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Abstract An analytical expression for the 10m-draga
law in terms of the 10m wind speed at the maximum in 2
the 10m drag coefficient, and the Charnock constant is s
presented, which is based on the results obtained from 2s
a model of the air-sea interface derived in Bye et al. s
(2010). This drag law is almost independent of wave age 2
and over the mid-range of wind speeds (5 — 17 ms™1!) »
is very similar to the drag law based on observed data
presented in Foreman and Emeis (2010). The linear fit »
of the observed data, which incorporates a constant into s
the traditional definition of the drag coefficient is shown 5
to arise to first-order as a consequence of the momen- 5
tum exchange across the air-sea boundary layer brought s3
about by wave generation and spray production which s,
are explicitly represented in the theoretical model. 3

. 36
Keywords Air-sea momentum exchange - Charnock

constant - inertial coupling .
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1 Introduction 40
41

The purpose of this paper is to bring together the re-
sults of several studies of the drag coefficient in the air- 43
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sea boundary layer presented in a recent observational
paper (Foreman and Emeis 2010), and the theoretical
predictions for the drag coefficient presented in Bye et
al. (2010). At the time of writing of the latter paper the
analysis of the observational results was not available.
Here we show the basic agreement of the theoretical
model with the observations, and also discuss the con-
clusions of the theoretical model as a description of the
various sea states that are encountered.

This paper is essentially Part 2 of Bye et al. (2010),
which for brevity we call Part 1. A full historical sum-
mary of the programmes on which the observed drag
law is based can be found in Foreman and Emeis (2010),
and equally the background analysis for the theoretical
drag law can be found in Bye et al. (2010). An ex-
plicit representation of the theoretical results for the
10m drag law and the Charnock constant in Part 1,
however is given for the first time in this paper.

In Section 2 the physical processes on which the the-
oretical model is based are discussed, and in Section 3
the analytical expression for the 10m-drag coefficient
based on the results in Part 1, which are presented in
the Appendix, is given. An important subsection (Sec-
tion 3.1) introduces the use of the Charnock constant as
a constraint on the prediction for the drag coefficient,
derived from the observed wind and wave properties at
the maximum of the 10m-drag coefficient. Section 3.2
demonstrates the key result that the drag law is almost
independent of wave age.

In Section 4 the observations presented in Foreman
and Emeis (2010) and also in a later paper by Andreas
et al. (2012) are critically discussed, and it is shown
that the theoretical model for the drag coefficient is a
good representation of the observations in which the
simple linear regression relation for the drag used in
the observational study arises as a fundamental prop-
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erty. The complementary nature of the physical models o
presented in Foreman and Emeis (2010) and in this pa- s

per is discussed in the Conclusion (Section 5).
929

2 The physical processes 12?
There are three processes which govern the construc-
tion of the model for the 10m drag law, u, = \/K—lo-ulom
where u, is the friction velocity in air, uyo is the 10m™
wind speed and Ko is the 10m drag coefficient, pro-"
posed in Bye et al. (2010). The first process is wave "

generation, which is represented by the relation, o

5

108
co = Buy (1 )109

where ¢y = ¢gT'/27 is the peak wave speed in which gio

is the acceleration of gravity and 7 is the peak wave
period, and u; is the surface wind speed which oceurs
at the height, zp = 1/(2kq) where ko = g/c? is the peak
wave number, and B is a wave generation parameter,
which is determined by the nature of the wind ﬁeld116
which generates the wave field as discussed in Section
3.2. The second process is frictional drag in the air-sea
boundary layer, which is represented by the relation,

K 118
R I " (2)119

where K is the inertial drag coefficient’ and R is a,
frictional parameter which quantifies the relative con-,
tributions of the velocity shear in the wave boundary;,,
layer due to wave motion and turbulence. The wave-,,
induced shear, which is due to the Lagrangian Stokes,,,
drift of the wave spectrum, is the difference between,,
the Stokes drift at the sea surface and that at the bot-,
tom of the wave boundary layer which is zero, and the,,
turbulent shear, which is due to the Eulerian velocity.
shear, is the difference between the frictional current,,
at the sea surface and the surface current (us) at thegs,
bottom of the wave boundary layer. For R < 1 the tur-,
bulent shear has the same sign as the wave shear, for;,
R = 1, the ratio of turbulent/wave shear is zero, and,s;
for R > 1 the turbulent shear is of opposite sign to the,,
wave shear indicating a return of momentum from the;,
ocean to the atmosphere by frictional drag, see Part 1.

The consideration of near surface shear in both fluids®
is a central feature of the model. The third process is1

1

Uy =

37

I The inertial drag coefficient is defined by the drag rela-'38
tion, u, = VKr(u1 — uz/e) in terms of uy and the surfaceso
current speed, ug, which occurs at the depth 1/(2ko), where

e = +/(p1/p2) in which p;1 and ps are respectively the density140
of air and water. Kj is a property of the irrotational wave
spectrum without recourse to frictional processes and field
observations from the fully developed growing wind-wave sea'4!

indicate that K; = 0.0015 (Bye and Wolff 2008). 142

the generation of spray which is represented through
the relation,

Ry

R:*
1 — au,

a>0 (3)
in which a is the spray parameter and R is the friction
parameter at very low friction velocities. This relation
enables R to be evaluated in terms of u,, and the in-
crease in R as u, increases shows that the spray (and
the associated processes of whitecapping and slip) es-
sentially return momentum to the atmosphere. The use
of (3) leads to drag laws in which there is a maximum
in the 10m drag coefficient.

The three parameters (B, Ry and a) were expressed
in Part 1 in terms of three properties of the wavefield at
the maximum in drag coefficient, namely the 10m wind
speed (u10m ), the drag coefficient maximum (Kiom,)
and the peak wave period (7). Hence in the model
on assuming these quantities to be known, there are no
disposable constants. Note that the maximum friction
velocity, txm = vV Kiom - U10m and the maximum wave
speed, com = g1y /27 follow from these three quanti-
ties.

3 The 10m drag law

The model has a universal character on the assumption
that (3) realistically represents the spray/surface slip
mechanism, and its application yields a 10m drag law
which was shown to be almost independent of the wave
generation parameter (B). This was illustrated for two
values (B = 0.66 and B = 1.30) in Fig. 3 of Part 1,
from which it was concluded that the 10m drag law
was almost independent of wave age (W = co/uy).

Here we build on the results of Part 1 by deriving an
explicit relation for the 10m drag law which illustrates
this conclusion.

This procedure essentially requires a transformation
of the physical results for which the natural vertical
scale is the thickness of the wave boundary layer (zp)
to the reference height of 10m upon which the 10m drag
coeflicient is defined. For a logarithmic velocity profile,
this transformation yields,

Uy | 2
Ul()=U1—|——h’lﬂ (4)
R zZB
where z19 = 10m and x = 0.4 is von Karman’s constant,
and in which from (1) and (2) w3 = Rus/vK; and
zp = 1/2(BRuy)?/(gK). Hence,
1 R 1. (BRuy)?

- _ Ly B 5
Ko VEKr £ 29z210Kp 5)

On invoking (3) and differentiating (5) with respect to
uy assuming that B is a constant, and then evaluating
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at the maximum in the 10m drag coefficient (K710, )

after some algebra, we obtain, 187
/K 188
R,, = Ry+2 - ! (6)189

190
in which R,, is the friction parameter at K., (Bye191

et al. 2010). Note that R,, > Ry indicating the return192
of momentum to the air which is occurring due to the193
production of spray. This innocent looking relation en-
ables the 10m drag law to be explicitly evaluated in195
terms of the sea state occurring at the drag coeﬂﬁicient196
maximum, namely the 10m wind velocity (u1om), the
10m drag coefficient (K1o,,) and the peak wave speed198
(com ), as is shown in the Appendix. The resulting uni-

versal relation (A5) for uig in terms of w, is, 0

uyo = A(S)uy + su1om (7o
where 223

_ 2 X(s — 1) (X - ]-)S 204
Ay = 2 {Fe )

in which « is von Kérmdan’s constant, s = s/t and
X = 1/(ausm), which may be inverted to yield the 10m,
drag law,

(8)

Ue =V K1om - w10 — vV K1om - A(8)ux
208

In (8), (—vKiom - A(s)u,) may be regarded as an offset,
to a simple drag law in which at all wind speeds the drag, |
coefficient is equal to its maximum value. For A(s) > 0,
this term reduces the drag coefficient as the wind speed, ,
decreases.

207

213
214

215

3.1 The use of the Charnock constant in the

specification of the drag law e

217

The additional requirement that the value of the Charndck
constant, 2

o gzo
O - 2
u*

220
(9)221

222
where zq is the sea surface roughness length, agrees with,,,
observations, leads to a preferred choice for the value,,
of K1om, which is not well defined by observation, and,,,
the restriction of the model to ”aerodynamically” rough,,,
conditions which occur at the onset of wave growth at
u10 > 3 ms~! (Bye and Babanin 2009) implies that in™’
the comparison with observations the Charnock con-s
stant should be evaluated from the theoretical modebs
at this threshold wind speed, see Appendix. 230

The results in the Appendix assuming that Kg,;, =

growth occurs at s = 0.05, we find in agreement with
observations for the fully developed sea, that from (A5)
u10 = 3.0 ms~! and from (A13) o = 0.018. On using
this calibration, we also find that the friction param-
eter, R (Al) increases from 0.81 at the onset of wave
growth (s = 0.05) to 1.00 at the maximum in drag
coefficient (s = 1), and that the wave age, W (A10)
increases from 12.5 to 15.4 over the same range.

This set of conditions is a model for the interac-
tions described in Section 2, and the peak wave period
at the maximum in drag coefficient (7},) shows that
the full range of sea state conditions which give rise
to a maximum in the 10m drag coefficient is achiev-
able in the open ocean, and also that at this maximum,
the near surface shear is mainly due to the wave mo-
tion (R & 1). The prediction for the wave generation
parameter, B, indicates that there is a slip of about
0.6 between the surface wind speed and the peak wave
speed which arises from the large scale properties of the
storm systems which generate the wave field.

3.2 Sensitivity of the drag law to the peak wave period
at the maximum drag coefficient

The relation (A2) shows that X increases as T, in-
creases and X decreases as T}, decreases. The 10m drag
coefficient Kig(u19) derived by interpolation from the
inverse drag law (A5) for two widely different maximal
peak wave periods, T),, =5 s (X = 3.89) and T}, = 50 s
(X =6.19) is shown in Fig. 1 in comparison with that
for T,,, = 17.6 s discussed in Section 3.1. It is clear
that the 10m drag coefficient is hardly influenced by
these large changes in peak wave conditions over which
the Charnock constant, «, only varies from 0.016 for
T, = 5 s to 0.019 for T, = 50 s. Hence the theoretical
drag law may be said to be almost independent of wave
age. From (A4) however, the wave generation param-
eter has a large variability, ranging from B = 1.41 at
T, =50sto B=0.22atT,, =5s.

This conclusion indicates that the observed drag law
may conceal many possible sea state regimes. A well
known regime is the fully developed sea (Toba 1973) in
which the wave age,

W=A (10)

where A = 1/0.029(34.5). On the assumption that (10)
is applicable at a moderate wind speed, for example
s = 0.2 (ux = 0.36 ms™!), on applying (A10) using
(A2), we find that X = 6.1 and hence a = 0.09 m™!s,

0.002, U190, = 40 ms~! and T}, = 17.6 s (com = 27.6 mss') B = 1.31 and R = 1.02. This regime differs from the

lead to the following properties for the drag law: X =
5.15 (A2), a = 0.11 (Al4) and B = 0.60 (A4). Fors
these parameters, on assuming that the onset of wavess

open ocean regime in so far as the special conditions of
a steady constant wind give rise to a regime of reduced
spray production (smaller a) and more efficient wave
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10 20 30 40 50 60
Uy, ms’

Fig. 1 The theoretical 10m drag coefficient, K1¢ , as a func-
tion of w1 derived by interpolation from (A5) for three max-
imal peak wave periods: (a) Ty, = 5 s, (b) Tp, = 17.6 s and
(¢) T, =50 s.

production (larger B) in which the wave shear domi-
nates the turbulent shear (R = 1). This regime however
never extends to the maximum in drag coefficient which,,,
from (A10) would occur at a wave period, T, = 46 s,
which is not achievable in the ocean. Similar conclusions,
are found for other moderate values of friction velocity.s
This constant wave age regime was originally discusseds.
on the assumption that R = 1 in Bye and Wolff (2004) zs
where it was shown that this model was in excellent
agreement with observational data (Garratt 1992). An"
important property of this theoretical model for theess
fully developed sea is that from (A9), o = 0.019 whichess
is in good agreement with observations (Wu 1980). 25
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2
Fig. 2 The offset (—vK1omA(s)uy) of the square root of the
10m drag coefficient (8) as a function of uio for (a) Tjn =5
s, (b) Ty, = 17.6 s and (¢) Trm = 50 s. 276

277

3 10 20 30 40 50 60

Fig. 3 The friction velocity (u.) as a function of the 10m
wind speed (u10): (a) from the linear fit (11) to the observa-
tional data, (b) from the linear fit (12) to the theoretical rela-
tion (Ab), (c) from the theoretical relation (A5) for Tp, = 17.6
s.

4 Comparison with observations

In a recent analysis of several sets of observations in
various locations Foreman and Emeis (2010) proposed
that the most appropriate definition of the drag law for
the air-sea interface is of the form,

Uy = Crpu1o + b (11)

where C),, and b < 0 are constants. In their analysis of
the various data sets the linear relation (11) was ob-
tained by restricting the data to u19 > 8 ms™! which
yielded C,,, = 0.051 and b = —0.14 ms~*. On evaluat-
ing (11) at u190 = 8 ms™!, u, = 0.27 ms~!, which the
authors claimed to be equal to the onset of aerodynam-
ically rough flow. It is clear from Fig. 2 of Foreman
and Emeis (2010) however that the linear relationship
extends to a lower friction velocity of about 0.10 ms™!
(u1p = 5 ms™!) and it also only extends to an upper
friction velocity of about 0.85 ms™! (ujg = 17 ms™1).
At a higher friction velocity u, tends to become propor-
tional to w19 with no offset. In a later more extensive
observational study (Andreas et al. 2012) the coeffi-
cients of similar linear regressions for u;p > 9 ms™!
from aircraft and tower data (778 values) and from a
much larger low flying aircraft data set (4878 values)
for stable and weakly unstable conditions were respec-
tively (Cp, = 0.0581,b = —0.214 ms™ 1) and (C,, =
0.0585,b = —0.243 ms™1).

The evaluation of (8) yields a theoretical value for
Cyn, 0 0.045 (K10, = 0.002), and Fig. 2 shows the offset
(—vK10mA(s)uy) as a function of uig. Over the range,
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5 < uig < 17 ms™!, the offset is almost constant forso
each T;,, with a mean value of about —0.07 ms™!, whichsx
is almost independent of T),. This range correspondss
approximately with that in Foreman and Emeis (2010 )3
over which (11) is applicable. Hence over this range, thes
linear relation for the friction velocity derived from (8)

is,
335

u, = 0.045 - u19 — 0.07 (12)

336
which is of the same form as the observed data (11),,

although the coeflicients in the regression are slightly,.
different. The theoretical model (Fig. 2) indicates that,,,
the offset decreases at higher w19 < w10 as is indicated,,,
in the observational data, becoming zero at u1g.,, and,
also decreases at lower uyq as is evidenced by (12) which,,,
yields u, = 0.065 ms™! at u19 = 3.0 ms~! instead of,,
uy, = 0.090 ms~! from (A5). "
Over the mid range of wind speed (5 < wjg <y
17 ms™!), Fig. 3 indicates that the linear relation (12)s,
is very similar to the observational linear relation (11),,,
of Foreman and Emeis (2010). 245
Observational estimates of K1, however are incon-.
clusive, see for example Bye et al. (2010), and it is clearss
from (8) that a higher value of Kjg,, would increases
the slope of the theoretical linear regression, e.g. fors,
Ki0m = 0.0025 the slope would be 0.050 rather thansss
0.045, which is in better agreement with the observa-s,
tions. However, the choice of Kjgp,, = 0.002 yields ags
Charnock constant at the onset of wave generation, o =
0.018 in good agreement with observations. A highers,
value of Kjp, would yield a much larger Charnocksss
constant, and for u;g = 40 ms~ !, T, = 17.5 s andss
Ki0m = 0.0025, = 0.035, see (A13). For this reasoms
we have chosen K1g,, = 0.002 in the evaluation of thes
theoretical model, however there is an uncertainty here,
that is not yet resolved. 63
Fig. 3 also shows that the linear relation (12) is in
close agreement with the theoretical relation derived,,
from (A5) for T,, = 17.6 s over the complete range ofsss
wind speed from the onset of waves at 3 ms™! up to®
at least 60 ms—!. There is however an important differ—z:
ence between (12) and (A5). The small scale structure,,
of (A5) shows the occurrence of the maximum in dragsmo
coefficient at 40 ms™! (Fig. 3), whereas there is no evi-"
dence of this maximum in the fitted linear relation (9).
This is a major problem in the use of linear regres-
sions in defining the drag coefficient at very high wind__
speeds. The high wind speed asymptotic drag coeffi-
cient (C%) may be much greater than that occurrings
at say 40 ms™', and the difference depends critically*
on the intercept (b) which cannot be determined Wich:
a high precision due to the extrapolation to a zero 10m
wind speed from the wind data set which is truncatedss

at 8 or 9 ms~!. For the Foreman and Emeis (2010) data
set and the two data sets of Andreas et al. (2012), the
40m and asymptotic drag coefficients (x103) are the
respective pairs: 2.20 and 2.60, 2.78 and 3.38, and 2.73
and 3.40.

5 Conclusion

Foreman and Emeis (2010) and Andreas et al. (2012)
propose that the linear regression (11) can be applied
to the observational data, which is interpreted as a
modified drag law in which b/C,, is a reference ve-
locity for aerodynamically rough flow governed by a
constant drag coefficient (C?2,). The theoretical model
shows how the complex interactions which occur in the
wave boundary layer give rise to a drag law which can
be approximately represented over the range of wind
speeds from 3 — 60 ms~—! by a linear regression of sim-
ilar form to (11). This result lends strong support to
the physical interactions used in the theoretical model
as being realistic, however as pointed out in Section
4 the fitting of the linear regression to the observa-
tions over a restrictive intermediate range of w1y gives
rise to uncertainty in the intercept (b) at zero wuig, and
also importantly may miss a maximum in Kig at high
19, which is important with regard to a main aim of
the air-sea boundary layer studies which is to specify
the momentum transfer which affects the generation of
tropical cyclones and also the mixing below the wave
boundary layer which occurs in these extreme events. In
summary, the theoretical model, which takes account of
the interaction of the three physical processes governing
the momentum exchange at the sea surface (Section 2),
gives rise to a 10m drag law which is almost indepen-
dent of wave age and is also in agreement with a wide
variety of observational data sets.
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Appendix
The derivation of the 10m drag law

A convenient analytical procedure is to express the various
relations in terms of the non-dimensional parameter X =
1/(ausm). On substituting X in (3) using (6) we obtain the
frictional parameter,
2K X(X-1)

rR=2Y21

K X —s (A1)
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in which K7 is the inertial drag coefficient, x is von Karmé&n’sio
constant and s = ux /u«m, and where from (5) evaluated ats1
Kiom using (6),

1 Cg s 422

X = |ln—2 _— A2
2 29210 VKiom ( )423
in which g is the acceleration of gravity and z10 = 10m. Sim-24
ilarly, using (2) and (A1), we obtain, 425
426

(X —1)s

co=-~—"cp A3
(X — 5) m ( )427
and the wave generation parameter, -
B= 1 KCOm (A4)429
2 Xtiam 430

431
On substituting for R and B in (5) and using (A2) to,,,
eliminate cg.,, we obtain the following relation for the inverse433

drag law, uio(u4), in terms of X,

_ 2u, {X(s—l) _ln[(X—

wo = (X —s)

434

from which the 10m drag law (5) is determined. X can be,_
evaluated from (A2) provided that K1om, and com which de-
pends on sea state, are known. Direct observations of co., (or
Tm) however are not generally available. It is therefore nec-’
essary to use field data at w19 < uw10m to infer X, as is shown'°
below. #9
On substituting (A3) in (A2) we obtain,

X —s
X=X +1
+ H[X71:|

440

441

442
(A6)s
444

where X’ = 1/2[Inc2/2gs?z10+ /v K1iom| , and since X >> 14
on using the binomial expansion (A6) yields approximately, 446
447
(A7)44s

449

1—s
X/

X=X+

Hence X may be evaluated in terms of s, co and K1y by
substituting c¢g in X'. 451

The Charnock constant can also be evaluated in terms oft52
X and compared with observations. From the defining rela-3
tion for the sea surface roughness (z9) we have Inzio/z9 =%

r/v/K1o and hence from (9), 455
456
g —k 457
= = A8
o u% 210 €Xp [ K10:| ( )458
459
which on eliminating K10 using (5) yields, 450
1 —Rk
= -Ww? A9
aT e [m] (A9)

where W = ¢ /ux is the wave age (Bye et al. 2010). On sub-
stituting for R from (A1), and for W from (A3) which yields,
xX-1

W =Wpn—-—"7>=

=) (A10)

where Wi, = com/u«m is the wave age at the drag coeflicient
maximum, we obtain,

2
o= EW,% X1 exp _QXM (A11)
2 X —s (X —s)
in which, from (A2),
29z0 { K ]
W2 = exp [2X — —| . Al12
’U,E P V KlOm ( )

Finally, on substituting (A12) in (A11) we have the expression
for the Charnock constant,

e [ e ]

*Mm
We note that (A13), which is independent of cq,,, indicates
that the choice of Kigm , rather than u.y, or com, is highly
significant in the evaluation of a. In terms of X, the spray
parameter,
1
a= (A14)

XUxm

(A13)

These expressions will be evaluated using the observed es-
timates at the maximum drag coefficient of Kig,, = 0.002
and u1om = 40 ms™! (uxm = 1.79 ms~1), and also k = 0.4,
g = 9.8ms~2 and K; = 0.0015, and at the onset of wave
growth (s = 0.05) yield from (A5) uip = 3.0 ms~1!, and,
a = 0.018 in agreement with observations for the fully devel-
oped sea (Section 3.2). Note that all these expressions, except
for (A1) and (A9) which involve R, are independent of K.
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