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On a Shubert Algorithm-Based Global Extremum Seeking Scheme

D. Nešić, T. Nguyen, Y. Tan and C. Manzie

Abstract— This paper adapts the so-called Shubert algorithm
for Extremum Seeking Control (ESC) to seek the global
extremum (in presence of local extrema) of general dynamic
plants. Different from derivative based methods that are widely
used in ESC, the Shubert algorithm is a good representative of
sampling optimization methods. With knowledge of the Lips-
chitz constant of an unknown static mapping, this deterministic
algorithm seeks the global extremum. By introducing “waiting
time” the proposed Shubert algorithm-based global extremum
seeking guarantees the semi-global practical convergence (in the
initial states) to the global extremum if compact sets of inputs
are considered. Several numerical examples demonstrate how
proposed method may be successfully deployed.

I. INTRODUCTION

Many industrial optimization problems such as maxi-

mizing production in chemical and petrochemical facilities

benefit immensely from a global optimum. Most extremum

seeking controllers in the literature are based on optimization

algorithms that require the derivatives of an unknown steady-

state input-output map to be estimated online, see, for

example, [8], [10], [20], [7], [1], [5], [12], [4], [14], [17],

[21], [3], [11] and reference therein. Although under some

conditions, the derivative-based global extremum-seeking is

possible [19], these algorithms typically find local extrema

only, and are not suitable in general for global optimization.

On the other hand, deterministic optimization methods

based on sampling techniques may not require the derivatives

of the map and can find a global extremum on a compact

set even in the presence of local extrema, see [16], [15],

[6]. These algorithms work well for static mappings, to the

best of authors’ knowledge, these algorithms have not been

applied to dynamic systems.

In order to show how to apply these sampling based

global optimization algorithms to dynamic systems, this pa-

per focuses on one specific algorithm. The Shubert algorithm

can be applied to nonlinear static mappings satisfying a

Lipschitz condition when the input is within a compact set.

The convergence of the Shubert algorithm was proven in

[15]. Similar to [20], the tuning parameter “waiting time”

is introduced in the proposed scheme for dynamic systems.

That is, for each input computed from the Shubert algorithm,

the controller enforces constant inputs for sufficiently long
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time (longer than this waiting time) until the output of the

system settles down to a small neighborhood of the steady-

state reference-to-output map. This output is then used to

calculate the new value of the plant input. Intuitively, if

the Shubert algorithm is robust to small measurement errors

(due to waiting time), the proposed Shubert algorithm-based

global extremum seeking can work on dynamic plants.

Our main result shows that the Shubert algorithm indeed

is robust in this sense. Moreover, by selecting the waiting

time properly, it is shown that the closed-loop system with

the proposed algorithm yields convergence to an arbitrarily

small neighborhood of the global extremum from a set of

initial conditions within the given compact set.

This paper is organized as follows. Section 2 revisits

the Shubert algorithm for static mappings. In Section 3,

the Shubert algorithm-based global extremum seeking is

proposed for dynamic plants. Section 4 provides some inter-

esting numerical examples to show how the proposed global

extremum seeking algorithm works. Conclusions are given

in Section 5.

For convenience, the following notation is used. The set of

real numbers is denoted by R. A function β : R≥0×R≥0 →
R≥0 is of class KL if for each fixed t ≥ 0 the function

β(·, t) is continuous, zero at zero and strictly increasing and

for each s ≥ 0 the function β(s, ·) is strictly decreasing to

zero. For any point u ∈ R and any set A ∈ R, the distance

of this point to set A is defined as |u|A = inf
z∈A

|z − u|.

II. REVISION OF THE SHUBERT ALGORITHM

First, we present the main assumption and an algorithm

from [15] that can be used for global optimization of single-

input-single-output (SISO) static systems. The algorithm

uses the Lipschitz constant of the model and the output

measurements to construct a sequence of inputs that converge

to the global extremum. Thus this algorithm is ideally suited

for online optimization such as extremum seeking. It is also

worthwhile to highlight that the Shubert algorithm does not

require derivatives of the map Q(·). Moreover, the algorithm

finds global extremum on the compact set [a, b] in presence

of local extrema.

In order to apply the Shubert algorithms to dynamic

systems, the problem can be re-formulated as an online

optimization (extremum seeking) problem for the discrete-

time static SISO system (1). Results of [15] directly apply

to static SISO plants (1) and they are recalled in this section.

Consider the model of a discrete-time static SISO system.

yk = Q(uk) , k = 1, 2, . . . , (1)
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where y ∈ R and u ∈ [a, b] are respectively the output and

input of the system. It is noted that the system is considered

for k = 1, 2, . . . instead of k = 0, 1, 2, . . . as done in

[15]; this is done to have consistent notation with the next

section where the former index set more naturally arises

when considering dynamic plants.

Consider the system (1) on a compact interval [a, b] with

a < b; that is, Q : [a, b] → R. Without loss of generality we

concentrate on finding the maximum of Q(·); indeed, finding

a minimum of a function Q̃(·) can be done by defining

Q(·) := −Q̃(·) and then finding a maximum of Q(·).
The following assumption is needed for implementing

Shubert algorithm

Assumption 1: The unknown mapping Q(·) satisfies the

Lipschitz condition with a known positive constant L:

|Q(u1) − Q(u2)| ≤ L|u1 − u2|, ∀u1, u2 ∈ [a, b]. (2)

Remark 1: Assumption 1 is a weak assumption as many

functions encountered in engineering applications satisfy this

condition. The knowledge of Lipschitz constant may not

be available for all possible applications. In practice, the

Lipschitz constant of Q(·) may need to be estimated. A

more conservative estimate of L naturally leads to slower

convergence of the algorithm as pointed out in [15]. ◦
Note that Q(·) attains a maximum on the compact interval

[a, b] since it is Lipschitz and, therefore, continuous. The

maximum value of Q(·) is denoted as

y∗ := max
u∈[a,b]

Q(u) (3)

and the set of all u for which the global maximum is attained

is defined as

Φ := {u ∈ [a, b] : Q(u) = y∗} . (4)

The Shubert algorithm generates a sequence of input

points u1, u2, ... within a closed interval [a, b] by using

measurements y1, y2, ... as follows.

Shubert algorithm:

• Arbitrarily choose an initial input u1 ∈ [a, b]. Usually,

the initial point is selected as u1 = a+b
2 .

• Find the next uk+1 such that the following equation is

satisfied:

Fk(uk+1) = Mk, k = 1, 2, ..., (5)

where

Fk(u) := min
j=1,...,k

{yj + L|u − uj |}, (6)

Mk := max
u∈[a,b]

Fk(u). (7)

As discussed in [15], the solution of (5) does exist and it

is not unique. However, the different choices of solution

from (5) will not affect the convergence properties of Shubert

algorithm.

The sequence of functions Fk(u) and numbers Mk for

k = 1, 2, . . . possess properties that play a key role in the

convergence analysis of the Shubert algorithm, and lead to

the following theorem taken from [15]:

Theorem 1: Suppose that Assumption 1 holds and that the

input sequence for system (1) is generated by the Shubert

algorithm. Then the following holds

lim
k→∞

yk = y∗ .

�

Remark 2: It was shown in [15] that a sequence ŷ∗
k is

generated to estimate of the maximum y∗:

ŷ∗
k := max

j=1,...,k
{yj}. (8)

Hence, Theorem 1 implies that ŷ∗
k also converges to y∗.

Moreover, the rate of convergence of y∗ − ŷ∗
k is of order

O
(

1
k

)
for all Lipschitz functions satisfying (2). ◦

Remark 3: Note that the main result in [15] also shows

that lim
k→∞

Mk = y∗ and lim
k→∞

|uk|Φ = 0. For simplicity, we

only state the convergence properties of yk in Theorem 1 and

in our main result (Theorem 2) which ensure an appropriate

convergence to the global maximum y∗. ◦

III. SHUBERT ALGORITHM-BASED GLOBAL EXTREMUM

SEEKING

The following single-input single-output (SISO) dynamic

plant is considered

ẋ = f(x, u), x(0) = x0, (9)

y = h(x), (10)

where f : R
n × R → R

n and h : R
n → R are locally

Lipschitz in each argument. Assume that u ∈ [a, b].
In order to prove the main results, we will assume that

for each constant u ∈ [a, b] there exists an equilibrium for

(9) that is globally asymptotically stable. More precisely, we

use the following:

Assumption 2: There exists a locally Lipschitz function

ℓ : [a, b] → R
n such that

f(ℓ(u), u) = 0, ∀u ∈ [a, b]. (11)

Moreover, there exists β ∈ KL such that for any u ∈ [a, b]
and x0 ∈ R

n, the following inequality holds:

|x(t,x0, u) − ℓ(u)| ≤ β (|x0 − ℓ(u)| , t) , (12)

for all t ≥ 0. ◦
We denote

Q(·) := h ◦ ℓ(·) (13)

as the steady-state input-to-output map of (9), (10). The same

assumptions for Q(·) in (13) are used as in the previous

section. Note that the domain of Q(·) is [a, b], which is

compact, and hence the function Q(·) achieves a maximum

on the interval [a, b]. Moreover, note that Q(·) is locally

Lipschitz since h(·) and ℓ(·) are assumed to be locally

Lipschitz. Hence, the first part of Assumption 1 holds for

Q(·) given by (13). However, as we also need to know the

Lipschitz constant L of Q(·), we will still explicitly state

that Assumption 1 holds for Q(·) in (13).

The diagram of the Shubert algorithm-based global ex-

tremum seeking algorithm for the system (9–10) is shown in
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Fig. 1. The Shubert algorithm-based global extremum seeking algorithm

Figure 1. The Shubert algorithm is applied to this dynamical

system but since the algorithm from the previous section is

discrete-time and the plant (9) is continuous-time, we need

to use analog-to-digital and digital-to-analog converters.

It is assumed that equidistant sampling time instants tk :=
kT are given, where T > 0 is a design parameter that

will be determined later. T is referred to as the waiting

time for reasons that will be explained in the sequel; in our

implementation it plays the role of the classical sampling

period. It is assumed that the input to the plant is piecewise

constant, that is we have:

u(t) = u(tk) =: uk+1, ∀t ∈ [tk, tk+1) , (14)

for k = 0, 1, . . .. Note that we use a slight abuse of notation

where u1 is applied on the time interval [t0, t1); in particular,

the index of the input sequence uk takes values k = 1, 2, . . ..

To formally state our system we introduce some notation.

For any constant input u ∈ [a, b], the solution of the state

at time t and starting from an initial state x0 is denoted

x(t,x0, u); obviously x(0,x0, u1) = x0. The notation xk :=
x(tk,xk−1, uk) for k = 1, 2, . . . is used. In particular, the

sampler collects the output measurements:

yk := h(xk) k = 1, 2, . . . . (15)

Note that with our notation we have that xk and yk can be

defined for k = 0, 1, . . ., whereas uk only for k = 1, 2, . . ..

However, in our algorithm and analysis only yk and uk for

k = 1, 2, . . . are needed.

Now we can apply the Shubert algorithm from the previous

section to the dynamic plant (9), (10) with sampler (15) and

zero order hold (14).

Shubert algorithm-based global extremum seeking:

• Arbitrarily choose an initial input u1 ∈ [a, b]
• Find the next uk+1 such that the following equation is

satisfied:

F̃k(uk+1) = M̃k, k = 1, 2, ..., (16)

where

F̃k(u) := min
j=1,...,k

{yj + L|u − uj |}, (17)

M̃k := max
u∈[a,b]

F̃k(u). (18)

Remark 4: Note that in (17), (18), we use a different

notation F̃k(u) and M̃k as opposed to Fk(u) and Mk used

in (6) and (7). This is because in this section yj in (17) is

the sampled output measurement of a dynamic system. ◦
The closed loop system consists of the plant (9), (10), the

above algorithm and the sampler and zero order hold that

are described above. The goal is to show that this closed

loop system would achieve global extremum seeking under

certain conditions.

Remark 5: It is easy to extend our results to infinite

dimensional systems in a manner similar to [20]. In this

case, we would need to appropriately generalize Assumption

2. This level of generality is not pursued in order to keep

the presentation simpler. ◦
Our goal is to show that the algorithm described above

can find approximately the global maximum of Q(·) from an

arbitrary set of initial conditions and to within an arbitrary

prescribed margin if the waiting time T is sufficiently large.

In order to show our main result (Theorem 2), the fol-

lowing proposition is needed. This proposition indicates that

after waiting for sufficiently long time, the sampled output

approximates the output Q(u) with input u generated from

the Shubert algorithm. Due to space limitation, the proof is

omitted.

Proposition 1: Consider the closed loop system consisting

of the plant (9), (10), sampler (15), zero order hold (14) and

the extremum seeking algorithm. Suppose that Assumption 2

holds. Then, for any strictly positive pair (∆, ν) there exists

T > 0 such that for any |x0| ≤ ∆ and any uk ∈ [a, b],
k = 1, . . . we have that

• |xk| ≤ ℓmax + 1 for k = 1, 2, . . .

• |yk − Q(uk)| ≤ ν for all k = 1, 2 . . .,

where ℓmax := maxu∈[a,b] |ℓ(u)|. �

With the help of Proposition 1, the main result is stated

next. The proof is an appropriate generalization of the proof

in [15] as the sampled behavior of the Shubert algorithm-

based global ESC is a perturbed version of the algorithm for

static plants given by (1). More precisely, we show that the

Shubert algorithm is robust to small additive perturbations.

Hence, we can almost “recover” the result of Theorem 1 if

we consider static plants. Due to space limitation, the proof

is omitted.

Theorem 2: Consider the closed loop system consisting

of the plant (9), (10), sampler (15), zero order hold (14)

and the extremum seeking algorithm. Suppose Assumptions

1 and 2 hold. Then, for any strictly positive (∆, ν), there

exists T > 0 such that the discrete-time approximation of

the closed loop system satisfy

y∗ − ν ≤ lim inf
k→∞

yk ≤ lim sup
k→∞

yk ≤ y∗ + ν . (19)

for any |x0| ≤ ∆. �

Remark 6: Theorem 2 establishes semi-global practical

convergence of the closed loop in the parameter T . In par-

ticular, the domain of attraction |x0| ≤ ∆ can be arbitrarily

large and the accuracy of the algorithm that is measured by

ν can be arbitrarily small. However, the waiting time T is
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necessarily larger for larger ∆ and/or smaller ν and hence

the convergence to a neighborhood of the maximum y∗ is

slower. This tradeoff was observed in other, e.g. gradient

based, extremum seeking schemes, see [17]. ◦
Remark 7: Note that the domain [a, b] of the map Q(·)

that we are optimizing is compact. Hence, global optimiza-

tion is with respect to this compact interval. ◦

Theorem 2 shows that the convergence discrete-time ap-

proximation of the sampled-data system shown in Figure

1. With Assumption 1 and Assumption 2, the following

corollary is obtained by applying [9, Theorem 2].

Corollary 1: Consider the closed loop system consisting

of the plant (9), (10), sampler (15), zero order hold (14)

and the extremum seeking algorithm. Suppose Assumptions

1 and 2 hold. Then, for any strictly positive (∆, ν), there

exists T > 0 such that solutions of the closed loop system

satisfy

y∗ − ν ≤ lim inf
t→∞

y(t) ≤ lim sup
t→∞

y(t) ≤ y∗ + ν . (20)

for any |x0| ≤ ∆. �

Remark 8: Our results can be easily extended to the case

when the measured output is contaminated by measurement

noise, which is a more realistic scenario. We note that all our

results can be appropriately adjusted in the following manner.

Suppose that the measured output is y(t) = h(x(t)) + n(t),
where n(t) is the noise satisfying

ess supt∈[0,∞) |n(t)| ≤ νm (21)

for some νm > 0. Theorem 2 can be rephrased as follows.

Suppose Assumptions 1, 2 and (21) hold. Then, for any

strictly positive (∆, ν), there exist T > 0 and νm > 0 such

that for any |x0| ≤ ∆ we have that the following holds for

the closed loop system:

y∗ − ν ≤ lim inf
k→∞

yk ≤ lim sup
k→∞

yk ≤ y∗ + ν . (22)

The proof of the above fact follows almost the same steps

as the proof of Theorem 2 and it is omitted for simplicity.

IV. ILLUSTRATIVE EXAMPLES

In order to illustrate the effectiveness of the proposed

Shubert algorithm-based global extremum seeking algorithm,

two illustrative examples are presented. The dynamics of the

system take the following linear-time-invariant form
[

ẋ1

ẋ2

]
=

[
−2 1
0 −3

] [
x1

x2

]
+

[
0
1

]
u,x0 =

[
5
2

]
. (23)

A simple calculation yields ℓ(u) = −(A)−1Bu, where A :=[
−2 1
0 −3

]
and B :=

[
0
1

]
. By choosing different h(·), the

reference-to-output mapping Q(·) will be different.

A. Example 1: Shubert function

Our first example is a one-dimensional Shubert function,

which is widely used as a test function for unconstrained

global optimization problems. The output function is selected

as

h1(x) = sin

(
1

3
x1 + 1

)
+ 2 sin

(
1

2
x1 + 2

)

+3 sin

(
2

3
x1 + 3

)

+4 sin(
5

6
x1 + 4) + 5 sin(x1 + 5),

which leads to

Q1(u) = sin(2u + 1) + 2 sin(3u + 2) + 3 sin(4u + 3)

+4 sin(5u + 4) + 5 sin(6u + 5).

As shown in Figure 2, in the compact set [−10, 10], there

are 19 local maxima and one global maximum when u∗ =
5.792 with Q1(u

∗) = 12.03, though two local maxima:

Q1(−6.775) ≈ 12.03, Q1(−0.491) ≈ 12.03 are very close

this global maximum. The estimation of Lipschitz constant

is L = 70.

−10 −8 −6 −4 −2 0 2 4 6 8 10
−15

−10

−5

0

5

10

12

15

Input(u)

O
u

tp
u

t 
  
 (

Q
1
  
(u

))

Fig. 2. A Shubert function

When the waiting time is selected as T = 2, the perfor-

mance of Shubert algorithm-based global extremum seeking

is shown in Figure 3. The output y(t) converges to a small

neighborhood (ν = 0.057) of the optimal value (see Figure

3). In order to see clearly the sampler and zero order hold

controller in the proposed algorithm, Figure 4 shows the

output and input for the first 50 seconds (or k = 1, · · · , 50
in Shubert algorithm-based global extremum seeking).

1) The performance comparison with different choice of

waiting time T : The waiting time “T” plays an important role

in our proposed Shubert algorithm-based global extremum

seeking. As shown in Theorem 2, the longer waiting time

leads to slower convergence with a better accuracy (more

close to the optimal value). On the other hand, the smaller

T will lead to fast convergence with less accuracy. In order

to illustrate the importance of this design parameter, a larger

waiting time is selected, i.e. T = 15.

The performance of the proposed Shubert algorithm-based

global extremum seeking is shown in Figure 5. Compared

with Figure 3, the accuracy has been improved (ν = 8.5 ×
10−6), though convergence speed slows down. Figure 5 (b)
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Fig. 3. The convergence of y(t) to the global optimum
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Fig. 4. The output and input over the first 50 seconds

shows the output y(t) for the first 30 seconds. It can be

seen clearly that with sampled-data input, the output reaches

a small neighborhood of the steady-state when the waiting

time T is large enough.

0 500 1000 1500 2000 2500 3000
−15

−10

−5
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5

12.03

time (sec) 

(a)

y
(t
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−15
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−5

0

5

10

12.03

time (sec)

    (b)

y
(t

)

output

the global optimum

Fig. 5. The convergence of output to global maximum using Shubert
algorithm-based global ES

2) Different estimate of Lipschitz constant: Another im-

portant parameter in the proposed Shubert algorithm-based

global extremum seeking is the Lipschitz constant L. Instead

of using L = 70, we use a more conservative estimation

L = 100. In the simulation, the waiting time is selected as

T = 2.

From Figure 6, it is clearly seen that by using a con-

servative estimate of L, the Shubert algorithm-based global

extremum seeking converges slowly. It oscillated around

the global maximum value for longer time (more than 200
seconds, compared with 130 seconds when L = 70) before

it settles to a small neighborhood of the optimal value.

This is consistent with what had been reported in [15].

Therefore, it is very useful to get less conservative estimate

of the Lipschitz constant. As indicated in [16], some adaptive

techniques might be used to estimate a proper Lipschitz

constant. We will focus on using some adaptive techniques

in our future work.

0 50 100 150 200 250 300
−15

−10

−5

0

5

10

12.03

t(sec)

y
(t

)

 

 

output

the global optimum

Fig. 6. The convergence of output when L = 100

B. Example 2

The second output mapping is selected as h2(x) =

−e
1

1+ 1
300

x
2
1 + e

1

1+5( x1
6

−15)
2

, which leads to

Q2(u) = −e
1

1+.02u
2 + e

1
1+5(u−15)2 . (24)

This example was proposed [18, Example 5] to show that the

traditional gradient based methods with dither scheduling for

global ES discussed in [18] are unable to locate the global

maximum.

As shown in Figure 7, Q(·) has 2 maxima over a compact

set [−5, 20]: the global maximum at x = 15 and the local

maximum at x = 0 ( see Figure 7).

It was shown in [18, Example 5] via bifurcation diagram

analysis that the scheme in [18] would not converge to the

global extremum no matter how to choose parameters. When

a0 = 10, ǫ = 0.01, ω = 0.1 and δ = 0.1, by applying

global ESC proposed in [18], the output converges to local

maximum as shown in Figure 8.

When Shubert algorithm-based global ESC proposed is

applied to system with Q2(·) with waiting time T = 2
and Lipschitz constant L = 2, the performance is shown in

Figure 9. The output y(t) converges to a small neighborhood
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Fig. 7. Q2(·) does not satisfy conditions in [18, Assumption 2]
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Fig. 8. The output of system converges to the local maximum by global
ESC proposed in [18]

of the optimal value. This example shows the Shubert

algorithm-based global extremum seeking can be applied to

a more general nonlinear system, compared with the global

extremum seeking proposed in [18].
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)
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Fig. 9. The output converges to global maximum using Shubert algorithm-
based global ES

V. CONCLUSIONS AND FUTURE WORK

In this note, a Shubert algorithm-based global extremum

seeking control scheme is proposed for general nonlinear

dynamic systems. This work opens new research opportuni-

ties for the adaptation of sampling optimization algorithms

in [16] in the context of extremum seeking control. Our

future work will focus on weakening Assumption 1 by using

some adaptive techniques to estimate the Lipschitz constant

as well as generating a design framework which combines

arbitrary sampling optimization algorithm with extremum

seeking control.
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