

[ | |
: il

a. Circlethe letter that represents where the number 1 would be.

b. How did you decide the other two choices were incorrect?

Figure 3-5: Task B5 (FST)

Part C includes fraction tasks that assess whether or not students can use their understanding of
the size of fractions to order a set of fractions as in Task C1 (left-hand side of Figure 3-6) and
whether they can match fractions with their decimal equivalents as in Task C2 (right-hand side of

Figure 3-6).

1.
2.
Place these fractions in order from |argest to smallest. Draw a line from each fraction to the equivalent decimal.
: 04
1 1 3 1 -
2 4 5 10 1 01
4
L 025
10
2
= 05
5

Figure 3-6: Task C1 and C2 (FST)

For Tasks C3 and C4 students are asked to ‘choose the one that does not belong’ when given a
choice of different symbolic representations including fractions, decimals and percentages. All
four tasks have been used in previous studies and found to be challenging for most students (see
for example, Pearn & Stephens, 2007). Both ordering fractions and being able to relate fractions
to their decimal and percentage equivalents would be considered important for fractional

competence and thus needed to respond to RQ1 and RQ?2.

In addition to the four tasks described previously Part C includes three new tasks which require
students to apply reverse thinking to less familiar fraction tasks (Figure 3-7). These tasks also
offer students opportunities to use more explicit algebraic thinking which was not needed to solve
Task A4 relating to one-half (left-hand side of Figure 3.2). These types of tasks are not usually

included in Australian or Victorian mathematics textbooks.

These three reverse fraction tasks specifically require students to use reverse or reciprocal

thinking to find the number of objects in the whole collection when given the number of objects
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representing a fractional part of that collection. Two of the three tasks expected students to include
a written statement in response to: Explain how you decided that your answer is correct” while
the other task asked students to: “Show all your working”. Two tasks included diagrams or
pictures showing the number of objects representing the fractional part. While the diagram in
Task C5 (left-hand side of Figure 3-7) is assumed to be helpful the diagram in Task C7 (right-
hand side of Figure 3-7) was not.

7.
5.

a. How many counters did | start with?

b. Explain how you decided that your

How many CDs does Kay have?

. .2 This collection of 14 countersis : ofthe
This collection of 10 countersis = of the 6. 6
. 3 ) numberof counters | started with.
number of counters | started with. Susie’s CD collection is ;of herfrend O O O O O
00888 Kay’s. Susie hss 12.CDs. 00000
0000

a. How many countersdid | start with?

b. Explain how you decided that your

answer is comrect.
answer is correct.

Figure 3-7: Tasks C5, C6 & C7 (FST)

3.2.2 Connections to Kieren’s interpretations of fractions (1980)

According to Kieren (1980) there are five interconnected sub-constructs or interpretations of
fractions that are both mathematically and psychologically dependent (see Table 3-3).
Researchers have suggested that conceptual understanding of fractions includes the ability to
make connections between these different interpretations, including the similarities and
differences of the various interpretations (see for example, Cathcart, Pothier, Vance & Bezuk,
2011; Kieren, 1980; Lesh, Landau, & Hamilton, 1983). Wong (2009) suggests that students with
conceptual understanding of fraction equivalence have an integrated knowledge of fractions and

are able to display and articulate the five interpretations as given by Kieren (1980).

The five interpretations by Kieren (1980) are shown in the left-hand column of Table 3-3.
Examples of these interpretations as given by Lamon (2001) for the fraction three-quarters are
shown in the middle column of Table 3-3. The right-hand column of Table 3-3 includes items
from the FST that address each of the five interpretations. While there are no specific ratio tasks
similar to the example in Table 3.3 there are tasks related to equivalent fractions which are deemed
to be ratio tasks by researchers such as Charalambous and Pitta-Pantazi (2005) who suggested
that: “the ratio subconstruct is considered as the most “natural” to promote the concept of

equivalence, and, subsequently, the process of finding equivalent fractions” (p. 234).
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Table 3-3: Examples from the FST for Keiren's five interpretations of fractions (1980)

Fraction Example given for three-quarters (Lamon, 2001) Examples from the FST
Interpretation

Part/whole 3 out of 4 equal parts of a whole or set of objects Part A Tasks: Al, A2, A4, A5

Measure Three times the distance from zero to one-quarter Part B Tasks: B1, B2, B3, B4,
starting at zero on the number line BS5

Operator % of something, stretching or shrinking Part A Task: A8

Quotient % is the amount each person receives Part A Tasks: A3, A6, A12

Ratio 3 parts cement to 4 parts sand Part A Tasks: A9, A10

3.3 Pilot Study 1: Trialing the revised Fraction Screening Test

Since, as detailed above, new tasks had been added to the original FST, the revised FST was
trialled with the whole cohort of 67 Year 6 students from an eastern metropolitan school in
Melbourne (Pearn & Stephens, 2015a). Most students completed the FST in approximately 30
minutes. To decide whether the revised FST was appropriate for the main study students’
responses were scored and analysed. Section 3.3.1 details the scoring used for the tasks used in
Pilot Study 1 and Section 3.3.2 details results for Part A, Section 3.3.3 for Part B, Section 3.3.4
for Part C results and Section 3.3.5 focuses on the written responses for Tasks C5, C6 and C7.
Section 3.3.6 gives details about the internal consistency of the tasks in the FST and Section 3.3.7
describes the attempt to elaborate algebraic reasoning as seen in the written responses for the
three, Part C reverse fraction tasks i1.e. Tasks C5, C6 and C7. This was done to ensure the revised
FST was appropriate for the main study and would provide the level of detail needed to answer

the research questions.

3.3.1 Scoring the Fraction Screening Test

For Pilot Study 1 marks were allotted to each FST task according to the detail included in the
students’ responses. Task Al, where students had to choose the two correct pictorial
representations of the fraction three-quarters, was scored out of three, Task A7, the counting
backwards task, was scored one for a correct response and zero for an incorrect response. All

other Part A tasks were scored out of two while all Part B tasks were given a score out of three.

Tasks C3 and C4 were scored one for a correct response and zero for an incorrect response. The
other five Part C tasks were scored out of three. For example, each of the three reverse thinking
fraction questions (Figure 3-7) is marked out of three. One mark was given for a correct response
with no explanation, or if there was some evidence of a correct diagram, or an initial
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representation, which indicates that students had a starting point but were not able to proceed.
Two marks were given for a correct answer with limited explanation and three marks were given
for a correct answer with an appropriate explanation. A score of zero was given if the task was
not attempted or an incorrect response was given. Table 3-4 gives an example of this scoring for

Task C5.

Table 3-4: Scoring for Reverse Fraction Task 1 (Task C5, FST)

Task C5 Score = 1 mark Score = 2 marks Score = 3 marks
This collection of 10 Correct response but no  Correct response given  Correct response with
counters is %/3 of the explanation or but with a limited appropriate
number of counters | some evidence of the explanation or explanation. For
started with. correct use of diagram  incorrect mathematical — example, one-third is 5
00000 (e.g. drew an extrarow  statements used in the thus three-thirds is 15
00000 of counters) but did not  explanation e.g. 3+ 15  or uses reciprocal
How many counters give a correct answer instead of 15 + 3 thinking 10 x 32 =15

did I start with?

Explain how you
decided that your
answer is correct.

A similar scoring rubric was applied to the other two reverse fraction tasks (Tasks C6 and C7)

shown in Figure 3.7.

3.3.2 Results for Fraction Screening Test: Part A

Table 3-5 shows the percentage of Year 6 students who scored zero, one, two or three marks for
each Part A task. Seventy-two percent of the students chose the two correct representations of
three-quarters for Task Al with an additional 24% choosing only one of the two correct
representations. Eighty-eight percent of the students circled one-third of the six beetles in Task
A2 while 97% could share 20 fish equally between four friends in Task A3. Eighty-seven percent
of the students were successful with Task A4 determining the total number of lollies when given
that four lollies represented one-half of the group. Ninety percent of the students were able to

shade one-fifth of the rectangle given in Task AS5.

Only 30% of students were successful with Task A6 where they were expected to imagine sharing
3 pizzas between four people and indicate how much pizza each person would get. For Task A7
81% of the students completed the counting backwards by two-fifths pattern and 88% shaded
three-quarters of the ribbon in Task AS.
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Table 3-5: Percentage of students achieving each result for Part A tasks, FST (n = 67)

Tasks Al A2 A3 A4 AS A6 A7 AR A9 AI0 All  Al2

Score 0 0 12 1 9 6 63 19 4 18 6 31 9
Score 1 24 0 1 4 4 7 81 7 6 4 22 10
Score 2 4 88 97 87 90 30 0 88 76 90 46 66
Score3 72

Mean 248 176 196 178 184 067 081 184 158 1.84 115 227
Score*

* Possible Scores: A1: 0, 1,2,3; A2 - A6 & A8—A12:0,1,2; A7:0, 1

While 76% of the students gave the correct numerator for the equivalent fraction for seven-ninths
(Task A9) 90% were able to simplify the fraction eight-tenths (Task A10) to give the correct
numerator of the equivalent fraction. Forty-six percent of the students were successful adding two
fractions with related denominators in Task A1l and simplified the answer while another 22%
correctly added the fractions but did not simplify the answer. That is, 68% could add three-tenths
and one-fifth. In Task A12 66% could calculate the amount of money that had been saved.

As the Part A tasks are the easiest of the FST these results indicate that these tasks appear to be
appropriate for students from Year 5 to Year 8. The two tasks where students did not perform
well have been designed to highlight possible misconceptions. The results for these tasks, from

the main study, will be used in the discussion about RQ1 and RQ2.

3.3.3 Results for Fraction Screening Test: Part B

The five Part B number-line tasks were each scored out of three. Task B2 was divided into two
parts and each part was also scored out of three. Table 3-6 shows the percentage of students who
scored zero, one, two or three marks for each Part B number-line task. Overall 87% of the students
correctly wrote the numbers on the four interim marks on the number line marked zero to 100
(Task B1). More than 70% of the students correctly marked the position of the numbers 75 (Task
B2a) and 5 (Task B2b) on a number line marked 0 and 25. However, only 27% of the students
could place the number three-fifths accurately on a number line marked zero, one and two with
an additional 13% of students marking three-fifths of the line rather than the correct position of

three-fifths.
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Table 3-6: Percentage of students achieving each result for Part B tasks, FST (n = 67)

Part B Tasks Bl B2a B2b B3 B4 BS
Score 0 7 0 3 27 24 3
Score 1 3 13 7 12 13 22
Score 2 3 12 16 34 33 7
Score 3 87 75 73 27 30 67

Mean Score* 2.69 2.61 2.60 l1.61 1.69 2.37

* Possible Scores for all Part B tasks: 0, 1, 2, 3
Many researchers (See for example, Wong, 2013a, 2013b; Michell & Horne, 2008) have
suggested that students need to mark and interpret number lines and that these are important for

fraction competence.

3.3.4 Results for Fraction Screening Test: Part C

The Part C tasks have been designed to test students' understanding of fraction concepts and thus
deemed to be more difficult than those presented in either Part A or Part B and includes three new
reverse thinking fraction tasks shown in Figure 3-7. Tasks C3 and C4 were marked either correct
or incorrect and scored one for correct and zero for an incorrect response. Responses for the other
five Part C tasks were given a score out of three. Table 3-7 includes the percentage of students

who scored zero, one, two or three marks for each Part C task.

Table 3-7: Percentage of students achieving each score for Part C tasks, FST (n = 67)

Part C Tasks Cl C2 C3 C4 C5 C6 C7
0 12 3 12 57 30 37 43
1 18 4 38 43 1 6 9
2 31 6 4 12 7
3 39 87 64 45 40

Mean Score* 1.97 2.76 0.88 0.43 2.03 1.64 1.45

* Possible scores: C1,C2 & C5-C7:0,1,2,3;,C3 & C4:0, 1

As shown in Table 3.7 70% of the students ordered the four fractions correctly with 39% ordering
them from largest to smallest as requested in Task C1 while 31% ordered from smallest to largest.
This means 70% of students could order the set of fractions correctly although they may not have
given the correct response for the task. For Task C2 87% were able to match fractions with their

decimal equivalents. While 88% identified that 0.4 did not belong to the group that were
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equivalent representations of one-quarter (Task C3) only 43% of the students correctly identified

that 12% was not an equivalent representation for the improper fraction six-fifths (Task C4).

While 64% of the students correctly answered Task CS5, 45% correctly answered Task C6 and
40% correctly answered Task C7 the percentage of incorrect or non-responses increased over the
three tasks: C5, C6 and C7. An initial analysis of the responses to the three reverse fraction tasks
appeared to provide an important lens into the students’ strategies and possible algebraic
reasoning but this was not easily captured in the scoring used for Pilot Study 1. The students’
responses for the three, Part C reverse fraction tasks are discussed in more detail in the next section

(Section 3.3.5).

3.3.5 Elaborating written responses to the reverse fraction tasks

When students’ written responses to the three reverse fraction tasks (Tasks C5, C6, C7 shown in
Figure 3-7) were initially analysed it was noted that some responses were very brief and not
elaborated as requested and consequently the student’s thinking was unclear. Nineteen students,
who had correctly solved all three reverse fraction tasks and provided adequate but brief
explanations of their thinking, were asked to provide a more detailed written explanation of their
solution to one question only. It was hoped that their more detailed explanation would give a
greater insight into their thinking. This request was relayed from the researcher to the students by

their teacher.

The left-hand side of Figure 3-8 shows Student KL’s initial response to Task C5 while the right-
hand side shows his elaborated response along with an alternative solution. In his initial response
it is unclear why he divided three by two and then multiplied the answer by two. His explanation
in the top part of the right-hand column clearly shows an alternative version of his thinking for
the solution of this task. The second part in the right-hand column is a more elaborated version of
his initial solution. Note that he scaled up the fraction, and the whole number that represents the
fraction, in parallel positions in the separate number sentences. In the top part of the right-hand
column Student KL wrote: “If 10 counters = %5 where the equals sign is used to convey ‘is
equivalent to’ rather than ‘equals’. He abbreviated this statement in the second part when he wrote

10 = %/3 again indicating that ten is equivalent to two-thirds of the whole.
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1. Please explain briefly why you

)(:) answered this question the way

5. that you did.
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Figure 3-8: Student KL scales up fractions and whole numbers in parallel for Task C5 (FST)

Figure 3-9 shows Student JL.’s two responses to Task C6, which unlike Task C5 has no diagram.
Student JL.’s initial response (left-hand column) used a pro-numeral and it was unclear whether

he had used a rote-learnt rule or understood the underpinning mathematics for his calculations.

1. Please explain briefty why you b
answered this question the way
that you did.
)-8y Suzie has 12 CD5 . We do net
& &S 4 Mo Kags momben of CDs, %
&ub.scowhcﬁonis?dwﬁiand Ko 15 2 (unlinow s nuaded
. '2"%#1,'\’\&95/\ x’_h-ﬂ-
Kay's. Susie has 12 CDs. The (2  Shonged :;Mb
How many CDs does Kay have? 31 -Flspﬂ'\az" 3."":3‘) The ti«“‘“’"‘
. LE R o T
Show all your working. is wimplified 4.1 x“;‘fy;*}t:m
5“:"“' iy Pt Wy
oY=
ll' x . 2 Can you think of another way In
which you could have answered
- =3y 1\ this question? Please describe
briefly what you might do. Thank
B youforyourhelp
Suzie = % 4(.,5-)/)
2=Y4=>
_L,; =
l?y 7= =2

Figure 3-9: Student JL uses a pro-numeral to solve Task C6 (FST)

35



Student JL’s response given in the right-hand column of Figure 3.9 clearly shows that he has
learnt an appropriate method to solve Task C6 and is able to verbally describe his method. This
is not a method he was taught at school. His alternative method in the right-hand side of Figure
3-9 is the method used by many Year 6 students. He has found the number of objects representing

the one-seventh and then multiplied by seven to find the number in the whole group.

Student BM’s initial response to Task C6 in the left-hand side of Figure 3-10 is unconventional
as she scales up both whole numbers and fractions in parallel. BM’s second response given in the
right-hand side of Figure 3-10, although also unconventional, has elaborated the thinking she used
for her initial response. She has written the fractional number sentence on the top line and the
whole number equivalent underneath. Although unclear in Figure 3.10 she starts with four-

sevenths divided by four equals one-seventh before multiplying by seven.

Susie's CD collection & %ol her friend

Kay's. Susie has 12 CDs.
How many CDs does Kay have? A

_Show all your working. 15-3) S
'3)‘
19 2 '-:-:—.3_
e 7 -’

Figure 3-10: Student BM scales up fractions and whole numbers in parallel for Task C6 (FST)

Student WA’s initial response is shown in the left-hand column of Figure 3-11 and his more
elaborated written response to Reverse Fraction Task 3 is shown in the right-hand column of
Figure 3-11. He finds one-seventh of the 14 counters then multiplies by six to determine the
number in the whole collection. His recording ‘2 equals '/s is his way of saying that ‘2 counters

is equivalent to one-sixth of the whole’ as seen with Student KL.
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Figure 3-11: WA’s initial and elaborated verbal response for Task C7 (FST)



The four students shown above used a range of multiplicative strategies to solve these three
reverse fraction tasks (Tasks C5 — C7). Despite pro-numerals not being introduced until Year 7
one Year 6 student used a pro-numeral to solve these tasks but the other three used strategies that
demonstrated either emerging or established algebraic reasoning. Analysis of these responses
confirmed that these three tasks are appropriate for use in the main study. Results for the three
reverse fraction tasks (Tasks C5, C6 and C7) are important for responses to the research questions:

RQS5 and RQ6.

3.3.6 Internal consistency for the Fraction Screening Test

To determine the internal consistency of the revised FST the students’ results from Pilot Study 1
were entered into SPSS (IBM SPSS Statistics, 2017). The scores for each individual task were
adjusted so that each task on the FST was scored out of two marks where 0 was given for no

response or an incorrect response, 1 for a partially correct response and 2 for a correct response.

Cronbach’s Alpha was calculated using the scores of the 67 students for the 25 tasks of the revised
FST. Cronbach's Alpha is a measure of internal consistency, that is, how closely related a set of
items is as a group and is a standard measure of scale reliability. An analysis of the Inter-item
Correlation Matrix showed that all Inter-item correlations were positive, so all items appear to be
measuring the same underlying characteristic. While values of Cronbach’s Alpha above 0.7 are
considered acceptable, values above 0.8 are preferable so the Cronbach’s Alpha (.898) given in
the Reliability Statistics table for this sample suggests very good internal consistency for the scale

from the FST.

An analysis of the Corrected Item-Total Correlation values shown in the ltem-Total Statistics
table indicates the degree to which each item correlates with the total score. Values less than 0.3
indicate that the item is measuring something different from the scale as a whole. The three

fraction tasks that had values of less than 0.3 are shown in Table 3-8.

These three fraction tasks (A3, A4 and A8) were found by this group of Year 6 students to be the
ecasiest on the FST and are typical of the types of routine fraction tasks students would have
completed in class at an earlier year level. These items had a high success rate: 97%, 87% and
88% respectively. Since the overall Cronbach Alpha for the FST is more than 0.7 these items do

not need to be removed.
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Table 3-8: FST Tasks with Corrected Item-Total values of less than 0.3

FST Tasks Corrected item Cronbach’s Percentage Mean Score
-total Alpha if item correct
correlation deleted

3.
| wantto share 20 fish equally between 4

friends 201 .899 97 1.96

How many fish would each friend get?

4.
This is one -half of the lollies | started
with

@ ;::“ .290 .898 87 1.78

How many lollies did | start with?

8.
Here is a picture of a ribbon.

Shade 2 of the ribbon.

]

233 .899 88 1.84

The results were then checked to see if any of the Alpha If Item Deleted values was higher than
the final Alpha value of .898. Two of the three tasks have a higher Alpha value, while the third
has the same value. If any value is higher than the final Alpha value, it is suggested that the items
be removed. The decision was made to retain these tasks as weaker students are more comfortable
with these tasks than some of the other tasks on the FST. Thus, it was decided to retain these tasks

in an endeavour to reduce possible test anxiety.

While a high value for Cronbach’s alpha indicates good internal consistency of the items in the
scale for the FST, it does not mean that the scale is unidimensional. To determine the
dimensionality of the scale a factor analysis could have been used but is beyond the scope of this

research which is limited by the constraints of the samples.

The FST was chosen for the main study as a test of fraction competence, so it was important that
the tasks appear to be related as a group despite the variety of fraction topics. There is a strong
relationship between each of the individual parts of the FST as shown in Table 3-9. While the
FST tasks have been separated into three parts this has only been done as way of discussing the
tasks. Part A tasks are those routine type tasks most commonly found in texts and exercises for
middle-years students. Part B tasks are those that focus on number line tasks, the importance of
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which have been highlighted in research and Part C tasks include tasks that test understanding

and reasoning in a variety of contexts.

Table 3-9: Correlations between results for Parts A, B and C (FST)

Part A Part B Part C
Part A 1.00 0.71 0.67
Part B 1.00 0.69
Part C 1.00

3.3.7 Finding evidence of algebraic thinking

Nineteen students were asked to elaborate their initial response to one of the reverse fraction tasks.
In many cases students had given a very brief response in their initial attempt at the FST tasks
making an analysis of their strategies difficult to interpret. Section 3.3.5 includes four examples
of students’ initial responses and their more elaborated responses. The four examples given in

Section 3.3.5 demonstrated a range of multiplicative strategies.

In this section the responses of all students in Pilot Study 1 to the three reverse fraction tasks
(Figure 3-7) were examined to attempt to identify features that could be confidently taken to
indicate evidence of algebraic reasoning, namely, understanding of equivalence, transformation

using equivalence, and the use of generalisable methods.

This initial analysis of the responses to the Part C reverse fraction tasks suggested that students
who were capable reverse thinkers were able to step back from a visual representation and could
relate the fraction to the numerical quantity it represented without a visual cue. These students
were able to scale down to find the number of objects representing the unit fraction and then scale
up to find the number representing the whole. They scaled down, then up, both fractions and the
quantities they represented to determine the number of objects needed to represent the whole.
Scaling up and scaling down is a reliable two-step procedure for finding the whole that may even
be compacted into one-step. These students are not dependent on using additive strategies which
may be appropriate for simple fraction problems like the one-half fraction task in A4 (left-hand
side of Figure 3-2). These students appeared to be using algebraic reasoning in their solutions to

these Part C reverse fraction tasks.

Five different types of algebraic reasoning responses were evident in the initial analysis of the

reverse fraction tasks shown in Figure 3-7. The first four types exhibit explicit and competent use
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of multiplicative thinking while the fifth shows an effective mix of multiplicative and additive
thinking. This initial analysis focussed on the types of algebraic reasoning responses for the three
reverse fraction tasks. When the results for the main study were analysed a more comprehensive
framework was developed to include the range of all types of strategies used not just algebraic

reasoning strategies.

3.3.7.1 Response Type 1: Fully Multiplicative Response

Response Type 1 is an example of a fully multiplicative response where the student finds the
number of objects representing the unit fraction by dividing and then multiplies that number by
the number needed to find the whole. Student JL., whose elaborated response to Task C5 (left-
hand column of Figure 3-7) is shown in Figure 3-12, started by writing: “If I have 10 counters
now and that is two parts out of three ...”. He then divided by two to find the number of dots in

one-third then multiplied by three to find three-thirds or the whole.

In some cases, the connection between the number of objects and the fractional parts of the
problem was implied rather than clearly stated. For example, when initially solving the same
reverse fraction task, Student JL wrote 10 = %/5. While this is mathematically incorrect, it is clear

that the student means that the ten dots represented two-thirds of the whole group.

This collection of 10 counters is % of the number of counters | started with.

@006
@000

-
a. How many counters did | start with? | ‘)

b. Explain how you decided that your answer is correct.
TC T hae [0 coantesd 0w and that 1s kaoports avtof thea, Hen

when T 0 vided Zparts by hwo T wwil) 9et ipar‘?(lO'fz:s)\qut:§
| part x(m\h?h»d) b\j 2= gpqr\—s (57*33\4% You sharxad with (5 counkers e

Figure 3-12: Student JL’s example of Response Type 1 for Task C5 (FST)

3.3.7.2 Response Type 2: Using fractions and quantities multiplicatively in parallel
Some students employed equivalent operations using fractions and whole number quantities in

parallel. See for example Student BM’s response to Task C6 in the right-hand column of Figure

3-10 where she wrote: % +4 =% X 7= 71= 1 on one line and 12 +4 =3,3 X 7 =21 on the line
underneath thus tracking both fractional and whole number computation in parallel. This response
can be directly compared to a two-step solution for: ; x = 12. The equal sign is used

idiosyncratically to connect the steps as in the first line of her response. However, this student
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clearly understands the need for equivalent operations to relate the two parallel lines of her

solution.

3.3.7.3 Response Type 3: Two-step reverse operation
Sometimes a two-step reverse operation is compacted into one step as shown in Figure 3-73.

Student KL’s response mirrors very closely the kind of transformational thinking needed to solve

the algebraic equation: % x=10 »x =10 X 1%

==

— 1 ~
>3xl2"‘lc-'::'7—_.a-
]OK'-}’:[g

"

Figure 3-13: Student KL.’s example of Response Type 3 for Task 5C (FST)

3.3.7.4 Response Type 4: Using a pro-numeral

Some Year 6 students set up the appropriate equation using a pro-numeral. See for example
Student JL’s response given in the left-hand side of Figure 3-9 where he started with the equation
12 = */; x. While this method appears to be a dramatic change it is really just a symbolic change.
The reasoning here is no different from that shown in the previous three response types. Using an
equation such as this is more economical and uses recognisable algebraic notation, but
mathematically it is identical in its reasoning. Student JL. used Response Type 1 in his more

elaborated explanation shown in the right-hand side of Figure 3-9.

3.3.7.5 Response Type 5: Mixed method approach
Sometimes students use a mixed method approach that uses both multiplicative and additive
strategies. Figure 3-14 shows responses where two students initially found the unit fraction and

then added on the amount needed for Task C5 or subtracted the amount for Task C7.

o = 2 a. How many counters did | start with? 1
-
3 b. Explain how you decided that your
— é answer is correct. :
‘ ' (I ( _Yy —~
20 s %=1k, /=), 1420
S +5 - i ‘ : .
23 Y Lthae
o Lo¥ G ) ‘ -

Figure 3-14: Examples of Response Type 5 for Tasks C5 & C7 (FST)

Student JB (left-hand side of Figure 3-14) initially found that five counters represented one-third

of the whole group so added this onto the initial 10 counters that represented two-thirds of the
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whole group. As for Student BM, Student JB recorded the two processes in parallel. Student AX
(right-hand side of Figure 3-14) found one-sixth of the whole group and subtracted that amount

from the number of counters representing seven-sixths.

3.3.8 Conclusion for Pilot Study 1
After examining the results from the analysis of the FST tasks it appears that the FST is
appropriate as a test of fractional competence. The reverse fraction tasks in Part C allowed

students to demonstrate a range of algebraic reasoning strategies as shown in Section 3.3.7.

Students in Pilot Study 2 trialled the ATQ tasks as well as a second trial of the three reverse
fraction tasks from Part C (FST). These results will be discussed in Section 3.4.

3.4 Pilot Study 2: Trialing the Algebraic Thinking Questionnaire

A second pilot study was conducted with 18 Year 6 students from another eastern suburban
metropolitan school in Melbourne (Pearn & Stephens, 2015b; 2018). There were two reasons for
this second pilot study. The first was a second trial of the three reverse fraction tasks (Tasks C5 —
C7) and the second was the initial trial of the revised ATQ. Due to time restraints the students
participating in Pilot Study 2 completed a paper and pencil assessment that included Tasks C5,
C6 and C7 (FST) and either Part M or Part D of the ATQ. The ATQ can be found in Appendix

B. This was not the same school used in Pilot Study 1 where the revised FST was initially trialled.

The 18 Year 6 students were chosen as they were deemed by their teachers to be highly successful
in mathematics. All 18 students were given the three reverse fraction tasks while ten students
were given Part M (the multiplication tasks) and eight were given Part D (the division tasks) of
the ATQ. As there were so few results the Cronbach’s Alpha was not calculated. In the main study
all students completed both sections (Part M and Part D), that is, both the multiplication and

division sections of the ATQ.

3.4.1 Background to the Algebraic Thinking Questionnaire

The ATQ trialled in Pilot Study 2 and used in the main study was developed based on items from
an assessment instrument that had already been used extensively in seven countries (Stephens,
2006). One consideration in designing questions for the ATQ was to provide tasks that would
allow students to either use arithmetic calculations or relational thinking that could be interpreted
as demonstrating algebraic reasoning. The focus for the ATQ tasks was on multiplication and

division of whole numbers, fractions and decimals.
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The purpose of the ATQ was to ensure that a purely operational understanding of the equals sign
(Jones et al, 2013), while suitable for some questions on the FST, would not enable students to
successfully solve all ATQ tasks. The ATQ questions were constructed so that students had the
opportunity to demonstrate either of the two different relational conceptions of the equals sign:
sameness-relational conception or the substitutive-relational conception which Jones and
colleagues (2013) indicated was important for algebraic thinking. The aim was to determine

whether using relational aspects of equivalence led to evidence of generalisation.

Part M focuses on multiplication tasks and Part D focuses on division tasks. Examples of the types
of tasks involving both whole numbers and fractions from Question 1 of both parts of the ATQ

are shown in Table 3-10.

Table 3-10: Examples of Question 1 tasks from Parts M and D (ATQ)

Question 1 (ATQ) Part M: Multiplication focus Part D: Division focus
Task 1 36><25:9x|:| 3+4:15+|:|
Task 4 Zx—=1 le=1

5 6

Question 2 of both Part M and Part D of the ATQ focuses on students’ understanding of
equivalence relationships with two unknown numbers represented by Box A and Box B, and by
symbolic representations of two unknowns (see Table 3-11). Students are also expected to explain
the relationships between the respective unknown numbers or the given symbolic representations

(c and d or a and b).

Table 3-11: Examples of Question 2 tasks from Parts M and D (ATQ)

Question 2 (ATQ) Part M Part D
Task 2: When you make a correct
sentence, what is the relationship 5% QA = 10 x QB 3 = D = 15 =+ D
between the numbers in Box A and ‘ Box A Box B
Box B?
Task 4: What can you say about ¢ and ex 2 =d x 14 c = 8 = d= 24

d in this mathematical sentence?
Task 5: What can you say about a
and b in this mathematical sentence?

Pattern and Algebra is one sub-strand in the Australian Curriculum: Mathematics. Table 3-12
shows the two Content Descriptions for Pattern and Algebra that are relevant for this study along

with the Year Levels and the related ATQ tasks.
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Table 3-12: Mathematics Content Descriptors with corresponding ATQ tasks

Year

Content Descriptions (ACARA, 2018) Level

ATQ tasks

Find unknown quantities in number sentences involving
multiplication and division and identify equivalent number 5 Question 1 Tasks 1 - 4
sentences involving multiplication and division (ACMNA121)

Create algebraic expressions and evaluate them by substituting a

tion 2 Tasks a —
given value for each variable (ACMNA176) 7 Question 2 Tasks a - ¢

3.4.2 Second trial of the three Reverse Fraction Tasks

The 18 Year 6 students in Pilot Study 2 from a second primary school completed Tasks C5 - C7
(FST) and the responses were scored as in Pilot Study 1 and described in Section 3.2.1. That is,
one mark was given for a correct response with no explanation or if there was some evidence of
a correct diagram or an initial representation which the student did not take further (starting point).
Two marks were given for a correct answer with limited explanation and three marks given for a
correct answer with appropriate explanation. Zero was given if no response or an incorrect

response was given. For an example of the results using the scoring for Task C5 see Table 3-13.

Table 3-13: Scores for Tasks C5 - C7, FST (n = 18)

Scores Task C5 (FST) Task C6 (FST) Task C7 (FST)
Score 0 0 4 4
Score 1 0 0 0
Score 2 4 4 5
Score 3 14 10 9
Mean Score* 2.78 2.11 2.05

* Possible Scores: Tasks C5-C7:0,1, 2,3

All students correctly answered Task C5. Fourteen students gave a correct response with an
explanation such as '/3 is 5 thus /5 is 15. Four students gave a limited written explanation or used
incorrect mathematical language e.g. one student wrote 3 + 15 instead of the required 15 + 3.

Student AA’s correct additive response is given in Figure 3-15.
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This collection of 10 counters is -;— of the number of counters | started with.

"

a. How many counters did | start with?
b. Explain how you decided that your answer is correct.

1 was 5 L as 10

3
%0 .3_3 wowld. ye 1§

Figure 3-15: Student AA’s response to Task C5 (FST)

Fourteen students answered Task C6 correctly. Ten of these students gave explanations for their
answers while four students gave the correct answer with either a limited explanation or used
incorrect mathematical statements in their explanations. Four students either gave an incorrect

response or did not attempt the task.

Fourteen students answered Task C7 correctly. Nine students explained their answers while five
students gave the correct answer with either a limited explanation or used incorrect mathematical
statements in their explanations. Four students either did not attempt the task or gave an incorrect
response. Student AP’s correct response is given in Figure 3-16. While Student AP has written
equations which are mathematically incorrect such as 14 ="/, 2 ="/5,2 x 6 = %/s and 12 = /¢ it is
assumed that this is their shorthand way of writing that 14 represents seven-sixths of the whole

collection thus two dots represent one-sixth and 12 dots represents the whole collection.

5.
This collection of 14 counters is % of the number of counters | started with.

(X1 X X J
2000
(X X X
a. How many counters did | start with? \72 couriers
b. Explain how you decided that your answer is correct.
1q-7 %
14:7- l/é 12 "‘WWLV Vf\ Coutters §1ariec‘f wih
2%
&7
Z, = 6/€

Figure 3-16: Student AP’s multiplicative response to Task C7 (FST)

The total scores for the three reverse thinking fraction questions ranged from three to nine. The
average score was 6.94. Twelve of the 18 students scored higher than the average for the three
reverse fraction tasks i.e. seven or more. Seven students answered all three reverse fraction tasks

correctly and gave a comprehensive explanation for all three reverse fraction tasks.
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Year 6 students from Pilot Study 2 also demonstrated that these reverse fraction tasks from Part
C of the FST allowed them to demonstrate algebraic reasoning when completing these tasks.
These tasks are deemed to be appropriate for use in the main study and will assist in the discussion

about RQS5 and RQ6.

3.4.3 Algebraic Thinking Questionnaire: Part M

Ten of the 18 students in Pilot Study 2 completed Part M of the ATQ. There is a total of nine
multiplication-based tasks. Question 1 consists of four tasks and Question 2 has five tasks. In
Question 1, students who did not attempt a task or gave an incorrect response scored zero. A score
of one was given for a response that was partially correct, a score of two for a response that was
a correct arithmetical calculation and three for a response that used relational thinking. Table 3-14
shows the number of students scoring from zero to three for each of the four tasks from Question

1 of Part M (ATQ).

Table 3-14 Scores for Question 1, Part M (ATQ) (n = 10)

Part M Question 1 Task M1la Task M1b Task M1c Task M1d
Score 0 0 1 2 3
Score 1 0 0 1 1
Score 2 5 5 3
Score 3 5 4 4 3

Mean 2.5 2.2 1.9 1.6

* Possible scores: Tasks Mla—M1d: 0, 1, 2, 3

Similar scoring was used for Question 2 of Part M (ATQ). Students who did not attempt the task
or gave an incorrect response scored zero. A score of one was given for a response that was
partially correct, a score of two for a response that was a correct calculation and three for a
response that used relational thinking. For an example of a correct response with an appropriate
explanation for Question 2a and 2b see Student ZB’s response in Figure 3.17. This response would

score one for Task M2a and three for Task M2b.
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2. Can you think about the following mathematical sentence:

5 X= 10 x

Box A Box B
w2 T
2) In each 0T the sentences below, can you put numbers in Box A

and Box B to make each sentence correct?

5x 39 - 10 x

Box A Box B

— —

5 x \S‘ = 10 x 7\S
Box A Box B

b) When you make a correct sentence, what is the relationship
between the numbers in Box A and Box B?

v B o« M%‘% Box ™

Figure 3-17: Student ZB’s response to Question 2a and 2b Part M (ATQ)

Table 3-15 shows the number of students scoring from zero to three for each of the five tasks

from Question 2 of Part M.

Table 3-15: Scores for Question 2, Part M (ATQ) (n = 10)

Part M Question 2 Task M2a Task M2b Task M2c Task M2d Task M2e
Score 0 0 1 1 1 3
Score 1 1 0 2 3 1
Score 2 9 0 0 1 0
Score 3 0 9 7 5 6

Mean Score* 2.0 2.7 23 2.0 1.9

* Possible scores Task M2a: 0, 1, 2; Tasks M2b —M2e: 0, 1, 2, 3

Students’ total scores ranged from 7 to 26 for Part M of the ATQ with a mean score of 19. While
most students were able to answer the nine questions relating to multiplication only five students
showed consistent evidence of relational thinking to solve all multiplication tasks. One student
started off using calculations for the easier tasks but was able to switch to relational thinking for

the more abstract tasks.

The correlation between the total results of the reverse fraction tasks and the total for Part M
(ATQ) for these students was 0.79. Table 3-16 shows the correlations between the individual tasks
from both instruments used for Pilot Study 2. That is, Tasks C5 - C7 (FST) and the multiplication
tasks (Part M) from the ATQ.
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The correlations varied from very weak relationships between a reverse fraction task and an ATQ
task to strong positive relationships between the tasks. For example, the correlation between Task
C5 and Task M2d was zero while the correlation between Task C7 and Task M 1b was -0.09 which
is very close to zero. However, there were strong relationships between Task C5 and Tasks M2c,

Task C6 and Tasks M1a — M1d and Task C7 and Tasks M1d and M2d.

Table 3-16: Correlations between Tasks C5 — C7 (FST) and Part M tasks (ATQ)

FST Tasks Part M (ATQ)
Mia  MIb  Mlc MIid M2 M2 M2 M2d  M2e
TaskCs 033 008 056 044 10 10 070 0 0.46
TaskC6 074 068 072 068 050 050 054 048 049
TaskC7 030  -009 053 068 050 050 054 068 049

3.4.4 Algebraic Thinking Questionnaire Part D

Eight students completed Part D of the ATQ. Part D focuses on division tasks. There are nine
division-based tasks in Part D with four tasks in Question 1 and five tasks in Question 2. Similar
scoring to that used in Part M was used for Question 1 of Part D. Students who did not attempt
the task or gave an incorrect response scored zero. A score of one was given for a response that
was partially correct, a score of two for a response that was a correct calculation and three for a
response that used relational thinking. Table 3-17 shows the number of students achieving each

of the scores for the four Question 1 tasks of Part D.

Table 3-17: Scores for Question 1 Part D ATQ (n = 8)

Scores Task Dla Task D1b Task Dlc Task D1d
Score 0 1 0 3 0
Score 1 1 1 0 5
Score 2 2 1 1 0
Score 3 5 6 4 3
Mean Score 23 2.6 1.8 1.8

* Possible Scores: Tasks Dla—Dle: 0,1, 2, 3

Similar scoring was used for Question 2 of Part D (ATQ). Students who did not attempt the task
or gave an incorrect response scored zero. A score of one was given for a response that was
partially correct, a score of two for a response that was a correct calculation and three for a
response that used relational thinking. Table 3-18 shows the number of students for each score

for each task of Question 2 of Part D.
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Table 3-18: Scores for Question 2, Part D, ATQ (n = 8)

Scores Task D2a Task D2b Task D2c Task D2d Task D2e
Score 0 1 2 3 2 3
Score 1 1 3 2 1 1
Score 2 6 1 1 2 3
Score 3 0 2 2 3 1
Mean Score* 1.6 1.4 1.3 1.8 1.3

* Possible Scores: Task D2a: 0, 1,2 Task D2b—D2e: 0, 1,2, 3

Two students demonstrated consistent evidence of relational thinking for all division tasks. One
other student was able to give the correct answers to all division tasks — at times elaborating
responses. For an example of a correct response with explanation for Part D (ATQ) see Student

RT’s response in Figure 3-19.

(@ \;’hat can you say about ¢ and d in this mat44MMESt tehce?
& Cd/ - 8 = d + 24
c X 3=y hecamse 9y3=2 4

Figure 3-19: Student RT’s response to Question 2d, Part D (ATQ)

Scores for Part D of the ATQ ranged from 6 to 26 with a mean score for the division tasks of 15.6.
Table 3-19 shows the correlation between the three reverse fraction tasks (FST) and the nine
division tasks on Part D (ATQ). The correlation between the total score for the fraction tasks and

the total score for the division tasks for these students was 0.64.

Table 3-19: Correlation of scores for reverse fraction tasks and Part D (ATQ) (n = 8)

FST Tasks Part D Tasks (ATQ)

Dla Dl1b Dlc D1d D2a D2b D2c D2d D2e
Task C5  -0.30 -0.42 -0.51 -0.47 0.70 0.03 -0.05 -0.16 -0.30
Task C6  0.89 0.51 0.51 0.33 0.14 0.61 0.59 0.27 0.53
Task C7  0.83 0.46 0.61 0.17 -0.12 0.44 0.53 0.48 0.34

The correlations between the reverse fraction tasks and the division tasks from the ATQ ranged
from moderate negative relationships to strong positive relationships between the tasks. For
example, the correlation between Task C5 and the first four division tasks were moderately
negative, a strong positive relationship with Task D2a but weaker negative correlations for the
last four division tasks. There was a strong positive relationship between Task C6 and Task C7

with Task D1a with weaker relationships between the next three division tasks.
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3.4.5 Conclusion for Pilot Study 2

Students in Pilot Study 2 trialled the ATQ tasks as well as the three reverse fraction tasks from
Part C (FST). After examining the results from the three reverse fraction tasks (FST) in Pilot
Study 2 it appears that these three tasks allowed the Year 6 students to demonstrate a range of
algebraic reasoning when completing these tasks as shown in Section 3.3.7. These tasks are
deemed to be appropriate for use in the main study and will assist in the discussion about RQ5

and RQ6.

Ten of the 18 students in Pilot Study 2 completed the nine multiplication-based tasks of Part M
(ATQ) while eight completed the nine division-based tasks of Part D (ATQ). While there were
some students who did not complete some of these ATQ tasks many students successfully
completed these tasks using either correct arithmetical computations or demonstrated their use of
relational thinking in their solutions. These ATQ tasks are deemed to be appropriate for use in the

main study and will assist in the discussion about RQ3, RQ4, RQ5 and RQ6.

3.5 Significance of Pilot Studies

These two pilot studies were designed to trial the paper and pencil assessment instruments before
implementing the main research study. The results from these studies draw attention to three
quite specific aspects of fractional operations that are not sufficiently emphasised in earlier
studies. The first is being able to transform (operate on) a given fraction in order to find the whole,
regardless of whether the fraction is expressed in proper or improper form. The second is students’
understanding of equivalence, meaning that the operations that are required to restore a fraction
to a whole need to be applied to the corresponding numerical quantities represented by the
fraction. The third is to utilise efficient and generalisable multiplicative methods to achieve this
goal; in contrast to other methods, usually additive, which may work only with simple fractions.
All three aspects are essential for the subsequent solution of algebraic equations. This study will
allow us to assist teachers to identify these multiplicative methods and thus they will be able to

encourage their students to use these efficient and generalizable strategies to solve fraction tasks.

3.6  Consultation with some experts

As part of this research, an international group of 15 mathematicians, mathematics educators, and
practicing teachers were asked to contrast responses of the Green Group of students shown in
Table 3-20 with responses from students in the Blue Group shown in Table 3-21. This
consultation has been discussed briefly in Pearn and Stephens (2018).
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The respondents were asked to comment on the following two questions:

e What in your opinion distinguishes the first group of responses (green) from the second
(blue)? You may wish to comment on particular students, but we would like you to
identify any general features of the second blue group that distinguish it from the first.

e What, in your opinion, in the second group of responses (blue) could be seen as
anticipating algebra in the sense of algebra as these students will typically encounter it in
secondary school?

As shown in Table 3-20 the Green group of students had obtained correct answers by
predominantly using additive or pictorial methods as well as some multiplicative methods. For
example, Student DW counted by fives to solve Task C5 while student used tracking of the
fractions while counting by threes for Task C6 and twos for Task C7. Both these students used
additive methods for one of the reverse fraction tasks. Student CE gave several incorrect responses
She incorrectly stated: " If you do 3 + 15 it equals 5" but used the result to find the correct answer

for Task C5 (FST). Both her other attempts were incorrect.

Table 3-20: Green group

Reverse Fraction Tasks

Student DW

Student JD

Student CE

CS. This collection of 10
counters is %/3 of the number of
counters I started with.

How many counters did I start
with?

Explain how you decided that
your answer is correct.

Correct response

If ten is two-thirds
you count by 5 so 5,
10, 15

Correct response
There are 10
counters. So |
halved 10 and that
equals 5.

I multiplied 5 x 3

and that equalled 15.

Correct response
Ifyoudo3+15it
equals 5 and since it
is %/3 double 5 will
be 10 and an extra 5
is left over.

C6. Susie’s CD collection is /7
of her friend Kay’s. Susie has
12 CDs. How many CDs does
Kay have? Show all your
working.

Correct response
12+4=3
so3x7=21

Correct response
3Ix4=12
Tracking used
Y5 ST,

12 15 18 21

Incorrect response
Divided 7 into 12

then 7 into 48 then
scribbled both out.

C7. This collection of 14
counters is "/ of the number of
counters I started with.

How many counters did I start
with? Explain how you decided
that your answer is correct.

Correct response

I found the closest
multiple of 6 tol4
which is 12.

I divided by six
which equals 2 so !/s
=2

Correct response
Each Ysis 2 then I
kept adding 2 until
%/ and that number
was 12.

Incorrect response
Rewrote "/s as /s
and added 28 +7 to
get 35.

The three students in the Blue Group use a range of multiplicative methods to correctly solve all

three reverse fraction tasks. Note some of the idiosyncratic recording of these multiplicative
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methods. They all use the equals sign as shorthand. For example, Student AM writes that 10 =

?/3but really means that the group of 10 counters represents two-thirds of the whole group.

These students would not have been introduced to formal algebraic notation.

Table 3-21: Blue Group

Reverse Fraction Tasks

Student AP

Student WL

Student EJ

CS5. This collection of 10 counters
is 2/3 of the number of counters I
started with.
00000
00000
How many counters did I start
with?
Explain how you decided that
your answer is correct.

Correct response
10 =%/3

10+-2="14
5=1/
5x3=3;
15=3/

15 = the number of
counters started
with

Correct response
10 is 2 parts,
=5eachx3=15

Correct response
10 = ?/3 therefore
(10+2)="
5(13)x3=15

C6. Susie’s CD collection is 4/7 of
her friend Kay’s. Susie has 12
CDs.

How many CDs does Kay have?

S_how all your working.

Correct response
12="4/
12+4="1/
3=1
3xT7="/
21="/7

21 =Kay’s CDs

Correct response
12+4=3x7=21

Correct response
12 =*/7 therefore
(12+4)="/

3 x7=21

C7. This collection of 14 counters
is 7/6 of the number of counters I
started with.

How many counters did I start
with? Explain how you decided
that your answer is correct.

Correct response
14="/s

14+7="
2="
2x6="5
12 ="5/s

12 = the number of
counters started
with

Correct response
14+7=2%x6=12
14 divided by 7
units as that is the
total, then times it
by 6 as it is the
actual amount of
units.

Correct response
14 ="/ therefore
(14+7)="1s

2 () x6=12

Three responses to the sets of students’ work samples shown are quoted here. One Professor of
Mathematics expressed concern: “These students may have difficulty with algebra because they
do not understand the meaning of the equals sign”. By contrast, a Professor of Mathematics
Education, referring to Student AP’s response to Task C5 (Table 3.21) said that 10 = %/ is treated
like %/3 x = 10. She went on to say that this latter algebraic expression is solved by dividing by 2
and multiplying by 3, or by multiplying by 1% as the student had done. A third Professor of
Mathematics, from outside Australia, argued that the students were using: ‘tracking arithmetic’:
not allowing parameters (numbers) in the problem to be calculated, so that at the end their role
and influence can be tracked, and generalisation consists of treating each original number as place
holder, so treating it algebraically.
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Practicing teachers who were consulted generally supported the view that the kind of thinking
shown in the three examples from the Blue Group was algebraic through its use of equivalence
and generalisability. While there was no uniform agreement about what exactly anticipated
algebra in the work samples presented to this group, the majority of the respondents drew attention
to features that indicated a shift away from arithmetical thinking. The proposed study seeks to
develop a stronger conceptual framework for the terms ‘anticipating algebra’ and ‘algebraic

reasoning’.

3.7 Implications for the Main Study

The results from the pilot studies informed the development of the instruments used in the main
study. The assessment instruments were proven to be appropriate for the purpose of providing
opportunities for students to demonstrate their algebraic thinking as they solved fractional tasks
especially the three reverse fraction tasks from Part C of the FST. The ATQ was challenging for
the Year 6 students in Pilot Study 2 but the tasks appeared to address the issues of equivalence,

transformation using equivalence, and generalisation anticipated in algebraic reasoning.

As the number of students in the main study are much higher than the numbers of students in the
pilot studies consideration was given to the scoring of the instruments to ensure that the details
from the students’ responses are not lost. The details contained in the student responses will be
used in the exploratory analysis of the two written assessments in Chapter 5, the case studies in

Chapter 7 and responses to the research sub-questions in Chapter 8.
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Chapter 4: Main Study Method

As discussed in Chapter 3 this is a mixed methods research study which uses the integration of
the data from both quantitative and qualitative approaches to provide a better understanding of
the research being investigated (Bryman, 2006; Creswell & Plano Clark, 2011; Teddlie &
Tashakkori, 2009; Yin, 2006). This main research study uses a sequential explanatory approach
(Creswell, 2003) characterised by the collection and analysis of quantitative data using descriptive
statistics followed by the collection and analysis of the qualitative data. Thus, the results from the
qualitative analysis in Chapter 6 help to explain and interpret the quantitative data from Chapter
5. The results of the data collections have been exemplified in the case studies in Chapter 7 and

integrated to address the research questions in Chapter 8.

Ethics approval for this study was obtained from the Melbourne Graduate School of Education's
Human Research Ethics Committee (1544444) and permission to conduct research in schools was
obtained from the Department of Education and Training (2015 002714) and the Catholic
Education Office (Project #2016 Pearn). Principals of all schools, and parents of all students,

participating in this research completed the permission letters approved by the ethics committee.

Details of the phases of this sequential exploratory mixed method study are shown in Table 4.1.
This main study uses descriptive statistics in the quantitative phase as the relationships or
correlations between the results from the two paper and pencil assessments have been examined
to determine how one may be associated with the other (Kervin, Vialle, Herrington and Okely,
2006, p.62). This study examines the relationship between students’ responses to a range of
fraction tasks to determine their fractional competence and their responses to both algebraic tasks

and reverse fraction tasks to find evidence of emerging or developed algebraic reasoning.

Table 4-1: Phases of the sequential explanatory mixed method

Phase 1: Quantitative (n = 607) Phase 2: Qualitative (n = 45) Integration and Interpretation

e Students attempt FST and e Students interviewed using e Case studies illustrate the
ATQ tasks the Structured Interview integration of the results

e FST and ATQ results e Results of individual tasks e Analysis of all data for
analysed and correlated using from the Structured Interview responses to main research
descriptive statistics analysed using the question and sub-questions.

e Development of Framework Framework  for  Reverse e Development of Emerging
for Reverse Fraction Task Fraction Task Strategies Algebraic Reasoning
Strategies Framework
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In this study, a sequential explanatory mixed method research design was selected in order to
investigate connections between fractional competence and algebraic reasoning. In the first phase
of the main study, quantitative data was collected from 607 students from 11 schools and the
subsequent data was analysed using SPSS using descriptive statistical methods. The quantitative
data collection and subsequent analysis has been described in Chapter 5. The qualitative data
collection included semi-structured interviews with 43 students which have been described in

Chapter 6.

The first linking or integrating of data occurred when the quantitative data from the two paper
and pencil assessments was analysed to inform the construction of the semi-structured interviews.
The second integration of data occurred when the quantitative data from Phase 1 was integrated
with the qualitative data from the semi-structured interviews used in Phase 2. This integration is
discussed in the case studies elaborated to “draw out new insights beyond the information gained
from the separate quantitative and qualitative results” (Fetters, Curry & Creswell, 2013, p. 2143).
The third integration of the data occurred when analyses of all data sources were synthesised to

respond to the research question and sub-questions.

In this research the qualitative and quantitative methods were linked and integrated to address the
overarching research question looking at the connections between fractional competence and
algebraic reasoning. The analysis of the quantitative data, for example the correlation between
fractional competence and algebraic reasoning as indicated by the scores on the two assessments,
did not give enough information as to why students were choosing to use particular strategies.
Conversely, only having the qualitative data from the Structured Interview would not have
identified the relationship between fractional competence and algebraic reasoning for the large
numbers of students in the quantitative study. Data from both the qualitative and quantitative
phases were analysed in the final phase to form an overall understanding developed through the
integration of all the data strands (Teddlie and Tashakkori, 2009). The synthesis of all data sources

and responses to the main and sub research questions are included in the discussion in Chapter 8.

4.1 Participants

The students participating in this study were a convenience sample. Their teachers volunteered to
participate either when the research proposal was presented at the annual conference of the
Mathematical Association of Victoria or after attending professional learning sessions presented
by the researcher. There were 607 middle-years students from 11 Victorian schools with nine

schools from metropolitan Melbourne and two from regional Victoria. There were nine primary
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schools and two secondary schools. Table 4.2 shows the number of students by year level from
each school. There were no Year 7 students in this research, as their teachers did not volunteer to
participate. Altogether there were 190 Year 5 students, 269 Years 6 students, 122 Year § students,
15 Year 9 students and 11 primary students who did not identify whether they were in Year 5 or
Year 6.

Table 4-2: Number and year level of participants by school (n = 607)

School

1 2 3 4 5 6 7 8 9 10 11
ICSEA 1144 1134 1013 1135 1104 1162 1180 1156 1150 1160 1181
Year 5
(n=190) 29 - 27 - - 9 27 51 20 27 -
Year 6 36 40 52 31 15 20 39 17 19
(n=269) ) )
Year 8
(n=122) ) ) : 20 ) ) ) ) ) ) 2
Year 9
(n=15) ) ) i ) ) ) ) ) ) ) 15
Unknown
*(n=11) 5 ) ) ) ) © ) ! ) ) )

Total 69 40 79 120 31 30 47 91 37 46 17
* These primary students did not indicate whether they were in Year 5 or Year 6.

Table 4.2 also shows the Index of Community Socio-Educational Advantage [I[CSEA]. For each
school this measure takes into account parents’ occupations, parents’ education, geographical
location and the proportion of indigenous students. ICSEA values are calculated on a scale which
has a median of 1000 and a standard deviation of 100 and typically range from a value of about
500 (representing extremely educationally disadvantaged backgrounds) to about 1300
(representing schools with students with very educationally advantaged backgrounds) [ACARA,
2018). As shown in Row 1 of Table 4.2, at the time of this study, the participating schools had
ICSEA values that ranged from 1013 to 1181 and thus would be deemed to be educationally

advantaged.

4.2  Data collection: Instruments

Unlike the Lee and Hackenberg study (2014), which utilised two interviews with small groups of
students participating in both a Fraction Interview and an Algebra interview, this study uses two
paper and pencil assessments: The FST (Pearn & Stephens, 2014) and the ATQ (Stephens, 2015)
with 607 students. The contents, and details of the trials, of these two assessment instruments are

discussed in Chapter 3. The FST is in Appendix A and the ATQ is in Appendix B. Solutions from
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the paper and pencil assessments were examined for any evidence of relationships between

students’ fractional competence and algebraic reasoning.

After a preliminary analysis of the three, Part C reverse fraction tasks (FST) scripted one-on-one
interviews were conducted with 45 students who had successfully completed two of the three
reverse fraction tasks from Part C. These students were purposefully selected on the basis of their
responses to the reverse fraction tasks so that a variety of strategies were represented. These
students were prompted to explain their thinking and to suggest alternative solution strategies to

the interview tasks.

The three instruments used in this main study are described briefly in both Pearn and Stephens
(2018) and Pearn, Stephens and Pierce (2019) while the Structured Interview is described in
Pearn, Stephens, Zhang and Pierce (2019).

4.3  The Fraction Screening Test

The FST (Pearn & Stephens, 2014) used for this main study was developed and trialled in Pilot
Study 1 and discussed in Chapter 3. This version is divided into three parts. Part A includes 12
routine fraction tasks such as equivalent fractions, ordering fractions and recognising simple
representations of fractions. Part B includes five number-line tasks. Part C includes fraction tasks
that assess whether or not students can use their understanding of the size of fractions to order a
set of fractions, match fractions with their decimal equivalents or ‘choose the one that does not
belong” when given a choice of different symbolic representations including fractions, decimals
and percentages. Part C also includes the three reverse fraction tasks that require students to
determine the number of objects representing given the number of objects representing a
fractional part. Results from the FST will be used to respond to research questions RQ1 and RQ2
which focus on fractional competence while results from the three, Part C reverse fractions tasks
will be specifically used to respond to RQ3, RQS5 and RQ6 which have a greater focus on algebraic

reasoning

4.3.1 Scoring the Fraction Screening Test

The students in Pilot Study 1 trialled the revised FST. When analysing the Year 6 students’
responses to the FST the number of marks allocated varied according to the amount of detail
expected to be included in these responses. This scoring is described in detail in Section 3.3.1.
For example, each of the three, Part C reverse fraction questions (Figure 3-7) was marked out of

three. One mark was given for a correct response with no explanation or if there was some
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evidence of a correct diagram or an initial representation that the student did not complete. Two
marks were given for a correct answer with limited explanation and three marks given for a correct
answer with adequate explanation. Zero was allocated if an incorrect response was given or there

was no response.

After careful consideration of the data it became clear that the Pilot Study scoring guide for the
FST was not sufficiently comprehensive and details of students’ responses were not being
adequately recorded. As a result, the scoring scheme was revised to capture more of the detail
available in the data. Consequently, an initial alphabetical coding was used to record the
information and then alphabetical scores were converted to numerical scores and some categories
were collapsed. In Table 4.3 is an example of the initial coding and the subsequent scoring scheme

for Task Al (FST) where students were asked to choose the correct representations of three-

quarters.
Table 4-3: Example of the scoring scheme used for Task Al (FST)
Task Al (FST) a b c d e
Numerical score 0 | 1 1 2
E ¢ No correct One correct Two correct One correct Two correct
shapes chosen  shape and one  shapes and shape and no  shapes chosen
A 9 n incorrect one incorrect  incorrect

shape chosen  shape chosen  shapes chosen

In the initial analysis of the students’ responses in Pilot Study 1 to Part C reverse fraction tasks
(Tasks C5, C6 and C7) shown in Figure 3-7 five different types of algebraic reasoning strategies
were identified. This initial analysis, shown in Section 3.3.7, focussed on the types of algebraic
reasoning responses students used when responding to the three reverse fraction tasks. The

algebraic reasoning type responses included:

e Response Type 1: Fully multiplicative

e Response Type 2: Using fractions and quantities multiplicatively in parallel

o Response Type 3: Two-step reverse operation

e Response Type 4: Using a pro-numeral

e Response Type 5: Mixed method approach
So that all student responses could be included this initial coding needed to be enlarged to include
all the strategies students used to solve the three reverse fraction tasks not just those that

demonstrated algebraic reasoning. The range of strategies will be analysed in the next section

(Section 4.3.2).
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4.3.2 Analysing strategies used to solve individual Part C reverse fraction tasks
Written responses for each of the three reverse fraction tasks (Figure 3-7) were analysed to
determine the types of strategies students used to solve each task. Six categories of strategies were
established using the thematic analysis approach suggested by Braun & Clarke (2006). For this
initial attempt at the analysis of the results from the students’ responses for the main study these
categories of strategies were classified as: Not Clear Strategy, Diagram Dependent Strategy,
Additive/Subtractive Strategy, Partially Multiplicative Strategy, Fully Multiplicative Strategy,
and Advanced Multiplicative Strategy (Pearn, Pierce, & Stephens, 2017b).

Written responses that were either incomplete or not attempted were classified as Not Clear.
When students explicitly partitioned the given diagrams and drew extra objects their response
was classified as demonstrating the Diagram Dependent Strategy. For example, in Student BM’s
response shown in Figure 4.1 she divided the drawing of the ten counters into two groups to

determine one-third and then drew another five counters to determine that three-thirds was 15.

5.
This collection of 10 oountergs is % of the

number of counters | started with.

000060 00°
e000e® °

a. How many counters did | start with? | 5

Figure 4-1: Student BM’s uses a Diagram Dependent Strategy to solve Task C5 (FST)

The Additive/Subtractive Strategy refers to the use of additive or subtractive methods without
explicit partitioning of the given diagram or creating a new diagram. Students using the Additive
Strategy find the number of objects needed to represent the unit fraction and then use counting or
repeated addition to find the number of objects needed to represent the whole. Student RH has
determined that one-seventh of the group is three counters and keeps track of the fractional parts
by adding an extra three objects for each seventh (Figure 4.2). Although the recording is
unconventional it is apparent that this student's expression 5 = 15 is used as shorthand meaning

that five-sevenths of the original group would be 15 counters, similarly 6 = 18 means that six-
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sevenths is represented by 18 counters so seven-sevenths or the whole group would be 21

counters.

6.
Susie’s CD collection is ; of her friend Kay’s, Susie has 12 CDs

How many CDs does Kay have? ( 1
Show all your working.

WAZ2=12 & dhatr. means  dding
2 550 gsls 7:@53 e
7

Figure 4-2: Student RH uses an Additive Strategy to solve Task C6 (FST)

The Partially Multiplicative Strategy refers to the use of both multiplicative and additive methods.
In Figure 4.3 Student JB found the number of objects representing one-third of the group then
added these to the two-thirds to find the appropriate number of objects needed to make the whole.
While the written recording is unconventional it is clear to see that the student is recording his
method step-by-step. Note the parallel tracking in Line 3 and Line 4 in Figure 4.3. In Line 3
Student JB has demonstrated that he can add two-thirds and one-third to get three-thirds or the
whole. In Line 4 the number of counters in each of the fractional parts is recorded under each

fraction in Line 3.

5
This collection of 10 counters is 7 of the number of counters | started with.
3

06680
000

a, How many counters did | stert with? [ 5
b. Explain how you decided that your answer is correct

IO':EI
5z

2 3
— — - ™}
-
—

Figure 4-3: Student JB uses a Partially Multiplicative Strategy to solve Task C5 (FST)

L\- W

The Fully Multiplicative Strategy refers to the use of only multiplicative methods to solve each
reverse fraction task. Students find the quantity represented by the unit fraction using division and
then multiply the quantity representing the unit fraction to find the number of objects in the whole.
Although Student DC in Figure 4.4 uses no written explanations, and while the recording is
unconventional, the solution method is clear. The fraction four-sevenths is not stated explicitly
but is implied in the division by four. In the second line Student DC states the equivalence between
the number of objects and the fraction one-seventh while the third line shows the transformation

needed to go from one-seventh to a whole without needing to refer to the fraction. This strategy

. 4
anticipates how students would solve X = 12
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Susie's CD collection is ; of her friend Kay's. Susie has 12 CDs.

How many CDs does Kay have? )
Show all your working.

12:49=3
ol

357
3x7=21
Figure 4-4: Student DC uses a Fully Multiplicative Strategy to solve Task C6 (FST).

The Advanced Multiplicative Strategy describes the more advanced multiplicative strategies
students use to solve Tasks C5 — C7. Student JL (Figure 4.5) has used a one-step strategy to find
the whole by dividing the given quantity by the known fraction (left-hand side) and the correct

use of algebraic notation to find the whole (right-hand side).

“_’)'f . Swzle =2
it Koy = x
=Y <. A a
=5¥2 :‘1:53;%; = 372N
T %= 2

Figure 4-5: Student JL uses Advanced Multiplicative strategies to solve Task C5 and C6 (FST)

4.3.3 Dominant strategies used to solve the set of Part C reverse fraction tasks

Students from one primary school and one secondary school were interviewed using the
Structured Interview. Students were to be chosen to be interviewed so that they represented a
range of strategies used to solve Tasks C5 - C7. Written responses were analysed to determine
whether students consistently used the same strategies across the three reverse fraction tasks. That
is, the written responses were investigated to determine whether students had a dominant strategy
that they used for at least two of the three reverse fraction tasks. Just as for the strategies the
students used for each of the individual reverse fraction tasks six categories of dominant methods
were identified for the set of three reverse fraction tasks: Not Clear Strategy, Diagram Dependent
Strategy, Additive/Subtractive Strategy, Partially Multiplicative Strategy, Fully Multiplicative
Strategy, and Advanced Multiplicative Strategy. These classifications are used to categorise the

students’ responses to the set of the three reverse fraction tasks not the individual tasks.

As shown in Figure 4.6 Student MB consistently used Partially Multiplicative strategies for all
three reverse fraction tasks. He calculated the number of objects needed to represent the unit
fraction and then added or subtracted the appropriate number of objects needed to make the whole.
In Task C5 (left-hand column of Figure 4.6) Student MB found that five counters represented

one-third so added that onto the ten representing two-thirds to determine the total of the whole
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group was 15 counters. In Task C6 (middle-column of Figure 4.6) he found three-sevenths and
added that to the quantity representing four-sevenths while he subtracted the number representing
one-sixth from the number representing seven-sixths to calculate the whole for Task C7 (right-

hand column of Figure 4.6).

\ Wided  pea "j Ausd 2 - k=3 1 xZ =4

ﬁf\& ":‘]6{ '&v", ‘Si;ncdtu R4 LS %?D\ - Gk - —_7]1
v % D; 1"&11 V\M\Ler | ggAc\Q)\ ,1 —lrt?’ -
aothe o wod oev S| 12 L 4 -1=

Figure 4-6 : Student MB used Partially Multiplicative strategies for Tasks C5 - C7 (FST)

Student DC uses Fully Multiplicative Strategies for all three of the reverse fraction tasks as shown
in Figure 4.7. Regardless of the fraction or the quantity representing that fraction he consistently
found the quantity represented by the unit fraction and then scaled up find the whole as shown.
Note that in all three solutions he has used the same idiosyncratic recording that a fraction was
equal to a whole number. For example, in the left-hand column he has written 5 = '/3 to indicate

that five counters represent or is equivalent to one-third of the whole collection.

0=0=5 122493 42722
| oy =]

5x3<15 X7 =2 ox6=12

Figure 4-7: Student DC used Fully Multiplicative strategies for Tasks C5 - C7 (FST)

Student JP, shown in Figure 4.8, consistently used a one-step method to find the whole by dividing
the given quantity by the known fraction for all three reverse fraction tasks and is deemed to have
used an Advanced Multiplicative Strategy. Note that Student JP has used the same idiosyncratic
recording as Student DC in Figure 4.6 '12 = ¥/ to indicate that 12 counters represent or is

equivalent to, four-sevenths of the whole group.
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Figure 4-8: Student JP used an Advanced Multiplicative strategy for Tasks C5 - C7 (FST)

This preliminary coding of the strategies used for the individual reverse fraction tasks and for the
set of three reverse fraction tasks will be discussed in more detail in Chapter 5 which focuses on
the analysis of the results for the two assessment instruments: The FST and the ATQ. In Chapter
5 the development of a more advanced and generalizable framework for classifying the strategies
used to solve the reverse fraction tasks will be discussed. This new framework will be important

in the discussion of research questions RQ3, RQ5 and RQ6.

4.4  The Algebraic Thinking Questionnaire

The ATQ includes tasks that test students’ understanding of the relationship between numbers.
Part M of the ATQ includes multiplication tasks using whole numbers and fractions while Part D
includes tasks that focus on division. The ATQ was trialled in Pilot Study 2 and discussed in
Section 3.4 with Part M described in Section 3.4.3 and Part D in Section 3.4.4. Examples of
Question 1 tasks are shown in Table 3-10 and examples for Question 2 are given in Table 3-11.

The ATQ can be found in Appendix B.

4.4.1 Scoring the Algebraic Thinking Questionnaire

For the main study it was felt that the scoring used for the ATQ in Pilot Study 2 was not adequate
as some of the details of the students’ responses were not being recorded. In Chapter 5 the analysis
includes percentages of students who responded correctly to the ATQ tasks but also includes
details of misconceptions, arithmetical responses as well as responses that demonstrate relational
thinking. To enable the relationships between the ATQ tasks and the FST tasks be examined in
order to answer the sub research questions it is important that none of this detail be ignored. An
alphabetic system was devised similar to that used to code students’ responses for the FST. Table
4.4 shows an example of the initial alphabetic scoring scheme and the numerical marking scheme

used to code responses for Task M1a.
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Table 4-4: Example of the marking scheme for Task M1a (ATQ)

Task Mla (ATQ) a b c d
Numerical score 0 0 1 1
M1la. Write a number in the No attempt Attempted a Correct Correct
box to make a true statement. response but arithmetical relational
36 x25=9x [] incorrect calculations thinking

The results for the ATQ tasks are discussed in detail in Chapter 5. These results are used to inform
the discussion about the main research question and research questions RQ3 and RQ4. In the next
section the development and trial of the Structured Interview will be described. This semi-

structured interview was designed especially for the Main Study.

4.5 The Structured Interview

The Structured Interview protocol was developed in response to suggestions made by Carolyn
Kieran (personal communication, July 2016, at ICME-13). She suggested that the quantities
associated with the three reverse fraction tasks be varied, and that non-specific quantities be
included. These suggestions are in line with the research of Marton, Runesson, and Tsui (2004)
which demonstrated that varying numbers in mathematical tasks can foster a generalisable pattern.
It was anticipated that there would be stronger evidence of algebraic thinking or reasoning if
students consistently used multiplicative strategies, or progressed to using multiplicative
strategies, when responding to reverse fraction questions where the quantities were changed but

the fractions remained the same as in the first three interview tasks (middle column of Table 4.5).

The Structured Interview conducted with 17 primary students was initially described in Pearn and
Stephens (2017; 2018) and included a brief discussion about the administration of the interview,
the initial scoring of the interview (see Table 4.12) and gave some illustrative examples. Other
papers describing the Structured Interview include: Pearn, Stephens, Pierce (2018a; 2018b), and
Pearn, Stephens, Zhang and Pierce (2019).

Section 4.5.1 describes the development of the Structured Interview, Section 4.5.2 compares the
interview tasks with the Lee and Hackenberg tasks, Section 4.5.3 describes the trialling of the
Structured Interview with a Year 5 student, Section 4.5.4 details the administration of the
Structured Interview while Section 4.5.5 details the initial attempt at scoring the interview.
Chapter 6 discusses the results from both the primary and Year § students for the Structured

Interview.

64



4.5.1 Development of the Structured Interview

The Structured Interview protocol includes reverse fraction tasks similar to those shown in Figure

3-7 but with progressive levels of abstraction, starting from particular instances and becoming

progressively more generalised as shown in Table 4.5.

In the left-hand column are the reverse fraction tasks from the FST. The initial variation in the

Structured Interview is a change in the given number of counters (Change of number 1). The

middle column of Table 4.5 shows Questions 1 - 3 of the Structured Interview, with the same

fraction as used in the FST, but a different number of counters.

The second variation used for Question 4 - 6 (right-hand column of Table 4.5) is another change

in the given number of counters (Change of number 2) followed by another change with an

unknown number of counters (any number).

Table 4-5: Comparison of Structured Interview questions with Tasks C5 - C7 (FST)

Tasks C5 - C7 (FST)

Structured Interview

First variation
Change of number 1

Second variation:
Change of number 2 followed
by ‘any number’

Task C5

This collection of 10 counters is
2/3 of the number of counters I
started with.

0000
0000

How many counters did I start
with? Explain how you decided
that your answer is correct.

1. Imagine that I gave you 12
counters which is %/3 of the
number of counters I started
with. How many counters did I
start with? Explain your
thinking.

4a. If I gave you 18 counters,
which is %/3 of the number of
counters I started with, how
would you find the number of
counters I started with?

4b. If I gave you any number of
counters, which is also 2/3 of the
number I started with, what
would you need to do to find the
number of counters I started
with?

Task C6

Susie’s CD collection is 4/7 of
her friend Kay’s. Susie has 12
CDs. How many CDs does Kay
have?

Show all your working.

2. Susie has 8 CDs. Her CD
collection is /7 of her friend
Kay’s.

How many CDs does Kay have?

Explain your thinking.

Sa. If Susie had 20 CDs, which
was ¥7 of her friend Kay’s CDs,
how would you find the number
of CDs Kay has?

5b. If it was any number of CDs
that Susie had, and this was still
4/7 of the number CDs Kay had,
what would you need to do to
find the number of CDs Kay
had?
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Task C7

This collection of 14 counters is
7/6 of the number of counters I
started with.

000

0000
0000
o000

How many counters did I start
with?
Explain how you decided that

3. Imagine that I gave you 21
counters which is 7/s of the
number of counters I started
with. How many counters did I
start with? Explain your
thinking.

6a. If I gave you 70 counters,
which was /s of the number of
counters I started with, how
would you find the number of
counters I started with?

6b. If it was any number of
counters, which was 7/ of the
number of counters I started
with, what would you need to
do to find the number of

counters I started with?

your answer is correct.

While Questions 4a, 5a and 6a (right-hand column of Table 4.5) use the same fractions as those
used in the FST (Tasks C5, C6 and C7) the number of counters is changed. Questions 4b, 5b, 6b
also use the same three fractions but were designed to make additive and/or subtractive strategies
less attractive and less easy to use. In these questions, students were asked how to find an
unknown whole if they had any number of counters which represented a specific fraction of the

whole.

If students could respond to these six questions, they were presented with Question 7 (Figure 4.9)
which required them to come up with a completely generalisable method as they were given
neither the fraction nor the number of objects representing the fraction. The aim was to ascertain
whether students could generalise their solution method, for example, by dividing the unknown
quantity by the numerator and then multiplying by the denominator. This question also provided
an opportunity for more capable multiplicative thinkers to use algebraic notation to represent the

unknown quantity and its accompanying fraction.

What if I gave you any number of counters, and they represented any fraction of the number of
counters I started with, how would you work out the number of counters I started with?

Can you tell me what you would do?

Please write your explanation in your own words.

Figure 4-9: Question 7 (SI)

Where the original three reverse fractions (left-hand column of Table 4.5) were used with different
known quantities (middle column of Table 4.5), the aim was to see whether students used the
same strategies for the interview questions as they had used on the paper and pencil assessments.
Further rationale for the structure of these items was to see whether the change of quantities
induced students to change from additive/subtractive methods to generalisable multiplicative

methods. In particular, were students who had relied on additive or subtractive methods, with or
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without a diagram, able to use multiplicative methods once diagrams were no longer provided?
Interview questions involving ‘any number’ were designed to make additive and subtractive

strategies less attractive and encourage students to focus on the fractional structures.

4.5.2 Comparison with Lee and Hackenberg Interview Tasks

This study builds on the work of Lee and Hackenberg (Hackenberg & Lee, 2015; Lee &
Hackenberg, 2014) in an attempt to confirm the link between fractional competence and algebraic
reasoning in the middle years. While they worked with a small number of older students this study
was designed to be undertaken with larger numbers of students with a subset of those students

being interviewed.

Lee and Hackenberg (2014) interviewed students from middle and high school years who had
already been introduced to formal symbolic notation and were therefore able to write an
appropriate equation to represent both the fraction and algebra tasks. However, since this study
involves younger students from Year 5 and 6 who have not typically been introduced to formal
algebraic notation, the Structured Interview tasks needed to allow students to record their
responses in whichever way was appropriate for them. Thus, the Structured Interview aimed to
allow students to demonstrate that they had identified the structural properties of fractions and

were able to make robust generalisations with or without formal symbolic notation.

Four types of fraction tasks are given in the left-hand columns of Table 4.6, 4.7, 4.8 and Table
4.9. Type A tasks include those where students are asked to find the number of objects in a
fractional part of a whole collection (Table 4.6). In Type B tasks students are given the equivalent
quantity representing the fractional part and asked to find the number in the whole collection
(Table 4.7). In Type C tasks the fraction is stated but the equivalent quantity remains unstated and
students are asked to show how they would work out the number in the whole collection (Table
4.8) and in Type D tasks both the fraction and the equivalent quantity remain unstated and students

are asked how they would determine the number in the whole collection (Table 4.9).

In Type A fraction tasks students are given the number of objects (or size) in a whole collection
and asked to find a fractional part of that collection. Type A tasks were used in the Hackenberg
and Lee interviews (Hackenberg & Lee, 2015; Lee & Hackenberg, 2014) and included in the FST
tasks but not in the Structured Interview questions. Examples of the tasks from both research
studies are shown in Table 4.6 where both the whole and the fractional part to be found are
specified. In the Lee and Hackenberg example students need to translate that ‘5 times the height

of Roberto’s stack’ means finding ‘one-fifth of Sara’s stack’. Once this translation has been made
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it becomes equivalent to one-fifth of 65. Both tasks in Table 4.6 assumes students will use the

operational meaning for the equals sign (Jones et al. 2013) to give an answer to the worded tasks.

Table 4-6: Examples of Type A fraction tasks

Draw a picture of this
situation.

How tall is Roberto’s
stack of CDs?

How did you solve this
problem?

Fractional part (Find)
Find the height of
Roberto’s stack given
that Sara’s stack is 5
times Roberto’s stack.
(This  implies that
Roberto’s stack is one-
fifth the height of
Sara’s stack.)

Lee & Hackenberg task Fraction Screening Test
Sara has a stack of CDs | Whole (Given) A5 (FST) Whole (Given)
that is 65 cm tall. | Sara has a stack of CDs | Shade one-fifth of this One large rectangle
That’s 5 times the | thatis 65cms tall. rectangle. divided into 15 small
height of Roberto’s rectangles
stack.

Fractional part (Find)
Find one-fifth of 15
small rectangles.

Both studies used Type B tasks and examples are shown in Table 4.7. Students are given the

equivalent quantity for the fractional part and asked to find the size or number in the whole

collection. The Lee and Hackenberg task states that four-sevenths represents $84 and the FST

task relates two-thirds and 18 counters. In both cases students have been given both the fraction

and the amount representing the fractional. In this case students need to use the ‘sameness’

meaning of the equals sign in order to balance each side of the equals sign (Jones et al., 2013).

Table 4-7: Examples of Type B fraction tasks

money ($84) is four-
sevenths the amount of
David’s money

Lee & Hackenberg task Structured Interview Task
Tanya has $84 which is | Whole (Find): Q.1 (S) If I gave you | Whole (Find):
4/7 the size of David’s | David’s amount of | 18 counters, whichis ?/s | The number of counters
amount of money. | money of the counters I started | I started with.
Draw a picture of this with, how would you
situation. How much find the number of
does David have? counters I started with?
Fractional part (Given) Fractional part (Given)
Tanya’s amount of Two-thirds  of  the

number of counters I
started with is 18
counters.

Students will get a whole number result if they use the operational meaning of the equals sign for

both tasks shown in Table 4.7. That is, find the fractional part of the given number/quantity rather

than equate the fractional part with the given number/quantity. For example, four-sevenths of $84
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is $48 and two-thirds of 18 is twelve. Students would have no perception that their response is

incorrect.

Type C fraction tasks are used in both studies; students are given the fraction, but the equivalent
quantity remains unstated and students are required to show how they would find the whole.
Hackenberg and Lee (2015) and Lee and Hackenberg (2014) refer to Type C tasks as Algebra
Tasks and students were expected to draw a picture, then write a symbolic equation and test the
given equation using particular numbers. In the Structured Interview initially the numbers in the
Type B tasks were varied before moving onto Type C tasks. This allowed interviewers to ask
students what they would need to do to find the whole given a particular fraction and an unstated
number of objects represented by that fraction. Examples from both studies are shown in Table

4.8.

Table 4-8: Examples of Type C fraction tasks

Lee & Hackenberg task Structured Interview Task

Theo has a stack of
CDs some number of
cm tall. Sam’s stack is
two-fifths of that
height.

a. Draw a picture to
represent this situation.
b. Can you write an
expression for how tall
the height of Sam’s
stack is?

Whole (Find):
Represent the two
stacks of CDs - Theo’s
stack and Sam’s stack.
Express the height of
Sam’s stack in terms of
the height of Theo’s
stack.

Q4a. (SI)

If T gave you any
number of counters,
which is %3 of the
number I started with,
what would you need to
do to find the number of
counters I started with?

Whole (Find):
Find the number of
counters I started with.

Fractional Part (Given):
Sam’s stack is two-
fifths of Theo’s stack.

Unstated (“some”):
Theo has a stack of CDs
some number of cm tall.

Fractional Part (Given):
3 of the number of
counters I started with
Unstated (“some”): If 1
gave you any number of
counters

Type D tasks were not included in any of the Hackenberg and Lee research reports. They
concluded from students’ responses to their Type C Algebra Tasks that students’ algebraic
thinking was evident if they were able to draw a picture, write an algebraic equation and trial
specific numbers. Three out of 12 secondary students in their 2015 study having written, for

example, y = (*/s) x were able to successfully transform the first equation into x = (*/2) y.

Type D tasks were vital to the current study to demonstrate that students were able to give a fully

generalisable strategy for finding the whole where both the fraction and the equivalent quantity
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remain unstated as the primary students had not yet been introduced to symbolic algebraic
notation and the Year 8 students appeared reluctant to use this notation unless specifically

required to do so. The example of the Type D task from the Structured Interview is included in
Table 4.9.

Table 4-9: Example of Type D fraction task

Structured Interview Task
7. What if I gave you any number | Whole (Find): The number of | Fractional Part (Find)
of counters, and they represented | counters I started with. Unstated (“some”):
any fraction of the number of | Unstated (“some”): ... any fraction of the number
counters I started with, how would | ... any number of counters of counters I started with
you work out the number of | The number of counters I
counters I started with? started with.

This comparison was completed after the trialling of the Structured Interview. However, the
results shown in Tables 4.6 — 4.9 validate the tasks used for the Structured Interview in the main

study.

4.5.3 Trialling the Structured Interview

The Structured Interview was initially trialled with a Year 5 student who had attempted to
complete the three reverse fraction tasks when in Year 4 with limited success. In solving Task C5
in Year 4, Student AM halved the 10 counters to determine that five counters represented one-

third (“I found out 5 equals one-third”’) thus the whole or three-thirds was 15 (Figure 4.10).

3.

o
This collection of 10 counters is ? of the number of counters | started with

00006
000 @

a. How many counters did | start with? |*

b. Explain how you decided that your answer is correct. | | d ‘

Figure 4-10: Student AM's solution for Task C5 (FST)

When attempting to solve Task C7 Student AM wrote several responses and his confusion is

demonstrated in his use of both tally marks and question marks (14? 12?) in Figure 4.11.
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5.
This collection of 14 counters is % of the number of counters | started with. ™

20008 ,

'13\‘3 @' C@} @r (@; il

©ee e )
f

a. How many counters did | start wnh?\'v r}’;zl 14227
W AR LY sy

b. Explain how you decided that your answer is correct.;

Figure 4-11: Student AM's attempted solution for Task C7 (FST)

Before trialling the Structured Interview in Year 5 Student AM was asked to complete the three
reverse fractions. For Task C5 in the left-hand column of Figure 4.12 He used a multiplicative
strategy, but his recording looks as though he is counting by fives to determine the whole if ten
counters represented two-thirds. This recording was made as he explained his method to the
interviewer. In Task C6 Student AM used and recorded his multiplicative strategy. As shown in
the right-hand side of Figure 4.12 he found the number of objects (3) representing the unit fraction

(one-seventh) and then multiplied by seven to find the whole (seven-sevenths).

15
This collection of 10 counters is % of the number of counters | started with. 2.
O O O O O Susie’s CD collection is f—;of her friend Kay's. Susie has 12 CDs.
O O O O O How many CDs does Kay have? _2!
Show all your working.
a. How many counters did | start with? 5 |
b. Explain how you decided that your answer is correct. %’ '7’ 4 3 ul5 2x7 =21
| \ 2
— 2 5 Counte —_ " 2 .
B3 10 Wk ‘o'.'fj,;: 15 comberg

Figure 4-12: Student AM's Fully Multiplicative methods for Tasks C5 and C6 (FST)

For Task C7 Student AM used a partially multiplicative strategy as shown in Figure 4.13. He
subtracted the number representing the unit fraction (2) from the quantity representing seven-
sixths (14) to get the number representing the six-sixths or the whole (12). He has used the
unconventional recording of '/ = 2 being shorthand for ‘one-sixth of the group of 14 counters is

two counters”.
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3.

This collection of 14 counters is Z of the number of counters | started with.
6

CQOO00O
000 e®
eeee

a. How many counters did | start with? [ 2
b. Explain how you decided that your answer is correct.

| 7
5 -2 C 1S iepre ;
S WpnRer ¢ A v 2

Figure 4-13: Student AM's Partially Multiplicative solution to Task C7 (FST)

After completing the three reverse fraction tasks Student AM was interviewed using the
Structured Interview. The first three questions used the same three fractions but with different
numbers of objects representing these fractions and there were no diagrams for any of the
interview tasks. Student AM used multiplicative strategies for these three interview questions.
Student AM used fully multiplicative solution strategies for the first two questions of the

Structured Interview as shown in Figure 4.14.

Susie has 8 CDs. Her CD collection is %ot her friend Kay's.

12 counters is % of the number of counters | started with.
3

a. How many counters did | start with? | 3

a. How many CDs does Kay have? 14
b. Explain your thinking. Bf

6 comoters b. Explain your thinkin
w L T your thinking. %\Ls Y cds \%W %72\

Figure 4-14: Student AM's Fully Multiplicative solutions for Questions 1 and 2 (SI)

Figure 4.15 shows Student AM’s partially multiplicative response to Question 3 when he
subtracted three from 21 to find the number of counters in the whole collection. This is the same

strategy he used for Task C7 from the FST as shown in Figure 4.13.

.7
21 counters is = of the number of counters | started with.
)

a. How many counters did | start with? 2
b. Explain your thinking.

OX7

=21 2\-3=z1§

Figure 4-15: Student AM's Partially Multiplicative response to Question 3 (SI)

When Student AM was presented with Question 4a he was unsure what was meant by the

expression: “If it was another number, say 16, which was two-thirds of the number I started with”
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After clarification he used a fully multiplicative strategy as shown in his response in Figure 4.16

where he found ‘half of 16’ then multiplied by three (the denominator).

!(3 Cocunbers (s ;-‘
a. If it was another number, say16, which was two-thirds of the number | started
with, how would you find the number of counters | started with?

\"“\FL-(: |6 s 9 9x 3;& pr

Figure 4-16: Student AM's response to Question 4a (SI)

When asked about “another number” representing two-thirds in Question 4b Student AM again
used a fully multiplicative method. He stated that the ‘any number’ needed to be divided by the
numerator (2) when he halved it and multiplied by the denominator (“times it by 3”). He also
provided an example of his own. He chose six counters to represent two-thirds and stated that the
whole group would be nine after halving six and multiplying by three. Note his use of an arrow
in his solution given in Figure 4.17 to indicate that he is using the result from the first part of

Question 4b in the second part.

b. If it was another number and it was still two-thirds of the number you started
with what would you need to do to find the number of counters | started with?

half it Fimeg by 2

[85‘) b halted =2 —;\2»@;@

Figure 4-17: Student AM's response to Question 4b (SI)

When presented with Question 5a Student AM used the fully multiplicative method (Figure 4.18)
he had used for Questions 1 and 2 (Figure 4.14) and both parts of Question 4 (Figure 4.15 and
Figure 4.16). Neither the change in the fraction, nor the change in the number of CDs represented
by the fraction, appeared to influence Student AM’s choice of strategy. As shown in Figure 4.18
he again used an arrow to indicate that he was using the number of CDs represented by the unit
fraction (5) and multiplying it by the number of parts (7) needed to find the number in the whole
collection (35).

Susie has 8 CDs. Her CD collection is % of her friend Kay's.

a. If Susie had 20 CDs, which was four-sevenths of her friend Kay's CDs, how
would you find the number of CDs Kay has?

10 N=-hz 2D BX%7=3

Figure 4-18: Student AM’s response to Question 5a (SI)
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To respond to Question 5b (Figure 4.19) Student AM used his Fully Multiplicative strategy and
suggested that ‘any number’ representing the fraction four-sevenths would need to be divided by
the numerator (4) and multiplied by the denominator (7). Without any prompting from the
interviewer he gave his own example where he doubled the number given in Question 5a to
determine that if 16 CDs represented four-sevenths of the whole collection then the whole

collection would contain 28 CDs.

b. If it was some other number of CDs that Susie had and it was still four-
sevenths of the number CDs Kay had, what would you need to do to find the
number of CDs Kay had?

Jﬂl}'-dg \Llj (O.xf Hﬁ’g“- \xﬂ"és .\‘"’J 7

(e Vbrh=a 4x7g5p

Figure 4-19: Student AM’s response to Question 5b (SI)

Question 6a, uses the same fraction ("/s) as Task C7 (FST) and Question 3 (SI). For these tasks
Student AM used a Partially Multiplicative strategy where he calculated the number of counters
representing one-sixth then subtracted that amount from the total given. See Figure 4.15 for his
response to Question 3 (SI). For Question 6a Student AM changed from the Partially
Multiplicative strategy that he had previously used with the tasks using the improper fraction
seven-sixths to the Fully Multiplicative strategy that he had used for the proper fractions of two-
thirds and four-sevenths. Figure 4.20 shows this fully multiplicative method for Question 6a.

21 counters is ? of the number of counters | started with.
)

a. If it was another number, say 70, that was seven-sixths of the number of
counters | started with, how would you find the number of counters |
started with?

70-7=)0 10x6=60

Figure 4-20: Student AM’s response to Question 6a (SI)

When responding to Question 6b Student AM verbally stated that for ‘any number’ representing
seven-sixths: “you need to divide by seven then multiply the answer by six. Then you will have
the number of counters you started with.” Once again, he included his own example. As for
Question 5b, he doubled the number representing the fraction seven-sixths in Question 6a and
calculated that if 140 counters represented seven-sixths of the whole collection then the whole

collection would be 120 (Figure 4.21).
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b. If it was another number and it was still seven-sixths of the number you
started with what would you need to do to find the number of counters |
started with?

140+7220 20x 6=

Figure 4-21: Student AM’s response to Question 6b (SI)

While Question 7 had not been explicitly planned before the trialling of the Structured Interview
it seemed to be a logical next step. When the interviewer asked Student AM: “What if you had
any number of counters, and they represented any fraction, how would you find the number of
counters in the whole collection?” Student AM responded immediately: “You would divide by
the top number and multiply by the bottom number”. The interviewer then asked him if he knew
the terms for ‘top number’ and ‘bottom number’ and he responded with the correct terms of
numerator and denominator. As shown in Figure 4.22 he wrote both expressions on the response

sheet.

vy
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Figure 4-22: Student AM’s response to Question 7 (SI)

While Question 7 was not initially planned to be part of the Structured Interview it has proven to
be an important component determining whether or not students can generalise their solutions to

reverse fraction tasks.

4.5.4 Administration of the Structured Interview

Interviews were conducted with 17 primary students and 26 Year 8 students purposefully selected
on the basis of their responses to the three reverse fraction tasks from the FST. In order to be
interviewed students had to have successfully solved at least two of the three reverse fraction
tasks and were chosen to represent the range of dominant solution methods for the set of three
reverse fraction tasks as described in Section 4.3.3. In the final sample shown in Table 4.10 there
were 20 girls and 23 boys with nine students in Year 5, eight students in Year 6 and 26 students

in Year 8.
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Table 4-10: Gender and year level of interviewed students (n = 43)

Year Level Boys Girls Total
Year 5 5 4 9
Year 6 5 3 8
Year 8 13 13 26

Total 23 20 43

The 17 primary students from the same school were selected to represent the six categories of
dominant methods for the set of three reverse fraction tasks (Task C5, Task C6, Task C7) of the
written FST. For at least two of the three reverse fraction tasks two primary students used
Diagram Dependent Strategies, one used Additive/Subtractive Strategies, seven used Partially
Multiplicative Strategies, six used Fully Multiplicative Strategies and one used Advanced
Multiplicative Strategies. In the Year 8 group of students one used Diagram Dependent Strategies
two used Additive/Subtractive Strategies, 19 used Partially Multiplicative Strategies and 17 used
Fully Multiplicative Strategies for at least two of the three reverse fraction tasks. No Year 8
student used Advanced Multiplicative Strategies for at least two of the three reverse fraction tasks
for the written tasks on the FST. The number of students in each year level using the dominant

methods are shown in Table 4.11.

Table 4-11: Dominant methods used by students for the three reverse fraction tasks (n = 43)

Year Diagram Additive/ Partially Fully Advanced Total
Level Dependent Subtractive ~ Multiplicative Multiplicative Multiplicative

5 1 1 3 0 9

6 1 0 3 3 1 8

8 1 2 12 11 0 26
Total 3 3 19 17 1 43

The one-to-one Structured Interview was conducted at both schools by this researcher and three
other experienced interviewers briefed by this researcher. Multiple interviewers were used to
minimise any possible disruptions to the schools and enabled the interviews to be conducted on

the same day. All interviewers took copious notes and one recorded the interviews on her phone.

The record of interview consisted of a three-page document, which included the questions and
space for students to record their answer and to explain their thinking. This record, plus the

instructions for interviewers, is provided in Appendix C. While there were multiple interviewers
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to minimise interruptions to the schools, the analysis of these interviews was performed by this

researcher.

At the start of their interview students were shown a copy of their responses to the three original
reverse fraction tasks completed on a previous occasion. This was then left on the table for
students to refer to if required. Students were encouraged to think about, and articulate, their
response before writing anything on paper. Students who were unable to answer Questions 4b,

5b, or 6b, were not pressed to answer Question 7 (Figure 4.9).

Each interview took approximately 15 minutes per student. Students were free to correct their
written responses to any of the interview questions. Interviewers encouraged students to first
verbalise and then record their thinking. Students were able to leave the interview at any point.

Some students terminated early because the tasks became too difficult.

4.5.5 Scoring the Structured Interview

Initially the written records from the interviews were analysed by two researchers independently
using the Structured Interview Scoring Framework shown in Table 4.12 (see Pearn and Stephens,
2017; 2018). While this scoring meant students could be placed on a level within The Structured
Interview Scoring Framework, more information was required in order to answer the main

research question about the connections between fractional competence and algebraic reasoning.

Table 4-12 : The Structured Interview Scoring Framework

Level Description
0 Not able to successfully complete any questions
1 Completed some or all of Questions 1 — 3 with known fraction and given quantity
2 Completed all questions with known fractions and a given quantity (Questions 1 -3, 4a, Sa

and 6a). Relied on additive methods to solve Questions 4b, 5b, 6b. Could not give a
generalizable response to Question 7.

3 Completed Questions 1 — 6 using multiplicative and/or mixed methods. Gave an appropriate
non-symbolic generalizable response to Question 7

4 Completed Questions 1 — 6 using consistent multiplicative methods. Used suitable algebraic

notation to give a generalizable response to Question 7

A second analysis of the results from the Structured Interview was subsequently conducted and
the solutions to each of the seven interview questions were individually analysed and scored,

using the same criteria as that used for the three reverse fraction tasks. The classification criteria
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for the individual Part C reverse fraction tasks is described in detail in Chapter 5, as part of the
Framework for Reverse Fraction Task Strategies (See Table 5.15). While responses to each
Structured Interview question could be classified individually according to the Framework for
Reverse Fraction Task Strategies the overall results for each interview also needed to be classified

in terms of the development of algebraic reasoning.

Students’ responses to the Structured Interview questions were analysed using a thematic analysis
approach (Braun & Clarke, 2006) and varied from a reliance on computational methods to fully
generalised responses which indicate algebraic reasoning. The new framework for the analysis of
the Structured Interview is discussed in more detail in Chapter 6 and the Emerging Algebraic
Reasoning Framework is shown in Table 6.12. Results from the Structured Interview are

important for research questions RQ3, RQ4, RQ5 and RQ7 discussed in Chapter 8.
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Chapter 5: Exploratory Analysis of Paper and Pencil

Assessment Results

In this chapter results from the two paper and pencil assessments are analysed to help answer the
sub-questions given in Section 1.2 and discussed in Chapter 8. Student work samples will be
included to strengthen the analysis and, where appropriate, to illustrate both strategies and
misconceptions revealed by students in their responses to the written tasks. Section 5.1 includes
the descriptive analysis of results for the individual tasks of the FST while Section 5.2 describes
the relationships between the three reverse fraction tasks and the results from the individual tasks
of the FST. Both sections are needed to respond to research questions RQ1 and RQ2. Section 5.3
describes the relationships between the results for tasks from both the FST and the ATQ while
Section 5.4 describes the relationship between the three reverse fraction tasks and the ATQ. Both

Sections 5.3 and 5.4 will be used to respond to the research questions RQ3, RQ4, RQ5 and RQ6.

Pearn and Stephens (2016) performed a preliminary analysis of 162 Years 5 and 6 students’
responses to the FST and ATQ instruments. These students were from three schools and were a
subset of students from the main study. Their results have been incorporated into the results
described in this chapter. The analysis conducted and described in the paper were not replicated
in the main study as it was not deemed appropriate for the larger number of students in the main
study. Pearn, Pierce and Stephens (2017a) discussed the results for a subset of 570 students for a
set of six fraction tasks from the Fraction Screening Test. The six tasks include: Task A4 (Table
5.1), Task A12 (Table 5.4), Task B2a (Table 5.5), Tasks B4 and B5 (Table 5.6), and Task C6
(Table 5.8). The results for these six tasks have been included in the overall results recorded for

the whole cohort.

The analysis of the data from the Structured Interviews can be found in Chapter 6 while Chapter
7 contains case studies to exemplify the findings from Chapters 5 and 6. The integration of the

research findings for the research sub-questions are elaborated in Chapter 8.

5.1  Fraction Screening Test

The results for the three individual parts of the FST will be discussed in this section. Section 5.1.1
will focus on Part A results, Section 5.1.2 on Part B and 5.1.3 on Part C results. The results for
the Part A tasks are shown in Tables 5.1, 5.2 and 5.3. The results for the Part B tasks are shown
in Tables 5.4 and 5.5 while the results for the Part C tasks are shown in Tables 5.6 and 5.7. The

strategies that students used to solve the three reverse fraction tasks (C5, C6 and C7) are
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elaborated in Tables 5.8, 5.9 and 5.10. The data from all three parts of the FST will contribute to

the responses to the research questions: RQ1 and RQ2 in Chapter 8.

5.1.1 Fraction Screening Test Part A task results

Part A tasks (Al — A4) are shown in the left-hand column of Table 5.1 and focus on the
identification of correct pictorial representations of three-quarters (Task A1), the selection of one-
third of a group of discrete items (Task A2), the equal sharing of 20 discrete items (Task A3) and
the calculation of the number of lollies in the whole group if one-half of the group is four lollies
(Task A4). These initial four tasks are deliberately easy in an attempt to prevent or at least alleviate
any possible test anxiety experienced by any student in this study but particularly those students

in Year 5.

In Task A1, 87% of all middle-years students identified the two correct pictorial representations
of three-quarters. Three students chose one correct representation and one incorrect
representation, 51 students chose one correct representation with no incorrect representations, and
16 students chose the two correct representations and one incorrect representation. Many students
correctly identified the prototypical square with the horizontal base showing three of four equal
parts shaded but were unable to recognise that the square, rotated 45 degrees from the vertical,
also has three of four equal parts shaded. Row 1 of Task 5.1 shows the similarity of the percentage
of correct responses for each year level. Eighty-four percent of Year 5, 88% of Year 6, 89% of

Year 8 and 100% of Year 9 students correctly identified the two representations of three-quarters.

In Task A2, 92% of all middle-years’ students correctly identified one-third of the group of six
beetles. The second row of Table 5.1 shows the percentage of correct responses for each year
level for Task A2, with 88% of Year 5, 92% of Year 6, 97% of Year 8 and 100% of Year 9

students correctly identifying one-third of a group of six beetles.

Ten students incorrectly circled one beetle while 19 students incorrectly circled three of the
beetles shown in Task A2. These students are demonstrating one of two common misconceptions
related to their beliefs about whole number operations (Siegler, Thompson & Schneider, 2011) or
‘whole number bias’ (Ni & Zhou, 2005) where they use whole number knowledge to make
inferences about fractions. For example, students who focus on the two whole numbers
comprising any fraction (*/p) will focus on either the numerator (a), or the denominator (b), rather
than the actual fraction (*/) or the number of objects in the collection. Hence for these students
one-third of any collection of objects would be stated as one object if the student’s focus is on the

numerator or three objects if their focus is on the denominator. They would use similar logic if
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finding one-fifth of any sized group. That is, their response would be either one or five regardless

of the number of objects in the group.

In Task A3, 96% of all students correctly calculated the number of fish each of four friends would
receive if they shared 20 fish equally. The third row of Table 5.1 shows the similarity in the
percentages of correct responses for each year level with 96% of both Year 5 and Year 6 students
and 98% of Year § students able to divide 20 by four. Ten students gave an incorrect answer while
14 students did not complete the task. While most students just wrote a correct response in the

space provided others used tally marks or a division algorithm to complete the task.

Task A4 is the first of the fraction tasks that requires students to use the number of objects
representing a fractional part to find the whole rather than finding a fractional part of a whole.
Ninety-four percent of all students calculated that eight lollies would be the number in the whole
group when four lollies represented one-half of the group. Row 4 shows the percentage of correct
responses for Task A4 for each year level. Ninety-two percent of Year 5, 94% of Year 6, 96% of
Year 8 and 100% of Year 9 students successfully solved this task. Overall, 1% of students did not
complete the task while 5% gave incorrect responses. Seven students stated there would be six
lollies which is one-half more than the four depicted and three students stated there would be 16

lollies which is four times the number depicted.

Table 5-1: Percentage of correct responses by year level for Tasks A1 — A4 (FST)

Year 5 Year 6 Year 8 Year 9%

Part A Tasks (FST) (n = 195) (n =275) (n=122) (n=15)

Al. Circle the picture(s) that represent(s)
three-quarters (*/4)

84 88 89 100
R
[N ? N
A2. Draw a circle around !/3 of these
beetles. & & & 88 92 97 100
& & &
A3.1 want to share 20 fish equally between
4 friends. How many fish would each 96 96 98 100

friend get?
A4. This is one -half of the lollies I started

it 9;‘? @ 9 94 % 100

How many did I start with?
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The graph in Figure 5.1 compares the percentage of correct responses for the four, Part A tasks
(A1 — A4). More students were successful with Task A3 (sharing task) than the other three tasks
(Al, A2 and A4). The primary students’ results followed a similar pattern in the responses for
these four tasks with Year 6 students being more successful than Year 5 students. The percentage
of correct responses for Task A3 was very similar for both Year 5 and Year 6 primary students.
Year 8 students were more successful than the primary students and were more successful with
Task A2 than Task A4 which is the reverse of the primary results. As expected all Year 9 students

correctly answered all four easy fraction tasks.

Results for Tasks Al - A4 (FST)

_ 100
§ 95 - — mAl
§ 90— —BN —B  mA2
%@Dgsf— - - | mA3
: jI -
75 ‘

Year5 Year6 Year8 Year9
Year Levels

Figure 5-1: Percentage of correct responses by year level for Tasks A1 — A4 (FST)

The Part A tasks (AS - A8) shown in the left-hand side of Table 5.2 focus on shading one-fifth of
a rectangle marked into 15 squares (Task A5), dividing three pizzas into four equal pieces and
stating the size of each share (Task A6), counting backwards by two-fifths (Task A7), and
partitioning and shading three-quarters of a length (Task AS).

Task A5 requires students to shade in one-fifth of a rectangle divided equally into three rows of
five small rectangles. Row 1 of Table 5.2 shows the percentage of correct responses for each year
level. Eighty-five percent of Year 5, 89% of Year 6 and 93% of the Year 8 students correctly
shaded one-fifth of a rectangle divided into 15 equal pieces. While 89% of all middle-years
students shaded the correct number of small rectangles (3), seven students shaded one small
rectangle and 43 shaded five small rectangles i.e. 7% of the whole group shaded five small
rectangles to show one-fifth of the rectangle divided into 15 small rectangles. These responses
reveal similar misconceptions to those shown in Task A2. Many students who had chosen the
number of objects based on the size of the numerator or denominator in Task A2 also used similar
thinking in Task AS. However, more students shaded in five small rectangles to show one-fifth

of 15 than the number who circled three beetles to show one-third of six beetles. As the diagram
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given for Task A5 uses an area representation rather than discrete objects this may have increased

the difficulty for some students.

Task A6 requires students to calculate the fraction of a pizza that each person would receive if
three pizzas equally between four friends. Row 2 shows the percentage of correct responses for
each year level. Forty-eight percent of Year 5, 58% of Year 6 and 60% of Year 8 students
successfully solved this task. While 5% of all students did not attempt this task, 57% gave a
correct response and 17% gave the incorrect response of one-quarter. One—half of the students
who stated that each friend would receive one-quarter of a pizza divided each of the three pictures

representing pizzas into four equal parts.

Task A7 requires students to recognise, and continue, the counting backwards by two-fifths
pattern. Row 3 of Table 5.2 shows the percentage of correct responses for each year level. Sixty-
eight percent of both Year 5 and Year 6, and 75% of Year 8 students successfully solved this task.
Seventy percent of all middle-years students correctly identified that the missing number in the
counting backwards sequence was two-fifths while seven percent did not attempt this counting
task. Six students stated that the next number in the counting sequence was six-fifths, which
showed they recognised the two-fifths counting sequence, but they counted forwards rather than

backwards. Twenty-seven students wrote that the next number was one-fifth.

Table 5-2: Percentage of correct responses by year level for Tasks A5 — A8 (FST)

Year 5 Year 6 Year 8 Year 9%

Part A Task
art 4 fasks =195 (=175 (=122)  (n=15)

AS. Shade one-fifth (!/s) of this rectangle.

85 89 93 100

A6. Four friends shared three pizzas

equally. What fraction of a pizza would 48 58 60 87
each friend get? @

A7. Here is a counting pattern:

1Bfs 1Y s 68 68 75 87
What is the next term?

AS8. Here is a picture of a ribbon.

[ 91 92 95 93
Shade /4 of the ribbon.

Task A8 requires students to mark, and shade, three-quarters of a length of ribbon. Row 4 of
shows the percentage of correct responses for each year level. Ninety-one percent of Year 5, 92%

of Year 6, 95% of Year 8 and 93% of Year 9 students successfully marked and shaded three-
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quarters of a length of ribbon. Overall, 90% of middle-years students accurately placed a mark
indicating three-quarters of the ribbon. Of these, 60% used accurate interim marks indicating one-
quarter and one-half of the ribbon while 40% accurately placed the final mark for three-quarters
without using any interim marks. Twenty-four students were unable to mark or shade three-
quarters of the ribbon accurately. Overall, 92% of all students correctly shaded three-quarters of
the ribbon.

The graph in Figure 5.2 compares the percentage of correct responses by year level for Tasks A5,
A6, A7, and A8. Students found shading one-fifth of an area easier (Task AS5) than sharing a pizza
(Task A6) where many responses indicated the amount per pizza rather than the amount of pizza
each person would receive altogether. Some students divided the ribbon into three parts (Task

AR) but the parts were not equal.

Results for Tasks A5 - A8 (FST)

100
90
80
70
60
50
40
30
20
10

mAS
u A6
uA7

A8

Percentage correct

Year 5 Year 6 Year 8 Year 9
Year levels

Figure 5-2: Percentage of correct responses by year level for Tasks A5 — A8 (FST)

Students found Task A7 (counting backwards by the fraction two-fifths) to be one of the more
difficult questions in Part A. An investigation of the content descriptions from the Australian
Curriculum: Mathematics (ACARA, 2016) as shown in Table 5.3 reveals that counting by
fractions is only included at Year 4 when students are expected to count by quarters, halves and
thirds. While there is no mention of counting by fractions at Year 5 or Year 6 students are expected
to order fractions on number lines at both these levels. While unit fractions are compared and
ordered at Year 5, fractions with related denominators are compared at Year 6. As counting
backwards by two-fifths could be deemed to be similar to completing a number-line then this

question is appropriate for inclusion in a middle-years assessment of fractions.
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Table 5-3: Content Descriptions related to counting by fractions (ACARA, 2018)

Year 4 Year 5 Year 6
Count by quarters halves and Compare and order common Compare fractions with related
thirds, including with mixed unit fractions and locate and denominators and locate and
numerals. Locate and represent ~ represent them on a number represent them on a number
these fractions on a number line (ACMNA102) line (ACMNA125)
line (ACMNAO078)

The Part A tasks shown in the left-hand column of Table 5.4 focus on equivalence of fractions
(A9, A10), addition of fractions with related denominators (A11) and finding the total amount of
money given the amount representing a fractional part (A12). Table 5.4 shows the percentage of

correct responses by year level for the tasks A9 — A12.

Two Part A tasks require students to find the value of the numerator of a fraction so that two
fractions are equivalent. Task A9 requires students to complete an equivalent fraction for seven-
ninths by writing the missing numerator, given the denominator (27). Row 1 of Table 5.4 shows
the percentage of correct responses for each year level for Task A9. Sixty-two percent of Year 5,
78% of Year 6, 91% of Year 8 and 100% of Year 9 students successfully wrote the correct
numerator for Task A9. While 76% of all middle-years students wrote the correct numerator (21),
17 students repeated the numerator of the given fraction (7), 18 students wrote 25, the number
that is two less than the denominator, which suggests that some students are focusing on the
difference or gap between the numerator and denominator. Twenty-two students gave the

numerator as three.

Task A 10 requires students to simplify the fraction eight-tenths to the equivalent number of fifths.
Students generally found this task easier than Task A9. Row 2 of Table 5.4 shows the percentage
of correct responses for each year level for Task A10. Seventy-six Year 5, 89% Year 6, 94% Year
8 and 100% of Year 9 students were able simplify eight-tenths to four-fifths. However, 23 students
wrote the number that is two less than the given denominator (3) that implies they are focusing

on the difference or gap between the numerator and denominator.

Task A11 requires students to add two fractions with related denominators (fifths and tenths) and
simplify the answer if appropriate. Row 3 of Table 5.4 shows the percentage of correct responses
for each year level. Fifteen percent of Year 5, 29% of Year 6, 25% of Year 8 and 73% of Year 9
students added the two related fractions and simplified the answer. A further 25% of Year 5, 29%
Year 6, 27% Year 8 and 20% of Year 9 students correctly added the two fractions but did not
simplify the answer.
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Altogether 52% of all middle-years students correctly added three-tenths and one-fifth. Forty-
eight percent of the successful students simplified the answer of five-tenths to one-half. This
means that 25% of all students correctly added the two fractions and simplified the final answer.
However, 23% of all students added numerators and denominators and stated the answer as four-
fifteenths while approximately 7% gave a response of four-tenths, where they added the

numerators and chose the larger denominator.

Table 5-4: Percentage of correct responses by year level for Tasks A9 — A12 (FST)

Year 5 Year 6 Year 8 Year 9*

Part A Tasks (FST) (n = 195) (n=275) (n=122) (n=15)

A9. What number do you need to write in the
box so that the fractions are equivalent (have the

same value)? 62 78 91 100
7 -0
9 27

A10. What number do you need to write in the
box so that the fractions are equivalent?

g 76 89 94 100
0 s
All. Complete
34 1= - 15 29 25 73
10 5
Al12.T kbook I t $4. This i
o buy a new workbook I spent $ is is 59 68 71 93

1/7 of what I saved up. How much did I save up?

Task A12 is another reverse thinking fraction task where students need to use the amount of
money representing the fraction one-seventh to calculate the total of the whole amount. This is a
relatively easy reverse thinking task as the value representing the unit fraction has been given and
to find the total amount students need to multiply by seven. Row 4 of Table 5.4 shows the
percentage of correct responses for each year level. Fifty-nine percent of Year 5, 68% of Year 6,
71% of Year 8 and 93% of Year 9 students successfully calculated the whole amount of money
given the amount for one-seventh and included the dollar sign as required by the context. While
67% of all students calculated that the whole amount would be $28, another 16% wrote the
number 28 without the dollar sign. This means that 83% of all students performed the correct
calculation but 16% ignored the context. Eight percent of all students did not attempt this task.
Nine students wrote $4, 13 wrote $24, two wrote $20 and two wrote $21. If these students had
been interviewed, it may have been possible to determine the reason for these answers but as this

was a written test it is not clear why these responses were given.
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The graph in Figure 5.3 compares the percentage of correct responses by year level for Part A
Tasks A9, A10, A11 and A12. Students were more successful with the equivalent fraction tasks
than the addition of fractions with related denominators or the reverse fraction style task. More
students were able to simplify eight-tenths to four-fifths than determine that *'/>; was equivalent
to seven-ninths. The pattern of responses for Tasks A9, A10 and A 12 was similar for Years 5, 6
and 8 with an increasing percentage of responses across the year levels. The percentage of
students at Year 6 successfully responding to the addition of two fractions with related
denominators (Task A11) was higher than either the percentage of Year 5 students (15%) or the
Year 8 students (25%).

Results for Tasks A9 - A12 (FST)

100
3
[0)
&
3
S u A9
2
g = Al10
[
o All
&

AlL2.

Year5 Year6 Year8 Year9
Year Level

Figure 5-3: Percentage of correct responses by year level for Tasks A9 — A12 (FST)

As expected, students from all year levels found most of the Part A tasks easy as demonstrated
by the results shown in Tables 5.1, Table 5.2 and Table 5.3 and shown in Figure 5.1, Figure 5.2
and Figure 5.3. This data will be used to inform the overall research question and in particular
research questions RQ1 and RQ2. The results for Part A tasks will also be compared with the
results for the three reverse fraction tasks (C5 — C7) in Table 5.17 and the ATQ in Table 5.64.

5.1.2 Fraction Screening Test Part B task results

Part B tasks focus on number lines, including completing the numbers required for a number line
with equally spaced marks, dividing number lines into fractional parts and marking number lines
given the length of a fractional part. Table 5.5 shows the results for the first two questions of Part
B (Task B1 and Task B2) and Table 5.6 shows the results for three questions (B3 — B5). The
analysis of this data will be used to respond to the research questions RQ1 and RQ2.

Task B1 has a number line divided into five equal parts, with the two endpoints given as zero and

100. Students are required to write the correct numbers on four equally spaced interim marks.
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Row 1 of Table 5.5 shows the percentage of correct responses for each year level. Eighty-four
percent of Year 5, 92% of Year 6, 98% of Year 8 and 100% of Year 9 correctly wrote the missing
numbers on the number line marked zero to 100. Thirty-four percent of Year 5, 45% of Year 6,
66% of Year 8 and 73% of Year 9 students included an appropriate explanation that referred to
the partitioning of the number line. While 91% of all students wrote the correct numbers on the
marks on the number line (20, 40, 60, 80) only 47% gave an appropriate explanation based on the
equal division of the number line, 22% based their explanation on counting by 20 and another
22% gave explanations that either did not make sense or were incomplete. Student RC in Figure

5.4 explains his method of dividing 100 by five to determine the correct response for Task B1.

e
This number line is marked 0 to 100 and has been divided up.
n 4o 6 3 ;3

{

L 4 | 1 [
ﬁ 1 | { 1 [
0 .

a. Write the numbers that should go on the marks.

b. Explain how you decided that your answer is correct.
Theve a4 ppkS ih fle e ddle
ket ingly 4 ;'“ﬁ Figo fle 28 A 57 ‘3‘
e K3, the fival sk it T00  punp
e giwdel by Fim (% Ju o 0 L pdbth
i la’ red T d L 13 (""Li %.;Lm( "Uﬁf{i
{ mewif~ fos. .

Figure 5-4: Student RC's response to Task B1 (FST)

The number-line in Task B2 is marked with the numbers zero and 25. Students are initially asked
to mark the point on the line that indicates the position of the number 75 as accurately as they can
(Task B2a) and subsequently where the number 5 would be on the same line (Task B2c¢). Student
JM’s response in Figure 5.5 indicates that he iterated the length from 0 to 25 two more times to

determine the position of 75 on the number-line.

2.
This number line shows 0 to 25.

|+ . | i}
[N N | -
) 25 75

a. Place the number 75 on the number line as accurately as you can

b. Explain how you decided that your answer is correcl.

L:‘CCQ w s ! V\k&;f Oii(x A

ex%\ﬂz\ ’L— 2'(3, So
2525325 =75

Figure 5-5: Student JM's response to Task B2 (FST)
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Rows 3 and 4 of Table 5.5 shows the percentage of correct responses for each year level for this
task. Fifty-two percent of Year 5, 55% of Year 6, 64% of Year 8 and 93% of Year 9 students were
able to accurately place the number 75 on a number line using the given length for zero to 25.
However, only 28% percent of Year 5, 38% of Year 6, 57% of Year 8 and 87% of Year 9 students
justified their choice of position for the number 75 by stating that the distance needed to be three
times the distance from zero to 25. Forty-four percent of students drew the interim mark for 50
before marking the position of 75. Another 13% accurately marked the position for 75 without
any interim marks. This means that 57% of all students accurately marked where the number 75
should be positioned given the length from zero to 25. Forty percent of all students explained that

the number 75 was placed at a position that was three times the length from zero to 25.

Many students assumed that the line represented a number line from zero to 100. This
misconception was revealed when 33% of all students placed the number 75 three-quarters along
the given line and justified this when explaining their response for Task B2. Student RC’s
response in Figure 5.6 illustrates his belief that the end of the number-line is 100 and describes

how he decided the position for 75 based on this faulty assumption.

This number line shows 0 to 25.
la 15 2829
Pt SRR ‘. ‘ i

1 t.q .
| i L
e

a. Place the number 75 on the number line as accurately as you can,

b. Explain how you decided that your answer is correct,
25715 teavt ot 10 s pe iP5
TIR ST N V7 S PR % St
Il tae o Mo T ah dest wa sk
Ve aldng flo ipg.

Figure 5-6: Student RC’s incorrect responses for Tasks B2a and B2b (FST)

Students found Task B2c much easier than Task B2a as they partitioned the length from zero to
25 into five equal parts. For example, Student RC was unsuccessful with Task B2a as shown in
Figure 5.6 as he believed the number-line ranged from zero to 100 but he was able to partition the
given length from zero to 25 into five equal parts for Task B2c. His explanation shown in Figure

5.7 indicates that he is able to divide the length into five equal parts.
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d. Explam how you decided that your answer is correct. &
dﬁal(;\ H,g Spafg 59%‘%{{% 25 isv\,j '
iﬁi‘ﬁg’ 5 oard meeidd zg &in g, ot fFla

w{‘{% PO 5/ 50 ? lfi"?’tif :‘k yvﬂ‘g" ié&n
[fnbeled  the sThest

Figure 5-7: Student RC’s response to Task B2d (FST)

Rows 5 and 6 of Table 5.5 shows the percentage of correct responses for each year level for Task
B2c and Task B2d. Sixty-nine percent of Year 5, 74% of Year 6, 85% of Year 8 and 100 of Year
9 students accurately marked one-fifth of the distance from zero to 25. Fifty-seven percent of all
students used interim marks to divide the length from zero to 25 into five equal parts while another
18% accurately placed one-fifth without interim marks. Thus 75% of all students successfully
marked one-fifth of the distance from zero to 25. Forty-nine percent of all students explained that
they knew their answer was correct “as five was one-fifth of 25” while 36% gave explanations

that were incomplete or did not make sense.

Table 5-5: Percentage of correct responses by year level for Tasks Bla — B2d (FST)

Part B Tasks (FST) Year 5 Year 6 Year 8 Year 9*
(n=195) (=275) (n=122) (n=15)

Bla. This number llne 1s marked 0 to 100 and has

been divided up. ' | " 84 92 98 100
Write the numbers that should go on the marks.
B1b. Explain how you decided that your answer

. 34 45 66 73
18 correct.

B2a. This number line shows 0 to 25. Place the

number 75 on the number line as accurately as 52 55 64 93
you can. ! R

BZb. Explain how you decided that your answer 23 38 57 %7
18 correct.

B2c. Mark the number S on the number line as 69 74 85 100
accurately as you can.

B2d. Explain how you decided that your answer 39 43 75 %0

is correct.

The graph in Figure 5.8 shows the percentage of correct responses by year level for the number-
line tasks that required students to write the correct numbers on the marks between zero and 100
(Task Bla), marking the number line to show the number 75 given the distance representing zero
to 25 (Task B2a) and dividing the number line marked zero to 25 to show where the number 5
should be placed (Task B2c¢). Students found it more difficult to determine where the number 75

should be placed (Task B2a) than dividing a section of a number line to show where the number
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5 should be placed (Task B2c). The percentage of correct responses for all three tasks increased

across the year levels.

Results for Tasks B1 - B2c¢ (FST)

100
90
80 -
70 -
60 -
50 -
40
30 -
20 -
10 -

mBla
= B2a
uB2c.

Percentage correct

Year 5 Year 6 Year 8 Year 9
Year Level

Figure 5-8: Percentage of correct responses by year level for Tasks Bla, B2a and B2¢ (FST)

The Part B tasks shown in Table 5.6 has one task where the scale has been changed, and two tasks
which rely on students replicating, or iterating, the length that represents a given fractional part

to then establish where the number one would be.

In Task B3 students were given a number line marked zero, one and two and asked to mark the
position for the number three-fifths. The two students shown in Figure 5.9 have correctly marked
the fraction three-fifths on the number line. Student RC (top) has marked in all the fifths between
zero and one while Student BE (bottom) has given the marks for the fifths between zero and one

and named three-fifths.

3.
Here is a number line 2 units long.

Put a cross (vamere hink the number 3 would be on the number line below.
Ll @:’9 45 545 °
I | T

| R T

=

0

3.
Here is a number line 2 uniis long.

Put a cross (x) whe i 3 i
x) re you think the number 3 would be on the number line below,

[
Pt +— |
0 @ 72*

Figure 5-9: Examples of two students’ correct responses for Task B3 (FST)
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Row 1 of Table 5.6 shows the percentage of correct responses for each year level. Forty-four Year
5, 51% Year 6, 64% Year 8 and 87% Year 9 students correctly marked where the number three-
fifths would be placed on a number-line marked zero to three. While 31% of all students
accurately placed the number three-fifths using appropriate interim marks, an additional 21% of
the students accurately positioned the number three-fifths without reference to any interim marks.
This means that a total of 52% of all students correctly placed the number three-fifths on a number
line marked zero to two. However, 14% of all students placed the number three-fifths on a mark
that was three-fifths of the distance of the whole line marked zero to two rather than three-fifths
of the distance between zero and one. Student KH has placed the mark about three-quarters of the

length of the line (Figure 5.10).

3.
Here is a number line 2 units long.

Put a cross (x) where you think the number % would be on the number line below.

| | H {

0 L 2

Figure 5-10: Student KH’s incorrect response to Task B3 (FST)

In Task B4 students are given a number line marked with the numbers zero and one-third and
asked to put a cross “where the number one would be on the number line”. Student RK (left-hand
side of Figure 5.11) has iterated the length from zero to one-third twice and then indicated with a
cross where the number one would be positioned. Student JM (right-hand side of Figure 5.11) has

estimated the two iterations and although the marks are not accurately placed the intention is clear.

4.

This number line shows where the number ! is. I

Put a eross (x} where you think the number 4 would be on the number hine. ]

(%]

f
A

T

} .' : X
e 1 ! AN

3

Figure 5-11: Examples of two correct responses for Task B4 (FST)

Row 2 of Table 5.6 shows the percentage of correct responses for each year level. Fifty-four
percent of Year 5, 62% Year 6, 75% Year 8 and 87% Year 9 students successfully marked the
position of the number one given the positions of zero and one-third. Thirty-eight percent of all
students used appropriate interim marks to accurately mark the position of the number. Another
25% accurately positioned the number one without using any interim marks, giving a total of 63%
of all students who could use the distance from one to one-third to position the number one.

However, 15% of all students placed the number one at the end of the given number line.
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Row 3 of Table 5.6 shows the percentage of correct responses for each year level. Sixty-nine
percent of Year 5, 75% Year 6, 84% Year 8 and 87% Year 9 students successfully chose the
correct alternative to indicate where the number one would be on the number-line marked zero to
three-quarters. Altogether 18% of all students chose either of the two incorrect alternatives with
the same number of students choosing each alternative. However, while 76% chose the correct
alternative, only 59% gave an appropriate explanation for their choice. Row 4 shows the results

for Task B5 which asks students to explain how they decided on the correct answer for Task BS5.

Table 5-6: Percentage of correct responses by year level for Tasks B3 — B5b (FST)

Year 5 Year 6 Year 8 Year 9*

Part B Tasks (FST) (n=195) (=275 @®=122) (n=15)

3.
Here is a number line 2 units long

Put a cross (x) where you think the number % would be on the number line below. 44 51 64 87

| | |
I I 1
0 1 5

4.
1
This number line shows where the number 3 is.

Put a cross (x) where you think the number 1 would be on the number line 54 62 75 87

0

|
II
3

5.

On this number line 0 and the number % are shown.

69 75 84 87
| | | | |
I I
a. Circle the letter that represents where the number 1 would be
B5b. How did decide the other two choi
Oow did you decide the other O Cho1CEeS 54 54 73 30

were incorrect?

In Task BS5 students were asked to decide which of three alternatives was in the correct position
for the number one and to write an explanation about how they knew that the other two

alternatives were incorrect. The two students in Figure 5.12 have chosen the correct alternative.

Student JM (left-hand side of Figure 5.12) gave an appropriate response and while the second half
of Student RC’s explanation is hard to interpret (right-hand side of Figure 5.12), he marked in the
approximate positions of one-quarter and one-half proving that he knew C was the correct position

for the number one.
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a. Circle the letter that represents where the number 1 would be.

a. Circle the letter that represents where the number 4 would be.
b, How d'd;f" decide the 0“"3’ two cholces were '"W"‘ZX" b, How did you decide the other two choices were incorrect?
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Figure 5-12: Examples of two correct responses for Task B5 (FST)

It is unclear how Student KH (Figure 5.13) decided that the response was A. He had obviously
chosen B before crossing it out to choose A. Many students believe that ‘three-quarters is nearly
one’ which might explain his response that B and C were too far from three-quarters to be the

number one.

1 { | { |

i | .
v O

a. Circle the letter that represents where the number 1 would be.
b. How did you decide the other two choices were incorrect?

Lecand M wele

o PO\( N e 1
AML:B hod.  hedh 10 e over 4

® 2014 Pearn & Stephens: Thé University of Melboure

Figure 5-13: Student KH's incorrect response for Task B5 (FST)

The graph in Figure 5.14 shows the percentage of correct responses by year level for Tasks B3 —
B5a. Students at Years 5, 6 and 8 found these tasks progressively easier as demonstrated by the
increasing percentage of correct responses at each level. The pattern across these year levels was
similar and shows that more students were successful with the successive tasks at the higher level.
The hardest task was accurately marking the position of the number three-fifths on the number-

line marked zero to two.
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Results for Tasks B3 - B5a (FST)

100

mB3
uB4
mB5a

Percentage correct

Year5 Year6 Year8  Year9
Year levels

Figure 5-14: Percentage of correct responses by year level for Tasks B3, B4 and B5a (FST)

Students found these number line tasks more difficult than the Part A tasks. This data will be used
to inform the overall research question and in particular the responses to Research Questions RQ1

and RQ2.

5.1.3 Fraction Screening Test Part C task results

Part C tasks are the most difficult in the FST. Part C tasks C1 to C4 have been designed to assess
whether students can order four fractions (C1), match fractions to their equivalent decimal (C2)
and decide which of the four alternatives does not belong in a group of fractions, decimals and
percentages (C3 and C4). The results for Tasks C1 — C4 are shown in Table 5.7. As for the data
discussed in the previous sections, this data will be used to inform the overall research question

and in particular to Research Questions RQ1 and RQ2.

In Task C1 40% of all students ordered the four fractions from largest to smallest. Another 23%
ordered the fractions correctly but ordered them from smallest to largest. The two students in
Figure 5.15 ordered the fractions correctly. Student RK (left-hand side) converted all the fractions
to equivalent tenths before writing the fractions from largest to smallest as directed. Student J]M
(right-hand side) ordered the fractions correctly but wrote them from smallest to largest rather

than largest to smallest as required.
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Figure 5-15: Examples of two students' responses for Task C1 (FST)
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Row 1 of Table 5.7 shows the percentage of correct responses for each year level. Thirty-five
percent of Year 5, 37% of Year 6, 54% of Year 8 and 60% of Year 9 students successfully ordered

the fractions from largest to smallest.

Misconceptions were revealed when the incorrect responses for Task C1 were analysed. Incorrect
responses demonstrated whole number thinking defined by Behr, Wachsmuth, Post, and Lesh
(1984) as thinking which involves: “making separate comparisons of numerators and
denominators using the ordering of whole numbers” (p. 332). Four percent of all students ordered
the fractions by denominator i.e. they ordered the fractions from smallest to largest denominators,
3% ordered the fractions from largest to smallest denominators, 3% ordered initially by
numerators then denominators and 18% ordered according to the size of the difference between
the numerator and denominator. An example is shown in Figure 5.16 where Student KH has
incorrectly ordered the fractions according to the difference between the numerator and the
denominator. This is an example of ‘gap thinking’ (Pearn & Stephens, 2004). Students using gap
thinking believe that the smaller the gap the larger the fraction.

LI
2\43516‘\ \
2 & % 10

Figure 5-16: Student KH uses incorrect 'gap thinking' for Task C1 (FST)

In Task C2 82% of all students matched the four pairs of fractions and decimals with 14%
matching two pairs correctly and a further 3% matching one pair e.g. /2 and 0.5. Row 2 of Table
5.7 shows the percentage of correct responses for each level. Sixty-five percent of Year 5, 74%
of Year 6, 84% of Year 8 and 93% of Year 9 matched all four pairs of fractions and their

equivalent decimals.

In Task C3 students were asked to choose the representation that does not belong to the following
set of numbers: 25% 0.4 0.25 '/4. Row 3 of Table 5.7 shows the percentages of correct responses
for each year level. Seventy-one percent of Year 5, 81% of Year 6, 80% of Year 8 and 93% of
Year 9 students correctly recognised that 0.4 did not belong in the group representing one-quarter.
Seventy-eight percent of all middle-years students correctly chose 0.4 as not belonging to the

group that are equivalent representations for one-quarter.

In Task C4 students need to select the representation that does not belong to the following set of
numbers: 1.2 ¢/5s 12% 1%/3. In Figure 5.17 Student JM (left-hand side) circled the correct response
while Student KH (right-hand side) circled one of the incorrect responses.
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Figure 5-17: Examples of two students' responses for Task C4 (FST)

Row 4 of Table 5.7 shows the percentages of correct responses for each year level. Results were
very similar for the primary students with 39% of Year 5, 40% of Year 6, 50% of Year 8 and 80%
of Year 9 students correctly recognised that 12% did not belong in the group representing the
number 1.2. Forty-three percent of all students correctly chose 12% as not belonging to the group

that were equivalent representations for 1.2.

Table 5-7: Percentage of correct responses by year level for Tasks C1 and C2 (FST)

Year 5 Year 6 Year 8 Year 9*

Part C tasks (FST) Mm=195) (=275 (n=122) (n=15)

Cl1. Place these fractions in order from largest to
smallest: 5 V4 3/5 Y10

C2. Draw a line from each fraction to the
equivalent decimal: Y2 Y Yo /s 65 74 84 93
0.5 04 0.1 025

C3. Circle the one that does not belong:
25% 0.4 025 V4

C4. Circle the one that does not belong:
1.2 6/512% 16/30

The graph in Figure 5.18 shows the percentage of correct responses by year level for Tasks C1,

35 37 54 60

71 81 80 93

39 40 50 80

C2, C3 and C4. Primary students were more successful with Task C3 than Task C2 while Year 8
students were more successful with Task C2 than Task C3. Primary students were more successful
with Task C4 than Task C1 while Year 8 students were more successful with Task C1 than Task
C4.

Results for Tasks C1 - C4 (FST)
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Figure 5-18: Percentage of correct responses by year level for Tasks C1 — C4 (FST)
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Table 5.8 shows the percentage of students who successfully solved the three reverse fraction
tasks C5 to C7. In the pilot studies discussed in Chapter 3 these three reverse fraction tasks
allowed students the opportunity to reveal their algebraic thinking as they solved them. The results
from these tasks are integral to all the research questions: RQ3, RQ4, RQ5 and RQ6. Table 5.7

shows the percentage of correct responses for each of these three tasks.

Most students found Task C5 the easiest of the three reverse tasks as shown in Row 1 of Table
5.8. Overall 81% of all students successfully solved this task with very similar results in the two
primary years with 77% in Year 5 and 81% in Year 6. There were similar results for the secondary
levels with 88% of Year 8 and 93% of Year 9 students correctly determining that there were 15

counters in the whole collection.

There is no diagram given for Task C6 and the fraction four-sevenths is less familiar than the
fraction two-thirds used in Task C5 which appears to impact on the results for Task C6 shown in
Row 2 of Table 5.8. Forty-nine percent of all students were successfully solved Task C6 with
very similar results for Years 5, 6 and 8 with 44% Year 5, 48% Year 6 and 53% of Year 8
successfully determining the number of CDs that Kay had. Only one Year 9 student was unable

to solve this task.

Table 5-8: Percentage of correct responses by year level for Tasks C5 — C7 (FST)

Year 5 Year 6 Year 8 Year 9*

Part C tasks (FST) =195 (=175 (n=122) (n=15)

CS. This collection of 10 counters is %/3 of the

number of counters I started with.
00000 77 81 88 93
00000

How many counters did I start with?

C6. Susie’s CD collection is #/7 of her friend

Kay’s. Susie has 12 CDs. 44 48 53 93

How many CDs does Kay have?

C7. This collection of 14 counters is /6 of the

number of counters I started with.

88888 a Mmoo
0000

How many counters did I start with?

Unlike the diagram given for Task C5 the diagram for Task C7 was not designed or intended to
provide a visual representation that assisted students to solve the task just by looking at the
diagram. The improper fraction used also appeared to add to the complexity of the task. Many
students used the number of counters in the diagram in a ‘trial and error’ method to solve this

task. This method may have contributed to the higher percentage of correct responses for the Year
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8 students. As shown in Row 3 of Table 5.8 the results for the primary students were very similar
with 41% Year 5 and 44% Year 6 students solving the task successfully. Seventy percent of Year
8 and 93% of Year 9 students were able to calculate the numbers needed for the whole group.

Overall only 50% of all middle-years students successfully solved this task.

The graph in Figure 5.19 shows the percentage of correct responses by year level for the three
reverse thinking tasks C5, C6, and C7. For each task the percentage of correct responses increased
as the year levels increased. Both primary and secondary students were most successful on the
first reverse fraction task (Task C5). While the results for the remaining two reverse fraction tasks
were similar for the primary students, Year 8 students were more successful with Task C7 than

Task C6. Task C7 included a diagram which many secondary students used to assist with solving

the task.
Results for Tasks C5 - C7 (FST)
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Figure 5-19: Percentage of correct responses by year level for Tasks C5 — C7 (FST)

In Section 5.1.3 the focus has been on the percentage of correct responses for all Part C tasks.
This data will be used to inform the overall research question particularly the research questions
RQ1 and RQ2. In the next section 5.1.4 the focus will be on the strategies the students used to
solve the three reverse fraction tasks (Tasks CS5, C6, and C7) from Part C.

5.1.4 Analysing the written responses for Tasks C5, C6 and C7

In this section the focus is on the analysis of students’ written responses for each of the three
reverse fraction tasks: Task CS5, Task C6 and C7. Students were asked to: “Explain how you
decided that your answer is correct.” for Tasks C5 and C7 while for Task C6 students were asked
to: “Show all your working”. While most students gave a numerical response for each of the
reverse fraction tasks many did not respond to either of these questions: “Explain how you decided

that your answer is correct.” or “Show all your working”.
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The students’ responses for Task C5 were classified as Not Attempted if there was no attempt to
respond to the task. Explanations or responses that were incomplete were classified as Not Clear.
The other responses were classified using the five strategies: Diagram Dependent,
Additive/Subtractive, Partially Multiplicative, Fully Multiplicative, and Advanced Multiplicative.

Table 5.9 includes an explanation and example for each strategy used for Task CS5.

Table 5-9: Classification of strategies used to solve Task C5 (FST)

Classification Explanation Example
Diagram Students use explicit partitioning of  Howmany auners o s | O

. . .. . b. Explain how you decided that your answer is correct
dependent diagrams before using additive strategies Gecartse  \f opn

L\QUQ/ ’21 O\(\é\ \_g@.u\

If\&\)@, o0Coe
o@aoo O

Additive Students use additive methods without
explicit partitioning of a diagram. Students
find the number of objects needed to

one +V\\Pc\ s 5

. ; L thds 15 \0
represent one-third and then use counting or and 2 4 ed

addition e.g. “add another 5 to find the
number of objects that represents the whole.

woN e \S

Partially Students use both multiplicative and additive
multiplicative methods. They calculate the misSing . towmanycouters ddtsarvin? 1S
fractional part (one-third) and then add it onto bg;':":’:’\yz;md "m";i"ff; oo 2
the original quantity (two-thirds). lots °of § conteCs,
S0 add{ prethel 4.
Fully Students use fully multiplicative methods. =)
multiplicative ~ Students find the quantity representing one- 5x2=
third by dividing the quantity representing
two-thirds by two. They then multiply the P divided 10 counters in
quantity representing one-third (5) by three to walb o it e A then
find the whole (15). | rmesed by 3 o
H¢ o Cub abovnt
Advanced Students use more advanced multiplicative
multiplicative methods to solve the reverse fraction . 2, ¥, ¢
= s

questions. These include the correct use of
appropriate algebraic notation to find the
whole, or a one-step method to find the whole
by dividing the given quantity (10) by two-
thirds.
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Table 5.10 includes the percentage of each type of response by year level for Task C5. Rows 1
and 2 show that as the year levels increase the number of students not attempting to answer the
question or giving a response that is classified as Not Clear decreases. As shown in Row 3 very
few students use either Diagram Dependent or Additive strategies for this task despite the
inclusion of a picture of two rows of dots. About 40% of students from Years 5, 6 and 8 used
partially multiplicative strategies for this task. This means they found the number of counters that
represented one-third and then added this number onto the original number of counters

representing two-thirds. The diagram may have assisted students with this strategy.

Table 5-10: Percentage of students by year level for each response type for Task C5 (FST)

Response Type Year 5 Year 6 Year 8 Year 9*

(n=195) (n=175) (n=122) (n=15)
Not attempted 13 12 6 0
Not clear 23 13 11 7
Diagram dependent 6 7 3 0
Additive/subtractive 3 7 7 7
Partially multiplicative 39 41 43 20
Fully Multiplicative 15 19 30 60
Advanced Multiplicative 1 3 2 7

The graph in Figure 5.20 highlights the types of strategies used successfully by students at each
year level for Task C5. Most Year 5, 6 and 8 students used either partially multiplicative or fully
multiplicative strategies to solve Task C5. Most Year 9 students used fully multiplicative or
advanced multiplicative strategies to successfully answer Task C5. As the year levels increased
so did the percentage of students who used a fully multiplicative strategy. Very few students from

any year level used advanced multiplicative strategies for this task.
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Strategies used to solve Task C5 (FST)
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Figure 5-20: Comparison of strategies by year level for Task C5 (FST)

The students’ responses for Task C6 were classified using the same criteria as that used for Task

CS5. Table 5.11 includes an explanation and example for Task C6 for each strategy.

Table 5-11: Classification of strategies used to solve Task C6 (FST)

Classification Explanation Example
Diagram Students use explicit partitioning of diagrams Susi's CD cotecon s 2o herfend Key . Sulehes 12 CO8
. - . How many CDs does Kay have? ____ »
dependent before using additive strategies Show il your working. f
ia) o'c’,% '
Additive Students use additive methods without .
1. . . . f . S d Susie's CD collection is ;of her friend Kay's. Susie has 12 CDs.
explicit partitioning of a diagram. Students owmany Cos doss Kaynave? 2|

find the number of objects needed to represent St alyourworking

the one-seventh and then use counting or WA3=12 & dhat, neans 00'{7 (y
repeated addition to find the number of 2 520 g=l8 7 :@K
objects needed to represent the whole. A

Partially Students use both multiplicative and additive e e ot st s Seseten 2 G
multiplicative methods. In the example, they calculate three- eytis oot Dl
sevenths by dividing 12 by 4 then multiplying ‘; ::_ 3
by 3 and then add the amount for three- p—
sevenths onto the original quantity for four- qtiz=

sevenths to determine the whole.
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Fully Students use fully multiplicative methods. .
multiplicative Students find the quantity represented by one- S Cociectonis Zofrer "“*’f Kos: Susie has 12 CDs
ow many CDs does ave? ¥
seventh by dividing 12 by four and then e~
multiply the quantity representing one-

seventh by seven to find the whole.

=1 2a=s \
D=h =y K= g_,;’_DB?

Advanced Students use more advanced multiplicative

multiplicative methods to solve the reverse fraction  Swzle=s{L
questions. These include the correct use of Koy = X
appropriate algebraic notation to find the = H X
whole, or a one-step method to find the whole j']ﬁj‘; =372
by dividing the given quantity by the known ey -
fraction.

In Table 5.12 the percentage of students are given by year level for Task C6. Overall 50% of all
students were unable to explain their strategy or show their working out for Task C6. This task
had no diagram and included the unfamiliar fraction of four-sevenths. Twenty-seven percent of
all students made no attempt to respond and 23% gave responses that were Not Clear. Twenty-
six percent of students successfully used a Fully Multiplicative strategy and the remaining 25%
used a range of strategies with similar percentages relying on Diagram Dependent, Additive and
Partially Multiplicative strategies. Students using Fully Multiplicative strategies worked out the
number representing one-seventh then multiplied by seven to determine the number representing

the whole. Only 3% overall used Advanced Multiplicative strategies.

Table 5-12: Percentage of students by year level for each response type for Task C6 (FST)

Response Type Year 5 Year 6 Year 8 Year 9%

(n=195) (n=175) (n=122) (n=15)
Not attempted 32 26 22 0
Not clear 22 26 21 7
Diagram dependent 8 5 0
Additive/subtractive 9 7 4 0
Partially multiplicative 9 10 5 7
Fully Multiplicative 18 22 37 73
Advanced Multiplicative 1 3 3 13

The graph in Figure 5.21 shows that for Task C6 few students were successful using Diagram
Dependent, Additive or Partially Multiplicative strategies. As the year levels increased then the
percentage of students using both the Fully Multiplicative and the Advanced Multiplicative

strategies also increased.
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Strategies used to solve Task C6 (FST)
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Figure 5-21: Comparison of strategies by year level for Task C6 (FST)

The students’ responses for Task C7 were classified using the same criteria as that used for Task
C5 and Task C6. Table 5.13 includes an explanation and example for Task C7 from students for

each strategy.

Table 5-13: Classification of strategies used to solve Task C7 (FST)

Classification Explanation Example
Diagram Students use explicit partitioning of diagrams ot s . of oo ot st
dependent before using subtractive strategies. FH 1 &QD\MVS
Tk i e TR W &
Folles W\J( 50 \ $\\\\\’ \q WO d«oz
and T lles 5o | vew Kot 1
[ ook one % W(Mj | would Wav
b 5o\ tuck i\ (xwmﬁ and
Q}\)\\’ \W\\ K\ VR
Additive/ Students use additive/subtractive methods j_’_?_
Subtractive without explicit partitioning of a diagram. 6~ -
Students find the number of objects needed to Cl y ,3:]0
represent one-sixth and then use counting, ., ;
adding or subtracting the amount representing -Z- - A
one-sixth to find the number of objects needed to . z =1y
represent the whole. rS e
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Partially Students use both multiplicative and subtractive l & - -7 i 3
multiplicative methods. They calculate the unit fraction by =
dividing the quantity representing the unit Wy - r A 12
fraction by seven (2) and then subtract this
amount from the original quantity (14) to give the

whole (12).
Fully Students use fully multiplicative methods. : :owlﬁa:yozu"l‘—;mé:;f;af;ﬂm?\’L l
xplain how you decided that your answer is correct,
multiplicative Students find the quantity represented by one- Becawt | dinded 1Y

sixth by dividing by seven and then multiply this

by 7 d flen  rimeged
amount by six to find the whole. Q7 an

Ve angwel ‘«e& A

Advanced Students use more advanced multiplicative  a Howmanycounters did 1 startwin? | L
multiplicative ~ methods to solve the reverse fraction questions.  ° E("'ﬁ“mw.%eadfaha'Grans_,‘wsj s eoned
These include the correct use of appropriate W \\ﬁ o]
algebraic notation to find the whole, or a one-step
method to find the whole by dividing the given @ x b _ I 2
quantity by the known fraction. (LF

In Table 5.14 the percentage of students for each of the strategies is given by year level. Nearly
60% of all students were unable to show their workings for Task C7. Thirty-two percent of all
students made no attempt to respond and 25% gave responses that were Not Clear. Less than 10%
of students at Year 5, Year 6 and Year 8 relied on a Diagram Dependent strategy while only two
Year 5 students used the Additive/Subtractive strategy. Twenty percent of all students successfully
used a Partially Multiplicative strategy with another 11% using a Fully Multiplicative strategy.

Table 5-14: Percentage of students by year level for each response type for Task C7 (FST))

Response Type Yiar 5 Y_ear 6 Y_ear 8 Yefr 9*
(n=195) (n=175) (n=122) (n=15)
Not attempted 42 32 24 0
Not clear 29 28 16 7
Diagram dependent 8 9 7 0
Additive/subtractive 1 0 0 0
Partially multiplicative 14 20 32 7
Fully Multiplicative 5 8 18 73
Advanced Multiplicative 2 3 3 13

The graph in Figure 5.22 shows that for Task C7 few students were successful using Diagram
Dependent, Additive/subtractive or Partially Multiplicative strategies. As the year levels
increased then the percentage of students using both the Fully Multiplicative and the Advanced
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Multiplicative strategies also increased. For this task, more students used the Partial
Multiplicative strategy rather than the Multiplicative strategy they used for the previous task (C6).
That is, they calculated the number of objects representing one-sixth and then subtracted that from

the number representing seven-sixths.

Strategies used to solve Task C7 (FST)
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Figure 5-22: Comparison of strategies by year level for Task C7 (FST)

A further interrogation of the data has shown that students’ written responses for all three reverse
fraction tasks (C5, C6 and C7) could be classified using the same strategies. (See Tables 5.10,
5.12 and 5.14). Each classification, with the elaborated but generic description, is given in Table
5.15 and is now labelled as the Classification Framework for Reverse Fraction Tasks. This
classification framework will be used to analyse students’ responses for each question used in the

Structured Interview.

Table 5-15: Classification Framework for Reverse Fraction Tasks

Classification Explanation

Diagram dependent Students use explicit partitioning of diagrams before using additive or
subtractive strategies to find the measure or quantity representing the whole

Additive / subtractive Students use additive or subtractive methods without explicit partitioning of
a diagram. Students find the measure or quantity needed to represent the unit
fraction and then use counting or repeated addition to find the measure or
quantity needed to represent the whole.
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Partially multiplicative Students use both multiplicative and additive methods. Students calculate
the measure or quantity representing the missing fractional part and either
add this amount (proper fractions) to the original quantity or subtract this
amount from the original measure or quantity (improper fractions).

Fully multiplicative Students use fully multiplicative methods. Students find the measure or
quantity represented by the unit fraction using division by the numerator of
the given fraction and then multiply the measure or quantity representing
the unit fraction by the denominator to find the measure or quantity
representing the whole.

Advanced multiplicative ~ Students use more advanced multiplicative methods to solve the reverse
fraction questions. These include the correct use of appropriate algebraic
notation to find the whole, or a one-step method to find the whole by either
dividing the given quantity by the known fraction.

Analysing the students’ written responses to the reverse fraction tasks in this main study has
confirmed the findings from the pilot studies that these tasks allow students to demonstrate their
ability to use relational thinking, equivalence and algebraic reasoning. This data will be used to

inform the overall research question and in particular for the research questions RQ3 and RQ4.

5.2 Relationship between the reverse fraction tasks and other FST tasks

The three, Part C reverse fraction tasks allow students to demonstrate their level of algebraic
reasoning, and thus are important for responding to the research questions. In Section 5.2.1 the
relationship between the total scores for these tasks (Tasks C5, C6 and C7) and the total score for
the FST (Figure 5.11) will be investigated, before the comparison of the total score of the FST
without the reverse fraction tasks (Figure 5.12). In Section 5.2.2 the total scores for the reverse
fraction tasks (C5, C6 and C7) will be compared to the total score for each part of the FST. In
Section 5.2.3 the relationship between the scores for individual tasks for Part A and the three
reverse fraction tasks will be given. The data from this section will inform the main research
question but, in particular, the data will be used to respond to research questions: RQ1, RQ2, RQ4
and RQS5.

In this section descriptive statistics using Pearson product-moment correlation coefficient are
calculated using the Statistical Package for the Social Sciences (SPSS) and reported following the
guidelines given by Pallant (2011). That is, small correlations (weak relationships) are values
between 0.1 and 0.29, medium correlations (moderate relationships) are values between 0.3 and

0.49 while large correlations (strong relationships) are values between 0.5 and 1.0 (Pallant, 2011,
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p.134). Correlations and explained variation are reported here as descriptive statistics and not to

claim formal statistical inference.

5.2.1 Relationship between FST and reverse fraction tasks scores

The scores for the three reverse fraction tasks ranged from a minimum of zero to a maximum of
nine with a mean of 3.50 and SD of 2.54. Total scores for the FST ranged from a minimum of
zero to a maximum of 35, with a mean of 21.91 and SD of 7.14. Figure 5.23 shows the scatterplot
comparing the scores for the three reverse fraction tasks (C5, C6 and C7) with the total scores for
FST. The three reverse fraction tasks are a subset of the FST, and as expected, there is a strong
positive correlation (0.84) between these two scores. The relationship is modelled in Figure 5.23
by a positive linear trend-line, indicating that nearly 70% of the variation, of the three reverse

fraction tasks scores, may be explained by the total scores for the FST (R?=0.67).

Figure 5.23 shows that students who scored less than 12 marks on the FST scored three or less
out of a possible nine marks for the three reverse fraction tasks. Students who scored more than
30 on the FST scored more than six for the three reverse fraction tasks. However, as shown in
Figure 5.11 some students who performed well overall on the FST were unable to complete any,
or all, of the three reverse fraction tasks (C5 — C7). These students tended to use less sophisticated
strategies such as drawings and diagrams or additive methods rather than multiplicative ones to

solve these three reverse fraction tasks.

Comparing reverse fraction task and total FST scores
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Figure 5-23: Comparison of the three reverse fraction task and FST scores (n = 607)

Figure 5.24 shows a scatterplot of the students’ scores for the three reverse fraction tasks plotted
against their FST scores for all tasks except the three reverse fraction tasks. That is, their scores
have been added together for Part A, Part B and the first four Part C tasks, Tasks C1 — C4. Scores
for the FST, without the three reverse fraction tasks, ranged from a minimum of zero to a
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maximum of 26, with a mean of 18.4 and SD of 5.3. The relationship is modelled in Figure 5.24
by a positive linear trend-line, indicating that nearly 40% of the variation for the three reverse

fraction scores, may be explained by the total scores for the remaining FST tasks (R*=0.39).

Comparison of scores for reverse fraction tasks with
rest of FST tasks

Three reverse fraction score

5 10 15 20 25
FST score (without three reverse fraction tasks)

Figure 5-24: Comparison of the three reverse fraction task and total for all other FST tasks.

Figure 5.24 shows that the students who scored low marks on the FST also scored low marks for
the reverse fraction tasks. Students who scored less than 10 on the FST scored less than three out
of a possible nine marks on the reverse fraction tasks while students who scored between 10 and
14 on the FST scored less than six marks on the three reverse fraction tasks. However, students
who scored between 14 and 26 on the FST scored the full range of marks between zero and nine
for the reverse fraction tasks. All but one student who scored between six and nine marks for the
three reverse fraction tasks all scored between 14 and 26 for the FST. The student who scored 7.5

for the three reverse fraction tasks did not attempt any of the other tasks on the FST.

There is a strong positive correlation (0.63) between the results for the FST (without the three
reverse fraction tasks) and the three reverse fraction tasks. Students whose scores were above the
mean for the FST scored the full range of scores between zero and nine for the reverse fraction
tasks. However, students who scored more than six on the reverse fraction tasks scored more than
14 on the FST. The level of success on the reverse fraction tasks appears to be associated with the

level of success demonstrated by the total scores for the FST.

5.2.2 Relationships between parts of FST and reverse fraction tasks

To determine whether the scores for any specific part of the FST was more strongly correlated to
the results for the three reverse fraction tasks scatterplots correlations were calculated and
scatterplots drawn. Table 5.16 shows the relationships between the total score for the three reverse

fraction tasks and the total scores for Part A tasks, Part B tasks, and Part C tasks: C1 — C4.
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Table 5-16: Relationship between Tasks C5 - C7 and Parts (FST)

Part A Part B Part C (C1 — C4)
Tasks C5 - C7 (FST) 0.55 0.56 0.53

Scatterplots have been drawn to illustrate the relationships between these three parts of the FST.
Figure 5.25 shows the relationship between the scores for the three reverse fraction tasks and the
total scores for the Part A tasks, Figure 5.26 shows the relationship between the reverse fraction
tasks and the total scores for the Part B tasks while Figure 5.27 shows the relationship between
the three reverse tasks and the remaining Part C tasks (C1 — C4).

Figure 5.25 shows the relationship between students’ scores for the three reverse fraction tasks
and their total scores for Part A (FST) on a scatterplot. Scores for Part A ranged from a minimum
of zero to a maximum of 12, with a mean of 9.63 and SD of 2.22. The relationship is modelled in
Figure 5.25 by a positive linear trend-line, indicating that nearly 30% of the variation for the three

reverse fraction scores, may be explained by the scores for Part A of the FST tasks (R*= 0.29).
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Figure 5-25: Comparison of scores for Tasks C5 — C7 and Part A scores (FST)

Part B includes number line tasks that require students to either find fractional parts of a given
number line or the find the position for the number one when fractions were marked on a number
line. Figure 5.26 shows a scatterplot of the students’ scores for the three reverse fraction tasks
(Figure 1) plotted against their Part B (FST) scores. The minimum score for the three reverse
fraction tasks ranged from a minimum of zero to a maximum of nine with a mean of 3.50 and SD

of 2.54. Scores for Part B ranged from a minimum of zero to a maximum of 10, with a mean of
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6.21 and SD of 2.67. The relationship is modelled in Figure 5.26 by a positive linear trend-line,
indicating that nearly one-third of the variation of the three reverse fraction scores (C5-C7) scores,

may be explained by the scores for the FST: Part B tasks (R*= 0.32).

Comparison of Tasks C5 - C7 and Part B scores
O 9 ° sooe o
8. e ® 0. 3¢0 8%°¢ ¢
2 7 ® 000006060 6 O
“ .::..8 .....
Z. 0 oo o e88°88°8 .3
=5 : : ......__i.-.' o
£ o $838.8383838 ¢
5 3 [ : .._.,..-'. [ X I [ ] [
E $ 8 oe233383333e.3 ¢

[ [ .s.-.‘b [ M ] 0000 [
9 4 o0 00000 0000 00
5le. 888 88823 ee $e 8 o
[ [ o000 000000000 (o o @
10 2 4 6 8 10

Scores for Fraction Screening Test: Part B

Figure 5-26: Comparison of scores for Tasks C5 — C7 and Part B scores (FST)

Figure 5.27 compares the scores from the first four tasks of Part C of the FST (C1 — C4) with the
scores from the reverse fraction tasks (C5 — C7). The minimum score for the three reverse fraction
tasks ranged from a minimum of zero to a maximum of nine with a mean of 3.50 and SD of 2.54.
Scores for Part C tasks (C1 - C4) ranged from a minimum of zero to a maximum of four, with a
mean of 2.58 and SD of 1.15. The relationship is modelled in Figure 5.27 by a positive linear
trend-line, indicating that nearly 30% of the variation of the scores for the three reverse fraction

tasks, may be explained by the scores for the first four Part C tasks (R*= 0.28).
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Figure 5-27: Comparison of scores from Tasks C1 — C4 and Tasks C5 - C7 (FST)
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There is a similar strong positive correlation between the scores for part of the FST and scores for
the three reverse fraction tasks. While the results for the relationships between the scores for Part
A and the scores for the three reverse fractions (Figure 5.13) and the scores for Part B and the
three reverse fraction tasks (Figure 5.14) are very similar, the graphs are noticeably different. The
graph representing the relationship between the scores for Part B and the three reverse fraction
tasks (Figure 5.14) is similar to the graph representing the relationship between the scores for Part
C and the three reverse fraction tasks (Figure 5.15). These are both quite different to the graph
representing the relationship between the scores for Part A and the three reverse fraction tasks in

Figure 5.13.

5.2.3 Relationship between reverse fraction and individual tasks

To determine the links between performances on specific fraction tasks and success on the reverse
fraction tasks the total scores for the three reverse fraction tasks were compared with the scores
for each individual task of the FST. Table 5.17 shows the correlations between the total scores
for the three reverse fraction tasks and the individual scores for individual Part A tasks, Table
5.18 the correlations between the three reverse fraction tasks total score and individual Part B task
scores while Table 5.19 shows the correlations between the three reverse fraction tasks total score

and the remaining Part C tasks (i.e. Tasks C1 — C4).

5.2.3.1 Relationship between Part A tasks and reverse fraction tasks

As shown in Table 5.17 the relationship between the reverse fraction tasks and the individual Part
A tasks ranged from little correlation (0.09), a small correlation or weak relationship (0.14 - 0.26)
and medium correlation or moderate relationship (0.33 — 0.39) with no results for the Part A tasks

demonstrating a strong relationship (> 0.5) with the scores for the three reverse fraction tasks.

Table 5-17: Relationship between Tasks C5 — C7 and Part A tasks (FST)

Part A Al A2 A3 A4 A5 A6 A7 A8a A8b A9 Al0 All Al2
cs5-C7 015 021 0.09 0.14 026 033 024 0.14 0.15 036 025 039 038

Table 5.17 shows that there is a weak positive relationship for the total scores for the three reverse
fraction tasks and eight of the Part A tasks (A1, A2, A4, A5, A7, A8a, A8b & A10). These tasks
are shown in Tables 5.1, 5.2 and 5.3. These correlations ranged from 0.14 for finding the number
of objects in the whole group if given the number in one-half of the group (A4 shown in Row 4

of Table 5.1), to 0.26 for shading a fractional part of a grid (A5 shown in Row 1 Table 5.2). Since

112



the correlation coefficient is below 0.1 Task A3 would not have even a weak relationship with

the scores from the three reverse fraction tasks.

Four Part A tasks (A6, A9, A1l & A12), shown in Tables 5.2 and 5.3 have a moderate positive
relationship with the three reverse fraction tasks. Task A6 has a correlation of 0.33 with the
reverse fraction tasks while Task A9 has a correlation of 0.36 with the reverse fraction tasks. Task
A12 (Row 4 of Table 5.3) has a correlation of 0.38 and Task A1l (Row 3, Table 5.3) has a

correlation of 0.39 with the total score for the three reverse fraction tasks: Tasks C5, C6 and C7.

5.2.3.2 Relationship between Part B tasks and reverse fraction tasks

As shown in Table 5.18 the reverse fraction tasks and the individual Part B number line tasks had
either a small correlation or weak relationship (0.15 - 0.27) or a medium correlation or moderate
relationship (0.30 — 0.39) with no results for the Part B tasks showing a strong relationship (> 0.5)

with the three reverse fraction tasks.

There is a weak positive relationship between the three reverse fraction tasks and four of the Part
B tasks (Bla, B2a, B2b, B2c) ranging from a small correlation or weak relationship of 0.15 for
the three reverse fractions and Task B2a (placing 75 on the number line marked zero to 25), 0.19
for Task Bla (placing numbers on the 4 marks between zero and 100), 0.25 for an explanation of
the students’ responses to Task B2a (i.e. B2b) and 0.27 for marking where the number 5 was on

the number line marked 0 — 25 (B2c¢).

Table 5-18: Relationship between Tasks C5 — C7 scores and Part B scores (FST)

Part B Tasks Bla Blb B2a B2b B2c B2d B3 B4 B5a B5b
Tasks C5-C7 0.19 041 0.15 025 027 041 030 037 037 044

Three of the six Part B tasks (B1b, B2d, B5b), which required students to explain their responses
to number-line tasks involving whole numbers, had moderate positive relationships. Two tasks,
B1b and B2d, which required students to: “Explain how you decided that your answer is correct”
after they had completed the respective number line tasks, had the same correlation of 0.41. There
was a similar medium correlation or moderate relationship, 0.44, for the three reverse fraction
tasks and Task B5b when students were asked: “How did you decide the other two choices were

incorrect?”

There were moderate positive relationships between the three reverse fraction task scores and the

three number line questions involving fractions. These were 0.30 (Task B3) and 0.37 for Task B4

113



and Task BS5a respectively. Task B3 required students to place three-fifths on a number line
marked zero to two (Row 1 of Figure 5.6) while Task B4 required students to place the number 1
on a line marked zero to one-third (Row 2 of Figure 5.6). Task B5a (Row 3 of Figure 5.6) requires
students to choose the position of number 1 from three alternatives when given the distance from
zero to three-quarters. There was a moderate positive correlation (0.37) between the three fraction

tasks and Task B5a.

5.2.3.3 Relationship between reverse fraction tasks and other Part C tasks

As shown in Table 5.19 there is a moderate positive correlation between the total scores for the
three reverse fraction tasks (C5 — C7) and the scores for each of the other Part C tasks (C1 — C4).
The relationships ranged from a correlation of 0.32 for the comparison of the reverse fraction
scores and Task C4 (choosing the symbol which is not equivalent to 1.2), 0.33 for Task C3
(choosing the symbol that is not equivalent to one-quarter), 0.36 for Task C2 (matching equivalent

fractions and decimals) and 0.39 for ordering fractions (Task C1).

Table 5-19: Relationship between Tasks C5 — C7 scores and Tasks C1 — C4 scores (FST)

Tasks C1 — C4 Cl C2 c3 C4
Tasks C5 - C7 0.39 0.36 0.33 0.32

In this section the focus has been on the comparison of the scores for reverse fraction tasks and
their relationship the FST scores. This was followed by an investigation of the relationship
between the scores for the three reverse fraction tasks and the individual parts of the FST. Finally,
the relationship between the reverse fraction task scores and the individual task scores was also
investigated. The data obtained from these three investigations will inform the overall research

question and the research questions: RQ1, RQ2, RQ3 and RQ4 and RQ5.

5.3  Algebraic Thinking Questionnaire

The ATQ was the second paper and pencil assessment and is described in detail in Chapter 3.
Students found this assessment much more difficult than the FST as evidenced by the number of
non-responses for each task particularly those tasks requiring a detailed written response or
explanation. As the lack of responses impacts on the research the percentages of non-responses
and incorrect responses are included in the analysis of the ATQ tasks. The data from this section
will address the overall research question and will inform the responses to research questions

RQ3, RQ4, RQS5 and RQ6 to be discussed in Chapter 8.
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The ATQ is divided into two parts. Part M focuses on multiplication while Part D focuses on
division of whole numbers, fractions and decimals. Each part contains two questions divided into
sub-questions. Tasks have not been specifically designed to test instant recall of multiplication
facts but to encourage students to use their knowledge about the relationship between sets of

numbers i.e. relational thinking.

For example, in Task M1aii (Table 5.21), students who successfully use relational thinking (Row
4) have recognised and understood that the equals sign means more than ‘give an answer’ but
have also recognised and used both the sameness-relational and the substitutive-relational
understanding of the equals sign (Jones et al., 2013). The sameness-relational understanding of
the equals sign is demonstrated for this task when students recognise that both sides of the number
sentence must balance or have the same product i.e. 36 X 25 must have the same value as 9 times
whatever they write in the empty box. The substitutive-relational understanding of the equals sign

is demonstrated when students recognise that:

e 9is a quarter of 36 or that 36 divided by 4 is 9

e to maintain equality of the expressions then 25 must be multiplied by 4

e 25 multiplied by 4 is 100

However, if students do not recognise the relationship between the sets of numbers in the number
sentence, they can still solve the tasks successfully using arithmetical calculations. Calculations
usually take longer to complete than using relational thinking and there are more chances of

calculation errors.

5.3.1 Algebraic Thinking Questionnaire Part M Question 1 results
Question 1 contains four sub-questions or tasks where students are expected to find the missing

number that will make a correct number sentence and then to explain their working.

5.3.1.1 Task Mla

Task M1a, shown in the left-hand column of Table 5.20, focuses on the relationship between two
sets of whole numbers. Row 1 of Table 5.20 shows that 18% Year 5, 11% Year 6 and 7% Year 8
students did not respond to this task while all Year 9 students attempted Task M1a. Row 2 shows
the percentage of incorrect responses. Thirty-two percent of all students attempted the task but
gave an incorrect response including 37% Year 5, 26% Year 6, 38% Year 8 and 13% Year 9

students.
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Fifty-six percent of all students successfully completed Task M1a by writing 100 in the box on
the right-hand side of the equation. As shown in Row 3 there was an increase in the percentage
of the successful responses from 45% at Year 5 to 63% at Year 6. Fewer Year 8 students were
successful than those at Year 6, with 55% at Year 8, while 87% Year 9 students correctly
answered Task M1a using either arithmetical calculations or relational thinking. See Figure 5.28
for examples of an arithmetical solution (left-hand side) and a relational thinking response (right-

hand side).

Table 5-20: Percentage of correct responses by year level for Task M1a (ATQ)

Year 5 Year 6 Year 8 Year 9*
Task Mla (ATQ) =195 (=175) (@=122) (n=15)
. Not attempted 18 11 7 0
M1lai. Write a number in the
box to make a true statement. Incorrect 37 26 38 13
36 x 25 = 9 x
- Correct 45 63 55 87

Figure 5.28 shows two correct responses for Task Mla. Student RK’s correct arithmetical
calculations (left-hand column) demonstrate his ‘sameness-relational’ understanding of the equals
sign (Jones et al., 2013). He initially multiplied 36 by 25 successfully before dividing the answer
by 9 to get the correct answer. Student MB’s correct relational thinking response (right-hand
column) also shows he understands the sameness-relational understanding of the equals sign. In
order to achieve this equality, he uses the substitutive-relational meaning of the equals sign (Jones
et al., 2013). He has recognised that 36 can be rewritten as 9 x 4 and that 25 x 4 = 100 and

demonstrates this by arrows in his response.

3%6 100 T

X o 3 x = *

wowes @ TER Mpeo | R @
71/ :){Li.

Figure 5-28: Examples of two students’ correct responses to Task M1a (ATQ)

Table 5.21 shows the percentage of students by year level who did not give an appropriate
response for “Explain your working briefly”. Students’ correct responses were categorised as
either arithmetical or relational. While some students gave the correct response, many did not
explain their working so these responses could not be categorised. While 56% of all students

correctly wrote 100 in the empty box on the right-hand side of the equation only 45% explained
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their solution method. Forty-one percent of all students used calculations to solve the task while

4% used relational thinking for the whole number multiplication task.

As shown in Row 1 (Table 5.21) 33% of all students did not respond when asked to: “explain
your working briefly”. This included 41% Year 5, 33% Year 6, and 23% Year 8 students who did
not provide an explanation or written calculation for this task. An additional 22% of all students
attempted a response that was incorrect. This included 25% Year 5, 17% Year 6, 32% Year § and
13% Year 9 students (see Row 2).

Table 5-21: Percentage of responses by year level for explanation for Task M1a (ATQ)

Year 5 Year 6 Year 8 Year 9%

Task Mla Responses (=195 (=175 (=122) (n=15)
Mlaii. Write a number inthe  Not attempted 41 33 23 0
box to make a true statement.  Incorrect response 25 17 32 13
36 x 25 = 9 x[1] Correct arithmetical 33 48 37 40

Explain your working briefly.  calculation

Correct relational thinking 2 2 8 47

The percentages of correct responses for the explanation for responses to Task M1a are given in
Rows 3 and 4 of Table 5.21. Forty-five percent of all students gave a correct response with 41%
of all students using an arithmetical calculation and 4% giving a response that could be described
as demonstrating relational thinking. That is, 246 of the 273 students who responded correctly to
Task Mlai used arithmetical calculations while 27 (slightly less than 10%) used relational
thinking similar to that shown in the right-hand side of Figure 5.29.

Although 65% of all Year 5 students either did not attempt Task Mla, or gave an incorrect
response, 35% gave a correct response with 33% completing arithmetical calculations and a
further 2% successfully used relational thinking. Thus, 94% of the Year 5 students who
successfully responded to this task, used arithmetical calculations and 6% used relational thinking

similar to that shown in Figure 5.28.

Fifty percent of all Year 6 students either did not attempt the task or gave an incorrect response.
However, 50% correctly demonstrated their solution method with 48% using arithmetical
calculations and 2% used relational thinking. That is, 96% of the Year 6 students who successfully

responded to this task, used arithmetical calculations and 4% used relational thinking.

The results for Years 5 and 6 are very similar for this task. Overall, 56% of the primary students

either did not attempt this question or gave an incorrect response. Of the 44% of primary students
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who successfully completed this task, 95% used arithmetical calculations and 5% used relational
thinking. While 55% of all Year 8§ students either did not attempt the task, or gave an incorrect
response, 45% correctly demonstrated their solution method with 37% using arithmetical
calculations while 8% used relational thinking. That is, 82% of the Year 8 students who
successfully responded to this task, that is, 45 of the 55 Year 8 students, used arithmetical

calculations and 10 students (18%) used relational thinking,.

Two of the 15 Year 9 students (13%) did not attempt this question. While 87% of Year 9 students
demonstrated their solution method more used relational thinking than arithmetical calculations.
Forty percent of the Year 9 students used arithmetical calculations while 47% used relational
thinking. That is, six of the 13 Year 9 students who responded to this task used arithmetical

calculations and seven (54%) used relational thinking.

5.3.1.2 Task M1b
The left-hand side of the equation in Task M1bi, shown in Table 5.22 is a multiplication of a
decimal by a two-digit number with the missing number placed directly after the equals sign and

before the operation of multiplying by 10.

Row 1 of Table 5.22 shows the percentage of students who did not attempt Task M 1b. Nineteen
percent of all students did not attempt this question including 25% Year 5, 19% Year 6 and 11%
Year 8 students while all Year 9 students attempted the task. Row 2 shows the percentage of
incorrect responses. Thirty-five percent of all students attempted the task but gave an incorrect

response including 42% Year 5, 33% Year 6, 34% Year 8 and 7% Year 9 students.

Forty-six percent of all students successfully completed Task M1b by writing 12 in the box on
the right-hand side of the equation. As shown in Table 5.22 there was an increase in the percentage
of the successful responses across the year levels with 34% Year 5, 48% Year 6, 55% Year 8 and
93% Year 9* students who correctly answered Task M 1b using either arithmetical calculations or

relational thinking.

Table 5-22: Percentage of responses by year level for Task M1b (ATQ)

Year 5 Year 6 Year 8 Year 9%

Task M1b Responses (=195 (=175) (=122) (n=15)
M1bi. Write a number in the box Not attempted 25 19 11 0
to make a true statement. Incorrect 42 33 34 7
48x25=[1 =10 Correct 34 48 55 93
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Table 5.23 shows the percentage of students by year level who did not give an appropriate
response to Task M1b for “Explain your working briefly”. The explanations were categorised as
either arithmetical or relational. While some students gave the correct response, many did not

explain their solution methods which meant these responses could not be categorised.

The left-hand side of Figure 5.29 shows Student RK’s arithmetical solution where she has
performed calculations for both sides of the equation demonstrating her understanding of the
sameness—relational meaning of the equal sign. Student MB’s use of arrows (right-hand side of
Figure 5.30) shows the relationship between the expressions on both sides of the equals sign and

demonstrates his understanding of the substitutive-relational meaning of the equals sign (Jones et
al., 2013).

a8 x 25 = [12] x 10
| /’L"—\i
¥, v 48 x 2.5;‘:’5 10
5 1100410=D ~—
X‘}%’ D+O=1L oy
Lo

Figure 5-29: Examples of two students' responses to Task M1b (ATQ)
As shown in Row 1 of Table 5.23 52% Year 5, 43% Year 6, and 29% Year 8 students did not
provide either a written calculation or explanation when asked to: “explain your working briefly”
for Task M1b. While 42% did not provide an explanation or written calculation for Task M1b an
additional 21% of all students gave an incorrect response. This includes 24% Year 5, 19% Year

6, 24% Year 8 and 7% Year 9 students (see Row 2).

Students’ explanations for their solutions for Task M1b have been classified as being either

arithmetical or relational and these percentages are given in Rows 3 and 4 of Table 5.23.

Table 5-23: Percentage of responses by year level for explanation for Task M1b (ATQ)

Task M1b Responses Year5 Year6  Year8  Year 9*
(n=195) (=175 (n=122) (n=15)
M1bii. Write a number inthe  Not attempted 52 43 29 0
box to make a true statement.  Incorrect response 24 19 24 7
48x25=[1 x10 Correct arithmetical 23 36 39 27
Explain your working briefly.  calculation
Correct relational thinking 2 1 8 67

119



Thirty-seven percent of all students gave a correct response with 87% using arithmetical
calculations and 13% giving a response demonstrating relational thinking similar to the solution

shown in the right-hand side of Figure 5.30.

Twenty-five percent of all Year 5 and 37% of all Year 6 students stated their solution method for
Task M1b. Of these students 93% of Year 5 and 96% of Year 6 students used arithmetical
calculations while 7% of Year 5 and 4% of Year 6 used relational thinking similar to that shown
in Figure 5.29. Forty-seven percent of all Year 8 students correctly demonstrated their solution
method with 83% of these students using arithmetical calculations and 17% used relational
thinking. While 87% of Year 9 students demonstrated their solution method, more used relational

thinking (71%) than arithmetical calculations (29%).

5.3.1.3 Task Mlc

Task Mlc, shown in Table 5.24, is a reverse fraction question where students need to find the
whole given that 18 represents two-thirds of that whole. This is a very similar question to Task
C5 (FST) but is presented symbolically rather than as a worded problem with a diagram. Table
5.24 shows the percentage of students by year level who gave correct responses for the
multiplication of a whole number by a fraction as given for Task Mlc. It also records the

percentage of students who either gave an incorrect response or no response in the box provided.

Table 5-24: Percentage of responses by year level for Task M1c (ATQ)

Year 5 Year 6 Year 8 Year 9*

Task Mle Responses =195) (=175) @®=122) (m=15)

Mlci. Write a number in the box Not attempted 41 30 28 0

to make a true statement. 46 50 4 13

g o |:| ~ 13 Incorrect

3 13 20 30 87
Correct

Row 1 of Table 5.24 shows that 41% Year 5, 30% Year 6 and 28% Year 8 students did not attempt
Task Mlc, but all Year 9 students attempted the task. This means that about one-third of all
students did not attempt Task M1c. Row 2 shows that 46% Year 5, 50% Year 6, 43% Year 8 and
13% Year 9 students gave an incorrect response for Task Mlc. That is, nearly one-half of all
students attempted the task but gave an incorrect response. Some students gave the incorrect
response of 12 which is two-thirds of 18. Another incorrect response was 24 which is one-third

more than the original 18.
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As shown in the left hand-side of Figure 5.30 Student RK used a trial and error approach with
arithmetical calculations. She initially tried using 30, then tried 28 which she erased before trying

the correct response of 27.

%‘ *x "—' 18
“z
. = 0 A= \g
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Figure 5-30: Examples of two students’ correct responses to Task M1c (ATQ)

While Student RK (Figure 5.30) recognised that the expressions on both sides of the equals sign
needed to be equivalent, she used the operational understanding of the equals sign by calculating
the left-hand side to get the answer on the right-hand side of the equals sign. Student MB’s correct

response is shown in the right-hand side of Figure 5.30 but there is no indication of how he

decided on this correct response.

As shown in Table 5.25 the percentage of the successful explanations and responses increased
across the year levels with 13% Year 5, 20% Year 6, 30% Year 8 and 87% Year 9 students giving
correct responses for Task M1c using either additive or multiplicative strategies. Overall about
20% of all students successfully completed this task by writing 27 in the box on the left-hand side

of the equation given in Task M1c.

As shown in Row 1 of Table 5.25 76% Year 5, 75% Year 6, and 58% Year 8 students did not
provide an explanation or written calculation for task M1c. This means 70% of students overall
did not provide a response when asked to: “explain your working briefly” for the multiplication

of a whole number by a fraction task.

Table 5-25: Percentage of responses by year level for explanation for Task M1c (ATQ)

Year 5 Year 6 Year 8 Year 9%

Task Mlc Responses (=195 (=175) (M=122) (n=15)

Mlecii. Write a number inthe  Not attempted 76 75 58 0

box to make a true statement.  [pcorrect 15 14 20 33

2 o

3« I:I g Correct additive 7 9 18 33
Strategy

Explain your working briefly.  Correct multiplicative 5 ) 3 28}
Strategy
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As shown in Row 2 15% Year 5, 14% Year 6, 20% Year 8 and 33% Year 9 students attempted a
response that was incorrect. This means an additional 16% of all students could not explain their

solutions for Task M1c.

The percentages of correct responses for the explanation for Task M1c are given in Rows 3 and
4. Nine percent of all Year 5 students (16) gave a correct response with 13 using additive strategies
and three using multiplicative strategies using either a one-step or a two-step method. The one-
step method includes dividing 18 by the fraction two-thirds while the two-step method includes
dividing by the numerator then multiplying by the denominator. Overall, 11% of Year 6 students
correctly responded to Task Mlc with 25 students using additive strategies and five using
multiplicative strategies. Twenty-one percent of Year 8 students, 22 students using additive
strategies and four students using multiplicative strategies to correctly solve Task M1c. Of the 10
Year 9 students who gave a correct response for Task M1c five used additive methods and five

used multiplicative methods.

Overall, 14% of all students gave a correct response with 11% of all students using an additive
strategy and 3% giving a response that could be described as multiplicative. That is, 65 students

used additive strategies to respond correctly to Task M1c while 17 used multiplicative strategies.

5.3.1.4 Task M1d

Task M1d, shown in Table 5.26, assesses whether students understand that when a fraction is

multiplied by its’ reciprocal then the product is one e.g. “/, x /= 1.

Row 1 of Table 5.26 shows that 44% Year 5, 26% Year 6 and 26% Year 8 students did not attempt
Task M1d. Overall, more than 30% of all students did not attempt this question. Row 2 shows
that 46% Year 5, 48% Year 6, 49% Year 8 and 20% Year 9 students gave an incorrect response.
That is nearly one-half of the students who attempted the task gave an incorrect response. Many
students wrote */s appearing to add three-fifths and two-fifths while others wrote %/s which may
indicate that they confused this multiplication task with division as two-fifths divided by two-

fifths equals one.

In the left hand-side of Figure 5.32 is Student GD’s incorrect response of three-fifths, in the centre
is Student KH’s incorrect response of two-fifths and in the right-hand side is Student MB’s correct
response to Task M1d. It is difficult to know how Student MB worked out his answer to this task

as there are not enough details given in his solution.
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Figure 5-31: Examples of three students’ responses to Task M1d (ATQ)

As shown in Row 3 of Table 5.26 there was an increase in the percentage of successful responses
from Year 5 to Year 6 but Year 6 and Year 8 had a similar percentage of correct responses with
10% Year 5, 26% Year 6, 25% Year 8 and 80% Year 9 students correctly answering Task M1d.
Overall, 22% of all students successfully completed this task by writing /> in the box on the left-
hand side of the equation given in Task M1d.

Table 5-26: Percentage of responses by year level for Task M1d (ATQ)

Task M1d Responses Year 5 Year 6 Year 8 Year 9*
n=195) @m=175) (m=122) (n=15)

M1di. Write a number in the Not attempted 44 26 26 0

box to make a true statement Incorrect 46 48 49 20

2, L1

5 [ Correct 10 26 25 80

Table 5.27 shows the percentage of students by year level who did not give an appropriate
response for the second part of Task M1d for “Explain your working briefly” (Task M1d) as well
as correct responses which were categorised as either arithmetical or relational based on the
evidence in the working out space given for the task. While some students gave a correct response
in the box provided many students did not explain their calculations, so these responses could not

be categorised.

Many students struggled to explain their response to Task M2d. As shown in Row 1 of Table 5.27
when asked to: “explain your working briefly” 85% Year 5, 82% Year 6, 75% Year 8 and 7% of

Year 9 students did not provide an explanation or written calculation for task M1d.

As shown in Row 2 many students attempted a response but were incorrect including 11% Year
5, 10% Year 6, 13% Year 8 and 27% Year 9 students. Thus while 80% of all students did not
provide a response an additional 11% attempted a response that was incorrect so that more than

90% of students were unable to successfully explain their response to Task M1d.
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Table 5-27: Percentage of responses by year level for explanation for Task M1d (ATQ

Year 5 Year 6 Year 8 Year 9*

Task M1d Responses =195 (=175 (@=122) (n=15)

M1dii. Write a number

in the box to make a true Not attempted 85 82 75 7
statement
Incorrect response 11 10 13 27
2, 1, ’
5 [] Correct arithmetical
. 3 6 6 33
calculation

Explain your working Correct relational ] . . -
brleﬂy. thlnkll’lg

Only eight Year 5 students were able to give a written explanation or calculation for Task M1d
with six students using arithmetical calculations and two students used relational thinking. Fifteen
Year 6 students used arithmetical calculations and seven students used relational thinking while
seven Year 8 students used arithmetical calculations and seven students used relational thinking.
Five Year 9 students used arithmetical calculations and five used relational thinking. Overall, 34
students used arithmetical calculations and 21 used relational thinking to describe their solution

to Task M1d.

5.3.1.5  Comparison of results by year for Question 1, Part M (ATQ)

The graph in Figure 5.32 compares the results across the year levels for Tasks Mla, M1b, Mlc
and M1d. The percentage of successful students increases with the year levels for Task M1b
(multiplication of a whole number by a decimal) and Task M1c (a reverse fraction task). However,
a larger percentage of Year 6 students than Year 8 students were successful with Task Mla
(multiplication of two-digit whole numbers) while a similar percentage of Year 6 and Year 8

students successfully answered Task M1d (multiplication of two fractions).
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Figure 5-32: Comparison of results by year level for Question 1 Part M (ATQ)

5.3.2  Algebraic Thinking Questionnaire Part M Question 2 results
The tasks in Question 2 of Part M (ATQ) are more open-ended and allows students the

opportunity to provide a range of numerical answers or state the generalised solution.

5.3.2.1 Task M2a

Task M2a asks students to provide two pairs of numbers for the equation 5 X _ =10 X _.
Table 5.28 shows the percentage of students by year level who wrote either one or two pairs of
correct responses, gave an incorrect response or did not respond. Student GD’s two correct
responses are in the left-hand side and Student MB’s two correct responses for Task M2a are in
the right-hand side of Figure 5.33. Note that Student MB has used arrows to show the relationship
between the pairs of numbers thus highlighting his use of relational thinking. It is unclear how

Student GD decided on his responses as there is no detail given.

5x=10><@ 5ox

Box A Box B Bouox B
T T
5x [t] % L -0
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Figure 5-33: Examples of two students' correct responses to Task M2a (ATQ)

Row 1 of Table 5.28 shows the percentage of students who did not respond for each year level.
While 19% Year 5, 9% Year 6 and 6% Year 8 students did not respond to this task this meant that
overall 11% of all students did not respond. Row 2 shows that there were a similar percentage of
students in Years 5, 6 and 8 who gave an incorrect response with 8% of all students giving an

incorrect response for this task. All Year 9 students attempted Task M2a, but none gave an
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incorrect response. In Task M2a, 65% of all students were able to give two correct pairs of

numbers with an additional 16% giving only one correct pair of numbers.

Table 5-28: Percentage of responses by year level for Task M2a (ATQ).

Year 5 Year 6 Year 8 Year 9*
Task M2a Responses (n=195) (=175 (@=122) (n=15)
M2a. Put numbers in Box A Not attempted 19 9 6 0
and Box B to make each Incorrect ] 9 8 0
sentence correct.
5 x |:| —10 x |:| One correct response 19 16 13 7
Box A Box B Two correct responses 54 67 73 93

As shown in Row 4 there were 54% Year 5, 67% Year 6, 73% Year 8 and 93% of Year 9 students
who correctly wrote two appropriate pairs of numbers for the equation 5 X _ =10 X _.
Another 19% Year 5, 10% Year 6, 13% Year 8 and 7% Year 9 students correctly wrote one pair
of numbers. That is, 64% of all students were able to give two correct pairs of numbers and another

16% of all students gave one pair of correct numbers.

5.3.2.2 Task M2b

Task M2b requires students to explain the relationship between the missing numbers for the
equation 5 X _ =10 X _ (left-hand side of Table 5.29). While 39% of all students were able
to clearly explain the relationship between the numbers in the two boxes i.e. Box A is two times
Box B or Box B is one half of Box A, 24% of all students did not attempt a response for this task

with a further 37% giving incorrect responses.

Table 5-29: Percentage of responses by year level for Task M2b (ATQ)

Year 5 Year 6 Year 8 Year 9%

Task M2b Responses (=195 @=175 @=122) (n=15)
M2b. When you make a correct  Not attempted 32 25 9 0
sentence, what is the relationship

Incorrect 36 39 36 27
between the numbers in Box A
and Box B? Correct 32 36 55 73

Row 1 of Table 5.29 shows that 32% Year 5, 25% Year 6 and 9% of Year 8 students did not
respond to this task. Row 2 shows that 36% Year 5, 39% Year 6, 36% Year 8 and 27% of Year 9
students attempted to solve the task but gave incorrect responses. As shown in Row 3 32% Year
5,36% Year 6, 55% Year 8 and 93% Year 9 students were able to explain the relationship between
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the two numbers. Altogether 39% of all students explained the relationship between the two

numbers for Task M2b. Student GD’s correct response is shown in Figure 5.35.

b) When you make a coirect sentence, what is the relationship between the
numbers in Box A and Box B?

Box A is Geo {CeVWéS oS wmuch ol ForB.

Figure 5-34: Student GD's correct response to Task M2b (ATQ)

5.3.2.3 Task M2c
Task M2c requires students to agree or disagree with the following statement: “If you put any
number in Box A in the equation 5 X _ = 10 X _can you still make a correct sentence?” (left-

hand column of Table 5.30)

Row 1 of Table 5.30 shows that 40% Year 5 students, 25% Year 6 and 15% Year 8 students did
not respond. Row 2 shows that 35% Year 5, 38% Year 6, 30% Year 8 and one Year 9 student
disagreed with the statement. That is, approximately one-third of all students (34%) disagreed
with the statement while 25% Year 5, 38% Year 6, 55% Year 8 and 93% Year 9 students agreed
with the statement (Row 3) showing that they could move beyond using specific numbers to
generalising. While 39% of all students agreed with the statement, 27% did not attempt a response
and a further 34% of all students disagreed with the statement.

Table 5-30: Percentage of responses by year level for Task M2c (ATQ)

Year 5 Year 6 Year 8 Year 9*
Task Mac Responses (=195 =175 @=122) (=15
M2ci. If you put any Not attempted 40 25 15 0
number in Box A, can
Incorrect 35 38 30 7
you still make a correct
sentence? Correct 25 38 55 93

The second part of Task M2c, shown in Table 5.31, requires students to explain their reasons for
agreeing or disagreeing with the following statement: “If you put any number in Box A in the
equation5 X _ =10 X _ canyou still make a correct sentence?”” Only 12% of all students gave
a correct mathematical generalisation having agreed with the statement. See for example, JM’s
correct response shown in the right-hand column of Figure 5.35. However, 8% of the students
who agreed with the statement gave statements that focused on achieving a whole number answer
e.g. must use even numbers. While 27% of all students did not attempt to explain their response

a further 48% of all students who disagreed with the statement justified their response as if they
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expected to end up with a whole number. See for example, Student GD’s response in the left-

hand side of Figure 5.35 where he was concerned about getting a whole number response.

¢} If you put any number in Box A, can you still make a correct sentence? Please ©) If you put any number in Box A, can you still make a correct sentence? Please

explain your thinking clearly. i explain your thinking clearly. i:je § e Chug & ny
y . &,
No j ew tov Ok Vicouse Some v wmlbeye ‘h"f\g ger on erkle  ancd
[V Fer can b= oulesd

Can™nro € (e Atuide by Z@VGV\LE’,

Figure 5-35: Examples of two students' responses to Task M2c (ATQ)

Row 1 of Table 5.31 shows the percentage of students who did not respond to Task M2cii for
each year level. There were 40% Year 5 students, 25% Year 6 and 16% Year 8 students who did
not give an explanation for their choice of yes or no. Row 2 shows that 28% of all students gave
an explanation related to their ‘no’ response with 41% of those students whose explanation
showed that they believed that any numbers could be used as long as the result was a whole
number. Row 3 shows that 26% of all students responded with a correct mathematical
generalisation expressed in words that stated that any number can be used in Box A as long as
what is written in Box B retains the same relationship as that recorded for Task M2ci. That is 13%
of all Year 5 students, 23% of Year 6, 43% of all Year 8 students and 73% of all Year 9 students
were able to explain their thinking for Task M2c.

Table 5-31: Percentage of responses by year level for explanation of Task M2c (ATQ)

Year 5 Year 6 Year 8 Year 9%

Task M2c Responses (=195 (=175 (@=122) (n=15)
. . Not attempted 40 25 16 0
M2cii. If you put any number in Related o ‘o’
Box A, can you still make a elated to ‘no 47 52 41 27
. response
correct sentence. Please explain -
your thinking clearly. Correct. ma.thematlcal 13 23 43 73
generalisation

5.3.2.4 Task M2d

Task M2d (Table 5.32) uses letters to denote unknowns on either side of the whole number
multiplication equation rather than boxes as given in Task M2c (Table 5.30). Row 1 of Table 5.32
shows that 43% Year 5, 34% Year 6 and 22% Year 8 students who did not write anything when
asked to explain or describe the relationship between the two unknowns, ¢ and d. Overall 33% of

all students did not respond to this task.

Row 2 (Table 5.32) shows that 26% Year 5, 29% Year 6, 37% Year 8 and 40% Year 9 students

either wrote the inverse relationship for the two unknowns or their explanation was not quite
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correct e.g. ¢ is 7 more than d. Overall 30% of all students gave an incorrect relationship between

candd.

Table 5-32: Percentage of responses by year level for Task M2d (ATQ)

Year 5 Year 6 Year 8 Year 9%

Task M2d Responses m=195) (@m=175) @©=122) (n=15)
M2d. What can you say Not attempted 43 34 22 0
about ¢ and d in this Incorrect 26 29 37 40
mathematical sentence? One correct response 22 28 23 7
c x 2 =dx 14 Correct relationship 9 10 18 53

Row 3 (Table 5.32) shows 22% Year 5, 28% Year 6, 23% Year 8 and one Year 9 student gave
specific values for the letters ¢ and d given in Task M2d. This is 24% of the whole group. Row 4
shows that 9% Year 5, 10% Year 6, 18% Year 8§ and eight Year 9 (53%) students recognised and
described the relationship between the two letters in the equation focused on multiplication by
whole numbers. Thus, 13% of all students could express in words the relationship between the
letters ¢ and d as given in Task M2d. In Figure 5.36 Student JM has given a generalised response

that focuses on the relationship between the two letters.

d) What can you say about ¢ and d in this mathematical sentence?
c x 2 = d x 14

(/ "S 7’< (};ae,r /ﬁwm D

Figure 5-36: Student JM's response for Task M2d (ATQ)

5.3.2.5 Task M2e
Task M2e (left-hand column of Table 5.33) uses letters to denote unknowns on either side of the

fraction multiplication equation rather than the boxes used in earlier tasks.

Row 1 of Table 5.33 shows that 66% Year 5 students, 55% Year 6 and 43% Year 8 students did
not write anything when asked to explain or describe the relationship between the two unknowns,
a and b in the fraction multiplication task. Overall, 54% of students did not respond to Task M2e,
which is more than in the previous task (M2d) where 33% did not attempt to answer the task.
Row 2 shows that 22% Year 5, 24% Year 6, 27% Year 8 and 53% Year 9 students gave incorrect
responses for Task M2e. Overall, 25% of all students either wrote the inverse relationship for the
two unknowns e.g. b = 2a or their explanation was not quite correct e.g. a is 2 more than b or b is

smaller than a.
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Table 5-33: Percentage of responses by year level for Task M2e (ATQ)

Task M2e Year 5 Year 6 Year 8 Year 9*
Responses (=195 @m=175) (=122) (@=15)
Not attempted 66 55 43 0
M2e. What can you say
about @ and b in this linemies! 22 24 2 ok
mathematical sentence?  Ope pair correct 7 11 7 0
a x 3y =b x1
Correct relationship given 6 10 23 47

Row 3 of Table 5.33 shows that 7% Year 5, 11% Year 6, and 7% of Year 8 students responded

with one pair of correct values for a and b which is 9% of all students. Row 4 shows that 6% Year

5, 10% Year 6, 23% Year 8 and 47% Year 9 students recognised and described the relationship

between the two letters in the equation focused on multiplication by fractions. Thus 13% of all

students could express in words the relationship between the letters @ and b as given in Task M2e.

Student RK’s response in the left-hand side of Figure 5.37 shows her calculations which enabled

her to give specific values for the letters @ and b while Student MB’s generalised response in the

right-hand side states that the letters can represent any number as long as the relationship is

maintained.
) What can you say about a and b in this mathematical sentence? L TV TV ARV o
a x 3. = p x 1% ¢) What can you say about a and binjbisma‘thmﬁc@rtence?
- \ 3 1
36 i . They caa be & % 3 % b x 13
B e kI 1. K . -
e SIS I Bl R
O\"Z O\V\él L= \ &N )""\5 ro be hci: C’E} B
Figure 5-37: Examples of students' responses to Task M2e (ATQ)
5.3.2.6  Comparison of results by year for Question 2, Part M (ATQ)

The graph in Figure 5.38 compares the results across the year levels for the five tasks in Question

2 (ATQ). The percentage of correct responses for these Question 2 tasks increase across the year

levels.
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Comparison of results for Question 2 Part M (ATQ)

100
90
80

70 mM2a

60 = M2b
> M2c
4
3 M2d
b I I mM2e
1 I

0 n 1

Year 5 Year 6 Year 8 Year 9

S O O o O

Figure 5-38: Comparison of results by year level for Question 2 tasks, Part M (ATQ)

The number of blank spaces, question marks and comments such as: “I don’t know’ for Part M
tasks (ATQ) were unexpected. A review of the curriculum has shown that these tasks were
appropriate for students at these levels. Students at Year 5 are expected to multiply larger numbers
by one or two-digit numbers (Task M1a), students at Year 6 are expected to multiply decimals by
whole numbers (Task M1b) while students at Year 7 are expected to multiply fractions (Tasks
MIlc and M1d). Students at Year 5 are expected to find unknown quantities in multiplication
sentences as given in Task M2a. While students in primary schools have not been introduced to
pronumerals Year 8 students should have been able to respond to all tasks in Question 2 of Part

M (ATQ).

5.3.3  Algebraic Thinking Questionnaire Part D Question 1 results

In Question 1 of Part D (ATQ) students are asked to “write a number in the box to make a true
statement”. Working space is given so that students could: “Explain your working briefly”. Tasks
D1a and D1b focus on division of whole numbers while Tasks D1c and D1d include division by

fractions.

5.3.3.1 Task Dla

Table 5.34 shows the percentage of students by year level who wrote correct responses and the

percentage of students who either gave an incorrect response or no response for Task D1a.

Row 1 of Table 5.34 shows that 41% Year 5, 29% Year 6 and 16% Year 8 students did not attempt
Task Dla which means that nearly 30% of all students did not attempt this task. Row 2 shows
that 39% Year 5, 36% Year 6 and 16% Year 8 gave incorrect responses. Thirty-two percent of all
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students attempted the task but gave an incorrect response. This means that nearly 60% of all
students were unable to give an appropriate response for Task D1a. As shown in Row 3 there was
an increase in the percentage of successful responses from 20% at Year 5, 35% at Year 6, 69% at
Year 8, while 100% Year 9 students correctly answered Task Dla using either arithmetical
calculations or relational thinking as indicated by the use of arrows. Nearly 40% of all students
successfully completed Task D1a by writing 20 in the box on the right-hand side of the equation
ie.3+4=15+20.

Table 5-34: Percentage of responses by year level for Task D1a (ATQ)

Responses Year 5 Year 6 Year 8 Year 9%

Task Dla (n=195) (n=175) (n=122) (n=15)

Dlai. Write a

Not attempted 41 29 16 0
number in the box to
make a true Incorrect 39 36 16 0
statement.
3:4-15+ I:I Correct 20 35 69 100

As shown in Table 5.35 the percentage of non-responses decreased over the year levels with 84%
Year 5, 73% Year 6, 48% Year 8 and 20% Year 9 students not able to provide an explanation for
their response to the previous task (D1a). That is, nearly 70% of all students did not provide
adequate working or an explanation for Task D1a. However, 7% of students from Years 5, 6 and
8 attempted the task but gave an incorrect response. Three percent of all students successfully
solved the task using an arithmetical calculation including 4% of primary students (Years 5 and
6) and 2% of Year 8 students. Five percent of Year 5 students, 16% Year 6, 43% Year 8 and 80%

of Year 9 students used relational thinking to explain the solution for Task D1a.

Table 5-35: Percentage of responses by year level for explanation for Task D1a (ATQ)

Task Dla Responses Year 5 Year 6 Year 8 Year 9*
m=195) (=175 @=122) (@n=15)

Dlaii. Write anumberin  Not attempted 84 73 48 20

the box to make a true Incorrect response 7 7 7 0

statement.

3+ 4 = 15 = I:I Correct arithmetical 4 4 2 0

Explain your working calculation

briefly Correct relational thinking 5 16 43 80
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While 39% of all students correctly wrote 20 in the empty box on the right-hand side of the
equation only 30% explained their solution method. Three percent of all students used
calculations to solve the task while 19% used relational thinking for the whole number division

task with some rewriting the task as an equivalent fraction task. That is % = */,

In the left-hand side of Figure 5.39 is RK’s correct response while in the right hand-side is MB’s
incorrect response. However, it is difficult to know whether Student RK used these calculations
to determine the missing number or to check her solution. However, Student MB’s written
calculations highlight his faulty method as he attempts to perform relational thinking with
division. He used the same rules for the relational thinking with division as he had used very
successfully for the multiplication tasks. If he had checked the value of the expressions given
either side of the equals sign, he would have realised that they were not equal as 3 +4 # 15+ 0.8.
Each number on the left-hand side of the equals sign needed to be multiplied by five to calculate

the numbers on the right-hand side to retain the relationship: 3 +4 =15 + 20.

3 + 4 = 15 + 2T /,_:LE-_\
3 + 4 = 15 =
N 2,55 ~s A"
104§ fy5 08

Figure 5-39: Examples of two students’ responses to Task D1a (ATQ)

5.3.3.2 Task D1b

Thirty-five percent of all students successfully solved Task D1b that required them to write the
missing number at the start of the following division task: _+ 15 =16 +30. Row 1 of Table 5.36
shows the percentage of all students who did not respond to the task. Row 2 shows the number of
students who attempted the task but gave an incorrect response while Row 3 shows the percentage
of students who gave a correct response by writing 8 in the empty box so writing the equation as:

&8+15=16+30.

As shown in Table 5.36 54% Year 5, 38% Year 6 and 19% Year 8 students did not attempt Task
D1b. The percentage on non-responses decreased across the year levels. Many students attempted
the Task D1b, but their responses were incorrect. This included 26% Year 5, 32% Year 6 and
20% Year 8 students. While 38% of all students did not attempt the task another 27% attempted
the task but were incorrect thus about 65% of all students were not able to give a correct response
to this task. Nineteen percent of Year 5 students, 30% Year 6, 61% Year 8 and 100% of Year 9
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students correctly solved this task and wrote the number 8 in the empty box at the start of the

equation. The percentages of correct responses increased across the year levels

Table 5-36: Percentage of responses by year level for Task D1b (ATQ)

Ko Yor  Yorg  Serg ¥ery

D1bi. Write a number in the Not attempted 54 38 19 0

box to make a true statement.  Incorrect 26 32 20 0
[ ]+15=16 + 30 Correct 19 30 61 100

In Table 5.37 the results are shown for the written explanations for Task D1b for the statement:
“Explain your working briefly”. Row 1 of Table 5.37 shows that the percentage of non-responses

decreased over the year levels: 89% Year 5, 75% Year 6, 53% Year 8 and 20% Year 9 students.

Table 5-37: Percentage of responses by year level for explanation for Task D1b (ATQ)

Task D1b esponses (: bt 955) (: het 765) (: bt 282) (Yl’leir195>;
Dl1bii. Write anumber  Not attempted 89 75 53 20
in the box to make a
rue statement. Incorrect response 3 6 4 0
[ ]+15=16 + 30 Correct arithmetical 3 1 ) 0
Explain your working calculation
Correct relational thinking 5 18 41 80

briefly.

Overall, 74% of students did not explain how they solved the previous task, D1b. Four percent of
all students attempted a response but were incorrect. Twenty-two percent of all students gave a
correct response with 2% using an arithmetical calculation and 20% using a response deemed to
be relational. Arithmetical calculations include those where each side of the equation is calculated
separately while relational is demonstrated where the relationship is demonstrated between
numbers on each side of the equals sign. See for example Student RK’s solution shown in the

left-hand side of Figure 5.40.

In the left-hand side of Figure 5.40 is RK’s correct response for Task D1b while in the right hand-
side is MB’s incorrect response. However, it is difficult to know whether Student RK used these
calculations to determine the missing number or to check her solution. Student MB’s written
calculations highlight his faulty thinking. He has not maintained the equivalence on both sides of
the equals sign: 32 + 15 is not equal to 16 +~ 30. He needed to divide 16 by 2 to find the missing

number not divide the missing number by two to maintain the ‘sameness-relationship’ of both
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sides (Jones et al., 2013) thus giving 8 + 15 which is equal to 16 + 30. Both students used the
same methods for Task D1a (Figure 5.39) and Task D1b (Figure 5.40).

2]+ 15 = 16+ 30 /;’L/\y

53 + 15 = 16 = 30

30i2=(5 P B

b7 =08 : ,S/L'_.@?e

Figure 5-40: Examples of students' responses to Task D1b (ATQ)

The percentage of students using relational thinking increased across the year levels with 5% Year
5,18% Year 6,41% Year 8 and 80% Year 9 students using a strategy deemed to exhibit relational

thinking usually indicated by the use of arrows demonstrating the relationship.

5.3.3.3 Task Dic

Task D1c focuses on the division of a whole number by a fraction: 18 +|:| = 6 + %5 Table
5.38 shows the percentage of students by year level who wrote correct responses in the box and
the percentage of students who either gave an incorrect response or no response in the box

provided.

Fewer students were successful with this task with a total of 13% giving a correct response
compared to 35% in the previous task. Only 10% of all students could explain their strategy. Row
1 of Table 5.38 shows the percentage of students who did not attempt the task, Row 2 shows the
percentage of students who attempted the task but gave an incorrect response and Row 3
highlights the percentage of students who successfully solved the task by writing 2 in the empty
box so that: 18 +2 =6+ %5,

The percentage of students not attempting the tasks lessened across the year levels with 60% Year
5, 47% Year 6, 34% Year 8 and 7% Year 9 students leaving the box blank. However, the
percentage of incorrect responses increased from Year 5 to Year 8 with 33% Year 5, 42% Year 6
and 49% Year 8 students attempting to solve the task. The percentage of correct responses (Table
5.38) increased over the year levels with 7% year 5, 12% Year 6, 16% Year 8 and 73% Year 9
students giving a correct response using either an arithmetical calculation or using relational

thinking.
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Table 5-38: Percentage of responses by year level for Task D1c (ATQ)

Task Dlc Responses Year 5 Year 6 Year 8 Year 9*
m=195) (=175 (n=122) (n=15)
Dlci. Write a number in the Not attempted 60 47 34 7
box to make a true statement. Incorrect 33 42 49 20
18 [ ]=6+7% Correct 7 12 16 73

Overall 81% of all students did not explain their solution method for Task D1c. Row 1 in Table
5.39 shows that this percentage decreased across the year levels with 94% Year 5, 81% year 6,
68% Year 8 and 20% Year 9 students not attempting to describe their solution method. The
percentage of students attempting to respond but their response was incorrect increased across the
year levels from Year 5 to Year 8 including 3% Year 5, 10% Year 6 and 16% Year 8 who gave

an incorrect response.

Table 5-39: Percentage of responses by year level for explanation for Task D1c (ATQ)

Task Dlcii Responses Year 5 Year 6 Year 8 Year 9*
n=195) (=175 (@m=122) (n=15)
Not attempted 94 81 68 20
Dlc. Write a number in the
Incorrect response 3 10 16 13
box to make a true statement.
. » Correct arithmetical 2 1 0 0
18 = |:|: 6 =% calculation
Explain your working briefly. ~ Correct relational 2 7 16 67
thinking

As shown in Table 5.39 the percentage of students using relational thinking increased across the
year levels with 2% at Year 5, 7% Year 6, 16% Year 8 and 67% Year 9 students correctly

describing a strategy deemed to be relational thinking.

6 - .-Z __fﬁ e ~
T T ~
é,ygﬁ_\_ ‘(3

VT

1§+A=2

Figure 5-41: Examples of students' responses to Task D1c (ATQ)
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While 10% of all students correctly responded to this task only 1% used an arithmetical
calculation while 9% demonstrated relational thinking in their responses. In the left-hand side of
Figure 5.41 is RK’s correct response for Task D1c while in the right hand-side is MB’s incorrect
response. Both students used the same methods for the first three tasks of Part D: Task D1a (Figure
5.39), Task D1b (Figure 5.40) and Task D1c (Figure 5.41).

5.3.3.4 Task D1d

Task D1d shown in the left-hand column of Table 5.40 tests students’ understanding that division
of a number by the same number will give the answer one. Table 5.40 shows the percentage of
students by year level who wrote correct responses in the box and the percentage of students who
either gave an incorrect response or no response. The percentage of students who did not attempt
the task decreased across the year levels, with 65% Year 5, 49% Year 6, 42% Year 8 and 7% Year
9 students leaving the fraction blank.

Table 5-40: Percentage of responses by year level for Task D1d (ATQ)

Responses Year 5 Year 6 Year 8 Year 9%

Task D1d M=195) (=175 (=122) (n=15)
DI1di. Write a number in Not attempted 65 49 42 7
the box to make a true

Incorrect 27 33 34 13
statement
7 - 0= Correct 8 18 25 80
6 O

While 51% of all students did not attempt this task, thirty percent of all students attempted this
task but gave incorrect responses. Twenty-five percent of students who responded incorrectly
gave the response of one-sixth while 19% responded with answer of six-sevenths. However, 18%

of all students correctly answered this task with the percentage of correct responses increasing

from 8% at Year 5, 18% at Year 6 to 25% at Year 8 and 80% at Year 9.

Many students did not explain their thinking for Task D1d. Eighty-nine percent of students did
not explain their solution nor show any working out. The percentage of non-responses started at
98% for Year 5 and decreased to 88% Year 6, 81% at Year 8 and 33% at Year 9 as shown in Row
1 of Table 5.41. The results in Row 2 show that 3% of all students attempted the task but their

reésponses were incorrect.
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Table 5-41: Percentage of responses by year level for explanation for Task D1d (ATQ)

Task D1d (ATQ) Responses Year 5 Year 6 Year 8 Year 9%
m=195) (=175 (@=122) (n=15)

DI1dii. Write a number inthe Not attempted 98 88 81 33

box to make a true statement Incorrect response 0 4 8 7

7 [ = 1 .

6 T Correct calculation 1 3 0 0

Explain your working briefly ~ Correct relational 1 5 11 60

thinking

A total of 8% of all students used either an arithmetical calculation (2%) or a strategy deemed to

demonstrate relational thinking (6%). As shown in Figure 5.42 Student RK used trial and error to

finally work out the answer to Task D1d. As this was a written response rather than an interview

it is difficult to know why she chose the fractions she did.

[ORRN]
i
==
1

| 2 0 | 72
T* ;7 6%
ES S 2 e 2o ZxLt.
VT T 6 ! A LI

Figure 5-42: Student RK’s response for Task D1d (ATQ)

5.3.3.5 Comparison of the results for Part D, Question 1

As shown in the graph in Figure 5.43 students across all the year levels were more successful with

the whole number division tasks than the fraction division tasks in Question 1.
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Figure 5-43: Comparison of results by year level for Part D Question 1 tasks (ATQ)
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5.3.4  Algebraic Thinking Questionnaire Part D Question 2 results

The tasks in Question 2, Part D, are more open-ended division tasks than those in Question 1
where students can provide a range of numerical answers or state the generalised solution. Tasks
D2b (Table 5.43), and D2c (Table 5.44 and Table 5.45) are all related to Task D2a that is shown
in the left-hand column of Table 5.42. These division tasks have been designed to test students’

ability to generalise and provide the data for RQ3, RQ4, RQ5 and RQ6.

5.3.4.1 Task D2a

Row 1 of Table 5.42 shows that 46% Year 5, 33% Year 6, and 43% Year 8 students did not
attempt to respond to Task D2a. Row 2 shows that there were a similar percentage of students in
Years 5 and 6 (31%) who gave an incorrect response, 19% of Year § students, and 28% of all
students giving an incorrect response for this task. All Year 9 students attempted this task, but
none gave an incorrect response. Nearly 70% of all students were unable to give a correct response
for Task D2a with 38% not attempting a response and a further 28% giving incorrect responses.
As shown in Row 3 13% Year 5, 25% Year 6, 32% Year § and all Year 9 students correctly wrote
two appropriate pairs of numbers for the equation 3 +~ _ = 15 =+ _. An additional 11% of Year
5 and Year 6, and 7% of Year 8 students correctly gave one pair of numbers. While 24% of all
students were able to give two correct pairs of numbers there were an additional 10% giving only

one correct pair of numbers.

Table 5-42: Percentage of responses by year level for Task D2a (ATQ)

Task D2a Responses Year 5 Year 6 Year 8 Year 9*
n=195) (m=175) (n=122) (n=195)

D2a. Put numbers in Box Not attempted 46 33 43 0
A and Box B to make each
sentence correct. Incorrect 31 31 19 0
3« ] =15+ []

Box A Box B  One pair correct 11 11 7 0
3= ] =15 +[_]

Box A Box B  Two pairs correct 13 25 32 100

Student RC in the left-hand side of Figure 5.44 has given two correct solutions for Task D2a while
Student GD in the right-hand side has given one correct solution (3 + 1 =15 + 5) and one incorrect

response (3 + 4 =15 + 16) for Task D2a.
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Figure 5-44: Examples of two students' responses for Task D2a

In Figure 5.45 Student JM has self-corrected his initial responses as shown by the arrows given
in the diagram. One of the disadvantages of not doing these tasks as interview questions is that it
is not clear why Student MB chose the particular numbers that he wrote in the right-hand column

of Figure 5.45.

OIS LU S VS U S T

TN
3« [0 = 15 = 2] 3 = @ = 15 =+ @
Box A Box B Box A Box B
3 0+ = 15 =+ 3 = = 15 =

Box A Box 8 Box A Box B

Figure 5-45: Examples of two students' responses to Task D2a (ATQ)

5.3.4.2 Task D2b

Task D2b requires students to explain the relationship between the missing numbers for the
equation 3 - _ =15 <+ _. Row I of Table 5.43 shows that 59% Year 5, 48% Year 6 and 36%
of Year 8 students did not attempt Task D2b. Row 2 shows that 31% Year 5, 33% Year 6, 39%
Year 8 attempted the task but gave an incorrect response. As shown in Row 3 9% Year 5, 19%
Year 6, 25% Year 8 and 93% Year 9 students stated the correct relationship symbolically or
verbally using multiplication e.g. Box B is five times Box A or division e.g. Box A is one-fifth of

Box B or Box A equals Box B divided by five.

Table 5-43: Percentage of responses by year level for Task D2b (ATQ)

Task D2b Responses Year 5 Year 6 Year 8 Year 9*
=195 (=175 (=122) (n=15)

When you make a correct Not attempted 59 48 36 0

sentence, what is the re?atlonshlp Incorrect 31 33 39 7

between the numbers in Box A

and Box B? Correct 9 29 25 93
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In Figure 5.46 are responses from two students. Student JM correctly wrote the relationship
between the two missing numbers as “B is 5 x A” which is assumed to mean that the number in
Box B is five times the number in Box A. Student RC used a worded explanation in which the
second part contradicts the initial statement which is correct. The initial part correctly describes
the relationship: “Box A is Box B divided by five”. However, the second part states: “What you
put in Box A is equivalent to five times that in Box B” which is the inverse of the first part of the

statement.

(b) When you make a correct sentence, what is the relationship between the

numbers in Box A and Box B? Bév{‘ A ig go*( B d’\;;:(gtCJ« »@ ;5 \9 N /—\\ﬁ

bj {?P‘(/ (o wlusd £ty f S oyt """EMX /f' AN
Pavive lovd e D Thed in fey B

Figure 5-46: Examples of two students' correct responses to Task D2b

In Figure 5.47 is MB’s response for Task D2b that describes the relationship for one of his
incorrect equations given for Task D2a given in Figure 5.45 (3 + 25 = 15 + 5) where he wrote 25

in Box A and 5 in Box B. This would not have been appropriate for his other equation where he

wrote 10 in Box A and 20 in Box B.

(v) When you make a corect sentence, what is the relationship between the
numbers in Box A and Box B?

Bb’* B .’5 '15"' D); BOx )bf

Figure 5-47: MB's response to Task D2b (ATQ)

While 19% of all students were able to clearly explain the relationship between the numbers in
the two boxes e.g. Box B is five times Box A or Box A is one-fifth of Box A, 48% of all students

did not attempt a response for this task a further 33% of all students gave incorrect responses.

5.3.4.3 Task D2c

Task D2c requires students to agree or disagree with the following statement: “If you put any
number in Box A in the equation 3 =~ _ = 15 + _ can you still make a correct sentence?” Row
1 of Table 5.44 shows the percentage of students who did not respond to this task for each year
level. There were 64% Year 5 students, 47% Year 6 and 38% Year 8 students who did not respond.

Row 2 of Table 5.44 shows that 23% Year 5, 26% Year 6, 19% Year 8 and one Year 9 student.
As shown in Row 3, 14% Year 5, 26% Year 6, 43% Year 8 and all Year 9 students agreed with
the statement. While 28% of all students agreed with the statement, 49% did not attempt a

response and a further 23% of all students disagreed with the statement.
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Table 5-44: Percentage of responses by year level for Task D2c (ATQ)

Task D2c Responses Year 5 Year 6 Year 8 Year 9*
(n=195) (m=175) (n=122) (n=15)

D2ci. If you putany  Not attempted 64 47 38 0

number 1n.B0x A, Incorrect 23 26 19 0

can you still make a

correct sentence? Correct 14 26 43 100

The second part of Task D2c¢ requires students to explain their reasons for agreeing or disagreeing
with the following statement: “If you put any number in Box A in the equation 3 +~ _ =15 =+
_can you still make a correct sentence?” Only 14% of all students, gave a correct mathematical
generalisation showing clearly that any number can be used in Box A while more than one-half
of all students (54%) did not attempt a response. Figure 5.48 shows two examples of correct

responses from Student RC (left-hand side) and Student JM in the right-hand side.

If you put any number in Box A, can you still make a correct sentence? Please
(c) If you put any number in Box A, can you siill make a correct sentence? Please explain your thinking clearl
explain your thinking clearly. f{j bocause g Jo § Y- \/) o Can Al g, js
weed o TS o Yo pd Ty by § oy yfi Caunse \
i?-i % ﬁ %\ Z Sfb‘f"\e )((\ \J b} \[j S
MES a '\ﬁ b

Figure 5-48: Examples of correct student responses for Task D2c (ATQ)

Row 1 of Table 5.45 shows that 70% Year 5 students, 52% Year 6 and 42% Year 8 students did
not give an explanation for Task D2c. Row 2 shows that 26% Year 5, 36% Year 6, and 34% Year
8 students gave incorrect responses. Of the students who gave an incorrect response 45 stated that

the answers needed to be whole numbers.

Row 3 shows that 4% Year 5, 12% Year 6 24% Year 8 and all Year 9 students with 14% of all
students who successfully completed this task. These students responded with a correct
mathematical generalisation expressed in words that stated that any number can be used in Box

A as long as what was written in Box B retains the same relationship as in D2c.

Table 5-45: Percentage of responses by year level for explanation of Task D2c¢ (n = 607)

Task D2c Year 5 Year 6 Year 8 Year 9*
(n=195) (n=175) (n=122) (n=15)
Not attempted 70 52 42 0
Attempted response but incorrect 26 36 34 0
Correct 4 12 24 100
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5.3.4.4 Task D2d

Task D2d (Table 5.46) uses letters to denote unknowns on either side of the whole number
division equation rather than boxes as given in Task D2a (Table 5.42). Row 1 shows that 68%
Year 5 students, 52% Year 6 and 39% Year 8 students did not write anything when asked to
explain or describe the relationship between the two unknowns, ¢ and d. Overall more than 50%

of all students did not respond to this task.

Row 2 (Table 5.46) shows that 20% Year 5, 30% Year 6, 34% Year 8 and 7% Year 9 students
attempted Task D2d. Row 3 shows that 5% Year 5, 10% Year 6, 5% Year 8 and one Year 9
student gave specific values for the letters ¢ and d given in Task D2d. Row 4 shows that 7% Year
5, 8% Year 6, 22% Year 8 and 87% Year 9 students recognised and described the relationship
between the two letters in the equation focused on division by whole numbers. Overall 13% of all
students could express in words the relationship between the letters ¢ and d as given in Task D2d,
7% of all students responded with specific and correct values ¢ and d, while 27% of all students

attempted this task but were incorrect.

Table 5-46: Percentage of responses by year level for explanation of Task D2d (FST)

Task D2d Responses Year 5 Year 6 Year 8 Year 9*
m=195) (=175 (@=122) (n=15)

D2d. What can yousay  Not attempted 68 52 39 0

about ¢ and d in this Incorrect 20 30 34 7

mathematical sentence?  Specific values for ¢ and d 5 10 5 7

c 8 =d + 24 Correct relationship 7 8 22 87

In Figure 5.49 Student RC gave specific values for the letters ¢ and d (left-hand side) while
Student JM expresses the relationship between the two letters (right-hand side).

(d) Whnat can you say about ¢ and din this mathematical sentence?

(23 =y Do 3x C

Figure 5-49: Examples of two students' responses for Task D2d (ATQ)

In Figure 5.50 Student MB has shown that the letters can represent “any number’ but has used an
incorrect relationship as shown on the arrows. Pronumeral d needs to be three times the value of
¢ not one-third of the value of ¢ as 24 is three times the value of 8. He has used the relationship

between the numbers and written on the arrows as though it was multiplication and not division.
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(d) What can you say about ¢ and d inﬁmence?
{ 5 - = 3 =
Thuy et O F\__‘éa_,/"d )

O.f\j '\‘\‘ﬁﬁyu .

Figure 5-50: Student MB's use of incorrect strategy for D2d (ATQ)

5.3.4.5 Task D2e

Task D2e (left-hand column of Table 5.47) uses letters to denote unknowns on either side of the
fraction division equation. Row 1 shows that fewer students responded to this task (D2e) than
the previous task (D2d). Overall, 65% of students did not respond to Task D2e with 79% Year 5
students, 65% Year 6 and 48% Year 8 students who did not write anything when asked to explain
or describe the relationship between the two unknowns, a and b in the fraction division task. Row
2 of Table 5.45 shows that 31% of all students attempted this task but their responses were
incorrect. This included 17% Year 5, 31% Year 6, 51% Year 8 and 60% Year 9 students. Row 3
shows that 9% of all students responded with one set of correct values for a and b, which includes

2% Year 5,2% Year 6, and 1% Year 8 and 13% Year 9 students.

Row 4 shows that 2% of all students could express in words the relationship between the letters
a and b as given in Task D2e. This includes 3 Year 5 (2%), 4 Year 6 (1%), no Year 8 (0%) and 4
Year 9 (27%) students who recognised and described the relationship between the two letters in

the equation focused on division by fractions.

Table 5-47: Percentage of responses by year level for explanation of Task D2e (ATQ)

Task D2e Responses Year 5 Year 6 Year 8 Year 9%
(n=195) (n=175) (n=122) (n=15)

D2e. What can Not attempted 79 65 48 0
you say about a
and b in this Incorrect 17 31 51 60
mathematical Specific values given 5 5 | 13
sentence? for g and b
a+2=5b+3 L

7 7 Correct relationship 2 1 0 27

Student MB’s response in Figure 5.51 is an example of an incorrect additive response for Task

D2e. This was a response given by students from both primary and Year 8 classes.
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(e} What can you say about a and b in Wﬁmnae?
. 20 %% 3
They <on b a * = = b
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a . 'S '-f my CL +‘ﬁ.n f,

Figure 5-51: MB's incorrect response for Task D2e (ATQ)

In Figure 5.52 are three students’ responses to Task D2e. Student BE (left-hand column) Student
RC (middle column) and Student RK (right-hand column).

=2 - "
m=l? B=2T | =] b=15 7 | 4z 29

Figure 5-52: Three students' responses to Task D2e (ATQ)
5.3.4.6 Comparison of Question 2 Part D Tasks (ATQ)

Results for Question 2 Part D (ATQ)

100

eﬂg 80
S 60 mD2a
%3 mD2b
@ 40 D2¢
& 20 p2d
0 Il mD2e

Year 5 Year 6 Year 8 Year 9

Year Levels

Figure 5-53: Comparison of results by year level for Question 2 Part D (ATQ)

As for Part M (ATQ) the number of non-responses, question marks and comments such as: “I
don’t know” or “My teacher didn’t teach me this” were unexpected. As discussed earlier for the

multiplication tasks these tasks were appropriate for these year levels.

5.3.5 Comparing results from Part M and Part D (ATQ)
In this section the two parts of the ATQ are compared. That is, Part M tasks with a focus on
multiplication on whole numbers and fractions are compared to Part D tasks with a focus on

division for both whole numbers and fractions.
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The graphs in Figure 5.54 shows that more primary students were successful with the
multiplication tasks than the division tasks while and more secondary students were successful
with the division tasks than the multiplication tasks. Primary students were more successful with
the multiplication of two-digit whole numbers (Task M1a) than multiplication of a decimal by a
two-digit number (Task M1b) with similar results for the two tasks requiring division of a whole

number by a whole number (Task D1a and D1b).

Results for Mla and Dla (ATQ) Results for M1b and D1b (ATQ

. 100 , 100

S 80 2 80

—

8 60 § 60

(0]

& 40 = Mla g 40 = Mib
8 20 8 20

3 mDla 8 =DIb
£ 0 £ 0

Year 5Year 6 Year 8 Year 9 Year 5 Year 6 Year 8 Year 9
Year Levels Year Levels

Figure 5-54: Comparison of Tasks M1a and D1a and Tasks M1b And D1b results (ATQ)

The graphs in Figure 5.55 shows that more primary students were successful with the
multiplication of fraction tasks than the division of fraction tasks. The graph in the left-hand
column shows that more secondary students were successful with the multiplication fraction task
(Task M1c) than the division fraction task (Task D1c) but had similar results for the identity laws
in Tasks M1d and D1d.

Results for M1c and Dlc (ATQ Results for M1d and D1d (ATQ
_ 100 _ 100
§ 80 S 80
5] S 60
S 40 M1 g 40 mMid
o 22
2 ol b mble 2o M "ol
E 0 - Year Year Year Year
Year 5Year 6Year 8Year 9 5 6 8 9
Year Levels Year Levels

Figure 5-55: Comparison of Tasks M1c and D1c and Tasks M1d and D1d results (ATQ)

The graph in Figure 5.56 shows that more students from Years 5, 6 and 8 provided two responses
for the multiplication task (Task M2a) than for the division task (Task D2a). These tasks tested
whether students not only understood the sameness-relational understanding but the substitutive-
relational understanding of the equals sign (Jones et al, 2013).
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Results for M2a and D2a (ATQ)
100
80

60

40 mM2a

20 mD2a
0

Year5 Year6 Year8 Year9

Year Levels

Percentage correct

Figure 5-56: Comparison of Task M2a and Task D2a (ATQ) results

The graphs in Figure 5.57 compare the results for tasks that investigate the students' understanding
about the relationship between the two expressions in Tasks M2b and D2b. The graph in the left-
hand column of Figure 5.57 shows that more students in Years 5, 6 and 8 could explain the
relationship between the two unknowns in the multiplication task (Task M2b) than the division
task (Task D2b). A larger percentage of Year 6 students were successful with Task D2b than Year
8 students. More Year 9 students were successful with the division task rather than the

multiplication task.

As shown in the right-hand column of Figure 5.57 more students in Years 5, 6 and 8 were to give
an explanation for the multiplication task (Task M2c) than the division task (D2c) for the
statement: "If you put any number in Box A can you still make a correct sentence". Students in

Year 9 were more successful with the explanation for the division task than the multiplication

task.
Results for M2b and D2b (ATQ) Results for Tasks M2c¢ and D2c
=~ 100 - 100
Q
S 80 g 80
S 60 S 60
) (]
2 40 = M2b & 40 = M2c
= o
g 20 L . = D2b 8 20 L . mD2c
g 0 £ 0
Year 5 Year 6 Year 8 Year 9 Year 5Year 6Year 8 Year 9
Year Level Year Level

Figure 5-57: Comparison of Tasks M2b and D2b and Tasks M2c¢ and D2c results (ATQ)

The graphs in Figure 5.58 compare the results for the only tasks where pronumerals, rather than

boxes, are used to denote missing values. In Task M2d the pronumerals (¢ and &) are multiplied
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by related whole numbers while in Task D2d the same pronumerals are divided by related whole
numbers. In Task M2e the pronumerals (¢ and ) are multiplied by related fractions and in Task
D2e the same pronumerals are divided by related by related fractions. Although the differences
in the scores between M2d and D2d (left-hand side of Figure 5.58) more Year 6 students were
successful with the multiplication task than the division task while for Year 5 and Year 8 students

more were successful with the division task than the multiplication task.

Results for Tasks M2d and D2d Results for Tasks M2e and D2e
_ 100 _ 50
S 80 S 40
St —
S 60 S 30
S 20
< 40 mM2d < mM2e
= = 10
S 20 B D2d S o M | D2e
[} Q
~ o . A~ Year Year Year Year
Year 5 Year 6 Year 8 Year 9 5 6 8 9
Year Level Year Level

Figure 5-58: Comparison of Tasks M2d and D2d and Tasks M2e and D2e (ATQ)

For most of the ATQ tasks students found the division tasks more difficult than the multiplication
tasks as shown in Tables 5.54 — 5.58. Overall there was a very poor response rate for the ATQ
tasks making it difficult to make some clear and definitive comparisons between the two paper

and pencil instruments.

5.4  Comparison of results for FST and ATQ

The detailed results for the paper and pencil assessment instruments are discussed in the previous
sections of this chapter. The FST results are discussed in Section 5.1 and the ATQ results in
Section 5.3. In this section the relationship between the total scores for both assessment
instruments will be examined, followed by a discussion of the relationship between the scores for
the individual parts of the FST and the ATQ. All correlations given in Section 5.4 are statistically

significant at the .01 level.

5.4.1 Comparing the ATQ total scores and FST total scores
Scores for the ATQ ranged from a minimum of zero to a maximum of 26, with a mean of 6.86

and a standard deviation (SD) of 6.45. Scores for the FST ranged from a minimum of zero to a

maximum of 35 with a mean of 21.91 (SD = 7.14).
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Figure 5.59 shows the comparison of the total scores for both the ATQ and the FST. The
relationship is modelled by a positive linear trend-line indicating that 45% of the variation in the
ATQ total scores, may be explained by the FST total scores (R*=0.45). Students who had low
scores for the FST also achieved low scores on the ATQ and conversely students who achieved

high scores on the FST achieved high scores on the ATQ.

ATQ scores compared to FST scores (n = 607)
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FST Total Scores

Figure 5-59: Comparison of total scores for ATQ and FST

To determine whether scores for individual parts of the FST had a greater impact on the total
scores for the ATQ further scatterplots were drawn. In the next section scores for the two parts of

the ATQ have been compared with the scores for the three individual parts of the FST.

5.4.2 Comparison of ATQ and Part A (FST) total scores

The routine fraction tasks in Part A (FST) include identifying shapes that represent the fraction
three-quarters, finding fractional parts of groups and continuous areas, completing equivalent
fractions and adding two related fractions. Scores for Part A ranged from a minimum of one to a

maximum of 12, with a mean of 9.63 and SD of 2.22.

Figure 5.60 shows a scatterplot of the students’ ATQ total scores plotted against their total scores
for Part A (FST). The relationship is modelled by a positive linear trend-line indicating that nearly
25% of the variation in the ATQ scores may be explained by Part A (FST) scores (R?=0.25).
Students who had low scores for Part A (FST) also achieved low scores on the Algebraic
Screening Test. Students who achieved high scores on the ATQ also achieved high scores on Part
A (FST). However, many students who achieved high scores on Part A only achieved low scores
on the ATQ. High scoring students for Part A (FST) tasks may have scored any of the full range
of marks for the ATQ.
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ATQ scores compared to Part A (FST) scores
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Figure 5-60: Comparison of ATQ and Part A (FST) total scores

Part M (ATQ) focused on multiplication with whole numbers, decimals and fractions. Scores for
Part M ranged from a minimum of zero to a maximum of 14, with a mean of 4.20 and a SD of
3.34. Scores for Part A (FST) ranged from a minimum of one to a maximum of 12, with a mean
0f 9.63 and SD of 2.22. Figure 5.61 shows a scatterplot of the students’ scores for Part M (ATQ)
plotted against their Part A (FST) scores. The relationship is modelled by a positive linear trend-
line indicating that approximately 21% of the variation of scores for Part M (ATQ) scores may

be explained by Part A (FST) scores (R*=0.21).

Students who scored low marks on Part A (FST) scored low marks on Part M (ATQ) however
students who scored high marks on Part A could have scored any mark from the full range for

Part M (ATQ).

Comparison of Part M (ATQ) and Part A (FST) scores
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Figure 5-61: Comparison of Part M (ATQ) and Part A (FST) total scores

Part D (ATQ) focused on division with whole numbers and fractions. Scores for Part D ranged

from a minimum of zero to a maximum of 13.5, with a mean of 2.66 and a SD of 3.54. Figure
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5.62 shows a scatterplot of the students’ scores for Part D (ATQ) plotted against their scores for
Part A (FST). The relationship is modelled by a positive linear trend-line indicating that only
about 14% of the variation of scores for Part D (ATQ) scores may be explained by Part A (FST)
scores (R?=0.14). Students with low scores for Part A (FST) scored low scores for Part D (ATQ).

However, students who achieved a high score on Part A did not necessarily score highly on Part

D.

Comparison of Part D (ATQ) and Part A (FST) scores
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Figure 5-62: Comparison of total scores for Part D (ATQ) and Part A (FST)

5.4.3 Comparison of ATQ and Part B (FST) total scores

Part B (FST) includes number-line tasks where students are expected to find fractional parts of a
number line as well as use the distance given to represent a fractional part to estimate where a
specified whole number would be located on a given number line. Scores for Part B ranged from

a minimum of zero to a maximum of ten, with a mean of 6.21 and SD of 2.67.

Figure 5.63 shows a scatterplot of the students’ ATQ total scores plotted against their Part B
(FST) scores. The relationship is modelled by a positive linear trend-line indicating that nearly

28% of the variation in the ATQ scores may be explained by Part B (FST) scores (R*=0.28).
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Comparison of ATQ total scores and Part B scores
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Figure 5-63: Comparison of scores for ATQ and Part B (FST).

Part M (ATQ) scores ranged from a minimum of zero to a maximum of 14, with a mean of 4.20
and a SD of 3.34. Scores for Part B (FST) ranged from a minimum of zero to a maximum of ten,
with a mean of 6.21 and SD of 2.67. Figure 5.64 shows a scatterplot of the students’ Part M (ATQ)
scores plotted against their Part B (FST) scores. The relationship is modelled by a positive linear
trend-line indicating that nearly 25% of the variation in Part M (ATQ) scores may be explained

by Part B (FST) scores (R?=0.25).

Comparison of Part M (ATQ) and Part B (FST) scores
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Figure 5-64: Comparison of Part M (ATQ) and Part B (FST) scores

Scores for Part D ranged from a minimum of zero to a maximum of 13.5, with a mean of 2.66
and a SD of 3.54. Figure 5.65 shows a scatterplot of the students’ Part D (ATQ) scores plotted
against their Part B (FST) scores. The relationship is modelled by a positive linear trend-line
indicating that slightly more 21% of the variation in Part D (ATQ) scores may be explained by
Part B (FST) scores (R*=0.21).
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Comparison of Part D and Part B scores
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Figure 5-65: Comparison of total scores for Part D (ATQ) and Part B (FST)

5.4.4 Comparison of ATQ and Part C (FST) total scores

Part C (FST) includes tasks that test students’ understanding of fractions and are presented in a
less familiar format. Scores for Part C ranged from a minimum of zero to a maximum of 13, with
a mean of 6.07 and SD of 3.29. Figure 5.66 shows a scatterplot of the students’ ATQ total scores
plotted against their scores for Part C (FST). The relationship is modelled by a positive linear
trend-line indicating that nearly 46% of the variation in ATQ scores may be explained by Part C

(FST) scores (R*= 0.46).

Comparison of ATQ total scores and Part C scores
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Figure 5-66: Comparison of ATQ and Part C (FST) scores

Figure 5.67 shows a scatterplot of the students’ Part M (ATQ) scores plotted against their scores
for Part C (FST). The relationship is modelled by a positive linear trend-line indicating that nearly
40% of the variation in Part M (ATQ) scores may be explained by Part C (FST) scores (R*=0.37).
Students who scored low marks on Part C (FST) scored low scores on Part M (ATQ) while
students who scored high marks on Part C (FST) scored high marks on Part M (ATQ).
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Comparison of Part M (ATQ) and Part C (FST) scores
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Figure 5-67: Comparison of Part M (ATQ) and Part C (FST) scores

Figure 5.68 shows a scatterplot of the students’ Part D (ATQ) scores plotted against their scores
for Part C (FST). Scores for Part D ranged from a minimum of zero and a maximum of 13.5, with
amean of 2.66 and a SD of 3.54. Scores for Part C ranged from a minimum of zero to a maximum
of 13, with a mean of 6.07 and SD of 3.29. The relationship is modelled in Figure 5.68 by a
positive linear trend-line indicating that nearly 38% of the variation in Part D (ATQ) scores may

be explained by Part C (FST) scores (R*= 0.38).
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Figure 5-68: Comparison of Part D (ATQ) and Part C (FST) scores

5.5 Internal consistency for the two paper and pencil assessments

To determine the internal consistency of the FST tasks used in the main study the results were
entered into SPSS (IBM SPSS Statistics, 2017). Cronbach’s alpha was calculated using the scores
of the 607 students for the 33 FST tasks. An analysis of the Inter-item Correlation Matrix showed
that all Inter-item correlations were positive, so all items appear to be measuring the same
underlying characteristic. The Cronbach’s alpha (.888) given for the main study sample suggests
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very good internal consistency for FST tasks. An analysis of the Corrected Item-Total Correlation
values revealed that there was only one fraction task that had a value of less than 0.3 which
indicates that the item is measuring something different to the scale as a whole. Task B2a asked
students to mark on a number line the position for the number 75, where the length that
represented 0 to 25, was given. Many students marked the position of 75 as though the whole
number line represented O to 100 rather than iterating the length from 0 to 25 three times along
the given number line. The corrected item-total correlation for B2a was 0.223 but when the result
for the Alpha If Item Deleted values was checked, it was found that this task had the same

Cronbach's alpha value (0.888) so it did not need to be removed.

As for the FST tasks Cronbach’s alpha was calculated using the scores of the 607 students for the
28 ATQ tasks. An analysis of the Inter-item Correlation Matrix showed that all Inter-item
correlations were positive, so all items appear to be measuring the same underlying characteristic.
The Cronbach’s alpha (.936) given for the main study sample suggests very good internal
consistency for ATQ tasks. An analysis of the Corrected Item-Total Correlation values revealed

that there was no task that had a value of less than 0.3 and thus no item needed to be removed.

5.6 Summarising the results for the paper and pencil assessments

In this chapter the results from the two paper and pencil assessments were analysed using
descriptive statistics to assist the discussion about the research sub-questions in Chapter 8. Student
work samples were included to illustrate both the range of strategies and misconceptions revealed
in their responses to the written tasks from both assessments. Section 5.1 includes the analysis of
results for the individual tasks of the FST while Section 5.2 describes the relationships between
the three reverse fraction tasks and the results from the individual FST tasks. Both sections are
needed to respond to research questions RQ1 and RQ2. Section 5.3 describes the relationships
between the results for tasks from both the FST and the ATQ while Section 5.4 describes the
relationship between the three reverse fraction tasks and the ATQ. Both Sections 5.3 and 5.4 will
be used to respond to the research questions RQ3, RQ4, RQ5 and RQ6.

An important development in this chapter was the creation of the Classification Framework for
Reverse Fraction Tasks (Table 5.15). In Section 5.1.4 students' responses for the three reverse
fraction tasks were analysed revealing that all successful responses could be classified as one of
five strategies: Diagram Dependent, Additive/Subtractive, Partially Multiplicative, Fully
Multiplicative or Advanced Multiplicative.
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Many students did not respond to questions that required them to explain their thinking about
fraction and algebra tasks. According to Hadfield and McNeil (1994) these non-responses could

be due to mathematics anxiety which includes environmental, intellectual or personality factors.

Environmental factors include classroom issues and the perception of mathematics as a
rigid set of rules. Intellectual variables include a mismatch of learning styles and self-
doubt. Personality factors include a reluctance to ask questions in class and low self-
esteem. Any or all of these three factors could influence a learner and generate a “no

attempt” or avoidance attitude.
Chinn (2012) concurs with this and suggests that:

... too many children and adults give up on mathematics learning by withdrawing from
any task that is perceived as likely to result in failure, which in turn becomes a pervasive
attitude. The withdrawal strategy avoids the learner being judged as wrong and thus
adding to their sense of helplessness. Some of the demands of mathematics that contribute
to a sense of failure, anxiety, and helplessness are based on beliefs, rather than academic

necessity.

As many students were not confident with the tasks in the paper and pencil test on algebraic
thinking, it was hoped that starting with their prior performances on the three reverse fraction
tasks (ATQ) the semi-structured interview would provide opportunities for students to use more
sophisticated algebraic reasoning. The tasks in the Structured Interview were carefully scaffolded
in the expectation that students would move from a reliance on calculations and specific numbers

and begin to generalise solution strategies.

The results for the 43 students who were interviewed using the Structured Interview will be
discussed in Chapter 6. Nine case studies will be given in Chapter 7 where students' results for
both the two paper and pencil assessments as well as their interview will be discussed. In Chapter
8 the results from the paper and pencil assessments as well as the Structured Interview will be

synthesised in order to respond to the research question and sub-questions.
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Chapter 6: Results from the Structured Interviews

Results from the two paper and pencil tests were discussed in Chapter 5 while Chapter 6 focuses
on the students’ responses to the semi-structured interviews. There were two specific aims for
these interviews. One was to see whether students used the same methods in the interview as they
had for their written responses. Did students use more sophisticated strategies when tasks were
carefully scaffolded or with supportive questioning from an interviewer? The second aim was to
see whether students could generalise and solve the tasks that included ‘any number' of objects
for the fractions they had used previously and in particular were they able to demonstrate
emerging or established algebraic reasoning as they solved the final interview task with ‘any

fraction' and 'any number’ of counters.

As previously stated in Chapter 4 there were 43 interviews were conducted in two schools
including 17 primary students and 26 Year 8 students. Students were chosen because the methods
they used to successfully solve at least two of the three reverse fraction tasks (Figure 3.7)
represented a range of different strategies. The range of dominant methods was discussed in

Chapter 4 and elaborated in Table 4.11.

Results from the Structured Interview will inform the discussion about the research questions:
RQ3, RQ4, RQS5, RQ6 and RQ7 in Chapter 8. The results for the primary students’ interviews are
discussed in Section 6.1, the Year 8 students’ results are in Section 6.2, Section 6.3 discusses the
development of a framework for the analysis of the interviews and Section 6.4 compares the
strategies students used to solve the three reverse fraction tasks in the written test with those they
used for the interview questions. The results from the primary and secondary students are being
analysed separately as formal algebraic notation is not introduced until Year 7 as shown in Table

1.4.

6.1  Primary Interviews

The 17 primary students used a variety of methods to successfully solve at least two of the three
reverse fraction tasks (Tasks C5, C6, and C7) from the FST. As shown in Table 4.11 two primary
students were dependent on diagrams, one student used additive methods only, seven used a mix
of partially multiplicative methods, six consistently used fully multiplicative methods while one

student used more abstract advanced multiplicative methods.

The first set of three questions of the Structured Interview uses the same fractions as those for the

three reverse fraction tasks (Tasks C5 — C7) but the quantity representing the fraction has been
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changed. For example, in Task C5 (FST) the fraction two-thirds is represented by a diagram of
10 counters (Figure 3.7) and in Question 1 (Table 6.1) the quantity representing two-thirds has
been changed to 12 counters, but no diagram is given. In Table 6.1 the number of correct responses
for Questions 1 — 3 are given along with those for Questions 4a, 5a and 6a which also include a
specific number of objects representing the same three fractions as used in Questions 1 - 3. The
numbers in Table 6.1 have not been converted to percentages as the number of students

interviewed is relatively small.

Table 6-1: Number of correct primary responses by year level for SI questions (n=17)

Question 1 Question2  Question 3  Question 4a  Question 5a  Question 6a

Year 5

7 8 8 9 9 9
(n=9)
Year 6
(n=8) 8 8 7 7 8 8
Primary

1 1 1 1 1 1
(n=17) 5 6 5 6 7 7

The strategies used for the individual questions of the Structured Interview have been classified
according to the Classification Framework for Reverse Fraction Tasks shown in Table 5.14.
Abbreviations are used in the tables detailing students’ responses to the interview questions:
Diagram Dependent (DD), Additive/Subtractive (AS), Partially Multiplicative (PM), Fully
Multiplicative (FM), and Advanced Multiplicative (AM). Missing responses are labelled Non-

responses (NR) and responses that are unclear or incomplete are deemed to be Incomplete (IN).

The dominant methods used for the three written reverse fraction tasks (Table 4.11) and the results
for the six SI questions (Table 6.1) are very similar for Year 5 and Year 6 students so for the rest
of this section the results will be combined and these Year 5 and Year 6 students will be referred

to as the primary group.

6.1.1 Variation 1: Change of number 1

In the left-hand column of Table 6.2 is the first set of questions for the Structured Interview. These
were initially presented in Table 4.5 with examples of the variations. The three fractions are the
same as those used in the written test but the number of counters representing each fraction has
been changed (Change of number 1). The other columns record the number of students who used

the strategies according to the Classification Framework for Reverse Fraction Tasks (Table 5.14).

Primary students used multiplicative strategies (partially, fully and advanced) to answer Question

1 with the fraction two-thirds. It is interesting to note that Student LG and Student LC used
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diagram dependent strategies for Question 2 involving the fraction four-sevenths with Student LC
also using diagram dependent strategies for Question 3 with the fraction seven-sixths. After using
a fully multiplicative strategy for Questions 1 and 2 Student KD started using Advanced

Multiplicative strategies for all questions after Question 2.

Table 6-2: Primary students’ strategies by year level for first set of SI questions (n = 17)

Structured Interview Questions NR IN DD AS PM FM AM

1. Imagine that I gave you 12 counters

which is %/3 of the number of counters I

started with. How many counters did I start

with? Explain your thinking.

2. Susie has 8 CDs. Her CD collection is #/7

of her friend Ka}./’s. How .ma'ny CDs does 0 1 > 0 4 8 2
Kay have? Explain your thinking.

3. Imagine that I gave you 21 counters
which is 7/s of the number of counters I
started with. How many counters did I start
with? Explain your thinking.

While 15 primary students gave correct responses for Question 1 two Year 5 students gave
incorrect responses. This was unexpected as both students had written correct responses for Tasks
C5 - C7 (FST). In her written responses Student CZ used additive strategies to solve Tasks C5
and C6 but multiplicative strategies to solve Task C7. For Question 1 (SI) she used her fingers to
help her calculate the incorrect response (36) when she multiplied the number of counters (12) by
the denominator (3). Student BM used additive/subtractive strategies and her faulty thinking for

Question 1 is shown in Figure 6.1.
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Figure 6-1: Student BM’s responses to Question 1 (SI).

Student BM was the only student to give an incorrect response to Question 2. Her response: ‘I
think it is around 15’ is quite different to her written response for Task C6 (FST) where she used
a partially multiplicative strategy shown on the left-hand side of Figure 6.2. She calculated that
one-seventh was three which she multiplied by three to get three-sevenths (9) and added that to

four-sevenths (12) to get the correct response of 21. The right-hand side of Figure 6.2 shows her
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elaborated incorrect response for Question 2. As the interviewer stated: “Started optimistically,
looked puzzled, almost imperceptible counting on fingers and stated that ‘four-sevenths was
'unfriendly’". She was able to give the correct response for Question 3 but said: ‘I’m not quite

sure but it worked out like that’.
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Figure 6-2: Comparison of BM's responses to written task C6 (FST) and Question 2 (SI)
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Two students gave incorrect responses for Question 3. As shown in the right-hand column of
Figure 6.3 Student CZ's response for Question 3 shows that she recognised that seven-sixths could
be rewritten as mixed number 1'/s. However, she wrote the division expression in reverse. Instead
of writing 21 + 7 she wrote 7 + 21. She wrote the counting sequence of seven threes, then added
another sequence of five threes to get the incorrect response of 36. This is similar to the response
she gave for Task C7 where she drew extra circles to make a total of 24 counters (left-hand side
of Figure 6.3). While she has written the correct response of 12 her explanation does not really

make sense.

7.
This collection of 14 counters is of the number of counters | started with.

AN .
Sy i
@.@ ) © @ ] 2 Imagine that | gave you 21 counters which is % of the number of counters I started with.

2. How many counters did ! start with?
b. Explain how you decided that your answer is correct. a. How many counters did | start with? . 3 é q 121 5 \8 2_‘ 2 4{’

b. Explain your thinking.

,\ o , 7-21=3% 27 3
OeCovse W& s 7 @% | 5 A J 33 32
and e Jhe -~ @) :

o 1o ’W’”%@ e
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2 | 5@5 0O Q oo J“@lpi:)

Figure 6-3: Student CZ uses same strategies for Task C7 (FST) and Question 3 (SI)

Although Student LG gave the correct response for Task C7 (FST) she was unsuccessful with
Question 3. Student LG recognised that ’/s could be written as 1'/ and asked whether she should
take away one-sixth of the group which is what she did for Task C7. She drew three rows of seven
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circles and tried to form them into six groups. She tried to make groups of four then said it was

‘three and a bit counters’ and wrote 3'/s.

3.

Imagine that | gave you 21 counters which is % of the number of counters | started with.

a. How many counters did | start with? /\ - 3‘5‘«' alers
- v .
b. Explain your thinking. o l/d o w cack 61‘0;}‘1
0990 80
. AL AT A
>~ 00100000

Figure 6-4: Student LG's response to Question 3 (SI)

6.1.2 Variation 2: Change of number 2 and ‘any number’

Table 6.3 shows the results for the second set of questions where initially there is a change of
number of counters representing the fraction (change of number 2) and then students are asked to
describe what they would do if there was ‘any number of counters’ representing the given fraction

(‘any number").

Student KJ was the only student to give an incorrect response for Question 4a when she divided
18 by two to get six (rather than 9) which she added to 18 to get 24 rather than the correct response
of 27. This partially multiplicative strategy is the same as she used for all three of the reverse

fractions and attempted to use for all interview questions. Note that for each question

Table 6-3: Primary students’ strategies by year level for second set of SI questions (n = 17)

Structured Interview Questions NR IN DD AS PM FM AM

4a. If I gave you 18 counters, which is /3 of the
number of counters I started with, how would 0 1 0 0 5 8 3

you find the number of counters I started with?

4b. If I gave you any number of counters, which

is also ?/3 of the number I started with, what

would you need to do to find the number of

counters I started with?

5a. If Susie had 20 CDs, which was /7 of her

friend Kay’s CDs, how would you find the 0 0 2 1 4 7 3
number of CDs Kay has?
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Sb. If it was any number of CDs that Susie had,
and this was still /7 of the number CDs Kay had,

what would you need to do to find the number of : 0 : 0 > 6 !
CDs Kay had?

6a. If I gave you 70 counters, which was 7/s of the

number of counters I started with, how would 1 0 0 0 5 8 3

you find the number of counters I started with?

6b. If it was any number of counters, which was
7/ of the number of counters I started with, what
would you need to do to find the number of

counters I started with?

6.1.3 Variation 3: ‘Any fraction’ and ‘any number’

Many students were unable to respond to Question 7 where they were asked to think about the
scenario with ‘any number’ of counters that represented ‘any fraction’. The responses appear to
fall into three categories. Some students tried to generalise their additive methods, which had
worked previously for questions where the quantity representing the fractional part was given.
The other two responses were linked to algebraic thinking or reasoning where students either
verbally wrote the generalised method in words or alternatively wrote in symbols. This research
aims to determine whether students use algebraic thinking or reasoning to solve fraction tasks.

Kieran (1989) stated that algebraic thinking or reasoning requires algebraic symbolism:

For algebraic thinking to be different from generalisation, I propose that a necessary
component in the use of algebraic symbolism is to reason about and to express that

generalization (p. 165)

However, Radford (2018) suggests that algebraic symbolism can include both the verbal

explanations as well as the alphanumeric symbolism:

Genuine algebraic symbolism includes the alphanumeric symbolism but also non-
conventional semiotic systems — like natural language ... through which, as recent

research shows, students signify generality (p.7)

6.1.3.1 Additive methods

Some students attempted to use additive methods to solve Question 7 where neither the fraction,

nor the quantity representing that fraction, was given. For example, Student LG (Figure 6.5) has
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determined that the unit fraction can be found by dividing by the numerator but needs to know
how many times the quantity equivalent to the unit fraction needs to be added or subtracted before

calculating the number of objects representing the whole group.

domtvef WhAFLVOr  Ye puwagatoe 1D Qb oY R
wan 6(""?5 Qo0 Ynen avner 2dd e SUb\fz,\r,\' Frak
nuwm

Figure 6-5: Student LG's additive response to Question 7 (SI)

It appears that Student LG has determined that the number of times the quantity corresponding to
the unit fraction needs to be added to the given quantity can be obtained by subtracting the
numerator from the denominator (with a subtractive compensation when the numerator is larger
than the denominator). Student LG’s response to Question 7 has the appearance of generalisability
and demonstrates a deep perception of the problem when the fraction and the quantity are both
unknown, but this method cannot be fully generalised either in words or written as an algebraic
solution. This encapsulates the fundamental limitation of the additive method employed by

students like Student LG who are reliant on additive methods.

In Figure 6.6 are Student CE’s written responses for Questions 6b (left-hand side) and Question
7 (right-hand side). For the response given in the left-hand side of Figure 6.6 she stated that the
letter A stands for the number of counters representing the fraction seven-sixths, and B the number
of counters in one-sixth of this quantity. To find the number of counters in the whole group she
subtracts the number of counters representing one-sixth from the number representing seven-

sixths.

In the right-hand side of Figure 6.6 Student CE has again used letters as a shorthand way of
expressing the same strategy she used for Question 6b. She stated that for this example, the letter
A represents ‘any number of counters’, B represents the numerator of the ‘any fraction’ while C
represents the number of counters in the unit fraction. She has stated that this amount can be
subtracted or added to give the number in the whole quantity. However, this will only work for
specific cases where the given fraction is one part less or more than the whole. While this student
confidently solved all preceding interview tasks, she was unable to give an appropriate

multiplicative response to Question 7.
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Figure 6-6: Student CE's responses to Question 6b and 7 (SI)

6.1.3.2 Verbal multiplicative method

Student PK used a similar method to Student CE (left-hand side of Figure 6.6) to answer Question
6b (left-hand side of Figure 6.7). However, when presented with Question 7, Student PK realised
that the partially multiplicative method she used for the previous interview questions would no
longer work. She gave a fully generalisable answer to Question 7 (right-hand side of Figure 6.7):
“Divide the (number of) counters by the numerator, then use the answer by multiplying it by the
denominator”. When Student PK wrote: “This is the old method” she is referring to the fully

multiplicative method that she had used in her written responses to Tasks C5 — C7 (FST).
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Figure 6-7: Student PK’s responses to Question 6b and Question 7 (SI)

6.1.3.3  Symbolic multiplicative method

Student MJ consistently solved all interview questions by dividing the quantity representing the
fraction by the given fraction. In other words, to solve the task he multiplied the quantity by the
reciprocal of the given fraction. For Question 7 Student MJ represented all quantities and fractions

algebraically in a fully generalised solution as shown in Figure 6.8.
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Figure 6-8: Student MJ’s symbolic multiplicative response to Question 7 (SI)

Table 6.4 summarises the results for Question 7 of the Structured Interview using 0 for non-

responses, 1 for responses that were incorrect or unclear, 2 for responses where students attempted
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to use Additive Methods (see Figure 6.6), 3 for Verbal Multiplicative Methods (see Figure 6.7)
and 4 for Symbolic Multiplicative Methods (see Figure 6.8).

Two primary students did not attempt Question 7, two attempted an answer but were incorrect
while three attempted to use additive methods. However, ten of the students stated generalisable
multiplicative responses with seven students using verbal responses only and three writing

appropriate algebraic symbols.

Table 6-4: Primary students’ strategies for final SI question (n = 17)

Structured Interview Question 7 0 1 2 3 4

What if I gave you any number of counters, and they

represented any fraction of the number of counters I

started with, how would you work out the number of 2 2 3 7 3
counters I started with? Can you tell me what you would

do? Please write in your own words.

Table 6.5 summarises the primary students’ responses to the Structured Interview questions.
Questions 1 — 6b have been coded using the same codes as in Tables 6.2 and 6.3. For example,
Student CZ gave incorrect responses for Questions 1, and 3 but was unable to give any response
for Questions 5b, 6a and 6b. She used a range of strategies for the other questions including an
additive strategy for Question 5a, partially multiplicative strategies for Questions 4a and 4b and
a fully multiplicative strategy for Question 2. Her incorrect response for Question 7 was based on

her responses to Questions 6a and 6b and was scored as 1.

So you have to divide the top number of the fraction by the amount of counters you have
then the answer is representing each one-sixth or one-half or just first increment. Then
you count in the amount of one-seventh until you get to the bottom number of the fraction.
For example, if 10 counters equals one-seventh, 10 ~ 1 = 10 so 10 20 30 40 50 60 70
which is seven counts (Student CZ).

Eight primary students used the same strategies for the first six interview questions. Students CE
and PK consistently used Partially Multiplicative strategies. Student CE attempted to use the same
strategy for Question 7 (right-hand column of Figure 6.6) while Student PK used a generalisable
method (right-hand column of Figure 6.7). The four students who consistently used Fully
Multiplicative strategies for the first six questions used generalisable Verbal Multiplicative

strategies for Question 7. Students MJ and GR consistently used generalisable Advanced
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Multiplicative strategies for the first six questions. While Student MJ was able to use Symbolic
Multiplicative strategies Student GR used Verbal Multiplicative strategies for Question 7.

Table 6-5: Strategies used by the primary students for the SI Questions (n = 17)

Structured Interview Questions

Year 1 2 3 4a 4b Sa 5b 6a 6b 7

Ccz 5 IN IN PM PM AS NR NR NR 1
LC 5 PM DD DD PM PM DD PM PM NR 1
BM 5 IN IN PM NR 1]
LG 6 PM DD IN PM PM DD DD PM PM 2
KJ 6 PM PM PM IN PM PM PM PM PM 2
CE 6 PM PM PM PM PM PM PM PM PM 2
PK 5 PM PM PM PM PM PM PM PM PM 3
DJ 6 3
RA 6 0
GS 5 3
PA 5 3
EO 5 3
CL 6 3
HF 6 4
KD 5 4
MJ 6 4
GR 5 3
Diagram Dependent | | Partially Multiplicative |:| Fully Multiplicative - Advanced Multiplicative

Two students were unable to respond to Question 7. Student RA used a fully multiplicative
strategy for the first six questions but was unable to respond to Question 7. Student BM gave
incorrect responses for the first two questions and used different strategies for the questions

answered correctly but was unable to answer either Question 6b or Question 7.

6.2 Year 8 Interviews

Twenty-six Year 8 students were selected to participate because the methods they used to
successfully solve at least two of the three reverse fraction tasks (Tasks C5, C6, and C7)
represented a range of different methods. The range of dominant methods was elaborated in Table
5.15. Table 6.1 shows the number of Year 8 students, using the dominant methods for the set of
three reverse fraction tasks (Figure 3.9). One student used pictorial methods across the set of three

reverse fractions, two used only additive strategies, 12 used a mixture of additive and
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multiplicative methods while 11 used multiplicative methods consistently for their written

solutions to the three reverse fraction tasks (C5, C6 and C7).

In Table 6.6 the number of correct Year 8 responses for Questions 1 — 3 are given along with
Questions 4a, 5a and 6a all of which state the specific number of objects that represent the given
fraction. As the number of students is relatively small the numbers have not been converted to
percentages. Note that one student gave an incorrect response to Question 2 and one did not
respond to Question 5a both of which focused on the fraction four-sevenths. Four students did not

respond to Question 6a the task which focuses on the improper fraction seven-sixths.

Table 6-6: Number of correct Year 8 responses for SI questions (n = 26)

Structured . . . . . .
Interview Question 1 Question 2 Question 3 Question 4a  Question 5a  Question 6a
Number of

correct 26 25 26 26 25 22
responses

Year 8 students also used a range of strategies in their responses to the Structured Interview
questions. As for the primary analysis the Year 8 students’ responses for each individual question
of the Structured Interview have been classified according to the Classification Framework for
Reverse Fraction Tasks shown in Table 5.14. Abbreviations are used in the tables detailing the
students’ responses to the interview questions: Diagram Dependent (DD), Additive/Subtractive
(AS), Partially Multiplicative (PM), Fully Multiplicative (FM), and Advanced Multiplicative
(AM). Student responses that were unclear or incomplete are deemed to be Incomplete (IN) while

Non-responses were labelled NR.

6.2.1 Variation 1: Change of number 1

The Structured Interview Questions with the variations are presented initially in Table 4.5. In the
left-hand column of Table 6.7 is the initial set of questions for the Structured Interview (Change
of number 1). The three fractions are the same as those used in the written test but the number of
counters representing each fraction has been changed. In the other columns are the strategies the
Year 8 students used for this initial set of three tasks according to the Classification Framework

for Reverse Fraction Tasks (Table 5.14).

Note that no Year 8 student used Advanced Multiplicative strategies and slightly more than one-
half of the students used Fully Multiplicative strategies for the questions where the number of

objects representing the fraction was stated.
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Table 6-7: Analysis of Year 8§ students’ strategies for first set of SI questions (n = 26)

Questions 1 — 3 (Structured Interview) NR IN DD AS PM FM AM

1. Imagine that I gave you 12 counters which is
%/3 of the number of counters I started with. How
many counters did I start with? Explain your
thinking.

2. Susie has 8 CDs. Her CD collection is */7 of
her friend Kay’s. How many CDs does Kay 0 1 4 0 5 16 0
have? Explain your thinking.

3. Imagine that I gave you 21 counters which is
7/s of the number of counters I started with. How
many counters did I start with? Explain your
thinking.

6.2.2 Variation 2: Change of number 2 and ‘any number’

In Table 6.8 are the Year 8 students’ results for the second set of questions where initially there
is a change of number of objects (counters or CDs) representing the fraction (change of number
2) and then students are asked to describe what they would do if there was ‘any number' of objects
representing the given fraction (any number). Several Year 8 students used Advanced
Multiplicative strategies to solve the tasks with 'any number' of objects but no Year 8§ student used

Advanced Multiplicative strategies for tasks where the number of objects was specified.

Table 6-8: Analysis of Year 8 students’ strategies for second set of SI questions (n = 26)

Questions 4a — 6b (Structured Interview) NR IN DD AS PM FM AM

4a. If I gave you 18 counters, which is %3 of the
number of counters I started with, how would 0 0 3 1 2 20 0
you find the number of counters I started with?

4b. If I gave you any number of counters, which
is also ?/3 of the number I started with, what

would you need to do to find the number of 1 0 0 0 4 15 6
counters I started with?

5a. If Susie had 20 CDs, which was /7 of her

friend Kay’s CDs, how would you find the 1 0 0 0 5 20 0

number of CDs Kay has?

Sb. If it was any number of CDs that Susie had,
and this was still */7 of the number CDs Kay had,
what would you need to do to find the number of
CDs Kay had?
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6a. If 1 gave you 70 counters, which was 7/s of the
number of counters I started with, how would 4 0 0 0 5 17 0
you find the number of counters I started with?

6b. If it was any number of counters, which was
7/6 of the number of counters I started with, what
would you need to do to find the number of
counters I started with?

6.2.3 Variation 3: ‘Any fraction’ and ‘any number’

Several Year 8 students were unable to respond to Question 7 of the Structured Interview where
they were asked to think about the scenario where there was: “any number' of counters that
represented ‘any fraction’. Just like the primary students Year 8 students who attempted a
response appear to fall into three categories. Some students tried to generalise their additive
methods, which had worked previously for the questions where the quantity representing the
fractional part was given. The other two responses were linked to generalised multiplicative
methods where students either verbally wrote the generalised method in words (Verbal

multiplicative method) or alternatively wrote in symbols (Symbolic multiplicative method).

The codes used for Question 7 are the same as those used for the primary students and include 0
for non-responses, 1 for responses that were incorrect or unclear, 2 for responses where students
attempted to use Additive Methods, 3 for Verbal Multiplicative Methods and 4 for Symbolic
Multiplicative Methods.

As shown in Table 6.9 seven Year 8 students were unable to give an appropriate generalizable
multiplicative response for the ‘any fraction’ and ‘any quantity’ question. Four students did not
attempt Question 7 while three attempted to use additive methods. However, 19 students stated
generalisable multiplicative responses; 15 used verbal responses only and four wrote appropriate

algebraic symbols.

Table 6-9: Year 8 student responses to Question 7 (Structured Interview)

Question 7 (Structured Interview) 0 1 2 3 4

What if I gave you any number of counters, and they

represented any fraction of the number of counters I

started with, how would you work out the number of 4 0 3 15 4
counters I started with? Can you tell me what you would

do? Please write in your own words.
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Table 6.10 summarises the Year 8 students’ responses to the Structured Interview questions.
Questions 1 — 6b have been coded using the same codes as for the primary students where NR
indicates no response, IN for incorrect attempts, DD for Diagram Dependent, PM for Partially
Multiplicative, FM for Fully Multiplicative, and AM for Advanced Multiplicative. The Question
7 codes include 0 for non-responses, 1 for responses that were incorrect or unclear, 2 for Additive

Methods, 3 for Verbal Multiplicative Methods and 4 for Symbolic Multiplicative Methods.

Table 6-10: Strategies used by Year 8 students for the SI Questions (n = 26)

Structured Interview Questions

Student

1 2 3 4a 4b Sa 5b 6a 6b
TA PM PM DD DD NR NR NR NR NR
RV DD DD | DD DD PM PM NR NR NR
GA PM DD DD DD PM PM PM
HD PM PM NR NR
CM AS PM
MM PM PM
BL PM

AH
HJ
HV
CE
GB
TZ
BS
MG
o e
CC
TL
DH
IT
RS
Al
GS
WL
TS
BL ‘ ‘ 4
|| Diagram Dependent | | Partially Multiplicative |:| Fully Multiplicative - Advanced Multiplicative
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6.3  Scoring the Structured Interviews

Each interview questions can be classified using the Classification Framework for Reverse
Fraction Tasks. While the initial Structured Interview Scoring Framework (Table 4.12) allowed
students to be classified according to their success with the actual tasks the overall interview
results need to be classified in terms of algebraic reasoning in order to answer the main research

question about the connections between fractional competence and algebraic reasoning.

Some students were only able to attempt the questions where both the fraction, and the quantity
representing the fraction were given. These responses have been defined in terms of
computational fluency (Level 1 and Level 2). Students are deemed to be beginning to generalise
when consistently using additive or multiplicative methods to solve the questions with both a
given fraction and equivalent quantity and the ‘any number’ questions. These students sometimes
attempted an additive response to the more general question of ‘any fraction’ and ‘any number’
(Level 3 and Level 4). Students deemed to be using algebraic reasoning used either a verbal
response (Level 5) or articulated their symbolic representations (Level 6). Table 6.11 elaborates

the six levels that form the Emerging Algebraic Reasoning Framework.

Table 6-11: The Emerging Algebraic Reasoning Framework

Level Description
1 Computational fluency —  Solved only some questions with method restricted to given fractions
Partial and quantities.
> Computational fluency —  Solved all questions with given fractions and quantities but unable to
Complete answer more than one question with ‘any number’ of objects.

Solved all questions with given fractions and quantities. Used
additive or mixed methods to solve questions with ‘any number’ of
objects. No appropriate generalised multiplicative response for ‘any
fraction’ and ‘any number’ of objects.

Solved all questions with given fraction and ‘any number' of objects
using multiplicative methods. No appropriate generalised response to
‘any fraction’ and ‘any number’.

Solved all questions with known fractions and ‘any number’ using
consistent multiplicative methods. Students verbalised but did not
symbolise full generalisation to ‘any fraction’ and ‘any number’.

3 Generalising — Additive

4 Generalising-
Multiplicative

5 Algebraic generalisation —
Verbal

Solved all questions with known fractions and ‘any number’ and
generalised using consistent multiplicative methods. Appropriate
algebraic notation used to solve ‘any fraction’ and ‘any number’ task.

g Algebraic generalisation —
Symbolic

Table 6.12 shows the number of students at each level of the Emerging Algebraic Reasoning

Framework. Seven students are still reliant on using either diagrams or computational strategies
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and unable to answer questions with ‘any quantity’. Six students are starting to generalise using
additive strategies and three consistently use multiplicative strategies for the tasks with ‘any
quantity’. Twenty students were able to give an appropriate verbal generalised solution for the
question with ‘any fraction’ and ‘any quantity’ while seven students used appropriate written
algebraic expressions. The primary students have not been introduced to formal algebra, but the
Year 8 students would have been introduced to formal algebra in Year 7 and would be solving

algebraic expressions in Year 8.

Table 6-12: Classification of students' interview responses

Computational Generalising Algebraic
Partial Complete Additive Multiplicative Verbal Symbolic
Primary
(n=17) 2 1 3 2 6 3
Year 8
(n=26) 2 2 3 1 14 4

6.3.1 Comparison of primary students’ written and interview responses

The primary students’ methods for the set of three reverse fraction tasks (C5, C6 and C7) were
classified according to the dominant method they used in their written responses and are shown
in the left-hand column of Table 6.13. These results are then compared to the classifications for

the Emerging Algebraic Reasoning Framework (right-hand columns of Table 6.13).

Table 6-13: Comparison of primary students’ written (FST) and interview responses (SI)

Tasks C5 — C7 (FST) Emerging Algebraic Reasoning Framework
. Computational Generalising Algebraic
Dominant Methods
Partial Complete  Additive = Multiplicative ~ Verbal Symbolic
Diagram Dependent 2 1 1
Additive/Subtractive 1 1
Partial Multiplicative 7 1 2 1 3
Fully Multiplicative 6 1 3 2
Advanced 1 |
Multiplicative
Total 17 2 1 3 2 6 3

The Structured Interview was designed to allow the primary students to treat variations in the
given fractions as ‘quasi-variables’ (Fujii & Stephens, 2001); that is, recognizing that the same

multiplicative operations applied regardless of the fraction. In responding to Question 7 with 'any
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fraction' and 'any number' students typically referred to dividing by the numerator and multiplying
by the denominator. Three primary students, who used partially multiplicative methods to solve
specific written fraction problems, recognised that these methods were not appropriate when
dealing with unknown quantities and were able to shift to fully generalizable thinking using either

additive or multiplicative strategies.

The six primary students whose overall responses to the interview questions were deemed to
demonstrate verbal algebraic generalisations appear well positioned for formal algebra as
expected in Year 7 as given in the Australian Curriculum: Mathematics (ACARA 2016) where
they will be introduced to: “the concept of variables as a way of representing numbers using letters
(ACMNA175)”. The three primary students who were already using algebraic reasoning and
writing algebraic equations showed evidence of being able to create and “simplify algebraic

expressions involving the four operations (ACMNA192)” as recommended for Year 8 (Table 1).

It needs to be noted that 14 of the 46 students from this school who completed the paper and
pencil tests were unable to complete more than one of the reverse fraction tasks in the written test.
Six of these were Year 6 students about to transition into secondary school. These students appear
to be at risk in subsequent years when meeting linear equations involving rational coefficients

and in relation to proportional reasoning.

6.3.2 Comparison of Year 8 students' written and interview responses

As shown in Table 6.14 seven of the Year 8 students who used partially multiplicative strategies
for the written tasks (C5 - C7) are deemed to have used verbal algebraic strategies when solving
the interview questions. Students who used fully multiplicative strategies in their written

responses to Tasks C5 - C7 used either verbal or symbolic strategies in their interviews.

Table 6-14: Comparison of Year 8 students’ written (FST) and interview responses (SI)

Emerging Algebraic Reasoning Framework
Tasks C5 — C7 (FST)

Dominant Methods Computational Generalising Algebraic
Partial Complete  Additive  Multiplicative ~ Verbal ~ Symbolic
Diagram Dependent 1 1
Additive/Subtractive 2 1 1
Partial Multiplicative 12 1 1 2 1 7
Fully Multiplicative 11 7 4
Advanced 0
Multiplicative
Total 26 2 2 2 2 14 4
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Many Year 8 students were able to treat variations in the given fractions as ‘quasi-variables’
recognising that the same multiplicative operations applied regardless of the fraction. For the
question with ‘any fraction’ and ‘any quantity’ seven Year 8 students verbally referred to dividing
by the numerator and multiplying by the denominator while four used the appropriate algebraic
notation while verbally interpreting their symbolic response. Seven Year § students, who had used
both additive and multiplicative methods to solve specific fraction problems, recognised that
additive methods were not appropriate when dealing with unknown quantities and were able to

shift to fully generalisable multiplicative thinking.

These Year 8 students should have been introduced to: “the concept of variables as a way of
representing numbers using letters” (ACMNA175, ACARA, 2018) in Year 7. Only four of the 26
students used algebraic expressions for Question 7 demonstrating that they could create and
“simplify algebraic expressions involving the four operations” (ACMNA192) as recommended

for Year 8 (Table 1.4).

6.4 Implications from the analysis of the Structured Interview

Students who are dependent on pictorial or additive methods are likely to experience difficulty in
adopting a multiplicative approach when given tasks with ‘any number’ of objects and describing
a rule as stated in the Content Descriptor ACMNA133 (ACARA, 2016) and shown in Table 1.1.
For these students, each question appears to be a new problem that had to be considered on its

own terms. These students are most likely to experience difficulty in transitioning to algebra.

A necessary precursor to being able to generalise a solution was to recognise, implicitly or
explicitly, an equivalence relationship between the given fraction and its related quantity. This
allows students to find the quantity related to the unit fraction that can then be scaled up to a
whole additively or multiplicatively. Even when an equivalence relationship had been identified
additive methods were less easily generalised as students needed to know how many parts to add
or subtract. Several students failed to give a correct response despite using this method due to

their faulty computation.

Multiplicative methods were clear precursors to generalisation. Students typically divided by the
numerator to find the quantity equivalent to the unit fraction and then multiplied by the
denominator to find the quantity in the whole group. Some students divided by the given fraction

or multiplied by the reciprocal to obtain a whole number equivalent. Generalisable methods
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provided evidence of algebraic thinking when students could describe what needed to be done if

a given fraction was related to ‘any quantity’.

Fully generalisable methods demonstrated algebraic reasoning when students could describe
verbally in non-symbolic terms how to find the whole given ‘any fraction’ and ‘any quantity’.
Some students demonstrated clear algebraic thinking by using symbols such as a/b to represent

any given fraction and c to represent any given quantity in order to generalise their solutions.
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Chapter 7: Case Studies

This chapter focuses on nine case study students chosen from the 45 students who were
interviewed. These case studies include four primary students with two students from Year 5 and
two from Year 6 and five students from Year 8. Each student has been given a pseudonym to
retain anonymity and these are shown in Column 1 of Table 7.1 with their corresponding year
level in Column 2. Students were only selected to be interviewed if they had correctly answered
at least two of the three reverse fraction tasks, that is, Tasks C5, C6 and C7 from the FST. These
students' solution strategies were able to be classified in contrast to other students who may have
given correct answers but whose thinking was not so transparent due, for example, to incomplete
written explanations. These nine case study students provide examples of common
misconceptions and the types of strategies used in both the written assessments and the interviews.
These case studies are not meant to be considered as representing the achievement levels of the

overall sample of students but rather each has used a different range of strategies.

The strategies that students used for each task from Question 1 to Question 6b in the Structured
Interview are classified according to the Framework for Reverse Fraction Task Strategies (Table
5.15) and have been elaborated in Table 7.1. Students’ responses to the interview questions have
been coded as given in Tables 6.6 and 6.11: Diagram Dependent (DD), Additive/Subtractive (AS),
Partially Multiplicative (PM), Fully Multiplicative (FM), and Advanced Multiplicative (AM).
Missing responses are labelled Non-responses (NR) and responses that are unclear or incomplete

are deemed to be Incomplete (IN).

The codes used for Question 7 (last column in Table 7.1) include O for non-responses, 1 for
responses that were incorrect or unclear, 2 for responses where students have attempted to use
Additive Methods, 3 for Verbal Multiplicative Methods and 4 for Symbolic Multiplicative
Methods.

As shown in Table 7.1 four of the case study students used the same strategies for Questions 1 -
6b of the Structured Interview. Kate used partially multiplicative strategies, while Alex and Tanya
used fully multiplicative strategies before responding verbally to Question 7 and Jack used
advanced multiplicative strategies for each question before using a symbolic response for
Question 7. Andrew consistently used fully multiplicative strategies for all questions but was

unable to answer Question 7.
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Table 7-1: Structured Interview results for case study students (n = 9)

Year Structured Interview Questions
Student

Level 1 2 3 4a 4b Sa 5b 6a 6b 7
Violet 8 DD DD DD DD PM PM NR NR NR 0
Gloria 6 PM DD IN PM PM DD DD PM PM 2
Kate 5 PM PM PM PM PM PM PM PM PM 3
Daniel 8 PM PM PM FM FM PM - NR NR 0
Andrew 8 PM FM FM FM FM FM FM FM FM 0
Alex 5 FM FM FM FM FM FM FM FM FM 3
Tanya 8 FM FM FM FM FM FM FM FM FM 3
Lewis 8 FM FM FM FM FM 4

|:| Diagram Dependent |:| Partially Multiplicative |:| Fully Multiplicative - Advanced Multiplicative

Two students moved between Diagram Dependent and Partially Multiplicative strategies. For
example, Violet (Year 8) moved from using diagram dependent strategies to partially
multiplicative strategies before her interview was discontinued. Gloria (Year 6) switched between
using diagram dependent strategies and partially multiplicative strategies before giving a partially
multiplicative response for Question 7. Daniel (Year 8) used three different strategies for the
interview questions. He initially used a partially multiplicative strategy for Question 1 but then
used fully multiplicative strategies for Question 4 with the fraction two-thirds, partially
multiplicative strategies for the fractions four-sevenths and seven-sixths where the number of
counters were given but advanced multiplicative strategies for the more generalised tasks that
refer to ‘any number’ of counters given the fraction four-sevenths. However, his interview was
terminated after Question 5b as the interviewer felt he was becoming too stressed to complete any

further tasks.

Table 7.2 compares the overall results of the nine case study students for the three assessment
protocols: FST, ATQ and the Structured Interview. Total scores are given for the FST and the
ATQ while the dominant strategies are included for the set of three reverse fraction tasks. The
last column in Table 7.2 draws on the six levels that form the Emerging Algebraic Reasoning

Framework described in detail in Table 6.12.
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Table 7-2: Results from the three assessment protocols for the case study students

Fraction Screening Test ATQ
Student Year Dominant Reverse Total Total Emerging Algebraic Reasoning
. . score Framework
Fraction Strategies score
Violet 8 Diagram dependent 24 7.5 | Computational fluency - Partial
Partially
Gloria 6 17.7 0.5 | Generalising - Additive
Multiplicative
Partially
Kate 5 o 26.5 5 Algebraic Generalisation - Verbal
multiplicative
Partially
Daniel 8 o 18 6 Computational fluency - Complete
multiplicative
Andrew 8 Fully Multiplicative 27 8 Generalising - Multiplicative
Alex 5 Fully Multiplicative 342 12 Algebraic Generalisation - Verbal
Partially ) o
Tanya 8 27.5 13 Algebraic Generalisation - Verbal
Multiplicative
Algebraic Generalisation -
Lewis 8 Fully Multiplicative 335 15.5 ]
Symbolic
Advanced Algebraic Generalisation -
Jack 6 o 335 19.5 .
Multiplicative Symbolic

The case study students whose results are presented in Table 7.2 provide examples of the six
classifications from the Emerging Algebraic Reasoning Framework. Violet is an example of the
Computational Fluency-Partial group while Daniel represents the Computational Fluency-
Complete group. Gloria represents the Generalising-Additive group and Andrew the
Generalising-Multiplicative group. Alex and Tanya represent the Algebraic Generalisation-
Verbal group and used multiplicative strategies while Jack and Lewis representing the Algebraic
Generalisation-Symbolic group used advanced multiplicative strategies, consistently and
successfully, for all tasks in the Structured Interview. Kate has been included as she was classified
as being in Algebraic Generalisation-Verbal group despite using partially multiplicative

strategies for all questions prior to Question 7.

The aim of these case studies is to explore, at the level of each student, how algebraic thinking or
reasoning may be inferred in its different stages as each student completed the reverse fraction
tasks, initially in the written assessment, and then during the Structured Interview. The Algebraic
Thinking Questionnaire was generally quite difficult for most students, with a large percentage

of missing responses, and therefore could not provide a clear description of algebraic thinking for
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many students. For students who performed poorly on the reverse fraction tasks in their written
responses for the FST, and who also performed poorly on the Algebraic Thinking Questionnaire,
little evidence is available to confirm the presence of algebraic thinking. The case studies will
demonstrate that evidence of algebraic thinking is emergent at different levels but is still far from
consolidated. Evidence of algebraic thinking appears clearest for students classified as either
generalising or algebraic (last column of Table 7.2) but it will be evident from the analysis of their
responses that even these students have some gaps or misunderstandings in their algebraic

thinking.

In Table 7.3 the case study students’ scores for all parts of the FST and the Algebraic Thinking
Questionnaire are compared to those of the whole cohort. The range of the possible scores are
given along with the mean and standard deviation (SD) for the individual parts and the total scores
for both assessments. These scores are given here to allow the elaboration of the case studies and

not as a point of comparison or as levels expected by a different cohort of students.

Table 7-3: Comparison of scores for case study students for FST and ATQ

Fraction Screening Test Algebraic Thinking Questionnaire

Part A Part B Part C Total Part M Part D Total
Mean 9.63 6.21 6.07 21.91 4.20 2.66 6.86
SD 222 2.67 3.29 7.11 3.34 3.54 6.45
Violet 8.5 8.0 7.5 24.0 4.0 3.5 7.5
Gloria 10.0 2.0 5.7 17.7 0.5 0 0.5
Kate 10.5 9.0 7.0 26.5 0 5.0 5.0
Daniel 9.0 5.0 4.0 18.0 6.0 0 6.0
Andrew 9.0 9.0 9.0 27.0 6.0 2.0 8.0
Alex 12.0 10.0 12.2 342 9.5 2.5 12.0
Tanya 10.5 7.0 10.0 27.5 7.0 6.0 13.0
Lewis 11.0 10.0 12.5 33.5 7.0 8.5 15.5
Jack 10.5 10.0 13.0 33.5 11.5 8.0 19.5

scores less than the mean scores between mean + 1SD scores greater than mean + 1SD

In Figure 7.1 the case study students’ results for ATQ and FST total scores are compared. Violet
and Daniel who are deemed to be at the Computational Fluency level are indicated by the red
shape, Gloria and Andrew who are deemed to be at the Generalising level are indicated by the
blue shape while Kate, Alex and Tanya deemed to be at the Algebraic Generalisation — Verbal

level are indicated by the green shape. The two students, Lewis and Jack, deemed to be at the
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Algebraic Generalisation level are indicated by the orange shape and achieved the best results for

both the FST and the ATQ.

Comparison of ATQ and FST scores
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Figure 7-1: Comparison of ATQ and FST total scores for case study students

The teachers of the primary students who were interviewed indicated that their students had not
yet been introduced to formal algebraic notation. However, there were some primary students
classified as advanced multiplicative thinkers, who used either verbal or symbolic notation to
express their algebraic reasoning, sometimes in idiosyncratic ways, as will be evident from the
case studies. Conversely, for the Year 8 students, algebraic notation should have been consistently

used in mathematics classes and met in class texts for nearly two years.

In the elaboration of each case study, the aim is to show which multiplicative and generalisable
strategies each student used as they attempted to answer questions with increasing levels of
abstraction embodied in the interview. The first level of abstraction was a change of number
representing each of the three given fractions. The next level was to have ‘any number’
representing each of the three given fractions, and finally students were asked to consider how
they would calculate the whole “if they had any number of objects representing any fraction”. In
each case study, the intention is to investigate more closely their demonstrated overall
performance on the both the FST and ATQ as well as the strategies they used to solve the reverse
fraction tasks in both the FST and the Structured Interview. In particular, did the strategies these

students use change when the levels of abstraction changed in the Structured Interview?
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7.1  Case Study 1: Violet

Violet (Year 8) was chosen for a case study as she is an example of the Computational Fluency-
Partial group at Level 1 of the Emerging Algebraic Reasoning Framework shown in Table 6.12.
She depended on diagrams for the first four tasks of the Structured Interview, used partially
multiplicative strategies for the next two tasks and was unable to respond to any further questions.
She was chosen to be interviewed as she had successfully used diagrams with a range of strategies
for the three reverse fraction tasks (C5 - C7) from the FST. Violet's scores for the FST and ATQ

are slightly above the mean score for the whole cohort.

Pearn, Stephens, and Pierce (2018a; 2018b) included a brief description of Violet’s responses to
the three reverse fraction tasks and the Structured Interview questions. Section 7.1.1 will discuss
her responses to the FST, Section 7.1.2 the strategies she used for the reverse fraction tasks (Tasks
C5 - C7), Section 7.1.3 the strategies she used for the Structured Interview and Section 7.1.4 her

responses to the ATQ.

7.1.1 Fraction Screening Test

Violet’s solutions to the tasks from the three parts of the FST will be discussed in this section.
Overall, Violet scored 24 out of a possible 35 marks for the FST where the mean was 21.91 and
the Standard Deviation was 7.14 for the cohort of students. This is approximately 69% of the
possible total marks for the FST.

Violet’s score for Part A tasks (FST) was 8.5 out of a possible 12 marks where the mean was 9.63
and the standard deviation was 2.22. This means that for Part A her score was nearly 71% of the
total possible score and less than the mean for all students. She chose the two correct shapes
representing three-quarters as well as one incorrectly marked shape, circled one-third of a group
of beetles, and indicated that there would be eight lollies in the whole group when four lollies
represented one-half of the group. Violet accurately shaded one-third of a rectangle and correctly
marked, and shaded, three-quarters of a length. She correctly completed the equivalent fractions
and calculated that the whole was $28 if $4 represented one-seventh. However, she was unable
to calculate the fraction of pizza that each person would receive if three pizzas were shared
between four and did not attempt to complete the counting sequence. When attempting to solve
the task of addition of fractions with related denominators she converted '/s to %/1o but did not use

this information to complete the calculation, instead writing: */10 + /s = */10

Violet scored 8 marks out of a possible 10 marks (80%) for the Part B tasks (FST) where the mean
for all students was 6.21 and the standard deviation was 2.67. So, her score for the Part B tasks
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was above the mean for all students. She successfully wrote the four missing numbers on the
evenly spaced marks on the number line marked zero to 100. Violet accurately marked the
position of the number three-fifths on the number line marked zero to two. She used the distance
from zero to one-third to mark in the number two-thirds and then the number one on a number
line. Violet chose the correct option for the placement of the number one on a number line marked
zero and ¥ and stated: “I decided it wasn’t a or b because they are a lot closer to % than ¢ is”.
Violet incorrectly marked where the number 75 would be on a number line marked zero and 25
as she assumed the whole line was from zero to 100 and justified her choice saying: “Because 25
is one quarter of the way and 75 is three quarters of the way”. Violet did not respond to any of the

questions which asked her to explain how she decided that her answer was correct.

Violet scored 7.5 marks out of a possible 13 marks (58%) for the Part C tasks where the mean
was 6.07 and the standard deviation was 3.29 for the whole cohort. Thus, for Part C Violet’s score
was above the mean for all students. Violet successfully ordered four fractions and matched all
four fractions with their equivalent decimals. In the two tasks that asked her to circle the symbols
that did not belong to the set of fractions, decimals and percentages she circled both decimal
representations. One of her choices was correct as she recognised that 0.4 was not equivalent to
the various representations of one-quarter. However, she incorrectly chose 1.2 as the one that did

not belong to the group including s and 1%30 which are equivalent to 1.2.

7.1.2 Reverse Fraction Tasks

Violet used a fully multiplicative method to solve Task C5 as shown in Figure 7.2. She circled
five of the dots given in the diagram and wrote the symbol for one-half above the circled dots.
While her written explanation was brief it demonstrated that she knew that one-third was

represented by five dots and she multiplied five by three to find three-thirds or one-whole.

5.
This Follectlon of 10 counters is ; of the number of counters | started with

00060
4

a. How many counters did | start with?

15

b. Explain how you decided that your answer is correct.
1

O

. 1 - ) -~
3 50 50 == Sx d's J

{

Figure 7-2: Violet's response to Task C5 (FST)

No diagram was given for Task C6, but Violet drew her own diagrams to solve the task as shown
in Figure 7-3. She initially drew three rows of four circles, drew around four groups of three

circles, wrote 12 on the left-hand side of her drawing and the fraction four-sevenths on the right-
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hand side of the drawing. Although she did not specifically state that three CDs represented one-
seventh of the group it is implied through this diagrammatic solution. Violet then replicated the
three rows of four circles, drew around the groups of three and added another three groups of
three circles. The total from the three rows of seven circles (21) is written in the top right-hand
corner of Figure 7.3. Violet relied on the diagram where she drew the initial four groups of three
circles to represent four-sevenths then drew another three groups of three circles to represent the

extra three-sevenths needed to represent seven-sevenths or the whole.

6.
Susie's CD collection is %of her friend Kay’s. Susie has 12 CDs

How many CDs does Kay have?
Show all your working.

Figure 7-3: Violet’s response to Task C6 (FST)

As shown in Figure 7.4, Violet had several attempts at circling sets of dots in her attempt to solve
Task C7. Her written explanation is an attempt to explain how she decided that her answer was
correct, but she did not state why she divided 12 by two. It is also unclear how she determined
that one-sixth was represented by two dots, but she multiplied six by two to get 12 (/s) and seven
by two to get 14 which was originally stated as representing seven-sixths. There is an element of

uncertainty in her response as she wrote: “started with 127

7.
This collection of 14 counters is % of the number of counters | started with.

a. Howfnany cbunters did | start with?
b. Explain how you decided that your answer is correct.

17 22=6

)

12 X e

Figure 7-4: Violet’s response to Task C7 (FST)
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Although Violet was dependent on diagrams to solve the part C three reverse fraction from the
FST, she appears to use multiplicative methods for Tasks C5 and C7 but a partially multiplicative
method for Task C6.

7.1.3 Structured Interview

Violet appears to rely on the use of diagrams or drawings to find the number of objects that
represent the whole if given the number of objects representing the fractional part and has been
classified as Diagram Dependent (Table 7.1). In Question 1 (Figure 7.5) where 12 counters
represent two-thirds of the whole Violet drew three rows of six circles then drew around two of
those rows to indicate two-thirds. She correctly wrote that the initial number was 18 counters.
Unfortunately, her explanation seems a little strange as she wrote that: “Both 12 and 18 are

divisible by 3 and 6” referring to the number of groups (three) and the number in each group (six).

1

2
Imagine that | gave you 12 counters which is ;of the number of counters | started with.

a. How many counters did | start with? | 3 coun }ers
b. Explain your thinking.
00 00 99 Cuessea I3 C]ﬂtck’ec) b

099099 [ 7
oo5ssy Doth 12318 e diviyille

Figure 7-5: Violet’s responses to Question 1 (SI)

Violet’s initial attempt at using a diagram in Question 2 is incorrect as shown on the left-hand
side of Figure 7-6. She initially drew an array of five rows of four circles then crossed out one
circle from each row. She then added two more rows of three circles to make seven rows of three
circles. Violet then drew an additional array of seven rows of three circles before attempting to
draw around groups of seven circles. She drew around three groups of seven circles, four groups
of eight circles and one group of five circles. At this stage, she was encouraged by the interviewer

to re-read the question.

After re-reading Question 2 Violet then correctly drew a row of eight circles to represent the four-
sevenths, and divided these eight circles into four equal groups, writing the fraction four-sevenths
beside the drawing. She then added a further four groups of two circles underneath the first
diagram, then crossed out one group of two circles, leaving three groups with two circles to
represent three-sevenths and correctly stated that the total is 14 CDs (See the right-hand side of
Figure 7.6).
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2

Susie has 8 CDs. Her CD collection is ; of her friend Kay’s.

a. How many CDs does Kay have? lL‘ CO"~

Figure 7-6: Violet’s responses to Question 2 (SI)

In Question 3 Violet initially drew four rows of seven dots, correctly partitioned the 21 dots into
seven groups of three and recognised that seven-sixths was equivalent to one and one-sixth and

correctly stated that there were 18 counters in the whole group (Figure 7.7).

Figure 7-7: Violet’s responses to Question 3 (SI)

In Question 4, where 18 counters represent the fraction two-thirds, Violet constructed four
diagrams (Figure 7.8) where the first, second and fourth are incorrect. In the first diagram, she
drew three rows of six circles and drew around each row stating that each row represented one-
third. In the second diagram she again drew three rows of six circles and attempted to divide these
in two parts but unfortunately, she ended up with one group of seven dots and one of 11 dots. The
fourth diagram shows three rows of seven dots, which she divided into three groups of seven, then
wrote the answer as 14, which is two of the groups of seven or two-thirds of the 21 dots she drew.
The third diagram shows three groups of nine, but only after many corrections have been made.

She then correctly decided that three-thirds was 27.

Figure 7-8: Violet’s responses to Question 4 (SI)
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After finally succeeding with Question 4a using the third diagram from the left in Figure 7.8,
Violet correctly used an additive solution for Question 4b which asks about ‘any number of
counters’ representing two-thirds saying: “You would halve the number and then add the result

to the number you started with”.

In Question 5 (Figure 7.9) Violet correctly found one quarter of 20 by halving, and halving again,
but represented this as three equivalent expressions. She started to draw a diagram for Question
5 which she scribbled out before using a partially multiplicative method to correctly determine
three-sevenths as 15 (5 x 3) adding this to the original four-sevenths (20) to calculate the total
number (35).

5.

" Mo 4
a. If Susie had 20 CDs, which was 7 of her friend Kay’s CDs, how would you find the

number of CDs Kay has?

40 g o <3S
2 T .
/m T /5+Qo:35

Figure 7-9: Violet’s responses to Question 5 (SI)

Violet was unable to complete any further questions from the Structured Interview. However, it
is evident from the tasks she has successfully solved that her partially multiplicative thinking is
frequently tied to a diagrammatic representation. Moreover, Violet has difficulty in creating
appropriate diagrams to represent the situation, often requiring several attempts to construct the
diagram as shown in her response to Question 4 (Figure 7.8). She provided a solution to ‘any
number of counters’ representing two-thirds but could not provide a generalised solution for either
four-sevenths or seven-sixths. Consequently, Violet is deemed to be at the Computational

Fluency-Partial level of the Emerging Algebraic Reasoning Framework.

7.1.4 Algebraic Thinking Questionnaire

In the Algebraic Thinking Questionnaire, Violet was limited in her ability to deal with
multiplicative relationships. She scored 4 out of a possible 14 marks (29%) for Part M, which was
less than the mean of 4.20 for the multiplication tasks. She scored 3.5 marks out of a possible 14
marks (25%) for Part D, which was more than the mean for the division tasks in Part D. Overall
Violet scored 7.5 out of a possible 28 marks (27%) for the Algebraic Thinking Questionnaire

which was more than the mean of 6.86 for the total score for the whole cohort.

Despite attempting calculations for all Question 1 tasks from Part M, Violet was unable to

successfully complete any task. She drew a diagram for the task %/ x |:| =18 (Figure 7.10) in
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which she drew nine shapes with each shape divided into three parts. She then counted the shaded
parts of each shape (9) but if she had counted the total number of parts i.e. 27, rather than one part

of each shape, she would have given the correct response.

ROpPT

Figure 7-10: Violet’s response to Task M1c (ATQ)

Violet gave two correct responses for Question 2a as shown in the left-hand column of Figure
7.11 which shows that Violet understood the sameness-relational meaning of the equals sign
(Jones et al., 2013). However, Violet wrote the incorrect reverse relationship between Box A and
Box B for Question 2b (right-hand column of Figure 7.11) but as this is a written test not an

interview it is unclear as to her reason for her response.

5 x 10 x b) When you make a correct sentence, what is the relationship between the

Box A Box B numbers in Box A and Box B? ? i,
The aomber in boxA is NX Hne one in bov ! “rcg
5 x 10 x |2

[L
Box A Box B

Figure 7-11: Violet’s response to Tasks M2a and M2b (ATQ)

Violet’s correct response for Question 2c¢ (Figure 7.12) stating that the number in Box B is half
of the number in Box A contradicts her incorrect response for Question 2b (Figure 7.11) where

she stated that the number in Box A is half the number in Box B.

¢) If you put any number in Box A, can you still make a correct sentence? Please

explain your thinking clearly.
1} cu ?u‘( Qay LA be ¢ bo"/'? yeu Cc.n*s)-}x ’{

W) bob it in boy & sndibuoold skl b jr,

Figure 7-12: Violet’s response to Task M2c (ATQ)

In Part D Violet correctly responded to the first two tasks: 3 +4=15+20and 8§ + 15=16 + 30
but as there was no working out on the page it is difficult to determine how she decided on her

responses. Violet was unable to answer any further questions in Part D.
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Violet’s answers for the ATQ confirms the judgements made from the analysis based on her
responses for both the FST and the Structured Interview tasks. While there is some evidence of
multiplicative thinking, and some capacity to generalise, Violet’s apparent dependence on
diagrams to solve the calculations means she would need to think about each problem as a new
situation to be represented in a diagram. Although she tried to consistently apply the same

approach there is not enough evidence to determine the extent of her algebraic thinking.

7.2 Case Study 2: Gloria

Gloria (Year 6) was chosen as a case study as she is an example of the Generalising-Additive
group at Level 3 of the Emerging Algebraic Reasoning Framework shown in Table 6.12. She
depended on diagrams for three tasks, used partially multiplicative strategies for five tasks and
attempted to use additive strategies for Question 7 of the Structured Interview (see Table 7.1).
Gloria was chosen to be interviewed as the language she used to solve the three reverse fraction
tasks from the FST was unclear and, in some cases, did not make sense. It was hoped that her
dominant solution strategy for solving the reverse fraction tasks could be more clearly revealed
during the Structured Interview. Gloria's score for the FST is below the mean score and her ATQ

score substantially below the mean score for the whole cohort (see Table 7.2).

Section 7.2.1 will discuss her responses to the FST, Section 7.2.2 the strategies she used for the
reverse fraction tasks (Tasks C5 - C7), Section 7.2.3 the strategies she used for the Structured

Interview and Section 7.2.4 her responses to the ATQ.

7.2.1 Fraction Screening Test

Gloria scored 17.7 out of a possible 35 marks (51%) for the FST which is less than the mean for
the whole cohort. Gloria’s score for the Part A tasks was 10 out of a possible 12 marks (83%)
which is slightly more than the mean of 9.63 for the whole cohort. She chose shapes that correctly
represented three-quarters, circled one-third of a group of beetles, and wrote that there would be
eight lollies in the whole group when four lollies represented one-half of the group. Gloria
accurately shaded one-third of a rectangle, marked and shaded three-quarters of a length, and
calculated that each person would receive three-quarters of a pizza if three pizzas were shared
between four. She correctly stated the appropriate equivalent fractions and calculated that the
whole was $28 if $4 represented one-seventh. However, she was unable to complete a backwards
counting sequence for two-fifths and added numerators and denominators to solve the addition

task of fractions with related denominators writing: */1o + '/s = */1s. Thus, Gloria was able to

188



successfully complete routine fraction tasks but demonstrated a common misconception (adding

numerators and adding denominators) when adding two fractions.

Gloria had limited success with the number line tasks in Part B. She scored 2 marks out of a
possible 10 marks (20%) where the mean was 6.21 and the standard deviation was 2.67 for the
whole cohort. This means that her score for the number-line tasks was less than the mean score
for the whole cohort. Gloria correctly marked where the number 75 would be on a number line
marked zero to 25 and chose the correct position for the number one on a number line marked
zero and 4. However, she was unable to write the missing numbers for the four equally spaced
marks on the number line marked zero to 100. She demonstrated a common misconception when
she marked three-fifths of the whole number line marked zero to two, instead of marking the
position of the number three-fifths. Gloria incorrectly placed the number one halfway between
zero and one-third on a number line and was unable to respond to any question that asked her to

explain how she decided her answer was correct.

Gloria had limited success with the conceptual fraction tasks from Part C that tested her
understanding of fractions and their equivalent representations with decimals and percentages and
included the three reverse fraction tasks. She scored a total of 5.7 for the Part C tasks out of a
possible 13 marks (44%) which is slightly less than the mean of 6.07 for the whole cohort. Gloria
successfully ordered the four fractions but was only able to match two fractions with their
equivalent decimals. She successfully matched 0.1 and '/i, and 0.5 and Y, but incorrectly
matched 0.4 with '/4, and %/s with 0.25 which are commonly held misconceptions. She circled the
percentages for both tasks asking her to circle the symbol that did not belong to the group of four
and consequently was correct with one choice and incorrect with the other. Gloria's responses

suggest that she does not understand the structure or numeric representation of fractions.

7.2.2 Reverse Fraction Tasks

While Gloria gave the correct numerical solutions to Tasks C5, C6 and C7 her solution strategies
were not explicitly stated nor completely clear. The written response shown in Figure 7.13 gives
one example of this lack of clarity. When Gloria wrote: “I added 5 more circles” the assumption
is that she had decided that five dots or circles represented one-third of the original quantity and
used an additive strategy to mentally add on another five dots or circles to correctly determine the
whole collection of 15. When the second part of the question asked how she decided that her
answer was correct she wrote: “... then see if it split evenly and it did”. Again, her thinking is not
clear, but the assumption is that when she wrote ‘split evenly’ she meant that the total of 15 dots
or circles could be split into three equal groups.
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5.

This collection of 10 counters is % of the number of counters | started with.

@000 ® |5

a. How many counters did | start with?
b. Explain how you decided that your answer is correct.

| adde S voe Gl eng
Fep see  f 5%\\‘( €v® /
and iy Aid

Figure 7-13: Gloria’s solution to Task C5 (FST)

In Gloria’s solution to Task C6, shown in Figure 7.14, it can be assumed that she has found one-
seventh of the whole quantity by finding one-quarter of 12 when she confirms her solution: “I
knew that 3 goes into 12 four times”. She then added on the three-sevenths, given by nine CDs,
to the original four-sevenths (12 CDs) to get 21 CDs. Her strategy would be classified as partially

multiplicative for this task.

6.
Susie's CD collection is ;of her friend Kay's. Susie has 12 CDs.

How many CDs does Kay have? 2
Show all your working.

\ pnw %MV 3 Soas S v Y x\mj
ond Yhn \ odded anger 9 -

Figure 7-14: Gloria’s solution to Task C6 (FST)

Gloria’s written response for Task C7 (FST), shown in Figure 7.15 demonstrates her lack of
clarity about the strategy she used when she states: “... 7 can’t go into six”. She successfully
calculated that one-seventh was represented by two counters which she subtracted from the 14 to

get 12 as shown in her statement: “I just took away one-seventh of the dots”.

) A
This collection of 14 counters is % of the number of counters | started with.

®00O®
CO00OO®
\2-

a. How many counters did | start with?
b. Explain how you decided that your answer is correct.

voh Foak B Wo gy g
ol [l

N4 ol Wil g o
\V\\C C\g%

Figure 7-15: Gloria’s solution to C7 (FST)
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Gloria consistently used a partially multiplicative strategy for each of the three reverse fraction
tasks so her dominant strategy for reverse fraction tasks would be classified as being partially

multiplicative.

7.2.3 Structured Interview

Gloria used partially multiplicative strategies for the interview questions using the fraction two-
thirds but relied on diagrams to solve the questions using the fraction four-sevenths. She gave an
incorrect response for Question 3 which used the improper fraction of seven-sixths but used
partially multiplicative strategies to solve subsequent questions using seven-sixths. During the
Structured Interview Gloria transitioned from being dependent on diagrams to being able to

answer the questions using a partially multiplicative strategy without drawing any diagrams.

In Question 1 where 12 counters represent the fraction two-thirds there is no accompanying
diagram unlike Task C5 on the FST (Figure 7.13). Gloria used a partially multiplicative response
as she stated: “Half of 12 = 6. Plus 6 to 12 = 18”. That is, she halved the number representing
two-thirds (12) to find the number of counters representing one-third (6) and then added both
numbers together to get three-thirds or the whole (18).

In Question 2 where 8 CDs represent four-sevenths of the group Gloria initially drew eight circles
(left hand side of Figure 7-16) and tried to place them in seven groups. She then reread the
question and drew the eight circles in four groups of two and circled each pair (left-hand side of
Figure 7.16). She then added three more pairs of circles as shown on the right-hand side of Figure
7.16). While she did not write that the total was 14, she told the interviewer that the answer was
14 CDs.

2.

Susie has 8 CDs. Her CD collection is ; of her friend Kay’s.

a. How many CDs does Kay have?

b. Explain your thinking. ,

Figure 7-16: Gloria's response to Question 2 (SI)

In Question 3 where 21 counters represent seven-sixths of the group, Gloria was unable to give a
correct response. As shown in Figure 7.17, she changed the improper fraction of seven-sixths to

the mixed number 1'/5, and asked: “Would I take away one-sixth?” She then drew 21 circles in
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three rows of seven. She initially attempted to put them into six groups and remarked that she had
seven groups of 3. She kept trying to divide the 21 into six groups and eventually tried groups of
four. She then decided that there were six groups with 3'/s counters in each as shown in Figure
7.17.

3.

. s
Imagine that | gave you 21 counters which is 3 of the number of counters | started with.

a. How many counters did | start with? 2 & 3”»’:‘ o
1 GOVNIAs

b. Explain your thinking. o /f i gack Qfo"f
U

Figure 7-17: Gloria's response to Question 3 (SI)

Gloria was more confident working with the fraction two-thirds as shown in her response to
Question 4: “Half of 18 is 9 so if | add the nine to 18 I get 27 counters”. When asked what she
would do if she was given ‘any number of counters which was %3 of the number’, Gloria

confidently responded: “You would halve the number and then add it to that number”.

Gloria used a similar partially multiplicative strategy for Question 5 to the one she used for
Question 2 (Figure 7.16). As shown in Figure 7.18, Gloria drew five rows of four circles, then
drew vertical lines highlighting the columns of five to show one-seventh of the whole group. She
then verbally stated that she would need to add on three more groups of five (15) to the original
20 to get 35 CDs. She explained to the interviewer, then wrote, that to calculate the number of
CDs needed in the general case of any number of CDs: “whatever number that you have you have

to put it into 4 groups and then add another 3 of the groups”.

S,

. . 4
a. If Susie had 20 CDs, which was 7 of her friend Kay’s CDs, how would you find the

number of CDs Kay has?

[\ .
1oplo Kag Wos 35 CD%
0 OPO“O 3
000
0100 6
Q00%o
b. If it was any number of CDs that Susie had, and this was still % of the number CDs Kay

had, what would you need to do to find the number of CDs Kay had?

whateve®  ywowber Mal g0 hove 60.) neve Y g b \alo
b 6@(4 N yhon  add cwother 3y W-:,Q\",W(Jj

Figure 7-18: Gloria’s response to Question 5 (SI)
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Unlike her incorrect attempt to solve Question 3, Gloria’s response to Question 6a, which also
focuses on seven-sixths, was successful. As shown in Figure 7.19 she drew 7 circles to represent
the 70 counters and stated that there would be seven groups with 10 counters in each group. To
find the number of counters in the whole group she said that she would need to remove one group
of ten to get the answer 60. For the general case of ‘any number of counters’ representing the
fraction seven-sixths in Question 6b she stated: “Put it into 7 groups. However, many in that group
take it away from the original number”. While this demonstrates her use of the partially
multiplicative strategy as she calculates one-sixth and subtracts that number of counters away
from seven-sixths to find six-sixths she still appeared to rely on a diagram to assist in using this

method.

6.
i 7
a. If 1 gave you 70 counters, which was 3 of the number of counters | started with, how

would you find the number of counters | started with?
fur ¥ o F &wuq’a QMI Fom ae @ach G(BUQ, taye ¥
XoJolvivelv,
ey bom 7o, ¥ qave we 60

" ; 7
b. If it was any number of counters, which was 3 of the number of counters | started with,

what would you need to do to find the number of counters | started with?

Qu\- Wy '\‘(\\'0 7 8(‘00&3 o ever W\Y\;S 0 3(“—,\\ 6{0"?
el

\'O\h( R W c\:& biovn e 0(\3“‘0\

Figure 7-19: Gloria’s response to Question 6 (SI)

Gloria’s response for Question 7, shown in Figure 7.20, involving ‘any fraction’ with ‘any number
of counters representing that fraction’ showed that she used the same partially multiplicative
strategy she had used for the previous tasks. “Whatever the numerator is put it into however many

groups you (need) then either add or subtract that number”.

7.

Think about the tasks you have just done.

What if | gave you any number of counters, and they represented any fraction of the
number of counters | started with, how would you work out the number of counters |
started with?

a. Can you tell me what you would do?

b. Please write your explanation in your own words.

Sotvot Whabtver e nonagatoe 1S QU‘V Wl howew
many AU 4os hen gt 0dd gc subtrack Fhat
oyl

Figure 7-20: Gloria’s response to Question 7 (SI)
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Gloria initially used diagram dependent strategies indicating a clearly established pattern of
representing a whole as a composite of its fractional parts. The underlying conception is that of
part-part-whole. Diagrams, often with circling, are used to identify, usually successfully, the
component relationships; recognising that it is necessary to deduce the value of the unit fraction,
in order to scale up (or down) the number of fractional parts to make a whole. This is most clearly
illustrated in her response to Question 5 (Figure 7.18) where she created four groups (each
representing one-seventh) and then added three more groups to give a correct answer of 35 CDs.
These extra groups are not specifically shown but indicated by the vertical lines on the diagram.
Apart from the first multiplicative step to create one-seventh, all other operations are performed
additively. When presented with a known fraction representing ‘any number’ this student
explained how the separate parts or components can be combined to make a whole. But in
Question 7 when presented with ‘any fraction’, Gloria’s clearly expressed part-part-whole
conceptions cannot be generalised: “Whatever the numerator is, put it into however many groups.

You then either add or subtract that number”.

Gloria's strategies changed depending on the fraction used in the task. She used partially
multiplicative strategies for the fraction two-thirds, diagrams for the fraction four-sevenths and
successfully used a partially multiplicative strategy for the final seven-sixths task before
suggesting the same strategy for the final task with 'any fraction' and 'any number'. The overall
analysis of her responses to the Structured Interview questions suggest she is at the Generalising-

Additive level of the Emerging Algebraic Reasoning Framework as described in Table 6.12.

Gloria’s reliance on a part-part-whole strategy gave her a clear advantage over Violet who needed
diagrams to complete the calculations in the Structured Interview questions and was deemed to

be at the Computational Fluency-Partial level of the Emerging Algebraic Reasoning Framework.

7.2.4 Algebraic Thinking Questionnaire

In the Algebraic Thinking Questionnaire, Gloria struggled with multiplicative relationships. She
scored 0.5 marks (4%) for Part M, which is well below the mean score (4.20) for the whole cohort.
and zero marks for Part D. Overall Gloria scored 0.5 marks out of a possible 28 marks (2%) for

the Algebraic Thinking Questionnaire which is below the mean score for the whole cohort.

Gloria attempted the first two tasks in Question 1 of Part M. Her response to Question 1a is shown
in Figure 7.21. Her initial computational error occurred when she multiplied 25 by six and

incorrectly wrote 180 instead of the correct response (150) as shown in the first line of the
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multiplication in the right-hand column. Her second error is shown in the left-hand column where

she equated 9 x 95 to 930. There is no working out to show how she decided on her answer.

\325
3 x 25 = 9 x K3
40 50
71O
a3

Figure 7-21: Gloria’s response to Task M1a (ATQ)

Despite correctly completing the multiplication of 48 x 2.5 in Question 1b Gloria was unable to
divide 120 by 10 writing instead the incorrect response, 20, as shown in the left-hand side of

Figure 7.22. As there is no other written detail it is difficult to know how she decided on this

responsc.
b
4%
2.9
48 x 25= || x 10 %

=T
V20,0 1§+ O
0

Figure 7-22: Gloria’s incorrect response for Question 1b, Part M (ATQ)

Gloria did not attempt Question 1c but her solution to Question 1d demonstrates her additive
thinking when she incorrectly wrote */sin the empty box in Figure 7.23. This response would have
been correct if the two fractions were being added but is incorrect as the two fractions are

supposed to be multiplied. This was a common incorrect response for this question.

Figure 7-23: Gloria’s incorrect additive response for Task M1d (ATQ)

Gloria successfully completed Question 2a (Part M). She gave two correct responses for the

missing boxes as shown in Figure 7.24. This contrasts with her inability to correctly complete any
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equation with missing numbers in Question 1, Part M (Figures 7.21, 7.22 and 7.23). However, the

numbers were much larger in Question 1 and the calculations involved more steps.

5 x |0 = 10 x |5 5x 0] = 10 x [ID
Box A Box B Box A Box B

Figure 7-24: Gloria’s response to Task M2a (ATQ)

When asked to express the relationship between the numbers in Box A and Box B in Question 2b
(Figure 7.25), Gloria stated that the number must be halved. However, she did not indicate

whether it is the number in Box A, or the number in Box B, that needed to be halved.

b) When you make a correct sentence, what is the relationship between the numbers
in Box A and Box B?

Ao odee g be ‘M\\u

¢) If you put any number in Box A, can you still make a correct sentence? Please
explain your thinking clearly.

Yo vl

Figure 7-25: Gloria’s response to Tasks M2b and M2c¢ (ATQ)

Gloria gave incorrect calculations for Questions la and 1b (Part D). In the left-hand column of
Figure 7.26 she has had more than one attempt at the solution before dividing four by three. She

used the same incorrect method for Question 1b shown in the right-hand column.
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Figure 7-26: Gloria’s response to Tasks D1a and D1b (ATQ)

Gloria wrote an incorrect solution to Question 1d (Part D) as shown in Figure 7.27 and there are

no written calculations to indicate her thinking or how she decided on her response.

Figure 7-27: Gloria’s response to Task D1d (ATQ)
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For Question 2a (Part D) Gloria only attempted one task and her response was incorrect. Like
many other students in this study, Gloria appears to be applying the rule of commutativity
inappropriately for division. As shown in the left-hand column of Figure 7.28 she stated that 3 +
15=15+ 3 and suggested that the “relationship is they have a factor of five” (right-hand column).
As for the related multiplication task, she did not specifically state the relationship.

3 o+ [5] = 15 s Bl | 4y coendvecis, Moy diovean fadon o S

Box A Box B

Figure 7-28: Gloria’s response to Tasks D2a and D2b (ATQ)

As for the similar multiplication task, Gloria was unsure whether any number could be placed in

Box A and still make a correct number sentence.

Gloria’s partially multiplicative approaches to the reverse fraction tasks from the FST, and her
Generalising-Additive classification for the Structured Interview, need to be viewed against her
very limited multiplicative thinking for the Algebraic Thinking Questionnaire tasks. Gloria has
many misconceptions both with fractions and division. Some algebraic thinking may be evident,
but it appears highly unlikely that Gloria would be able to use algebraic thinking or reasoning in

a range of different contexts until she overcomes her misconceptions.

7.3  Case Study: Kate

Kate (Year 5) was chosen for a case study as she is an example of the Algebraic Generalisation-
Verbal group at Level 5 of the Emerging Algebraic Reasoning Framework shown in Table 6.12.
Kate was the only student deemed to be at Level 5 despite using partially multiplicative strategies
for all tasks in the Structured Interview except the final task. For the final task she realised that
her partially multiplicative strategy would not work so she used a verbal multiplicative method
similar to the method she had used previously for the reverse fraction tasks from the FST (see
Figure 7.31). She was chosen to be interviewed as she had used a variety of strategies, including
additive, multiplicative and ‘guess and check’ and successfully solved all three reverse fraction
tasks (Figure 7.29). Kate's score for the FST is above the mean score and her ATQ score below

the mean score for the whole cohort (see Table 7.2).

Section 7.3.1 will discuss her responses to the FST, Section 7.3.2 the strategies she used for the
reverse fraction tasks (Tasks C5 - C7), Section 7.3.3 the strategies she used for the Structured

Interview and Section 7.3.4 her responses to the ATQ.
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7.3.1 Fraction Screening Test

In this section Kate’s solutions to the tasks from the three parts of the FST will be discussed.
Overall, she scored 26.5 out of a possible 35 marks (76%) for the FST where the mean was 21.91
for the whole cohort.

Kate’s score for Part A tasks was 10.5 out of a possible 12 marks (88%) which is above the mean
for the whole cohort. She chose the two correct shapes representing three-quarters, circled one-
third of the group of beetles, and correctly stated there would be eight lollies in the whole group
if four lollies represented one-half of the group. Kate accurately marked and shaded three-quarters
of a length and shaded one-third of a rectangle. She correctly stated the appropriate equivalent
fractions and calculated the whole if $4 was one-seventh but did not include the dollar sign in her
response. Kate calculated that each person would receive three-quarters of a pizza if three pizzas
were shared between four people and successfully completed the backwards counting sequence
for the fraction two-fifths. Like Gloria she had the common misconception when adding fractions

and added the numerators and denominators separately: */10 + /s = */15

Kate was very successful with the number-line tasks in Part B. Kate scored 9 marks out of a
possible 10 marks (90%) which is more than the mean for all students. She successfully wrote the
four missing numbers on the equally spaced marks on the number line marked zero to 100 stating:
“Because there are 5 marks from zero and the last is 100, so all I had to do was find 4 numbers
that fit evenly: 20, 40, 60 and 80 all fit”. Kate correctly marked where the number 75 would be
on a number line marked zero and 25 using the length from 0 to 25 to mark the position for 50
and then the correct position for 75, hence demonstrating that she could iterate the length from 0
to 25 two more times. However, her explanation did not match her written estimation for the
number 75. Her explanation suggested that she assumed the whole line was 100: “Because it is
(about) % of the way along the line. 75 is % of the number 100”. Kate accurately marked the
number three-fifths on the number line marked zero to two. She iterated two more times using the
distance from zero to one-third to mark the position of the number two-thirds and then again to
position the number one. Kate chose the correct option for the placement of one on a number line
marked zero and % and stated that the two other options: “were too close to the ¥ mark to be

correct”.

For Part C Kate successfully matched all four fractions with their equivalent decimals. She
correctly identified that 0.4 was not equivalent to the various representations of one-quarter but
incorrectly chose 193 not recognising that %s and 1% are equivalent. Kate appears to have

ordered the four fractions using the ‘gap’ method where she has calculated the difference between
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each fraction’s numerator and denominator: /19 /4 /s '/». If she has used the gap method, she
would consider one-tenth as the smallest fraction as it has the ‘largest gap’ and one-half as the
largest fraction as it has the ‘smallest gap’. From the FST tasks discussed previously there is clear

evidence that Kate is able to use multiplicative thinking, but she does not do so consistently.

7.3.2 Reverse Fraction Tasks

Kate used three different methods to correctly solve the three reverse fraction tasks. For Task C5
Kate used a partially multiplicative method to justify her answer of 15: “Because half of the
number there is 5, so I added five to that number and got my answer” (left-hand side of Figure
7.29). For Task C6 Kate used a fully multiplicative method where she divided the number of CDs
(12) by the numerator (4) to find one-seventh of the whole (3) and then multiplied by seven to get

the whole i.e. seven-sevenths (21) as shown in the right-hand side of Figure 7.29.

5.
6.
This collection of 10 counters is % of the number of counters | started with. 4
Susie's CD collection is — of her friend Kay's. Susie has 12 CDs
3 XXX ?
(XX X X ] How many CDs does Kay have? _ 2} _
a. How many counters did | start with? |5 Show all your working.
b. Explain how you decided that your answer is correct :
Q ] . ' '
becauise half of the auwmler thae 3 n-4z3 3 U
e R » { 7
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Figure 7-29: Kate’s responses to the Tasks C5 and C6 (FST)

Despite getting the correct answer for Task C7 Kate’s explanation demonstrates her ‘trial and
error’ method: “Because 14 divided by 6 doesn’t work, neither does 13 + 6. But 12 + 6 does work

so I got the answer of 12 as the original number of counters” (Figure 7.30).

7.
This collection of 14 counters is % of the number of counters | started with.

S9®®@
000 @
(X X X )

a. How many counters did | start with? |2
b. Explain how you decided that your answer is correct.
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Figure 7-30: Kate’s responses to Task C7 (FST)
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7.3.3 Structured Interview

Kate used a partially multiplicative strategy for Questions 1 — 6b of the Structured Interview
questions. For the tasks with a focus on the fraction two-thirds, Kate halved the number of
counters representing two-thirds and then added that number of counters onto the original number
of counters to find the whole collection. For example, in Question 1 she stated: “Because half of
12 is six, so I added 6 to twelve”. Similarly, in Question 4b, where she was asked about ‘any
number of counters’ she responded: “Divide the counters by 2, then add the answer on the original

number of counters”.

For the tasks with a focus on the fraction four-sevenths, Kate calculated the number of objects
needed to represent one-seventh, multiplied by three to calculate the three-sevenths, then added
that number to the number representing four-sevenths, to calculate the number of objects needed
to represent seven-sevenths or the whole. This partially multiplicative approach contrasts with the

fully multiplicative approach shown in the right-hand column of Figure 7.29.

Kate also used the partially multiplicative method to solve the Structured Interview tasks with a
focus on seven-sixths. She initially found the number of objects that represented one-sixth then
subtracted that number of objects from the number representing seven-sixths to find the whole or
six-sixths. In Question 6a shown in the top row of Figure 7.31, Kate calculated that ten counters
represented one-sixth by dividing 70 by seven and then subtracted that number from 70 to get 60
which is six-sixths or one-whole. Kate’s response to Question 6b, in the bottom row of Figure
7.31 demonstrates her partially multiplicative strategy where she describes her method of finding
one-sixth as “see what goes into that number 7 times” and then subtract one-sixth from the seven-

sixths to get six-sixths or one whole.
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Figure 7-31: Kate’s responses to Questions 6a and 6b (SI)

However, Kate adjusted the partially multiplicative strategy that she used for all six of the

previous questions to a fully multiplicative strategy for Question 7 (Figure 7.32). She states that:
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“This is the old method” which is the fully multiplicative method she had used previously for

Task C6 (FST).
Diodee e counters 1 he  numeralor , then uce the
answel” = ML b [?i;?/r:’ et B the deraxmatar
- . i, ) |
'has i THE @i €1 roc

Figure 7-32: Kate’s response to Question 7 (SI)

This apparent change of thinking demonstrates that Kate can transition to a fully multiplicative
strategy when it is clear to her that a partially multiplicative approach is not applicable and will
not work. As she was able to respond to the question with ‘any fraction’ and ‘any quantity’ Kate
is classified as being Algebraic Generalisation — Verbal. This demonstrates that students can be

encouraged to use algebraic reasoning if the task demands it.

7.3.4 Algebraic Thinking Questionnaire

In the Algebraic Thinking Questionnaire, Kate struggled to solve multiplicative tasks as she only
attempted two of the Part M tasks and three of the Part D tasks. She was unsuccessful with the
multiplication tasks but more successful with the division tasks on the ATQ. She scored 0 marks
for Part M, 5 marks for Part D with a total score of 5 for the ATQ. This score placed her below

the mean for the whole cohort.

Kate unsuccessfully attempted two multiplication tasks in Part M (ATQ). In Question la she
calculated the relationship between 36 and nine as being four but did not complete the task. In
Question 1b (Figure 7.33) Kate correctly identified that ten was four times 2.5 but instead of
dividing 48 by four she multiplied by four.

= (a2
48 x 25 l‘\><1ong

\ o V1

ﬂ‘Q/ % (\%)\ mu\(\w ﬂ\bﬂhp}:d__;‘*i_
’ Cxliz L)
by & (LE 15x4=10 )
Figure 7-33: Kate’s response to Question M1b (ATQ)

Kate successfully solved the first three division tasks in Question 1 Part D. All three responses
demonstrate her ability to reason multiplicatively and relationally for division tasks. For example,
her correct answer for Question 1a shows that she has recognised the relationship between 3 and

15: “It’s 5 times the number that comes first (i.e. 3 X 5 = 15)”. In this case she has used the word
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“first’ to indicate the number three in the same relative position on the left-hand side of the
expression to the 15 on the right-hand side of the expression. She used this relationship
successfully to determine that the missing number was five times four (20), the four being on the

left-hand side of the expression (see Figure 7.34)

3+4=-15+

ks & hog ’f\he, M Phot tomes, P{{SW,E dx5= ’5?

Figure 7-34: Kate’s response to Task D1a (ATQ)
Kate’s response to Question 1b, shown in Figure 7.35, also demonstrates her understanding of the
relationship between 15 and 30 where the second number on the left-hand side of the equation
(15) is half the second number on the right-hand side of the equation (30). As evidence for the

relationship of one-half between the two numbers she used the subtraction fact: 30 — 15 = 15.
+ 16 = 16 =+ 30 "
NI ) st
fall e letgnd owmbel ® the s
([E wig 3b-15:16)

Figure 7-35: Kate’s response to Task D1b (ATQ)

Kate was one of the few students to correctly respond to Question lc. She determined the
relationship between 18 and 6 as shown in her statement: “Multiply the second number by 3 to
get the first number (i.e. 6 X 3 = 18)” and successfully used this relationship to multiply two-

thirds by three to get the correct response of two (Figure 7.36).

18 + = 6 = g

Wb e Sespnd auwaber

3 ‘Cﬁﬁgﬁ% the W VW“%W
(LE 6x8=(2)

Figure 7-36: Kate’s response to Task D1c (ATQ)

Kate did not attempt any of the Box A and Box B questions for either Part M or Part D. While it
is possible to be more confident about Kate’s multiplicative thinking, there is limited evidence of

her capacity for algebraic thinking in the Algebraic Thinking Questionnaire.
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7.4  Case Study 4: Daniel

Daniel (Year 8) was chosen for a case study as he is an example of the Computational Fluency -
Complete group at Level 2 of the Emerging Algebraic Reasoning Framework shown in Table
6.12. Daniel used partially multiplicative strategies for the first three tasks, the fully multiplicative
strategies for the fraction two-thirds with both a change of number and 'any number' of objects
but was unable to complete similar tasks for seven-sixths nor the final task with 'any fraction' and
'any number', as he had successfully solved all three reverse fraction tasks using a variety of
solution strategies, including additive, partially multiplicative and multiplicative methods
respectively as shown in Figures 7.38 and 7.39. Daniel's scores for the FST and the ATQ are less

than the mean scores for the whole cohort (see Table 7.2).

Section 7.4.1 will discuss his responses to the FST, Section 7.4.2 the strategies he used for the
reverse fraction tasks (Tasks C5 - C7), Section 7.4.3 the strategies he used for the Structured

Interview and Section 7.4.4 his responses to the ATQ.

7.4.1 Fraction Screening Test
In this section Daniel’s solutions to the tasks from the three parts of the FST will be discussed.
Overall, he scored 18 out of a possible 35 marks (51%) for the FST which is slightly less than the

mean for the whole cohort.

Daniel’s score for Part A tasks was 9 out of a possible 12 marks (75%) where the mean was 9.63
and the standard deviation was 2.22. He chose the two correct shapes representing three-quarters
and indicated that there would be eight lollies in the whole group when four lollies represented
one-half of the group. He correctly marked, and shaded, three-quarters of a length and calculated
that each person would receive three-quarters of a pizza if three pizzas were shared between four
people and successfully completed the counting sequence. However, while Daniel accurately
shaded one-third of a rectangle he circled three beetles rather than one-third of the group of six
beetles. He correctly stated that one equivalent fraction for /19 is */s but incorrectly stated that an
equivalent fraction for /s is **/»7. Like Gloria and Kate, Daniel also incorrectly added the
numerators and denominators separately when adding three-tenths and one-fifth (left-hand
column of Figure 7.37). Daniel correctly calculated that the whole was $28 if $4 was one-seventh
but counted by fours to determine the answer was 28 as shown in the right-hand column of Figure
7.37. Daniel was reasonably successful with the routine type fraction tasks but displayed the

identical misconception as Gloria and Kate when adding two fractions.
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Complete K3
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To buy a new workbook | spent $4. This
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—

save up?

Figure 7-37: Daniel’s responses to Tasks A11 and A12 (FST)

Daniel had limited success with the number-line tasks. He scored 5 marks out of a possible 10
marks (50%) for the Part B tasks where the mean was 6.21 and the standard deviation was 2.67.
He successfully wrote the missing numbers on the equally spaced marks on the number line
marked zero to 100 stating: “Because they fit in those spaces”. Daniel incorrectly marked where
the number 75 would be on a number line marked zero and 25. His explanation suggested that he
assumed the whole line was 100: “because it is the same distance from 100 as 25 is from 0.

Daniel did not attempt any of the other number line tasks.

Daniel did not attempt the Part C tasks that included ordering a set of four fractions from largest
to smallest, drawing a line to connect fractions and their equivalent decimals and circling the ‘one
that does not belong’ from the set of fractions, decimals and percentages but attempted the three

reverse fraction tasks: Tasks C5, C6, and C7.

7.4.2 Reverse Fraction Tasks

Daniel’s solution methods for the three reverse fraction tasks appeared to be mainly additive
(Figures 7.38 & 7.39). The language he has used for Task CS5 is unusual when he states there are
“10 more, 2 of the 3” (left-hand side of Figure 7.38). It is possible he was adding 10 more counters,
which represents two-thirds, onto the five counters, that represent one-third of the original number

of counters to calculate his correct total of 15 counters.

5

This collection of 10 counters is Z of the number of counters | started with. 6. »
3

Susie's CD collection is gof her friend Kay's. Susie has 12 CDs

- ™
@80 A e
@ @ @ @ How many CDs does Kay have , g
ki ] Show all your working. '

a. How many counters did | start with? ’ 1] S

b. Explain how you decided that your answer is correct. V‘CQ“ A -

- ) e ‘S
b & cn st _evvq_/‘r aft (v K\ /L % vz
1 oF £ 5

Figure 7-38: Daniel’s responses to Task C5 and Task C6 (FST)
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In response to Task C6 (right-hand side of Figure 7.38) Daniel divided the given number of
counters (12) by the numerator (4) to determine that three counters represented one-seventh of
the original group. He then counted by threes starting at 12 and correctly wrote the answer of 21.
While there is evidence here of some initial multiplicative thinking to determine one-seventh there
is a concern that he needs to use the additive strategy of counting by threes to determine 7 % 3 in

Task C6 (right-hand side of Figure 7.38).

For Task C7 Daniel determined that one-seventh of 14 was two and gave the correct response of

12 but there is no explanation of how he worked out the correct solution (Figure 7.39).

7.

This collection of 14 counters is {l of the number of counters | started with
3

DO ®®
®®
®® B8

a. How many counters did | start with? { )

b. Explain how you decided that your answer is correct

bt 1y GIVes (g 5 Eelench ] of 5

Figure 7-39: Daniel’s responses to Task C7 (FST)

There is some evidence of multiplicative thinking, but Daniel also relies on additive methods to

establish answers to the fraction tasks as shown in the middle column of Figure 7.38.

7.4.3 Structured Interview
Daniel used a variety of strategies for the first five questions of the Structured Interview moving
from partially multiplicative for the first three questions to fully multiplicative strategies, but the

interview was discontinued by the interviewer after Question 5 because he was becoming stressed.

Daniel correctly answered Question 1 using a partially multiplicative strategy similar to the
method he used for Task CS5. That is, he halved the number of counters representing two-thirds to
calculate the number of counters that would represent one-third. He then added the number of
counters representing one-third (6) to the number of counters representing two-thirds (12) to get
three-thirds or one whole (18). In his written response shown in the top row of Figure 7.40 he
describes his method of finding one-third of the group but did not clearly explain his method of

calculating three thirds instead using the term “hence 18”.

The bottom row of Figure 7.40 shows the steps Daniel took to solve Question 2. He divided the

number of CDs that represented four-sevenths (8) by four to calculate one-seventh of the number
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of CDs. He then subtracted four (sevenths) from seven (sevenths) to calculate that he needed
three-sevenths to make the required seven-sevenths or the whole. He then multiplied two by three,
where the two represents the number of CDs that represent one-seventh of the original number
and the three is three-sevenths, to calculate that six counters represent the fraction three-sevenths.
Finally, he added the number of CDs representing three-sevenths and four-sevenths together to

decide that Kay had 14 CDs.

1.

A 2
Imagine that | gave you 12 counters which is 5 of the number of counters | started with.

a. How many counters did | start with? ‘8

b. Explain your thinking.

becanse half oF (£ (\5 - JV"S
neunsy oA+ lé IS 6~ heace (8

2,

Susie has 8 CDs. Her CD collection is ; of her friend Kay's.

3. How many CDs does Kay have? léﬁ

b. Explain your thinking. gi =72 7,’.. [f_/ '\73 3 7(1 Z6
Bo1g -l

Figure 7-40: Daniel’s response to Questions 1 and 2 (SI)

As shown in Figure 7.41 Daniel used a partially multiplicative method to calculate the number of
counters in the whole group. He divided the 21 counters by seven to calculate one-sixth of the
collection (3) and then subtracted the number representing one-sixth (3) from the original number

to determine six-sixths.

3.

, T
Imagine that | gave you 21 counters which is - of the number of counters | started with)|

a. HowmanycountersdidIstanwith?(g % Z {’ 7 = 3
b. Explain your thinking.
B = [ g

Figure 7-41: Daniel’s response to Question 3 (SI)

Daniel used a fully multiplicative strategy to solve Question 4a as shown in the left-hand column
of Figure 7.42. He divided the number of counters representing two-thirds (18) by two to find
one-third (9) and then multiplied the number representing one-third (9) by three to correctly
calculate three-thirds (27). Daniel used an advanced multiplicative strategy shown in the

recording of the response to Question 4b (right-hand column of Figure 7.42). He defined x as the
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‘mystery number’ and a as the answer. His interviewer wrote that when solving this task Daniel

was “very reluctant to put anything into words, withdrew slightly in body language”.

4.
5 b. If I gave you any number of counters, which is also %of the number | started with, what
a. If I gave you 18 counters, which is = of th i
gave y unters, which is F of the number of counters | started with, how would you need to do to find the number of counters | started with?
would you find the number of counters | started with? (x = Z) X3 -2 0\
8§~ 2= 4
0”(2 - 2,7 L:Msko@ Nnwtoe/

AL AN

Figure 7-42: Daniel’s response to Question 4 (SI)

Daniel’s response to Structured Interview Question 5a was identical to his response to Question
2 where he found the number of counters that represented the one-seventh, calculated the number
of counters needed for three-sevenths, and added this to the number given for four-sevenths to

calculate seven-sevenths (left-hand side of Figure 7.43).

Daniel thought for a long time about Question 5b and said he could not say the answer in words
but wrote the response algebraically in terms of a and y which he defined as shown in the right-
hand column of Figure 7.43. When asked about the numbers four and seven he was happy to

explain and define them as the numerator and denominator respectively.

B 4
5. b. If it was any number of CDs that Susie had, and this was still 7 of the number CDs Kay

. 4 ?
a. If Susie had 20 CDs, which was = of her friend Kay’s CDs, how would you find the harl what would yau need to do to find the nuenier of CDs Kay had?

number of CDs Kay has? . o s e Numers bop

Qo Y S 7-k-3 3¢5z (§ <V_,q)><7, - 705 fue denom, 0
_ 3= UnKnown ~amoe -

ZOJ‘(Q/SS A angver”

Figure 7-43: Daniel's response to Questions 5a and 5b (SI)
The interviewer stopped the interview at this point: “In anticipation of his reluctance to use words

increasing with the progression of difficulty of questions, I decided to avoid any confrontation

and stop the interview”.

7.4.4 Algebraic Thinking Questionnaire
In the ATQ, Daniel attempted most questions with varying degrees of success. He scored 6 marks
out of a possible 14 marks (43%) for Part M but zero marks for Part D. This means that Daniel

scored a total of 6 out of a possible 28 marks (21%) for the Algebraic Thinking Questionnaire.

Daniel successfully solved Task M1a by doubling 25 and halving 36 as shown in the left-hand
column of Figure 7.44. To complete the calculation, he multiplied 18 by 50 by splitting 18 into
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10 + 8 and multiplying each part separately before adding the results i.e. 10 x 5 =500 and 8 x 50
=400 and 500 + 400 = 900. He then divided 900 by nine, which enabled him to correctly write
100 in the empty box. Daniel’s answer to Task M1b is correct but it is difficult to interpret how

he got this correct response from his written calculations (right-hand column of Figure 7.44).

36 x 25:9"@ 48 x 25:@"10
1§ x5o g 21,*)(7_3,:60
LSoo ,/\'i)’f:“o° 2 x1= 2l t+6=30

Figure 7-44: Daniel's response to Tasks M1a and M1b (ATQ)

As shown in the left-hand column of Figure 7.45, Daniel calculated two-thirds of 18 for Task
Mlc, rather than finding the number of objects in the whole group when 18 represents two-thirds.
To calculate two-thirds of 18 he wrote down the counting sequence for three starting at three and
stopping at 18. Underneath the counting sequence by three he wrote down the number two six
times (see bottom of left-hand column of Figure 7.45) and then counted by twos to get the answer

12. It is unclear why he has written the decimal 0.75.

Daniel was one of the few students to successfully complete Task M1d, but his response is brief
as shown in the right-hand column of Figure 7.45 and thus it is not clear how he correctly decided

the answer was °/». Again, it is interesting to note that he has added two zeros to the five.

2

a % L] = 18

0.7 t 2 _
;3 ¢ a4 nist - = 1
1121t o> o]

Figure 7-45: Daniel's response to Tasks M1c and M1d (ATQ)

In Question 2a Daniel was only able to write one set of numbers as shown in Figure 7.46 (left-
hand side) and stated that one number was one-half of the other without specifying whether it was

Box A that was one-half of Box B or vice versa (right-hand side of Figure 7.46).
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5 x l!i < 10 x |§| b) When you make a correct sentence, what is the relationship between the
numbers in Box A and Box B?

Box A Box B one S Lelf of fue ot or

Figure 7-46: Daniel's responses to Tasks M2a and M2b (ATQ)

Daniel obviously thought that only whole numbers could be placed in the empty boxes as shown
in the example he used in his response to Task M2c¢ in Figure 7.47. In the example in Figure 7.47

he appears to have swapped the numbers he used in Figure 7.46.

¢) If you put any number in Box A, can you still make a correct sentence? Please
explain your thinking clearly.

3 SKS:')_S "y oo COnA 90[7{/0:2_5
S0 o

Figure 7-47: Daniel’s response to Task M2c (ATQ)

In Task M2d Daniel gave only one specific example for the missing numbers, ¢ and d, where he
suggested that ¢ could be seven and d could be one (top row of Figure 7.48). However, he was

unable to give an appropriate response to Question 2¢ as he did not believe that "the letters a and

b are related" (bottom row of Figure 7.48).

d) What can you say about ¢ and d in this mathematical sentence?
c X 2 = d x 14

1T eowd ke @2 I

e) What can you say about a and b in this mathematical sentence?
3

a X -— = b x 1_1_

4 2

don't peibve freyr &
r..,e(d{(d

Figure 7-48: Daniel's responses to Tasks M2d and M2e (ATQ)

Despite attempting all four tasks in Question 1 of Part D, Daniel was not successful with any of
them. No working was provided so it was difficult to know what his thinking entailed and how

his answers were calculated. Figure 7.49 shows his incorrect responses for Task Dla and Task
D1b.
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-
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|

30

Figure 7-49: Daniel's response to Tasks D1a and D1b (ATQ)

Figure 7.50 shows Daniel’s incorrect responses to Tasks D1c and D1d. As there is no working

out it is difficult to determine how he decided on his responses.

wW|nN

18+ [b] = 6 =+

Figure 7-50: Daniel's responses to Tasks D1c and D1d (ATQ)

In Figure 7.49, Daniel’s response shows his misunderstanding about commutativity and division.
As for his response for Task M2b he recognised that there is a relationship between the numbers
needed for Box A and Box B but has not been specific: “Multiply one by five and you get the
other”. He did not consider that the general case where numbers could be placed in the two boxes

but focused on the need to maintain the relationship.

(b) When you make a correct sentence, what is the relationship between the
numbers in Box A and Box B?

-
z Hhe
3 =+ @ = 15 + |3 £ owe g g a,q,,u‘u,ﬂ

Box A Box B

Figure 7-51: Daniel's response to Tasks D2a and D2b (ATQ)

Daniel was unable to state the relationship, or give any specific values, for the letters in Tasks

D2d and D2e as he did not think that either pair of numbers were related.

Although Daniel did not complete the interview and despite his increasing reluctance to articulate
his reasoning he was obviously in transition from the Computational Fluency-Complete level to
the generalising level the Emerging Algebraic Reasoning Framework as indicated by his reponses

to Questions 4 and 5.

7.5 Case Study 5: Andrew

Andrew (Year 8) was chosen for a case study as he is an example of the Generalising-

Multiplicative group at Level 4 of the Emerging Algebraic Reasoning Framework shown in Table
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6.12. After using a partially multiplicative strategy for the first task of the Structured Interview
he successfully used a fully multiplicative strategy for the remaining interview tasks. He was
unable to answer the final question with 'any fraction' and 'any number' of objects. He was chosen
to be interviewed as he had successfully used a partially multiplicative strategy for Task C5 and
fully multiplicative strategies for Tasks C6 and C7. Andrew's scores for the FST and ATQ are

more than the mean score for the cohort (see Table 7.2).

Section 7.5.1 will discuss his responses to the FST, Section 7.5.2 the strategies he used for the
reverse fraction tasks (Tasks C5 - C7), Section 7.5.3 the strategies he used for the Structured

Interview and Section 7.5.4 his responses to the ATQ.

7.5.1 Fraction Screening Test
In this section Andrew’s solutions to the tasks from the three parts of the FST will be discussed.
Overall, he scored 27 out of a possible 35 marks for the FST where the mean was 21.91 and the

standard deviation was 7.11 for the whole cohort.

Andrew’s score for Part A tasks was 9 out of a possible 12 marks (75%) where the mean was 9.63
and the standard deviation was 2.22. He chose the two correct shapes representing three-quarters,
circled one-third of a group of beetles, and indicated the number in the whole group when four
lollies represented one-half of the group. Andrew accurately shaded one-third of a rectangle and
three-quarters of a length. He correctly stated the equivalent fractions, calculated the whole if $4
was one-seventh and gave the next number to complete the counting backwards sequence. He
incorrectly stated that each person would receive two-thirds of a pizza if three pizzas were shared
between four people. Andrew, like Gloria, Kate and Daniel, incorrectly added the numerators and

denominators separately when adding three-tenths and one-fifth.

Andrew scored 9 marks out of a possible 10 marks (90%) for the Part B tasks where the mean
was 6.21 and the Standard Deviation was 2.67. He successfully wrote the missing numbers on the
number line marked zero to 100 and placed the numbers 75 and 5 on a number line marked zero
and 25 and justified his response: "I measured with my fingers to make every space the same
amount." As shown in Figure 7.52 Andrew struggled to accurately mark three-fifths of the number
line marked zero to two having many attempts before marking three-fifths of the entire line rather

than the number three-fifths.
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3.
Here is a number line 2 units long.

Put & cross (x) where you think the number ; would be on the number line below.
— 1 e 1 % % } fl
g { 3 R . ) ‘ %

Figure 7-52: Andrew's response to Task B3 (FST)

Andrew accurately marked where the number one would be given the distance from zero to one-
third but there are no interim marks. He also chose the correct option for the placement of one on
a number line marked zero and % as he marked in the % and 4. In his explanation about how he

decided the other two choices were incorrect he said: “because they are too close to the 3/4 mark".

Andrew scored 9 marks out of a possible 13 for the Part C tasks which is more than the mean for
the whole cohort. Andrew incorrectly ordered the four fractions by the gap between the numerator
and the denominator as shown in Figure 7.53. As 'gap thinkers' usually believe that the smaller

the gap the larger the fraction he also appears to have ordered from smallest to largest.

1.

Place these fractions in order from largest to smallest.

1
-

—

vk >
©4 42

Figure 7-53: Andrew's 'gap thinking' response to Task C1 (FST)

Andrew correctly matched all four fractions with their equivalent decimals and correctly circled
the representations that did not belong to the set of alternatives offered for one-quarter but chose

the incorrect response for the equivalent representations for 1.2 (Figure 7.54).

4
& .
Circle the one that does not belong: Circle the one that does not belong:

| 6 6
25% : 2 12 (=) 12% 12
0% A \5 T30

Figure 7-54: Andrew's responses for Tasks C3 and C4 (FST)

7.5.2 Reverse Fraction Tasks
Andrew’s strategies for the three reverse fraction tasks moved from partially multiplicative for
Task CS5 to fully multiplicative for Tasks C6 and C7. His partially multiplicative response, both

in words and symbols, for Task C5 is shown in Figure 7.54.
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5

This collection of 10 counters is % of the number of counters | started with.

(21 XX)
o®0O®Q® \1'5

a. How many counters did | start with?
b. Explain how you decided that your answer is correct.

Mot o Vo Widke Wy youh Ladf
(‘)7 ‘J/ﬂa/’ C‘OCQ{ ?%\QLF ok Fit
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Figure 7-55: Andrew's partially multiplicative response to Task C5 (FST)

In his initial response to Task C6 Andrew drew 12 circles and wrote seven lots of 12 which he
crossed out before using a fully multiplicative strategy and divided 12 by four and multiplied the

result by seven (Figure 7.56).

6.
Susie's CD collection is got her friend Kay's. Susie has 12 CDs.

How many CDs does Kay have? 2_., \
Show all your working.

\z-iq4 =3

2 X7 = 2

Figure 7-56: Andrew's solution for Task C6

For Task C7 shown in Figure 7.57 Andrew used a fully multiplicative strategy and calculated that

one-seventh of 14 was two and then multiplied by six to give the correct solution of 12.

7.
This collection of 14 counters is % of the number of counters | started with.

(YYXY)
XYY XX \2
PO@®

a. How many counters did | start with?
b. Explain how y« lecided that your answer is correct.

o

Figure 7-57: Andrew's fully multiplicative response to Task C7 (FST)

7.5.3 Structured Interview

Andrew used a partially multiplicative strategy for Question 1 of the Structured Interview (left-
hand column of Figure 7.58) and a fully multiplicative strategy for Question 2 (right-hand column
of Figure 7.58)
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2.

. Susie has 8 CDs. Her CD collection is ; of her friend Kay's.

2
Imagine that | gave you 12 counters which is ; of the number of counters | started with.

: [
a. How many counters did | start with? ! kg g HOW many CDS does Kay have? i

b. Explain your thinking. b. Explain your thinking.
I halled tee  ammownt of Cowrntels (r?) cuzed o
G4 =2 W

%‘ Q(uﬂu‘1 Wen  added o o 12

PR

Figure 7-58: Andrew's correct responses for Questions 1 and 2 (SI)

For the rest of the interview questions, where the number of objects was given, he used the same
fully multiplicative strategy as that shown in the right-hand side of Figure 7.58. For the questions
with 'any number' of objects he used and defined the symbols to represent the number of objects
given in the task and 'the answer from doing the first part of the equation' similar to that shown

for Question 4b in Figure 7.59.

2
b. If | gave you any number of counters, which is also 3 of the number | started with, what

would you need to do to find the number of counters | started with?

C:é@# Numbsec of Countks,
A= Mepsf loy¥ ltom ;loﬁﬁ Me {74@[' otk of Hae cquciher?

C-2
A X3

Figure 7-59: Andrew's response for Question 4b

However, Andrew was unable to answer Question 7 with 'any fraction' and 'any number' of
counters. According to the interviewer Andrew was willing to have a go, looked puzzled and after
a brief hesitation said: "Don't think I can do this". Andrew is classified as being at the Generalising

Multiplication level of the Emerging Algebraic Reasoning Framework.

7.5.4 Algebraic Thinking Questionnaire

In the ATQ, Andrew was limited in his ability to deal with multiplicative relationships. Overall
Andrew scored 8 out of a possible 28 marks (29%) which is more than the mean (6.86) for the
whole cohort for the Algebraic Thinking Questionnaire. He scored 6 marks for Part M which

focused on multiplication, and 2 marks for Part D which focused on division tasks.

Andrew used lattice multiplication to correctly calculate 36 x 25 as shown in the left-hand column
of Figure 7.60. While he has not written the total for this lattice multiplication, he was able to

write 100 in the box to give the correct total of 900 thus it can be assumed his total was correct.
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Thus, he demonstrated that he understands the sameness-relationship of the equals sign (Jones et
al., 2013). He used the same procedure of lattice multiplication for 48 x 2.5 as shown in the right-
hand column of Figure 7.60. However, he has recorded 5 x 4 as 02 instead of 20 which would
have given him an incorrect solution of 102. It is unclear how he then managed to write the correct

answer in the box.

..‘ This should
57 AL be 20 not 02
_‘. G 2' _l_,

7 ! ‘1:_ /] Q

',I. L “ l.' U

-’
p—r)
48 x 25= |[@x 10

Figure 7-60: Andrew's responses for tasks M1a and M1b (ATQ)

Andrew did not respond to either Tasks M1c or Task M1d. However, Andrew gave two correct
responses for Task M2a. He doubled both the numbers used in the left-hand side of Figure 7.61
and was able to state the relationship between the pairs of numbers as: "Box A is double Box B".

He agreed that any number could be put in Box A as the answer could include decimals.

5x 4] = 10 x Z 5X=10x

Box A Box B Box A Box B

Figure 7-61: Andrew's two correct responses for Task M2a (ATQ)

Andrew did not respond to Task M2d and gave the incorrect reverse relationship for the fraction

task in Task M2e as shown in Figure 7.62.

e) What can you say about a and b in this mathematical sentence?
1

a T
2

A xlr\w(} : OC

Figure 7-62: Andrew's incorrect response for Task M2e (ATQ)

X

Andrew was unable to answer any of Question 1 in Part D as shown by his question marks beside
each task. However, he gave two correct responses for Task D2a as shown in Figure 7.63 and
gave an appropriate answer describing the relationship: "You have to times them both by the same

number".
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3 +149 = 15+ 49 (3 1Y = 15 + |gg
Box A Box B Box A Box B

Figure 7-63: Andrew's correct responses to Task M2a (ATQ)

Andrew struggled with many of the tasks from the Algebraic Thinking Questionnaire. After using
a partially multiplicative strategy for the first task of the Structured Interview he successfully used
a fully multiplicative strategy for the remaining interview tasks, but he was unable to answer the
final question with 'any fraction' and 'any number' of objects. Andrew is deemed to be an example

of the Generalising-Multiplicative group on the Emerging Algebraic Reasoning Framework

7.6  Case Study 6: Alex

Alex (Year 5) was chosen for a case study as he is an example of the Algebraic Generalisation-
Verbal group at Level 5 of the Emerging Algebraic Reasoning Framework shown in Table 6.12.
Despite only being in Year 5 he consistently used fully multiplicative strategies for all Structured
Interview tasks and used a verbal multiplicative strategy for the final question with 'any fraction'
and 'any number' of objects. He was chosen to be interviewed as he had successfully solved all
three reverse fraction tasks using fully multiplicative methods as shown in Figure 7.61. Alex's
score for the FST is the highest for the case study students and his ATQ score was above the mean
score for the whole cohort (see Table 7.2).

Section 7.6.1 will discuss his responses to the FST, Section 7.6.2 the strategies he used for the
reverse fraction tasks (Tasks C5 - C7), Section 7.6.3 the strategies he used for the Structured

Interview and Section 7.6.4 his responses to the ATQ.

7.6.1 Fraction Screening Test

Examples of Alex’s solutions to tasks from the three parts of the FST will be discussed. Overall,
he scored 34.2 out of a possible 35 marks (98%) for the FST which was the highest score achieved
by the case study students.

Alex’s score for Part A tasks was 12 out of a possible 12 marks where the mean for all students
was 9.63 and the standard deviation was 2.22. Alex successfully completed all the routine tasks
given in Part A. He chose the two correct shapes representing three-quarters, circled one-third of
a group of beetles, and indicated that there would be eight lollies in the whole group when four
lollies represented one-half of the group. Alex accurately shaded one-third of a rectangle and
marked, and shaded, three-quarters of a length. He correctly stated the equivalent fractions and
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calculated the total cost if $4 was one-seventh. He calculated the fraction of pizza that each person
would receive if three pizzas were shared between four people and gave the next number to
complete the counting backwards sequence for two-fifths. Alex successfully added the fractions

with related denominators and simplified the answer.

Alex scored 10 marks out of a possible 10 marks for the Part B tasks where the mean for all
students was 6.21 and the standard deviation was 2.67. Alex successfully wrote the missing
numbers on the four equally spaced marks on the number line marked zero to 100, accurately
placed the numbers 75 and 5 on a number line marked zero and 25 using interim marks and
accurately marked three-fifths of the number line marked zero to two including the interim marks
for one-fifth and two-fifths. Alex used the distance from zero to one-third to mark in the number

two-thirds and then the number one.

He chose the correct option for the placement of one on a number line marked zero and % as he
trialled the positions of one-quarter and one-half. As shown in Figure 7.64 Alex made several
attempts at marking the number line in quarters before choosing position C as representing one
on the number line and stated that he used “trial and error as you can see”. Alex successfully

answered all number-line tasks.

5.

On this number line 0 and the number % are shown.
y it 1
| {] | 1]

T )

_a. Circle the letter that represents where the number 1 wouid be.
b. How did you decide the other two choices were incorrect?

%fal M;{ Ol 65 you (i
c /

(ee.

Figure 7-64: Alex's response to Task B5 (FST)

Alex scored 12.2 out of a possible 13 marks for the Part C tasks which included ordering a set of
four fractions from largest to smallest, drawing a line to connect fractions and their equivalent
decimals and circling the ‘one that does not belong’ from the set of fractions, decimals and
percentages. Alex successfully ordered the four fractions using equivalent fractions where he
converted all given fractions to twentieths. He successfully matched two of the four fractions with
their equivalent decimals but joined both % and '/1o with 0.25 as shown in Figure 7.65. As this
was a written test it is unclear whether this was a mistake rather than a misconception but as he

has done so well on the rest of the assessment it is possibly a mistake.

217



2
Draw a line from each fraction to the equivalent decimal.

Figure 7-65: Alex's response to Task C2 (FST)

For Tasks C3 and C4 he correctly circled the representations that did not belong to the set of

alternatives offered for the fraction one-quarter and the decimal 1.2.

7.6.2 Reverse Fraction Tasks

Alex consistently used a fully multiplicative strategy for all three reverse fraction tasks. He found
the number of objects representing the unit fraction by dividing by the numerator and then
calculated the whole by multiplying the number representing the unit fraction by the denominator
as shown in Figure 7.66. Despite using different fractions, and different number of objects
representing these fractions, he used the same strategy for all three tasks. This raises the question
about whether Alex’s strategies are simply a rule he has learnt or whether it demonstrates a

stronger grasp of multiplicative and algebraic thinking and reasoning.

[
5 7.
4 .
This collection of 10 counters s % of the number of counters | started with Sl COrooRbalion i 2 0t her e Kay's, Susla s 12 Ca. (TR ooRedtion of 14;counters 5 % OF I8 IRmer of oguiers lafiod
How many CDs does Kay have?

DOOSS® Show all your working. g g

®ee® ®®
a. Howm; ounters did | start with? a. How many counters did ! start with?

you decided that your answer is correct 1 2 ’5 7_ : 3,_ Z{ b. Explain how you decided that your answer is correct.
(I @, e
| " D(&QL ; ‘IL,‘!v[/
Dw&e@lmw(r;\i} by 3. 3=V/7 2= AR e mavgy byl
\

Figure 7-66: Alex's strategies for the Tasks C5, C6 and C7 (FST)

7.6.3 Structured Interview

Alex used the same fully multiplicative strategy for the Structured Interview questions that he had
used for the written tasks (Tasks C5 - C7) on the FST. The interviewer encouraged him to write
his explanation which clearly demonstrated that he could determine the number of counters that

represented one-third and then multiplied that by three to get the whole (Figure 7.67).

In Question 1 Alex recorded his response (left-hand side of Figure 7.67) and then justified the
division of the 12 counters by two to find one-third of the original group. Alex’s justification
shows that he is not merely applying a learned rule. He clearly understands the underlying

structure of fractions and the relationship between numerators and denominators.

218



1,

2
Imagine that | gave you 12 counters which is 3 of the number of counters | started with.

a. How many counters did | start with?

b. Explain your thinking.

a9
e 1256 Tduided by 1 beause
i S ome | N = 0
1 é J 4 ‘(’pf,\k'm,‘w ouf y;] WQM(VK lLowve
j _ YO ﬁ“k”fu{ﬂ '1/7 o
%-(3 5y 2,

Figure 7-67: Alex's response to Question 1 (SI)

In Questions 2 — 6 Alex used the same fully multiplicative strategy as shown for Question 1 in
Figure 7.67. The interviewer wrote that Alex had read and written his response to Question 7 “in
10 secs”. As shown in Figure 7.68 Alex used the relationship between the fraction, and the number
of objects representing that fraction, to calculate the number of objects required to represent the

whole for Question 7. This strategy will work for any fraction representing any number of objects.

What if | gave you any number of counters, and they represented any fraction of the
number of counters | started with, how would you work out the number of counters |
started with?

a. Can you tell me what you would do?

b. Please write your explanation in your own words.

D’.vf&lf’\b\i? Yhe numeraton mo\lﬂ'@) ’v; che denomimtor

}\M Pl b( (Ounvters.

Figure 7-68: Alex's response to Question 7 (SI)

Alex consistently used fully multiplicative strategies to solve reverse fraction tasks on the written
FST and for each of the interview questions with both given quantities and ‘any quantity’. As he
verbally responded to Question 7 of the Structured Interview after consistently using fully
multiplicative strategies he is deemed to be at the Algebraic Generalisation — Verbal level on the

Emerging Algebraic Reasoning Framework (Table 6.12).

7.6.4 Algebraic Thinking Questionnaire
Alex attempted every ATQ task. He scored 9.5 marks for Part M and 2.5 marks for Part D so
overall scored 12 out of a possible 28 marks (43%). His score for the ATQ was higher than the

mean for the whole cohort.

Alex successfully calculated the total of the left-hand side of the equation in Task M1a as shown
in the right-hand column of Figure 7.69. He then successfully divided by nine and placed the

correct number (100) in the box in the left-hand column. He has demonstrated the he understands
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the sameness-relational understanding of the equals sign (Jones et al., 2013) and has ensured that

both sides of the expression are equal.

a0

@.&\-

36 x 25=9x T
90 LL)'g

Figure 7-69: Alex's response to Task M1a (ATQ)

Ly

NN
2\ 5

In Question 1b Alex accurately multiplied the two numbers on the left-hand side of the equation
and then divided by ten mentally to write the correct response in the empty box on the right-hand

side of the equation (Figure 7.70).

48 x 25 = 12| x 10 ey

Figure 7-70: Alex's response to Task M1b (ATQ)

As shown in the left-hand column of Figure 7.71 Alex used the same strategy that he used for
both the three reverse fraction tasks in Part C (FST), and all the Structured Interview questions to
solve Task Mlc. He divided the number representing two-thirds (18) by the numerator (2) and
then multiplied by the denominator (3). It would be highly unlikely that a Year 5 student would
have been given a question in this format and he certainly would not have been taught any rules
for solving tasks such as this one. In the right-hand column of Figure 7.71 he has written the

correct response for Question M1d, but no working out has been provided.

2 b4

= ") & /—
3 X 18 1|8

9

X
=] S

Il

—

L
5 A

Figure 7-71: Alex's response to Task M1c (ATQ)
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Alex gave two correct responses for Question M2a as shown in Figure 7.72. In this case he has
not only demonstrated that he understands the sameness-relational understanding of the equals

sign but also the substitutive-relational understanding (Jones et al, 2013).

5xL1=10x"2 5x [ 7] = 10 x b
Box A Box B Box A Box B

Figure 7-72: Alex's response to Task M2a (ATQ)

Alex correctly noted that the number in Box B was half the number in Box A (left-hand column
of Figure 7.73) and while he stated that not any number could be put in Box A, he correctly wrote
that the relationship between the number in Box A and the number in Box B needed to be
maintained so that the "number in Box A must be two times the number in Box B" (right-hand
column of Figure 7.73). Alex's response of 'No' really stands for: 'No - unless the relationship is

maintained' which could be interpreted as: 'yes - provided the relationship has been maintained'.

y ) m N%Lﬂ(ﬂuse sine W;wl{/el’ th @oyﬁ'}( MuSE
B°>‘ Bf 2 Oxx ?OX“’\ J/{’ T rimes vine nunler o By 5

Figure 7-73: Alex's responses to Tasks M2b and M2c (ATQ)

As shown in Figure 7.74 Alex identified, and correctly stated, the relationship between ¢ and d in
Task M2d and a and b in Task M2e. As a Year 5 student Alex had not been exposed to the use of
pronumerals at school. When solving M2d he has recognised that both sides of the expression
need to be the same and has also substituted 7 x 2 or 2 x 7 for 14. As he has not formally recorded
any working out it could be assumed that this was done mentally. Thus, if ¢ x 2 =d x 7 x 2 then

c=dx7.

d) What can you say about ¢ and d in this mathematical sentence?
2 = d x 14

c x =
C W’U\h& kre }-y-i.mes l Guges .*i\m'\vk\'

Figure 7-74: Alex's response to Task M2d (ATQ)
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In Task M2e (Figure 7.75) Alex has shown that he has recognised that 1% is two times */4. This
means he has successfully demonstrated his understanding of both the sameness-relational and

substitutive relational understanding of the equals sign (Jones et al., 2013).

e) What can you say about a and b in this mathematical sentence?
3 1
a X —~ = aes
y b x 1 >

a &.\ﬂm{c'\ Le 7 rimey k?‘gas{§€ o .

Figure 7-75: Alex's correct response to M2e (ATQ)

Alex was not as successful with the Part D division tasks as he was with the Part M multiplication
tasks. As shown in Figure 7.76 he correctly answered Task Dla (left-hand side) but gave an
incorrect response for Task D1b (right-hand side). While there are no calculations to show his
thinking as there had been for Tasks M1a (Figure 7.69) and M1b (Figure 7.70) it appears that he
doubled rather than halved the 16 on the left-hand side of the expression shown in the right-hand

column of Figure 7.76.

4 N

N

3 =+ 4 = 15 + |BO + 15 = 16 + 30

Figure 7-76: Alex's responses to Tasks Dla and D1b (ATQ)

Alex was not successful with Tasks D1c and D1d as shown Figure 7.77 and as there is no working
out it is difficult to determine his thinking. His number formation is poor for the numbers in the
right-hand column of Figure 7.77, but it would appear he has written seven-sixths divided by six-

sevenths equals one.

2 7
13+=6+5 6+=

Figure 7-77: Alex's incorrect responses to Tasks D1c and D1d (ATQ)

Alex attempted two solutions for Task D2a. The solution in the left-hand side of Figure 7.78 is
correct but it appears that he has written 36 rather than 30 in the box on the right-side of the
equation and shown in the right-hand column of Figure 7.78. However, it could have been a poorly

written zero rather than six as his explanation for Task D2b is correct.
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3+=15+%§ 3+=15-:-

Box A Box B Box A Box B

Figure 7-78: Alex's responses to Task D2a (ATQ)

Alex correctly described the relationship between the number in Box A and the number in Box B
in Task D2b as the number in Box A is the number in Box B divided by five as shown in Figure

7.79.

(b) When you make a correct sentence, what is the relationship between the numbers

in Box A and Box B:é -
1;50‘0 - oy B~ 2

Figure 7-79: Alex's correct response to Task D2b (ATQ)

As he had done for the equivalent multiplication task Alex suggested that not any number could
be put in Box A. In Figure 7.80 he appears to suggest that the number in Box A ‘has to be one-
third of Box B'. This seems a strange response when he has clearly defined the relationship in the
previous task as the number in Box A being one-fifth of the number in Box B. Again, it may be

careless or incorrect recording of the number ‘five’.

(¢c) If you put any number ir\ Box A, can you still make a correct sentence? Please
explain your thinking clearly.

NQJT\V}\’A b&e VS Uve Bex B

Figure 7-80: Alex's response to Task D2c (ATQ)

Alex incorrectly reversed the relationship between ¢ and d stating that ¢ would be three times d
rather than d being three times ¢ (left-hand column of Figure 7.81) and was unable to identify the
relationship between a and b in Task D2e saying “I don’t know” (right-hand column).

(d What can you say about ¢ and d in this mathematical sentence? (e) What can you say about a and b in this mathematical sentence?

c + 8 = d + 24 i 2 oo ow 3

a = =
( ol dte 3 cimes X /J/ d;oh\#br\w

7 : 7

Figure 7-81: Alex's responses to Tasks D2d and D2e (ATQ)

While Alex shows clear evidence of algebraic thinking in both the FST and the Structured
Interview, there are also evident strengths and limitations in his responses to the Algebraic
Thinking Questionnaire as he struggled with the division tasks. However, for a Year 5 student
this is not surprising. Alex is already thinking multiplicatively and algebraically and is deemed to

be at Algebraic Generalisation-Verbal on the Emerging Algebraic Reasoning Framework.
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7.7  Case Study 7: Tanya

Tanya (Year 8) was chosen for a case study as she is an example of the Algebraic Generalisation-
Verbal group at Level 5 of the Emerging Algebraic Reasoning Framework shown in Table 6.12.
Like Alex she used fully multiplicative strategies for all Structured Interview tasks and used a
verbal multiplicative method for the final task with 'any fraction' and 'any number' of objects.
While Alex used fully multiplicative methods for the three reverse fraction tasks she successfully
solved them using a partially multiplicative method as shown in Figure 7.79. Tanya's score for
the FST is similar to Andrew's score and above the mean score for the whole cohort. Her ATQ

score is similar to Alex's and also above the mean score for the whole cohort (see Table 7.2).

Section 7.7.1 will discuss her responses to the FST, Section 7.7.2 the strategies she used for the
reverse fraction tasks (Tasks C5 - C7), Section 7.7.3 the strategies she used for the Structured

Interview and Section 7.7.4 her responses to the ATQ.

7.7.1 Fraction Screening Test

Tanya scored 27.5 out of a possible 35 marks (79%) for the FST which was above the mean score

(21.91) for the whole cohort.

Tanya’s score for Part A tasks was 10.5 out of a possible 12 marks (88%) where the mean for all
students was 9.63 and the standard deviation was 2.22. She chose the two correct shapes
representing three-quarters, circled one-third of a group of beetles, and indicated that there would
be eight lollies in the whole group when four lollies represented one-half of the group. Tanya
accurately shaded one-third of a rectangle and three-quarters of a length. She correctly stated the
equivalent fractions and calculated the total amount as $28 if $4 represented one-seventh. Tanya
gave the next number to complete the counting backwards sequence for two-fifths. Like many
other students she calculated the fraction of one pizza that each person would receive rather than
the fractional part of three pizzas shared between four. Tanya also added the fractions with related
denominators by incorrectly adding numerators and denominators separately thus stating */19 + /s

= 4/15.

Tanya scored 7 marks out of a possible 10 marks for the Part B tasks where the mean for all
students was 6.21 and the standard deviation was 2.67. She successfully wrote the four missing
numbers on the equally spaced marks on the number line marked zero to 100. However, she
placed the number 75 on a number line marked zero and 25 as though the ends of the number-line
should be marked zero and 100 and stated that she knew she was correct “because you divide 100
by 4”. She accurately placed the number 5 on the same number-line marked zero to 25. Tanya
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accurately marked three-fifths of the number line marked zero to two without drawing any interim
marks. She also chose the correct option for the placement of one on a number line marked zero

and % and stated that the other two options “were too close to ¥4”.

Tanya scored 10 out of a possible 13 marks for the Part C tasks where the mean was 6.07 and the
standard deviation was 3.29 for all students. Part C tasks included ordering a set of four fractions
from largest to smallest, drawing a line to connect fractions and their equivalent decimals and
circling the ‘one that does not belong’ from the set of fractions, decimals and percentages. Tanya
successfully ordered the four fractions by converting them to percentages, matched all four
fractions with their equivalent decimals and correctly circled the representations that did not

belong to the set of alternatives offered.

7.7.2 Reverse Fraction Tasks

Tanya used a partially multiplicative strategy to solve all three reverse fraction tasks on the FST.
For each task, she divided the given number of objects by the numerator to find the number
representing the unit fraction, calculated the number for the missing fractional part and either
added or subtracted to determine the number in the whole collection. In the left-hand column of
Figure 7.82, showing her response to Task C5, Tanya halved the number given for two-thirds and

added this number to the number given for two-thirds thus giving the number in the whole group.

For Task C6, shown in the right-hand column of Figure 7.82, Tanya found one-seventh by
dividing the number of counters given for four-sevenths by four, multiplied the number by three
to get three-sevenths. She then added the number of counters for three-sevenths to the number for
four-sevenths to get seven-sevenths. This showed a clear understanding of the multiplicative
relationships between four-sevenths and one-seventh, and between seven and 21. She also used a

part-part-whole strategy to combine four-sevenths and three-sevenths to find the whole.

5
6.

This collection of 10 counters is % f S .
is <-of the number of counters I started with. Susie's CD collection is :of her friend Kay’s. Susie has 12 CDs

©00066
‘X X X X

2. How many counters did | start with? \y

b. Explain how you decided that your answer is correct.
\ -
5, WX W %, %R \\g\\
WA ‘

How many CDs does Kay have? L\,
Show all your working.

A\ Ul
A9
W &

Figure 7-82: Tanya's responses to Task C5 and Task C6 (FST)
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For Task C7, Tanya again used a partially multiplicative strategy and subtracted the number of

counters representing one-seventh from the number given for seven-sixths as shown in the right-

hand column of Figure 7.83.

7
This collection of 14 counters is g of the number of counters | started with

ePOBG®
DO0S®
@SS ®
a. How many counters did { start with? \r\\,
b. Explain how you decided that your answer is correct.
\ \ A
VW T s | o8
\\ b \ )
Al L e e,
NI

Figure 7-83: Tanya's responses to the three reverse fraction tasks (Tasks C5 - C7)

7.7.3 Structured Interview

Tanya used a fully multiplicative strategy for all questions of the Structured Interview, which was

a more sophisticated strategy than she had used for the original three reverse fractions on the FST.

In other words, she could move beyond her earlier part-part-whole solution strategy as evident in

Figure 7.78. She divided by the numerator to find the number of objects needed to represent the

unit fraction and then multiplied this number by the denominator to find the number needed for

the whole group. For Question 1 (left-hand column of Figure 7.84) Tanya divided the number of

counters representing two-thirds by two to find one-third and then multiplied by three to find

three-thirds. For Question 2 (right-hand column of Figure 7.84) she divided by four to find one-

seventh and then multiplied by seven to calculate the number of CDs needed for the whole

collection.

1.

a. How many counters did | start with?

b. Explain your thinking.
\L -2 -G
G X7y o \¥

5
Imagine that | gave you 12 counters which is 3 of the number of counters | started with.

2,

- K
72X

4
Susie has 8 CDs. Her CD collection is ; of her friend Kay’s.

a. How many CDs does Kay have?

b. Explain your thinking.

it

2
X

Figure 7-84: Tanya's response to Questions 1 and 2 (SI)

Tanya also used the fully multiplicative strategy for the questions that asked her to think about

‘any number' of counters. Her responses to Question 4 shown in Figure 7.85 demonstrate her

ability to move from specific numbers to the more generalised question that includes 'any number'.
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2
4. b. If I gave you any number of counters, which is also 3 of the number | started with, what

5 2
a. If 1 gave you 18 counters, which is 3 of the number of counters | started with, how would you need to do to find the number of counters | started with?

would you find the number of counters | started with? -
C&\\/\(&L b 7 avxol ‘(\n@/\

\$ =2 - A :
WO\
A x % o= 271 W\\A\me\\ﬁb‘

Figure 7-85: Tanya's responses to Questions 4a and 4b (SI)

In Question 7 Tanya stated the generalisable case for ‘any number of counters representing any
fraction’ but used the terms ‘top number’ and ‘bottom’ respectively to describe the correct terms

of numerator and denominator (Figure 7.86).

7.

Think about the tasks you have just done.

What if | gave you any number of counters, and they represented any fraction of the
number of counters | started with, how would you work out the number of counters |
started with?

a. Can you tell me what you would do?

b. Please write your explanation in your own words.

a\qmo\m on e nuwmber OF
A
Q,O\A\/\\USI ow wow\(ﬂ\ \\
W YWe Nop numiber and muld ol
19
@E? Ve bolyomr. \LS

Figure 7-86: Tanya's response to Question 7 (SI)

Tanya moved from using partially multiplicative strategies in her written solutions to the three
reverse fraction tasks to using fully multiplicative strategies for the interview questions. She
verbally responded to Question 7 of the Structured Interview after consistently using fully
multiplicative strategies and hence is deemed to be at the Algebraic Generalisation — Verbal level

on the Emerging Algebraic Reasoning Framework (Table 6.12).

7.7.4 Algebraic Thinking Questionnaire
Tanya attempted all tasks given in the ATQ. She scored 7 marks for Part M, and 6 marks for Part
D. Overall Tanya scored 13 out of a possible 28 marks for the ATQ where the mean was 6.86 and

the standard deviation was 6.45 for the whole cohort.

In Question M1a Tanya used lattice multiplication (right-hand side of Figure 7.87) to complete
the calculation for 36 x 25 and then divided the result by nine to give a correct response for the

empty box on the right-hand side of the equation.
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36 x 25 = 9 x [ P A
\W y ‘\\/ \ ?)r‘ ‘,{"\‘3
- QC : c /G P TAN

Figure 7-87: Tanya's response to Task M1a (ATQ)

Tanya’s correct solution for 48 x 2.5 is shown in the left-hand column of Figure 7.88 but there is
no written calculation, so her method of computation is not obvious. However, in the right-hand
column her response for Task M1c shows her fully multiplicative strategy, similar to the one she
used in the Structured Interview, but more sophisticated than the partially multiplicative strategy

she used in the FST completed at the same time as the ATQ.

48 x 25 = [\ 2
S~ W X 10 3 * [ = 18

00 B = L WA

Figure 7-88: Tanya's responses to Tasks M1b and M1c (ATQ)

Tanya did not respond to Question M1d and left it blank. In Question M2a Tanya gave three
correct responses, two of which are shown in Figure 7.89 demonstrating that she understands both

the sameness-relational and the substitutive understanding of the equals sign (Jones et al., 2013).

5X=10xm 5*’E—l=10x

Box A Box B Box A Box B

Figure 7-89: Tanya's response to Task M2a (ATQ)

Tanya identified and wrote the correct relationship between the numbers in Box A and Box B for
Task M2b as shown in Figure 7.90. For Question 2c she has assumed that each empty box must
contain a whole number as evidenced by her response which stated that “the number in Box A

would have to be even”.

b) When you make a correct sentence, what is the relationship between the
numbers in Box A and Box B?

LSS

c) If you put any number in Box A, can you still make a correct sentence? Please
explain your thinking clearly.
W e Sl o, e o
NN D DO it W R s,

Figure 7-90: Tanya’s response to Tasks 2b and 2¢ (ATQ)
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Tanya’s incorrect responses for Tasks M2d and M2e are shown in Figure 7.91. Both her responses
state an incorrect inverse relationship as ¢ should be seven times d and not one-seventh of d and

a should be twice b not one-half of a.

d) What can you say about ¢ and d in this mathematical sentence? €) What can you say about a and b in this mathematical sentence?

c x 2 = 3
Cw = AL

d x 14 a x 2 = 5 x 41
4 2

NI N\ § Yo

Figure 7-91: Tanya's responses to Tasks 2d and 2e (ATQ)

Tanya used arrows and labels to indicate the multiplicative relationships between the terms on
both sides of the equation in both Tasks D1a and D1b as shown in Figure 7.92. This assisted her
to correctly determine the missing numbers for each of the boxes. This shows clearer

understanding of the equivalence relationship for division.
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Figure 7-92: Tanya’s response to Tasks Dla and D1b (ATQ)

Unfortunately, Tanya did not include arrows or labels for Task Dlc and thus expressed the
incorrect relationship. Instead of dividing the unknown number by three she divided two-thirds
by three as shown in the left-hand column of Figure 7.93. She wrote the incorrect answer in the
boxes in Task D1d and changed the sign to end up with a correct equation as shown in the right-

hand column of Figure 7.93.

2
18+=6+§ _7‘_\/{ :
o)

Figure 7-93: Tanya’s response to Tasks D1c and D1d, Part A (ATQ)

In Task D2a Tanya completed the equations as though they were multiplication tasks rather than

the division tasks as shown in Figure 7.94.

3+=15+m 3 + W = 15+ [3]

Box A Box B Box A Box B

Figure 7-94: Tanya’s response to Task M2a (ATQ)
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Tanya’s responses to Tasks D2b and D2c, shown in Figure 7.90 are correct but do not relate to

her two incorrect responses to Task M2a (Figure 7.91).

(b) When you make a correct sentence, what is the relationship between the
numbers in Box A and Box B?

o W w g WY

(c) If you put any number in Box A, can you still make a correct sentence? Please
explain your thinking clearly.

W, X e e o g & B
Figure 7-95: Tanya's responses to Tasks D2b and D2c (ATQ)

Tanya gave the reverse relationship for ¢ and d in Task D2d shown in the left-hand column of

Figure 7.96 and used additive thinking in Task D2e (right-hand side of Figure 7.96).

(d) What can you say.about ¢ and d in this mathematical sentence? What can you say about a and b inzthis mathematical sentence?
c + 8 = d =+ 24 a + 2 = b g
\ e & . S Ve
T D s QB 7 Ry EN W

Figure 7-96: Tanya’s responses to Tasks D2d and D2e (ATQ)

It is clear from Tanya’s response to Task D2d that she is not able or confident to apply the same
clear relational thinking to these expressions containing two unknowns that she demonstrated for
Tasks Mla (Figure 7.87) and M1b (left-hand side of Figure 7.88) where there was only one
unknown in the expression. Tanya’s algebraic thinking, while evident in the Structured Interview,
is not as robust across the range of questions in the ATQ. She used fully multiplicative strategies
for all Structured Interview tasks and used a verbal multiplicative method for the final task with
'any fraction' and 'any number' of objects and is an example of the Algebraic Generalisation-

Verbal group of the Emerging Algebraic Reasoning Framework.

7.8  Case Study 8: Lewis

Lewis (Year 8) was chosen for a case study as he is an example of the Algebraic Generalisation
Symbolic group at Level 6 of the Emerging Algebraic Reasoning Framework shown in Table
6.12. He used fully multiplicative strategies for all interview tasks where the number of objects
was given for the fraction and advanced multiplicative strategies for the tasks with a given fraction
but 'any number' represented that given fraction. He used a symbolic multiplicative method for
the task with 'any fraction' and 'any number' of objects. He was chosen to be interviewed as he
used either fully multiplicative or advanced multiplicative strategies to solve the three reverse
fraction tasks (C5 - C7). Lewis's scores for the FST and ATQ are both more than one Standard

Deviation above the mean score for the whole cohort.
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Section 7.8.1 will discuss his responses to the FST, Section 7.8.2 the strategies he used for the
reverse fraction tasks (Tasks C5 - C7), Section 7.8.3 the strategies he used for the Structured

Interview and Section 7.8.4 his responses to the ATQ.

7.8.1 Fraction Screening Test
Overall, Lewis scored 33.5 out of a possible 35 marks (96%) for the FST where the mean was
21.91 and the standard deviation was 7.11 for the whole cohort. This is the same score as Jack

from Year 6 and 0.7 less than Alex in Year 5 who was from the same primary school as Jack.

Lewis’s score for Part A tasks was 11 out of a possible 12 marks (92%) where the mean for all
students was 9.63. He chose the two correct shapes representing three-quarters, circled one-third
of a group of beetles, and indicated there would be eight lollies in the whole group when four
lollies represented one-half of the group. Lewis accurately shaded one-third of a rectangle and
three-quarters of a length. He correctly stated the equivalent fractions and calculated the total as
$28 if $4 was one-seventh. He calculated the fraction of pizza that each person would receive if
three pizzas were shared between four and gave the next number to complete the backwards
counting sequence for two-fifths. Lewis correctly added the fractions with related denominators

but did not simplify the answer. Lewis was successful with the routine tasks of Part A.

Lewis was successful with all the number-line tasks and scored 10 marks out of a possible 10
marks for the Part B tasks where the mean for all students was 6.21 and the standard deviation
was 2.67. He successfully wrote the missing numbers on the equally spaced marks on the number-
line marked zero to 100, placed the numbers 75 and 5 on a number line marked zero and 25 and
accurately marked three-fifths of the number line marked zero to two drawing in the interim
marks. Lewis used the distance from zero to one-third to mark in the number two-thirds and then
the number one. Thus, he iterated the original length from zero to one-third two more times to
mark where the number one should be placed. He also chose the correct option for the placement
of one on a number line marked zero and %. He partitioned the distance from zero to three-quarters
into three parts as indicated by the marks shown for ¥4 and %/4. His explanation stated: “If you take
the distance from 0 to % it would be the same as % to C”. These questions allowed Lewis to

demonstrate clear and confident multiplicative thinking.

Lewis scored 12.5 out of a possible 13 marks for the Part C tasks included ordering a set of four
fractions from largest to smallest, drawing a line to connect fractions and their equivalent decimals
and circling the ‘one that does not belong’ from the set of fractions, decimals and percentages.

Part C also included the three reverse fraction tasks. Lewis successfully ordered the four fractions,
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matched all four fractions with their equivalent decimals and correctly circled the representations

that did not belong to the set of alternatives offered.

7.8.2 Reverse Fraction Tasks

Lewis used the same fully multiplicative method to solve Tasks C5, C6 and C7. In Tasks C5 and
C6 (Figure 7.97) Lewis found the number of objects representing the whole collection, starting
with the known quantities (10 and 12 respectively), then divided by the fraction’s numerator and

multiplied by the denominator in a single operation.

5
6.
. 2 ;
This collection of 10 counters is < of the number of co | ith. 4
3 uniers | stairted with Susie's CD collection is 3 of her friend Kay's. Susie has 12 CDs
@ @ @ @ @ How many CDs does Kay have? T2 f
@ @ @ @ @ Show all your working.
a. How many counters did | start with? l % - i s
b. Explain how you decided that your answer is correct. . f ’,’_ ~— ,‘/ >{ 7
<0~ 2%% ~ X7
= LxJ _ :
S5 _N

Figure 7-97: Lewis’s responses to Task C5 and Task C6 (FST)

In Task C7 these steps are performed separately (Figure 7.98). Lewis expressed the relationship
between all parts of the tasks multiplicatively. Lewis’s method of dividing by the numerator and
multiplying by the denominator is very similar to that used by Jack where he divided by the
fraction (Figures 7.110 and 7.111).

7.
This collection of 14 counters is % of the number of counters | started with

a. How many counters did | start with? i 1
b. Explain how you decided that your answer is correct.

Becag e (4-7-2
ad 2 x6= /7

Figure 7-98: Lewis's responses to Tasks C5 — C7 (FST)

7.8.3 Structured Interview

Lewis’s responses to each question of the Structured Interview were expressed in the same way
as his responses to the three reverse fraction tasks and the multiplication and division tasks on the
ATQ. On the left-hand side of Figure 7.99 is his written response to Question 1 and on the right-
hand side is the additional explanation he gave when persuaded by the interviewer to give more
detail about his response.
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1.

. L2 i
Imagine that | gave you 12 counters which is ?—of the number of counters | started with.

a. How many counters did | start with?
b. Explain your thinking.
S12=2 X7 PEED)

) X

Figure 7-99: Lewis's response to Question 1 (SI)

In Question 4b when he was asked what he needed to do if there were ‘any number’ of counters
that represented two-thirds of the number, he wrote x +~ 2 x 3 =y, x = number of counters and y =
number of counters started with. This was without any prompting from the interviewer. For
Question 7 he wrote: x + n x d = y and again defined the pro-numerals without prompting from
the interviewer: x = number of counters, y = number of counters started with, » = numerator and
d = denominator. This fully generalised algebraic strategy is supported by some of Lewis’s
responses to the ATQ tasks. Since Lewis symbolically responded to Question 7 of the Structured
Interview after consistently using fully multiplicative strategies for all other interview questions
he is deemed to be at the Algebraic Generalisation — Symbolic level on the Emerging Algebraic
Reasoning Framework (Table 6.12).

7.8.4 Algebraic Thinking Questionnaire

In the ATQ, Lewis scored 7 marks for Part M, 8.5 marks for Part D, and 15.5 overall out of a
possible 28 marks for the ATQ, where the mean was 6.86 and the standard deviation was 6.45 for
the whole cohort.

Task M1a requires students to “write a number in the box to make a true statement” and explain
their working. When solving Tasks M1a and M1b Lewis set up an equation and wrote the first
line of his solution in one step as shown in Figure 7.100. Lewis was able to transpose numerical

terms to find the missing number, after setting up an equation for x.

% x 25 = 9 x T36%25-9 |48 x 25= [[Jx 10 x: 4%x2.5 [0
0 U‘OOA‘C( jc= 17,0’: 1

-

Figure 7-100: Lewis's responses to Tasks M1a and M1b (ATQ)

Lewis set up his one-step solution equation for Task M1c as shown in Figure 7.101 demonstrating

that in order to find the unknown number he needs to divide by the fraction (%), that is, multiply
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by the reciprocal of the fraction (*/2). He successfully completed the calculation first completing
the division (18 + 2) and then multiplying by 3 to get 27. This is a close parallel to the solution

strategies he used to solve the three reverse fraction tasks.

2
3 x = 18

SR B

Figure 7-101: Lewis's response to Task M1c (ATQ)

Lewis, however, is unsuccessful with Task M1d as he incorrectly divided one by 0.2 to get the
incorrect answer of 0.2 as shown in Figure 7.102. On two occasions he equates 0.2 with two-
fifths. Lewis’s equation model seems to ignore a simpler strategy based on multiplicative inverses.

A similar problem was encountered by Jack.

—_— —

2 - |

G- x fHf |+ 0L
-0
s 2

Unive:

Figure 7-102: Lewis's response to Task M1c ATQ

In Task M2a students are required to put numbers in Box A and Box B so that the expressions on
both sides of the equal sign are equivalent. Lewis gave two incorrect examples for the missing
numbers. He treated the expressions on each side of the equals sign as though they were division
rather than multiplication as given. He stated the appropriate relationship between the numbers
he chose to place in Box A and Box B rather than the correct one (left-hand side of Figure 7.103).
He stated that any number could be placed in Box A “as long as B =2 x A” (right-hand side of

Figure 7.103) which relates to the numbers he chose rather than the correct ones.

2) In each of the sentences below, can you put numbers in Box A and Box B to b) When you make a correct sentence, what is the relationship between the

make each sentence correct? e o end ok B
1 Vi ~ - D
sx [[] - 10 x [2Z] Axz = [
BoxA Box B ¢) If you put any number in Box A, can you still make a correct sentence? Please
explain your thinking clearly.
5 x = 10 x & I+ deesnt  weater Whal nannder 54 s by

Box A Box B 45

B- 2xaA.

Figure 7-103: Lewis’s solution to Tasks M2a, M2b and M2c (ATQ)

When the empty box representation of the previous tasks was changed to a pronumeral Lewis
consistently gave the inverse relationship as shown in Figure 7.104 instead of one of the correct

responses: c =7 xdord="/7c.
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d) What can you say about ¢ and d in this mathematical sentence?
c x 2 = d = 14

Ad=G x7

Figure 7-104: Lewis’s solution to Task M2d (ATQ)

Lewis’s unusual calculation to Task M2e is shown in Figure 7.105. It is unclear why he chose to
subtract 1.5 from 6 when his initial line showing 1.5 + 0.75 appeared to be leading to a correct

calculation.

e) What can you say about a and b in this mathematical sentence?

a x g = b s 11
4 2

Figure 7-105: Lewis’s response to Task M2e (ATQ)

Lewis’s solution methods for Part D tasks were similar to those he used for Part M tasks. For
example, for Task Mla (3 +4 =151 | )he wrote x = 15 + 3 x 4 and solved the division first
(15 = 3) before multiplying by 4 to get the correct response of 20.

Lewis then attempted to use the same strategy to solve Tasks D1b and D1c shown in Figure 7.106.
He wrote an incorrect equation in his attempt to solve Task D1b. The equation in the left-hand
side should be x = 16 + 30 x 15 rather than the one he wrote: x = 30 + 15 x 16. The equation in
the right-hand side is correct, 18 + 6 x %/3, but unfortunately Lewis made a computational error
when he multiplied °/; and %3 and wrote '¥/; instead of /. However, a check of his completed
responses would have highlighted that his answers were incorrect: **/;5 does not equal /3 and

18/ does not equal 6 + %/

3] «+ 15 = 16 + 30 2
BY! 18 + @ = 6 + 3
N
p = | ¢ ]
X=%=-(5 10 s L8~§X/z
:_'29;-*[6 1 f—#)‘/‘?s
, , .
= o2 /;é\(s
s kS
4
i

Figure 7-106: Lewis’s response to Tasks D1b and D1c (ATQ)
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In Tasks D1b and D1c Lewis realised that the unknown indicated by the empty box in the left-
hand expression can be denoted by x. He then attempted to use the equivalence relationship
between the left and right side of this expression to determine the value of x. However, he clearly
misunderstands the nature of inverse operations. The right-hand side of the expression would need
to stay the same and be multiplied by 15 giving 16 + 30 x 15 giving an answer of 8. His emerging
algebraic understanding was demonstrated by his successful completion of other questions on the
ATQ and the Structured Interview. Instead, his more complicated method could have been easily
completed using relational thinking or by converting the left side and right side into equivalent

fractions.

In Task D2a Lewis gave two correct examples for the empty boxes as shown in Figure 7.107. He
has shown his understanding of the sameness-relational understanding of the equals sign (Jones

et al., 2013).

3 + [l = 15« [B
Box A Box B
3 + = 15 =+
Box A Box B

Figure 7-107: Lewis's response to Task D2a (ATQ)

Lewis identified the relationship between the numbers in Box A and Box B as B=A x 5 and
stated that any number could be placed in Box A: “as long as B =15 x A”. This showed confident
use of symbols to denote Box A and Box B and a clear understanding of commutativity for

multiplication between A x 5 and 5 x A (Figure 7.108)

(b) When you make a correct sentence, what is the relationship between the
numbers in Box A and Box B?

= AXg

(c) If you put any number in Box A, can you still make a correct sentence? Please
explain your thinkingclearly.
As fUV&j ns B ' 5 5r¥ A 1wl
. ..&be/ Covie of .
Figure 7-108: Lewis responses to Tasks D2b and D2c (ATQ)

In Task D2d Lewis correctly identified that d would need to be three times larger than ¢ to ensure
that ¢ + 8 = d + 24 was correct but in Task D2e wrote that a was one-seventh of b (Figure 7.109)
rather than the correct response of a is two-thirds of b or b is one and a half times a. As there was

no working out shown on his paper it is difficult to ascertain his thinking about this task, but it
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suggests an additive relationship rather than a multiplicative one. This question was one of the

most challenging questions in the ATQ.

(e) What can you say about a and b in this mathematical sentence?
a + 2 = p 4+ 38
7 7
/ W St ¥ 4
/"7 -— G\ L 2
v

Figure 7-109: Lewis's response to Task D2e (ATQ)

Lewis’s confident multiplicative thinking clearly underpins his algebraic thinking. He is confident
in using symbolic expressions and solving for unknowns using an equation method but
unfortunately, he sometimes sets up an incorrect equation. He expressed generalisations
symbolically as shown in the Structured Interview, but his confident algebraic thinking exhibits
some incorrect thinking. Lewis is better positioned to overcome these areas of weakness than
most other students described in these case studies. Lewis is deemed to be at Algebraic

Generalisation- Symbolic level of the Emerging Algebraic Reasoning Framewortk.

7.9  Case Study 9: Jack

Jack (Year 6) was chosen for a case study as he is an example of the Algebraic Generalisation -
Symbolic group at Level 6 of the Emerging Algebraic Reasoning Framework shown in Table
6.12. He used advanced multiplicative strategies for all tasks of the Structured Interview and used
Symbolic multiplicative methods for the final task with 'any fraction' and 'any number' of objects.
He was chosen to be interviewed as he used the same method for all three reverse fraction tasks.
He divided each number of objects by the fraction that those objects represented. Jack's score for
the FST was the same as Lewis's and more than one standard deviation above the mean score for

the whole cohort. Jack had the highest ATQ score of the case study students (see Table 7.2).

Section 7.9.1 will discuss his responses to the FST, Section 7.9.2 the strategies he used for the
reverse fraction tasks (Tasks C5 - C7), Section 7.9.3 the strategies he used for the Structured

Interview and Section 7.9.4 his responses to the ATQ.

7.9.1 Fraction Screening Test
Jack scored 33.5 out of a possible 35 marks (96%) for the FST which was similar to that achieved

by Lewis.

Jack’s score for Part A tasks was 10.5 out of a possible 12 marks where the mean for all students

was 9.63 and the standard deviation was 2.22. He chose the two correct shapes representing three-
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quarters, circled one-third of a group of beetles, and indicated that there would be eight lollies in
the whole group when four lollies represented one-half of the group. Jack accurately shaded one-
third of a rectangle and three-quarters of a length. He correctly stated the equivalent fractions and
calculated the total amount was $28 if $4 was one-seventh. He calculated the fraction of pizza
that each person would receive if three pizzas were shared between four and gave the next number
to complete the backwards counting sequence for two-fifths. However, Jack was unable add the
fractions with related denominators but appears instead to have found the difference between the

two fractions: */10 + /s =10

Jack scored 10 marks out of a possible 10 marks for the Part B tasks where the mean for all
students was 6.21 and the standard deviation was 2.67. He successfully wrote the missing numbers
on the four equally spaced marks on the number line marked zero to 100 and stated that “I counted
all the lines excluding the first one and there was five, so I then divided five by 100 and got 20. I
just started from 0 and added 20 to each line”. However, he divided 100 by five, and not “five by
100™, as he stated in his explanation. Jack placed the number 75 on a number line marked zero
and 25 using the length from 0 to 25 as a measure: “I marked from 0 to 15 on a rubber and used
that information to find 50 then 75”. On the same number-line he successfully marked in the
number five “I roughly made 5 equally apart lines to find the number 5. On the number-line he

marked the four lines he made between 0 and 25 correctly: 5, 10, 15 and 20.

Jack accurately marked three-fifths of the number line marked zero to two drawing in the interim
marks. Jack used the distance from zero to one-third to mark in the number two-thirds and then
the number one. He also chose the correct option for the placement of one on a number line
marked zero and % as he marked in the % and %/4. His explanation stated: I first roughly estimated
Y4 and %/4 and with that answer I got the answer of C”. Jack successfully completed all number-

line tasks and his ability to use multiplicative relationships is strongly evident in all these tasks.

Part C tasks included ordering a set of four fractions from largest to smallest, drawing a line to
connect fractions and their equivalent decimals and circling the ‘one that does not belong’ from
the set of fractions, decimals and percentages. Jack successfully ordered the four fractions,
matched all four fractions with their equivalent decimals and correctly circled the representations

that did not belong to the set of alternatives offered.
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7.9.2 Reverse Fraction Tasks
Jack used the same calculation method for all three of the reverse fraction tasks. (Figure 7.110
and Figure 7.111). He divided the given number of counters by the given fraction, applying this

method for all quantities and all fractions.

This collection of 10 counters is % of the number of counters | started with. 6.
_— . 4
: _ - Susie's CD collection is — of her friend Kay's. Susi ;
@ \O,‘;A,UJJ ;/_ c 7 ey y's. Susie has 12 CDs
Y YY Y RCEAC TX’/Z‘_ { S How many CDs does Kay have? L |

a. How many counters did | start with? 1 5 Show all your working.

b. Explain how you decided that your answer is correct.

\ TR 1 \0 |\ a5 . 74
simply divided by % Lo E 0P .
E j : 5 3 - L —/' = / 7 i
1 | ° LH - - - \( . :
Which, ké& Mme ko ’L)":’\f‘ onsuér / [ ’{/w'l A

| L

Figure 7-110: Jack's responses to Task C5 and Task C6 (FST)

This ‘short cut’ method raises the question as to whether Jack is applying a rule that he may have
been taught without fully understanding why the rule works. On the other hand, it may be that
Jack is employing an inverse relationship which underpins a truly algebraic solution strategy. This
question can only be resolved by probing Jack’s responses on the Structured Interview and the

ATQ.

7.
This collection of 14 counters is % of the number of counters | started with.

00O @ It . 3 w ¢ -
P®O®® T4 2z drg o Vi
®0®® e #

a. How many counters did | start with? | 2
b. Explain how you decided that your answer is correct.

Jusk 1ike | did  with A ber
&{u{d@& (I?’\'

O 9‘/"'@“\,7

On .z [ n
(484 Me Che onflier oY

¥

Figure 7-111: Jack's response to Task C7 (FST)

7.9.3 Structured Interview

Jack’s responses to each of the questions on the Structured Interview where the number of objects
were given for each of three fractions: two-thirds, four-sevenths, seven-sixths were completed in
the same way as his responses to the three reverse fraction tasks. That is, he divided the number
representing the fraction, by the given fraction to obtain a correct solution. His responses to
Question 1 are shown in both columns of Figure 7.112. In the left-hand column is his response to
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the specific question asked and in the right-hand column is his response for ‘any number’ of

counters that represent two-thirds (a).

. K2
O-3:-9,7_
]7 : !/263 3TT¥3=
7 Y;,: (g a s the ﬂum\‘oerz Laue nOw.
X I:J' (/’)”1@ l'TU/‘ﬂB{‘( i‘ LC'C)«

Figure 7-112: Jack's response to Question 1 (SI)

In Question 4b, 5b and 6b, where the fractions were the same, but students were asked to consider
what they would do for ‘any number’ of counters, Jack used similar responses to those in the
right-hand column of Figure 7.112. When asked about what he would do if he had ‘any number’

of counters that represented ‘any fraction’ in Question 7 his response is given in Figure 7.113.

N 3l i
o U éhp NUmplr ] {mug
a-L_ & ¢ :
1 c ! b v ne NuMéraior OF Cne 1o \ (e Crdn,
4RV L/L(n denomindor 0{‘ {ne Y )v'f“? ,'["‘(6"2’”'
] ] i
(jf ,"/ (’,Lw' nunbes n ,;,;x'_

Figure 7-113: Jack's response to Question 7 (SI)

This fully generalised and well-articulated algebraic response refutes any suggestion that Jack is
simply repeating a rule he has been taught. He is deemed to be at the Algebraic Generalisation-
Symbolic level of the Emerging Algebraic Reasoning Framework. It is important, however, to

consider his written responses for the ATQ.

7.9.4 Algebraic Thinking Questionnaire

In the ATQ, Jack scored 11.5 marks for Part M and 8 marks for Part D. Overall Jack scored 19.5
out of a possible 28 marks (70%) for the ATQ, where the mean is 6.86 and the standard deviation
is 6.45 for the whole cohort.

For Task Mla Jack demonstrated a clear understanding of equivalence using the relationship
between 36 and 9 as shown in Figure 7.114 when he said: “They divided 36 by 4 so to get the
same answer you must multiply 25 by 4”. He has demonstrated his understanding of the sameness-

relational and substitutive-relational understanding of the equals sign.
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Figure 7-114: Jack's response to task M1a (ATQ)

However, for Task M1b he needed to complete the multiplication of 48 by 2.5 then divided the

result (120) by 10 to calculate the correct answer of 12 as shown in Figure 7.115.

48 x 25= 2] x 10 13 120
X2, g TT ey (5
;‘,".415 (/’
' e0
17 6

Figure 7-115: Jack's responses to Task M1b (ATQ)

To calculate the answer for the two tasks involving multiplication by fractions Jack used the same
method as he had used for the three reverse fraction tasks (Figures 7.110 and 7.111). To find the
missing number for the empty box Jack divided the number on the right-hand side of the equation
by the fraction (Figure 7.116). It seems that his reliance on this method, which is totally
appropriate in the first question, may prevent him from seeing a simpler solution in the second

question where °/, is simply the multiplicative inverse of %/s.

2 _ o )

R P
I

2 5

5@ - 1 pEgs hads
2

Figure 7-116: Jack's responses to Tasks M1c and M1d (ATQ)

In Question 2a, Part A, students were required to put numbers in Box A and Box B so that the
expressions on both sides of the equal sign were equivalent. Jack gave three correct examples for
the missing numbers when only two were required (see Figure 7.117). He also gave 2-digit
examples when many other students chose much easier examples. The examples in Figure 7.117
are evidence of Jack’s sameness-relational and substitutive-relational understanding of the equals

sign (Jones et al., 2013).
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2. Can you think about the following mathematical sentence:

5X=10x

Box A Box B

a) In each of the sentences below, can you put numbers in Box A and Box B to make
each sentence correct?

5><= 10 x

Box A Box B
= 20
5 x = 10 x
Box A Box B

Figure 7-117: Jack's responses to Task M2a (ATQ)

Jack correctly identified that Box A “is just twice the size of Box B” and suggested that any
number could be placed in Box A “I guess it can because then Box B will just simply be a decimal
answer”. Jack gave a correct relationship between c and d in Figure 7.118 but wrote the symbolic

expression incorrectly.

d) V\gl'nat can you say about ¢ and din this mathematical sentence?
274 ¢c x 2 = d x 14

| . i | n
1 times bhe Uolue gl )

/“‘\(A ]';’ C ‘.A)'H

o—
™

Figure 7-118: Jack's response to Task M2d (ATQ)

However, when both sides of the equation included fractions Jack’s response was an additive one

where he subtracted 1%, written as both 1%/, and %4, from % (Figure 7.119).

e) What can you say about a and b in this mathematical sentence?

91:51403 & o b x 1%

4

.. b
Figure 7-119: Jack's response to M2e (ATQ)

Despite very competent algebraic thinking demonstrated in the Structured Interview, and earlier
questions of the ATQ there appears to be a ceiling on what Jack is able to do. This is evident in

some subsequent questions.

In Part D of the ATQ the focus was on division tasks. In Question 1 the focus was on the
relationship between the two expressions. In the first task, Jack rewrote three divided by four as

the fraction three-quarters. He then divided 15 by three-quarters by multiplying by */; which gave
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him the correct answer of 20. In the second task, Jack divided 16 by 30 and simplified it to get
8/15. To complete the calculation, he multiplied 15 by /15 to get the correct answer (8) as shown
in Figure 7.120. This competent arithmetical approach shows that Jack is less confident to transfer

his understanding of equivalence using multiplication to include division relationships.
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Figure 7-120: Jack's responses to Tasks D1a and D1b (ATQ)

In Task D1c Jack completes each side of the equation separately. Initially he solves the right-hand
side of the equation (6 divided by %/3) and then divides 18 by the answer from the right-hand side
to correctly write the number two in the empty box. Taking two steps to solve this equation

guaranteed his success as shown in Figure 7.121.
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Figure 7-121: Jack's response to Task Dlc (ATQ)

Jack was unsuccessful with Task D1d as he set up his equation incorrectly. On the left-hand side
of the equation he wrote %/, (Figure 7.122) but it looks as though he may initially have thought
that he should multiply by "/s but changed his mind and divided by /.
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Figure 7-122: Jack's response to D1d (ATQ)

Jack gave two incorrect responses to Task D2a as shown in Figure 7.123. When asked about the

relationship between Box A and Box B his response that the numbers in Box A were five times
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larger than the numbers in Box B was true for the incorrect numbers he had written. As he had
for the multiplication task, he recognised that any number could be used in Box A provided:

“you’re ready to go to the decimal places”.
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Figure 7-123: Jack's response to Task D2a (ATQ)

For Task D2d Jack correctly identified that 4 would need to be three times larger than ¢ to ensure
that the following was correct: ¢ + 8 =d + 24. In Figure 7.124 Jack found the difference between

three-sevenths and two-sevenths and wrote that @ would one-seventh bigger than .
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Figure 7-124: Jack's response to D2e (ATQ)

Jack’s algebraic thinking is stronger than most students in the Year 6 sample, and as strong as
many competent Year § students interviewed. However, some limitations are clearly evident as
shown in Figure 7.123 and Figure 7.124. Jack is deemed to be at Algebraic Generalisation-

Symbolic level of the Emerging Algebraic Reasoning Framework.

7.10 Summarising the case studies

The FST provided students with opportunities to display multiplicative reasoning for many of the
tasks. In particular, the three reverse fraction tasks offered the best window into some students’
capacity to apply strategies that were partly multiplicative but still depending on part-part-whole
approaches to construct an unknown whole, and other students to apply strategies that were fully
multiplicative. It was evident that a few students relied on pictures and diagrams to search for
multiplicative relationships. While some students used pictures and diagrams effectively to solve
individual tasks, these students appeared to consider each task as a new problem requiring a new

diagram. These solutions are not a sound foundation for generalisations and algebraic thinking.
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These two areas were probed more deeply in the Structured Interview. For students who were
interviewed, the Structured Interview successfully ‘moved’ some students away from part-part-
whole strategies towards fully multiplicative approaches. Those students who were able to make
this transition were well placed to offer fully generalised solutions which exhibited clear elements
of algebraic thinking which was sometimes expressed symbolically but sometimes was not.
Reliance on part-part-whole strategies frustrated some students’ attempts to deal with the most
generalised form of the reverse fraction task, from ‘some fraction’ and ‘some number’ of

equivalent objects.

Reference to the ATQ allowed the researcher to draw on a wider range of tasks incorporating
using the key idea of equivalence. These tasks used number sentences having one unknown,
sentences with two unknowns and sentences using letter-symbolic terms representing two
unknowns. Where students had demonstrated generalisable algebraic thinking on the Structured
Interview, their performance on this wider range of tasks embodying algebraic thinking allowed
the researcher to identify how widely students could apply algebraic thinking and algebraic
operations. Even cases where it had been demonstrated that a student’s algebraic thinking was
well developed across a variety of tasks it was still clear that some of the ATQ tasks, typically
involving division, presented challenges even to the most accomplished students at Year 6 and
Year 8. However, there were students who correctly answered some of these more difficult
questions even though they were not as successful overall on the ATQ. It was also evident that
some students performed well on the ATQ tended to rely on solutions that they had used
confidently to solve other tasks but were not the most appropriate methods for these more

challenging tasks.
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Chapter 8: Discussing the Research Questions

Chapter 8 focuses on the integration of the quantitative and qualitative data results from all three
assessment instruments: The Fraction Screening Test (FST), the Algebraic Thinking
Questionnaire (ATQ) and the Structured Interview (SI). The results from these assessment
instruments are used to inform the responses to the seven research sub-questions designed to
address the overall research question: “How does middle-years students' fractional competence
and reasoning show evidence of algebraic reasoning?” Table 8.1 indicates the instruments used

to construct responses to the research sub-questions.

Table 8.1: Assessment instruments analysed for responses to research sub-questions

Research Questions FST ATQ SI

RQI1. Is overall fraction ability as measured by a broad fraction
screening test a predictor of success on reverse fraction tasks? X X X

RQ2. How are performances on specific fraction topics linked to
success on the reverse fraction tasks? X X X

RQ3. To what degree do proficient multiplicative thinkers for

fraction tasks (i.e. students who demonstrate relational thinking,

represent fractions in various ways and use reverse or reciprocal

thinking when solving rational number tasks) use solution X X X X
strategies that demonstrate emerging or established generalised

algebraic reasoning

RQ4. How does middle-years students’ fractional competence

and reasoning show evidence of non-symbolic algebraic

thinking and its p.rogre.ssn'/e tI'al’lS'ltIOIl tqwards more. explicit X X X X
forms of symbolic thinking typically introduced in lower

secondary classes?

RQS5. How is competence with reverse fraction tasks associated
with equivalence, transformation using equivalence, and
generalisation anticipated in algebraic thinking?

RQ6. What is the relationship between verbal fluency in

describing mathematical reasoning in the context of fraction

tasks and demonstrated generalisations that are anticipated in X X X X
algebraic thinking?

RQ7. How can students’ level of emerging algebraic reasoning
be described and identified so that teachers may monitor and
prompt students’ progress?
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In this chapter descriptive statistics are calculated using the Statistical Package for the Social
Sciences (SPSS) and reported following the guidelines given by Pallant (2011). That is, small
correlations (weak relationships) are values between 0.1 and 0.29, medium correlations (moderate
relationships) are values between 0.3 and 0.49 while large correlations (strong relationships) are

values between 0.5 and 1.0 (Pallant, 2011, p.134).

8.1 Research Question 1

RQ1: Is overall fraction ability as measured by a broad fraction screening test a predictor of

success for the reverse fraction tasks?

As stated earlier, for this research, fraction ability or competence is deemed to be the demonstrated
understanding of fractional topics appropriate for students in the middle-years as stated in the
Australian Curriculum: Mathematics (ACARA, 2018) and shown in Table 1.4. The FST is a broad
screening test as it includes tasks relating to fraction size and relationships and successful
arithmetic computation, for example: geometric representations of fractions, counting by
fractions, addition of fractions with related denominators, partitioning and iterating number-lines,
equivalence of fractions, decimals and percentages and ordering fractions. Fraction ability for the
FST is reflected by students’ total scores. That is, it is assumed that the higher the total score
achieved by students in response to all three parts of the FST the greater the overall ability with
fractions. The tasks in the FST are described in detail in Chapter 3 and the results for each

individual task are given in Chapter 5.

To determine whether overall fraction ability is a predictor of success for the three reverse fraction
tasks (Tasks C5, C6 and C7) two scatterplots were created to compare scores for the three reverse
fraction tasks with scores for the FST. The first scatterplot shown in Figure 5.23 compares the
scores for the three reverse fraction scores (Tasks C5, C6 and C7) with the total scores for the
FST. This graph shows that there is a strong positive correlation (0.84) between these two scores
and nearly 70% of the variation of the scores for the three reverse fraction tasks may be explained
by the total scores for the FST (R*=0.67). However, the three reverse fraction tasks are a subset
of the FST, so a second scatterplot was drawn (Figure 5.24) to enable a comparison to be made
for the scores of three reverse fraction tasks with the total scores of the FST tasks (without the
three reverse fraction tasks). The total possible score for the FST without the three reverse fraction
tasks is 26 marks. The relationship, shown by a positive linear trend-line, indicates that there is a
strong positive relationship (0.63) and that nearly 40% of the variation for the three reverse

fraction scores may be explained by the total scores for the remaining FST tasks (R*=0.39).
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The graph in Figure 5.24 shows that students who scored low marks on the FST also scored low
marks for the reverse fraction tasks. For example, students who scored in the bottom one-third of
scores for the FST scored in the bottom one-third for the reverse fraction tasks. Students who
scored more than six out of nine on the reverse fraction tasks scored more than 14 out of a possible
26 on the FST. Students who used more sophisticated strategies to solve the three reverse fraction
tasks demonstrated a greater overall fraction ability or competence on the FST. The level of
success on the reverse fraction tasks appears to be related to the level of success demonstrated by
the total scores for the FST. So, in response to RQ1 overall fraction ability as measured by a
broad fraction screening test (The FST) appears to be a predictor of success on reverse fraction

tasks.

8.2  Research Question 2

RQ2. How are performances on specific fraction topics linked to success on the reverse fraction

tasks?

To determine whether performances on specific fraction topics were linked to success with the
reverse fraction tasks scores for the three reverse fraction tasks were compared with the scores
for each individual task of the FST. Table 5.17 shows the relationships as correlations between
total scores for the three reverse fraction tasks (Tasks C5, C6 and C7) and the individual scores
for the routine fraction tasks in Part A. Table 5.18 shows the correlations between the three reverse
fraction tasks total scores and scores for the number-line tasks in Part B while Table 5.19 shows
the correlations between the three reverse fraction tasks total score and the four remaining Part C

task (i.e. Tasks C1 — C4) which test understanding of fractions.

8.2.1 Relationship between reverse fraction tasks and Part A tasks

As shown in Table 5.17 the relationship between the scores for the three reverse fraction tasks
and the individual Part A tasks ranged from little correlation (0.09), a small correlation or weak
relationship (0.14 - 0.26) and medium correlation or moderate relationship (0.33 — 0.39) with no
Part A task demonstrating a strong relationship (> 0.5) with the scores for the three reverse
fraction tasks. There is a weak positive relationship for eight of the Part A tasks (A1, A2, A4, AS,
A7, A8a, A8b & A10) and the total scores for the three reverse fraction tasks. These correlations
ranged from 0.14 for the finding the number of objects in the whole group if given the number in

one-half of the group (A4), to 0.26 for shading a fractional part of a grid (Task AS).
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There is a moderate positive relationship with the three reverse fraction tasks and four Part A
tasks (A6, A9, A1l and A12). Task A6, the sharing pizza task, has a correlation of 0.33 while
completing the equivalent fraction task (Task A9) has a correlation of 0.36 with the reverse
fraction tasks. Task A12 requiring students to find the total amount of money, if given the amount
representing one-seventh, has a correlation of 0.38 with the three reverse tasks and Task All,

where students are required to add fractions with related denominators, has a correlation of 0.39.

Part A tasks have been included in the FST as they represent the types of fraction tasks middle-
years students would be used to completing in class. The four Part A tasks that have a moderate
positive relationship with the three reverse fraction tasks were the tasks that students found to be
the most difficult in Part A. It is concerning to note that there were students who achieved above
average scores on the FST and successfully answered the reverse fraction tasks but who held the
misconception that addition of fractions (Task All) involves adding numerators and adding
denominators. This suggests that some students who appear to be competent with some fraction
tasks still hold fundamental misconceptions as they appear to rely on rules and procedures rather
than understanding. For example, in Task A11 students needed to add three-tenths and one-fifth.
Those who added numerators and denominators would have had a solution of four-fifteenths

demonstrating that they are using their whole number knowledge for this fraction task.

8.2.2 Relationship between reverse fraction tasks and Part B tasks

As shown in Table 5.18 the correlations between the reverse fraction tasks and the individual Part
B number-line tasks had either a small correlation or weak relationship (0.15 - 0.27) or a medium
correlation or moderate relationship (0.30 — 0.39). As for the Part A tasks there were no results

for the Part B tasks showing a strong relationship (> 0.5) with the three reverse fraction tasks.

There is a weak positive relationship between the three reverse fraction tasks and four of the Part
B tasks (Bla, B2a, B2b, B2c) ranging from a small correlation or weak relationship of 0.15 for
the three reverse fractions and Task B2a (placing 75 on the number line marked zero to 25), 0.19
for Task Bla (placing numbers on the 4 marks between zero and 100), 0.25 for an explanation of
the students’ responses to Task B2a (i.e. B2b) and 0.27 for marking where the number 5 was on

the number line marked 0 — 25 (B2c¢).

Three Part B tasks (B1b, B2d, B5b), which required students to explain their responses to number-
line tasks using whole numbers, had moderate positive relationships with the three reverse
fraction tasks. Tasks B1b and B2d both had the same correlation (0.41) with the reverse fraction
tasks while Task B5b had a correlation of 0.44 with the three reverse fraction tasks. All three
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tasks asked students to explain their responses to the previous task. Tasks B1b and B2d required
students to: “Explain how you decided that your answer is correct” while Task B5b asked students

to explain: “How did you decide the other two choices were incorrect?”

There were similar moderate positive relationships between the three reverse fraction task scores
and the three number-line questions using fractions. The correlations were 0.30 for Task B3 which
required students to partition a number line marked zero to two to mark the number place three-
fifths and 0.37 for B4 and B5a respectively. Task B4 requires students to iterate the length marked
zero and one-third to place the number 1 accurately on a number-line. Task B5a requires students
to choose the position of number 1 from three alternatives when given the distance from zero to

three-quarters.

A stronger relationship was expected when comparing the results for the three reverse fraction
tasks and the number-line tasks, especially for the number-line tasks where the length for a
fractional piece was given and students were asked to mark the position of the whole. For
example, when responding to Task B4 (FST) many students just used a 'best guess' for the
placement of the number one while other students iterated the length given for one-third two more
times. (See Figure 5.11). Since students started with a length representing a fractional piece and
were required to mark the position of the whole these tasks could also be deemed to be 'reverse

fraction' tasks.

8.2.3 Relationship between reverse fraction and other Part C tasks

Table 5.19 shows that there is a moderate positive correlation between the scores for each of the
other Part C tasks (C1 — C4) and the total scores for the three reverse fraction tasks (C5 — C7).
The relationships ranged from a correlation of 0.32 for Task C4 (choosing the symbol which is
not equivalent to 1.2), 0.33 for Task C3 (choosing the symbol that is not equivalent to one-
quarter), 0.36 for Task C2 (matching equivalent fractions and decimals) and 0.39 for ordering

fractions (Task C1) with the total score for the three reverse fractions.

The highest correlations with the scores for the reverse fraction tasks included the tasks which
tested students' understanding of fractions. For example, the tasks which asked students to explain
their responses to the Part B number-line tasks and the four, Part C tasks where students needed
to choose equivalent expressions and order fractions. In response to RQ2 the performances on
some individual fraction tasks were only weakly related, with some moderately related, but no

task was strongly related to success with the reverse fraction tasks.
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However further analysis of the relationships for the three parts of the FST with the three reverse
fraction tasks have revealed that there is a stronger relationship with the scores for the Parts than

the individual tasks.

8.2.4 Relationship between reverse fraction tasks and Parts A, B, C (FST)

After comparing the scores for individual tasks with the reverse fraction tasks, the overall results
for the three Parts of the FST were compared with the three reverse fraction task scores. Table
5.16 shows the correlations between the total score for the three reverse fraction tasks and the
total scores for Part A tasks, total Part B task scores, and total scores for the Part C tasks: C1 —
C4.

Figure 5.25 shows the graph of the relationship between the students’ total scores for Part A (FST)
and the three reverse fraction tasks (0.54). The relationship is modelled by a positive linear trend-
line, indicating that nearly 30% of the variation for the three reverse fraction scores, may be

explained by the scores for Part A tasks (R*=0.29).

Figure 5.26 shows a scatterplot of the students’ scores for the Part B (FST) scores and the three
reverse fraction tasks (0.57). The relationship is modelled by a positive linear trend-line,
indicating that nearly one-third of the variation of the three reverse fraction scores FST scores,

may be explained by the scores for Part B tasks (R?*=0.32).

Part C tasks were mainly non-traditional tasks that tested students’ fractional understanding.
Figure 5.27 compares the scores from the first four tasks of Part C (Tasks C1 —C4) with the scores
from the reverse fraction tasks (0.53). The relationship is modelled in Figure 5.27 by a positive
linear trend-line, indicating that nearly 30% of the variation of the scores for the three reverse

fraction tasks, may be explained by the scores for the first four Part C tasks (R?=0.28).

While no individual task from the FST was found to have a strong relationship with the three
reverse fraction tasks the scores for many tasks were found to be moderately positively correlated

with the scores for the Part C reverse fraction tasks.

In response to RQ2 performances on some individual fraction tasks were only weakly related,
with some moderately related, but no task was strongly related to success with the reverse fraction
tasks. However, there is a positive strong relationship between the scores for each Part of the FST
and the reverse fraction tasks. Many students were successful with some tasks but demonstrated

well documented misconceptions for others. This, together with their lack of explanations,
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suggests that many students do not expect mathematics to make sense but just apply a rule or

procedure which may or may not be the correct one.

8.3 Research Question 3

RQ3. To what degree do proficient multiplicative thinkers for fraction tasks (i.e. students who
demonstrate relational thinking, represent fractions in various ways and use reverse or reciprocal
thinking when solving rational number tasks) use solution strategies that demonstrate emerging

or established generalised algebraic reasoning?

The written responses for the three reverse fraction tasks from the FST (Tasks C5, C6 and C7)
and the responses given both orally and written for the Screening Interview will be examined for
evidence of emerging and established algebraic reasoning. In particular, the emphasis will be on

the responses deemed to demonstrate fully or advanced multiplicative strategies.

8.3.1 The written responses to the three reverse fraction tasks (FST)

The students’ written solutions to the three reverse fractions (FST) were analysed according to
the Framework for reverse fraction task strategies (Table 5.15). Successful strategies for the three
reverse fraction tasks ranged from the concrete (diagram dependent), strictly computational
(additive or partly multiplicative) to the generalisable (fully multiplicative) and algebraic

(advanced multiplicative).

Many students used non-multiplicative approaches successfully to solve all three reverse fraction
tasks. For example, Student BM (Figure 4.1) for Task C5 depended on the diagram to determine
the number of counters in the whole group. Student JB (Figure 4.3) used a partially multiplicative
strategy for Task C6 as he divided 12 by four to find one-seventh then multiplied by three to find
three-sevenths. He then added the number of CDs representing three-sevenths (9) to the original
number of CDs representing four-sevenths (12) to get the correct response of 21. Students using
these strategies are using computational methods and not demonstrating either emerging or
generalised algebraic reasoning. These strategies are appropriate for the three reverse fraction
tasks given in the FST but cannot be applied when either the fraction or the number representing

the fraction is not known as given in the Structured Interview.

Proficient multiplicative thinkers for fraction tasks did not just apply a rule or procedure but
instead demonstrated relational thinking, represented fractions in various ways and used reverse
or reciprocal thinking. Students using fully multiplicative strategies used division to find the
quantity representing the unit fraction and then multiplied this quantity to calculate the whole.
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Students using fully multiplicative methods tended to use the same method regardless of the
fraction presented in the task. For example, Student DC uses the same multiplicative solution

method consistently for the three reverse fraction tasks (Figure 4.4).

Students whose solution strategies were classified as advanced multiplicative used either a one-
step method to find the whole by dividing the given quantity by the fraction (reverse or reciprocal
thinking) or used the appropriate algebraic notation to find the whole. Student JP divided the
number of objects representing the given fraction by the fraction to successfully calculate the
number of objects in the whole group (Figure 4.8). This student used consistent advanced
multiplicative methods for all three reverse fraction tasks. Since this was not a method this student
had been taught in school and these were unfamiliar tasks this student is demonstrating evidence

of emerging algebraic reasoning.

8.3.2 The Structured Interview

In the Structured Interview fraction tasks were sequenced, moving beyond a known fraction with
the related known quantity of objects to a known fraction with an unknown quantity objects to
finally an unknown fraction and its related unknown quantity. The format and development of the
Structured Interview is described in detail in Chapter 4 and the results of the interviews are

documented in detail in Chapter 6 with detailed case studies of students’ responses in Chapter 7.

The responses to each individual task for the Structured Interview were scored using the
Framework for reverse fraction task strategies (Table 5.15). As for the written responses for the
three reverse fraction tasks, students’ responses to the Structured Interview tasks ranged from the
concrete (diagram dependent), strictly computational (additive or partly multiplicative) to the
generalisable (multiplicative) and algebraic (advanced multiplicative). The interviewers were able
to ask more probing questions to clarify the students’ responses, unlike the written responses to
the FST where no clarification could be sought. Not all students were able to move to the more

generalised fraction tasks with “any number of objects’ or ‘any fraction’, ‘any number’ of objects.

The next step was to analyse the overall results of the Structured Interview to see whether the
students used responses that demonstrated generalised algebraic reasoning. The Emerging
Algebraic Reasoning Framework (Table 6.12) allowed students’ responses to the overall
Structured Interview to be classified as strictly arithmetic (computational fluency), beginning to
generalise (additive, multiplicative) to the fully generalised demonstration of algebraic reasoning

(verbal, symbolic).
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Students who used arithmetic responses were only able to respond correctly to tasks where all the
information was given. That is, if they were given the fraction, and the number of objects
representing the fraction, students could then use the appropriate rule or procedure to calculate
the number of objects representing the whole group. Some students showed that they were starting
to generalise when they consistently used additive, multiplicative or a mix of methods in response
to tasks with a given fraction and ‘any quantity’. Some students were able to move beyond their
arithmetical strategies to more generalizable strategies when interviewed. However, some
students were unable to give an appropriate generalised response to the fraction task with ‘any
fraction’ and ‘any quantity’. These students were classified as demonstrating emerging
generalised multiplicative thinking. While students who successfully solved 'any fraction' and

'any quantity' either orally or symbolically were deemed to be demonstrating algebraic reasoning.

Both the written responses to the three reverse fraction tasks from the FST and the verbal and
written responses from the Structured Interview allowed students to use solution strategies that
demonstrate emerging or established generalised algebraic reasoning as demonstrated in Table
6.12. These students recognised that the procedures and strategies they used to solve one reverse
fraction task could be repeated for all fractions and quantities and then used with the task with
'any fraction' represented by 'any quantity'. In these cases, the given fractions were seen by the

students as what Fujii & Stephens (2001) refer to as ‘quasi-variables’.

In response to RQ3 students in this study deemed to be proficient multiplicative thinkers
represented fractions in various ways and used relational, reverse or reciprocal thinking to solve
rational number tasks. Students using fully multiplicative strategies or advanced multiplicative
thinking to solve the reverse fraction tasks, either orally or in writing, used solution strategies that

demonstrated emerging or established generalised algebraic reasoning.

8.4 Research Question 4

RQ4. How does middle-years students’ fractional competence and reasoning show evidence of
non-symbolic algebraic thinking and its progressive transition towards more explicit forms of

symbolic thinking typically introduced in lower secondary classes?

The three reverse fraction tasks provided an initial lens into the types of strategies students use
when presented with these types of tasks. In both the FST and the Structured Interview students’
responses to the reverse fraction tasks, both written and verbal, were able to be classified
according to the Framework for Reverse Fraction Task Strategies given in Table 5.15. Students

deemed to be using fully multiplicative strategies found the quantity representing the unit fraction
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using division and then scaled up (or down) to find the number of objects representing the whole.
These types of multiplicative strategies show evidence of algebraic thinking and its progressive
transition towards more explicit forms of symbolic thinking (Radford, 2012) as expected in lower
secondary classes. Students using advanced multiplicative strategies correctly used the
appropriate algebraic notation to find the whole, or a one-step method to find the whole by

dividing the given quantity by the known fraction.

In the Structured Interview students who solved Question 7 with ‘any fraction’ and ‘any quantity’
either verbally or algebraically, demonstrated that they had established generalised algebraic
reasoning. These students would be classified as being at either Algebraic Generalisation-Verbal
or Algebraic Generalisation-Symbolic on the Emerging Algebraic Reasoning Framework given

in detail in Table 6.12.

8.5 Research Question 5

RQS5. Is competence with reverse fraction tasks associated with equivalence, transformation using

equivalence, and generalisation anticipated in algebraic reasoning?

Researchers such as Kieran (1981), Jacobs et al. (2007), Mason et al. (2009) and Stephens and
Ribeiro (2012) suggested that students' understanding of equivalence, transformation using
equivalence and the use of generalisable methods are important aspects of algebraic thinking.
These three aspects of algebraic thinking underpinned this research. Thus, competence with the
reverse fraction tasks included having a correct response for each task as well as a focus on the
strategies that students used to solve these tasks. Students’ responses to the three reverse fraction
tasks have shown that successful strategies varied from the concrete (diagram dependent), strictly
arithmetic (additive, partially multiplicative) to the generalisable (fully multiplicative) and
algebraic (advanced multiplicative). Students successfully responded to unfamiliar situations by

employing a range of mathematical strategies.

8.5.1 Three reverse fraction tasks

When applying the Framework for Reverse Fraction Task Strategies (Table 5.15) to students’
responses for the three reverse fraction tasks some patterns emerged. There were three strategies
that would be deemed to show evidence that students were using equivalence, transformation
using equivalence and moving towards generalisation: partially multiplicative, fully

multiplicative and advanced multiplicative strategies.
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Students who used partially multiplicative strategies demonstrated their understanding of
equivalence as they divided the number of objects representing the given fraction by the
numerator of the given fraction to determine the number of objects in the unit fraction. Initially
students found the number of objects representing the missing fractional part by scaling up the
number of objects representing the unit fraction. The number of objects in the whole group was
then achieved additively by adding the two quantities representing the two fractions. For example,
in Task C6 students are given the number of objects that represent four-sevenths. Students using
partially multiplicative strategies find the number of counters that represent one-seventh and
multiply by three to find the quantity for three-sevenths. They then add the original quantity
representing four-sevenths with the quantity for seven-sevenths to find the whole. See for example
Student JB's response for Task C6 in Figure 4.3. These students demonstrate their understanding

of the sameness-relational meaning of the equals sign (Jones et al., 2013).

Students who used fully multiplicative strategies used equivalence to transform the number of
objects representing a given fraction to obtain the number of objects representing the unit fraction.
These students continued to use transformations using equivalence to successfully scale up the
unit fraction and its related quantities multiplicatively to find the whole. For example, in Task C6
students found the number of objects representing one-seventh by dividing by four (the
numerator) and then multiplying the answer by seven to find the number representing seven-
sevenths or the whole. These fully multiplicative methods mirror the thinking needed to solve the

corresponding algebraic equations and can be seen as evidence of emerging algebraic thinking.

Students using the advanced multiplicative strategies appeared to be able to generalise. The size
of the fraction and the size of the given number of objects representing that fraction appear to be
irrelevant as their solution methods or strategies remain the same regardless of the fraction or the

size of the group the fraction represents.

Some students used different solution strategies when either the fraction, or the corresponding
number of objects changed. Some students using concrete or additive strategies were able to move
to using multiplicative methods. Conversely, when a fraction and/or a quantity changed other
students were unable to successfully complete the task. In the FST many students were successful
with Task CS5 because the diagram allowed them to proceed using diagrams but did not attempt,
or gave an incorrect response, for the following reverse fraction tasks. Students using
multiplicative strategies for Task C5 tended to use multiplicative strategies for all three reverse

fraction tasks. Some students were struggling to make the successful transition to algebraic
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thinking while others were able to generalise and use the same multiplicative strategies regardless

of the size of the fraction or the number of objects the given fraction represented.

8.5.2 The Algebraic Thinking Questionnaire

The ATQ was designed to assess whether students were able to demonstrate algebraic reasoning.
The results from the ATQ are discussed in more detail in Chapter 5. Competence with tasks from
the ATQ was deemed to be the total score for the written test. Total scores ranged from 0 to 25.5
with a mean of 8.36 and standard deviation of 7.48. Part M of the ATQ had a mean of 5.14 (SD
= 3.94) and Part D had a mean of 3.22 (SD = 3.88). Figure 5.70 shows that there is a strong
relationship between the ATQ and Part C (FST) scores for the whole group of students. One
consideration would need to be the number of non-responses for the ATQ and whether this may

have had an impact on the results.

8.5.3 The Structured Interview

The Structured Interview specifically required students to use equivalence and transformation to
deal with more generalised situations including those where the fraction and/or the number of
objects were unknown. The Emerging Algebraic Reasoning Framework documents the levels and

descriptions based on the interview data and is shown in Table 6.12.

Table 6.14 compares the interviewed primary students' dominant method for the three reverse
fraction tasks compared to their level on the Emerging Algebraic Reasoning Framework. Students
using Diagram Dependent or Additive methods for the three reverse fraction tasks did not show
evidence of algebraic reasoning while three students who had used Partially Multiplicative
methods for the written reverse fraction tasks were able to use verbal algebraic reasoning in the
interview responding to the task with 'any fraction' and 'any number'. Five of the six primary
students used algebraic reasoning for the last task while the student who had used advanced
multiplicative methods for the written tasks used symbolic algebraic reasoning for the final

interview question.

The Year 8 students' dominant method for the three reverse fraction tasks are compared to their
level on the Emerging Algebraic Reasoning Framework and shown in Table 6.15. Altogether 18
of the 26 Year 8 students who were interviewed were deemed to be using either verbal or symbolic
algebraic reasoning. All Year 8 students who used fully multiplicative strategies for the three
reverse fraction tasks used algebraic reasoning for the interview tasks while three of the seven
students who had used partially multiplicative strategies for the reverse fractions used verbal

algebraic reasoning with 'any fraction' and/or 'any number'.
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8.6 Research Question 6

RQO6: What is the relationship between verbal fluency in describing mathematical reasoning in
the context of fraction tasks and demonstrated generalisations that are anticipated in algebraic

reasoning?

In Australia the emphasis on the four proficiencies: Fluency, Understanding, Problem Solving
and Reasoning for students solving mathematical tasks means there is also a need for well-
developed communication skills so that students can demonstrate these proficiencies in their
solutions to mathematical tasks. In the PISA report Thomson, De Bortoli and Underwood (2016)

describe mathematical literacy as:

... an individual’s capacity to formulate, employ, and interpret mathematics in a variety
of contexts. It includes reasoning mathematically and using mathematical concepts,
procedures, facts and tools to describe, explain and predict phenomena. It assists
individuals to recognise the role that mathematics plays in the world and to make the
well-founded judgments and decisions needed by constructive, engaged and reflective

citizens.

According to Mason (2018) students need to be able to express their understandings about

mathematical topics in order that they can make sense of the underpinning mathematics.

In order to make sense of mathematics, in order to appreciate and comprehend the topics
that learners meet, it is necessary to use and develop one’s natural powers to imagine

and to express, to specialize and to generalize, to conjecture and to convince (p. 334).

Students had many opportunities to express their reasoning for the responses they gave to the
written tasks in the FST and the ATQ. In the Structured Interview students were encouraged to

articulate their responses before recording on paper.

However, it was disappointing to note that many students either chose not, or were unable, to
justify their response to the written tasks particularly as there is now a greater focus on the
proficiencies including reasoning (Table 1.3). Many tasks requiring a written verbal response
remained unanswered in both the FST and the ATQ. For example, Task M2a (ATQ) shown in
Table 5.28 relies on students understanding of equivalence of related whole numbers. Fifty-four
percent of Year 5 students wrote two correct number sentences but 19% did not attempt a response

for Task M2a while 73% of Year 8 students gave two correct responses only 6% of Year 8 did
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not respond. These scores are unexpected as the Content Description from the Australian

Curriculum: Mathematics (ACARA, 2018) states that Year 5 students:

Find unknown quantities in number sentences involving multiplication and division and

identify  equivalent  number  sentences  involving  multiplication  and

division (ACMNAI121 )

As the numbers involved are numbers students at these levels should be familiar with i.e. 5 and
10 this highlights the importance of a greater focus on equality as highlighted by Jones et al.,
(2013).

Task M2b requires students to give a verbal explanation of the whole number relationship in Task
M2a. Fewer students attempted this part with 9% of non-responses at Year 8 increasing to 32%
at Year 5. All students in Year 9* attempted the task although 27% responded with the incorrect
relationship despite giving the correct answers for Task M2a. Again, the Achievement Standard

from the Australian Curriculum (ACARA, 2018) states that Year 5 students:

.. identify and explain strategies for finding unknown quantities in number sentences

involving the four operations.

The non-response rate was much higher for the equivalent division tasks from Part D (ATQ). For
example, in Question D2a students were asked to give two responses to the equivalence
relationship shown in the left-hand column of Table 5.42. Forty-six percent of Year 5 students
made no attempt to respond to this task with a similar percentage of non-responses from Year 8
students (43%), while 33% of Year 6 students did not respond. Nearly 60% of Year 5 students
did not respond to D2b when they had to explain the relationship between the numbers in the

boxes and this percentage decreased to 36% of Year 8 students not explaining the relationship.

This research has demonstrated that there are many students who either did not attempt any, or
all, of the reverse fraction tasks or gave incorrect responses to those they attempted, or could not
explain their solution methods, or needed a diagram in order to use a ‘guess and check’ method
to solve one or more of the reverse fraction tasks. This included both primary and Year 8 students.
Chinn (2012) stated that: "too many children and adults give up on mathematics learning by

withdrawing from any task that is perceived as likely to result in failure".

Most of the tasks in the FST did not expect students to describe or elaborate their strategies. For
example, in the number-line tasks students’ partitioning skills could be deduced from their written

responses. However, it was possible to distinguish students who used limited and sometimes
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inaccurate understandings of fraction size for example, placing three-quarters very close to the

mark that indicated the number one as “three-quarters is nearly one”.

On the other hand, responses to the reverse fraction tasks from the FST provided a window into
a more explicit repertoire of additive and multiplicative reasoning. Many students were able to
obtain correct results using their own informal methods. Sometimes this written response

involved slightly idiosyncratic representations e.g. 3 = '/; as shown in Figure 4.4.

Students’ written solutions for the three reverse fractions (Task C5, C6 and C7) were analysed
using the Framework for reverse fraction task strategies (Table 5.15). Students who used fully
and advanced multiplicative strategies demonstrated generalisations that are anticipated in
algebraic reasoning. See Figure 4.4 for Student DC’s response for Task C6 and Figure 4.5 for
Student DC’s response to Task C7. Both students used symbols rather than words to explain their

reasoning.

However, the Structured Interview was deliberately designed to enable students to demonstrate
and expand their repertoire of strategies that could be used to demonstrate algebraic reasoning.
Students who demonstrated their verbal fluency in describing mathematical reasoning in the
context of fraction tasks demonstrated generalisations that are anticipated and expected in

algebraic reasoning.

Students need opportunities to check and self-correct their solutions to the fraction tasks and to
connect their verbal descriptions to both diagrams and symbolic representations. Long, De
Temple and Millman (2012) have highlighted the importance of students being able to explain
their thinking:

Students need to explain and justify their thinking and learn how to detect fallacies

and critique others’ thinking. They need to have ample opportunity to apply their

reasoning skills and justify their thinking in mathematical discussions. They will need

time, many varied and rich experiences, and guidance to develop the ability to
construct valid arguments and to evaluate the arguments of others (p. 49).

If students continue to rely on arithmetical rules and procedures and are unable to demonstrate
verbal fluency in describing mathematical reasoning in the context of fraction tasks, they are
unable to demonstrate generalisations that are necessary for algebraic reasoning. The format in
which the questions were asked in the FST needed to be further extended and developed in

order to enable students to verbalise their mathematical thinking.
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8.7 Research Question 7

RQ7. How can students’ level of emerging algebraic reasoning be described and identified so

that teachers may monitor and prompt students’ progress?

The two frameworks developed as part of this research allow students' level of algebraic reasoning
to be described and identified. The first, the Framework for Reverse Fraction Task Strategies
(Table 5.15) allows teachers to analyse students' responses to reverse fraction tasks such as those
in Part C (FST). Students' strategies can be classified as Diagram Dependent,
Additive/subtractive, Partially Multiplicative, Fully Multiplicative and Advanced Multiplicative.
The students' strategies can then be monitored. The second, the Emerging Algebraic Reasoning
Framework (Table 6.12) was developed to classify students' responses to the Structured Interview
and consequently the levels of algebraic reasoning. The Structured Interview included tasks where
initially the numbers representing the given fractions were changed and then included tasks that

included 'any number' and 'any fraction' and 'any number'.

The responses to the research sub-questions discussed in this chapter have highlighted the
importance of tasks such as the reverse fraction tasks which allow students to demonstrate
evidence of algebraic reasoning. The Structured Interview used similar reverse fraction tasks but
moved beyond the change of numbers to 'any number' then to 'any fraction and any number'. For
many students the final interview task highlighted the need to change their strategy as an additive

strategy would no longer work.

Chapter 9 includes the conclusion, key findings and implications for teaching and for further

research.
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Chapter 9:  Conclusion and Implications

One of the challenges of teaching mathematics in the middle years is moving students’ thinking
from the specific, concrete and additive strategies to generalised, abstract and multiplicative
strategies. Early algebra, with an emphasis on generalising, is important because “our students
deserve the chance to develop to the best of their potential” (Lins & Kaput, 2004, p.64). While
some topics in the mathematics curriculum offer specific opportunities to address this challenge
of moving from additive to multiplicative strategies many do not. The tasks used in this research
demonstrate that tasks can be presented that allow students to move beyond the additive strategies

to the more generalizable multiplicative strategies.

Previous related research investigated the types of strategies primary students use to solve fraction
tasks and the connections between fraction knowledge and whole number knowledge (Hunting,
Davis & Pearn, 1996). Other research (Pearn & Stephens, 2007) highlighted the misconceptions
revealed by middle-years students and their reliance on rules and procedures even when these
were deemed to be inefficient and incorrect. Building on these earlier findings this current
research investigated the links between fractional competence and algebraic reasoning to answer
the main research question addressed in this study: “How does middle years students' fractional
competence and reasoning show evidence of emerging algebraic reasoning?” As discussed in
Section 2.3 fractional competence for this research is deemed to be understanding fraction size
and relationships, and basic arithmetic competence with simple fractions (Pearn & Stephens,
2015a; 2016) while algebraic reasoning is based on the definition from Kaput and Blanton (2005),
that states:

.. a process in which students generalize mathematical ideas from a set of particular
instances, establish those generalizations through the discourse of argumentation, and

express them in increasingly formal and age-appropriate ways. (p. 99)

In this mixed method research students attempted two paper and pencil assessments: The Fraction
Screening Test (Pearn & Stephens, 2015a) and the Algebraic Thinking questionnaire (Pearn &
Stephens, 2015b; 2016). The results from the two paper and pencil tests have been described in
Chapter 3, analysed in Chapter 5 and discussed in Chapter 8. After analysing the results from the
three reverse fraction tasks from the FST (Figure 3.7) 43 students were interviewed. The Interview
is described in Chapter 4, analysed in Chapter 6 and discussed in Chapter 8. Case studies of nine

students who were interviewed are given in Chapter 7.

262



The key findings of this research will be highlighted in the next section where the importance of
the three reverse fraction tasks and the two frameworks developed through the process of

analysing the data will be discussed.

9.1 Key findings from this research

The results for the FST and the ATQ discussed in Chapter 5 confirm that middle-years students
in this study were still displaying the same misconceptions regarding fractions as were reported
in previous research (see for example, Pearn & Stephens, 2007; Mitchell & Horne, 2010; Wong
& Evans, 2007, 2011).

However, the inclusion of the three reverse fraction tasks (Figure 3.7) in the broad FST allowed
new insights into the different solution strategies, both successful and unsuccessful, which
middle-years’ students used to solve such unfamiliar fraction tasks, where they were asked to find
the number in the whole collection if given the number representing a specific fractional part.
Grounded in the data, the Framework for Reverse Fraction Task Strategies (Table 5.15) classifies
the strategies students used to solve the reverse fraction tasks. Their strategies (Table 5.15) ranged
from a concrete, additive strategy (Diagram Dependent) to more generalised and algebraic
strategies classified as Advanced Multiplicative where students used either algebraic methods or

divided by the given fraction.

The Structured Interview, developed for data collection, allows teachers as well as research
interviewers to observe more closely the strategies students used to solve fraction tasks that were
similar to those shown in Figure 3.7 then progresses to tasks that are more generalised (see Table
4.5 and Figure 4.9). While the strategies students used for individual tasks from the Structured
Interview could be classified using the Framework for Reverse Fraction Task Strategies (Figure
5.15) a second framework, grounded in the interview data was developed to map students’
progress towards algebraic reasoning: The Emerging Algebraic Reasoning Framework (Table
6.12).

9.1.1 The three reverse fraction tasks

Three reverse fraction tasks (see Figure 3.7), not used in previous fraction tests reported in the
literature, were trialled and proved successful in providing an initial lens into the different types
of students’ solution strategies. Students successfully responded to unfamiliar situations by

employing a range of mathematical strategies. Their strategies could be hierarchically classified,
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and this observation led to the development of the Framework for Reverse Fraction Task

Strategies as detailed Table 5.15.

A limitation of the presentation of these items as a written test was that while students may have
correctly interpreted the task and used an appropriate rule or procedure this may or may not
indicate algebraic reasoning. It may represent simply a learned rule, or it may represent a deeper
understanding of the structure of fractions. This cannot be decided on the basis of their written
responses to FST alone. One on one “interview” dialogue is needed to further probe students’

thinking.

9.1.2 The Structured Interview

The Structured Interview protocol was developed to enable the researcher to observe more closely
the types of strategies students used to solve reverse fraction tasks. It also allowed researchers to
probe the student’s thinking if unsure of the strategy and reasoning being used by the student. The
Structured Interview included reverse fraction tasks similar to those of the written test but with
progressive levels of abstraction to capture students’ ability to generalise (see Pearn, Stephens &
Pierce, 2018a; 2018b). This Structured Interview is described in detail in Chapter 4, the results

analysed in Chapter 6 and elaborated in the nine case studies in Chapter 7.

The Structured Interview was designed to encourage students to demonstrate and expand their
repertoire of algebraic reasoning using fraction tasks. While responses to each individual task
from the Structured Interview could be classified according to the Framework for Reverse
Fraction Task Strategies (Figure 5.15) the overall results for each interview also needed to be
classified in terms of the development of algebraic reasoning. Students’ overall responses to the
Structured Interview were analysed using a thematic analysis approach (Braun & Clarke, 2006).
These responses varied from computational reasoning to fully generalised algebraic reasoning.
The Emerging Algebraic Reasoning Framework with levels and descriptions based on the

interview data is shown in Table 6.12.

9.1.3 The two Frameworks

This study was designed to determine how middle-years students' fractional competence and
reasoning shows evidence and guides monitoring of emerging algebraic reasoning. Based on the
data from the FST, the ATQ and the Structured Interview, two frameworks have been developed:
The Framework for Reverse Fraction Task Strategies (Table 5.15) and the Emerging Algebraic
Reasoning Framework (Table 6.12).
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Analysis of students’ solution strategies using these frameworks has shown that many students
did not attempt any or all of these reverse fraction tasks, or gave incorrect responses to those they
attempted, or could not explain their solution methods, or needed a diagram in order to use a
‘guess and check’ method to solve one or more of the tasks. This might be expected at Year 5,
but according to the Australian Curriculum: Mathematics (ACARA, 2018) Year 8 students should

be solving rational number tasks and simplifying equations written in algebraic form.

Students relying on additive or partially multiplicative strategies were unable to solve the last task
in the Structured Interview asking them to think about ‘any fraction’ and ‘any number’. Some
students’ solution methods changed in the course of the interview when a fraction, and the
corresponding number of objects, changed. Some students who appeared to rely on concrete or
additive strategies were able to move confidently to using multiplicative methods. Some students
were unable to successfully complete the tasks when presented with ‘any number’ instead of a

given quantity during the interview.

Although students used a variety of methods to solve reverse fraction tasks on the written test,
The Emerging Algebraic Reasoning Framework (Table 6.12) identified students who were
computationally proficient but unable to generalise, as distinct from those who were beginning to
generalise, and those who could fully generalise their solutions. This allowed the researcher to

identify students whose proficient generalisations showed clear evidence of algebraic reasoning.

The two frameworks, used in this study, highlight the connection between middle-years students'
fractional competence and reasoning and emerging evidence of their algebraic reasoning. For
teachers, these frameworks serve a double purpose. First by providing indicators that enable
teachers to identify the stage where students are at, and second to monitor students’ progress by

giving clear suggestions for how students can and need to be prompted to make the next steps.

9.2 Implications for Teaching

The main research question of this research was: “How does middle years students' fractional
competence and reasoning show evidence of emerging algebraic reasoning?”” However, in order
to assist teachers a subsequent question could be: “How can this evidence of emerging algebraic
reasoning help teachers monitor and prompt students’ progress towards reasoning algebraically?”’
While some topics in the curriculum offer specific opportunities to address the challenge of
moving middle-years students’ thinking from the specific, concrete and additive strategies to

generalised, abstract and multiplicative strategies the tasks in this study have already shown that
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this can be achieved using fraction tasks that have been designed to find the number of objects in

the whole collection if given the number of objects in a given fractional part.

The practical implications of this research for teaching will be discussed in the rest of this section.
These include the importance of using appropriate assessment and monitoring, a broader
interpretation of the curriculum, appropriate sequencing of tasks, the use of transferable models,

valuing students' strategies and being aware of common misconceptions.

9.2.1 Assessments and frameworks monitor progress towards algebraic reasoning
The Framework for Reverse Fraction Task Strategies (Table 5.15) and the Emerging Algebraic
Reasoning Framework (Table 6.12) provide a guide for the analysis of individual students’
responses to the reverse fraction tasks from the FST and the Structured Interview. This
information will make a valuable addition to tools for monitoring students’ progress in
demonstrating their understanding of fraction concepts. For students who have demonstrated
Complete Computational-Fluency (The Emerging Algebraic Reasoning Framework) the task
sequence used in the Structured Interview using ‘any number of counters’ and ‘any number of
counters and any fraction’ provides a model for prompting students’ thinking towards
generalisation and hence emergent algebraic reasoning. Although the Structured Interview
focussed on reverse fraction tasks this model could be used with other fraction topics and in fact

other mathematical topics.

The Structured Interview was designed so that students would be given all the tasks so that the
tasks themselves encouraged students to move from strategies that demonstrated their
computational fluency to the articulation of their strategies that demonstrate their algebraic
reasoning. However, some students’ interviews were discontinued when they were unable to

complete tasks that required them to use multiplicative or algebraic reasoning.

The two frameworks: The Framework of Reverse Fraction Task Strategies (Table 5.15) and the
Emerging Algebraic Reasoning Framework (Table 6.12) were recently trialled with a group at a
well-regarded large, annual, mathematics teachers’ conference. The participants completed both
the set of three reverse fraction tasks and the Structured Interview questions and were asked to
classify their responses against the two frameworks. Many of these teachers volunteered positive
feedback and stated that they were going to use both the assessments and the frameworks with

their students next year.
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9.2.2 Broader interpretation of the curriculum

The Australian Curriculum: Mathematics (ACARA, 2018) takes a carefully structured approach
to fractions from Years 5 to 7: starting by comparing fractions then working through arithmetic
processes with the same and different denominators. However, nowhere in the curriculum does it
suggest that students find the whole if they have been given a fraction and the number of objects
that represents that fraction. This research has highlighted the importance of including reverse
fraction tasks that allow students to demonstrate their understanding of fractions and their
algebraic reasoning. If we want teachers to include tasks similar to the reverse fraction tasks, we
need a broader interpretation of the curriculum. A further content descriptor or elaboration at Year
6 could be: “Find the number of objects in the whole group, if given the number of objects
representing a specific fractional part of that whole group”. Items such as the following give a

context for using reverse fraction reasoning.

In a forest there are many nocturnal creatures. Three volunteers, each checking one-tenth
of forest, found a total of 12 nocturnal creatures. How many nocturnal creatures would

you expect to find in the whole forest? What assumptions did you make?

9.2.3 Appropriate sequencing — going beyond the numbers

The content descriptions for fractions in the Australian Curriculum: Mathematics (ACARA,
2018) for comparing, ordering and adding and subtracting fractions are presented in a trajectory
from comparing and computing fractions with the same denominators at Year 5 to including

unrelated denominators at Year 7.

In contrast the Emerging Algebraic Reasoning Framework (Table 6.12) draws attention to
increasing levels of variation and abstraction for students to generalise their thinking. The first
level changes the number of counters given for a fraction, building on from “How would you find
the number of objects in the whole if 12 counters represented two-thirds?” to “What if 16 counters

represented two-thirds of the whole collection?”

The second level of abstraction introduces the idea that a fraction can be represented by ‘any
number' of counters. For example, after trying several different numbers of objects representing
the fraction two-thirds then asking: “How would you find the number of objects in the whole if
there were ‘any number of counters’ that represented two-thirds?” Students demonstrate
understanding if they find the number of counters for one-third and then scale up either additively

or multiplicatively. Those who use multiplicative methods are beginning to demonstrate algebraic
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reasoning which can support the next level of abstraction. For those who use additive or

subtractive strategies the third level is not possible.

The third level of abstraction presents ‘any fraction’ and ‘any number of counters’. For example,
“How would you find the number of counters in the whole group if there are any number of
counters representing any fraction of that group?” Students who are successful with this task
stating that they would need to divide by the numerator to find the unit fraction then multiply by
the respective denominator have understood the structure of fractions and are demonstrating fully
generalised algebraic reasoning as are those who understand that these two steps can be performed

in one step by dividing the fraction or multiplying by its reciprocal.

Students who were able to move from the second level of abstraction to the third level of
abstraction demonstrated that the Structured Interview tasks allowed them to use the tasks as

“assessment for learning” (Wiliam, 2011).

9.2.4 Use transferable models

Peter Gould (2013) suggested that: “fractions should be introduced through equal sharing contexts
that use countable or continuous quantities that can be cut or divided” (p.33). This research has
highlighted the need to extend the concrete models to include starting with a part of the collection
or continuous quantity to calculate the whole. The outcomes of this research suggest that
consideration also needs to be given to transferability of fraction models to apply the same reverse
relationships with decimals and percentages. For example, in the question above, students need
to understand that three volunteers have covered three-tenths of the forest identifying a total of
12 nocturnal creatures. The total population can be estimated by finding one-tenth (four creatures)

and then deducing the total (40); or divide 12 by three-tenths to get the same result.

The development of both the Framework for Reverse Fraction Task Strategies (Table 5.15) and
the Emerging Algebraic Reasoning Framework (Table 6.12) have been informed by the analysis
of students’ responses to reverse fraction tasks, but these frameworks could also be adapted to
model students’ emergent algebraic thinking in other areas of the curriculum. For example,
assessment tasks can be designed so that student responses can be classified according to the
strategies being used and each task can be scaffolded upwards along the same lines as the
Structured Interview so that students can start to see commonality and pattern, whether they are

using fractions, decimals or percentages.
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9.2.5 Value students’ strategies

The research has identified possible strategies students may use to solve reverse fraction tasks
with written tasks and during a semi-structured interview. Teachers need to recognise and value
students' thinking strategies which are actually correct but may not be the most efficient or have
limited applicability. Part of the teacher's role then becomes to provide a task for which their
strategy becomes far too cumbersome or one that just will not work. This is exemplified in the
Structured Interview where the tasks went from changing numbers to 'any number' then 'any

fraction' and 'any number'. In this case the partially multiplicative strategy no longer worked.

9.2.6 Awareness of common misconceptions and difficulties

Teachers need to be vigilant regarding possible misconceptions regarding both whole numbers
and fractions. This research has exposed the misconceptions and difficulties that have been
documented in the research for decades. Common misconceptions include adding numerators and
denominators to add two fractions as shown by the results from the FST and reported in Chapter
5. Division of whole numbers and fractions appears to be more difficult for students than

multiplication of whole numbers as shown by the results from the ATQ in Chapter 5.

These common misconceptions and difficulties were even obvious in students who demonstrated
algebraic reasoning. Many students appeared to be responding quickly using incorrect rules and
procedures with little evidence they had any understanding of the concept being tested. Since the
mathematics curriculum now places emphasis on the four proficiencies, teachers need to
encourage students to demonstrate their understanding as well as their fluency. The choice of
appropriate examples for mathematics tasks is very important so that these misconceptions are

not accidentally taught.

9.3  Limitations of this study

This research was conducted with a convenient sample of Victorian teachers who volunteered to
take part in this study after they had attended a professional development session presented by
the researcher. These teachers had already shown that they were interested in the topic of
fractions. The schools in this study were either at or above the state average ICSEA value thus
most students were from above socioeconomic average households. As parent permission was
required for this research some schools had high response rates while others had very low
response rates. There were no Year 7 students involved in this study as there were no Year 7
teachers who volunteered. This study needs to be extended to a wider range of schools across

Victoria, Australia and internationally.
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Not all the testing was done with the researcher present. Some of the paper and pencil tests were
conducted by the classroom teachers or a member of the school leadership team while in other
schools the researcher oversaw or conducted the assessments. As discussed in Chapter 4 there
were multiple interviewers, including the researcher, conducting the Structured Interview with
the primary and Year 8 students. The interviewers were briefed prior to the interviews and
debriefed after the interviews. Multiple interviewers were used to minimise the disruption for the

two schools involved.

As discussed in Chapter 5 the ATQ appears to be too difficult for some students in the middle
years as evidenced by the number of non-responses, question marks and comments such as: "I
don't know". While the ATQ tasks were in line with curriculum expectations the ATQ may need
some easier questions or better scaffolding so students will at least be more willing to attempt the

tasks.

This research assessed a volunteer group of students whose teachers and parents agreed to their
participation. Consequently, only descriptive statistics were used for the analysis of the data
collected. There was no opportunity to perform inferential statistics with a multilevel analytical
approach that acknowledged the possible hierarchical structure of the data. A more structured
research study could be initiated where data was collected from different classrooms, different

schools and different classrooms that are more representative of the wider community.

9.4 Implications for further research

The Algebraic Thinking Questionnaire needs to be modified and presented in such a way that
students will at least attempt the tasks rather than leaving the spaces blank or writing question
marks or statements such as "I don't know". Both paper and pencil instruments, the FST and the
ATQ, may need to be updated to ensure that the contexts are locally relevant. Possible research
questions could focus on identifying emerging algebraic reasoning, and opportunities to promote
this, in other areas of the mathematics curriculum. Are these two Frameworks useful for
identifying emerging algebraic reasoning in other areas of mathematics and in other levels of

schooling?

While there were some interesting and important findings from this research there was no
opportunity to perform a multilevel analytical approach that acknowledged the possible
hierarchical structure of data that could be collected if a more comprehensive study was done
where data was collected from different classrooms, different schools and different classrooms

nationally and internationally.
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9.5 The importance of this study

Previous studies have shown the importance of carefully constructed fraction tasks that allow
students to demonstrate that they understand the concepts of fractions and not just perform
carefully rehearsed rules and procedures. This study was designed to determine how middle-years
students' fractional competence and reasoning shows evidence and guides monitoring of emerging
algebraic reasoning. Sequencing tasks that initially allowed students to use diagrams to support
specific additive strategies, to tasks without diagrams where students can choose to use either
additive or partially multiplicative strategies, then to tasks that can only be solved using
multiplicative strategies and finally tasks that require generalisations and can only be solved using

fully multiplicative strategies.

Carefully scaffolding tasks beyond giving students the numbers to use in calculations but instead
asking them to think about ‘any number of objects’ to ‘any number of objects representing any
fraction’ allowed some students to move beyond the additive strategies there were relying on to
the more generalised algebraic strategies as they applied their understanding of fractions and
provided the reasoning for their choices. The second and third levels of abstraction of the
Structured Interview tasks prompted students to say out loud, in their own words, their generalised
response. Articulating their thinking to an interviewer allowed students to reason for themselves

their understanding of the generalization and demonstrate their algebraic reasoning.

Teachers can use the Emerging Algebraic Reasoning Framework to analyse the strategies used
by their students in response to assessment tasks and then provide them with the types of tasks
that will allow their students to move to the next level of the Emerging Algebraic Reasoning

Framework.
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Appendix A: Fraction Screening Test

Fractions

Screening Test

Catherine Pearn

Max Stephens

The University of Melbourne
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Part A

1.
Circle the picture(s) that represent %

2.

Draw s circle around é of these beetles.
2
T X
@

3.
| want to share 20 fish equslly between 4

friends.

How many fish would each friend get?

4.
This is one -half of the lollies | started

~

How many lollies did | start with?

5.
Shade one-fifth ( .1?) of this rectangle.

Four friends shared three pizzas equally.
What fraction of a pizza would each friend

get?

4 Pearn & Stephens: The University of Melbourmne
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7.
Here is a counting pattern:

—
W) W
—
llil —
W s

What is the next term in this counting
patten?

Here is a picture of a ribbon.

Shade % of the ribbon.

[

]

9.
What number do you need to write in the
box so that the fractions are equivalent

(have the same value)?

Si|

o) -

10.
What number do you need to write in the
box so that the fractions are equivalent?

s _[]

10 5

1.

Complete
3,10
10 5 |:|
12.

To buy a new workbook | spent $4. This
is "7 of what | saved up. How much did |

save up?

@ 2014 Peam & Stephens: The University of Melbourne



Part B

1.

This number line is marked 0 to 100 and has been divided up.

a. Write the numbers that should go on the marks.

b. Explain how you decided that your answer is correct.

2.

This number line shows 0 to 25.

v

a. Place the number 75 on the number line as accurately as you can.

b. Explain how you decided that your answer is correct.

c. Mark the number 5 on the number line as accurately as you can.

d. Explain how you decided that your answer is correct.
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Here is a number line 2 units long.

Put a cross (x) where you think the number % would be on the number line
below.

0 1 2

1

This number line shows where the number 3 is.

Put a cross (x) where you think the number 1 would be on the number line

5.

3
On this number line 0 and the number Z are shown.

0 34| A B C

a. Circle the letter that represents where the number 1 would be.
b. How did you decide the other two choices were incorrect?
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PartC

1.
Place these fractions in order from

largest to smallest.
1 1 3 1

2 4 5 10
2

draw g line from each fraction to the

equivalent decimal.

1 0.4
2

1 0.1
3

1 0.25
10

2

2 05
3

3

C-irde the one that does not belong:

25% 0.4 0.25 %

4.
Circle the one that does not belong:
12 & 12 12

5 30

5.
5
This collection of 10 counters is % of the

number of counters | started with.

a. How many counters did | start with?
b. Explain how you decided that your

answer is correct

6.
Susie’s CD collection is iof her friend

Kay's. Susie has 12 CDs.
How many CDs does Kay have?
Show all your working.

7.
This collection of 14 counters is é of the

number of counters | started with.

O0O00O0O
O000O
000

a. How many counters did | start with?
b. Explain how you decided that your
answer is correct.



Appendix B: Algebraic Thinking Questionnaire

Algebraic Thinking Questionnaire

NAME YEAR LEVEL SCHOOL

Part M

1. For each of the following number sentences, write a number in the box to
make a true statement. Explain your working briefly.

36 x 25 = 9 x
48 x 25 = X 10
Z X = 18

3

O|O
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2. Can you think about the following mathematical sentence:

5 X = 10 X
Box A Box B

a) In each of the sentences below, can you put numbers in Box A and
Box B to make each sentence correct?

5 x = 10 X

Box A Box B

Box A Box B

b) When you make a correct sentence, what is the relationship between
the numbers in Box A and Box B?

c) Ifyouputany number in Box A, can you still make a correct sentence?
Please explain your thinking clearly.

d) What can you say about ¢ and d in this mathematical sentence?
C X 2 = d X 14

e) What can you say about a and b in this mathematical sentence?

a X § = b X 11
2

4

290



PartD

1. For each of the following number sentences, write a number in the box
to make a true statement. Explain your working briefly.

3 + 4 = 15 +
+ 15 = 16 = 30
2

18_ - 6 - 3
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2. Can you think about the following mathematical sentence:

3 - = 15 =

Box A Box B

(a) In each of the sentences below, can you put numbers in Box A and
Box B to make each sentence correct?

3 - = 15 =

Box A Box B

Box A Box B

(b)  When you make a correct sentence, what is the relationship between
the numbers in Box A and Box B?

(c) Ifyouputany number in Box A, can you still make a correct sentence?
Please explain your thinking clearly.

(d)  What can you say about ¢ and d in this mathematical sentence?

c + 8 = d + 24

(e)  What can you say about a and b in this mathematical sentence?

a = E = b - —_
7
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Appendix C: Structured Interview
Student Interviews: Notes for Interviewers
You will need:

1. Interview sheet for student to complete.
2. Notes for interviewers.

Please note that the instructions for interviewers are in bold.
Say:

e ['mreally interested in the strategies you used so I’m going to ask you some questions and I’d like
you to explain your thinking as you solve these fraction tasks.
e  Your responses are going to help me understand how students think about fractions.

Hand the students the interview sheet.

Say: Please write your name, class and school on the top of Page 1.

Read Question 1 out loud.

Say:

Write your answers, and working, to each question in the space provided.

Include enough detail to explain your thinking.

[Note: Ensure students write detailed answers. Students are allowed to draw diagrams.]
Wait until student have completed Question 1 before reading Question 2.

Similarly, for Question 3.

Note: If student is struggling discontinue the interview after Question 3 and make a note of where they

stopped and why.

After students have successfully completed Page 1 turn to Page 2 of the interview script.
Say:
Here are some more tasks that are similar to the tasks you have just done.

Read Question 4 out loud for student.
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If student is unable to complete Question 4 stop the interview and make a note of where they stopped

and why.

If student successful with Question 4 read Question 5 out loud for student.

If student is unable to complete Question 5 stop the interview and make a note of where they stopped

and why.

If student successful with Question Sb turn to Page 3.
Say:
Here are some more tasks that are similar to the tasks you have just done.

Read Question 6 (Page 3) out loud for student.

If student is unable to complete Question 6 stop the interview and make a note of where they stopped

and why.

If student successfully answers 6b then ask Question 7.

[Note: If necessary prompt students to write detailed answers. If students refer to “top number” and “bottom

number” ask if they know the correct terms for these numbers and include these terms in their explanations.]
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Student Name Class School

: .2 .
Imagine that I gave you 12 counters which is 5 of the number of counters [ started with.

a. How many counters did I start with?

b. Explain your thinking.

4
Susie has 8 CDs. Her CD collection is ; of her friend Kay’s.

a. How many CDs does Kay have?

b. Explain your thinking.

: T :
Imagine that I gave you 21 counters which is g of the number of counters I started with.

a. How many counters did I start with?

b. Explain your thinking.
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Here are some more tasks that are similar to the ones we have just done.
4.

2
a. IfI gave you 18 counters, which is 3 of the number of counters I started with, how would

you find the number of counters I started with?

2
b. IfI gave you any number of counters, which is also g of the number I started with, what

would you need to do to find the number of counters I started with?

4
a. If Susie had 20 CDs, which was ; of her friend Kay’s CDs, how would you find the

number of CDs Kay has?

4
b. Ifit was any number of CDs that Susie had, and this was still ; of the number CDs Kay

had, what would you need to do to find the number of CDs Kay had?
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7
a. IfI gave you 70 counters, which was g of the number of counters I started with, how

would you find the number of counters I started with?

. : 7
b. Ifit was any number of counters, which was g of the number of counters I started with,

what would you need to do to find the number of counters I started with?

7.

Think about the tasks you have just done.

What if [ gave you any number of counters, and they represented any fraction of the number of

counters I started with, how would you work out the number of counters I started with?

a. Can you tell me what you would do?

b. Please write in your own words.
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