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Abstract 

The present study evaluated the multiple imputation method, a procedure which is similar to 

the one suggested by Li and Lissitz (2004), and compared the performance of this method 

with that of the bootstrap method and the delta method in obtaining the standard errors for the 

estimates of the parameter scale transformation coefficients in item response theory (IRT) 

equating in the context of the common-item nonequivalent groups design. Two different 

estimation procedures for the variance-covariance matrix of the IRT item parameter 

estimates, which were used in both the delta method and the multiple imputation method, 

were considered: empirical cross-product (XPD) and supplemented expectation maximization 

(SEM). The results of the analyses with simulated and real data indicate that the multiple 

imputation method generally produced very similar results to the bootstrap method and the 

delta method in most of the conditions. The differences between the estimated standard errors 

obtained by the methods using the XPD matrices and the SEM matrices were very small 

when the sample size was reasonably large. When the sample size was small, the methods 

using the XPD matrices appeared to yield slight upward bias for the standard errors of the 

IRT parameter scale transformation coefficients.  
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IRT equating, standard errors of IRT parameter scale transformation coefficients, bootstrap 

method, delta method, multiple imputation method, empirical cross-product, supplemented 

expectation maximization 

The standard error of equating measures the amount of equating error when the examinee 

scores or item parameters on two or more different test forms are to be linked for comparison 

(Kolen & Brennan, 2004). Standard 5.13 of the Standards for Educational and Psychological 

Testing (American Educational Research Association, American Psychological Association, 

& National Council on Measurement in Education, 2014) states that “Standard errors of 

equating functions should be estimated and reported whenever possible” (p. 105). There are 

at least two types of widely applied procedures for estimating the standard errors of equating: 

the bootstrap method and the delta method. The bootstrap method is a resampling procedure 

which can become very computationally intensive. The delta method is an analytic method 

which relies on the derivation of complicated equations and therefore can be time-consuming 

and intractable. The purpose of this study is to evaluate a multiple imputation method, which 

is less computational demanding and does not depend on the development of complicated 

equations, and compare the performance of this method with that of the bootstrap and delta 

methods in estimating the standard errors for the estimates of the item response theory (IRT) 

(Hambleton, Swaminathan, & Rogers, 1991) parameter scale transformation coefficients in 

IRT test equating under the common-item nonequivalent groups (CINEG) design (Kolen & 

Brennan, 2004).  

Test equating 

Test equating refers to linking scores on alternate test forms that are developed to measure a 

common construct and are built to the same statistical specifications (Kolen & Brennan, 

2004). It is often employed in standardized testing programs to produce comparable scores 
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across different administrations of tests. IRT equating becomes necessary when the item and 

person parameters that are developed using IRT in different tests need to be placed onto a 

common measurement scale. IRT equating typically contains two steps: (1) placing the 

estimates of the IRT item/person parameters onto a common measurement scale, (2) equating 

observed or true scores. In practice, the IRT item and person parameters that are estimated 

from two tests which share a number of common items can be placed onto a common scale 

through linear parameter scale transformation functions (Hanson & Béguin, 2002; Kim & 

Cohen, 1998; Kolen & Brennan, 2004). The standard errors for the estimates of the 

coefficients of the linear transformation functions are of interest to the current study.  

  In the study, we focused on the CINEG equating design (Kolen & Brennan, 2004). This 

design assumes that two tests, which contain a set of internal common items, are administered 

to two independent groups of examinees, which are non-equivalent with respect to the ability 

distributions. To be specific, we followed a similar general design to that of Ogasawara 

(2001a) and Wong (2015) by assuming that two test forms, Test 1 and Test 2, which shared a 

set of common items, were administered to two independent non-equivalent groups of 

examinees, Group 1 and Group 2. IRT calibrations were conducted separately for each of the 

two tests. The IRT parameter estimates were assumed to be equated from the scale of Test 2 

to that of Test 1. 

IRT parameter scale transformation  

The two-parameter logistic IRT (2PL IRT, Birnbaum, 1968) model was adopted in the study. 

For the aforementioned CINEG design, the probability of the ith examinee in Group 1 

correctly answering the jth item in Test 1 can be represented by the following 2PL IRT 

model. 
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                                           (1) 

where        denotes a correct response of examinee i in Group 1 to item j in Test 1,     is 

the level of the latent trait for examinee i in Group 1,     and     are the discrimination and 

difficulty parameters for item j in Test 1, respectively. Analogously, the corresponding 

probability that the ith examinee in Group 2 correctly answer the jth item in Test 2 can be 

defined in the equation below.  

  (      |           )  
 
            

   
            

                                           (2) 

  To resolve the indeterminacy of the location and scale for the parameter estimates in 2PL 

IRT calibration, it is common in practice to constrain the person ability parameters ( ) to 

have a mean of zero and variance of one. For the CINEG design, if the IRT parameters are 

obtained by conducting two separate 2PL IRT calibrations for Test 1 and Test 2, the estimates 

of the item discrimination and difficulty parameters for the common items between the two 

tests are generally different because they are built on different measurement scales. The item 

parameter estimates as well as the person ability estimates obtained from the two separate 

IRT calibrations on Test 1 and Test 2 are comparable only if the two sets of parameter 

estimates are placed onto a common scale. This can be fulfilled via conducting linear IRT 

parameter scale transformations using the transformation coefficients   and   (Kolen & 

Brennan, 2004).  

  To be specific, the estimates of the item parameters in Test 2 can be transformed to the scale 

of Test 1 through the following two linear transformation functions.    
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                                                                      (5) 

where    
  and     

  are the transformed values of the item discrimination and difficulty 

parameters for item j on the scale of Test 1, respectively; and     and     are the estimates of 

item discrimination and difficulty parameters for this item on the scale of Test 2, 

respectively;   and   are the transformation coefficients.  

Methods for estimating the IRT parameter scale transformation coefficients   and   

There are at least two types of methods that can be used to estimate the transformation 

coefficients   and   in IRT equating: moment methods and characteristic curve methods 

(Kolen & Brennan, 2004). Both methods involve using the IRT parameter estimates of the 

common items to obtain the two linear transformation coefficients. The moment methods 

utilize the moments (mainly the mean and the standard deviation) of the item parameter 

estimates of the common items to calculate    and  . One of the moment methods is the 

Mean/Sigma approach (Marco, 1977). This approach uses the means and the standard 

deviations of the item difficulty parameter estimates of the common items. Another moment 

method, which is called the Mean/Mean approach (Loyd & Hoover, 1980), uses the means of 

the item discrimination parameter estimates and the means of the item difficulty parameter 

estimates for the common items to calculate the two linking coefficients. The characteristic 

curve methods make use of the item or test characteristic curves which are based on the IRT 

probability functions for the common items to find   and  . The method that is based on the 

item characteristic curves for the common items is the Haebara approach (Haebara, 1980). 

The Haebara approach solves for A and B by finding the optimized values that minimize a 

loss function which describes the summation of the squared differences between the item 

characteristic curves for the common items in the tests that need to be equated over a range of 
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person ability parameters. The method based on the test characteristic curves is the Stocking-

Lord approach (Stocking & Lord, 1983). The Stocking-Lord approach determines the two 

transformation coefficients by finding the optimized values that minimize a loss function 

which describes the summation of the squared differences between the test characteristic 

curves based on the common items in the tests that need to be equated over a range of person 

ability parameters. Detailed descriptions of applying the moment and characteristic curve 

methods to obtain   and   can be found in Hanson and Béguin (2002), and Kolen and 

Brennan (2004).  

Standard errors of the IRT parameter scale transformation coefficients 

Given that the transformation coefficients   and   are functions of the estimated parameters 

of the common items, they are subject to errors carried over from item calibrations due to 

sampling variation (Battauz, 2015a). The amount of random error in the estimates of the two 

coefficients associated with sampling variability can be quantified by the standard errors of 

the estimates of the coefficients. There are primarily two dominant methods that have been 

extensively used in research and practical settings to obtain the standard errors of the two 

coefficients: the bootstrap method (Efron & Tibshirani, 1993; Kolen & Brennan, 2004; Tsai, 

Hanson, Kolen, & Forsyth, 2001) and the delta method (Battauz, 2013; Ogasawara, 2000, 

2001a, 2001b; Wong, 2015). In this study, building on the work of Li and Lissitz (2004), we 

evaluated the performance of another approach, a multiple imputation method which is based 

on the imputed values of the item parameter estimates, in obtaining the standard errors for the 

estimates of the IRT parameter scale transformation coefficients. After providing a review of 

the bootstrap method and the delta method, the multiple imputation method is introduced.  

Bootstrap method 
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The bootstrap technique offers a viable alternative to estimate the standard error of an 

estimator when the standard error of this estimator is mathematically intractable (Efron & 

Tibshirani, 1993). It is a resampling approach involving repeated analyses of a large number 

of bootstrap samples that are generated in either a parametric fashion or a nonparametric 

fashion. In this study, we only focus on the nonparametric bootstrap method. This method 

relies on randomly drawing multiple bootstrap samples from the original data with 

replacement. The inference of the bootstrap standard error for an estimator can be made by 

examining the sampling distribution of the statistics relevant to the estimator calculated over 

these bootstrap samples (Patton, Cheng, Yuan, & Diao, 2014). The bootstrap technique has 

been applied to obtain the standard errors of IRT equating under the CINEG design (e.g., 

Tsai, Hanson, Kolen, & Forsyth, 2001).  

  In the current study, the steps for obtaining the standard errors for the estimates of the two 

IRT parameter scale transformation coefficients using the bootstrap method are outlined 

below.  

1. Two bootstrap datasets for Test 1 and Test 2 respectively were generated by randomly 

drawing samples from the original data of Test 1 and Test 2 with replacement.  

2. IRT calibrations were produced separately on each of the two bootstrap datasets 

generated at Step 1 to obtain the item parameter estimates for Test 1 and Test 2.  

3. Based on the two sets of item parameter estimates for the common items of Test 1 and 

Test 2 obtained at Step 2, IRT equating was conducted to obtain the estimates of the 

two transformation coefficients (i.e.,  ̂ and  ̂) using the two moment methods (i.e., 

the Mean/Mean approach and the Mean/Sigma approach) and the two characteristic 
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curve methods (i.e., the Haebara approach and the Stocking-Lord approach), 

respectively.  

4. The above steps (steps 1 to 3) were repeated   times, where   was a large number 

which was 1000 in the study (i.e.,       ).  

5. The standard deviations of the estimated values of the two transformation coefficients 

(i.e.,  ̂ and  ̂) were calculated over the   replications to obtain the corresponding 

bootstrap standard errors of the two coefficients.  

Delta method 

Another method that can be used in place of the bootstrap method to estimate the standard 

errors for the estimates of the two transformation coefficients is the delta method (Battauz, 

2013; Ogasawara, 2000, 2001a, 2001b; Wong, 2015). The delta method is an analytical 

approach that makes use of Taylor expansion. It can provide good approximation to the 

standard errors of IRT test equating coefficients if the estimated parameters have a high 

probability of being close enough to their true values and the equating functions involving the 

item parameters can be differentiated around their true values (Wong, 2015). Provided that 

the asymptotic variance-covariance matrices of the item parameter estimates are available, 

the standard errors of the estimates of   and   can be obtained using the delta approach. 

Ogasawara (2000, 2001a) derived the equations by the delta method to calculate the standard 

errors for  ̂ and  ̂ that were obtained using the moment methods and the characteristic curve 

methods under the CINEG equating design involving the 2PL IRT model. 

  Following the notations used in the study of Ogasawara (2001a), let      
    

    denote 

the vector of the item parameters of the common items for Test 1 and Test 2, where   
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  and                               

 . The variance-

covariance matrix of  ̂ and  ̂, by using the delta method, can be estimated as:   

  ov[  ̂  ̂  ]  
       

     ov  ̂ 
      

  
                                                 (8) 

where 
       

    is a matrix with elements that are the partial derivatives of   and   with respect 

to the item parameters ( ), with [
       

   ]
 

 
      

  
, and   ov  ̂  is the asymptotic variance-

covariance matrix of the item parameter estimates for the common items. The squared root 

values of the elements on the diagonal of the matrix   ov[  ̂  ̂  ] are the standard errors of  ̂ 

and  ̂.  

  The delta method has been widely used to develop equations for estimating the standard 

errors of IRT equating. Battauz (2013) utilized the delta method to develop an approach to 

estimate the standard errors for the IRT parameter scale transformation coefficients in the 

case of test equating with a complex linkage plan (i.e., chain equating). Based on the delta 

method, Ogasawara (2001b) derived the equations for calculating the standard errors of the 

IRT true score equating coefficients. Wong (2015) recently extended the derivations of 

Ogasawara (2011b) to formulate a delta approach to estimate the standard errors of IRT true 

score equating coefficients involving the polytomous IRT models including the generalized 

partial credit model (GPCM, Muraki, 1992) and the graded response model (GRM, 

Samejima, 1969). Andersson (2016) applied the delta method to derive the equations to 

estimate the standard errors of the IRT observed score kernel equating with polytomous IRT 

models.    

Multiple imputation method: an approach based on multiple imputation of the item 

parameter estimates  
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If the IRT item parameters are estimated using the maximum likelihood estimation method 

(e.g., Bock & Aitkin, 1981), the estimators of the item parameters are, under suitable 

regularity conditions, asymptotically multivariate normally distributed in large samples 

(Andersson & Wiberg, 2017; Mislevy & Sheehan, 1989; Mislevy, Wingersky, & Sheehan, 

1994; Tsutakawa, 1984; Yang, Hansen, & Cai, 2012). More specifically, for a 2PL IRT 

model, the limiting distribution of the MLE estimators of the item discrimination and 

difficulty parameters is a multivariate normal distribution with the mean vector    and 

variance-covariance matrix   ov    , where    is the vector of the population item 

discrimination and difficulty parameter values and   ov     is the inverse of the Fisher 

information matrix. In large samples, with the knowledge of the MLE estimates of the item 

parameters (  ̂) and the variance-covariance matrix of the estimates (  ov  ̂  ), the true 

distribution of the item parameters can be reasonably approximated by      ̂    ov  ̂  , 

where MVN denotes multivariate normal distribution (Mislevy, Wingersky, & Sheehan, 

1994; Thissen & Wainer, 1990; Yang, Hansen & Cai, 2012). Multiple sets of plausible values 

that are randomly drawn from      ̂    ov  ̂    can be used to examine the effects of the 

uncertainty of item parameters on the estimands or statistics of interest that are derived based 

on the item parameter estimates. For example, Yang, Hansen, and Cai (2012) applied the 

multiple imputation method to examine how the item parameter uncertainty contributed to the 

variability in IRT person score estimates under various conditions. Raju et al. (2009) used a 

similar approach, which was called the item parameter replication method in their differential 

item functioning (DIF) study, to assess the statistical significance of the noncompensatory 

DIF index within the differential functioning of items and tests framework.  

  This multiple imputation method can also be used in IRT test equating to obtain the standard 

errors of IRT equating. Li and Lissitz (2004) suggested a similar approach to analytically 
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derive the simulation-based standard errors of IRT equating coefficients through repeatedly 

sampling item parameter estimates based on the analytical variance-covariance matrix of the 

item parameter estimates. According to their approach, IRT equating could be conducted to 

each of the replicated sets of item parameter estimates. The standard errors of the IRT 

equating coefficients were determined by the standard deviations of the estimates of IRT 

equating coefficients calculated over a large number of replications.  

  Building on the approach suggested by Li and Lissitz (2004), in this study, we attempted to 

compare the performance of the multiple imputation method with that of the bootstrap 

method and the delta method in obtaining the standard errors for the estimates of the IRT 

parameter scale transformation coefficients. In contrast with the procedure suggested by Li 

and Lissitz (2004), the multiple imputation method tested in the current study used a full 

rather than a block-diagonal variance-covariance matrix to draw the plausible values of the 

item parameter estimates. The covariance of the item parameter estimates should not be 

ignored in the analysis of consequences of the uncertainty of item parameters when IRT 

calibration is conducted with any finite sample (Patton, Cheng, Yuan, & Diao, 2014; Yang, 

Hansen, & Cai, 2012). The steps of the multiple imputation method evaluated in the current 

study are outlined below.   

1. IRT calibrations were produced separately on Test 1 and Test 2 to obtain the item 

parameter estimates ( ̂) as well as their corresponding variance-covariance matrix 

(  ov  ̂ ) for the two tests. Two procedures which were introduced below were used 

for estimating the variance-covariance matrices: empirical cross-product and 

supplemented expectation maximization.  

2. Based on the item parameter estimates ( ̂)  and the variance-covariance matrices 

(  ov  ̂ ) obtained at Step 2, one set of plausible values of the item parameter 
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estimates were drawn from a multivariate normal distribution with mean vector  ̂ and 

variance-covariance matrix   ov  ̂  (i.e.,      ̂   ov  ̂  ) for Test 1 and Test 2, 

respectively.  

3. Based on the two sets of imputed item parameter estimates obtained at Step 2, IRT 

equating was conducted to get the estimates of the two transformation coefficients 

(i.e.,  ̂ and  ̂) using the two moment methods (i.e., the Mean/Mean approach and the 

Mean/Sigma approach) and the two characteristic curve methods (i.e., the Haebara 

approach and the Stocking-Lord approach), respectively. 

4. Step 2 and step 3 were repeated R times, where R was a large number which was 

1000 in the current study (i.e.,       ).  

5. The standard errors of the two transformation coefficients were calculated from the 

standard deviations of the estimated values of   and   derived from the   

replications.  

Variance-covariance matrix for IRT item parameter estimates (  ov  ̂ ) 

The variance-covariance matrix of the item parameter estimates, which is required in both the 

delta method and the multiple imputation method, can be obtained from the IRT calibration 

by inverting the information matrix (i.e.,       ̂       ̂ , where    ̂  is the information 

matrix) (Bock & Aitkin, 1981; Bock & Lieberman, 1970; Ogasawara, 2000). There are at 

least three procedures which can be used to obtain the information matrix: Fisher information 

(FIS), empirical cross-product (XPD), and supplemented expectation maximization (SEM) 

(Paek & Cai, 2014). Other available estimators of the variance-covariance matrix for the IRT 

parameter estimates, such as sandwich estimator (Yuan, Cheng, & Patton, 2013) which can 

be used when the model is misspecified, are not considered in this investigation.  
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  The calculation of the exact expected FIS information matrix requires the marginalization 

over the sample space of responses to all the items. Therefore, the computational burden of 

deriving FIS increases exponentially as the test length increases (Paek & Cai, 2014). The 

derivation will become practically infeasible when the test length is large (Bock & Aitkin, 

1981; Bock & Lieberman, 1970). Thus, this approach was not considered in this study. The 

XPD information matrix, which is based on observed response patterns, has been widely used 

in practice to approximate the FIS matrix. It is also called the observed information matrix 

(Efron & Hinkley, 1978; Yuan, Cheng, & Patton, 2014). The XPD information matrix 

indicates the precision with which the item parameters have been estimated from the realized 

sample (Efron & Hinkley, 1978; Mislevy & Sheehan, 1989). Another approach, which was 

recently introduced by Cai (2008) in IRT calibration to compute the information matrix for 

deriving the variance-covariance matrix of the item parameter estimates, is based on the 

supplemented expectation maximization algorithm (SEM, Meng & Rubin, 1991). SEM is a 

supplementary procedure to the expectation maximization (EM) algorithm to compute the 

asymptotic variance-covariance matrix for the maximum likelihood estimates of the 

parameters. The SEM procedure derives the observed information matrix from the difference 

between the information matrix obtained from the complete data and the information matrix 

obtained from the missing data (Paek & Cai, 2014). In a simulation study, Paek and Cai 

(2014) compared the SEM procedure with the FIS and XPD procedures for estimating the 

standard errors of the IRT item parameter estimates. Their results indicated that all the three 

procedures produced similar results with respect to the bias in the standard error estimates for 

most of the simulated conditions. However, the SEM procedure was preferred to the XPD 

procedure when the number of items was large and the sample size was small. In the current 

study, both the XPD and SEM information matrices were used to derive the variance-
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covariance matrix of the item parameter estimates. For more details of XPD and SEM, refer 

to Cai (2008), and Paek and Cai (2014).  

Research purpose 

The purpose of this article is twofold. The primary goal of the investigation is to evaluate the 

multiple imputation method and compare its performance with that of the bootstrap method 

and the delta method in estimating the standard errors of the IRT parameter scale 

transformation coefficients. Although a similar approach to the multiple imputation method 

has been suggested by Li and Lissitz (2004), to our knowledge, there is a lack of systematic 

investigation of the performance of this method as well as the comparison between this 

approach and other existing popular methods such as the bootstrap method and the delta 

method in IRT equating studies. In this research, by using both simulated and real data, we 

attempted to provide an initial evaluation of the performance of the multiple imputation 

method in obtaining the standard errors of the IRT parameter scale transformation 

coefficients in the context of the CINEG equating design involving the 2PL IRT model. The 

second purpose of this research is to examine the effects of different estimation procedures 

for the variance-covariance matrix of the item parameter estimates on the estimation of the 

standard errors of the transformation coefficients. Despite the availability of different 

procedures for obtaining the variance-covariance matrix of the IRT item parameter estimates, 

less is known about how different types of variance-covariance matrices of the item 

parameter estimates, which are required in both the delta method and the multiple imputation 

method, affect the estimates of the standard errors for the estimates of the two linking 

coefficients. In this investigation, two types of variance-covariance matrices, the XPD matrix 

and the SEM matrix, were compared with respect to their performances in obtaining the 

standard errors for the estimates of   and   in IRT test equating.   
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Simulation study 

Method 

In this simulated design, as stated in the introduction, two tests (Test 1 and Test 2), each of 

which was composed of 40 dichotomously scored items, were assumed to be administered to 

two independent and nonequivalent groups (Group 1 and Group 2), respectively. The 

population item discrimination parameters for Test 1 and Test 2 were both randomly drawn 

from a uniform distribution with the range (0.7, 1.5) (i.e.,              . And the item 

difficulty parameters for the two tests were both randomly generated from a standard normal 

distribution                . These values were considered based on the realistic item 

parameter estimates that were obtained from operational assessment programs in practice. It 

was assumed that the estimates of the IRT parameters of Test 2 were equated to the scale of 

Test 1. The manipulated factors for data generation included the number of common items 

(  ), sample size ( ), and the differences in ability distributions between the two groups, all 

of which have been identified as important factors affecting the standard errors for the 

estimates of the IRT equating coefficients (Battauz, 2015a; Ogasawara, 2000, 2001a, 2001b). 

Two levels of the number of common items were used:       and      . These two 

levels have been used in B tt uz’s  2015   study which also assumed that the test length was 

equal to 40. The first level (     ) was simulated by following the rule of thumb which 

suggested that at least 20% of total items should be used as common items in test equating 

(Cook & Eignor, 1991; Kolen & Brennan, 2004). The second level with the large number of 

common items (     ) simulated a condition in which the ratio of the number of common 

items could be up to 50% of the full-length test (e.g., Kaskowitz & Ayala, 2001; Kim & 

Cohen, 2002; Kim, Lee, Kim, & Kelley, 2009; Ogasawara, 2000). The population 

discrimination and difficulty parameters for the common items were drawn from the same 
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distributions as those for the entire tests. This ensures that the statistical properties of the set 

of the common items could mirror those of the entire tests to be equated (Cook & Eignor, 

1991). Regarding the sample size, two levels were simulated to investigate the effect of the 

calibration sample size on the estimation of the standard errors for the estimates of the linking 

coefficients:       and       . In terms of the ability distributions, the ability 

parameters for the examinees in Group 1 for Test 1 were randomly drawn from a standard 

normal distribution (              ). Two levels of ability distributions for examinees in 

Group 2 for Test 2 were considered:                and               . The first level 

(           ) was used to examine the case of a CINEG design in which the samples 

administered the two tests differed somewhat in ability. While the second level 

(           ), which has been extensively used in previous simulation studies of test 

equating (e.g., Andersson, 2016; Ogasawara, 2000, 2001a, 2001b; Wong, 2015), was used to 

simulate a vertical equating situation in which the samples administered the two tests differed 

significantly in ability. The two levels of group ability differences determine that the 

population values for the IRT parameter scale transformation coefficients are       and 

      for                and       and       for               , repsectively. A 

combination of the different levels under each of three manipulated factors resulted in a total 

of eight simulated conditions (     ). All the item responses under each of the conditions 

were generated by using the 2PL IRT model. Each of the eight simulated conditions was 

replicated 100 times. 

  The simulated response data were calibrated with the 2PL IRT model using the marginal 

maximum likelihood estimation method (MML, Bock & Aitkin, 1981; Bock & Lieberman, 

1970), which were performed with the computer software FlexMIRT 3.0 (Cai, 2015). The 

convergence criteria were the same as those used in the study of Paek and Cai (2014). More 
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specifically,  the maximum allowed numbers of E-steps and M-steps were 1000 and 500, 

respectively. The E-step, the M-step, and the SEM convergence tolerances were     ,     , 

and     , respectively. For each of the IRT calibrations, both the XPD and SEM variance-

covariance matrices for the item parameter estimates were estimated and stored in external 

files for subsequent estimation of the standard errors for the estimates of   and  .  

  The transformation coefficients   and   were estimated using the two moment methods and 

the two characteristic curve methods respectively, which were all conducted in the R 

programming language with the package equateIRT (Battauz, 2015b). The standard errors of 

the estimates of   and   were obtained using three different types of approaches: the 

bootstrap method, the delta method, and the multiple imputation method. For the delta 

method and the multiple imputation method, two different variance-covariance matrices for 

the item parameter estimates were used: XPD and SEM. Therefore, a total of five different 

methods were applied to obtain the standard errors for the estimates of   and  : the bootstrap 

method, the delta method using XPD, the delta method using SEM, the multiple imputation 

method using XPD, and the multiple imputation method using SEM.  

  Because the true standard errors for the estimates of   and   are not available, the empirical 

standard errors (   ), which were the empirical standard deviations of the estimated values of 

the two coefficients calculated over 10000 replications (Paek & Cai, 2014), were used as 

criterion standard errors in the study. To evaluate the performances of the five different 

standard error estimation approaches, bias and root mean square difference (RMSD) were 

calculated for the estimated standard errors of the two linking coefficients   and   against 

their corresponding empirical standard errors for each simulated condition across all the 100 

replications. 

Bi s  
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                                                        (14) 

      √∑       ̂           
   

 
                                               (15) 

      √∑       ̂           
   

 
                                               (16) 

where      ̂  and      ̂ are the estimated standard errors of   and   obtained from a given 

approach in the ith replication, respectively,        and        are the empirical standard 

errors of   and  , respectively, and       is the number of replications.  

Results 

The means and standard deviations of the estimated transformation coefficients (i.e.,  ̂ and 

 ̂) calculated over the 100 replications are shown in Table 1. Generally, the results indicated 

that the means of  ̂ and  ̂ were very close to their corresponding population values under 

each of the simulated conditions. 

<Insert TABLE 1 here> 

  Table 2 provides a summary of the empirical standard errors as well as the means and 

standard deviations of the estimated standard errors for the simulated data conditions relating 

to small differences in group ability distributions (i.e.,               ). Table 3 does the 

same for the simulated data conditions relating to large differences in group ability 

distributions (i.e.,               ). Results are also graphically depicted in Figures 1 and 2. 

The results of bias and RMSD for the estimated standard errors are presented in Tables 4 and 

5, respectively. 

<Insert TABLE 2 here> 

<Insert TABLE 3 here> 
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<Insert FIGURE 1 here> 

<Insert FIGURE 2 here> 

<Insert TABLE 4 here> 

<Insert TABLE 5 here> 

  When the sample size was large, all the results consistently indicate that the standard errors 

produced by the multiple imputation methods were very close to the empirical standard errors 

as well as those obtained using the bootstrap method and the delta methods for the estimates 

of   and   that were derived from the Mean/Mean method and the two characteristic curve 

methods. However, for the estimates of the linking coefficient   that were calculated from 

the Mean/Sigma method, the multiple imputation method tended to produce slightly larger 

standard errors than the delta methods using the same type of variance-covariance matrix 

(i.e., XPD or SEM).  

  When the sample size was small, the multiple imputation methods and the delta methods 

that used the same type of variance-covariance matrix produced very similar or nearly 

identical standard errors for the estimates of   and   that were derived from the Mean/Mean 

method and the two characteristic curve methods. In line with the findings with the larger 

sample size, for the estimates of   calculated using the Mean/Sigma method, the multiple 

imputation methods appeared to yield larger standard errors than the delta method. In 

addition, the standard errors estimated by the multiple imputation methods using the SEM 

variance-covariance matrices are very close to the empirical standard errors as well as those 

estimated from the bootstrap methods. The multiple imputation methods using the XPD 

variance-covariance matrices tended to overestimate the standard errors and exhibited slight 

upward bias.  
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  The differences between the estimated standard errors obtained from the methods (i.e., the 

delta method and the multiple imputation method) using the XPD variance-covariance 

matrices and the SEM variance-covariance matrices under each of the simulated conditions 

were very small when the sample size was large. However, when the sample size was small, 

the methods using the SEM variance-covariance matrices seemed to perform better than the 

methods using the XPD variance-covariance matrices across all the simulated conditions. As 

shown by the results, both the multiple imputation methods and the delta methods using the 

SEM variance-covariance matrices produced very similar results to the empirical standard 

errors as well as that of the bootstrap methods. But the methods using the XPD variance-

covariance matrices yielded standard errors that were slightly larger than the empirical 

standard errors and exhibited more upward bias than the methods using the SEM variance-

covariance matrices.  

  The results also confirm the effects of sample size, the number of common items, as well as 

the group ability differences on the estimation of the standard errors. With the increase of the 

sample size and the number of common items, the estimated standard errors for the estimates 

of   and   tended to decrease, which is consistent for all the standard error estimation 

procedures. In addition, larger differences in the ability distributions between the two groups 

led to greater standard errors.  

  The estimated standard errors for the estimates of the linking coefficient   that were 

calculated from the Mean/Sigma method were uniformly larger than those for the estimates 

that were obtained from the Mean/Mean method and the two characteristic curve methods 

under each of the eight manipulated conditions, regardless of the standard error estimation 

procedures. Moreover, the standard errors for the estimates of the coefficient   that were 

calculated from the two moment methods were slightly greater than those for the estimates 
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that were derived from the two characteristic curve methods, irrespective of the approaches 

being used for estimating the standard errors. 

Empirical illustration 

Method  

The empirical data consisted of ex minees’ responses to two mathematics tests, Test 1 and 

Test 2, each of which was composed of 30 dichotomously scored items. There were 11 

common items between the two tests. The sample sizes for Test 1 data and Test 2 data were 

2757 and 3057, respectively. The item parameters were estimated with the 2PL IRT model 

using the MML estimation method (Bock & Aitkin, 1981; Bock & Lieberman, 1970), which 

were all performed with the computer software FlexMIRT 3.0 (Cai, 2015). The convergence 

criteria were the same as those used in the simulation study. The descriptive statistics of the 

unequated item parameter estimates for the two tests as well as for the common items are 

presented in Table 6. IRT equating was conducted to place the IRT parameters estimated 

from Test 2 onto the scale of Test 1. The estimates of   and   were obtained by using the 

two moments methods and the two characteristic curve methods, which were all performed 

with the R package equateIRT (Battauz, 2015b). The standard errors for the estimates of   

and   were estimated using the five approaches tested in the simulation study.  

<Insert TABLE 6 here> 

<Insert TABLE 7 here> 

Results 

The estimates of the IRT parameter scale transformation coefficients as well as their 

corresponding standard errors derived from the five standard error estimation procedures are 
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presented in Table 7. The results shown in Table 7 are generally in line with the results of the 

simulated data. The multiple imputation method, using either the XPD variance-covariance 

matrix or the SEM variance-covariance matrix, produced comparable standard errors to those 

obtained using the bootstrap method and the delta method. The standard errors for the 

estimates of the coefficient   calculated from the Mean/Sigma method were larger than those 

for the estimates obtained from the Mean/Mean method and the characteristic curve methods. 

In addition, the standard errors for the estimates of the coefficient   obtained from the 

characteristic curve methods were generally less than those for the estimates calculated from 

the moments methods.    

Discussion 

In this research, we evaluated the performance of the multiple imputation method, which is 

similar to the approach suggested by Li and Lissitz (2004), in obtaining the standard errors of 

the two IRT parameter scale transformation coefficients   and   with 2PL IRT model under 

the CINEG equating design. The multiple imputation method makes use of the plausible 

values that are drawn from the distribution of the item parameter estimates to obtain the 

standard errors of IRT equating coefficients. Generally, the results from the simulated data 

and the empirical data suggested that the multiple imputation method produced similar results 

to those of the bootstrap method and the delta method. No bias of practical significance was 

found between the standard errors yielded by these different standard error estimation 

approaches and the empirical standard errors.  

  One of the appealing features of considering the multiple imputation method in estimating 

the standard errors of IRT equating is that it is relatively simple to apply. Despite the 

popularity of the bootstrap method, the application of the bootstrap method can become 

computationally demanding with the increase of the number of bootstrap replications as well 
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as the complexities of test equating design and IRT models (Kolen & Brennan, 2004). The 

computational intensity of this approach mainly comes from a considerable number of IRT 

calibrations on a large number of bootstrap samples. For example, in this study which 

involves equating between two tests, a total of 2000 IRT calibrations had to be run for 2000 

bootstrap datasets (i.e., 1000 bootstrap datasets for Test 1 and Test 2, respectively). 

Therefore, the bootstrap technique can become very computationally intensive in the case 

where a complex linking plan involving multiple test forms is employed. The delta method 

seems to be the simplest, in terms of application, among the three different types of 

approaches. However, the flexibility of the application of this method is practically limited in 

some cases. One of the advantages of employing the delta method is that the standard errors 

can be directly obtained based on the item parameter estimates and their asymptotic variance-

covariance matrix both of which can be readily acquired through a single IRT calibration for 

each of the tests to be equated. However, the application of this method relies on the 

derivation of equations which can become intractable when the equating design, IRT models, 

and equating methods are complicated (Kolen & Brennan, 2004). For the delta method, 

specific formulas which involve the matrices for the partial derivatives normally need to be 

developed depending on the use of the IRT models, equating methods, and/or equating 

designs (e.g., Andersson, 2016; Andersson & Wiberg, 2017; Battauz, 2013). That is, 

equations have to be reformulated if either of the varying relevant factors involved in 

equating (e.g., IRT models, equating designs, and equating methods) changes. For example, 

the equations that were derived for IRT equating involving the GPCM could not be directly 

used for obtaining the standard errors for IRT equating coefficients when modelling with the 

GRM (Wong, 2015). In contrast, the multiple imputation method is less time-consuming than 

the bootstrap method and can be more flexibly implemented than the delta method (Li & 

Lissitz, 2004). Compared with the bootstrap method, the multiple imputation method just 



 

 

 

 
This article is protected by copyright. All rights reserved. 

24 
 

needs a single IRT calibration to each of the tests to be equated to get the item parameter 

estimates and their corresponding variance-covariance matrix for drawing plausible values to 

obtain the standard errors of IRT equating. This significantly reduces the computational 

intensity. On the other hand, unlike the delta method, the multiple imputation method does 

not depend on the derivation of complicated equations. Therefore, the relative advantages of 

the multiple imputation method over the bootstrap method and the delta method make the 

multiple imputation method an alternative to researchers and practitioners to determine the 

standard errors of the IRT equating coefficients. Both the bootstrap method and the multiple 

imputation method rely on large number of replications. To get stable standard error 

estimates for the transformation coefficients, 1000 bootstrap replications were conducted for 

each condition in the study, which is common in practice (Cui & Kolen, 2008; Kolen, 1985; 

Kolen & Brennan, 2004). For the multiple imputation method, 1000 replications were also 

conducted for each condition so that the differences between the bootstrap method and the 

multiple imputation method were not confounded by variable numbers of replications. We 

would recommend that a large number of replications (e.g. 1000 or more plausible values) be 

applied when using the multiple imputation method in future. Given the current capacity of 

computers, 1000 or more replications for the multiple imputation method, which are less 

computationally intensive than the same number of replications for the bootstrap method, can 

be accomplished efficiently. We also suggest that future simulation studies are conducted to 

investigate the effect of the number of replications on the results of the multiple imputation 

method for developing more robust practical guidelines for practitioners. Furthermore, in the 

current study, the performance of the multiple imputation method was evaluated only for 

estimating the standard errors for the IRT parameter scale transformation coefficients 

involving the 2PL IRT model. More investigations should be conducted to examine the 

performance of this method in (a) deriving standard errors of IRT true-score and observed-
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score equating and (b) cases involving other IRT models such as the 3PL IRT model and 

polytomous IRT models.  

  Some of the results of this study echo the findings of previous studies. First, in line with the 

findings of Battauz (2015a), the results of our simulation study indicate that increasing the 

calibration sample size and the number of common items could reduce the standard errors. 

Second, our study suggests that the standard errors for the estimates of   and   that were 

derived from the characteristic curve methods were smaller than those for the estimates that 

were calculated from the moment methods, which is also consistent with the findings of 

previous studies (e.g., Ogasawara, 2001a, 2001b). Last, in accordance with the findings from 

Ogasawara (2000, 2001a, 2001b) and Wong (2015), the standard errors for the estimates of 

the linking coefficient   that were calculated using the Mean/Sigma method were 

significantly greater than those for the estimates that were derived from the Mean/Mean 

method and the two characteristic curve methods, regardless of the standard error estimation 

procedures being used. This might be due to the instability of the standard deviation of the 

item difficulty parameter estimates which were used for calculating the coefficient   (Baker 

& Al-Karni, 1991; Ogasawara, 2000). It is notable that, compared with the bootstrap method 

and the delta method, the multiple imputation method appeared to significantly overestimate 

the standard errors for the estimates of the coefficient   calculated using the Mean/Sigma 

method when the sample size was small. Although the Mean/Sigma method was not 

recommended for calculating the IRT parameter scale transformation coefficients when 

performing IRT equating (Ogasawara, 2000), in the unusual case when the Mean/Sigma 

method has to be applied, the multiple imputation method is not recommended as an 

alternative to the bootstrap method and the delta method to estimate the standard errors for 

the estimates of the transformation coefficients.  
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  Both the multiple imputation method and the delta method hinge on the availability of the 

asymptotic variance-covariance matrix of item parameter estimates, which might limit its 

wide application if the available IRT software fails to produce the variance-covariance matrix 

for the item parameter estimates. Fortunately, more and more newly developed computer 

programs like FlexMIRT 3.0 (Cai, 2015) have the capacity to provide the asymptotic 

variance-covariance matrix for the item parameter estimates.  In this study, two different 

types of variance-covariance matrices for the item parameter estimates, XPD and SEM, were 

compared in terms of their effects on the estimation of the standard errors for the two 

transformation coefficients. Generally, our results indicate that the standard errors derived 

from the approaches using the XPD matrices were approximately at the same levels as those 

obtained from the methods using the SEM matrices under each of the simulated conditions 

when the sample size was large. However, when the sample size was small, the methods 

using the SEM matrices appeared to perform better than the approaches using the XPD 

matrices. More specifically, the standard errors produced by the approaches using the SEM 

matrices were very similar to the criterion standard errors as well as the standard errors 

obtained from the bootstrap method. But the methods using the XPD matrices tended to yield 

slightly larger standard errors than the methods using the SEM matrices and the bootstrap 

method. This might be due to the fact that, as found by Paek and Cai (2014), the XPD 

procedure tended to produce slight upward bias for the standard errors of the item parameter 

estimates when the test length was long and the sample size was small. Therefore, the SEM 

matrix rather than the XPD matrix is recommended as the default choice for estimating the 

standard errors of the IRT parameter scale transformation coefficients when the number of 

items is large and the sample is small. When the sample size is large, as suggested by Paek 

and Cai (2014), the XPD procedure, which is more computationally efficient than the SEM 

procedure, could be taken as a practically viable option to obtain the variance-covariance 
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matrix for the item parameter estimates for estimating the standard errors of the IRT 

parameter scale transformation coefficients.  

  In the current study, the models used for IRT calibrations were assumed to be correctly 

specified. Perhaps another interesting future study is to compare the performance of the 

multiple imputation method with that of the bootstrap method and the delta method in 

obtaining the standard errors for IRT equating coefficients when the IRT model is 

misspecified. Under the circumstance of model misspecification, the variance-covariance 

matrices of the item parameter estimates that are used in the study might not be consistent 

and an alternative is the robust sandwich-type variance-covariance matrix (Freedman, 2006; 

Yuan, Cheng, & Patton, 2014). It is interesting to investigate the effects of different 

estimators of variance-covariance matrix, including the sandwich estimator, on the estimation 

of the standard errors of IRT equating when the IRT model is not correctly specified.  

All in all, various factors can affect the rese r hers’  nd the pr  titioners’ choices of the 

approach for obtaining the standard errors of IRT equating in practice. These factors might be 

related to the features that characterize different aspects of IRT equating such as sample size, 

number of common items, IRT models, availability of the variance-covariance matrix of item 

parameter estimates, computing cost, equating design, and equating methods. The results of 

the current investigation suggest that the multiple imputation method could be considered as 

a practically viable alternative to the bootstrap method and the delta method to determine the 

variability of the IRT equating coefficients. The findings of the current study could facilitate 

the reporting of standard errors of equating, particularly in cases with complicated linking 

designs (e.g., chain equating, Battauz, 2013; Kolen & Brennan, 2004), which has been 

advocated as a standard practice (American Educational Research Association, American 

Psychological Association, & National Council on Measurement in Education, 2014).  
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TABLE 2. Descriptive statistics of the standard errors for the estimates of the IRT parameter 

scale transformation coefficients calculated over the 100 replications (              ) 
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TABLE 3. Descriptive statistics of the standard errors for the estimates of the IRT parameter 

scale transformation coefficients calculated over the 100 replications (                
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Empirical = empirical standard errors. 

 

 

TABLE 4. Bias for the standard errors of the estimates of the IRT parameter scale 
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Note. XPD =empirical cross-product; SEM = supplemented expectation maximization; MI = 

multiple imputation method; MM = Mean/Mean approach, MS = Mean/Sigma approach; HA 

= Haebara approach; SL = Stocking-Lord approach; CI = number of common items. 

 

 

TABLE 5. RMSD for the standard errors of the estimates of the IRT parameter scale 

transformation coefficients 

                                

 A  B  A  B 

 M

M 

M

S 

H

A 

SL  M

M 

M

S 

H

A 

SL  M

M 

M

S 

H

A 

SL  M

M 

M

S 

H

A 

SL 

N = 

500 

and 

CI = 

10     

 

    

 

    

 

    

   

Boots

trap 

0.0

08 

0.0

24 

0.0

07 

0.0

08 

 

0.0

08 

0.0

09 

0.0

04 

0.0

04 

 

0.0

08 

0.0

23 

0.0

08 

0.0

08 

 

0.0

08 

0.0

09 

0.0

05 

0.0

05 

   

Delta 

(XPD

) 

0.0

11 

0.0

17 

0.0

10 

0.0

10 

 

0.0

10 

0.0

10 

0.0

06 

0.0

07 

 

0.0

11 

0.0

19 

0.0

10 

0.0

11 

 

0.0

10 

0.0

09 

0.0

06 

0.0

07 

   MI 

(XPD

) 

0.0

12 

0.0

42 

0.0

12 

0.0

12 

 

0.0

17 

0.0

16 

0.0

07 

0.0

08 

 

0.0

12 

0.0

50 

0.0

12 

0.0

12 

 

0.0

17 

0.0

16 

0.0

08 

0.0

08 

   

Delta 

(SEM

) 

0.0

07 

0.0

20 

0.0

06 

0.0

06 

 

0.0

06 

0.0

07 

0.0

04 

0.0

04 

 

0.0

07 

0.0

22 

0.0

07 

0.0

07 

 

0.0

06 

0.0

08 

0.0

05 

0.0

05 

   MI 

(SEM

) 

0.0

07 

0.0

28 

0.0

07 

0.0

07 

 

0.0

08 

0.0

09 

0.0

04 

0.0

04 

 

0.0

07 

0.0

25 

0.0

07 

0.0

07 

 

0.0

08 

0.0

09 

0.0

05 

0.0

05 

N=50

0 and 

CI = 

20     

 

    

 

    

 

    



 

 

 

 
This article is protected by copyright. All rights reserved. 

40 
 

   

Boots

trap 

0.0

05 

0.0

16 

0.0

05 

0.0

05 

 

0.0

05 

0.0

05 

0.0

03 

0.0

03 

 

0.0

06 

0.0

18 

0.0

06 

0.0

06 

 

0.0

05 

0.0

06 

0.0

04 

0.0

04 

   

Delta 

(XPD

) 

0.0

08 

0.0

11 

0.0

07 

0.0

08 

 

0.0

08 

0.0

08 

0.0

06 

0.0

06 

 

0.0

08 

0.0

13 

0.0

08 

0.0

09 

 

0.0

08 

0.0

09 

0.0

06 

0.0

07 

   MI 

(XPD

) 

0.0

08 

0.0

35 

0.0

08 

0.0

08 

 

0.0

14 

0.0

13 

0.0

07 

0.0

07 

 

0.0

08 

0.0

43 

0.0

09 

0.0

10 

 

0.0

14 

0.0

14 

0.0

07 

0.0

07 

   

Delta 

(SEM

) 

0.0

05 

0.0

10 

0.0

04 

0.0

04 

 

0.0

04 

0.0

04 

0.0

03 

0.0

03 

 

0.0

05 

0.0

11 

0.0

05 

0.0

05 

 

0.0

04 

0.0

05 

0.0

04 

0.0

04 

   MI 

(SEM

) 

0.0

05 

0.0

17 

0.0

05 

0.0

05 

 

0.0

12 

0.0

06 

0.0

03 

0.0

03 

 

0.0

05 

0.0

21 

0.0

05 

0.0

05 

 

0.0

05 

0.0

07 

0.0

04 

0.0

04 

N = 

1000 

and 

CI = 

10      

 

    

 

    

 

    

   

Boots

trap 

0.0

03 

0.0

09 

0.0

03 

0.0

03 

 

0.0

04 

0.0

04 

0.0

02 

0.0

02 

 

0.0

04 

0.0

09 

0.0

04 

0.0

04 

 

0.0

03 

0.0

04 

0.0

03 

0.0

03 

   

Delta 

(XPD

) 

0.0

04 

0.0

08 

0.0

04 

0.0

04 

 

0.0

04 

0.0

04 

0.0

03 

0.0

03 

 

0.0

05 

0.0

10 

0.0

05 

0.0

05 

 

0.0

04 

0.0

04 

0.0

03 

0.0

03 

   MI 

(XPD

) 

0.0

04 

0.0

13 

0.0

04 

0.0

04 

 

0.0

06 

0.0

06 

0.0

03 

0.0

03 

 

0.0

05 

0.0

13 

0.0

05 

0.0

05 

 

0.0

06 

0.0

06 

0.0

03 

0.0

04 

   

Delta 

(SEM

) 

0.0

03 

0.0

10 

0.0

03 

0.0

03 

 

0.0

02 

0.0

03 

0.0

01 

0.0

02 

 

0.0

04 

0.0

12 

0.0

03 

0.0

04 

 

0.0

03 

0.0

04 

0.0

02 

0.0

02 

   MI 

(SEM

) 

0.0

03 

0.0

10 

0.0

03 

0.0

03 

 

0.0

03 

0.0

04 

0.0

02 

0.0

02 

 

0.0

04 

0.0

10 

0.0

04 

0.0

04 

 

0.0

03 

0.0

04 

0.0

02 

0.0

02 

N = 

1000 

and 

CI = 

20     

 

    

 

    

 

    

   

Boots

trap 

0.0

03 

0.0

05 

0.0

02 

0.0

02 

 

0.0

02 

0.0

02 

0.0

02 

0.0

02 

 

0.0

03 

0.0

06 

0.0

03 

0.0

03 

 

0.0

03 

0.0

03 

0.0

02 

0.0

02 

   

Delta 

(XPD

) 

0.0

03 

0.0

04 

0.0

02 

0.0

03 

 

0.0

03 

0.0

03 

0.0

02 

0.0

02 

 

0.0

03 

0.0

05 

0.0

03 

0.0

03 

 

0.0

03 

0.0

03 

0.0

02 

0.0

02 

   MI 

(XPD

) 

0.0

03 

0.0

07 

0.0

03 

0.0

03 

 

0.0

04 

0.0

04 

0.0

02 

0.0

02 

 

0.0

03 

0.0

09 

0.0

03 

0.0

03 

 

0.0

04 

0.0

04 

0.0

03 

0.0

03 

   

Delta 

(SEM

) 

0.0

02 

0.0

05 

0.0

02 

0.0

02 

 

0.0

02 

0.0

02 

0.0

02 

0.0

02 

 

0.0

02 

0.0

05 

0.0

02 

0.0

03 

 

0.0

02 

0.0

03 

0.0

02 

0.0

02 



 

 

 

 
This article is protected by copyright. All rights reserved. 

41 
 

   MI 

(SEM

) 

0.0

02 

0.0

05 

0.0

02 

0.0

02 

 

0.0

02 

0.0

02 

0.0

02 

0.0

02 

 

0.0

03 

0.0

06 

0.0

03 

0.0

03 

 

0.0

03 

0.0

03 

0.0

03 

0.0

03 

Note. XPD =empirical cross-product; SEM = supplemented expectation maximization; MI = 

multiple imputation method; MM = Mean/Mean approach, MS = Mean/Sigma approach; HA 

= Haebara approach; SL = Stocking-Lord approach; CI = number of common items. 

TABLE 6. Descriptive statistics of the unequated item parameter estimates for the real data 

 Item discrimination ( )  Item difficulty ( ) 

 Mean SD  Mean SD 

Test 1 (30 items) 1.056 0.431  -0.003 1.162 

Test 2 (30 items) 1.061 0.438  0.183 1.098 

Test 1 common items (11 items) 1.167 0.505  -0.003 1.109 

Test 2 common items (11 items) 1.153 0.485  -0.085 1.100 

 

 

TABLE 7. The estimates and standard errors of the IRT parameter scale transformation 

coefficients for the real data  

 Estimate  Standard error 

  Bootstrap Delta 

(XPD) 

MI 

(XPD) 

Delta 

(SEM) 

MI 

(SEM) 

Mean/Mean        

   A 0.988  0.033 0.032 0.031 0.032 0.031 

   B 0.081  0.046 0.044 0.046 0.043 0.043 

Mean/Sigma        

   A 1.008  0.059 0.051 0.059 0.051 0.058 

   B 0.083  0.049 0.047 0.049 0.046 0.046 

Haebara        

   A 1.020  0.032 0.030 0.031 0.031 0.031 

   B 0.132  0.033 0.034 0.034 0.033 0.032 

Stocking-

Lord 

       

   A 1.008  0.033 0.030 0.030 0.030 0.030 

   B 0.127  0.032 0.034 0.035 0.032 0.032 

Note. XPD = empirical cross-product; SEM = supplemented expectation maximization; MI = 

multiple imputation method. 
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FIGURE 1. Means of the standard errors for the estimates of the IRT parameter scale 

transformation coefficients ( ̂)  

 

 

FIGURE 2. Means of the standard errors for the estimates of the IRT parameter scale 

transformation coefficients ( ̂)  
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