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Abstract—We consider private function evaluation to provide
query responses based on private data of multiple untrusted
entities in such a way that each cannot learn something substan-
tially new about the data of others. First, we introduce perfect
non-stochastic privacy in a two-party scenario. Perfect privacy
amounts to conditional unrelatedness of the query response and
the private uncertain variable of other individuals conditioned
on the uncertain variable of a given entity. We show that perfect
privacy can be achieved for queries that are functions of the
common uncertain variable, a generalization of the common
random variable. We compute the closest approximation of the
queries that do not take this form. To provide a trade-off between
privacy and utility, we relax the notion of perfect privacy. We
define almost perfect privacy and show that this new definition
equates to using conditional disassociation instead of conditional
unrelatedness in the definition of perfect privacy. Then, we gen-
eralize the definitions to multi-party function evaluation (more
than two data entities). We prove that uniform quantization of
query responses, where the quantization resolution is a function
of privacy budget and sensitivity of the query (cf., differential
privacy), achieves function evaluation privacy.

I. INTRODUCTION

Privacy research in information theory [1] and computer
science [2] often deals with the problem of reporting privacy-
preserving query responses based on private data available
on a secure server. That is, when computing the privacy-
preserving responses, the server has access to the entire private
dataset and generates a noisy output with desired utility and
privacy against a third-party adversary. Those studies fail
to investigate private information leakage from the query
responses to individuals whose data is used for responding to
the query, which amounts to privacy analysis in the presence of
side-channel information. This is an important problem when
multiple untrusted parties must come together to compute the
response to an aggregate query.

In this work, we consider providing query responses based
on the data of multiple untrusted entities in such a way that
they cannot learn something substantially new about the data
of others. We refer to this as private function evaluation. At
first, we introduce and investigate perfect privacy in a two-
party scenario. This is the non-stochastic counterpart of perfect
privacy in stochastic literature [3]–[5]. Perfect privacy equates
to conditional unrelatedness of the query response and the
private uncertain variable of other individuals conditioned on
the uncertain variable of a given entity. We show that perfect
privacy can be achieved for queries that are functions of the
common uncertain variable, a generalization of the common
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random variable in the sense of [6]. For queries that do not
take this form, we can approximate the query to compute
the response with the most utility, i.e., closest worst-case
response. To provide a trade-off between privacy and utility,
we relax the notion of privacy. We define almost perfect non-
stochastic privacy and show that this new definition equates to
using conditional disassociation, borrowed from [7], instead
of conditional unrelatedness in the definition of perfect pri-
vacy. We investigate the family of functions that can achieve
almost perfect privacy. Then, we generalize our definition to
multi-party function evaluation (more than two data entities).
We prove that private function evaluation can be achieved
by uniform quantization of the query responses, where the
quantization resolution is a function of privacy budget and
sensitivity of the query (cf., scale of the Laplace mechanism
differential privacy [8]). We also investigate the utility of these
reporting policies to establish utility-privacy trade-off.

Private function evaluation, at first glance, might seem
related to private computation [9] and private information
retrieval [10]. However, in private function evaluation, the
objective is not to hide the function to be computed (cf.,
private computation) or the datasets on which the function
is evaluated (cf., private information retrieval). We are rather
interested in ensuring that the parties contributing to the private
dataset cannot infer the private information of the other parties.
This links the problem more intimately to privacy-preserving
distributed decision making [11]. However, all those papers
consider stochastic mechanisms for ensuring privacy while,
in this paper, we are interested in a non-stochastic notion of
information leakage and privacy.

Despite their shortcomings, due to heuristic-based devel-
opment, non-stochastic privacy-preserving policies have re-
mained popular, e.g., [12]. Those studies are motivated by
concerns about the use of randomization in popular stochastic
approaches. For instance, randomized policies, stemming from
differential privacy in financial auditing, can potentially com-
plicate fraud detection [13] and cause difficulties in medical,
health, or social research [14]. This has motivated the use
of information-theoretic tools to investigate non-stochastic
privacy recently [15], [16]. Nonetheless, those studies do not
consider the private function computation setup in this paper.

II. UNCERTAIN VARIABLES

In this section, we present necessary preliminaries from non-
stochastic information theory from [15], [17].

A sample space Ω models the set of uncertainties. An
uncertain variable is a mapping from the sample space to a
set of interest, such as X : Ω → X. Here, X(ω) denotes a



realization of uncertain variable X corresponding to sample
ω ∈ Ω. If X is finite, the uncertain variable X is discrete. In
this paper, we focus on discrete uncertain variables. The range
of an uncertain variable X is the set of all its realizations,
e.g., JXK := {X(ω) : ω ∈ Ω} ⊆ X. The joint range of
any two uncertain variables X : Ω → X and Y : Ω → Y
is JX,Y K := {(X(ω), Y (ω)) : ω ∈ Ω} ⊆ X × Y. The
conditional range of uncertain variable X , conditioned on
a realization of another uncertain variable Y (ω) = y, is
JX|Y (ω) = yK := {X(ω) : ∃ω ∈ Ω such that Y (ω) = y} =
X(Y −1(y)) ⊆ JXK, where Y −1 denotes the pre-image or
inverse image of Y . Whenever it is evident from the context,
JX|yK is used instead of JX|Y (ω) = yK for the sake of brevity.

Uncertain variables X1, . . . , Xn are unrelated if
JX1, . . . , XnK = JX1K × · · · × JXnK. They are condi-
tionally unrelated (conditioned on observations of Y ) if
JX1, . . . , Xn|Y (ω) = yK = JX1|Y (ω) = yK × · · · ×
JXn|Y (ω) = yK,∀y ∈ JY K. For two uncertain variables,
this is equivalent to stating that X1 and X2 are unrelated if
JX1|X2(ω) = x2K = JX1K,∀x2 ∈ JX2K, and vice versa [17].
For two uncertain variables, X1 and X2 are conditionally
unrelated (conditioned on realizations of Y ) if JX1|X2(ω) =
x2, Y (ω) = yK = JX1|Y (ω) = yK,∀(x2, y) ∈ JX2, Y K [17].

The non-stochastic entropy of uncertain variable X is
H0(X) := log2(|JXK|). This is commonly referred to as
the Hartley entropy [17], [18] and coincides with the Rényi
entropy of order 0 for discrete variables [19]. Conditional
(or relative) entropy of uncertain variable X given uncertain
variable Y is H0(X|Y ) := maxy∈JY K log2(|JX|Y (ω) = yK|).
This coincides with the Arimoto-Rényi conditional entropy
of order 0 [20]. So, the non-stochastic information between
two uncertain variables X and Y can be defined as the
difference of the entropy of X with and without access
to realizations of Y : I0(X;Y ) := H0(X) − H0(X|Y ) =
miny∈JY K log2 (|JXK|/|JX|yK|) . The zeroth order information,
defined above, is not symmetric in general. It is related to
Kolmogorov’s information gain |JXK|/|JX|yK| and the ‘com-
binatorial’ conditional entropy log2(|JX|yK|) [21]. However,
the combinatorial conditional entropy and the information gain
are defined for a given realization while this is for the least
informative realization.

In [15], it was observed that, in the context of information-
theoretic privacy, I0 is not an appropriate measure of informa-
tion leakage. This is because I0 focuses on least informative
observations while a privacy-intrusive adversary is interested
in most informative realizations. Therefore, in [15], an alter-
native non-stochastic information leakage is proposed as

L0(X;Y ) := max
y∈JY K

log2

(
|JXK|
|JX|yK|

)
. (1)

Non-stochastic information leakage L0(X;Y ) captures the
worst-case reduction in the complexity of brute-force guessing
X after observing Y [22]. In general, I0 and L0 are not equal,
i.e., I0(X;Y ) 6= L0(Y ;X). In fact, I0(X;Y ) ≤ L0(X;Y ).
Again, L0(X;Y ) is not symmetric. Note that L0(X;Y ) ≥ 0

with equality achieved if and only if X and Y are unrelated.
We can define conditional non-stochastic information leakage:

L0(X;Y |Z)

:= max
(y,z)∈JY,ZK

log2

(
|JX|Z(ω) = zK|

|JX|Y (ω) = y, Z(ω) = zK|

)
. (2)

Note that L0(Y ;X|Z) ≥ 0 with equality achieved if and only
if X and Y are unrelated conditioned on Z .

In [17], maximin or non-stochastic information is introduced
as a symmetric measure of information and its relationship
with zero-error capacity is explored. To present its definition,
we need to introduce overlap partitions.

Definition 1 (Overlap Partition).
• x, x′ ∈ JXK are overlap connected (via JX|Y K), x !
x′, if there exists a finite sequence of conditional ranges
{JX|yiK}ni=1 such that x ∈ JX|y1K, x′ ∈ JX|ynK, and
JX|yiK ∩ JX|yi+1K 6= ∅ for all i = 1, . . . , n− 1;

• A ⊆ JXK is overlap connected if all x, x′ ∈ A are
overlap connected;

• A,B ⊆ JXK are overlap isolated if there do not exist
points x ∈ A and x′ ∈ B such that x! x′;

• An overlap partition of JXK is a set of sets JX|Y K? :=
{Ai}ni=1 such that JXK ⊆

⋃n
i=1Ai, Ai,Aj are overlap

isolated if j 6= i, and Ai is overlap connected;

There always exists a unique overlap partition [17]. The
maximin information is

I?(X;Y ) := log2(|JX|Y K?|). (3)

Note that I?(X;Y ) ≥ 0 and I?(X;Y ) = 0 if and only
if uncertain variables X and Y are unrelated. The maximin
information is symmetric [17], i.e., I?(X;Y ) = I?(Y ;X). The
maximin information is related to the non-stochastic informa-
tion leakage I?(X;Y ) ≤ L0(X;Y ) [23]. Due to symmetry of
maximin information, I?(X;Y ) = I?(Y ;X) ≤ L0(Y ;X).

III. COMMON UNCERTAIN VARIABLE, INFORMATION, AND
PERFECT PRIVACY

We first discuss extension of common random variables
in [6] to uncertain variables in line with the approach of [17].
This extends the use of common information [24], also known
as the Gács-Körner common information [25], in perfect
privacy [26] to the non-stochastic framework.

A. Common Uncertain Variable and Information

We start by introducing common uncertain variables and
relating it to overlap partitions and maximin information.

Definition 2 (Common Uncertain Variable). Let X1 and X2

be any two uncertain variables with disjoint1 ranges.
• G is a bipartite graph with the vertex set V = JX1K∪JX2K

and the edge set E = JX1, X2K;

1The disjoint assumption is just to simplify definition of the bipartite graph
by making vertexes associated with alphabet of X1 and X2 distinguishable.
This is clearly without loss of generality as changing the event sets/alphabets
of uncertain variables does not change their properties.



• f1 : JX1K → 2JX1K∪JX2K is a function that maps x1 ∈
JX1K ⊆ V to the set of vertices in JX1K ∪ JX2K that are
in the connected component of G containing x1;

• f2 : JX2K → 2JX1K∪JX2K is a function that maps x2 ∈
JX2K ⊆ V to the set of vertices in JX1K ∪ JX2K that are
in the connected component of G containing x2.

The common uncertain variable is X1 ∧ X2 = f1 ◦ X1 =
f2 ◦X2.

Similar to [6], we should note that the common uncertain
variable X1 ∧X2 is the “largest” uncertain variable that can
be extracted from uncertain variables X1 and X2.

Proposition 1. Assume that uncertain variables X1, X2, and
C exist such that C = f̄1 ◦ X1 = f̄2 ◦ X2 for functions
f̄1 : JX1K → JCK and f̄1 : JX2K → JCK. There exists
g : 2JX1K∪JX2K → JCK such that C = g(X1 ∧X2).

Proof: The proof follows the same line of reasoning as
in the proof of Lemma 1 in [6].

For the unique overlap partition of JX1K, JX1|X2K? =
{Ai}n1

i=1 with n1 ∈ N, define i1 : JX1K → {1, . . . , n1} such
that i1(x1) = i for which x1 ∈ Ai. Similarly, for the unique
overlap partition of JX2K, JX2|X1K? = {Bi}n2

i=1 with n2 ∈ N,
define i2 : JX2K→ {1, . . . , n2} such that i2(x2) = i for which
x2 ∈ Bi. The mappings i1 and i1 are well-defined because
JX1|X2K? and JX2|X1K? are partitions.

Definition 3 (Equivalence). Two uncertain variables X and
Y are equivalent, X ≡ Y , if there exists a one-to-one
correspondence2 f : JXK→ JY K such that Y = f ◦X .

The notion of “equivalence” between two uncertain vari-
ables is weaker than “equality”; see [27] for random variables.
Entropy is invariant under the equivalence relationship.

Proposition 2. X1∧X2 ≡ i1◦X1 ≡ i2◦X2 and I?(X1;X2) =
H0(X1 ∧X2).

Proof: Due to page limits, the proofs are presented in a
technical note online [28].

B. Perfect Privacy

Perfect privacy [3], defined by adapting Shannon’s perfect
secrecy [29] to the privacy framework, states that an obser-
vations is perfectly private if it is statistically independent of
the private random variable. This concept has been recently
investigated [4], [5] to provide a fundamental understanding
of utility-privacy trade-off. In the non-stochastic case, inde-
pendence can be replaced with unrelatedness. We can tailor
this definition to the case of private function computation by
assuming that, conditioned on the realization of the uncertain
variable of each party, the outcome should not leak any
information about the uncertain variable of the other party.

Definition 4 (Perfect Privacy in Two-Party Function Eval-
uation). Let X1 and X2 be any two uncertain variables.

2The partitions of sample space Ω induced by X and Y are the same
though their labeling may be different.

The mapping f : JX1, X2K → Rm provides perfect privacy
if f(X1, X2) is unrelated to X1 conditioned on X2 and
f(X1, X2) is unrelated to X2 conditioned on X1.

Note that Definition 4 implies that the mapping f pro-
vides perfect privacy if JX2|X1(ω) = x1, Z(ω) = zK =
JX2|X1(ω) = x1K and JX1|X2(ω) = x2, Z(ω) = zK =
JX1|X2(ω) = x2K with Z = f(X1, X2). Perfect privacy
for two-party function evaluation can be equivalently defined
using conditional non-stochastic information leakage. This is
proved in the next proposition.

Proposition 3. Mapping f provides perfect privacy if and only
if L0(f(X1, X2);X1|X2) = L0(f(X1, X2);X2|X1) = 0.

Proof: See online technical note [28].

Proposition 4. The following statements hold:
• X1 ∧X2 is unrelated to X1 conditioned on X2;
• X1 ∧X2 is unrelated to X2 conditioned on X1.

Proof: See online technical note [28].
Hence, all functions of the common uncertain variable also

provide perfect privacy. The inverse is however also true. In
fact, any function that provides perfect privacy must only be
computable based on the common uncertain variable. This is
explored in the following proposition.

Proposition 5. For any f : JX1, X2K → Rm providing
perfect privacy, there exists g : 2JX1K∪JX2K → Rm such that
f(X1, X2) = g(X1 ∧X2).

Proof: See online technical note [28].
Not all functions provides perfect privacy as not all func-

tions can be rewritten in terms of the common uncertain
variable. For instance, f(X1, X2) = X1 cannot be written in
terms of the common uncertain variable. This function also
does not provide perfect privacy. Thus, we might need to
approximate such a function with one that provides perfect
privacy; see online technical note for more detail [28]. In
general, the condition for perfect privacy does not offer a
systematic way for trading-off utility and privacy. In the
remainder of this paper, we relax this notion of privacy.

IV. ALMOST PERFECT PRIVACY

Recall that Proposition 3 implies f provides per-
fect privacy if and only if max{L0(f(X1, X2);X1|X2),
L0(f(X1, X2);X2|X1)} = 0. Therefore, we can relax per-
fect privacy by requiring that max{L0(f(X1, X2);X1|X2),
L0(f(X1, X2);X2|X1)} is small rather than zero.

Definition 5 (γ-Privacy in Two-Party Function Evaluation).
Let X1 and X2 be any two uncertain variables. For γ ≥
0, the mapping f : JX1, X2K → Rm provides γ-privacy if
max{L0(f(X1, X2);X1|X2), L0(f(X1, X2);X2|X1)} ≤ γ.

In what follows, we borrow disassociation from [7] as a
relaxation of unrelatedness. This way, we can investigate γ-
privacy in more depth by casting it in terms of disassociation
rather than conditional information leakage.



Definition 6 (Disassociated Uncertain Variables). For δ ∈
[0, 1], two uncertain variables X and Y are δ-disassociated if

|JX|Y (ω) = y1K ∩ JX|Y (ω) = y2K|
|JXK|

≥ δ,
∀y1, y2 ∈ JY K : y1 6= y2, (4a)

|JY |X(ω) = x1K ∩ JY |X(ω) = x2K|
|JY K|

≥ δ,
∀x1, x2 ∈ JXK : x1 6= x2. (4b)

If only (4a) holds, X is partially δ-disassociated with Y .

As δ increases, any two δ-disassociated uncertain variables
“appear more unrelated” and 1-disassociated implies unrelat-
edness between two uncertain variables [28]. Therefore, we
can think of δ-disassociation as a relaxation of unrelatedness.

Proposition 6. For δ-disassociated uncertain variables X
and Y , L0(X;Y ) ≤ − log2(δ), L0(Y ;X) ≤ − log2(δ), and
I?(X;Y ) ≤ − log2(δ).

Proof: See online technical note [28].
Proposition 6 shows that the information between any two

δ-disassociated uncertain variables X and Y reduces as δ gets
larger. For δ = 1, L0(X;Y ) = L0(Y ;X) = I?(X;Y ) = 0.
This shows X and Y are unrelated if they are 1-disassociated.

Definition 7 (Conditionally Disassociated Uncertain Vari-
ables). For δ ∈ [0, 1], two uncertain variables X and Y are
δ-disassociated conditioned on uncertain variable Z if

|JX|Y (ω)=y1, Z(ω)=zK∩JX|Y (ω)=y2, Z(ω)=zK|
|JX|Z(ω) = zK|

≥ δ,

∀y1, y2 ∈ JY |Z(ω) = zK : y1 6= y2,∀z ∈ JZK, (5a)
|JY |X(ω)=x1, Z(ω)=zK∩JY |X(ω)=x2, Z(ω)=zK|

|JY |Z(ω) = zK|
≥ δ,

∀x1, x2 ∈ JX|Z(ω) = zK : x1 6= x2,∀z ∈ JZK. (5b)

If only (5a) holds, X is partially δ-disassociated with Y
conditioned on Z.

Similarly, two uncertain variables X and Y are unrelated
conditioned on uncertain variable Z if they are 1-disassociated
conditioned on Z. Hence, we can think of conditional disas-
sociation as a relaxation of conditional unrelatedness.

Proposition 7. Assume that two uncertain variables X and Y
are δ-disassociated conditioned on uncertain variable Z for
some δ ∈ [0, 1]. Then, L0(X;Y |Z) ≤ − log2(δ).

Proof: See online technical note [28].

Proposition 8. Let X1 and X2 be any two uncertain variables.
For γ ≥ 0, the mapping f : JX1, X2K → Rm provides γ-
privacy if f(X1, X2) and X1 are e−γ-disassociated condi-
tioned on X2, and f(X1, X2) and X2 are e−γ-disassociated
conditioned on X1.

Proof: It follows form Proposition 7.
Proposition 8 shows that we can relax the definition of

perfect privacy by requiring conditional disassociation instead
of conditional unrelatedness.

Definition 8 (δ-Overlap Connectivity). For δ ∈ [0, 1],
• x, x′ ∈ JXK are δ-overlap connected (via JX|Y K), x!δ

x′, if there exists a sequence of points {yi}ni=1 ⊆ JY K
such that x ∈ JX|Y (ω) = y1K, x′ ∈ JX|Y (ω) = ynK,
and |JX|Y (ω) = yiK ∩ JX|Y (ω) = yi−1K|/|JXK| ≥ δ,
for all i ∈ {2, . . . , n};

• if x, x′ ∈ JXK are δ-overlap connected with n = 1, they
are singly δ-overlap connected;

• A ⊆ JXK is (singly) δ-overlap connected if all points in
JXK are (singly) δ-overlap connected;

• A,B ⊆ JXK are δ-overlap isolated if there do not exist
points x ∈ A and x′ ∈ B such that x!δ x

′;
• A δ-overlap partition of JXK is a set of sets JX|Y Kδ :=
{Ai}ni=1 such that JXK ⊆

⋃n
i=1Ai, Ai,Aj are δ-overlap

isolated if j 6= i, and Ai is δ-overlap connected;
• A δ-overlap family of JXK, denoted by JX|Y Kδ?, is the

largest δ-overlap partition of JXK such that each set in
the family contains a singly δ-overlap connected set of
the form JX|Y (ω) = yK, there exists a set containing any
two singly δ-overlap connected points, and the measure
of overlap between any two sets in the family is at most
δ|JXK|.

For uncertain variables X and Y , there always exists a δ-
overlap family of JXK while the uniqueness is guaranteed if
X and Y are δ-disassociated [7, Theorems 3-4]. For a given δ-
overlap family of JX1K, JX1|X2Kδ? = {Ai}n1

i=1 with n1 ∈ N,
define iδ1 : JX1K → {1, . . . , n1} such that iδ1(x1) = i for
which x1 ∈ Ai. Similarly, for a given δ-overlap family of
JX2K, JX2|X1Kδ? = {Bi}n2

i=1 with n2 ∈ N, define iδ2 : JX2K→
{1, . . . , n2} such that iδ2(x2) = i for which x2 ∈ Bi. The
mappings iδ1 and iδ1 are well-defined because JX1|X2Kδ? and
JX2|X1Kδ? partition JX1K and JX2K, respectively.

Proposition 9. If X1 and X2 are δ-disassociated for δ ∈
[0, 1], iδ1 ◦X ≡ iδ2 ◦X2.

Proof: See online technical note [28].

Proposition 10. For δ ∈ [0, 1], the following statements hold:
• iδ1 ◦X and Y are δ-disassociated conditioned on X;
• iδ2 ◦ Y and X are δ-disassociated conditioned on Y .

Proof: See online technical note [28].
Propositions 9 and 10 show that equivalent uncertain vari-

ables iδ1 ◦X and iδ2 ◦X2 are akin to relaxations of the common
uncertain variable (c.f., Proposition 2).

Corollary 11. Let f : JX1, X2K → Rm be any mapping for
which there exists g1 : Jiδ1 ◦XK→ Rm or g2 : Jiδ2 ◦ Y K→ Rm
such that f(X1, X2) = g1 ◦ iδ1 ◦X or f(X1, X2) = g2 ◦ iδ2 ◦Y .
Then, f provides − log2(δ)-privacy.

V. PRIVATE MULTI-PARTY FUNCTION EVALUATION

Now, we generalize the earlier sections to more than two
entities. Consider n ≥ 2 entities, each possessing uncertain
variable Xi. Let X = (Xi)

n
i=1. We want to publish the

evaluation of f : JXK→ JY K in a privacy-preserving manner.



Definition 9 (γ-Privacy in Multi-Party Function Evaluation).
Let X1, X2, . . . , Xn be any n ≥ 1 uncertain variables. For
γ ≥ 0, the mapping f : JX1, . . . , XnK → Rm provides γ-
privacy if max1≤i≤n L0(f(X1, . . . , Xn);X−i|Xi) ≤ γ.

We might not be able to evaluate any function f in a
privacy-preserving manner. Therefore, we might need to ap-
proximate function f with one that can be privately evaluated
f ′ : JXK → JZK, where Z = f ′ ◦ X . Doing so, we publish
the result of evaluating another function f ′ instead f . The
error in the function evaluation is measured by E(f ′, f) =
supx∈JXK ρ(f(x), f ′(x)), where ρ : JY K× JZK→ R is a dis-
tance function. We use ρ(y, z) = ‖y−z‖ for JY K, JZK ⊆ Rm.

Definition 10 (Accuracy). Any f ′ is said to be β-accurate for
β > 0 if E(f ′, f) ≤ β.

We show linear quantizers, defined below, can provide
privacy. They have been previously used to provide privacy
in the sense of non-stochastic information leakage [15].

Definition 11 (Linear Quantizer). A q-level quantizer Q :
[xmin, xmax] → {b1, . . . , bq} is a piecewise constant function
defined as Q(x) = bi if xi ∈ [xi, xi+1), where (bi)

q
i=1 are dis-

tinct symbols and x1 ≤ x2 ≤ · · · ≤ xq are real numbers such
that x1 = xmin, xq+1 = xmax, xi+1−xi = (xmax−xmin)/q.
It is a mid-point linear quantizer if bi = (xi + xi+1)/2,∀i.

Theorem 12. Assume that f is Lipschitz continuous, i.e., there
exists L > 0 such that |f(x) − f(x′)| ≤ L‖x − x′‖∞ for
all x, x′ ∈ JXK, and JXiK ⊆ [xmin, xmax] for all i. Then,
f ′ = M ◦ f , where M is a bexp(γ) − 1c-level mid-point
linear quantizer over Jf(X)K, is γ-private and β-accurate with
β ≥ L(xmax − xmin)/bexp(γ)− 1c.

Proof: See online technical note [28].
Theorem 12 shows that private function evaluation can be

achieved by uniform quantization of the query responses,
where the quantization resolution is a function of privacy
budget γ and sensitivity of the query L(xmax − xmin) (cf.,
scale of the Laplace mechanism differential privacy [8]).
Note that L(xmax − xmin) captures the sensitivity of f ,
i.e., how much the output of the function f varies if one
of its entries change. For the mechanism in Theorem 12,
β exp(γ) ≥ L(xmax−xmin). This inequality provides a utility-
privacy trade-off for non-stochastic private function evaluation.

VI. CONCLUSIONS

We consider private function evaluation to provide query
responses based on private data of multiple untrusted entities
in such a way that no entity can learn something substantially
new about the data of others. We prove that uniform quanti-
zation of the query responses achieves privacy.
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