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AN ADMISSIBLE LEVEL bsp (1/2)-MODEL:
MODULAR TRANSFORMATIONS AND THE VERLINDE FORMULA

JOHN SNADDEN, DAVID RIDOUT, AND SIMON WOOD

Asstract. The modular properties of the simple vertex operator slgebra associated to théine Kac-Moody super-
algebraosp(1|2) at level —% are investigated. After classifying the relaxed highestghit modules over this vertex op-
erator superalgebra, the characters and supercharaétirs simple weight modules are computed and their modular
transforms are determined. This leads to a complete listeo&rothendieck fusion rules by way of a continuous superal-
gebraic analogue of the Verlinde formula. All Grothendidgg&ion codficients are observed to be non-negative integers.
These results indicate that the extension to general aineidsvels will follow using the same methodology once the
classification of relaxed highest-weight modules is cotegle

1. INTRODUCTION

The construction of conformal field theories froifiime Kac-Moody algebrag at fractional levels has a long
history. These theories were first proposed by Kéhidr g = 5(2) as a means of generalising the coset construction
of [2] to non-unitary Virasoro minimal models. Shortly thereafiac and Wakimoto discovered] that for certain
fractional levels (called thadmissible leve)sg possesses a finite set of simple highest-weight modulesavhos
characters span, in a sense, a representation of the magolap SL(2;Z). It was natural then to expect that
one could build a rational conformal field theory from thegghkst-weight modules. However, Koh and Sorba
immediately noticed4] that this expectation failed, even far= s1(2), because Verlinde's formul&] for the
(necessarily non-negative integer) fusionffi@éents always returned at least one negative number.

Subsequent worlg-15] on this observation did little to ameliorate the confusiblowever, physicists eventually
found reason to consider modules (againdfersi(2)) that were neither highest-weighitg-18] nor simple [L9,20).
Indeed, it seemed that admissible lev&P)-theories naturally allowed for a continuously paramettifamily of
simple non-highest-weight modules, a fact that had beeriqursly discovered]1] by Adamovt and Milas.

The root cause of the negative fusion ffaéents, predicted by the Verlinde formula, remained obsauntil
recently. In P2], a careful analysis ofi (2) at the admissible leved = —% showed that the negative results could be
traced back to the fact that the simple module characters n@trlinearly independent. More precisely, the funda-
mental error in the preceding analyses was demonstratesltttabthe modular transformations of the characters of
Kac and Wakimoto did not respect their non-trivial convergeproperties. Subsequent woddf25] extended this
to all admissible levels farl (2) and proved that properly accounting for convergence rexfioptreating characters
as distributions, not meromorphic functions) indeed reslin non-negative integer fusion dbeients. Moreover,
the corresponding Grothendieck fusion rules agreed piyrfeith the fusion rules that were knowi 9, 26] from
independent computations.

We remark that these successes were obtained as one instan@her more general methodology, dubbed the
standard module formalisif27, 28], for modular properties and Verlinde-like formulae in &ghmic conformal
field theories. Originating in work on theories based on tfiime Kac-Moody superalgebfé(lu) [29-31], this
formalism has since been applied to a wide range of logaittlsonformal field theories32—40], all of which are
in some sense related to rank 1 objects such as{hegtice.

There is therefore a need to explore higher rank logaritheaidormal field theories and the standard module
formalism is expected to be crucial to this endeavour. Ttadyars of higher rank theories constructed froffiree
Kac-Moody algebras (and superalgebras) at admissibléslesparticularly attractive because we expect that they
will play a central role in understanding logarithmic majgust as the Wess-Zumino-Witten models do in the
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rational case. However, this analysis is still in its infan€he relevant simple highest-weight modules have been
identified by Arakawa41] for all admissible levels, but a complete set of (positareergy) simple modules has
only recently been described for(3) [42]. More generally, almost nothing is known aside from somdigla
level-specific results forfine algebras43-49 and superalgebras(-57].

In this paper, we shall not embark immediately on a study ghéi rank logarithmic conformal field theories.
Rather, we will describe in detail a particular example base the #iine Kac-Moody superalgebiap(1|2) at
the admissible levet = —%. The aim here is to develop and test the standard module fisrman the presence
of fermionic degrees of freedom (and determine the preckeaf the Ramond sector) before tackling the more
challenging, but also more physically interesting, cage$(@|1) andpsi(2/2).! This particular level is an attractive
starting place for two reasons: first, it describes one ofsheallest’5sp(1/2) minimal models (meaning that it has
very few simple highest-weight modules) and, second, ihisraer 2 simple current extension of #1€2) minimal
model of the same (admissible) lev@H. The latter property allows us to independently check®@y(1|2) results
against the knowsl(2) results.

Of course, conformal field theories wiflap(1/2) symmetry have been studied in the past, both at integer and
fractional levels $8-60]. However, these works only considered simple highesgiteinodules in the Neveu-
Schwarz (untwisted) sector, ignoring the known issue ofatieg fusion cofficients. Here, we discuss a more
complete spectrum of simple modules (as well as some of ttieciiele but indecomposable ones) in both the
Neveu-Schwarz and Ramond sectors. We moreover emphasiggotbal parity of each module in order to be
able to distinguish the relative parities of the direct suanas appearing in each Grothendieck fusion product. In
physics parlance, this is equivalent to computing both tleneand odd Grothendieck fusion rules of Sotkov and
Stanishkov §1].

The results confirm that the standard module formalism appb the &ine superalgebra theory studied here:
characters and supercharacters close under modulardraragfons and the Grothendieck fusion fiagents are
verified to be non-negative integers. The methodology ageal in this paper also applies to the other admissible
levels ofosp(1]2), so extending these results to general admissible levéllbevstraightforward, assuming that one
can first classify the relaxed highest-weight modules. Hitel classification has not yet been completed, though
we expect that it can be obtained using the methods developéd-65]. Because of this, the Grothendieck fusion
rules of thedssp(1]2) models for general admissible levels will instead be addr@é a forthcoming papes§] using
coset technology. A byproduct of this work will be the reldxgghest-weight module classification famp(1]2)
models of general admissible level.

We begin, in Sectio, with a quick review of the simple Lie superalgebsa(1|2) and its representation theory.
We prove, in particular, a classification result (Theor@nfor all simple weight modules ofsp(1]2) that have at
least one finite-dimensional weight space (we were unabfidbthis result in the literature). This is followed,
in Section3, by a quick review of the fine Kac-Moody superalgebiap(1|2), its automorphisms (conjugation
and spectral flow), and the associated vertex operator aigiebras. We also discusdaxedVerma modules over
5sp(1]2) and their simple quotients, borrowing this notion frofr§][ where it was introduced fos1(2) (see p4,
Sec. 2.1] for a general definition of relaxed highest-weightules).

Section4 then specialises to the simplep(1|2) vertex operator superalgebra of levek —% that we study in
this work, denoting it byBo|1(2,4). We first give an #icient characterisation offtne Zhu algebras, twisted and un-
twisted, and identify those of the universal vertex opersiiperalgebras (PropositiGhbefore explicitly computing
the Zhu algebras d&o1(2,4) (Propositions and8). This is then used to classify the simple relaxed highesitiat
Boj1(2,4)-modules (Theoren®and10) and identify some of the reducible ones. These are paréitiinto standard,
typical and atypical modules as per the standard modulediism of [27, 29].

' We mention that the corresponding analysis for@&ll) logarithmic conformal field theory, carried out i), was restricted to the Neveu-
Schwarz sector as the simple characters of this sectorcclms¢hemselves under modular transformations. The samet tsue for osp(1]2)
conformal field theories.
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Having classified the simple (and standaid); (2,4)-modules, we turn to the computation of their characters
and supercharacters in Sectibn Such character formulae are easy to compute for the Newbw8z highest-
weight modules because the submodule structure of theiagsdb®erma modules was determined by lohara and
Koga [60]. Spectral flow automorphisms then allow us to deduce thibgnas Ramond formulae (Proposititf).

We explicitly note the convergence regions of these charsdreated as meromorphic functions, and use the results
to determine the characters of the relaxed highest-weigkutes, treated as distributions (Propositi@8snd13).
Supercharacter formulae follow easily (Propositiagh and we conclude by introducing the Grothendieck group of
(an appropriate category d81(2,4)-modules and showing explicitly that the images of the séatichodules form

a basis of (a completion of) this Grothendieck group.

This last result (Corollar{6) is the key to computing the modular transforms of g (2, 4)-(super)characters,
the topic of Sectio®. We begin by introducing slightly unfamiliar S and T coorati@ transforms (followingd®])
before computing the modular group action on the span oftdredardBo1(2, 4)-(super)characters. Of note is that
the S-transform amounts to a generalised Fourier transéorifa countably-infinite number of copies of) the real
vector spacér spanned by the fundamental weightoef(1|2). The S-transforms are then extended to the simple
atypical (super)characters using Corolla® We remark that trying to compute these S-transforms dyréam
the meromorphic characters would lead to nonsensicaltee@uch as negative fusion dheients) because the
modular S-transform does not preserve the convergenam®gf the (super)characters.

Finally, Sectior7 addresses the Grothendieck fusion rules of the simple tandard)Bo1(2,4)-modules. First,
we deduce a version (Theoreth) of the standard Verlinde formula that works for this verbgerator superalgebra
— generally, Verlinde formulae are only expected to apphediy to (Z-graded) vertex operator algebras. The
method follows the approach o67] for the N = 1 minimal model vertex operator superalgebra (see &8 [
wherein one lifts the Verlinde formula from the bosonic éohd using simple current technology. With this formula
in hand, we compute all Grothendieck fusion rules, inclgdgtobal parity information, among the simple and
standardo1(2,4)-modules (Theorerfh).
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2. THE BasIC LIE SUPERALGEBRA 0sp(1]2)

In this section, we quickly review the theory of weight maskibvers[(2) andosp(1|2). The latter algebra is
important because of its role as the horizontal subalgeliteedNeveu-Schwarzsp(1|2) algebra, the former plays
the same role for the Ramongp(1]2) algebra.

2.1. A brief review of s1(2). The simple complex Lie algebra = s1(2) has Cartan-Weyl basig, e, 1}, satisfying
the commutation relations
[h.e] =2e, [h,f1=-2f, [e, f]=nh. (2.1)
The Cartan subalgebba= Ch then gives rise to the root systefit, —a} c h* wherea(h) = 2 and we choose to
be the lone fundamental root. The non-zero entries of ther¢gpiately normalised) Killing fornx onsi(2), with
respect to the given basis, are
k(h,h) =2, «(e,f) =x(f,e) =1 (2.2)
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This induces an inner product dh, defined by(a,a) = 2. From these data, one calculates the fundamental weight
to bew = %d and that the algebra has dual Coxeter nunmier 2. The Weyl group is isomorphic @, generated
by the root reflectiom - —a.

As with all complex semisimple Lie algebras, the finite-dimi@nal modules ofl(2) are necessarily semisimple
weight modules and the finite-dimensional simple modulesuaiquely determined (up to isomorphism) by their
highest weight. For each € Zo, we denote the unique (up to isomorphisthi+ 1)-dimensional simplel(2)-
module of highest weightw (and lowest weightAw) by 5.

Extending to the infinite-dimensional case, we no longeet@mplete reducibility, though we can nevertheless
classify the simple weight modules. Here we include in thiind@®n of a weight module that all of its weight
spaces are required to be finite-dimensional. The first thedsave consider are the simple highest-weight modules
5;, wherel € C \ Zso, with highest weighfiw and no lowest weight. It is straightforward to show that thesght
support (the set of weights with non-trivial weight spaagsjuch a module i$A — 2Z.-0)w and that all the weight
spaces are one-dimensional. Similarly, we also have thplsifowest-weight module@} whered € C\ Z<o.
Here, the weight support is insteéd+ 27.-)w and again all weight spaces are one-dimensional.

Finally, we have thedensemodulesgA,q, parametrised by € C andA € C/2Z. These are simple precisely
wheng # %A(A + 2) for all A € A. The weight support OEA,q is preciselyAw (that is, (Ao + 2Z)w for somely),
again with all weight spaces one-dimensional. The paramétethe (unique) eigenvalue of the Casimir element
Q= %hz + ef + fe which generates the centre of the universal envelopingbedgand must therefore act as a
scalar multiple of the identity. We remark that dense maoglate also referred to asispidalandtorsion-freein the
literature.

Having introduced the above classes of modules, we cante&fellowing result (seedg)).

Theorem 1 (Classification of simplel(2) weight modules) Every simplel(2) weight module is isomorphic to one
of the following mutually non-isomorphic modules:
() F,with € Zso;
(i) D with A € €\ Zso;
(iiy D, withi e C\ Z<;
(iv) €rqWithg e C, A€ C/2Z andq # 3A(1 +2) forall A € A.

We shall also need to consider the reducible, but indecoaipesdense modules that correspond to parameters
A andq, whereg = %A(A + 2) for somel € A. We note that these do not exhaust the reducible but indecsainte
dense modules ofi(2). The latter are classified (somewhat explicitly) &8[. However, the others will not be
needed in what follows. If this condition is met, then eittieg unique (up to rescaling) statg of weight Aw is
a highest-weight vector arv, is a lowest-weight vector. Both possibilities occur indegently2 the first gives
rise to a highest-weight submodule isomorphic to the highesght module@}, while the second gives rise to a
lowest-weight submodule isomorphic to the Iowest-weigbtjmeﬁ,;rz. The structures of these indecomposable
densesl(2)-modules, which we denote @X,q andg,_\’q, respectively, wher@a = A + 27, are thus determined by
the following non-split short exact sequences:

—+ —+ P~ P~ _— —t
0—D),— 8A+ZZ,A(/1—2)/2 — D, — 0, 0— Dy, — €A+ZZ,A(/1+2)/2 — D; —0. (2.3)

We have shifted by 2 in the first sequence for clarity.

We recall a concrete construction of certain derig®)-modules that will be useful when we generalise to dense
osp(1]2)-modules in SectioR.2. First, note that the elements of the universal envelopigghaa which commute
with h € s1(2) (more generally, with the Cartan subalgebra) will presemeégght spaces. Such elements form
the centraliselC(h,U(s1(2))), which (by the Poincaré-BirkiBWitt theorem) is just the polynomial subalgebra
C[h,Q] < U(s1(2)). As this is abelian, its simple modules are all one-dimemaioSuppose thaw, , = Cw is one

2 We assume throughout that wharsolves the reducibility condition, then it is the uniqueneémt of A that does so. This need not be the case,
as for certaing there are two solutions for in A. However, the corresponding reducible modules will, again be needed here.
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such module, withh andQ acting as complex scalatsandg, respectively. We can then induce from this to the full
U(s1(2))-module

W, — U(s1(2))
Wﬁ,q = |ndC(b’U(SI(2))) W,}’q, (2.4)

which (again using the Poincaré-BirkffidVitt theorem) has basis
{w,e"w, f*w : neZ-o}. (2.5)

The induced modul@a,q obviously has weight suppafio, whereA = A+ 27, and one-dimensional weight spaces,
hence it is dense. It is moreover clear tﬁ};’q is a simplesl(2)-module, and is thus isomorphic E)\,q, unless
e"w is a lowest-weight vector of"w is a highest-weight vector, for somes Z.-.o. WhenWM is not simple, it is
isomorphic to€,, , or E;’q, respectively.

2.2. A brief review of osp(1|2). The simple complex Lie superalgebya osp(1|2) has basigh,e, f,x,y}, where
the elements of© = span{h,e, f} andg™ = span{x,y} are declared to be even and odd, respectively. The even
subalgebra is (as its elements suggest) isomorphig2p, thus @.1) still holds. The remaining (anti)commutation
relations are:

[hx]=x, [ex]=0, [f.x]=-y,

(hyl=-y, [eyl=-x, [f.y] =0, (2.6)

{x.y} =h,  {x,x}=2e, {y,y}=-2f.
In this basis, the (rescaled) Killing form has non-zeroiestgiven by

k(h,h) =2, x(e,f)=x(f.e) =1, «(x,y)=—-x(y,x) =2 (2.7)

Due to the existence of a non-degenerate even supersyrafiétrear form,osp(1|2) is an example of &éasicLie
superalgebradd]. In the classification](] of such algebras, the isomorphism class@f(1|2) is denoted byBo;.

We consider the Cartan subalgebra Ch, with root system{ —2a, —a, @, 22}, wherex (h) = 1 (so 2 is identified
with &), and choose to be positive (hence simple). The inner produchdimduced by the Killing form is given by
(a,) = % from which one can calculate that the dual Coxeter numbeft is %’ and that the fundamental weight is
a. Since the Weyl group of a Lie superalgebra is generatedflactimns in the even roots, it is precisely the Weyl
group of its even subalgebra. As the even subalgebrapdl|2) is isomorphic tosI(2), its Weyl group is also of
order 2, generated by the reflection» —a.

As with all superalgebras, modul&$ of osp(1]2) are required to carry a compatiti#e-grading: that is, they
must decompose as a direct st @ MV, such thag @MY ¢ M+, for all i,j € Z,. Having identified such an
M©@ andM®, these summands are then referred to as the even and oddsessspectively. Similarly, elements
of the even and odd subspaces are said to have even and otyd neapectively. However, it should be apparent
that reversing these labels, whilst maintaining the samduteostructure, still gives a valid grading. As such, on
any category of modules we might consider, we require tteebetan involutive functorl taking any module to its
parity reversal In principle, a module may be isomorphic to its parity reatr This does not happen for the simple
weight modules obsp(1|2).

All finite-dimensionalosp(1|2)-modules are semisimple weight modules. The simple ones$ hawe a unique
highest (and lowest) weight. Indeed, for edch Zo, there is a unique (up to isomorphis@i + 1)-dimensional
simpleosp(1]2)-module with highest weighta and lowest weight-A«, for which the highest-weight vectors (and
thus also the lowest-weight vectors) are assigned evetypatie will denote this module byl,. It has weight
support{pa : peZ, |yl < A}, with all weight spaces one-dimensional.

In addition, for eachh € C \ Zso, 0sp(1|2) has an infinite-dimensional simple highest-weight modﬁfe
generated by an even highest-weight vector of welghtwhose weight support il — Z o). Similarly, there is
also the simple lowest-weight modue , for eachl € C\ Z-o. This module is generated by an even lowest-weight
vector of weightie and its weight support il + Z.o)«.
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The modules listed above, together with their parity remisrsexhaust the simple highest- and lowest-weight
modules ofosp(1]2). The proof is elementary, following the same steps useddestdly highest-weigh$l(2)-
modules. Moreover, again as wish(2), there is an additional infinite family of simple weight mdelsiwith no
highest nor lowest weights. However, a little care is neduéd to characterise these in a meaningful way.

Recall from Sectior2.1the concrete construction of certain deng@)-modules. Fog = osp(1]2), the centre of
the universal enveloping superalgebr@) is still generated by a Casimir element

Q' = %hz +ef + fe— %xy+ %yx, (2.8)

which must therefore act as a scalar on any simple modulgéhbwentralise€(h, U(osp(1]2))) is not a polynomial
algebra inh andQ’. For example, by rewriting the previous equation in the form

1, 1
Q' = Ehz +Sh-yx+ 2(yx)? — 2h(yx), (2.9)

we see thaix cannot be expressed as a polynomial in these elements thdepd(yx)h = h(yx).
This motivates introducing theuper-Casimit(or sCasimir) 7 1]
S=xy-—yx+ % € C(h,U(osp(1]2))). (2.10)
Though this element dfi(g) is not central, it satisfies

[2.09] = {z.a"} =0, (2.11)

from which it follows that> is diagonalisable on a simple weight module, taking eigkms and—s on the even
and odd subspaces, respectively, for seraeC. We can now identifyC (b, U(osp(1]2))) with the polynomial algebra
C[h,X]. In particular, we may writgix andQ’ as polynomials irh andX as follows:

weis ook

We note that the eigenvalue Bfis A + % on a highest-weight vector of weightr and-2A + % on a lowest-weight
vector of the same weight. As mentioned above, this eigeavaldenoted by if the highestdowest-weight vector
is even and-s if it is odd.
One can carry out an induction procedure analogous to tisaritbed by 2.4), giving Weightg—modulesW:Ls
with bases
{w,x"w,y"w : neZ.o}, (2.13)

wherehw = Aw andZw = sw, for somei,s € C, assigning even parity te. As in thesl(2) case, this is alense
module: its weight support is+ Z and its weight spaces are one-dimensional.

W:LS is reducible if and only if it has either a highest- or a lowestight vector, thus if one of the basis elements
above is annihilated by eitherory. If s = u + % for somey € A + 27 (so that the corresponding weight vectgr
has even parity), then eithey, is a highest-weight vector ar, is a lowest-weight vector. Similarly, if= —p + %
for someu € 1+27, then eithew,, is a lowest-weight vector au,, is a highest-weight vectdr.If neither constraint
is satisfied, thatis ifi2 # (s — 3)2 for everyu € A+ 27, thenW, _ is simple. In this instance, we can unambiguously
label these simple dense moduleséag, whereA = A + 27, in analogy with the notation used for simple dense
sI(2)-modules. CIearIyEA,s has weight suppofA + {0,1})e andX acts ag—1)/s on weight vectors whose weights
liein (A + j)a. We also note the isomorphisms

Cps = MMCx41 _s. (2.14)

This argument shows that the simple weight modules areifiéass a manner entirely analogous to Theorem
In particular we have:

3 The analogous analysis in whieh, has odd parity leads to equivalent constraints on
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Theorem 2 (Classification of simplesp(1|2) weight modules) Every simplessp(1]2) weight module is isomorphic
to one of the following mutually non-isomorphic moduleshair parity reversals:
(i) A, with A € Zso;
(i) B, withA € C\ Zso;
(i) B, with1 e C\Zo;
(iv) Caswiths € C, A € C/2Z andA? # (s — 1)? for everyl € A.

Proof. Let M be a simple weight module ovesp(1|2) and suppose that € M is a vector of weighla so that
hw = Aw. If the even subspace o is zero, thenw is odd and botlkw andyw vanish, so thaM = Cw = T A,.
Otherwise, without loss of generality, we may assumethigtof even parity.

Simplicity implies thatVl = U(g)w and, in particular, that the weight space of weightis

M(A) = C(b,U(osp(1]2))) w. (2.15)

Now, if M(A) had aC(h, U(osp(1]2)))-submodule, then this would generate a prapsubmodule ofV(, contradict-
ing its simplicity. It therefore must be that(1) is a simpleC(), U(osp(1|2)))-module and, sinc€(h, U(osp(1]2)))
is abelian M (A) is thus one-dimensional. It follows thatis an eigenvector of with, say,>w = sw and, by the
Poincaré-Birkhé-Witt theorem M is spanned by

{w,x"w,y"w : neZ.o}. (2.16)

By iterative application of the (anti)commutation relais@.6), one can uniquely determine the action of any
element ofg on M in terms of the parameteisands. If the spanning set2(16 is linearly dependent, then
must be highest- aridr lowest-weight and thus belongs to claségs(ii) or (i), as discussed above. Otherwise
M = W) ,, so it belongs to clagv). n

Whilst all finite-dimensionabsp(1]2)-modules are semisimple and can therefore be decomposed wlitect
sum of a finite number of thd ; andILA ,, there are infinite-dimensional modules which are not. Inipaar, the
dense modul@imm is reducible, but indecomposable, and is characteriseldfotiowing non-split short exact
sequence:

0— H@;Hl — W;L,/Hl/z — @; — 0. (2.17a)
We shall denote this reducible modﬁr_fé\,mm by@,_\,s, whereA = A+2Z ands = 1+ 3, to emphasise its denseness.
The superscript refers to the existence of a lowest-weight submodule. Iddeee similarly arrives at the non-split
short exact sequence

0— 1B, ; — Wy _s,1p— B; — 0 (2.17b)
in an entirely analogous manner. We therefore dehr_(z)jga_/m/z by EX,S, whereA = A1+2Z,s = -1 + % and the
superscript indicates a highest-weight submodule.

It will turn out, in Sectiord, that these reducible, but indecomposable, modules afetfso the analysis of the
conformal field theory. We remark thatsife Z + % \ {%}, then the indecomposable structure of the induced module
W:LS is slightly more complicated that that discussed above. ¢l this case turns out not to be relevant for the
conformal field theory that we shall explore, hence it wilt he considered any further. There are, in addition, many
other indecomposable densa(1]2)-modules beyond those discussed here which are likewiskewant to what
follows.

2.3. The Weyl group. Although we have, in both Sectioizs1 and2.2, treated the Weyl group/(h) associated
with a chosen Cartan subalgebra as the subgro@.¢if*) generated by (even) root reflections, it is possible (and
useful) to view it in a number of other ways. One equivalerinitéon (for any simple Lie superalgebrawith

Cartan subalgebrtg is
w(h) = % (2.18)
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whereN(h) andz(h) are the subgroups of the groum(g) of inner automorphisms af given by

N() = {$ €Inn(g) : #(OH) =b}, Z(H) ={¢ €Inn(g) : ¢(x) = x forall x € h}. (2.19)

We recall that for a simple Lie superalgebra, the group oféirautomorphisms is generated by exponentiating the
adjoint actions of the even subalgebra elements. Now, ifjtlient ¢.18 splits, so that

N(b) = Z(b) = W(D), (2.20)

then we may treat the Weyl group as a subgroumofg); in particular, one which preserves the choice of Cartan
subalgebra.

For example, for the Cartan subalgebraf s1(2) used in Sectio.1, N(b) is the union of two disjoint subsets:
those maps taking — h and those taking — —h. The first is of cours€(h), so taking the quotient as i2.(18
indeed gives a copy of the Weyl groz. A choice of coset representatives are the identity mgpmdl the linear
involution defined by

h— —h, e —f, [ —e, (2.21)

demonstrating the splittin@(20.

Now, for osp(1]2), with § as in Sectior?.2, we again find thaz(p) is a normal subgroup afi(h) of index 2,
so that indeed the Weyl group is isomorphicZg. However, this quotient no longer splits. We can see this by
again considering coset representatives. Here, we maysehibese to be the identity map and dumjugation
automorphisnwv, which acts according t®(21) on the even subalgebra and on odd elements as

WX = -y, Wy =x. 2.22
Y, wy (

Note thafw is not involutive, but rather squares to an elemiertZ(h) which acts as the identity on even elements
and minus the identity on odd ones. Indeed, no element ofcthedt squares to the identity, so unfortunately we
cannot here realise the Weyl group as a subgroupng).

Itis also useful to consider automorphismg af defining invertible functors on the categhtgd, of g-modules.
Taking anyp € Aut(g) and anyM € Mod,, letyp: M — @M be an isomorphism of vector superspaces and lety
act ong(m) € oM according to

Xg(m) = glp~H(X)m). (2.23)
This givespM the structure of a-module. We emphasise thall may or may not be isomorphic (. The
assignmeniM — M is calledtwisting by ¢ and indeed defines a functor on the category-nfodules (acting in
the obvious way on morphisms). The resulting homomorphist(y) — Aut(Mod,) is then a strichut(g)-action
onMod,. These functors obviously commute with parity rever§&yi = ¢II. For notational simplicity, we shall
drop the tildes that distinguish the automorphism fromritiuiced functor in what follows.

Two notable properties of these twisting functors are thay tpreserve indecomposable structures and take
weight modules to weight modules, albeit with respect tosfibg different Cartan subalgebras. Indeedyifis a
weight module forh, theng(b) is another Cartan subalgebra for whight is a weight module. However, since
all Cartan subalgebras are related to one another by intemauphisms, we are justified in restricting attention
to ¢ € N(b) for a givenh. Moreover, twisting byp € Z(h) takes (isomorphism classes of) weight modules to
themselves, thus we need only consider those twists definetb(isomorphism) by the cosetsiw(g). We have,
in this way, obtained an action of the Weyl group on the sessofriorphism classes of the objects\WiM od,,
the category of weighf-modules (with fixed Cartan subalgelia In general, one can also act with (equivalence
classes of) those outer automorphisms that preserve tisecl@artan subalgebra. However,442) andosp(1|2),
there are no such outer automorphisms.

We illustrate this action of the Weyl group with the followitwo examples. Ify = sI(2) andg is the inner
automorphism defined ir2(21), then we have

q)?/l =1 ?}L, q)@; = ﬁt)\, QDEA,q = E—A,q- (224&)



Similarly, for osp(1|2) we have
WZ)L = Z)h W@j = @fA, WEA,S = @—A,s- (224b)

Note that in these examples, the induced action on the weigigiort of the module is precisely that of the corre-
sponding Weyl reflection. This generalises, with the twigtiunctor corresponding to a Weyl group element acting
on a module’s weight support via its standard linear actiothe dual Cartan subalgebra.

We remark that it is possible to lift the action of the Weyl gpdrom isomorphism classes of weight modules
to the categoryWMod,. This is trivial forg = sI(2), because 0f2.21), but not forg = osp(1]2) asw’ # 1.
In the latter case, we instead have natural isomorphiﬁmswzjv[ — M, for each weight modul®t, given by
v (Wz(m)) = (=1)!™Im, for all homogeneous elemenis € M. Here,|m| € {0,1} denotes the parity oh. It
is now easy to check that these natural isomorphisms, aldthgtine identity, satisfy the associativity constraints
required to giveVMod,.(12) & Weyl group action. However, this action is not essentiairfach of the analysis to
follow because we will be chiefly concerned with identifyigight modules up to isomorphism.

3. THE AFFINE KAc-MoODY SUPERALGEBRA 05p(1]2)

We now turn to the finisationssp(1/2) in its Neveu-Schwarz and Ramond guises as well as the as=sibcia
vertex operator superalgebras. Verma modules and thedrgksations, the relaxed Verma modules, are introduced
along with their simple quotients. The conjugation and saédlow automorphisms are used to twist the latter
and thereby construct a large collection of simple smootightenodules ovedsp(1|2), almost none of which are
positive-energy. We recall that a module being smooth méaatdor allj € 0sp(1|2) andv in the modulej,, - v
vanishes forn suficiently large (see below for notation).

3.1. Theaffinealgebra. The dfine Kac-Moody superalgebiap(1|2) may be defined, as a vector space, by choos-
ing a basis. The standard choice is

{hmsems fm * meZ} U {xmym : meZ+ &Y U{K,Lo}, (3.2)

where¢ is either O or%, giving what we will call the Neveu-Schwarz and Ramord(1|2) algebrasgns and
R, respectively. As we will demonstrate later, these two cheiof indexing give isomorphic algebras, hence we
will generally suppress the subscripts and just wiite 6sp(1/2). However, many of the representation-theoretic
constructions that we shall consider depend on this chdicearticular, the representation theory splits into two
sectors according to which algebra, Neveu-Schwarz or Rdmisracting on the module. The modules on which
ans acts constitute thBleveu-Schwarz sectand théggr-modules constitute theamond sector

In both cases, the even subalgebra is defined to be spanné&eé by, te,, and f,,, as well ask andLo. The
xm andy,, are declared to be odd. Letting’ € {h,e, f,x,y} denote arbitrary basis vectors efp(1]2), the
(anti)commutation relations of thetfae basis vectors3(1) take the form

Umsinl = Usd Tmsn + mx(.j')0menoK i jorj’is even

{jm’j;} = ./ Y men + mKO»j’)5m+n,0K if j andj” are odd
andK is central. We recall that the (anti)commutators of thedbakiments ofsp(1|2) were givenin 2.1) and @.6),
while the non-zero values taken by the (normalised) Kilfiogn were listed in2.2) and @.7).

Note that the Neveu-Schwarz algeBkg has a finite-dimensional subalgebra spannedHayeo, fo, xo0,yo}, iso-
morphic toosp(1]2). This is thehorizontal subalgebraf gns. The inclusion allows us to carry much of the
representation-theoretic data we haveckar(1|2) over toosp(1|2). The horizontal subalgebra of the Ramond alge-
bragg is defined instead to be spanned{iy, eo, fo} (because odd elements do not have zero modgs)irhence
it is isomorphic tosI(2). Our study of the Ramond sector will therefore be closelatesl tosl(2) representation
theory.

[Lo.jn] = —njp (3.2)
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The Cartan subalgeb?aof bothgns andgr is defined to be the abelian subalgebra spannethbi andLo.
With respect td), these algebras have root systems

{x20+nd : neZ}U{xa+nd : neZ+&yU{nd : neZs}, (3.3)

where the rootg, § e’b\* are defined by
a(ho) =1, a(K) =a(Lp) =0,

(3.4)
S(ho) = 8(K) =0,  8(Lo) = —1.

The positive roots are taken to be those 33( with n > 0, along witha and 2xr. The simple roots are then
{a,-2a + 6} in the Neveu-Schwarz case af@l, —a + %5} in the Ramond case. These choices of simple roots give
rise to identical generating reflections for the Weyl group.

3.2. Generalised Verma modules and vertex operator superalgebras. Given the choice of positive roots above,
we obtaintriangular decompositionfor g = gns andgg:

9=g ®@bheq. (3.5)

Here,g* andg~ denote the subalgebras@bpanned by the positive and negative root vectors, respéctiFor
exampleg; s is spanned by, eo and all thej,, j = e, x,h,y, f, with m € Z.o. Associated with each decomposition
is theBorel subalgebr5=3®§+.

We define a weight space of agp(1|2)-module to be a simultaneous eigenspacey@ndK that is also a gener-
alised eigenspace @f. We then define a weight module ov@p(1|2) to be aZ,-graded module that decomposes
(as a vector space) into a direct sum of finite-dimension&yespaces. Note that althoudb is permitted to act
non-semisimply on a weight module, its Jordan blocks willehfinite rank.

Consider now a one-dimensiortamodule spanned by somex 0 on whichg* acts trivially andh acts via

hov = Av, Kv=kv, Lov=Av, (3.6)

for somek, A, A € C. We callk thelevel Aa theosp(1]2)-weight andA theconformal weighbf v. We then promote
this-module to &-module via induction:

VSR = IndL€o, (3.7)
which we call averma moduleof (Neveu-Schwarz or Ramond, as indicated by the supetserp(1]2). Note,
in particular, thatLy acts diagonalisably on both modules. Moreover, they ararlgldnighest-weight modules,
generated by the highest-weight vectorwhose weight spaces all have finite dimension. As usual hagtyest-
weightg-module can be written as a quotient of the Verma module ofdimee highest weight.

Let Qi denote the highest-weight vector generating the Nevew&ahVerma moduléﬁ%. The vectoryoQy is
always singular in this module and it generates a proper gasubmodule. If the levéd is non-critical, meaning that
k# -hV = —%’, guotienting by this submodule gives a highest-weight n®that carries the structure of a vertex
operator superalgebra, called the lekeliniversalvertex operator superalgebra®h(1/2) (the conformal structure
will be given in (.10 below). We shall denote it bgsp(1|2),.. For generic values df, this proper submodule is
the unique maximal submodule, herigg(1|2), is simple as a vertex operator superalgebra.

The algebraic structure of the universal vertex operatpeslgebrasp(1]2), is completely determined by the
operator product expansions of the generating figlds e(z), f(z), x(z) andy(z):

j(z) = Z jnz ™t (= hee fox,y). (3.8)

neZ+é&é
The operator product expansions themselves have the form

_ kGOk | D1w)

(z-w)2 z-w

J(2)j' (w) (.J = h.e.f.x.y) (3.9)

and these are equivalent to the (anti)commutation relat{®r2). We remark that the vertex operator superalgebra
0sp(1|2), is universal in the sense that any vertex operator supédnagehose fields are normally ordered products
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of derivatives of generating fields satisfying these omerptoduct expansions is a quotient®h(1/2),. This
follows immediately from the universality of Verma modubesd the state-field correspondence of vertex algebras.
The conformal structure of the vertex operator superalg@m(1|2), is defined by the Sugawara construction.
Explicitly, the energy-momentum tensor is
T(z) = Zan_”_z = i[} h(2)h(2): + e(2)f(2): + f(2)e(z): — 1 x(2)y(z): +1' y(2)x(z): |, (3.10)
2t|2 2 2
wheret = k+hY = k+ % and the generating fields are all weight 1 conformal priesawith respect to this structure.
The Virasoro modes,, are thus expressed as infinite sums of normally ordered ptedfimodes in (an appropriate
completion of) the universal enveloping algel@). Note that we need not specify a completion, as for smooth
modules the action of each infinite sum truncates to a finiee on

Proposition 3 (The Sugawara Constructiann any smooth representation @fp(1|2) on whichK acts as multipli-
cation byk € C\ {—%’}, the operators

1(1 1 1
m= 2_t( > hh: g+ ef i+ felm— > XY+ > yx: m) (3.11)
furnish a representation of the Virasoro algebra of centiaarge
3 k 3
= 1 _—_—= - = —=). 12
c % =3 t=k+ 2) (3.12)

For the bosonic modes, normally-ordered products are akfipehe usual formula

ABy= ) AmBum+ ) BomAm (AB=he,f). (3.13a)

m<-1 m>-1
However, for the fermionic fields(z) andy(z), there is some subtlety in defining normal-ordering, dependn
whether we are considering the Neveu-Schwarz or Ramondrsefcthe conformal field theory. The definition
follows from considering thgeneralised commutation relations
Z XasrYp—r — Z Yp—rXasr = +a(a — 1)8a4p,0K + ahgrp + XY a1p,

r<0 r>0

Z Ya+rXp-r — be—ry(ﬁr = —a(a — 1)34+p,0K + aharp + YX: a4ps

r<0 r>0

(3.13b)

which hold for alla,b € Z + &. In both sectors, the normally-ordered fieldsy:: and yx: have integer-indexed
modes (they are bosonic). Of course, there are also manymdhmally-ordered products involvingor y; for the
calculations below those given here aréfisient.

Note that the Virasoro modi) obtained from the Sugawara construction obeys the same atation relations
as thedsp(1/2) basis element of the same symbol. It is standard to ideritéfge by restricting attention to modules
on which they act as the same endomorphism. Depending omeree are considering Verma modules over the
Neveu-Schwarz or Ramondp(1]|2) algebra, this identification leads to

RIS i()t(/1+2) k)’

4t T2 4 (3.14)

2 4
respectively.

Of course, there are levels for which the universal vertegrator superalgebrap(1|2), is not simple. By
studying embedding diagrams, or Shapovalov-type formsp(l|2),, one deduces that this happens precisely for
the (non-critical) levels satisfying the following coridit [72]:

2t = Z(k ‘ g) — Y (WeZupveZor,u—ve2Zand gC({u,%} ~1). (3.15)
v

For these levels, called treimissibleevels,0sp(1|2), has a maximal proper ideal generated by a single singular
vector yx. The simple quotient vertex operator superalgebra is & keminimal modelof 5sp(1|2), which we
denote byBo1(u,v).
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The construction offine Verma modules via induction dfmodules generalises so that one can induce from an
arbitrary module over the horizontal subalgebra. For thesreplace§.5) by

T=e36mn, (3.16)

wheren andp are the subalgebras spanned by the modes with negative aitiigmdices, respectively, ands the
subalgebra spanned Byand the modes with index O (tlzero modes Any module over the horizontal subalgebra
may be extended to@module by requiring thak act ask times the identity, then to@a® p-module by lettings
act as 0. If the module for the horizontal subalgebra is sémthlen the result of inducing this® p-module to a
‘g-module is called generalised Verma module

When the simple module is a Verma module for the horizonthakebra, then the result of the induction de-
scribed above is just a Verma module Tr When the simple module is the trivial module, then the galisad
Verma module may be identified as fenodule underlying the universal vertex operator supetaigosp(1|2),.
However, there are many other possibilities for the inigsiahple module (see Theore®). We remark that gen-
eralised Verma modules are examplesadixed highest-weight modulgsg], these being modules generated by
a single weight vector, calledralaxed highest-weight vectathat is annihilated by. They are also examples of
positive-energynodules, these being weight modules for which the conforme&jhts are bounded from below.

In contrast to highest-weight modules, the conformal weigbf a relaxed highest-weight vector is not neces-
sarily determined by the weight but rather by the eigenvalfehe super-Casimit, in the Neveu-Schwarz sector,
and by the eigenvalugof thesI(2) CasimirQ, in the Ramond sector. The respective formulae are

A= s ;t1/4 and A =1 _2];/4.
3.3. Simple weight modules. In what follows, we shall be chiefly interested, not in theseeyalised Verma mod-
ules overssp(1]2), but rather in their simple quotients. Our notation for thésllows that used for the simple
modules ofs1(2) andosp(1|2) in Theoremsl and2. More specifically, the simple quotients of the lekeNeveu-
Schwarz generalised Verma modules induced from the simspld|2)-modulesA,, @j andé,\,s will be denoted

by A, BF andC, s, respectively. Similarly, the simple quotients of the lev&amond generalised Verma modules

(3.17)

induced from the simplel(2)-modulesF;, D, and&, , will be denoted byF,, D* and€, 4, respectively. In all
cases, the level dependence will be implicit.

We shall also need to consider quotients of the Neveu-Schisarl|2)-modules that are induced from the
reducible, but indecomposabhep(ll2)—modulesl_2,i\’s and the Ramondsp(1|2)-modules that are induced from the
reducible, but indecomposablﬂ(Z)-modulesgiq. Specifically, we want the quotient by the (unique) maximal
submodule whose intersection with the subspace of vecfarsraimal conformal weight is zero. We denote these
quotients b)(?/i\’s, in the Neveu-Schwarz sector, andbyq, in the Ramond sector. Their structures are determined,
up to isomorphism, by the following non-split short exaacjwences (se€(3 and @.17)):4

0—IB; ; — ejxr+2z,—/1+1/2 — B; —0, 0—D; ,— ‘SLzz,A(A—z)/z — D; —0, (3.18)
0—0B,,; — €z iai12 — B} — 0, 0— D, — 8)_L+ZZ,A(/1+2)/2 — D; — 0.

In Section5.1, we will compute the characters of (some of) these quotievMs shall focus initially on gen-
uine Verma modules, for which this computation may be penfat by constructing a resolution, in the sense of
Bernstén-Gel'fand-Gel'fand [ 4], of the simple quotient in terms of (direct sums of) Vermadules. Such a reso-
lution was constructed for the simple quotients of Nevehv@urz Verma modules ovésp(1]|2) by lohara and Koga
in [60]. For the simple quotient of a Neveu-Schwarz Verma modiilé, each Verma module that appears in the
resolution is generated by a singular vectoWd)f. The fact that a singular vector generates a Verma submodiule
VNS follows from the fact that the universal enveloping algebirasp(1|2) has no zero divisors/F.

The computation of the character of the simple quotient ofaed-Schwarz Verma modui'S therefore reduces
to the identification of itsingular vectors This is achieved by means of tBdapovalov forman invariant bilinear

4 This is actually non-trivial to prove rigorously and we dhradt do so here, instead referring @3 for the details.
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Figure 1. Submodule inclusions in the = —2 Verma modules/™z ,  (left) and VN,

(right). Each vertex indicates a singular vector genegadinerma submodule. The paiis A)
attached to each vertex give then(1|2)-weightA and conformal weigh# of the corresponding
singular vector.

form (-,-) on VNS, We will not go here into the details of how it is defined, irstebeing content to simply state
and use some of its propertiesulfiv € VNS are weight vectors of distinct weights, th@énw) vanishes, so we may
separately consider the restriction of this to a fdfpon each weight spacé"S(y), u € B*. For singular vectors
u € YNS(1) and their descendant vectors, the linear functidhét, -) identically vanishes.

As we will show in Sectior8.4 it is possible to relate Ramond Verma modules to Neveu-&chenes in such a
way that all information concerning their submodule stuwetcarries over. We therefore need only look for singular
vectors in the Neveu-Schwarz Verma modules, aided by th@xirig formula.

Theorem 4 (Kac-Kazhdan Determinant Formul&Q, 76]). LetA € B* denote the highest weight of the Neveu-
Schwarz Verma modu@:‘f1 overosp(1]2). Then, for any non-negative integer linear combinatjaf simple roots,
the determinant of the Shapovalov form restricted to th@hteipacé\?,“c‘i(A — 1) is given by

o P(n-(2(-Da) o
cetrcr) = [ 1{(*5~) ¥

=1 n=1
(/1+ 14 2nt — p\PO-@-D(@tnd) (3 o\ _ p\P(-20-D(-a+ns)
A

1 P(p-£(2a+(2n-1)5)) 1 P(n—{(-2a+(2n-1)5))
-()L+§+t(2n—1)—€) (—/1—5+t(2"—1)—5) ]} (3.19)

whereP(y) is the number of ways thate h* can be written as a linear combination= 3, ngf of positive roots,
with cogficientsny € {0,1} if 24 is itself a positive root and cgkcientsng € Zo otherwise.

[(t(Zn — 1))P(r7—£’(2n—1)5)

When de(FA ,7) = 0, for some non-negative integer linear combination of fpasirootsy, the weight space
VNS (A — n) contains an element of some proper submodu@@f If the vanishing factor 0f3.19 has an exponent
where the argument df also vanishes, then the weight space contains a singultrvéinfortunately, we do not
obtain all singular vectors OWNS from such vanishing factors and instead obtain the rest layyaimg the Kac-
Kazhdan determinant where the highest weiglt that of one of the singular vectors that we have alreadytified
(here it is important that the universal enveloping algedfrasp(1/2) has no zero divisors). We illustrate this
determination of singular vectors by depicting the coroesfing submodule inclusions (also known as embedding
diagrams) of twdk = —3 Verma modules in Figurg.

Unfortunately, an analogous determinant formula for galisad highest-weight modules over(1|2) does not
appear to have been considered in the literature, though thesome work pertaining t€l(2), for instance 77).

In the absence of structural data, we shall have to resonidioeict means to compute the characters of the simple
quotients of the generalised Verma modules (see Sebti)n

3.4. Automorphisms. The Weyl group of an ine Kac-Moody superalgebra, defined as the subgroupL¢f)
generated by the reflections about the hyperplanes ortlabgoithe even roots, has a relatively simple structure
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which can be understood in terms of data arising from itszottial subalgebra, despite having infinite order. Ab-
stractly, ifw is the Weyl group of the horizontal subalgebrahen the Weyl groupv of the full affine superalgebra
‘g decomposes as

W= WxQy, (3.20)
whereQy is the coroot lattice of the even subalgebfd: theZ-span of the coroot&;jv for any choice of simple
roots{e;} of 49, The semidirect product structure is defined by the stanlitaedr action ofw on this lattice, as a
subset of).

In the case obsp(1]2), the (lone) simple coroot of the even subalgebr&is)”, giving Q; = Z, with the Weyl
groupw = Z, acting by inversion on this lattice. The Weyl growpof 5sp(12) is thus isomorphic to the non-trivial
semidirect product dZ, with Z: the infinite dihedral group.

For both the Neveu-Schwarz and Ramond algebras, we defimetiiggationautomorphisnwv by

wh, = —hy,
we, = _fn» i ! an = —én,

wK =K, (3.21a)
WXn = —UYn, I L WYn = Xn,

WLo = Lo,

where we note that the restriction to the horizontal subatgegives precisely the conjugation automorphvgrof
osp(1]2), as defined in Sectio®.3. Similarly, thespectral flonautomorphisne is defined by
ohy = hy, — 26, 0K,
oén = €n-2, Ufn = fn+27
oK =K, (3.21b)

OXp = Xp-1, OYn = Yn+1.
ocLo=Lo—ho+K,

When we need to distinguish the algebra on which the autoniepis acting, we shall furnish it with a subscript,
as inwys or wr. In addition, we define isomorphismsgns — gr andz’: gr — ans between the Neveu-Schwarz
and Ramond algebras, both of which act on the basis elemertdsding to

hp +— hyp — 5n,0K’

€n V> en-1, fn L fn+l7

Xp V> Xp-1/2, Yn V> Yn+1/2

Lo+— Lo - %ho+ %K,
(the indicesn are constrained to range over the appropriate domaing\gandgg). It is not hard to see that
7’ o1 = onys andr o 7’ = or. As such, we will from here on denote bothandz’ by ¢/2, using a subscript to
distinguish (where necessary) which algebra is being agted.

Note that the automorphismsando both preserve the Cartan subalgé@aaa]d that their restrictions iﬁgenerate
the Weyl groupn C GL(D). However, the automorphisms themselves satiéfy: (wo)? = 1 and therefore generate
a group isomorphic t&, = Z. As with osp(1]2), we cannot realise the Weyl groip as a subgroup of the inner
automorphisms ofsp(1/2).

Nevertheless, just as we did in Sect@3, we may promote botly ando to functors on the module category of
either the Neveu-Schwarz or Ramond algebra. In fact, sifis®f infinite order, we get a functer” for eachn € Z.
We shall refer to the images of a modléunderw andcs” as the conjugate and spectral flow)df respectively.
As in Section2.3, it is clear that these functors commute with parity revierBlaey moreover satisfy

wwM =M, o"e"M = o™"M and we"M = o7"wM, (3.22)

for all m,n € Z, so we have indeed constructed a siiection on the set ofsp(1/2)-module isomorphism classes.
As in Section2.3, this action can be lifted to the category of weight(1|2)-modules. We may also carry this out
for the isomorphisms /2, constructing functors between the two categories. Thatsss

o262\ = oM, (3.23)

so in fact we have spectral flow functar for eachn € %Z. The isomorphisms 0f3(22 also hold form,n € %Z.
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Because the functoks ando”, n € %Z, are obviously invertible, they defirequivalencedetween the corre-
sponding module categories. As a consequence, they peesteneture (submodules, quotients, Loewy diagrams,
and so on). These functors turn out to be incredibly usefalnalysing the representation theoryoeh(1|2) and
its associated vertex operator superalgebras. As an egam@lremark that the claim made in Sect®B — that
the structures of the Ramond Verma modules may be deduaadfimse of the Neveu-Schwarz Verma modules —
now follows immediately from the identifications

VR, =woTPVRS (3.24)
Proving B.24) is straightforward but illustrative. FirS\‘?,ﬁi_/1 is generated by a highest-weight vectasf osp(1]2)-
weight (k — A)a, sows ~/2V2 _is generated byo ~1/2(v) (by the invertibility of the functors). Second, the

osp(1]2)-weight ofwe ~Y?(v) is Aa:
howo ~Y%(v) = wo ™%(c"2w(ho)v) = wo ™ 2((=ho + K)v) = Aws~?(v). (3.25)
Third, wo ~Y2(v) is a highest-weight vector (in the Ramond sector):

eowo ~Y2(v) = wo V2 (Y ?w(eg)v) = woH?(~ fiv) = 0,

‘1/2(01/2 0_—1/2( (3.26)

yr2wo Y2 (v) = wo W(y1/2)v) = W, xov) = 0.

Finally, Vi3 _, is freely generated as @(gyg)-module sovvo-‘l/zvﬁi_A is freely generated as @(g;)-module
(wo Y2 mapsgyg ontogg). This completes the proof.

It is important to note that the conjugation and spectral fmtomorphisms of Sectia®4 obviously extend to
automorphisms of the universal enveloping algebr@pfl1|2) and thereby define automorphisms of the (universal)
vertex superalgebrabtained fromosp(1|2), by forgetting the conformal structure. Twisting by conjtiga or
spectral flow therefore preserves the property of being auteoaf this vertex superalgebfaln fact, these twists
also preserve the property of being a module of the vertexabpesuperalgebra. The onlyffiirence is that the
spectral flow images of certain modules may now be distifgadg$rom the original modules because spectral flow
does not preserve the conformal structt#d (), hence the conformal weights will change in general. Iripalar,
this is the case for theacuum modulgvhich is the vertex operator superalgebra regarded as almoder itself.

Finally, note that because automorphisms necessarilgpmshe maximal proper ideal 0§p(1/2),., regarded
as a vertex superalgebra, the arguments of the previougraplaalso apply to the minimal model vertex operator
superalgebraBo1(u,v). In particular, the category doj1(u,v)-modules is closed under twisting by conjugation
and spectral flow.

Proposition 5.

(i) If M is anosp(1|2), module, then its twists by spectral flow and conjugatigtiyl andwM respectively, are
alsoosp(1/2), modules.

(i) If M is anBgj1(u,v) module, then its twists by spectral flow and conjugatigiy{ andwM respectively, are
alsoBoj1(u,v) modules.

4. THE AFFINE MINIMAL MODEL Bgj1(2,4): MODULES

Proposition5 is noteworthy because the spectral flows of a given poséivergy modulév( will not (usually)
be positive-energy for almost all It follows that the appropriate category®g1 (u, v)-modules for constructing a
consistent conformal field theory is not likely to be a subgaty of the category of positive-energy weight modules.
Consequently, much of the representation theory of thedexweperator superalgebras cannot be detected directly
by Zhu's algebra. Nevertheless, it appe&r§25,27,35] that combining positive-energy classifications with gpalc
flow does lead to module categories that satisfy key comgigteequirements, modular invariance for example.
m our working definition of module of a vertexengtgebra follows that given by Frenkel and Ben-Z&&,[Ch. 5.1], adding the

requirement to b&,-graded by parity (as in Sectidh?2). In particular, a module over the levkluniversal vertex superalgebra associated to
0sp(1]2) is just a smoottZ,-graded levek osp(1]2)-module.
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We shall therefore proceed with the classification of singasitive-energyBo 1 (u, v)-modules using Zhu tech-
nology, specialising t& = —% (u = 2, v = 4). The central charge of this minimal modelcis= —5. We begin
by reviewing the theory of (twisted) Zhu algebras, empliagitheir realisations in terms of zero modes of vertex
operator superalgebra elements.

4.1. Zhu's algebra. The associative algebras now known as Zhu alge@s¢rm an invaluable formalism for
classifying positive-energy modules over vertex operatgreralgebras. Essentially, the Zhu algebra of a vertex
operator superalgebra is the associative unital algebrarof modes (of all fields) restricted to only act on ground
states, these being vectors that are annihilated by altipogield modes (we will make this precise below). The
relaxed highest-weight vectors of Sect®Rare salient examples of ground states. Zhu's formalismg@nantees
that any modulé/ over Zhu'’s algebra can be induced to a vertex operator siggéra modulé\(, containing in
its space of ground states. FurtherMfis simple, then the space of ground states of the unique siqymtient of
M is preciselyM. So simple positive-energy modules are classified by fiestsifying simple modules over Zhu's
algebra and then taking the simple quotients of their induast

The Zhu algebrahu[V] for untwisted modules over a vertex operator superalgghsas first studied ingQ],
while the Zhu algebr@hu®[V] for modules twisted by a finite order automorphigmwas introduced ing1]. In the
case at hand, the untwisted modules form the Neveu-Scheetarsand the Ramond sector corresponds to modules
twisted by the parity automorphism. We refer &b] App. A] for an introduction to Zhu's algebras for general
vertex operator superalgebras, in both the twisted andistetvcases. This introduction emphasises the fact that
Zhu's algebra is nothing but an abstraction of the algebmeod modes acting on ground states.

With this fact in mind, the most straightforward way to defihe untwisted Zhu algebra foffane vertex operator
superalgebrasis as follows. Lt (05p(1]2)) denote the quotient af(osp(1/2)) by the ideal generated k1 and
let U (0sp(1]2)), be its conformal weight zero subalgebra (the centralisdipah Uy (95p(1]2))). Then, there is a
projectionmy: Uk (05p(1]2))g — U(osp(1]2)) whose kernel is spanned by the Poincaré-Bifkhitt basis elements,
ordered by increasing mode index, that involve modes withzero indices (we identify zero modes with elements
of bsp(1|2)). The untwisted Zhu algebizhu [0sp(1]2), ] is then the image of the map

v € 05p(1|2); +—> [v] = 7mo(vo), (4.1)

whereuy is the zero mode of the fieddcorresponding t@ (andmy has been extended to an appropriate completion
of U (05p(1]2))o). Zhu's associative produstis then given by

[u] * [v] = 7o (uovo). (4.2)

The equivalence of this definition with Zhu's original onetlie case offfine vertex operator superalgebras, follows
from noting thatry merely implements the constraint that the zero modes actamng states. We refer t&5,
App. A] for further information.

The twisted Zhu algebranhu® [0sp(1]2),.] and its associative product are defined in almost precibelysame
manner using the same formulae. We shall distinguish th&eédiimage of an elementfrom its untwisted cousin
[v] by a superscript:4]” € zhu” [0sp(1]2),.]. The main diference is that we must restrict the defining map to the
bosonic orbifold ofosp(1/2), (the subalgebra of even elements) because the odd elenasetad zero mode when
acting in the Ramond sector.

The following proposition was proved i8f] for affine Kac-Moody algebras and iB8(] for the untwisted Zhu
algebras of fiine Kac-Moody superalgebras. We are not aware of a sourcprihags the twisted Zhu algebra result
in the latter case though it is surely very well known.

Proposition 6. The untwisted and twisted Zhu algebrasgf(1/|2), are

Zhu[05P(1]2), ] = U(osp(1]2)), zhu® [05p(1]2),] = U(s1(2)). (4.3)

6 For v of definite conformal weigha ,, we assume a mode expansion for the corresponding field ébtivev (z) = 3, v,z " A2,
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Proof. By construction,zhu[0sp(1]2),] lies in U(vsp(1]2)). However, it is easy to check that any monomial
jt---j® € U(osp(1]2)) can be realised, up to a sign coming from parities, as the énraghu [0sp(1/2),.] of an
element ofosp(1]2),, namely;j”, - - ~jlek (here,; denotes the vacuum vector @p(1|2),). This demonstrates
equality as vector spaces. To show equality as associdtjebras, we only need show that the Zhu elements
Jj = jo = mo(jo) = [[-1Q%k]), j = h.e, f,x,y, satisfy the same commutation rules with respect &s they do in
U(osp(1]2)). This is, of course, exactly howis defined:

e 2= DR = moG38) - (1Y mo(378) = mo(lig D) = mot o) = A (4.4)

We recall thatj| € {0,1} denotes the parity gf

The argumentidentifyinghu? [0sp(1|2),.] is practically identical once one has shown that it lieg sl (2)). All
that we can conclude at present is taat” [0sp(1|2), ] lies in the even subalgebra ofosp(1]2)) (which strictly
containsU(s1(2))). To show that it indeed lies ib(sI(2)), consider an even elememte 6sp(1/2),. Choosing a
Poincaré-Birkh@-Witt ordering in which odd modes appear to the right of evesdes (and are then ordered by
increasing index)y is expressed as a linear combination of monomialﬁm_ljﬁn_le, where either the modes
appearing are all even or boﬁ_ﬁm_1 andj%n_1 are odd withm,n € Z 0.

Consider the image of each such monomial in the twisted Zipebad. Ifjfm_1 andjfn_1 are both odd, then we
apply the following identity (obtained by applying to [65, Eq. (A.2)]withk =m +1,n=m — %):

[ PrmaPa] ==Y ( 1/2)[. POk meZso (4.5)

— ‘+1

Inductively, the index of j* can then be made non-negative at which point we note that
P2k =572 1} 720, (4.6)

replaces the two odd modes by an even one (and perhaps artdnside conclude that a monomial with a
pair of odd modes is equivalent, Zhu” [0sp(1/2),], to a linear combination of monomials in which these odd
modes are replaced by an even mode. By performing this replewt for all odd modes, it follows as before that
Zhu® [05p(1]2), ] lies inU(s1(2)). The rest of the argument is identical to the untwisted case. [

For a given admissible levéd, recall thaty, denotes the singular vector that generates the (uniquei X
proper ideal obsp(1]2), by which one quotients in order to obtain the minimal modeteseoperator superalgebra
Boj1(u,v). By the Kac-Kazhdan formula of Theorefnone can determine that the conformal weight asd1/2)-
weight of yx are%(u —1)v and(u — 1)«, respectively. Defing, = yg‘l)(k and note that this descendantygfhas
osp(1]2)-weight O.

Proposition 7. The untwisted and twisted Zhu algebra®efi (u,v) are
U(osp(12)) U(sl(2)
(1¢x]) (Ig]7)

where([,]) and([¢«]") are the two-sided ideals generated by the imagef af zhu [55p(112),,] = U(osp(112))
andzhu? [0sp(1]2),] = U(s1(2)), respectively.

Zhu[Boj1(u,v)]

13

. Zhu" [Bop(u,v)] = 4.7)

Proof. Note that whilep,. is a zero mode descendantygf, the converse is also trugi is a zero mode descendant
of ¢r. This follows either by explicitly evaluatinq;‘lqsk or by noting that finite-dimensionaép(1]2) modules are
semisimple and that the space of vectorsdm(1|2), of conformal Weight%(u — 1)v is finite-dimensional. Thus,
every vector in the maximal proper ideal@b(1/2),. is a descendant @f, by non-positive modes.

We have to show that the image of the maximal proper ideal i<Zhlgebra is generated by the imagepef
To this end, letj andv be homogeneous vectors i8p(1|2),. and suppose thgthas conformal weight 1. In the
Neveu-Schwarz sector, the corresponding figldsandv(z) will have zero modes, regardless of their parities, and
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we have the following identities iBhu [0sp(1|2) ]

Lool = ] # [0] = (D]« [, [-m-10] = (D" (=)VP[] «[[], m=0. (4.8)

The first follows from Jo,vg] = (jov)o, While the second follows frory_,,—1v)(z) = % :0™j(w)v(w): . It follows
inductively that if the image of in zhu[dsp(1|2), ] belongs to the image of the maximal proper ideal, then so do
the images of all the descendantdiy non-positive modes. Taking= ¢, establishes the untwisted result.

In the Ramond sectof(z) anduv(z) will only have zero modes if they have even parity. In thisscdlse identities
(4.8 also hold inzhu™ [05p(1]2),.] if we replace {] by [-]*. As above, we conclude that the images of all the
descendants af; by non-positiveevenmodes belong to the ideal generated gyi[ in zhu? [65p(1|2), ] However,
as in the proof of Propositiofy even non-positive mode descendantg;ofiave images that are equivalent to a linear
combination of non-positive mode descendants in whichddlmodes are zero modes. Since the action of the zero
modes onpy generates a simple weighp(1|2)-module whose even subspace is a simple weigRj-module, by
Theorem2, each pair of odd zero modes may be replaced by an even zere. el conclude that the image of
every even non-positive mode descendan;ois in the ideal ofU(s1(2)) generated byd]*, as required. ]

Remark. We mention that in the proof of Propositi6nwe could remove the odd zero modes along with the positive
modes because they annihil&g. In the proof of Propositio? above ¢, need not be annihilated by the odd zero
modes, hence they are not removed.

Remark. This proposition remains true fathu [Boj1(u,v)] if we replacegy by yx throughout. The proof follows
along the same lines with minor adjustments. Boo” [Boj1(u,v)], we can make this replacemenyif is even.

The simple positive-energy Neveu-Schwarz moduleBgpf(u, v) are the simple quotients of the inductions of
the simplezhu [Bo1(u,v) ]-modules, while the simple positive-energy Ramond modef®s1 (u, v) are the simple
quotients of the inductions of the simpau’ [Boj1(u, v) |-modules. Moreover, the simpl#hu [Bo1(u, v) ]-modules
are precisely those of Theore2ron which[¢y ] acts trivially, while the simpl&hu? [Boj1(u, v)]-modules are those
of Theoreml on which[¢x]* acts trivially.

The level of interest here s = —%, thusu = 2 andv = 4 in the setup of%.159, which implies that the singular
vector has conformal weight 2 andp(1|2)-weighta. One choice of normalisation of this vector is

X-5/4=(x2—4y_1e 1+2h 1x 1)Q 5/4. (4.9)
Then,
$_5/4 = Yo)x-5/4 = (h_z + 2h2_1 +8f_1e_1+ 6y_1x_1)Q_5/4. (4.10)

Proposition 8. The images af_s,4 in the untwisted and twisted Zhu algebras are

[¢-5/4] =222 - 1), [$-5/4]" =40+ %5 (4.11)

whereX andQ are the super-Casimir afsp(1|2) and the Casimir of1(2), respectively.

Proof. The proof is very similar to proofs in6p—65], so we will only briefly outline the reasoning. Since the
osp(1]2)-weight of ¢_5,4 is O, its images in the Zhu algebras will also have weight O lagitce these images lie
in the centralisers of the Cartan subalgelzés U(osp(1]2))) andC(h, U(sl(2))). Further, since these images are
uniquely determined by their action on weight spaces, all temains to complete this proof is the computation of
this action.

The field corresponding t_s,4 is

$(z) = Oh(z) + 2 h(2)h(z): +8 f(2)e(z): + 6 Yy(2)x(2): (4.12)

and thus its zero mode is
¢o=—ho+2:hh:o+8 :feio+6 yx:o. (4.13)
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Evaluatinggo on a Neveu-Schwarz ground state veetgy of osp(1]2)-weightAa andz-eigenvalue produces
oun,s = (—ho + 23 + Beofo — 6xoyo) urs = s(25 — Duys, (4.14)

where the normally ordered products were evaluated uSrig§. Thus, the image of_s,4 in Zhu[0sp(1|2), ] is
3(2% - 1), as required.
Similarly, evaluatingbo on a Ramond ground statg , of s1(2)-weightia andQ-eigenvaluey produces

$ovAq = | —ho + 2h3 + 8Beqfo + 6 S }ho vrg = [4q + 15 Vigs (4.15)

’ 16 2 ’ 8/ "

where the odd normally ordered produgtc:: o was evaluated usin@(13. This, in turn, implies that the image of
$_5/41n Zhu” [05p(1]2), ] is 40 + 1—85, completing the proof. ]

4.2. Classifying Boj1(2,4)-modules. Given our explicit identifications of the untwisted and tie Zhu algebras
Zhu[Bo1(2,4)] and Zhu” [Boj1(2,4)], we can now easily classify the simple relaxed highest-tteliy1(2,4)-
modules in both the Neveu-Schwarz and Ramond sectors.

Theorem 9. Any simple Neveu-Schwarz relaxed highest-wegh{2,4)-module is isomorphic to one of the fol-
lowing mutually non-isomorphic modules:

* _
Ao, 3—1/2’ 31/2’

Cro (AeC/2z\ {[£3]}). 4.16
MAp TB°,, T35, I ¢ [+3]}) (4.16)

We remark that the parity reversal ©f o is isomorphic taCx-.1.0, by (2.14), so does appear in the list above.

Proof. The space of ground states of any simple Neveu-Schwarzlighest-weighBo1 (2, 4)-module must be
isomorphic to one of the simplep(1/2)-modules listed in Theore®on which k_s,4] = (2% - 1) acts trivially.
The given classification consists of precisely those simgpiatients of the inductions of thep(1]|2)-modules for
which this is the case. ]

Remark. One potential source of confusion that is worth mentionsthat as% is an allowed eigenvalue of the
super-Casimirz, yet—% is not, any simpl&hu[Bo1(2,4)]-module with a weight space on which the eigenvalue of
>is % cannot have any weight spaces of opposite parity. The omiglebsp(1|2)-modules satisfying this constraint
are Ao and its parity reversal.

Remark. The gaps in the range of, for G, in the previous theorem are only to guarantee simplicithe T
reducible, but indecomposable, moduﬁ§2+22 o and Gf1/2+22 o have ground states that obviously satisfy the Zhu

constraints, hence they are alBg1(2,4)-modules (in the Neveu-Schwarz sector).

Given that all the2-typeBg1(2,4)-modules have = 0, we shall simplify notation in what follows by writing,,
G{/z and Gfl/z instead ofC,. 27,0, G{/zﬁz’o andeflmZZ o respectively. We shall also further abuse this notation
by identifyingA with A = A + 2Z when convenient, so thate C/2Z when parametrising @-type module.

Theorem 10. Any simple Ramond relaxed highest-weiBh\ (2,4)-module is isomorphic to one of the following
mutually non-isomorphic modules:

+ + - -
D—5/4» D—3/4» 93/4» D5/4 En,-15/32,

(A € C/2Z\ {[+2]}). (4.17)
D%, MDY, 0D, 0D, M 153 4

Proof. The space of ground states of any simple Ramond relaxedstigfeaghtBo1 (2, 4)-module must be isomor-
phic to one of the simplel(2)-modules listed in Theorerhon which [p_s;4]* = 40 + %5 acts trivially. The given
classification consists of those simple quotients of thedtidns of thes1(2)-modules for which this is the casem
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Remark. Again, the gaps in the range @f, for £, _15/32, in the previous theorem guarantee simplicity. The
reducible, but indecomposable, modu&s ,, _15/32 with A = J_r%, are alsoBg1(2,4)-modules (in the Ramond

sector).

Because all thesé-type modules have = —é—g, we shall again simplify notation in what follows by writirég,

instead of€ ), 27, —15/32, for A # % mod 2, anoEj instead ofﬁirZZ _15/32 forA = i%. As above, we shall also abuse
this notation by identifyingl with A = A + 2Z. when parametrisin§-type modules.

These theorems classify the simple positive-energy weigitules oveBo1(2,4) because a weight vector of
minimal conformal weight in a simple module must generageethtire module and hence must be a relaxed highest-
weight vector. However, we can also twist each of these nesdwy} conjugation aridr spectral flow (Propositiob).

If we twist by conjugation, the result will again be a simptesjtive-energy weight module. Explicitly, we have
wAg = Ao, WBIy, =B, we=Cy (A#+;5mod2),
(4.18)
wD'g 4= Dy WDIg, =Dy, wEy =€y (A#=3 mod2).
The conjugates of the spectral flows of these modules noawidfiormally) from (3.22.

However, twisting these simple positive-energy weight oled by spectral flow will not result in modules that
are positive-energy, in general. Naively, we arrive at tkofving list of (isomorphism classes of) simple Neveu-
Schwarz weight modules (we also include their parity resdsrsecalling thaflC; = Cj.1):

o'Ao, o'Bry, 0B, o€ (Ce€Zandd#§mod1),
(4.19)
o'Dly, oDl D3y 0Dy €y (C€Z+ Fandy #+£3 mod 2).
The simple Ramond weight modules are obtained from theseplyiag /2 to each of the above. It turns out
however, that these lists contain many pairs of isomorpladures. In particular, it is easy to show (using similar
techniques to those used in the proof 8f29) that the following coincidences hold:

o'?Ag = Dty . o2 A0 = Dy,

1/2m—- ~ P+ -1/2m+ - _
o 31/2 = D_3/4, o 3_1/2 = @3/4.

R

(4.20)

With these isomorphisms in mind, the list of (isomorphisrasskes of) mutually non-isomorphic simple weight
modules oveBg1(2,4) reduces to

o'Ao. o'Bry . o'Bl, o€ olE, (4.21)

and their parity reversals, whefee %Z, A# % mod 1 andu # J_r% mod 2. To establish that these isomorphism
classes are indeed distinct, one may observe that theiesphextremal states ardldirent, these being the weight
vectors of minimal conformal weight in each subspace of taorissp(1|2)-weight.

We shall assume that the physical categdmelevant for constructing minimal model conformal field ¢dhies
has precisely the moduled.R]) as its simple objects. We shall also assume that the categaiosed under
conjugation and fusion products. One of the main aims of ihiser is to test this assumption by demonstrating
that it leads to satisfactory modular properties and thastandardVerlinde formula, introduced below irv (61,
returns non-negative integer Grothendieck fusiorfibtients.

The assumption of closure under fusion is highly non-ttifram a mathematical perspective because the mod-
ules inP, in particular the relaxed highest-weight modutgs €,, and their spectral flows, are not alf-cofinite.
This means that fusion products might not be finite-lengtbgning that they have a finite number of compaosition
factors). However, the failure af;-cofiniteness is also observed with relaxed modules for ssibie-levels((2)
minimal models and bosonic ghost5], whilst the known fusion calculationd §, 26, 35] all give finite-length
results. These calculations were performed using the N@hberdiel-Kausch algorithn®B, 84] whose (essential)
equivalence to the rigorous theory of Huang, Lepowsky ananghB5] will appear in B6]. The results give us
confidence that our assumptions on 8ig(2,4) fusion rules all hold, though they will be extremelffitult to
establish rigorously.
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The conjugates and spectral flow images of the reduciblendieciomposabl®g1 (2, 4)-modules identified above
are, likewise, reducible but indecomposable weight malaleerBg 1 (2,4), by Propositiorb. The conjugates are
easily identified using3.22:

WCH, = €Ty WEL, = E Ty, WEL,=E L, (4.22)

Up to parity reversal, we therefore obtain the following mally non-isomorphic reducible, but indecomposable,
modules:

o'Cl '€y, 083, o€, o'y, '€y, (Le %Z). (4.23)
We record the defining non-split short exact sequencedyekesiuced from3.18), for future convenience:
0— HBfl/z — GI/z — Bl_/z — 0, 0—TIIB;, — Cy, — Btl/Z — 0,
0— Dy, — &y — D3y — 0, 0— D5y — €34 — Dy —0, (4.24)
0— DJ::«:/4 - 85/4 — Dg)y — 0, 0— D3y — €15y — DJ:5/4 — 0.

Sequences for the spectral flows of these modules now folemaise the induce exact covariant functors.

These results indicate that the minimal moBlgh(2,4) provides another example of a conformal field theory to
which thestandard module formalisiof [27, 28] applies. To wit, the simple moduleg €, andafE# comprise the
typical modules, while the reducible modules @fZ3 are examples dditypicalmodules. Together, the- and€&-
type modules, along with their spectral flows, constitutestiandard modulesf the minimal model. Subquotients
of atypical modules are also said to be atypical, hencesthi anda@il/z are all atypical and thus so are the
o!D7; , ande DY ,.

The standard module formalism is a collection of empiridadervations, first described i@9], that coherently
organises the modular properties of a large number of ltdgait conformal field theories. To summarise, the
characters of the standard modules (which form a continy@asametrised family) transform rather simply under
a natural action o6L(2;7) with integral kernels replacing the familiar S- and T-m@gs. The transforms of the
atypical characters, which include that of the vacuum medate much more subtle, but may be deduced by
constructing infinite (one-sided) resolutions of each Egjmodule in terms of standard ones. This rich formalism
will provide the starting point for our investigation of theodular properties of the minimal model. First however,
we need to determine the characters of these modules.

5. THE AFFINE MINIMAL MODEL Boj1(2,4): CHARACTERS

In this section, we determine the characters and supertieasaf all the simpl®g1(2,4)-modules of category
P. We also introduce the Grothendieck group of this categad/show explicitly that the images of the standard
Boj1(2,4)-modules in the Grothendieck group form a basis (of a cetainpletion).

5.1. Highest-weight characters. Having identified the modules of interest, we now wish to gklte their charac-
ters. Formally, theharacterof a weight-modulé\( of 5sp(1/|2) is defined to be the power series

CP‘b[M] (y,z, q) =1y, (ykzhoqLo_c/24), (5.1)

where tr, (X) denotes the trace of the image in ENg of X € b under the given representation@hb(1/2). We
append the subscript 0 to our notation for characters ta@tdithat eigenvectors offtérent parities count equally
in the sum. The notation for supercharacters, where pasatyars, will be introduced in Sectidn3. It is customary
to interpret such an expression as defining a (meromorphigtion, however some care is needed to make this
identification precise. In particular, we must additiopalpecify a domain for the variablesindg in order to avoid
misleading results (further discussion of this may be four|@?2, 24]).
Itis clear that
cho[TIM] = cho[M], (5.2)
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for any weight modulévl overosp(1/2), so it might appear that we are justified in identifying maiwith their
parity reversals, at least for the purposes of studying nawdansformations. However, we shall see that the parity
of a module is completely determined by its character an@inaracter, so one can employ modular methods
whilst retaining parity information.

As discussed in Sectidd.3, the characters of the simple highest-weiBht (2,4)-modules can be expressed in
terms of Verma module characters using resolutions. Aslugweacharacters of Verma modules are very easy to
calculate. A straightforward application of the Poinc8iéhoff-Witt theorem gives, recalling that= -5,

Ch) [VNS] (y,z q —5/4 5/24 1_[
which can be re-expressed more compactly as

NS _ . -5/4_1/2 1/4 92(z; q)
cho[V5®] (y.2.9) = —iy~>*2"%q ETTTL (5.4)

using the standard infinite product formulae for the Jadwdiia functions); and the Dedekind eta functign More
generally, a simple calculation shows that Neveu-Schwarm¥ characters are given by

Cho[VTS] (y,z, q) = z/lqACho[VgS] (y,z, q), (5.5)

whereA was given in 8.14. This relation holds for all non-criticdd, simply by replacing the exponent gpby k.
From the embeddings of Verma modules shown in Fiduiiefollows that the characters of the simple Neveu-
Schwarz highest-weiglip1 (2,4)-modules are given by

ChO[AO] (y’z’q) =H;Z Crb[wgmn](y’z’q) - Z Cho[vljgm](y’z’q)

1+z tgm- 1)(1+zqm)
1-z72qmH(1-gqm)(1-2%qm)’

(5.3)

ne2Z+1
non_nin+ 57491z ¢%) 92(2; 9)
= é(—l) 2" g™ 1>crb[vgs] (y’z,q) _ /e 11912(;12;61)2’7(2‘])(1 , (5.62)
Cho[ By 5| (v.2.9) = Zzzcha[v?i/z] (s.2.9) - ; 1°h0[ w1y2) (1:2.9)
_ nn=1/2gn 2_1/4 NS _5/494(z, ¢°) %2(2; q)
é( 1) Cho[V ](y,z q) —iy D 1@ (5.6b)

In order to calculate the charactersﬁBJ]/2 = wB*, 12 and the other twists of these highest-weight modules, we
use the following relation:

00 (X) = e (07700) (0 € AUE), X € D). (5.7)
Specialising tap = w ando”?, ¢ € 3Z, we obtain the useful formulae
cho[wdt] (4.2.9) = cho[M] (v:27%.q), ~ cho[o“M] (s.2,9) = cho[M] (v*'¢"" 24" q), (5.8)

the latter following frome‘hg = hg — 2¢(K ando’Lo = Lo — tho + K. Under the transformation — z7%, the
Jacobi theta function;(z; q), for j = 2,3,4, are invariant whilst1(z~1; q) = —91(z; q). We therefore arrive at the

character ofBl/2 =~ wB* T2

cro[255](12:0) = cho[ B ] 127 g) = 94T LD, 5:9)
%) n(q)

Whilst it is tempting to treat the expressions m@3, (5.60 and 6.9 as defining meromorphic functions of
(y,z,q), doing so means that we must carefully restrict their domabutside of the appropriate domain of validity,
these meromorphic functions will giveftBrent power series expansions about the origin. Since cieasaare
defined precisely by such expansions, a given meromorphictitn may correspond to a multitude offdrent
characters.
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It turns out that $.69 is valid (and its right-hand side is convergent), foright,q € Cwithy # 0,0< |g| < 1
andz restricted to the annulus
|1/2

lg1"/? < |z| < |gI7Y2. (5.10)

In particular, this includes = 1, which one should expect, given that thgeigenspaces oflg are all finite-
dimensional. Similarly,§.60 and 6.9) are valid fory # 0, 0 < |¢| < 1 andz restricted to the disjoint annuli

1<zl <lgI™Y? and |g|Y? <zl <1, (5.11)

respectively. Note that neither of the modLﬂéisl/z has finite-dimensiondlyp-eigenspaces, so their characters must
indeed diverge at = 1.

In order to calculate the characters of the spectral flowse@&bove modules, we apply.g). For example, using
the properties of Jacobi theta functions, we obtain

{/zy_5/4 (z; qz) 92(z; Q)

cho[o“Ao] (v.2.) = (-1) (2 q) ()

(5.12a)

if £ is even, and

, (12,54 94z 4°) D2(2:.q)
¢ = i(=1)(¢-D/2,-5404 %4 ) v21% 4)
Ch)l:o- 'AO] (y,Z,CI) [( ) Yy 31(22;(]) 77(61) ’

if £is odd. It may seem, at first glance, that this sequence o&ctes holds a (perhaps surprising) four-fold period-
icity. This semblance breaks down however, once we takegiotount the domains on which these expressions are
valid. Specifically, $.123 and 6.12h will only recover the appropriate characters, as formalgroseries, when
expanded in the domain®|q| < 1 and

(5.12b)

1g127¢ < |2 < 1qI7Y%7¢, (5.13)

as follows from Equation5(8) and 6.10.

We can now apply4.20 and 6.8) to the character formula& ) and 6.9) in order to calculate the characters of
the Ramond highest-weight modules and their conjugatesWhiignarise the results, along with the Neveu-Schwarz
formulae presented above, in the following proposition.

Proposition 11. The characters of the highest-weigdd1(2,4)-modules are given by the following expressions,
valid fory # 0, 0 < |g| < 1 andz in the annuli given:

91(z;¢°) da(z; _
cho[Ao] (v.2.9) =y‘5/4% (Ig1™? < Izl < 11 73),
) _5/4‘94(2;q2) 92(z; q)

- 91(2% q) n(q)

) (1< Izl < 1g17?),
. 94(zq~Y?; ¢°) 93(z; _
cho[D*gya] (4.2.4) = —iy 514z aquae 2 E S IED gy yg1)

(5.14)

91(2%; q) n(q)
~5/4,-1/4,1/16 91(2q"*2, %) 93(z: 9)
91(22; q) n(q)

(1< lzl < IqI7Y?).

Remark. The characters of the conjugates of the highest-weBght2,4)-modules are now easily computed using
Equation(5.8), noting thatAy is self-conjugate:

_ . _5/494(z, ¢%) 92(z;9)

chy| B y,z,q) =iy A2 20 U

EIC) 9122 9) n(q)

_ 54— 91(zq7Y?; ¢%) 93(z; q)
cho| D)4 (1.2.) = —y ™42V 4gH/ 102 31@2;3) o D (gl <12l < D), (5.15)

_ 54 - 9a(zq"Y%; ¢°) 93(z: q)
_ . -5/4_-1/4 1/16
Cho[ D3ja) (1.2.9) = ™% 91(2% q) n(q)

The characters of the remaining simple atypiBah (2,4)-modules are similarly obtained using spectral flow.

(Ig1M? < |z < 1),

1/2

(Ig1™* < |zl < 2).
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5.2. Relaxed highest-weight characters. For 0sp(1/2), there seems to be no literature addressing the submodule
structure of relaxed Verma modules. Even though charagtenflae for relaxed Verma modules ovep(1|2) are
easy to obtain, we are therefore unable to deduce characteuliae for their simple quotients. Instead, we resort to
an indirect method developed fﬁt(Z)-moduIes in P4,25] and rigorously justified inT3).

We start with the short exact sequences giverdi4) for the reducible, but indecomposable, Neveu-Schwarz
relaxed highest-weight modulé?il/z, immediately deducing the following character formulae:

cho[ €%y 5] = cho[ BT, 5] + cho[ By ,]- (5.16)

Of course, this only holds when treating these charactefwrasl power series. Since the two expressidnslj
and 6.9 that we have derived for the characters on the right-hathe, sire valid on disjoint domains, we must
be careful to sum these characters as power series ratmeashmeromorphic functions — naively summing the
derived characters, as meromorphic functions, gives zayothis, we appeal to the following (equivalent) idenstie
originally derived by Kac and Wakimoto ir3f]:

h(uv; q)

—_— <lul<1,0< |v| < <1), 5.17a

) 31(0 2 1 = (Igl < lul lo] < lgl <1) ( )
. 3

Dwoig) n@” 5 wTqn gt 0 < o] < gl < 1), (5.17b)

() h(vig) A T-ogm

We refer to P2, App. B] for the conventions o functions used here. Setting= z? and rearranging, these become

1 . 1(v; q) 1/2
=—i E lgl™“ <z <1,0< |v| < |q] < 1), 5.18a
91(22; q) 91(z2v; q) n(q )3 =z 1 vq™ (lg 1 ) ( )
1 : (v;9) -1/2
=—i E (1< |z| < gl ,0< o] < |q| <1). (5.18b)
91(22; q) N (z%v; q) n(q)® — 1= qu

We substituteq.183 into the character formul®(9), noting that both have the same domain of validity, obtagni

- _5/494(z; 4%) 92(2.9) N (v;q)
cfb[%l/z] (y,z,q) =y /4 e N Z T og (5.19)

Performing the equivalent substitution d§.{8H into (5.60 (which also have the same domain of validity), we
instead get

_5494(2 ¢%) 92(2.9) 91(v;q)
cho| B z.q) = —y 4 5.20
(B3] (v2:0) = - ot g Zl (5.20
Treating these as formal power seriegjnve may forget their domains and sum them, giving
+ _5494(z,¢%) 92(2, ) 9 v; ) m
cho[€%y,5] (v.2.9) = y5/4 % z(q)4 9) Hnlvig Z 2 (5.21)

In this way, we have arrived at a character formula for thecdzle Neveu-Schwarz relaxed highest-weight modules.
These are precisely the atypical standard modules in theUN&e¢hwarz sector.

We may simplify the character formula.@l) further and eliminate the auxiliary variable but we must first
introduce an alternative set of variables for the charactestead of giving characters as power seriagity, it is
standard (and essential for studying modular propertiesittoducey, { andr, defined by

y=eZV,  z=¢¢ and g=e¥" (5.22)

The relation betweenand{ will be used repeatedly in the following manipulations.
Identifying the sum on the right-hand side &t21) as defining a distribution itj, we can employ the Fourier-

theoretic identity
e = N 5w - n) (5.23)

nez nez
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to make the following simplification:

g PSR _Nilvig) DECSEEDY 8D s my= Y emms@r-m). (5.24)

N(z%v; q) (e v; q) q) - 4, 91(e27'mv; q) =,
Here, we have noted th&t(e®"'v; q) = e”'91(v; q). Now,

y—5/4l94(2; 7% 92(z; q)

cho[€Z,5] (v.2.q) = : > emmms(2 - m)

’7((1) meZ.
a1\ Sale™ ™) Ba(e™ i q)
: (27 - m), (5.25)
7](61)4 r;:Z emm m

which can be split into sums over even and odd values,@fiving

Cfb[eil/z] (y,z,q) =yt

-1 93D S2(Liq) 5% - 20)
( ) nez

+95(Lig?) 9u(Liq) 52 - 21 - D). (5.26)

However,51(1; q) vanishes identically, so that
. _e294(1;6%) 92(1;9) in _5/494(1;4%) 92(1;q) n
cho[€y] (4.2.q) = y AF Tl N eming( -y =y AR B 2 (5.27)
21(q) ~ 2n(q) nez

The g-dependent factor can be further simplified, using the pcothrms of the Jacobi theta functions, giving our
final result:

. 5/4 1/2 9o(1
cho[€%y 0] (v.2.4) = 2 o 22(’7(;’ % (5.28)
ne

We remark that the decoupling of theandg-dependences of this character is expected for a moduleangrosind
states form a densep(1]2)-module.
Itis convenient, at this point, to extract thedlependent terms frons(29 in the following definition:

1[99
n(g)* \ 1@

Aj(q) = (=234). (5.29)

We can rewrite these factors explicitly as

i-1/2 i-1/2

_ = 1+4! 1+ _ & 1-4t

Aalq) = V2q P[] =50 Asla) = 5/48]_[ I o A== (530)
i1 (=) q') L1 1-q)
Inserting into 6.28 and expanding, one finds that
Ch)l:eir ](y 2 q) _ y—5/4 1/2A2(q) Z —5/4 1/2 —1/241_[ 1+q Zzn
iz \/é nez (1 q )2 nez

= y_5/4zl/2q_1/24(1 +3q+8¢%+19g° + 414% + 83¢° + - - ) Z z" (5.31)

nez
which indeed gives the correct weight multiplicities (shrmvr the first six conformal grades) 6f, ,,. We mention

Y1/2°
that the prefactog /24 = ¢*~¢/24, requires that = —# (recall thatc = —5), in accord withs = 0 and §.17).

A similar calculation gives the characters of the atyplehixed Ramond modules. We record these results in the
following proposition.

Proposition 12. The characters of the atypical relax®d1(2,4)-modules are (shifted) formal power serieszin
whose cofgicients are holomorphic functions gffor |g| < 1. Explicitly, we have

y5/47112
Cho[eil/z] (y»Z’CI) = TAZ(q) éz", (5.32a)
B y5/45+5/4
Cho[‘gisM] (y,z,q) = Cho[f‘iism] (y»Z’CI) = |4 Z z" + Aa(q) Z(—z)" . (5.32b)

nez nez
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With (5.8), we can now compute the characters of all the atypical stahchodules. However, we also need to
compute the characters of the typical standard module€ jthine £, and their spectral flows. Happily, these may
be deduced from those of the atypical standards merely lfiynghine powers ot in (5.28 and 6.321.

Proposition 13. The characters of the typical relaxegh1(2,4)-modules are (shifted) formal power serieszin
whose cofgicients are holomorphic functions gffor |g| < 1. Explicitly, we have

o[ €] (y.2.) A D (1% +2 mod 2 (5.33a)
c ,2,q) = z" # += mod 2, .33a
R 2

y_5/4z“ 5
cho[€,](v.2.9) = 5| 4s(0) Z 2" + Aa(q) Z(—z)" (4 # +5 mod 2. (5.33b)

nez. nez.

We will not provide a proof of this assertion here, referringtead to recent work of Adamav[88, Sec. 11] who
proves 6.333 using an explicit construction of these modules. A moreegehproof, that includes the Ramond
case 5.33h, appears in13]. This approach works in the setting dfiae Lie superalgebras and relies on Mathieu’s
theory of coherent familiesBP]. We expect it to also generalise to higher rank superafggebr

Remark. We note that the Ramond charactéss33) are manifestly2-periodic in g, in accord with the isomor-
phisms€, = €,,». However, the Neveu-Schwarz characi@833 are manifestlyl-periodic, despite€, and €1
being non-isomorphic. Rather, we have = T1C, 1, by (2.14), explaining thisl-periodicity.

5.3. Supercharacters. As mentioned above, modular transformations require utwider supercharacters in
addition to characters. Tsipercharacteof a weight modulév( of 6sp(1|2) is defined, analogously to the definition
of character in%.1), to be the formal power series

Chl/z[M] (y,z, q) = str,,, (ykzhoqLo_c/24) (5.34)

in which str, (X) denotes the supertrace of the image in viglof X € b. This is, we recall, the trace of on the
even subspack(¥ minus the trace on the odd subspa€€’. The use of the subscrigtturns out to be convenient
in Section6, see Equationd.6) for example. We clearly have

chy2[TIM] = —chy 2 M] (5.35)
and, similarly to characters, supercharacters of twistedutes are easily computed using
Chl/z[WM] (y,z,q) = Chl/z[M] (y,z_l,q), Chl/z[ojM] (y,z,q) = Chl/z[M] (yzzz;qu,zqg,q), (5.36)

the latter holding for alt € $Z.

In fact, it is easy to deduce formulae f@#(1|2)-module supercharacters from their character formulaaumes
andy have oddsp(1|2)-weights (measured in units a) while e, h and f have evemsp(1|2)-weights. The vectors
of an5sp(1|2)-moduleM whoseosp(1|2)-weights are even, relative to some chosen (even) vecenefibre span
MO while those with relative oddsp(1]2)-weights spadvi'V). Replacingz by e”z = —z everywhere in cds\[M]
except in the prefactor that fixes thep(1|2)-weight of the chosen vector, will therefore convert therelater ofM
into its supercharacter. The supercharacters of the mlaixghest-weighBg1(2,4)-modules are thereby deduced
from Propositiond.1to 13.
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Proposition 14. The supercharacters of the simigs (2,4)-modules are specified, fog| < 1, by

_5,492(z,¢%) (2, q)
A .z - 5/4Zc\ 4 J YA\ Y
chl/z[ o] (y z ‘1) y (2% q) n(q)

- _5493(z,4%) 91(z:q)
B 5/4
Chl/z[Btl/z] (y,z,q) =Y W

(I91Y? < 12| < IgI7Y/?),

(1< 2| < 1q17Y?),

-5/4,,1 1 (5.37)
chialC](.2.q) = - n(q) S (=2)" (A % += mod 2,
1/2[ A](qu) N 2(q é z >
y_5/4z” 5
chiz[e,](v.2.9) = = A4<q>2z"+A3<q>Z<—z>"] (u# +, mod 2
nez nez

and (5.39 (conjugation and spectral flow). Similarly, the superchaeas of the atypical standarBo1(2,4)-
modules are specified by

y‘5/4zl/2
chuz[€21 2] (0. 2:9) = F—5—42(0 D=2,
nez
B y~5/47%5/4 (5.38)
ohy2[E5e/a] (v:2.9) = chuj[€35/a] (v.2.9) = 5| A4(@) D =" + 4s(@) ) (-2)" .
nez nez

Remark. Note thatchl/z[GA] is 1-antiperiodic inA andchl/z[ﬁﬂ] is 2-periodic iny, as expected.

5.4. The Grothendieck group. Given a categonflC of modules, each of which has finitely many composition
factors, one defines its Grothendieck gro@) &s the free abelian group generated by the isomorphisrmedasf

the simple modules. The imag®(] € [C] of a moduleM e C is then the sum of the images of its composition
factors. As characters and supercharacters are isomorphiariants that do not distinguish between a module and
the direct sum of its composition factors, they define funddicly and ch,» on the Grothendieck group.

Neither of these functions is injective — in general end ch,, do not distinguish(] from [IIM] and —[IIM],
respectively — but their direct sum is, provided that thes$giairs(cho[M], chy/2[M]), where ]M] ranges over the
isomorphism classes of the simple modules, is linearlypedeent (ove®). If this is the case, which it is for the
physical categor of Bgj1(2,4)-modules, then it follows that the character and supercheraf a module together
completely determine the class of the module in the Grotieekdjroup.

Whilst the set of isomorphism classes of the simyg (2,4)-modules should be regarded as a canonical basis
of the Grothendieck group, the standard module formalispgests that another basis set will be useful. This is the
set of Grothendieck images of the standard modules, botbatygnd atypical, noting that

¢ 13 Lep— -
[67C5] = [o"BY, 5] + [0By)] = [0€2, ] (5.39a)
in the Neveu-Schwarz sector, whilst in the Ramond sectorimiasly have
¢ e ¢ e

[0€34] = [0°€5a)>  [07€54] = [07€ 4/4] (5.39b)
and their parity-reversed counterparts. To maintain limedependence among the images of the atypical standards,
we may consistently omit the Grothendieck images of statsdaith — superscripts in favour of those with
superscripts. There is, of course, no issue with linearpeddence among typicals.

We assert that the Grothendieck images of the typicals amatypical standards with superscripts together

form a basis of a certain completion of the Grothendieck graiwurBog1(2,4)-module categor. To justify this,
we must exhibit the images of the simple atypicals as a linearbination of images of atypical standards. This is

achieved by constructing resolutions for the former in ®ohthe latter. It clearly diices to give the resolutions
for one member of each spectral flow orbit of simple atypicals

Proposition 15. The simple module4g andBil/2 have the following resolutions:

9/28+

11/2 0+ S50+
o™ %E5 — 07Cyp — 07 Eg )y
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5/28+

— 07/28;;/4 — Has(?i“/z — Mo “€g,

32e8,, — o€, — 0V2E¢,, — Ao — 0, (5.40a)

— Ilo
RN Hall/2€;/4 N HO.9/28§/4 N 0'461/2
— 07/28;/4 — 05/285/4 — H‘72€J1r/2
— H03/25;/4 - H‘71/282«‘:/4 - e1r/2 - Bl_/2 — 0, (5.40b)
C— O'GGI/Z — oll/zﬁg/4 — 0'9/285/4

5/20+

— Ha4(?1'/2 — Ha7/28g/4 — o735,

— UZC’J{/Z — 03/26';/4 — 01/28:{/4 — BTy, — 0. (5.40c)

Proof. The resolutions are constructed by repeatedly splicindath@wving short exact sequences, their parity re-
versals and their spectrally flowed versions:

0— 0'31_/2 — 0'1/2?,;/4 — Ag — 0,

0— HBfl/z — GI/z — By, —0, (5.41)
0— oAy — 01/285/4 — Btl/z — 0.
These, in turn, are easily derived from the short exact sezpeed.24) and the identification4(20. ]

The Euler-Poincaré principle now leads to the desired esgioas for the images of the simple atypicals in an
appropriate completion of the Grothendieck group. Suchnaptetion must admit the required infinite sums and so
we shall choose it to consist of (possibly infinite) lineandmnations of the form

zn: Z aj[0’Si] (neZwo Le3Z, 4] €2), (5.42)
i=1¢>L

where eacl$; is either a typical or an atypical standard wittsuperscript. The key requirement is that the spectral
flow indices be bounded below. The Grothendieck images diythieals and atypical standards withsuperscripts
form a basis of this completion, in the obvious sense, ameldi

Remark. The above completion allows for the following interpretati LetZ((al/z)) be the ring of formal Laurent
series in the spectral flow functef/2. 7 These series can then be applieditote sums of (Grothendieck images
of) standards to get infinite sums of the fof542. In other words, the set of all elements of the fqB2) is just
the freeZ((o-l/z))-module whose basis consists of all typicals and all aty@tandards with+ superscript.

Corollary 16. The following identities hold in the given completion of@rethendieck group (as do their spectrally
flowed versions):

[-AO] — i([o_4n+l/2€g/4] _ [O_4n+lez/2:| + [Ho_4n+3/2€§/4:|

o

3

_[Ho.4n+5/28g/4] + [H04n+361r/2] _ [O_4n+7/28§/4])’ (5.43a)

[31_/2] — i([oAneLz _ [Ho_4n+1/28§/4] + [H04n+3/28g/4]

o

B

_ [Ho_4n+2€1—/2 + [0_4n+5/2€§/4] _ [O_4n+7/28g/4])’ (543b)

(o)

[gtl/z] ) Z([04n+1/2€§/4] B [”4“3/28;/4] * [04"+2€I/2
n=0

7 Recall that in rings of formal Laurent series, the powersefindeterminate are assumed to be bounded below.
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— [Ho.4n+5/2€§/4:| + [Ho_4n+7/28g/4] _ [Ho_4n+4ez/2]). (543C)

Applyingchg andchy,, to these identities then gives analogous identities fopmtypical (super)characters in
terms of atypical standard (super)characters.

It is easy to check that the infinite sums of (super)charadtethese relations converge in the sense of for-
mal power series. This means that thefiogent of each monomial in the indeterminates only receiv@s zero
contributions from finitely many of the terms in the infinitens.

Remark. Note that one can also derive right-sided resolutions fergshmple atypicals, for example by taking con-
tragredient duals of the left-sided ones of Propositl@hThe powers of spectral flow appearing in these resolutions
and the analogue of Corollary6 would then be bounded above.

The natural completion of the Grothendieck group would newhe fre%((a‘l/z))-module on the typicals and
atypical standards with- superscript. One can check that the results derived in wélkivfs do not depend on the
choice of resolutions.

6. THE AFFINE MINIMAL MODEL Bgj1(2,4): MODULAR PROPERTIES

We now study the modular properties of the simple and stahB@1(2,4)-modules. More precisely, we first
show that the action of the modular group closes on the sp#reatharacters and supercharacters of the standard
modules. From SectioB.4, the characters and supercharacters of the simple atypig&®,4)-modules belong
to this span, so their modular properties follow directhhe$e explicit modular transformations will be used to
compute the Grothendieck fusion rules in Secfiarsing a version of the standard Verlinde formula.

6.1. Standard modular transforms. The modular grougL(2;Z) admits the following well known presentation:
sL(2;Z)=(s,T : s°=(sT)% 8" =1). (6.1)
On (super)characters, we define the action of the generaliimgentss andT to be the coordinate transforms
G | ( 7[) (-1 _
Sl = (w + 5 (argr - 5 L TORID = v+ o

T T

¢

T+ 1), (6.2)

wherek = —% (and we recall Equatiorb(22 for the definition ofy, { andr). Though the transform fay may
appear unfamiliar, it is chosen specifically to obtain andsbyas opposed to a projective, representati®@iL(i; Z)
on the span of the standard characters. Direct computa#dfies that these generators do indeed satisfy the
defining relations§.1) of SL(2;Z).

The modular transformations of the standard characterbeammputed from those of the auxiliary functions
A2(q), As(q) andA4(q) defined in 6.29:

s{a@) = A9, S{As@)}= A, S{A@) = —Ag)

T{AZ(q } —e ﬂl/lZAz T{AE(q)} _ e—57rl/24A4(q T{A4 } _ e—57ri/24A3(q).

(6.3)

These formulae follow directly from the well known transfws of the Jacobi theta functions and the Dedekind eta
function.

In preparation for the modular S-transforms below, we reattie formulae for the standard (super)characters
using the Fourier theoretic identit$.@3. For example,

/IAZ (9) kAZ(CI) 2 e2ridn
cho[C,] = y¥z 5 % 5 % 5 - Ze‘i 5 (6.4)

implies, using §.8), that

cho[o”e] = (u:?q") 2 DL
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A . .
_ yk Z(q) Z eanAnebnkl’(Zn—f‘r)(S(év +0r — n) (65a)
\/i nez
Similarly,
A , ,
Chl/z[oje,}] — yk f/(éq) Z eZm)L(n—1/2)62mk€(2n—l—€‘r)5(év +lr+ % —n), (65b)
nez
Ch)[o_{?g ] _ k| 43(@ Zezmynezmkazn—ff)5@+€ _n)
I =y > T n
nez
A . .
n 42(CI) Z eany(n—1/2)627r1kl’(2n—l—l’1')5(§ +0r + % _ I’l)) , (650)
nez

A . .
Chl/z[ofﬁ,l] _ yk [ 42(fJ) Z ezmynezmkz(zn—fr)5(év +0r — n)
nez

+A32(CI) Z e2rin(n=1/2)g2nikl2n-1-C0)5 (1 | pr 4 1 - n)]. (6.5d)
nez

These formulae also cover the (super)characters of thecatygtandard modules. Note that we can write these
formulae in the succinct forms

A . .
Chg [O'{')G;L] — ykﬂ Z e27r1)kn62nlk(?(2n—ff)5(§ +0r — n)’ (663.)
\/é neZ+e
A A : .
che[o’e;] = ¢* % Z +$ Z eZridng2rikt@n=Lr)5(r 4 pr _ p), (6.6b)
neZ+e neZ+1/2+e

wheree € {O,%}. It will be useful in what follows to think of as living in the two element abelian group where
addition is taken mod 1.

Proposition 17. For ¢ € 3Z, andA € C, let
KI,()L) — o2rit(kt+2) (6.7)
Then, the T-transforms of the standard (super)charactergiven by the following formulae:
T{ch: [ofCa]} = e/ (1) cher [0’ Ca], (6.8a)
T{che[o/€:]} = e 2K] (1) Chevriaja[ 0 €4]. (6.8h)

Proof. The proof follows by substituting the appropriate transfation formula from§.3) into the (super)character
formulae 6.33. For example, th€-type (super)characters give

T{Chg [O_KGA]} — em/Gyke—m/lZ& Z e27r1)kn62ntk(?(2n—(?r—€)5(§ +0r+C—n)

V2 G
_ em/lzykAZ_(q) Z e2niA(n+l’)e2nik£’(2n—t’r+l’)5(év + {1 —n)
V2 e
= e™/PK] () chere [0 Cs). (6.9)
The &-type case proceeds in the same way. ]

We conclude that acts diagonally on Neveu-Schwarz (super)charactersstihithe Ramond sector, it takes
a character to (a multiple of) the supercharacter of the samgule and vice versa. The behaviour of the (su-
per)characters under the S-transform is similar, thougleiplicit formulae are slightly more complicated.

Proposition 18. For ¢,¢ € Z andA, 1’ € C, let

K?’[,(A, /‘{/) — e—2ni(2k€€’+€’)k+{’/1'). (6.10)
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Then, thes-transforms of the standard (super)characters are givethieyfollowing formulae:

S{Chg[ojea]}=%2{zzl f K$ (LX) chyaa 2o €] AU, (6.11a)
'el+e
s{en[oes]} = = fz( X f (L) o [0 €] v
'€l +e+
f 2oL ch[o! e dr. (6.11b)
(’GZ+5

Proof. As a preparatory step, we record the S-transform of the camprefactor/* of the (super)character formu-
lae:
S{yk} _ e2mik(y-¢?/7) gi(argr-n/2) _ %ykebﬂk(—gz/r). (6.12)
The S-transforms of the proposition now follow by evalugtthe left- and right-hand sides and comparing. For
example,
¢ _ Tk 2nik(—¢27) L Aa(Q) 2ridn 2rike@n+e/t) 55 — L
S{Chg[O' GA]}— |T|ye” ( T)_iT \/E Z g2ridng2n n 1'5( - n)
neZ+e

A .
_ yk 4(61) Z eZmn(A—knT)5(§ — ¢ - n1), (613)
\/é neZ+e

where we have used the identjtyd(az) = d(z), while

1 . ' , ,
1 f o~ 2mi(2KLE A+ LA )Ch€+1/2[o_€ Ew] av
\/E(”EZ+£ R/2z.
_1 Z e—2ni€’(2k(?+)k)ykf As(q) 2T (n=0) 2Tkl @n—L'D)§(r 4 prr _ )
V2 ' ele R/22. neZ+t+1/2
+A42(CI) Z 2T (n=0) 2Tk @n—L') 57 4 p'r — ) | A’
nezZ+t
A s p! ’
_— il/(_q) Z e 2T A D 507 _ p 4 '), (6.14)
2 ' €l+e
where we have used the identﬁ(/2Z e2mA'md)’ = 28,0 for m € 3Z. Settingt’ = —n completes this case. The
Ramond case is similar. [

By a slight abuse of nomenclature, we shall from here on tefére integration kernels appearing in the integrals
(6.11) as S-matrix cofficients. The coicient of the (super)character of a modMe appearing in the S-transform
of the (super)character of a moddtewill be denoted bys, ..[M — M’], wheree ande’ take values O o% to refer
to the character or supercharacteféfandM’, respectively. With this convention, we may rewriteL(2) in the

form
’ 4 1 ’
SeofoCr - olex] =0, See[0f€r > ol'ey] = ?ZK?J,,(A,A Ve Verses
6.15
l I 1 S ’ l t 1 S ’ ( )
L e R L L B 2 P

where the condition in the index of the characteristic fiorct, (which is 1 whene is true and O otherwise) is
always understood to be taken mod 1 whenever it involves an
This notation allows us to define the transpose of the S-melgiments in the obvious way:

S [M = W] = 500 [ M - ] (6.16)
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The adjointj is then defined to be the (complex) conjugate transpose uas. e now see that with respect to the
standard basis of characters and supercharacters,

{ehe[o’Cs]. che[o?€,] : e €{0.3}. €32, A eC/Z, pcC/2Z}, (6.17)

the S-matrix entries of EquatioB.(L5 are manifestly symmetric with respect to transpositione©@an also check
that the S- and T-transforms are unitary in the senseTttiat 1 = SS. For example, th¢C — C)-type entries of
s’s are (becauss, .[0/C; — o"€;.] = 0)

’” * ” ’
f Se.er [0'[@)1 N EA”] Sgu,g/[O'[ Eyr — ol G,}r] dr”
e/ f"E%Z C/2z

_ EZ Z UpserT pres prsr T o2 GO0 Q2Ti(C=E)A" 4y
7 prelz c/2z

VemerVpmer D, €M =5, 50, 05(0 = 2’ mod De?meh=1), (6.18)
0" el+e

The result matches the corresponding entries of the igeopierator because we should take= A’ (choosing a

fundamental domain fo€/Z in the basis §.17), so thate?7*(4-*) = 1. If we had insisted on takingy = A + 1

instead, then we would have obtained an additional sign Wh@h}. This sign is naturally explained by the fact

that the Neveu-Schwarz supercharacters satisfyslatf ©;.1] = chy/2[lIo¢C;] = —chy/2[a?C,].

6.2. Atypical modular transforms. Given the modular S- and T-transforms of the standard maditlés now
easy to compute the corresponding transforms of a giverncatlygimple (super)character using Corolld§ We
could instead compute these transforms using the formdil8edion5.1which, after all, are already expressed in
terms of theta functions. However, these formulae onlyesgnt the correct character on an appropriate annulus
in the z-plane, which becomes a horizontal strip in thelane. It is easy to see that the modular S-transform does
not respect these strips, so one must meromorphicallyroomtihe character iti in order to get good modular
properties. Unfortunately, fferent strips correspond toft#irent spectral flows of the atypical simple module. The
upshot is, as was first noted i7], that meromorphically continuing the characterg iteads to a loss of linear
independence.

The standard module formalism, expressing the atypicalsitfsuper)characters as linear combinations of stan-
dard (super)characters, neatly sidesteps this lineapemtience problem by treating all (super)characters asaform
power series irr whose co#ficients are meromorphic functions @f(in the unit disc). We therefore combine the
results of Corollaryl 6 and Propositiori8to deduce (extending the notation in an obvious way) the 8ixentries
involving atypicals.

Proposition 19. The S-matrix entries describing the decomposition of thraissforms of the atypical simple mod-
ules are s )

K;,(0,4)
2V2 cognl’)
Kf »(0,1)
Acogn)) +2V2
K7, (F3.2)

2V2 cogr ')

4 14
Se,er [U Apg— o GA’] = TezerVorse,

¢ o
Sg,g'[ff Ag— o Ew] = Tozer Vo=,

(6.19)

(p+ 4
Se,e’[o_ B¢1/2 -0 GA’] = exerVerze,

K3, (3,2

Ser[0"Blyz = 078w = (L V2T o e

£’¢€’]]£”:€~

Proof. The calculations are all very similar, so we only detail oraraple:
(o8]
Sg,g’[o-f.A«O N O_(’ G}V] — Z (SE’E,[O_(’+4n+1/28g/4 N O_f G}L’] + (_1)2586,6’[Oj+4n+3/28§/4 N O_f GA’]
n=0
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_(_1)2586’6’[O_{?+4n+5/28g/4 N Ut’ GA/] —S.w [O_{?+4n+7/28§/4 N O_(? e/l'])

e 2m( D) 2 o o
— nz:;)e_ A Zi((—l) " sin(3r1’) + (-1) 53|n(7r)t’))1]€¢g,1]€,¢6

e ~2mil(2kl'+X) sin(3r)) — sin(z))
— - ﬂt’#e’ﬂ l'#¢e
N sin(4zA’)

@ —2mil(2kL"+ 1) 1

Tose
N 2cognr)

Note here that the denominator should be expanded in noatiregowers oe 74", ]

Torge. (6.20)

7. THE AFFINE MINIMAL MODEL Bo)1(2,4): GROTHENDIECK FUSION RULES

This final section applies the modular S-transforms, coegbakplicitly in the previous section, to the calculation
of the Grothendieck fusion rules &p1(2,4). This requires a version of the Verlinde formula and we bdgjin
deducing such a formula, valid for vertex operator supefalgs like the one under consideration, from the standard
Verlinde formula of its bosonic orbifold. The latter is ofunse conjectural, but has (in this case) already passed one
very stringent consistency test: the fic@ents computed by the standard Verlinde formula for thehisorbifold
of Bg1(2,4) are all non-negative integerat].

7.1. A Verlinde formula for Bo1(2,4). The purpose of this section is to determine the standardnderlifor-
mula for theBg1(2,4) Grothendieck fusion ring. This is a formula for the (supk&cters of fusion products of
Boj1(2,4)-modules that uses only the modular properties of the (3ciparacters as input data. As knowing the
character and supercharacter of a module in the catdgamounts to knowing the image of the module in the
Grothendieck group, this formula allows us to compute fasibthe level of the Grothendieck group, thereby turn-
ing the Grothendieck group into a ring. Of course, this rilgcture will only be well defined if fusing with any
module ofP defines an exact endofunctorfef We conjecture that this is indeed the case, though we hapeand.
The results obtained below serve, among many things, assastemncy check on this conjecture.

We arrive at the standard Verlinde formula by interpretiag (2,4) as a simple current extension of its bosonic
orbifold — the vertex operator algebra formed by the evemel&ts 0fBg1(2,4) — and then lifting the standard
Verlinde formula of the orbifold back tBg1(2,4). In the case at hand, the bosonic orbifold is actually isgrhiarto
thesl(2) minimal model vertex operator algebka(3,4) of level —%, see P5, Sec. 10], although this identification is
not needed for what follows. The aim of the standard Verlifmdmula is to determine the Grothendieck fusion rules
of Bg|1(2,4) directly without recourse to those of the orbifold. Of cauni$is easy, in this particular example, to use
the orbifold’s Grothendieck fusion rules (which were corgalin [25]), but the point is to develop the methodology
in a generality that applies for all admissible levels.

In order to be concise, we shall in this subsection denoteftiree minimal modeByg1(2,4) by V. Its bosonic
orbifold vertex operator algebra (isomorphictQ(3,4)) will be denoted byD. Let x denote the fusion product bf
modules and lexo denote the fusion product Fmodules. Denote by the restriction of/-modules tad-modules
and byT the induction ofo-modules tov-modules. We note the following relevant properties andi@ggions
(which are understood to be in force):

(i) The vertex operator superalgebras a order 2 simple current extension®f that is, there exists a simple
O-moduleg such thaf xo J = O andv| = O & J. This property is expected for all bosonic orbifolds and has
been proven rigorously under certain hypothese8@d1]. While these works do not address vertex operator
superalgebrager se their methods are easily adapted to this situation (82e4pp. A]). Unfortunately, the
required hypotheses are not known to be satisfied in our basthis property was verified ir2p, see Prop. 15
and Sec. 10] under the assumption that the standard Veftnehella forO = A;(3,4) computes Grothendieck
fusion codficients forO-modules.

(i) v admits a set obven paritystandard modules” = .7, U .7, ,, where.#;; and.7, , denote the sets of
even parity standard modules in the Neveu-Schwarz and Résentors, respectively. This means that the
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characters and supercharacters of the module® igpan a representation of the modular group and every

simple module admits a resolution in terms of these moduielstiaeir parity reversals. Far = O,%, let
yfo be the set ob-modules that are obtained as direct summands of restrictv-modules inyf. Then,
SO =SV 5”10/2 forms a set of standa@-modules.

(iii) The fusion products of andO are compatible, that is, for ary-modulesW andX,
WT x XT = (W xo X)T. (7.1)

This was proven ing8] under the assumption thatand xo associate. This assumption may be remo@&}i |
if the O-modules form a vertex tensor category in the sense of Huampwsky and Zhangdp]. However,
this is not known for the categories we consider; neveriselee assume that.{) holds.

(iv) Fusing with av-module from the given categoBsof V-modules defines an exact endofunctoPRorsimilarly,
fusing with anO-module defines an exact endofunctor on the category olstdapepplying the restriction
functor toP. In other words, the corresponding Grothendieck fusiompots are well defined.

(v) The standard module formalism d&f{, 28] applies to the orbifold vertex operator algelaraso that

Y
ch[W] o ch[X] = ch[W x0 X] = Lo [w x]och[y] dy (7.2a)
for any (appropriate>-modulesW andX, wherexo denotes the Grothendieck fusion producogf

AR e

(7.2b)

is a Grothendieck fusion cfiecient forO, ands[- - ] denotes th&-matrix entries of thed-module char-
acters (in the basis of standard characters). This is the imp®rtant assumption that we are making. It
was also assumed i2f] when deriving the Grothendieck fusion rules for all adriislevelsi(2) minimal
models. Equation?.2b) is the standard Verlinde formula far.

These assumptions imply the following easy consequences.

Corollary 20.

(i) The restriction of any-moduleM decomposes as
ML= MO e M® =2 MO0 (J xo M) = (0@ 7) xo M@ = V] xo MO, (7.3)

whereM©@ and MM = g xo M© denote thed-submodules consisting of the even and odd elementg of
respectively.

(i) The simple currend has no fixed points: W is a simpleO-module, therd xo W  ‘W.

(iii) For anyV-moduleM, the inductions oM© and M ™) are given by

MOT =M, MDT = 1M, (7.4)
(iv) For anyVv-moduleM, we have

che[M] = ch[M©@] + (-1)*ch[M®] = (ch[0] + (-1)*ch([3]) o ch[M©]. (7.5)

We now state the standard Verlinde formula¥oror this, it is convenient to treat the paraméter {0, %} that
distinguishes the Neveu-Schwarz and Ramond sectors (sempson(ii) above) as an element @5.

Theorem 21. LetM andN be V-modules and lef and ¢’ beO or % depending on whethéyl andN are in the
Neveu-Schwarz or Ramond sector, respectively. Under tengstions (i)—(v) above, we then have

che[M] m ch.[N] = ch.[M x N] = f ch[?] dP, (7.6a)
Tergr

b,
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where the Verlinde cggcients ofv, indexed by = 0 (characters) ore = % (supercharacters), are given by the
following standard Verlinde formula:

P ] ~ f Sg,§+1/2[-7\/[ - Q]Sg,§'+1/2[N - Q]Sg,§+§'+1/2[93 - Q]*
M N € ye+1/2 Sf»l/z[v - Q]

da. (7.6b)

We refer to the[ MTNL as Verlinde cofficients, rather than Grothendieck fusion fients, because they depend
upon whether we compute the charactet (0) or supercharacter £ %) of the fusion product. Of course, knowing
both allows one to deduce the true Grothendieck fusiofficdents (Sectio®.4) which will be denoted b)[ MTN] .

We shall prove Theorer2l below after recording some additional identities as prafealy lemmas. First how-
ever, we note thaf(6b may be simplified by noting that all the S-matrix elemestd§ and 6.19 may be factored
as follows:

Seer [M N N] = Z[M N N]ﬂgn,ﬂg,n. (7.7)

Here, ¢ is O or% according as to whethévl is in the Neveu-Schwarz or Ramond sectors, respectivety,£an
similarly indicates the sector 8f. The simplified standard Verlinde formula is therefore

P, s[M-QJE[N - g]z[P - 9
I R >[v—q]

do, (7.8)

where the characteristic function takes care of the fadtttisiGrothendieck fusion cdigcient is 0 if P ¢ y&f,,

Lemma?22. LetW andX be standardd-modules. Then, we have

s|[w - x| = %Z Seo W5 X1, s[dxoW - X] = %Z(—l)zfsg,g, (W1 - x1], (7.9a)

&¢&’

wheres and¢” are summed oved and % IfWe yfo andX e 5”50,, then we may write the first of these relations in
the equivalent form
Se.er [WT — DCT] = ZS[W - x]“g;w“ Erte- (7.9b)

Proof. To establish the first relation o¥ (99, we note that
1 1
= — e T = — e e’ T e’
sfenlw]} = 3 Xsfen W} =33 [ sur [ = Nen [x]

- %Zf Se.er[WT > N (ch[NO] + (-1)*'ch[d xo N@]) dN
4

&,¢&’

_ %Z f St [ W1 = X1 (ch[X] + (-1'ch[3 x0 ] ) dX
&,¢e’ 70

(dN = %dx becausel andJ xo X are distinct, by Corollar0(ii), yet only one has a lift i” because of the even
parity requirement, see assumptidih above)

1 20
=3 Z LO (Se.er [WT = XT] + (-1)%'S,., [WT = (3 %0 2)T])ch[X] dix
(since the square ¢f xo — is equivalent to the identity functor)

- %Z f Se.er[WT - XT]ch[X] dx, (7.10)
&,¢&’ 70

(since(d xo X)T = 11(XT), by Corollary20(iii)). The second relation follows using the same technique €Bude
(7.9D, note from 6.15 that the S-matrix elements wfare all proportional td ¢, 1¢., and so the sums V(99
each have a single contributing summand. ]
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Lemma23. LetW ¢ yfo andX € yg be standard-modules, for somé, ¢’ € {0, %}. Then, we have

s[d xoW = X] = ~(-D)X's|W > X]|, s[W -7 x0X| = ~(-D)%s[W - X]. (7.11)

Proof. These identities follow, almost immediately, from the gahéheory of simple currents due to Schellekens
and Yankielowicz §4, Sec. 4]. Indeed, they shévthat

s[d - X]

s[gxow—xx]zW

s[W - x] (7.12)
and that theéX-dependent proportionality factor is just a sign,Jais an order two simple current. They moreover
show that, up to a global-independent sign, this proportionality constant is dateed by the dierence in the
conformal weights (mod 1) &€ andJ xo X. As this diference is 0 ifCT is Neveu-Schwarz an%i if XTis Ramond,
the proportionality factor is-(-1)%".

To determine the global sign, we compute the right-handssiddoth identities in{.99 in a simple case and
compare. TakingvT = €, andXT = &€,,, so that both sides are non-zero, it is obvious that the ptimpality
factor in (7.12 is 1. Since€) is Ramond {’ = %), the global sign is thus-1. This completes the proof as the
second identity follows from the first by the symmetry of thibitold S-matrix. ]

Proof of Theoren21. First, we combineq.1) with (7.4 to give
M x N = MOT x NOT = (MO xo NOHYT, (7.13)

which implies that
(M X N)L = V] xo (M@ xo NO). (7.14)

AsV| = 0@ J (item (i) above), this implies the (super)character identity

ch. [M X N] = (ch[o] + (—1)2€ch[3]) o ch[M<°> X0 N<°>]

B fyo —M<0?/VN<0) (ch[o] + (-1)*ch[d]) mo ch[ W] dW
- 10

S
_ L T ch, [W1] dw

10
[ pO 7 %o PO)
) L (-M(O) No oM RN N(O)]ochf[ny])d‘y

[ (P(O) ] 2¢ 3 Xo ':P(O)
) L(_M“’) N<°>_O+ D% o N<o>]o)°hf [T] d>, (7.15)

where we seP = WT, henceP©@ =~ W, and recall that” consists of only the even parity standargnodules (item
(i) above). Using Lemma3, the contribution of the standax¢module? to che [M X N] is therefore

P Pp(0) . J x Pp(0)
[M NL B [M(O) No 7 i ety N(O)]o
0) (0)
_ f s = X5 - X] (s[P© = X + (~1)s[d xo0 PO - X])" dx
0 S[O - DC]
_ s[M© - x|s[NO - x]s[P© - x| o
SO s[o - X]
s[MO - O]s[NO® — QO]s[O Q<0>]*
) L£+l/2 [ S[O - Q(O)]

8 Strictly speaking, the material ir9f] assumes the setting of a rational vertex operator algetosvever, it is possible to generalise many of
their results to the standard module formalism, $&for details.
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S[M(O) - J %o Q<°)]5[N(°) - J Xo Q(O)]s[?(o) - J Xo Q<°>]*
N do.  (7.16)
s[o - J %o Q<°>]

Again using Lemma3, the integrand can only be non-zer@ife y§+§,_ Assuming this, we have

dQ

P s[M© - QO]s[NO - 9O]s[pO - Q<0>]*
[M N]E - LM/Z s[o N Q(O)]

~ f S£,§+1/2[M - Q]Sg,§’+1/2|:N - Q]Ss,§+§’+1/2[j) - Q]*dQ (7.17)
7

£+1/2 Sf’l/z[v - Q]

by (7.9b, as required. ]

7.2. Evaluating the Verlinde formula. In this section, we assume thgg1(2,4) (and its bosonic orbifold) satisfy
the assumptions laid out at the beginning of SecfidnThe aim is to use Theore#i to compute the Grothendieck
fusion rules of the simpl8q|1(2,4)-modules in the category. To simplify the calculations, we shall make use of
the following observations, writing[M] for [AM], A = o,w,II, when convenient.

Proposition 24. LetM andN beBo1(2,4)-modules in the categoify. Then, under the assumptions (i)—(v) above,
for all m,n € 3Z, we have

[v] = [N] = ([v] = [N]), (7.18a)
[wv] & [wN] = w([M] = [N]). (7.18b)
[o™M] & [o"N] = o™ ([M] = [N]). (7.18c)

Proof. Note that the standard Verlinde formulagb) for the Verlinde cofficients is bilinear ifMl andN. We may
therefore restrict t&/{ andN simple (or standard).

Equation 7.183 is clear from 6.2 and 6.35: ch.[IIM] = (-1)%ch,[M]. For (7.188, note that combining
(4.18 with (6.19 and 6.19 yields

Se.er[WM - wQ] =8, [M - Q. (7.19)

SinceQ — wQ is a bijection ofjﬁﬁl/2 andV = Bgj1(2,4) is self-conjugate, it follows from the standard Verlinde
formula (7.6b that

wP P
I @20
as required.
The key to 7.189 is to note from 6.15 and ©.19 that
S[o‘M - Q] = e 25 - 0], (7.21)

wherea(Q) € R does not depend ahl or £. As Q is the same in alE-factors appearing in the integrand of the
simplified standard Verlinde formul& (), the exponential factors involving(Q) cancel and we have

o+ P _ Z[UZM — Q]Z[oj’N — Q]Z[O’Z_HNT — Q]*dQ
|:O'5M O_ng:L = o€+F’ﬂ>eY§+§r+mf’ Lg+1/2 Z[V N Q]
) s[M - a]s[N - oz[P - o] R
= ﬂ?ey§+§, LM/Z Z[V = Q] dQ = [M NL. (7.22)

Here,& and¢’ indicate whetheM andN belong to the Neveu-Schwarz or Ramond sector, as usual. ]
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Theorem 25. Under the assumptions (i)—(v) above, the imdgde] of the vacuum module is the unit of the
Grothendieck fusion ring doj1(2,4). Moreover, the Grothendieck fusion rules of the remainingpse Boj1(2, 4)-
modules are then specified by

[B1j2] @ [BLy)2] = [MoBLy 0] + [0V/2€17a].
[B1/2] @ [B112] = [Ao] + [€o].
[Bil/z] = [GA] = [Ul/ze/l—k—l/Z] + [HUl/ZEA—k+1/2] + [(9/1—1/2],
[E:l/z] = [EA] = [Ul/zea—k—l/z] + [5,1—1/2],
[ex] = [G,u] = [HO'l/ZE/Hp—k—l] + [O-l/zgin—k] + Z[GJH;J] + [0'_1/25,1+p+k] + [HJ_1/2€A+;1+1<+1],
[GA] [ [8;1] = [01/26A+,u—k] + [EA+/1] + [HEA+;1+1] + [O'_l/ze;u‘u*.k], (7.23c)
[3/1] = [3;1] = [Ul/zem,l—k] + [el+y] + [0_1/28A+,u+k]»
together with PropositioR4.

(7.23a)

(7.23b)

Proof. These Grothendieck fusion rules are grouped into thresetasatypical by atypical, atypical by typical
and typical by typical. The rules are also correct whenevigipacal module should be replaced by an atypical
standard module (on the left-hand or right-hand sides)y Blidollow by evaluating the standard Verlinde formula
of Theorem21. We discuss the evaluation for two examples, one from eatiredfist two classes, and explain how
to then deduce the rules for the remaining class. The ongt&uilations are similar to those presented.

First, we computed;] = [C,]. Using the simplified standard Verlinde formula ), the Verlinde cofficient of
[¢@,] in this fusion product is

[aﬂ’ev z[er - a]z[e, HQ]Z[UZGV%Q]*C‘Q

e, e#]g =Tste e, P Z[Ao = Q]
s[€r - ome,|2[e, - o™, |z2[0le, — amep]*d

= ez Z jn;/zz Z[Ao — O'mEP]

meZ+e

(sinceQ = ¢™€,, gives no contribution)

= 1sez Z e—27ri()k+p—v—2k{’)mf
= l¢re

e27ri{,’p(iezrip + ie—nip+1) dP
meZ+e R/2z 2

V2
= 26, 08 2 A H=VES(y = 1+ pmod 1) (7.24)

(as the terms involving*”* lead tof = ¥3 ¢ 7). The contribution to the (super)characteafx C,, as specified
in (7.69, is thus

ste, p
fw [(2/1 e”] che[o‘C, ] dv = 2ch [€;,]. (7.25)
teiz €

The contribution to the Grothendieck fusion ru& ] = [C,] is therefore 2€,, ,].
A very similar calculation gives

ale,

Cyr €,

} = §p1y0e T AHH=V=RES(y = ) 4 1 — k mod 1)

£

+ 8,1/ 2 AHTVERES () = ) 4y 4k mod D). (7.26)

To compute the contribution to the (super)character, wet seount for the fact that’ €, is 2-periodic inv:

jﬂ;/zz [é‘:% ] chg[of&,] dv = Chf[ffl/zem,,_k] + (_1)2gChe[Ul/23/1+y—k_1]
teiz Hle

+ Che [0'_1/28/1+y+k] + (_1)260hs [0'_1/2€)L+p+k+l] . (7-27)
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The signsg(—1)% therefore indicate parity reversal in the contributiontie Grothendieck fusion rule. Putting this
together with the contribution from the previous calcdattcompletes the determination @] = [C,,].

For our second example, we considB[L/z] ® [€,]. The contributions from theo{"@,,] are calculated as in the
previous example, hence are omitted. We instead considerahtributions from theo{"é’#]. This requires us to
take bothQ = ¢™€, andQ = ¢™&, in the simplified standard Verlinde formula, giving (aftense familiar steps)
the result that

U‘)E# 1 ; i
—mi(A-p-1/2) ~2ri(A-p—-1/2) _3_1 7.28
[Btl/z 3/1] 2(1+ S )55,09 A ‘6(p=A-3modJ. (7.28)

Integrating oveiR/2Z. to get the contribution to the (super)character, the firdtoiais 1 wheru = A — % mod 2 but
isOwhenu = A+ % mod 2. In this way, we avoid introducing a parity-reversedinie in the contributiond,_1,2]
to the Grothendieck fusion rule.

Finally, we note that the most straightforward way to coregghe atypical by atypical Grothendieck fusion rules
(7.233 is to combine the identities of Corollafys with the atypical by standard rules.23 that have already been
computed. (One can also use the same method to compute fhieshtyy standard rules in terms of the standard by
standard one&/(239, but the former are easy to calculate directly as we have s@ais completes the proof. m

Remark. We note that the reason why one can use the identities ofl@nrdl6 in this proof is that the Grothendieck
fusion product extends to the given complet{brit? of the Grothendieck group. This follows easily from Equa-
tions(7.189 and (7.239 upon recalling that the completion only admits infiniteelém combinations of images of
standards in which the spectral flow indices are boundedvaelo

Remark. Of course, one can easily confirm that Bg1(2,4) Grothendieck fusion rules computed here are repro-
duced by combining.1) with theA;(3,4) Grothendieck fusion rules reported i@, Tab. 3]. When doing so, note
that one “unit” of spectral flow foBg1(2,4) amounts to two units of spectral flow #a1(3,4) (with the conventions
used here and inZ5]).
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