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CLASSICAL DISCRETE SYMPLECTIC ENSEMBLES ON THE LINEAR AND
EXPONENTIAL LATTICE: SKEW ORTHOGONAL POLYNOMIALS AND
CORRELATION FUNCTIONS

PETER J. FORRESTER AND SHI-HAO LI

ABSTRACT. The eigenvalue probability density function for symplectic invariant random matrix
ensembles can be generalised to discrete settings involving either a linear or exponential lattice.
The corresponding correlation functions can be expressed in terms of certain discrete, and ¢, skew
orthogonal polynomials respectively. We give a theory of both of these classes of polynomials,
and the correlation kernels determining the correlation functions, in the cases that the weights for
the corresponding discrete unitary ensembles are classical. Crucial for this are certain difference
operators which relate the relevant symmetric inner products to the skew symmetric ones, and

have a tridiagonal action on the corresponding (discrete or ¢) orthogonal polynomials.

1. INTRODUCTION

1.1. Continuous invariant ensembles. In the theory of random matrices (see e.g. [15, Ch. 5])
an ensemble of Hermitian matrices is said to have a unitary symmetry if its eigenvalue probability
density (PDF) is of the form

1 & )
El];[lw(xz) I -2 (1.1)

1<j<k<N

. o . . . . . . —_ 2
For example, choosing Hermitian matrices according to a Gaussian weight proportional to e~ X

specifies a unitary invariant ensemble — known as the Gaussian unitary ensemble — with w(z) in
(1.1) equal to e~

For general non-negative w(z) — referred to as a weight — the k-point correlation py (1, . . ., Tk)
is specified by integrating (1.1) over ,,41,...,ZxN, and multiplying by N(N —1)--- (N —n—+1) as
a normalisation. It is a standard result that

N k

PN (1) = det | K (g, 25,) | s (1.2)
J1,J2=

for a certain kernel function Ky (z,y) independent of k. The structure (1.2) specifies the eigenvalues
of Hermitian matrices with a unitary symmetry as examples of determinantal point processes; see
e.g. [7].

Significant too is the precise functional form of Kn(z,y). Denote by {p;(x)}i=o,1,... the set of

monic polynomials orthogonal with respect to the weight w(x),

/Iw(x)pj(:v)pk(x) dz = hjdj k. (1.3)
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2 PETER J. FORRESTER AND SHI-HAO LI

Here h; > 0 denotes the normalisation, and I denotes the interval of support of w(z). For p;(z)
to be well defined up to degree N, we have to assume w(x) decays fast at the boundary of the
interval I so that the moments [, riw(z)dx exist for all i = 0,1,..., N. One then has (see e.g. [15,
Props. 5.1.1 and 5.1.2])

-1

KN(x,y) = ( w(z)w(y) )1/2 Z @
1=0

_ (w(@)w(y)"”? pn(2)pn-1(y) — pv—1(x)pn ()
hn_1 T—y

(1.4)

b

where the identity implied by the final equality is known as the Christoffel-Darboux formula.

In classical random matrix theory the generalisation of (1.1) to the form

—ng (x1) H g, — ;1P (1.5)

ZNp 1<j<k<N
for 8 =1 and 4 is also prominent. Thus (1.5) with 8 = 1 occurs as the eigenvalue PDF for real

symmetric matrices with orthogonal symmetry. With g = 4 it occurs as the eigenvalue PDF for
2N x 2N Hermitian matrices with entries of the block form

[_Zm Z_’] , (1.6)

the latter being a 2 x 2 matrix representation of quaternions, assuming too an invariance of the
distribution with respect to conjugation by unitary symplectic matrices. Both these cases are
examples of Pfaffian point processes, with the general k-point correlation function having the form
pNk(T1, ..., x5) = Pf [ANﬁ(le,sz)} o
J1,d2=1,...,k
for a certain 2 x 2 matrix Ay g(x,y), anti-symmetric with respect to interchange of z and y, and
independent of k. The latter has the particular structure

Ins(z,y) TNﬁ(x,y)]

Anplz,y) =
Nz, y) ~Tns(y.x) Dygla,y)

with In g, Dy g related to T g according to (see e.g. [15, Ch. 6; there Ty g(z,y) is denoted by
Sa(z,y) (for B =4) and by Si(z,y) for § =1|)

v 9
Ing(z,y) = / Tng(z,y')dy', Dy g(z,y) = %TN,ﬁ(fB’y)

We emphasize that it is only for § = 1,2 or 4 that the point process corresponding to (1.5) is
known to possess a determinantal or Pfaffian structure.

While the PDFs (1.1) and (1.5) relate to continuous variables, there are prominent examples
from the setting of combinatorial/ integrable probability (see e.g. [8], [17], [18], [19], [20], [25], [26],
[29]) that give rise to PDFs of the same or an analogous form, but with the variables taking on

discrete values, typically from {k}2 (linear lattice) or {g¥}%°__ (exponential lattice). For

— 00
general 8 > 0, discretization of (1.5) of the type motivating our work shows up in the study of the
so-called Jack and Macdonald measures; see e.g. [20]. Our interest in this paper is to identify special
inter-relations that hold in such discrete settings between analogues of ensembles with unitary and

symplectic symmetry. To be more explicit, further theory from the continuous case is required.

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



ON THE DISCRETE SYMPLECTIC ENSEMBLE 3

1.2. Inter-relations between continuous invariant ensembles with unitary and symplec-
tic symmetry. In the case of unitary symmetry we know from (1.4) that the correlation kernel
can be expressed in terms of orthogonal polynomials corresponding to the weight w(x) in (1.1). It
is similarly true that the quantity T g(x,y) determining the kernel matrix Ay g(x,y) for § =1
and 4 can be expressed in terms of certain polynomials associated with a skew inner product. The
details are different depending on whether 8 = 1 and 8 = 4. Our interest in the present paper is

the case 8 = 4, when the relevant skew inner product reads
()1 = [wio) (@) @) - £ (2)g(a)) da.
I

The polynomials of interest, {Q;(x)};=o,1,... say, are required to have the skew orthogonality prop-

erty
(Q2m; Q2nt1)a = GmOm n, (Q2m; Qan)a = (Qam+1, Q2ni1)a = 0. (1.7)
It is easy to see that skew orthogonality property holds if we make the replacement
Q2m+1(2) = Qam+1(2) + Y2mQ2m () (1.8)

for arbitrary ~s,,; in practice 72, is chosen for convenience. In terms of these polynomials, one
has (see e.g. [15, Prop. 6.1.6])

Ta(w,y) = Nf foa(e))™ (sz(x)jy (a2 Qa1 () —szmx% (<w4(y>)1/2¢22m<y))).

dm

m=0

Interplay between the above formulas holds if we first choose w(x) as one of the so-called classical

weights
e Q”Z, Hermite
) 2% (2 >0), Laguerre
WO =N -t (—1 <z < 1), Jacobi
(1+2%)~, Cauchy.

These weights are distinguished by their logarithmic derivative being expressible as a rational

function,
/
w(z) f(z)
with the degree of f less than or equal to 2, and the degree of g less than or equal to 1. Explicitly
(1, Qm) Hermite
Laguerre
(f.9) = (@@~ a), :
(1—ac (a—b)+ (a+b)x), Jacobi
(1+ 22, 2az), Cauchy.
It is a consequence of the low degrees of f and g that with
d  f-yg
=f— 1.10
A=+ 75— (1.10)
and with {pg(x)} the corresponding set of monic orthogonal polynomials,
c Cr—
Api(x) = = ——prsa(2) + —pr1 (@), (L.11)
Ryt hi—1

for normalisation constants {hj} in (1.3) and certain (easily determined) constants {ci}; see [1].

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



4 PETER J. FORRESTER AND SHI-HAO LI

With one of the classical forms of w(x) assumed, choose

wy(z) = f(x)w(x). (1.12)

It is shown in [1] that then the corresponding skew orthogonal system satisfying (1.7) can be
expressed in terms of the monic orthogonal polynomials corresponding to w(z), {px(x)}, and the
constants {c;} in (1.11) according to

Q2j+1($) = p2j+1($),

j—1 jol-1
) _ Cop+1 C2p
Q2;(x) (pl:[o o ) ;pl;[o C2p+111021(ﬂc)
Gm = Cam. (1.13)
It is also shown in [1] that
Tiw) = 3 (5" (Ko (o) + (ol 2222 g, ). 11a)

Our primary aim in this paper is to introduce the notion of classical discrete weights in relation
to discretisations of (1.1) and (1.6) — the latter restricted to S = 4 — on linear and exponential
lattices, and to derive formulas analogous to (1.10), (1.11), (1.13) and (1.14) in this setting.

The notion of a classical weight relies on identifying a Pearson-type equation. This is given
by (2.5) for the linear lattice, and by (2.8) for the exponential lattice. The analogue of the
operator (1.10) is given by (3.10) and (4.25) respectively, with action on the corresponding family
of orthogonal polynomials given by (3.13) and (4.28). We give the analogue of (1.13) for the linear
and exponential lattice in Propositions 3.9 and 4.6, and that of (1.14) in Propositions 3.9 and 4.5.

2. PRELIMINARY: SOME FACTS ABOUT DISCRETE ORTHOGONAL POLYNOMIALS

In the first part of this section we collect together some basic facts about the classical dis-
crete orthogonal polynomials, as required for later development. One can refer to [32] for more
details. We conclude the section by giving the explicit form of the correlation functions for the

discretisations of (1.1) on the linear and exponential lattices.

Definition 2.1. Let z(t) : R — R be a monotonic function of t. The values x; := x(i), i € Z are
said to define lattice points. Consider a function p(x) — referred to as a weight function — which

has the property of being non-negative at all lattice points and permits finite moments. For general
h(z) = h(x(t)) define

Ah(x(t)) = h(z(t 4+ 1)) — h(x(t))

Vh(z(t)) = h(x(t)) — h(z(t — 1)).

A set of monic polynomials {pn(x)}22,, i.e. each p,(x) of degree n with coefficient of ™ unity, is
said to be orthogonal with respect to the weight function p(x) if for each n,m
> P (@i)pn(2:)p(2:) Azi_1 /2 = hi b m- (2.1)
€L
Here h,, is the normalisation with the property that h, > 0 for {z;} non-decreasing and h, < 0
for {z;} non-increasing and Ax;_y,5 is a notation defined on half-integer lattice as Ax;_1/5 =

Tip1/2 — Ti—1/2, taking the place of dx in continuous case.

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



ON THE DISCRETE SYMPLECTIC ENSEMBLE 5

Proposition 2.2. Suppose there are polynomials f(x),g(x) such that
Alf(zi)p(xi)] = g(zi)p(zi)Aw;_y, (22)
and define

n

pn(Ti) = p(Tign H (Ti1)-

Then, for suitable constants B, the monic orthogonal polynomials can be written as

pole) = o (G g ) pala) (23

VT2 o VZiinyo

Remark 2.3. By analogy with the continuous case, (2.2) is referred to a Pearson-type equation

for p(x), while (2.3) is referred to as a Rodrigues-type equation for p,(x;).

There are two particular classes of lattices of interest in our study.
(1) The linear lattice (7) = 4. In this case the orthogonality condition (2.1) becomes
> pm(@)pa(@)p(@) = hnbp - (2.4)
TEZ
At the same time, one can write the Pearson-type equation (2.2) as
pla+1) _ f@)+g()
p(x) flz+1)
Examples include the Hahn, Meixner, Krawtchouk and Charlier discrete orthogonal polynomial

(2.5)

systems.
(2) The exponential lattice 2 (i) = q'. Note that for 0 < ¢ < 1 the lattice points form a decreasing
sequence. Now the orthogonality relation (2.1) reads

me n p(qé)qé_%(q - 1) = hnan,m
SEZ
According to the definition of Jackson’s g-integral (see e.g. [23])
| f@da=a-a Y ) (26)
0 sS=—00

showing the orthogonality relation is equivalent to
/ P (2)pn(2)p(2)dg = A0y with by, = —¢/%hy,. (2.7)
0

Furthermore, the Pearson-type equation in this case reads

plar) _ f(x) —a *(1 — q)ag(x) (2.8)

p(x) f(qz)

Examples include the g-analogue of the Hahn, Meixner, Krawtchouk and Charlier polynomial

systems, and their degeneration cases, like the Al-Salam & Carlitz polynomials, little g-Jacobi
polynomials and so on [2§].

Associated with the orthogonalities (2.4) and (2.7) are the symmetric inner products (-,-) :
R[z] x R[z] — R specified by

Yiez ¢(xz)¢(xz))p(xl)7 linear lattice 2.9)

15" d(x)(z)p(x) dgz, exponential lattice.

(¢(x),¥(x)) := {

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



6 PETER J. FORRESTER AND SHI-HAO LI

It is of importance to point out that all of the orthogonal polynomials {p,(x)}52, of interest
span a Hilbert space H. Because of this, the projection operator from H — H with respect to the
inner product (2.9)

oo

S(x,y) = e P (2)Pm (y), (2.10)

m=0

where hp, = hy, as in (2.4) (linear case) and h,, = h,, (exponential case) has the reproducing

property In other words, we have

6z, y),6@) = > > hi aipm () (o (), pi(2)) = D aipi(y) = &(y)- (2.11)
1=0

m=01i=0 "
Note that as a function §(z,y) is not well defined for = y as the sum diverges, but this does not
effect the validity of (2.11).
Let H v be the subspace of H spanned by {p, (z) 7]:[;01, and let Ky denote the projection operator
from H — H with respect to the inner product (2.9). Its kernel

N—-1

(o) = Y =-pn(@)pn(y) (2.12)

m=0
is formally the same as the polynomial part of the correlation kernel (1.4). Since it too can be
summed according to the Christoffel-Darboux summation formula, it will be referred to as the
Christoffel-Darboux kernel of the discrete unitary ensemble. As in the continuous case, this kernel
specifies the general k-point correlation function of the ensemble.
Explicitly, in the case of the linear lattice the discrete unitary ensemble is defined by the PDF
(1.1), with each x; = n;, n; € Z. The same working as leading to (1.2) and (1.4) (see [15,

Props. 5.1.1 and 5.1.2]) gives for the correlation function

k
pNg(nL, ... ng) = Hw(nl) det [KN(njl,an)} . (2.13)

j1,d2=1,....k
=1 J1,J2

The joint probability distribution for the discrete ensemble in the case of the exponential lattice is
most conveniently written as a measure rather than a PDF,

N

Zi H (zk — acj)z Hw(xl)dqxl,

N oj<jck<nN =1

where each x; = ¢™ for some n; € Z. The corresponding correlation functions then relate to the
Christoffel-Darboux kernel by

Ji1,j2=1,....k

k
PN k(ML) = Hw(q”l) det [KN(q”n’qnjz)}
=1

3. THE DISCRETE SYMPLECTIC ENSEMBLE ON A LINEAR LATTICE

In this section, we consider the discrete symplectic ensemble on a linear lattice, with our aim
being to develop a theory of the classical cases analogous to that done in [1] for the symplectic
ensemble with continuous weights. We remark that a detailed study of the discrete symplectic
ensemble on linear lattice has previously been given in [9], but from a different point of view. For

completeness, we first consider general weights, before specialising to the classical cases.

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



ON THE DISCRETE SYMPLECTIC ENSEMBLE 7

Definition 3.1. Let 1 < -+ < xn be an ordered set of distinct integers. The joint probability
density function of the discrete symplectic ensemble on a linear lattice with weight function w(x)
is specified by

1 N
—_— H (z; —2)*(xi — 2 — V)(2i — 25 + 1) Hw(a:i), (3.1)

VA
N <ici<N =1

where Zy is the partition function, assumed to be finite, and given by

N

Zn =% Il @i—o)@—a; = D@ —a;+ 1) [Jwl@),

En 1<i<j<N i=1
where £y is a configuration space in ZY defined by
fN = {(1‘1,“- ,.Z'N>|.’171 <--- <IN, T; € Z}

According to the [9, Lemma 5.1 and Lemma 5.2|, one can see the partition function Zy can be

written as a Pfaffian

Zy =PHlA S, Ay =D Imi(a)m(+1) — miz + Dy ()] w(x), (3.2)
TEZL
where the 7;(z) are an arbitrary system of the monic polynomials of degree i, ¢ =0,--- ,2N — 1.

Now we proceed to use skew tridiagonalisation to show that a family of discrete skew-orthogonal

polynomials are inherent in this model.

3.1. Discrete skew orthogonal polynomials. In this subsection, we are going to show how
to relate the discrete symplectic ensemble on the integer lattice to the discrete skew orthogonal

polynomials.

Definition 3.2. Consider a skew-symmetric inner product (-,-)s. with weight function w(zx),
defined on Rlz] x R[z] — R, admitting the form

(@(@), Y(@))s = Y [B@)(@ + 1) = d(x + 1)ih()] w(=)

TEZ

= [6(@)A(x) — Y(z) Ad(z)w()

TEZ

with Ap(x) = ¢p(xz + 1) — ¢(z) for arbitrary function ¢(x) € R[z] (recall Definition 2.1).

From this definition, a moment matrix (mivj)ij>0 could be generated by the skew-symmetric
inner product (x%,27); ., and one sees 4; ; in (3.2) can then be chosen as m; ;. Next we introduce
a family of discrete monic skew-orthogonal polynomials {Qx(z)}72,, from which the moment

matrix can be skew tridiagonalised.

Definition 3.3. Let (-, )5 be specified as in Definition 3.2. Analogous to (1.7) in the continuous
case, the discrete skew-orthogonal polynomials, unique up to the mapping (1.8), are specified by the

relations
<Q2n($)v Q2m+1(x)>s,w = _<Q2m+1(x)a QQn(x»s,w = unan,mv

4
<Q2m(x),Q2n($)>s,w = <Q2m+1 (x)aQ2n+l(x)>s7w =0. (3 )

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



8 PETER J. FORRESTER AND SHI-HAO LI

Note that the skew-orthogonal relation (3.4) is equivalent to the condition

<Q2n(-r); xi>s,w = unéi,2n+1a <Q2n+1 (-’If‘)axi>s,w = _unéi,2n+1a 0 < 1 < 2n + 1.

Moreover, if we denote

2n+1

3
Qan(x g A2n kT Qant1(x E ban i1 k"

with agp 2n = bant1.2n+1 = 1, then the relations (3.4) are linear systems for solving as,  and
ban+1,k. One can find a detailed computation in [13, Section 2.1], where it is shown that after
solving the linear system and employing a determinant identity, the (discrete) skew-orthogonal

polynomials can be written in terms of Pfaffians

1 1
Pf(0,---,2n,z), Qany1(x)=—Pf0,---,2n—1,2n+1,12)

T2n T2n

QZn(m) =
with the elements

Pf(i,j) = mi; = (2', 2%, Pfi,x) =2, = Pf(mw)%’ (1]
Here the arbitrary constant o, in (1.8) has been chosen so that the coefficient of 22" in Q2,41 ()
vanishes.
One important quantity here is the 75, which is the normalisation factor of the skew orthogonal
polynomials. It is also the partition function Zy in (3.2) if one takes N = n. Moreover, one can

compute that

2n

1 1 , . }
(Qan(x), x®" 1y = —(PF(0,--- , 2n,z), 2> 1), , = — Z(_l)lpf(o’ e 2n) (22
Ton Ton pard
1 2n ' .
= — S (-1)PHO, - iy 20)PEGE 20+ 1) = 2R =y
Tn 35 Ton

where 7 means the index i is omitted. And upon skew tridiagonalising the moment matrix, it

follows
Pi{(z’, 27) s 7725 = PI(Qi(x), Q;(2))s u]7i=g = H Uj = Ton. (3.5)

3.1.1. Skew orthogonal polynomials revisited—moment matriz realisation. In this section we focus
attention to the skew-symmetric moment matrix Mo, = (m; ;)75_o. We always assume the even-
order principal minor of this moment matrix is nonzero, and thus 75, # 0 for each non-negative
integer n.

Since M, is a skew-symmetric matrix, one can apply a generalised LU decomposition [12], or

so-called skew Borel decomposition [2], to the moment matrix M., such that

M=S5"1Js"T, (3.6)

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



ON THE DISCRETE SYMPLECTIC ENSEMBLE 9

where S is a lower triangular matrix with diagonals 1 and J is a block matrix with 2 x 2 block

matrix, admitting the form

0 ()

—Ug 0

Therefore, if we take SM,. ST, then this moment matrix is skew tridiagonalised. This has been
used in (3.5).

On the other hand, by denoting x(z) = (1,z,x
{@n(z)}7Z0 by

2...)T, we can define a family of polynomials

Qn () = (Sx())n,

where (a), means the n-th component of the vector a. It is clear that @, () is a monic polynomial
of order n since S is a lower triangular matrix with diagonals 1. Moreover, the polynomials

{Qn(z)}22, are skew orthogonal under the skew-symmetric inner product (3.3) so that
<SX($)7X(I)TST>S,W = S<X(I),X(IE)T>57WST - S]M'oos—r = Ja
which corresponds to the definition (3.4).

3.2. Christoffel-Darboux kernel and Pfaffian point process. We know from [9] that the
general k-point correlation function py x for the discrete symplectic ensemble (3.1) can be written
as a Pfaffian. However no use was made of the skew orthogonal polynomials. It is our objective
here to develop the associated theory with the skew orthogonal polynomials regarded as central.

The k-point correlation function corresponding to (3.1) is specified by the multi-dimensional
summation

1 N

PN(T1, o) = — > I @i—2)?@i—a—D@i—a+1) [Jw).

T2N Nk i -
(Tpp1<<wN)CZ 1<i<j<N =1

As for the correlations of the continuous symplectic symmetry ensemble (1.6) with 8 =4, pn i can

be expressed as a Pfaffian, and is fully determined by a particular 2 x 2 anti-symmetric matrix.

Proposition 3.4. Let M denote the moment matriz M = (m”)%\;—(}l, and define Az® = (z +

1) — z'. The correlation function pn.j could be written as a Pfaffian, admitting the form pnj =

~ k ~
[T, w(x) Pf [SN(le,xjg)} L where Sy (x,y) is a 2 X 2 anti-symmetric matric
J1,J2=
R o
Sn(my) = [ 2osiasen—1 T Mig ¥ Dogigcon—1 @ Mig Ay (3.7)
bl - - T 4 . -T . . .
Zogi,jgm\r—1 AI%Mi,j y’ ZOSi,ngN—l AIZMi,j Ay’

This proposition is essentially a special case of [33, Corollary 1.3], if one takes the measure A
therein as supported on the integer lattice, and ¢;(x) = 2°71, ¥;(x) = A¢;(x) = (x + 1)~ — gt~ L.
The slight difference is that we have considered the ordered set xx41 < --- < zny and therefore a
factor of (N — k)! is missed. Since the matrix M is skew tridiagonalisable (which is equivalent to

Ton, # 0), the inverse of M exists.

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



10 PETER J. FORRESTER AND SHI-HAO LI

Remark 3.5. With respect to the formula for the correlations [33, Corollary 1.3/, the authors of [9]
took ¢;(x) = p;(x) — the discrete orthogonal polynomials {p;(x)} from (2.4) — and Y (z) = Ad(x).
This choice provides one strategy to investigate the relation to Christoffel-Darboux kernel using the
theory of [34]. However in this article we are viewing the discrete skew orthogonal polynomials as
an inherent structure of the discrete symplectic ensemble and therefore seek to analyse the kernel

within this framework.

Therefore, according to the skew Borel decomposition (3.6), one can obtain

N-1

L - _ 1
Yoo w My = T @) T Sx) = Y

- o
0<4,j<2N—1 =0
= Sn(z,y). (3.8)

By anaolgy with (2.12) this will be referred to as the symplectic Christoffel-Darboux kernel. One

(Q2i(7)Q2i+1(y) — Q2i(y)Q2iv1(x))

can simplify the correlation kernel (3.7) with the help of the symplectic Christoffel-Darboux kernel

~ . SN(SC,Z/) ATSN(I,ZJ)
SN(I‘yy) - < AySN(«T;y) AszSN(x,y) ) (3.9)

We remark that the symplectic Christoffel-Darboux kernel admits the reproducing property

<SN(x’ y)7 SN(y7 Z)>s,w

to obtain

N-1
= u_lu_[—Q2i($)Q2j+1(Z)<Q2¢+1(y)’sz(y»sw — Q2i+1(2)Q2; (2)(Q2:(y); Qaj+1(Y))s,0]
ij=0 7
N-1 1
= > o 1300, Q2i(2) Q241 (2) — i Q2ir1(2)Q2;(2)] = Sn(z, 2).
i,j=0 "7

In the continuous case, theory developed in [1] gives a relationship between the symplectic
Christoffel-Darboux kernel and the unitary Christoffel-Darboux kernel, in the case of classical
weights related by (1.12). Our objective in the subsequent subsections is to give an analogous

theory relating (3.8) to (2.12) for certain classical weights.

3.3. Relationship between discrete skew orthogonal polynomials and discrete orthogo-
nal polynomials. To discovery the relationship between skew orthogonal polynomials and discrete
orthogonal polynomials is an effective way to depict the linkage between the kernels and one can
see [1] and [15, Chapter 6] for more details in continuous case.

We know that in the continuous case a crucial role is played by the operator (1.10). For the

discrete case on a linear lattice, as an analogue define the operator
Ay = g(x)T + f(z)(A+ V), (3.10)

where ¢g(z) and f(z) are as in (2.5), T is the shift operator defined by T¢(z) = ¢(x + 1), and
Ap(x) = ¢p(x + 1) — ¢(z) and Vo(x) = ¢(z) — ¢p(z — 1) are the same as in Definition 2.1. This

operator has the following key properties.

Proposition 3.6. Define the symmetric inner product

(¢(x), () =Y d(x)i(x)p(x)

TEZ
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as is consistent with the linear lattice case of (2.9). Define the skew symmetric inner product
(f(z),9(x))sw according to (3.3). Under the assumption that p(x) f(z) vanishing at the end points
of support, the operator Ay defined in (3.10) satisfies

(1) (Aigp(x), () = —(o(x), A (x)); (3.11)
(2) (d(x), A (x)) = (8(x), Y(2)) s, f (2+1)p(x+1)- (3.12)

Proof. Firstly, we prove the equality (3.11). Decompose
(Aip(x), ¥ (x)) + (¢(x), A (x))

= (b + 1)) + d(2)(x + 1)) )+ > (Ad(@)i(x) + d(z)Ad(x)) f () p(x)
TEZL TE€EZL

+ > (Vo(a)v(x) + ¢(2) Vi (x)) f()p(x) := A1 + Az + Ag.
rEZ

Now from the discrete Pearson equation (2.5), we get

Ay = =2 p(a)(x)f )+ Y bz + D)ip(@) + ¢(a)p(a + D] [p(x + 1) f (@ + 1) — g(x)p(x)],
TE€EL TEZ
A3 =2 (@)() f(x)p(x) = Y [d(x — ) (x) + d(@)d(z — D]p(@) f ().
TEL TEZ

Moreover, since by assumption p(z)f(x) vanishes at the end points of the supports, we see

Ap+ Ay = = Y B + D) + o(z + Db(a)]g(2)p(x) = Ay,

TEZ

showing (Ai¢(z), ¢ (x)) + (¢(x), Aip(z)) = 0
1

Now we turn to (3.12). This equation can be proved by noting
(d(x), Ar(z))

=Y @)l + Dp(a)g(@) + Y o)A () f(@)p(x) + Y $(2)Vi(x) f(2)p(x)

TEZ TEZ TEZ

=Y @@+ 1) f(@+Dpe+1) = > d(@)p(z —1)f()p(x)
TEZ TEZL

=D [b@)d(x +1) = ¢z + D(@)]f(z + Dp(z + 1) = ($(2), ¥(@))s, s(a41)p(41)-
T€EZ

O

Remark 3.7. In this proof, we have assumed p(z) f(x) vanishes at the end points of support, which
is always valid for the classical weights. The specific examples, such as Hahn polynomials supported

on [0, N, Charlier polynomials and Meizner polynomials supported on [0,00) are demonstrated in
Section 3.5.1.

Now we specialise to the classical cases, for which f(z) and g(x) in the discrete Pearson equation
(2.5) are of order no bigger than 2 and 1 respectively. With this assumption .4} maps polynomials
of degree n to polynomials of degree n + 1 and thus

n+1

fhpn zz:angp]
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for some coefficients a, ;. Noting from the anti-commutativity property (3.11) and discrete or-
thogonality (2.4) that

(A1pn, pi) = —(pn, Aips) =0, ifi<n—1,
it follows a,,; = 0 for i <n — 1. For i =n — 1 and ¢ = n, we have

an,nflhnfl = <Alpn7pn71> = _<pn7~/41pn71> = _anfl,nh'ru
an,nhn = <Alpnapn> = _<pn7-’41pn> = _an,nhna and thus An.n = 07

where h,, is the normalisation constant in the discrete orthogonality (2.4). From these equalities,

one can conclude the following result.

Proposition 3.8. For the discrete orthogonal polynomials {p,(x)}5% and operator Ay defined in
(3.10), we have
Cn Cn—1
Aipn(2) = ———pn41(2) + —pn-1(2), (3.13)
hn+l hn—l
where ¢, is a constant, depending on the degree of polynomials p,, and the functions f(x), g(z)

appearing in the discrete Pearson equation (2.5) (cf. (1.11)). Equivalently

2N—
[(pj, Aipi)] g = ¢ A=ATe:=C, (3.14)
where ¢ = (co,- -+ ,can—_1) ' and A is the shift operator, whose entries on the leading upper diagonal

are all 1 and the other entries are all 0.

Since each Q;(x) and p;(x) is a monic polynomial of degree j we can introduce a lower triangular
matrix T with 1’s on the diagonal such that
2N-1 2N -1
(oF (x)]j:O =T [pj(x)]j:o : (3.15)
Moreover, the equations (3.12) and (3.15) tell us
2N -1

U = [(Qj, Qk)s, s o+ 1pa+1)] g = (@), AQkIN 5 = T (pj, Api))5i g T' = TCT,

and from the skew orthogonality (3.4) we know U is a skew symmetric 2 x 2 block diagonal matrix,

U = dia 0w 0 una
N & —Ug 0 ’ ’ —UN-1 0 '

Since U and C are the tridiagonal matrices, and T is a lower triangular matrix, from the equation

admitting the form

T-!U = CTT, we know the left hand side is an upper Hessenberg matrix and the right one is a
lower Hessenberg matrix, which means both sides of the equation are in fact tridiagonal matrices.
If we set T™! := [tj7k]§71,\£:_& and consider the completely lower triangular part (not including the
diagonal), to be denoted (-)_, one has

*
—Uug *
(T U - —uota1  Uot2o *
- —ugts1 uplsp  —up *

—Uots1r Ugtso —Uitsz Uitge
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On the other hand, from equation (3.14), one has
(CT")_=((c"A=A"e)TT)_=(-ATcT")_=-ATc.
Equating these two formulas gives

Cop = Uy, WZO,'--,Nfl,
tont1,;, =0, j=0,---,2n—1,
t277,7j:07 j’:O’...,277‘_37277/_17

o Con—1
ton2n-—2=——),
Con—2

and therefore, one can get
Pant1(7) = Q2 1(7) + tany1,20Q2n (),

P2n(2) = Q2n () — Cn—1 Qons (). (3.16)

Con—2
Solving this equation backwards and setting t2y,41 2, = 0 as permitted by the non-uniqueness
of the skew-orthogonal polynomials Qa,+1(x), we finally get an expression for the discrete skew

orthogonal polynomials in terms of the corresponding discrete orthogonal polynomials.

Proposition 3.9. Let {Q;(z)} be the skew orthogonal polynomials associated with (3.1), and
choose for the weight w(xz) = f(xz + 1)p(x + 1), where p(x) is the original weight function of
orthogonal polynomials {p;(z)} defined in (2.4) and (f(x), g(x)) satisfies the Pearson-type equation
(2.2) with f(z) of degree no bigger than 2, and g(x) of degree no bigger than 1. We have

n—1 n -1

Q2n+1(2) = pant1(z), Q2n(z) = H C?TH ZH “ip(x), (3.17)

o
3=0 1=0 j=0 ~2J+1

with normalisation u, = cay,.

Remark 3.10. The relations (3.17) are formally the same as those for skew orthogonal polynomials

the continuous symplectic invariant ensemble (1.5) with 8 = 4 and wy(x) given by (1.12) [1].

3.3.1. Ezamples. In this part, Pearson pairs (f,g) of Meixner, Charlier and Hahn polynomials are
constructed. With the help of the Pearson pairs, we can obtain the coefficients ¢, in (3.13) such

that the discrete skew orthogonal polynomials with classical weight can be explicitly written down.

(1) Meixner case. For the Meixner weight

o) =D ()= (5 ra-)

supported on x € N with positive real number 8 and 0 < a < 1, we can get the Pearson

pair
(f,9) = (z,(a =)z +af).
Moreover, the coefficients in (3.13) can be written as
en=01—a)hpi1,

where h,, is the normalisation constant of monic Meixner polynomials.

This is a pre-publication version of this article, which may differ from the final published version. Copyright restrictions may apply.



14 PETER J. FORRESTER AND SHI-HAO LI

(2) Charlier case. For the Charlier weight

supported on z € N, one can compute the Pearson pair

(f,9) = (x,a —2).
One can show the coefficients ¢, in (3.13) for the skew orthogonal Charlier polynomials
are given by
Cn = hn+17

where h,, is the normalisation constant of monic Charlier polynomials.
(3) Hahn case. For the Hahn weight
a+z\/N+8—=x
= , >0,8>0
oo = (T (YNILT) asos

supported on {0, 1, --- , N}, one can compute the Pearson pair
(f.9) = (2> + (N + B+ Dz, ~(a+ B+ 2)z + N(a+1)).
It is easy to determine the coefficients ¢, in (3.13) as
cn=M+a+B+2)h,y1,
with h,, the normalisation constant of monic Hahn polynomials.
3.4. Kernels between discrete unitary ensembles and discrete symplectic ensembles. To
express the discrete symplectic Christoffel-Darboux kernel (3.8) in terms of its unitary counterpart
(2.12), we need to use the relationship between the skew-symmetric inner product and symmetric

inner product obtained in (3.12).
Firstly, consider the skew symmetric inner product

(0(2), ¥(@))s, patpter1) = D [D@)(@ +1) = d(a + D(@))f (« + Dp(z +1)

€L
and take ¢(z) = d(x,y), where 6(z,y) is defined in (2.10). On the one hand, according to the
equations (3.12) and (2.11), one knows
<6($7 y)7 w(x)>s,f(m+1)p(a:+1) = <6($a y)a Aﬂ/)(x» = Aﬂﬁ(?J)
On the other hand, from the definition of §(x, y)

<(S($; y>7 ’(/}(33>>s,f(z+1)p(z+1) = Z p;ll(y) <pn(l‘>7 ’(/}(l‘>>s,f(z+1)p(z+1).
n=0 n

If we take 9(x) = Q2 (2), combining these gives

Um,

AiQam(y) = o), ), Q2m (2))s plat1) fw1) = —7——
n=0

A P2m+1(y)
mn 2m—+1

where we used the equation (3.16) for the final equality, and here u,, is the normalisation factor
defined in (3.4). Also, if we take ¥(x) = Q2m+1(x), we can get

A1Q2m+1(y) = um (p2 ) 4 2md22 p2m+2(y)> .

ham hom+2

To summarise, we have the following proposition.
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Proposition 3.11. In the setting of Proposition 3.9, one has the following relations between the
discrete orthogonal polynomials {py(2)}5%, and discrete skew orthogonal polynomials {Q,(x)}5,

(1) p2m+1(2) = Q2m41(2); (3.18a)
(3) pam(2) = Q2m(2) + t2m 2m—2Q2m—2(); (3.18¢)
(4) iAlem(y) = w. (3.18d)

To make use of these in relation to the correlation kernels, consider first the discrete unitary
Christoffel-Darboux kernel (2.12) with N +— 2N — 1, and rewrite to read

N—1 N-1
1

Kon_1(x,y) = E . Pom () p2m (¥) + E — +1p2m+1(l’)p2m+1(9)-
m=0 m m= m

Use of (3.18a) and (3.18d) shows

N-1 N-1

1 1
Z h7p2m+1($)p2m+1(y) =— Z — Q2m+1(2) Ai1Q2m ().
m 2m—+1 m—0 Um,
Similarly, by using both (3.18b) and (3.18¢c), one can obtain
e Ly t
Z —P2m (T)P2m (¥ Z — 2) AQ2m41(y) — 22 pon (1) Qan—2(x).
h 2m — m h2N
Combining these gives
t _
Kon_1(z,y) = Al(y)SN(a:,y) - %pm(y)@m—ﬂl‘% (3.19)

where Sy (z,y) is the Christoffel-Darboux kernel of the discrete symplectic ensemble defined in
(3.8), and Al(y) means the operator acts on the variable y.

Use of the discrete Pearson equation (2.5) allows the operator A; to be rewritten
A= g(@)T + f()(A + V) = p~ (@)[p(x + 1) f(@ + DT = p(a) f(2)T7]
= o (@) (wl@+ DT — w(@)T™) = p (@)R,
where T~! is defined as T~1¢(z) = ¢(z — 1). Furthermore, as suggested by |9, Equation (2.3)], by

inspection there exists an inverse for the operator R := (w(x + 1)T — w(z)T '), called ¢, whose

action is specified by

(e o)am) = - 3 B ookt 1),

k=m
m

(e-p)2m+1)= > w(";giif).:;égﬁ)l)¢(2k).

k=—o0
Therefore, the inverse of A; can be written as ep, and we denote it as D.
With this notation, firstly, we can rewrite the equation (3.18d) as
Qam(y) = — (D - p2n+1)(y),

Um,

h2m+1
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16 PETER J. FORRESTER AND SHI-HAO LI

and moreover, we have the following proposition, which coincides with the result in [9, Corollary
2.8].

Proposition 3.12. In the setting of Proposition 3.9 we have the relation between the Christoffel-
Darboux kernels of the discrete unitary ensemble and discrete symplectic ensemble
Sw(@,y) = DY Koy (,y) + — LB (D po ) (1)(D - pawv—1)(@).
caN—2hanhan -1

A standard concern in random matrix theory and its applications is the study of scaled limits
of correlation functions. According to Proposition 3.4 and (3.11), for the class of point processes
specified in Proposition 3.9, this study is reduced to analysing the symplectic Christoffel-Darboux
kernel Sy (z,y). Although outside the scope of the present work, the fact that methods to analyse
the unitary Christoffel-Darboux kernel are well established (see e.g. [25]) shows that this identity
between kernels is well suited for such a purpose. In fact, such a program has been carried out in
[18] for a model with discrete orthogonal (not symplectic) symmetry.

We remark that by taking the explicit ¢y in Section 3.3.1, the kernels of Meixner, Charlier and

Hahn polynomials can be obtained as

eixner eixner l1-a
sY '(w,y) = DV KN = —Gteimery (P pan)(y)(D - pan—1) (),
h’2N—1
rlier rlier 1
SI(\/Cha lie )(x,y) _ D(y)Kégha lier) + W(D ~pan)(y)(D - pan_1)(2),
h2N71
ahn ahn 2N+Oé+ﬁ+1
S (2, ) = DV K™ + W(D'mz\r)(@)(@ “pan—1)().
2N—-1

4. THE ¢-ANALOGY TO SYMPLECTIC ENSEMBLE

The choice w(x) = 2%(1 — x)®, supported on 0 < x < 1 in (1.5) defines the Selberg weight in the
theory of the Selberg integral; see e.g. [15, Section 4] and [21]. As noted in the latter references,
there are natural generalisation of the continuous Selberg weight and integral to a discretisation
on the exponential lattice known as the ¢-Selberg weight and integral. We will use this in the case
corresponding to S = 4 to motivate a study of discrete symplectic ensembles on the exponential
lattice. In particular, since a direct computation of the g-skew orthogonal polynomials for the
g-Selberg weight is possible, we are presented with the challenge of interpreting their structure in
the context of a theory applicable to all ¢g-weights satisfying a Pearson-type equation, as will be
taken up below.

Throughout this section, we fix ¢ as 0 < ¢ < 1 and use the symbols

(a;9)n = ]:[ (1-aq’), (a:9)0 = [J(1 —ag)
=0 =0
and
v L (30)
(a;9)a = ()

We will require the g-analogous of gamma function defined as

1—e (¢ @)oo

Fq(x) = (1 7q) (qu)oo’
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the g-difference operator

f(@) — flgz)
(1-q) L)

and for finite a, the particular ¢-Jackson integral *

/0 gz = (1- ) S ag" flag™). (4.2)

n=0

qu(x) =

Also required is the double integral formula

dzdz
// f(21,22) ziz; lfq/ Zleq qzl)z1 (1-q)? Z fd*™, ¢ ¢ q")

p2=0 H1,12=0

if the function f(z,q¢"?z), us € N is summable for z € ¢", and the multiple integral generalisation

of the latter is
17—t Zl qen
— (1= troeen t
/ /Zn_o (g Y flere )
(&r)

with the summation region (£)

S

t1 = qﬂl’ L‘g/tl — q#2q77 . 7tn/tn—1 — qunq’y7 Wi € ZZO~

4.1. The model of ¢g-symplectic ensemble. We begin with the g-generalisation of the Selberg
integral, given by Aomoto [3],

4z n 1= /2 d d
/ O / L B O L IE R L
zZ1= z

n=0 i=1 qﬁZ“q) 1<j<k<n (quk/zj;q)oo Zn 21

_ o) ﬁ Pyl + (7 = D)8+ (7 = 1)1 (iv)
Pyla+ B+ (n+37—2)7T(7)

=1

for o, B, € C satisfying |¢® TV < 1fori=1,---,n
This has the property that when « is a positive integer it reduces to the formula [4, 24, 27]

1 1 1 n 3
5/0 /0 1 "azios [ Gi—da) [] (- z)dezr-dgzn
’ i=1

1<j<k<n 1<j<k<n
1—7<i<y-1 (4.3)

_ (420 ﬁ Py(a+ (7 = D)Te(B+ (G = D1Te(7)
Pola+ B+ (n+j-2)7Tq()

j=1
This latter form suggests a joint probability measure generalising (1.5) in the case § = 4,

L @ - 0 e @ — w03 — gmn) [ [ wles o)dgas, (4.4)
i=1

pu
20 <j<k<n

on the configuration space I"™ C R™. Here I is the supported set of the g-weight function w(z;q),

which is assumed to be summable for the moments fI riw(z; q)dqz, i € N. Moreover, the partition

IPlease note the definitions of Jackson’s g-integral for finite a and infinite @ are different. One can refer [23] for

details.
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function 79, is given by

— o[ @ e e - 0 - gm0 [T a)dya, (4.5)
=1

I 1<J<k<n

Use of the equality

n

H (25 — xk)2(x]- - q_lka)(xj —qzy) = (—Q)f(z) H (zj — wg)? (g — qz;)(zj — qwy)

1<j<k<n 1<j<k<n
(4.6)
in (4.4) gives us a more symmetric form to work with.
We begin by expressing 7, as a Pfaffian.
Lemma 4.1. Let 1o, be given by (4.5). We have
2n—1
Ton = Pf {/(xiquj — 2I Dy w(w; q)dyx . (4.7)
1 i,5=0

Proof. We first rewrite the product of differences in (4.6). Using the Vandermonde determinant
I =) =detlyi 7o,
1<j<k<2n
and setting y; = x; for j = 1,--- ,n and y,4; = qz; for j = 1,--- ,n, one can see that the left

hand side of the Vandermonde determinant is equal to

n

H (e — x5)q(w) — ;) (qzr — )

1<j<k<n 3 k=1

n
= q(z) H (zg — :Uj)Q(qu qxj — T) H (qzj — ;).
1<j<k<n 7=l

By using this formula, we see
9 7(n) j j 7=0,---,2n—1
I (@ =20 — ga)@n—qw;) = (—g)~C) det o], Dyad] ,
1<j<k<n =R
where D, is the g-difference operator defined by (4.1). The stated result now follows from the de
Bruijn formula [11, 16]. O

The most systematic way to evaluate the Pfaffian in (4.7) is to tridiagonalise the skew symmetric
moment matrix, which leads us to consider g-skew orthogonal polynomials. In next subsection, we
will give the definition of the g-skew orthogonal polynomials and formulate the correlation kernel
in terms of the g-skew orthogonal polynomials, using a method similar to that given in the Section
3.1 and Section 3.2.

4.2. g-skew orthogonal polynomials and correlation function. We denote R,[z] as the ring
of polynomials in x over the field R(g). Consider the skew symmetric inner product (-,-)s:
R, [x] x Ry[z] — R(g), with the form

(f(239),9(¥;0)) 50 = /I(f(x;q)Dqg(x;q) —9(z;9) Dy f (75 q) )w(w; q)dy . (4.8)

In terms of this inner product one has for the sequence of moments

Mg (@) = @y )ew = (1l — lila) / £ gy, [i]g =

(4.9)
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Assuming the even-order principal minors of moment matrix Mo (q) = (m;,5(q))75—0 are nonsingu-
lar (i.e. 9, # 0 for n € Z>¢), we can apply the skew-Borel decomposition to this moment matrix
to obtain

Moo(q) = S (9)J(0)S™ " (9). (4.10)

Here S(gq) is a lower triangular matrix with diagonals 1 and J(q) a skew symmetric 2 x 2 block

matrix, denoted as

0 uo(q)
—uo(q) 0
J(q) = 0 wl(g)
—ui(g) O
By introducing x(z) = (1,7,22,---)T we can therefore define the ¢g-skew orthogonal polynomials

Q(z;q) = {Qn(z;9)}7 by
Q(z;9) = S(g)x(x),
satisfying the defining properties

<Q2n(x; CI)7 Q2m+1(x; q)>s,w = _<Q2m+1($§ q)7 QQTL(‘T; q)>s,w — un(q)én,ma
<Q2m(x7 Q)7 Q2n ('rv q)>s,w = <Q2m+1 (x7 Q), Q2n+1(l‘; q)>s,w =0.

In this setting one can compute u,(g) in (4.11) as u,(¢) = 222, Moreover, T2, defined in (4.7)

T2n

(4.11)

can then be written as

2n—1

Pf [/(ﬂfiDqﬁ — @ Dy )w(w; q)dg = PE[(Q3(230), Q5 (51 0)) s s H Ui = Ton.
I

1 =0
i,j=0 7=

It is also the case that this family of polynomials have the following g-integral representation
(cf. [14], [22]).

Proposition 4.2. In terms of multidimensional g-integrals,

nlro,

1 n
Qo) = o [ Ak T[(o -~ w0l ~ amols )
" i=1

Qani(w30) = — <x+ 1+ q) Z$z+6> [T - 2)(@ - qeo)wles 9)dyas

nlr:
2n i—1 i=1

—1

with A} (x) := [licjcran(@i—ar) 2(zj—qwr) (g ok —x;) and T2y, being defined in (4.7). Moreover,

¢ in the second equality is an arbitrary constant as s o, in (1.8).

Now, we turn to the correlation function of the g-symplectic case. Define the correlation function
on the phase space I*, where I is the support of w(r;q), as

kT, xp) = (; Aé(x) H w(zi; q)dgz;.

n — ]{))!’Tgn n—k i—hot 1
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According to [33, Corollary 1.4], if we take the measure as the discrete measure on the exponential
lattice, then this correlation function can be written as a Pfaffian specified by a particular 2 x 2

skew symmetric kernel.

Proposition 4.3. The statistical state corresponding to the probability measure (4.4) is a Pfaffian

point process. Explicitly, the k-point correlation function py i, admits the form

k
i = | [w(@s ) PAR (i, 25))5 521
=1

where

, T , T ,

R (z,y) = Zogi,jgznqle(q)i,j Y’ Zogi,jgznqle(q)i,j Dgy’

RS> D' Ma) v % D' M) Dy’ )
0<i,j<2n—1qT q4)i; Y 0<i,j<2n—1qT 4)i; Yq¥y

with M(q) the moment matriz with entries m; ;(q) in (4.9).

Analogous to (3.11), if we denote

n—1
Ro(w,yiq) = > o'M(g) ]y =) ) (@i(@ 0Qai1 (y:.0) = Qaily; ) Qi1 (2:0)
0<i4,j<2n—1 i=0 "

we can write

Ry = | Fn@wd) DyyBu(z,y:0)
e Dq,:ar(xvy;q) Dq,qu,an(xay;Q)

4.3. Two examples of classical g-skew orthogonal polynomials. To guide our study in the
more general case, we begin by analysing two specific examples of g-skew orthogonal polynomials

as examples. A general discussion will then be given in the next subsection.

4.3.1. Al-Salam & Carlitz type skew-orthogonal polynomials. Consider the Al-Salam & Carlitz
weight [6, 28]

w(z;q) = (975 9)oc (92/ 0 @)oo a<0 (4.12)

(€5 @)oo (05 @)oo (/05 @)oo

and its corresponding integral region I = [«, 1], interpreted as
1 e} 0o
[ 1= =0 ( X a 1@ - a Y a" fag™). (113)
« n=0 n=0

We say {Ur(la)(x;q)}ff;o are the monic Al Salam & Carlitz orthogonal polynomials with weight
function w(z;q) in the integral I if they satisfy

n

1
/ Usn (@ U3 (w5 q)eo (w5 @)y = (1= 0)(=0)"q3) (63 @)nbrm = hnGpm. (4:14)
It is known that these polynomials satisfy the following lowering equation (see e.g. [5])
1—q"

D,UR (:0) = Vg (). [l = 70 (415)
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Being monic polynomials of successive degree, they form basis for the polynomials space Ry[z],

and thus one can expand the corresponding skew orthogonal polynomials {Q% (z;¢)}5°_, in the

form
2m 2m—+1
QQm €L q Za‘m’pUZm p(m Q) Q2m+1(x q Z b ’PUZerl p(x Q)
p=0 p=0

with ay,,0 = bm,0 = 1. We seek the explicit form of the coefficients.

Firstly, consider polynomials of even degree. From the skew orthogonal relation (4.11), we know
<ng($;q), Uia(x;qws,w = 07 0 S 1 S Qma

or equivalently,
/ (@8 (@3 @) DU (25 ) — DyQon (1 ) U (3 )0 2 )y = 0.
I

Then from the lowering relation (4.15) and orthogonality (4.14) of the Al-Salam & Carlitz orthog-

onal polynomials, one can obtain
A 2m—it1[tghi—1 — Gm2m—i—1[t + 1]gh; =0, 0 <3< 2m.
This is an explicit iterative relation for the coeflicients {a,, ,, p =0, --- ,2m}. Inserting the explicit
value of h;, it reads
amom—it1 = —a(l—q)g" i + amom—i—1, 0<i<2m.
Notice that a,,,—1 = 0 implies a, 0aqa = 0, while a,, o = 1 implies
P P
A 2p = H{—a(l —)# 2 2m — 21+ 2],} = H{—a(l — APV m — 1+ 1],2 ).
= 1=1
Changing the variable 2p — 2(m — p), one can show
T 2 2(m—1) 2\ym—p_(m—p)(m+p—1) [m]q2!
U am—p) = | [ {—a(l = ¢)m =1+ 1]} = (—a(l - ¢*))" g DT
= 2!
and thus

m

Q3 (@30) = (—a(l = ¢*)) Z

0 1 _q [p]q

q(m p)(m+p—1)

Uzp(59)-
For polynomials of odd degree, we make partlcular use of the skew orthogonal relations

<ng+l(x7 q)? anL-i-l(I’; Q)>s,w = Oa (416&)
(Q%m11(739), U (%;9))s,0 =0, 0<i<2m—1. (4.16D)

The equation (4.16b) gives rise to
b 2m—it+2[t]ghi—1 — bm2m—i[t +1]gh; =0, 0<i<2m—1 (4.17)
by using the orthogonal relation (4.14). Also, noting that by, 2m+2 = 0, it follows
bmomi2 =" =bpa=0. (4.18)

The equation (4.16a) is equivalent to

(Q2+1(%:0)s U1 (5.9) + b1 Uz, (25,9)) 5.0 = 0.
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By using (4.16b) agian, it follows that
bm11[2m + 1]qh2m + bm)Qbmyl[Qm]qthfl - bm,1[2m + 1]qh2m = 0.

This shows by, 1 = 0 or by, 2 = 0 or both of them are equal to zero. Without generality, we can
assume by, 1 is not equal to zero (b, 2 = 0 has been obtained in (4.18)). Further, one can see the

iterative process (4.17) is the same as for a,, 2p. Therefore we get

Q3m11(75q) = Usyy i1 (23.9) + b 1Q5,,, (5 9)-

Using the freedom implied by (1.8) we can take b, 1 = 0 for brevity.
In summary, we have found that
Qi1 (z39) = Ugpyy (239),
T glmep)(mtp—1) (4.19)

ng(xaQ) ( (1_q ZO lfq [p] U;p(x;Q)a

are g-skew orthogonal with respect to the skew symmetric inner product (4.8) under the Al-Salam
& Carlitz weight (4.12). Moreover, the normalisation constant can be evaluated by

— i —q o) (35— wp) (ﬂfj—qu)H w(zi; q)dgr;

1 l<]<k<n
i 1 en-nem-n
= H (Q%:(2;9), Q3541 (73 9)) = H{CZsz"‘ g} = 2nan(n71)q g H(%Q)Qiﬂ,
i=0 i=0 i=0

which corresponds to the results in [6, Equation 4.27].

4.3.2. Little q-Jacobi skew orthogonal polynomials. The monic little g-Jacobi polynomials {pﬁla’ (2;9)152,

are defined by the orthogonality relation [28, 30]
/1 Pl (x5 q)akw @) (z;q)dygr =0, 0<k<n-—1
with the weight functioz
wl @B (z:q) == (qz; @) gz, a>—1, 5> —1. (4.20)

This is the same weight as in (4.3) upon incrementing « and 8 by 1 in the latter, and one can

easily find
W (@) = (1 = ¢’ ) D (3q).

For the normalisation, one has

1
/ P (@5 )l (5 )w P (5 g) dgr
0

: : . . (4.21)
£ o 4 B4 2n 4 1) ((LQ)n-i-a-i-ﬁ(qu);H-a(q’Q)n-‘rﬁ(q’ q)némm e peg,
(q’ q)2n+a+6
It is well known that the little g-Jacobi polynomials permit the lowering operation [30]
« a+1,0+1
P (@;q) = [l (3.9) (4.22)
and the raising operation
1 7qn+a+[3 o (a—1,6-1) 1
Dy [0 @3 pl ) (w5 )| = — = D @ g P @), b=
P ( ) ( ) (1 _ q)qn+(x—1 ( ) +1 ( ) q
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From this the Rodrigues formula enables us to give an explicit expression for this polynomial,

q(nJroc)n( —n— n n+o¢+ﬁ+1;q)k q .Z’ _

DN 7q n a,B), n— i
($7Q) - <qn+a+ﬁ+1 z;) a+1 Q)k (q q a +Z’ynz

pi?

Note in particular

p_  (1-¢")(d—-q¢"")
(1= q)(1 — g#ntath)y’

—

(o3

3

which will be used later.
To construct the relations between little g-Jacobi orthogonal polynomials and g-skew orthogonal

polynomials, the following proposition is needed.

Lemma 4.4. One has the relation between {p(a LA=1) (gc q)}>2 and {p%a’ﬁ) (2;9)}5%,,

P00 = P () + 0L 2 () + 0 Do) (5 0),

( ﬁ) ,B)

where a,, and a,, are given in (4.24).

Proof. Since {pﬁf” (x;9)}22, form a basis of Ry[z], one can assume

(a 1,8— 1) Z gla;f pgf‘ ,B) z:q).
k=0

n

From the orthogonal relation (4.21), one knows

eI (25 q)a'w @ (2 g)dgw

O\b—‘
s

n

Z af“; / éa’ﬁ)(ac; q)xiw(a_l’ﬁ_l)(w;q)dqx =0, 0<i:<n-—1.

k=0
Moreover, the relation (4.20) leads to a, 0 = -+ = @y n—3 = 0, and hence
P (@i g) = p P (a3 q) + a2 o (a0 + allyoplE ().

Now, from the equations

1
/ pgla—l,,@—l)(x q>$nw((y 1,8— U(l‘;q)dql‘ — hgla—l,ﬁ—l),
0

1
/ P (@5 q)a w1 (g g) dgr = —4 TR,
0
it follows
o@D D = _Pplea-18-D),
aleB) p (e ﬁ) (a—1,8-1) | B1(a—1,8-1)/(a—1,8-1) (a,B) (4.23)
nn lh =Cp +q hn ’ (’ynJrl,l — Tn—1 1)
allowing us to compute
Q@8 entrarso1 (1= @A =g (1 —¢" (1 —g")
Unn-—2= "4 (1 — gotA+an—1)(1 — ga+B+2n—2)2(] _ qat+i+2n=3)’
@p _ A=) [ @7 (A=g¢"H g™t (L= - g
n,n—1 " 1— qn+oz+['371 1— q 1— q2n+oz+['372 1— q2n+a+ﬁ ?
(4.24)
and thus complete the proof. O
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Now consider the monic little g-Jacobi skew orthogonal polynomials {Q,(ﬁ ’6)(x; q)}°_,, which
have the expansion with the basis {pg,of’ﬁ)(a:; QI

2m+1

Qi (w1q) = fo,?fpj Dwia), QS (asq) = an,j PP (;q).

7=0

Using the g-skew orthogonality relation
1
0
and taking the lowering operation for the little g-Jacobi polynomials (4.22), one can find

1
QS (@;0) Dgp (™) (w5 )P (25 )y

2m 1
Z[ ]qé(aﬁ)/o PSP (5 pl T (@5 q)w @I (2 g)d g

BTG 4 Y T AT,

I
=
_

A similar strategy shows

1
/ D8 (2 )p(™” (2 ) T (. g)

= Z &l / ST (@ 0)pi™ P (2 @) @D (25 g)dy

. a+1,8+1) (a, a+1 1 a+1, 1 a, . a+1,6+1 a+l 1 a,
= [Z+1]qhz(' ’ gr(n,i/i)l + [i]gh{HoHY Ez R @B)JF[Z 1gh{®3 oY §z+2ﬂ+ )51(7”'/8—)1~

Moreover, the skew orthogonal relation implies

([’L + 1]th(_a+1,5+1) _ [i]qh(a+1 ,8+4+1) (0‘+175+1 )6(0‘75

1+11 1 m,i+1
= (277 — [ = k23S e 0<i < 2m.
(a,B)

Taking (4.23) into the above equation and noting &

f(a B ﬁ 2m — 2k + 2], hé%“ziﬁ) + ¢t 2m — 2k + 1], h‘ém )2k+2
e k1 [2m—2k+ 1], hg?nﬂzgﬂ) +¢Pti2m — 2k], hg?nﬁ 2k+1

m.2m = 1 gives

The odd indexed coeflicients vanish as follows by noting ff:: 2Bm 41 = 0. Therefore,

m— a+1 1
(e, 3) J [2m 2k + 2] hgnj 2211) + q6+1[2m 2k + 1] hém )2k+2 (e, 3)

SCTIEDY - - py; (w3 q).
moko1 [2m =2k +1], hgmﬂziﬂ) +¢Pt1[2m — 2k], hgmB)kaLl !

For the odd ones, firstly consider the skew orthogonal relation

(@341 (130), PP (25.0)) g yiorrsen =0, 0<i<2m—1.

Following the above working, one can easily obtain the equation
. a+1,8+1 . a+1,+1) (a+1,+1 a,p
(li + 1]qh§ ) [l hE 1 )a§+lz 1 )) £nz+)1
_ ([i]th('ii_lﬁ—i_l) _ [Z _ 1]qhz('f—2i_l7ﬂ+1) (a+1, 5+1))n(0¢15) 0<i<2m-—1.

z i—2 m,i—17
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Since 77(()‘ e = 0, this equation demonstrates that niffd)d = 0 except nﬁn ’2577)l+1 = 1. Moreover, the
coeflicients m(n ’eﬁv)en enjoy the same recurrence relation with the coefficients of polynomials of even

degree §m fv)cn, which suggests the odd family can be chosen as

QS (39) = S (30) + Q5 (w3 q)

with arbitrary constant . For simplicity, we take v = 0.
Therefore, the skew orthogonal little g-Jacobi polynomials with weight function w(@+1-#+1) (z;9)
n (4.8) have the form

anﬁ-)l(a? Q) pgnfi-)l(xaQ)
m m a+1,8+1 B
() HJ — 2k + 2] b5 Y + g7 2m — 2k + 1]ghly, )2k+2p§a (23 q).
" Tim [2m— 2k 1S+ gf i m - 2k R,

These two classical g-skew orthogonal polynomials reflect a structure similar to (3.17), and so
suggest a general theory relating classical g-skew orthogonal polynomials to classical g-orthogonal
polynomials.

4.4. Relationship between g-skew orthogonal polynomials and ¢g-orthogonal polynomi-
als: General theorem. The relationship of g-skew orthogonal polynomials and g-orthogonal
polynomials is heavily dependent on the Pearson-type equation (2.8). Recall that in the classical
case, the functions f(z) and g(x) in the Pearson-type equation (2.8) are polynomials in z of order
2 and 1 at most, respectively.

Define the operator

Ay =q 2g(@)T, + ¢ f(x)Dyr + f(x)D,, (4.25)

where T, is the g-shift operator defined by T,¢(z) = ¢(qz), Dyo(x) = 22)=9(az) 4 q Dy-1¢(x) =

(I1—q)z
% The following analogue of Proposition 3.6 holds.

Proposition 4.5. Denote the inner product (-, -) as a symmetric bilinear form from R, [z] xR, [x] —
R(q), which is defined by

(P(x59),(x;9)) Z/Iqﬁ(x;q)w(w;q)p(w;q)dqﬂc
One has

(1) (Aqo(x;9),v(x59)) = —(d(w; ), Agh (@3 q)); (4.26)
(2) (o(z;0), Ag(x; ) = (6(;9), ¥ (5 0))s, f(qwia)plazia)> (4.27)
provided f(x;q)p(x;q) vanishes at the end points of supports.

Proof. Here we just prove the case I = [0, 00); the other cases can be verified similarly. To do so,

take the summation of these two inner products and find

(Ago(x), () + (d(2), Agh(x))
_1/ fz q71¢($)w($)+¢($)Dq71¢($))dql‘+/o f(@)p(2) (Do () (2)

1

+ ¢(@) Dytp())dg + g2 /Ooo 9(@)p(z)(¢(qz)Y(x) + d(2)P(qx))dgr := A1 + Az + As.
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Then from the definition of ¢-Jackson integral (4.13), we know

As= (=g Y g(@p(d)q" (6(a™v(a") + (") (g"™))

n=—oo

and by noting the equation (2.8) at the points = ¢”, this term can then be written as

o0

Ag= > (oa" (") +é(a")(a" ™) (pla)F(a") = p(a" ) F(a")) -

n=—oo

On the other hand, one can compute

Av==2 > (@@ @)@ + Y faMea") ($(a" (e + (" b)),

n=—oo n=—oo

Ay =2 ) dlgMW(d") f(dMp(a™) = D F@™p(@) (b)) + d(g™)b(g™ ™).
If we combine these three equalities and assume f(z;q)p(z;q) vanishes at the boundary points,
then equation (4.26) is proved.

For equation (4.27), it should be noted that

1

<¢@%Awﬂﬂ>=q"ﬁgmhww¢@@¢@m%x

[N

+q*1/f<x>p< o 0(@)o(a)d x+/f Dy (2)d,
¥(gz)¢(z) f(qz)p(qx) V(g™ 2)¢(x) f(x)p(x)
/ 1 o)z dgx + / 1 s dgx.
Moreover, if f(z;q)p(x;q) vanishes at the end points of supports, then
U(g z)(z) f(z)p P(z qz)p(q)
[P e = [ R

and therefore
(p(z), Agib(z)) :/I(¢(I)Dq¢(fﬂ) — Dyp(2)(z)) f(qz)p(gz)dex
as required. 0

With the help of (4.26) and orthogonal relation (2.7), one can see (cf. (1.11) and (3.13))

c
~"(Q)pn+1(w; q) +
hn+1 n—1

Cn—-1\q

Agpn(w30) = - o 1(250), (4.28)
where ¢, (q) is a constant dependent on Pearson pair (f(x;¢), g(z;q)) and the order of polynomials
n only, and h,, is the normalisation constant defined in (2.7) before. Similar to the derivation in
(3.15)-(3.17), we finally get the sought relationship between g-orthogonal polynomials and g-skew
orthogonal polynomials (cf. Proposition 3.9).

Proposition 4.6. Let p(x;q) be a classical weight function in the sense of the Pearson-type equa-
tion (2.8) with appropriate restriction on the degree of f and g. Let the weight in (4.4) be related
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to p(z) by w(z;q) = f(qz;q)p(qx;q). We have

Con—1 (Q)

oo (q) P22 (@ ); (4.29a)

Pon+1(25q) = Qant1(25q), pan(x;q) = Qan(z;q) —

n—1 n -1

Qon+1(2;q9) = pon+1(z5q), Qan(x;q) = H M Z H L(q)pgl(x;q) (4.29b)

iy c2;(q) 1=0 j—0 ¢2j+1(q)

with normalisation uy,(q) = can(q).

4.4.1. Several Examples. In this part, we show the with explicit Pearson pairs (f, g) and coefficients
¢, of Al-Salam & Carlitz polynomials and Little g-Jacobi polynomials. The idea is to obtain
the Pearson pairs from the weight functions with the Pearson-type equation (2.8), and from the

equation (4.28), the latter quantities ¢, can then be given.
(1) Al-Salam & Carlitz polynomials. For the weight function (4.12), one can obtain the Pearson
pair
1z—(14+a
(f,9)= (x2 ~(1+a)z+a,q 1(_q)>
from (2.8). The coefficients ¢, can then be obtained as

—n

Prti.
1—g "t

Cp = —

By taking the explicit normalisation constant h,, in (4.14), one can obtain

n

en = —(—a)" ) (g; @)1

The weight &(z; q) of skew orthogonal Al-Salam & Carlitz polynomials is determined by

w(z;9) = flar; gw(qz; q) = aw(; q),

where w(z; q) is the weight of Al-Salam & Carlitz polynomials defined by (4.12).
(2) Little g-Jacobi polynomials. For the weight function (4.20), the Pearson pair is

(f,9) = (—o* +2.~aF (la+ B+ Ay — la+1],)) .

which degenerates to the Pearson pair of Jacobi polynomials as ¢ — 17. With the help of

the leading term in (4.28), one can obtain

en = (0"l B+ 2y + )y — [~y hY = g7 [2n + o+ B+ 2AehlTY,

where th"ﬁ ) is the normalisation constant of orthogonal relation (4.21). We remark that

in this case, the weight of skew orthogonal little g-Jacobi polynomials is taken as

a+1( a+1w(a+1,ﬁ+1)(

w(x;q) :== f(qz; Q)w(gr; q) = —(q2)*" (qz;9)p+1 = —¢ 73 q)

with w(®#)(z;¢q) being the weight of little g-Jacobi polynomials defined in (4.20). As we
consider the weight w1541 (z; ) in Section 4.3.2, there is only a scalar transformation

between it and &(z;q).
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4.5. Kernels between ¢g-unitary ensemble and g-symplectic ensemble. This part is devoted

to the relationship between the kernels of g-unitary ensemble and g-symplectic ensemble. To this

end, we firstly need to modify the inner product in (2.9) and delta function given in (2.10).
Consider the symmetric inner product (as above we assume the interval I = [0, 00); the other

cases can be done similarly)

(B(39), V(w3 9)) = (1—q) > (g )(q")pla')g' = / o(x; q)0(x; q)p(x; q)dga.
i€l 0
Under this symmetric inner product, we can define a family of g-orthogonal polynomials {p,, (x; ¢) }52,
such that (p,(x;q), pm(z;q)) = ﬁn(q)émm with some proper normalisation constant h,. In this

case, we can define the delta function on H — H as

3(a,y;q) = ;W,

such that (0(z,y;q),&(x;q)) = £(y;q), and a finite dimensional projection operator

K x,Y; = W,
v r;) hn(q)

which is the Christoffel-Darboux kernel of the g-unitary ensemble.
Consider now the equation (3(x,y; q), ¥ (2;q))s,p(qz) f(qx)- According to the equation (4.27) and

the property of the delta function, one can get

(6(2,95 ), V(%50)) s, p(qa) f(q) = (O(7, 93 0), Agp(z;9)) = Ay (5 9)-

On the other hand, if we take ¢(x;q) as the g-skew orthogonal polynomials Qap,(;q), which is
skew orthogonal with the weight p(gx)f(qx), then

oo

Pn(yi4)
<5($a Y; Q)a QQm(m; Q)>s,p(qz)f(qa:) = Z 27@ <pn (1‘; Q)a QQm(m; Q)>s,p(q$)f(qac)-
n=0 n
By using the equality (4.29a) and the skew orthogonality (4.11), it follows from this that
U (q
AqQ2m (y; q) = _ﬂp%ﬁ-l(y; a) (4.30)
hom+1(q)

(cf. (3.18d)). And if one takes ¢ (z;q) = Qan+1(x;q), by again using the equations (4.11) and
(4.29a), we obtain

DN P2m (Y5 q) B C2m+1(q) P2m+2(¥; q)
AqQQm—i—l(ya Q) = Um (q) ( }~12m(q) Com (q) ﬁ2m+2 (q) > (431)

(cf. (3.18Db)).
To make use of the above formulae, first rewrite the Christoffel-Darboux kernel for the g-unitary
ensemble in the case N — 2N — 1 as

N-1 N-1
1 1
Konoa(z,y50) = Y = pon(@)p2n(yi) + Y = Pan1 (%5 )P2n1 (Y5 9)-
n—0 h2n(Q) n—0 h2n+1(Q)
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Making use of (4.29a), (4.30) and (4.31) shows

S N-1
Z ha <q>p2”“(‘"” )P (4:0) = = D s Qune (23.0) Ao Qe (4:0)
n=0 '"2n+1 — n
= N1y
nZO o )pzn(a: s Q)p2n (Y3 4) = nZ::O (@ Qam (3 9) AgQam+1(y; )
coan-1(q)

mpz]v (¥; 9)Qan—2(x; q),

and hence

can-1(q)

Kon_1(z,y;q Agy By (z )t T e ()
an—1( q) = Agy B ( ) han(g)can—2(q)

pan (Y5 @) Q2n—2(2; q). (4.32)

Inspired by the continuous case [1] and discrete case [9], we expect to find an inverse operator of

A, allowing the kernel of g-symplectic ensemble be written as the kernel of the g-unitary ensemble
plus a rank 1 decomposition, dependent on the g-orthogonal polynomials only.

For this purpose we note the operator A, as defined in (4.25), can be also written as
-1
p~(x:q) P~ (x:q)
Ag = T—== |plaz; @) flar; )T — f(asq)p(a; ) Ty | i= ———<—
o= s Fsaplea) ] = T2
with the shift operator Ty¢(z) = ¢(qz) and T,-1¢(x) = ¢(¢ ' x). We see by inspection that the

operator R, has an inverse operator €, specified by

Rq

“+o0
m (aq2m+2; q) T w(ank; Q> .
(¢q - $)(ag™™) = — Z w(ag?™ 1 q) - - w(ag?*+1; q)¢(aq2k+1),

ke (4.33)
. 2m+41y _ w(ag*+2;
(eg- ®)(ag®™ ) =

2m.
;q) - w(ag”™; q) b(ag?),

et w(ag?+1;q) - - w(ag®™+1;q)

where w(z;q) = f(x;9)p(x;q) and a € C*. Hence we can write the inverse of operator A, as
D, = ¢4(q — 1)xzp(z), allowing us to solve (4.32) for Ry (x,y;q) (cf. Proposition 3.12).

Proposition 4.7. The Christoffel-Darbouzx kernel of the q-symplectic ensemble can be written in

terms of the Christoffel-Darbouzx kernel of the q-unitary ensemble according to

CQNfi(q)ule (Q)
can—2(q)han(q)han—1(q)

This formula suggests one can analyse the asymptotic results for the g-symplectic ensemble via

Ry (z,vy5q) = Dy, yKon—1(x,y;q) +

(Dyg - p2n)(y; 0)(Dy - pan—1)(259)-

the g-unitary case. In particular, the kernel of skew orthogonal Al-Salam & Carlitz polynomials

can then be formulated as

1-2N
AC AC q
RGO (w,y) = Doy KN (2,9) = —— 1 (Dg - pon) (4 0)(Dg - an—1) (w5 9),
(1 —q)hayy

and the one of skew orthogonal little g-Jacobi polynomials can be written as

1-2N
q 2N +a+p5+1
Ro(2,1) = Py K- av) + PSP D, a4 ) (D, pox 1) i)
2N—-1
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5. CONCLUDING REMARKS

Consideration of discretisations of the eigenvalue PDF for Hermitian ensembles with symplectic
symmetry lead to the skew symmetric inner products (3.3) (linear lattice) and (4.8) (exponential
lattice). We have presented here a theory of the corresponding discrete, and ¢, skew orthogonal
polynomials in the cases that the weight function in the corresponding discretised unitary ensemble
PDFs are classical. The theory is based on identifying the appropriate analogues of the differential
operator (1.10), and developing their properties, and direct analogues of the formulas (1.13) known
in the continuous case are found.

In the classical, continuous cases it is also known [1] that we have

(f@u@) Qo) =2 [ () e (1)

An analogue of this formula does not appear possible in the discrete setting. It is (5.1) which

leads to the kernel summation formula (1.14) known for the continuous case [1]. In the discrete
cases, there is no known analogue of (1.14). Rather we have the less explicit kernel summations of
Proposition 3.12 (first derived in [9]) and Proposition 4.5.

The question of deducing the analogue of the kernel summation in Proposition 3.12 on a linear
lattice discretisation of (1.5) with = 1 (orthogonal symmetry case) has been solved in [9]. The
question of developing a theory of the corresponding skew orthogonal polynomials remains to be
addressed (one application of knowledge of the corresponding normalisations would be to give an
explanation of the (some of) the multiple summations found in [10]; another would be to explain
the structure of the particular discrete orthogonal symmetry skew orthogonal polynomials found
in [18] and that of the summation formula for the corresponding Christoffel-Darboux kernel), as

does the task of developing a theory for the g analogue of the orthogonal symmetry case.
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