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Semiglobal Practical Stability of a Class of Parameterized\etworked
Control Systems

Bin Wang and Dragan Nesic

Abstract— This paper studies a class of parameterized net- continuous sliding mode control ([8], [9], [10]). We noteth
worked control systems that are designed via an emulation jn some situations such as singularly perturbed systems or
procedure. In the first step, a controller is designed ignomg pulse width modulated systems where averaging is used to

network so that semiglobal practical stability is achievedfor . . . .
the closed-loop. In the second step, it is shown that if the design a controller we also may obtain semiglobal practical

same controller is emulated and implemented over a large Stability as the outcome of the design ([11], [12]).
class of networks, then the networked control system is also It is the purpose of this paper to extend the emulation

Sﬁmigbball'ly practically asymdptoticalI)Iy St?fb"?? iln this Hcasea approach to NCSs to the situation where non-networked
the controller parameter needs to be sufficiently small an H H : :
communication bandwidth sufficiently high. syst_em issemiglobally pra_ctlcally asymptotically stablin
particular, we show that if the closed-loop non-networked
|. INTRODUCTION systems is semiglobally practically asymptotically stal

Networked control systems (NCSs) is an emerging tecﬁi- controller .parametea',_ then the NCS with the emu_lated
controller will be semiglobally practically asymptotital

nology because of its numerous benefits such as cheaper ad e in the parameter and MATI. Our problem setting

lighter systems that are easier to maintain and install [1 . :
" ; nd proofs are based heavily on [7] but we believe that
[2]. In this context, multiple sensor and actuator nodesine L ; . .
: . L .. . the extension is significant since it extends the emulation
to communicate over a network with a limited bandwidth in
pproach for NCSs to a large class of new controllers.

order to control a given plant. The communication bandwidtA The paper is organized as follows. Section Il and Il give

!lmltatlons typlcally.deterlorate performance if not .take tr}e preliminaries and introduce the hybrid model for NCSs.
into account in design. On the other hand, the design thg . .
(?CUOI’] IV presents the main results to answer the posed

considers all these issues is much harder than in classical _ .. :
guestion. Section VIl concludes the paper.
control systems.
An emulation-like approach for controller design of NCSs [l. PRELIMINARIES
was proposed by Walsh and his coworkers in [1], [2] and

further extended in [3], [4]. The idea is to first design arespectively. AlsoR=, and Z, positive real and positive

_controller for a given plant ignoring the network a_nd the_ nteger numbers. The Euclidean norm is denoted by A
implement the same controller over the network with Sumfunction a: Reg — Reg is said to be of classc if it is

ciently fast transmission rate; in other words, the so dalle

) L continuous, zero at zero and strictly increasing. It is gaid
maximal allowable transmission interval (MATI) needs e of K. if it is of class K and it is unbounded. A function

be sufficiently small. A similar approach was pursued for - Rog — R~y is said to be of clasg if it is continuous
wireless NCSs in [1] and extended in [5]. Some stochasti nd decreasing to zero. A functigh: Rsq x R — Rsq
results were investigated using a similar approach in [6] ang <.iq to be of classc [ if B(-,t) is of classk for each

reference_s qted therein. . . .t >0andf(s,-) is of classL for eachs > 0. A function
In [7], it is proved that semiglobal practical asymptoucﬁ

o ! B R R R R>¢ is said to be of clas& L L if,
stability of NCSs can be guaranteed via the emulatiop, eazghiﬂ >2%x5(.22~.—)> ari;)ﬁ(- ,r) belong to classk'L
approach if the system without network géobally asymp- AT T '

rofically stable We note that th <t X To simplify notation, we sometimes write, e) := [z Te"]T
otically stable We note that there may exist some systemg " * S0 T

whe_re global _stability_ of the non-.netorked“system is not We recall definitions given in [13] that we will use to
achievable Wh'le. semlglobgl practical stability IS, 1N eth develop a hybrid model of a NCS. The reader should refer to
words, the QOma|n of attractloq can t.)e mad_e ar_bltrarllydgrg[la] for the motivation and more details on these definitions
and the ultimate bound on trajectories arbitrarily smakh if Definition 1: A compact hybrid time domain is a st
controller tuning parameter is sufficiently reduced. Such i, J—1 .

N . . ; ) ! R Z iven by D = |J; ti,t; , where J
situation arises, for instance, if we use high gain or Iov%20 :ndzoozgt < ty < “Ufot([ JA’\ %;ia]r’ifj)time domaein
gain controllers, controllers based on high gain obseroers DZOC Rog x Zio_is ;get such {I:lat for eadi, J) € D

This work was supported by the Australian Research Coumdeuthe D ﬂ([O,T] x {0, ,J}_) is a_ compag:t hybrid_ time domain.
Discovery Grants and Future Fellowship schemes. Definition 2: A hybrid trajectory is a pair (dong, &)

B. Wang and D. Nesic are both with Department of Electricalconsisting of hybrid time domain dOf{] and a function§
and Electronic  Engineering, The  University of Melbourne,def.ned on dont that is continuously differentiable ifon
Victoria, 3010, Australia bi n. wang@ni el b. edu. au; ' ng ! Inuously ai I I

dnesi c@mni mel b. edu. au (dom¢&) N(R>o x {j}) for eachj € Z > 0.

We denote by andZ the sets of real and integer numbers



Definition 3: For the hybrid systent/ given by the open
state spac&® C R"™ and the datg F,G,C, D) where I :
O — R™ is continuous( : O — O is locally bounded, and
C andD are subsets aP, a hybrid trajectory : dom¢& — O
is a solution toH if

1) For allj € Z>( and for almost alk € I; wherel; is
such thatl; x {j} := dom¢((R>o x {j}), we have
£(t.J) € C andé(t, j) = F(£(t, j).

2) For all (¢,7) € dom¢ such that(¢,7 + 1) € dom¢,
we havel(t,7) € D and((t, j + 1) = G(E(t, 7).

The hybrid system models that are considered in [13] and

related references are of the form:

£(t,7)
g(tj+17j + 1)

F((t,4), &tj)ecC
G(&(tj+1,5)), &(tj+1,7) € D (1)

We sometimes omit the time arguments and write:

ced

£ = F(9),
= ¢eD

& G(6), )

where we denoté(t;11,j + 1) as&™ in the last equation.
We also note that typically” (| D # @ and, in this case,

general parameterized nonlinear NCS in the following form:

tp = fp(zp,0) t€[tj1,t;] (4)

y = gp(zp) (5)

tc = folzc,g,€) tE€tj1,t] (6)

u = gcolre, i, e) (7)

§ = felzp,xc,g,@) teltiit] (8

@ = folzp,zc,9,4) teltj_i,t]  (9)
g(t7) = yty) + hy(h.elt))) (10)
aty) = ulty) + ha(d,elty)) (11)

wherexzp andzc are states of the plant and the controller
respectively;y is the plant output and: is the controller
output;y andw are the vectors of most recently transmitted
plant and controller output values via the networks the
tuning parameter, which is independent:pfo stabilize (4).
Note that in most cases,appears in either (6) or (7). Here,
for generality, we lete appear in both (6) and (7). For the
same purpose, we also lgtappear in (7) to include static
output feedback controllers in the model. We assume that
fp, fc, frp and fe are locally Lipschitz continuous and
zero at zero. It is often assumed that = 0 and fo = 0
which means that the network operates in the zero-and-hold

if £(0,0) € C( D we have that either a jump or flow is (ZOH) fashion. We assume that andgc are continuously

possible, the latter only if flowing keeps the state Gh

differentiable in all their arguments. Combine the coriémol

Hence, such hybrid models may have non-unique solution&d plant states into a vector:= (zp,z¢), and define the
In this paper, we consider parameterized families of hybrifietwork induced erroe as

systems of the forf iy \ [ ey
| =170 )= (o) 4
f = Flee, £eC we can rewrite (4) as
3 G(.6), €€D. 3
T = f(x,e,e) Vit € [tj_l,tj] (13)
If we think of the hybrid system as a closed-loop system e = g(z,e,e) Vte[tj_1,t] (14)
consisting of a plant and controller, thenis typically a e(t) h(j, e(t;)) (15)
il = Y

controller parameter that the designer can adjust to aehiev

desirable performance.

IIl. AHYBRID MODEL OF NETWORKED CONTROL
SYSTEMS

wherez € R™* ande € R". f, g andh are obtained from
(4):
fpgxPagC(xCayae)—i_eu) ) (16)

fc ICng(IP)+eya€)

Model presented in this section extends models given in

[3] to the case when controller depends on a paraneteat
can be tuned; for more details refer to [3], [4], [7].

Let the sequence;, j € Z>( of monotonically increasing
transmission times satisfy < ¢;41 —t; < Tarary for all
J € Z>o and some fixeq, 7ararr > 0. We assume that is

flz e e) = (

fr JEPvaCng(:BP)+ey790(m07g75)+eu>
g(z,e,€) := i

c

zp,zc,gp(zp) + ey, 9c(zc, ¥, €) + €u>

- gif; (zp)fp (Zp,gc(ivc, €) + 6u>

5] N
_afg (xc,y,e)fc(xc,gp(xp) +8y75)

arbitrary; in practice; maybe lower bounded and determined
by the fastest sampling frequency achievable. In any case, = 990 (2 5, ) fr(wp, 2o, B, )

as . is positive, this prevents Zeno solutions in the hybrid

T oy
@an

model. At each;, the protocol gives access to the network

to one of the nodese {1,2,--- ,1}. Now we introduce the

1Sometimes it maybe useful to consider the situation wheffidhesetC'

and jump setD also depend on the parameter; however, in our application

this does not happen.

h(j,e(t;)) := .

U elts) (mmwm
We refer to (15) as a protocol which determines the algorithm
by which access to the network is assigned to different nodes



in the system. Please note that the model (4) considers tbE semiglobal practical stability for (24). Lyapunov condi
dynamic output feedback. When it comes to static outpuions for uniform semiglobal practical asymptotic stalgili
feedback, controller statec is eliminated and the conse- (USPAS) w. r. t.c of the system (24) are given below.
guent model can be deemed as a special case of (4). WeDefinition 5: (24) is said to satisfy the USPAS Lyapunov
assume thajf andg are Lipschitz continuous in their first condition if there exist clasd(., functionsa (-), av(-),
two arguments. av (), ay(-) such that given anyA > 0, v > 0, there exist
e* = e*(v, A) and a continuously differentiable functidn:

IV. MAIN RESULTS— UNIFORM SEMIGLOBAL R"x(0,¢*) — R suchthatforalf € (0,¢*) and alljz| < A,

PRACTICAL ASYMPTOTIC STABILITY

We now embed the model (13)-(15) into a hybrid model ay (|z]) < V(z,€) < av(|z]) (25)

in similar manner as in [7] Z—Zf(d?,ovﬁ) < —ay(jz]) +v (26)
& = f(z,ee) v
e = g(x,e,e) —| < dV(|I|) (27)
. T € [O, TMATI] ox ) )
=1 The property USPAS tells us that the domain of attraction
k 0 can be arbitrarily large and the ultimate bound on solutions
v = =z can be arbitrarily reduced by adjustiag Such situation is
et = h(k,e) common in many robust control techniques.
=0 7€ [ Tarari] (19) Now, we present the main results of the paper.
kY = k+1 Theorem 1:Consider the hybrid NCS (19) and suppose

that the following conditions hold:

1) The protocol (20) is UGAS.

2) The system (24) satisfies USPAS Lyapunov condition.
Then, there exisK ., functionsa;(-), au(+), au(-) such

at given anyA > 0, v > 0, there exists* > 0, such that

o . foranye € (0,¢*), there existsrayarr = Tmars(e) and a
We also need a definition of uniformly globally asymptot Lyapunov functionl/ (£, ¢) such for allé with 7 € [0, 7a a71]

ically stable (UGAS) protocol, see [3], [4]. These referesnc o have
introduce an auxiliary discrete-time system induced by the v

h(-,-) that defines the network protocol in (19): ay(|(z,e)]) <UE e) <av((z,e)]) , (28)

where ¢, can be arbitrarily small andy; a7y > p. The
main difference with [7] is thatf and ¢ now depend on
the controller parameter that can be adjusted to achieve
appropriate stability properties of the NCS; note also th%1
the above model is a special class of (3).

et =n(k,e), (20)  for all ¢ in the setA = {(z,e,7,k) : T € [, Tarar1), k €

and use it in stating various results on emulation of NCsZz0} We have

We need the following: U™, e) < U e) (29)
Definition 4: We say that the protocol (20) is UGAS if ) , _

there exist a functiofiV’: Z=, x R™ — R-q and classk ., and, finally, for almost alk in the setA = {(z,e,7,k) :

functionsay,,, aw such that, anys € Z>, ande € R", |(z.e)l < A, 7 € [0, 7aari], k € Z0}, we have
_ ou
(I} < W (ye) < aw (e @) Tedrea<-aieo+r. G
Therzfér:s:ﬁaﬁs:tl;/ﬁ real;umgﬁgnd aRCJ?_SSKO" function where ¢ — (z,e,7,k) and F(£,e) —
aw, W € Z>p ande € R (f(z,e,€). g(z,e,€),1,0).
Wk +1,h(k,e)) < e "W(k,e) (22) Note that the existence of Lyapunov function satisfying

(28), (29), (30) implies that there existse K LL such that

and for allk € Z>o and almost ale € R™<: for any positiveA > v there exists* and for anye € (0, €*)

oW (k,e) there existsrysarr such that for all- € (0, 7a7477) and all
e | S aw (le]). (23) |(z,e)] < A we have
Note that . . .
(¢, 5), e(t, 7)) < B(I(x(0,0),€(0,0)),t,7) + v
T = f(xa 07 6) (24)

for all (¢,7) in the solution’s domain. In other words, NCS
represents the closed-loop system (4)-(7) without the net uniformly semiglobally practically asymptotically bia.
work; in other wordsu = @ andy = . Note that our first condition of Theorem 1 can be satisfied
Our goal is to show that emulation method works inby selecting an appropriate network protocol. A range of
the case when the closed loop system (24) satisfies an apsSAS protocols were proposed and discussed in the litera-
propriate semiglobal practical asymptotic stability pedy. ture, see for instance [3], [4]. The second condition of the
Note that in [3], [7] only non-parameterized systems ofheorem can be satisfied by designing a controller for the
the form (2) were considered and global stability of (24plant without network so that Lyapunov USPAS property
assumed. Here, we consider (3) and assume a weaker notiaids. There are numerous techniques in the literatureavher



such controllers are presented for classes of plants, ssich[®] L. Praly and Y. Wang, “Stabilization in spite of matchadmodeled

high gain control, low gain control or continuous sliding

mode control.

Remark 1:The function¥ in Theorem 1 which satisfies

(22) can be guaranteed by the UGAS proto@t, ¢). That
is, there exists a continuous, positive definite functiaguch
that for W which satisfies (21), and for ary € Z>, and
e € R":

In fact, from (21) and (31), [12] and [14] lead to the existenc

W(k+1,h(k,e)) <W(k,e) — o(e) (31)

of a continuously differentiable functigne K., ando > 0,
such thatiV (k,e) = p(W (k, e)) satisfies

In this paper, a class of parameterized networked control

W(k+1,h(k,e)) < e "W(k,e) (32)

V. CONCLUSION

dynamics and an equivalent definition of input-to-statebibty”
Maths, Control, Signals and Systems, vol. 9, pp. 1-33, 1996.

VI. APPENDIX

A. Proof of Theorem 1

~ Suppose all conditions of the theorem hold. Let arbitrary
A > 0,7 > 0 be given. Let* be generated using the second

condition of the theorem witth = A andv = % Let o,
ay (), av(s), av(-), av(-), aw, aw, ay(-) come from

conditions of the theorem. Define the following funcfion

Sp(x’eae) :=dv(|l‘|)|f($,e,€) - f($,0,6)|
+aW(|e|)|g(x,e,e)| )

systems are studied. Assuming that the controller was de-

signed ignoring the network and that it achieves semiglobahd note that for any € (0, ¢*) this is a continuous function
practical stability of the closed-loop in a controller paeter
€, it was shown that if the same controller is emulated andrguments similar to [7, Theorem 2], we conclude that there
implemented over a network with a uniformly globally stableexists 73,477 = Tararr(e) such that for any(z,e)| < A
protocol, then the networked control system would preseruge have that

semiglobal practical stability property; in this case, thot
the_c_ontroller parameteer apd MATI qeed to be_reduced —0.5ay (|2])—0.5ay (le]) +
sufficiently to achieve a desired domain of attraction ared th

ultimate bound on the trajectories.
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with ¢(z,0,¢) = 0. Consider any such fixed Then, using

v
— >
5 2
oe 7
—ay(|z]) - aw(le]) + ¢(z, e ¢€) .
TMATI
(33)
Define
U(E €)= V(x,€) 4+ e 7T/ ™MATI (K ¢) (34)

From (21), (25), we have

ay (|[z]) + e aw(le]) U, €) < av(|z]) +aw(le]) -
(35)

It follows that there exisK ., functionsa,; anday such that
(28) holds. On the other hand, using (19), (22) and (34), we
get

U €) S Vx,e) + e "W(k,e) SU(&€) (36)
for all £ € A, which shows that (29) holds. Below, by abuse
of notation, we consider the quanti%%F(g, €) even though
U is not differentiable with respect th. This is justified
since the component if'(§, ¢) corresponding t: is zero.

Consider¢ € A and we can write using our choice ef
and s a7y, the definition ofp, (21), (26) and (33) that the

2Note that if the functiony can be bounded by another functignthat
is independent ot for all € € (0, €¢*), thenTy; ATI in the theorem will
not depend or.



following holds:

W e OV
T oz

oW
fla,e,q)+ e T Sng(ase, )
€

g

e—UT/TMAle(k,e)
TMATI
oV
S%f(xu 07 6) -

+ (p(x’ 6) E)

e~ OT/TMmATI W (k,e)
TMATI

<—av(laf) + 2 - 2
ol = 2
- v 2 TymATI

ay(lef)
+o(z,e,¢€)
< —0.5ay (|z]) — 0504y (Je]) + 7,

which shows that there existsy (-) such that (30) holds.
This completes the proof.



