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The spectral gap of a regular graph is defined as the difference between the two largest
eigenvalues of its adjacency matrix. It is a significant algebraic parameter reflecting the
geometric properties of the graph, such as connectivity and expansion properties. The
spectral gap is also a key index indicating the convergence rates of random processes on

the graph.

Cayley graphs are ideal candidates for constructing expanders due to their regularity
and excellent symmetry. Thus, investigating the second largest eigenvalue of Cayley
graphs is of great importance. One of the most famous results on this topic is Aldous’
spectral gap conjecture, proposed by Aldous in 1992 and completely confirmed by Ca-
puto, Liggett, and Richthammer in 2010. It states that for any finite connected graph
I" of order n, two continuous-time Markov Chains on I', the interchange process and the
random walk, have the same spectral gap. In terms of algebraic graph theory, Aldous’
spectral gap conjecture is equivalent to stating that the Cayley graph on S, generated
by transpositions corresponding to edges of I' has the same spectral gap as I'. Another
equivalent form is that the second largest eigenvalue of any connected Cayley graph on

S, generated by transpositions is achieved by the standard representation of .S,,.

The purpose of this thesis is to identify more general families of Cayley graphs on sym-
metric groups .S, possessing the Aldous property, that is, their second largest eigenvalues
are achieved by the standard representation of S,,. In Chapter 3, three families of nor-
mal Cayley graphs are proved to possess the Aldous property. In Chapter 4, the second
largest eigenvalue of normal Cayley graphs on S,, generated by cycles is considered.
As a corollary, a recent conjecture about the Aldous property of the Cayley graph on
Sp generated by cycles of a fixed length k£ (2 < k < n — 2) is confirmed. Chapter 5
provides the solution to a conjecture on the Aldous property of a nonnormal family of
Cayley graphs generated by cycles. The final chapter outlines unsolved problems from

Chapters 3 — 5 and potential directions for future research.
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Chapter 1

Introduction

This chapter commences with an introduction on the background and motivation behind
the topic of this thesis, followed by a comprehensive literature review. The final section

will then encapsulate the principal results of this thesis.

1.1 Background and motivation

Graph theory, a discipline within discrete mathematics, delves into the study of graphs,
which are mathematical structures modeling relations between objects. The paper on
Seven Bridge Konigsberg written by L. Euler and published in 1736 [43] is widely re-
garded as the beginning of graph theory. After centuries of development, graph theory
has become a fascinating area of study with a wide range of theoretical and practical im-
plications. Numerous practical problems spanning physics [42], chemistry [12, 99, 100],
biology [82], computer science [38] and social systems [53] can be effectively represented
by graphs. In mathematics, graph theory and certain parts of geometry and topology
mutually fertilize each other, and ultimately common development was brought about
in these areas. For more information on graph theory and its applications, see [5, 14—

16, 26, 50, 54, 102].

Algebraic graph theory constitutes a specialized domain of graph theory that employs
algebraic methodologies to address graph-related problems, encompassing techniques
from linear algebra and group theory, alongside exploration of graph invariants. One

prominent branch of algebraic graph theory is called the spectral graph theory, which

1



2 Chapter 1

studies the correlation between structural properties of graphs and the eigenvalues of
matrices associated with graphs. Spectral graph theory emerged in the 1950’s as a result
of the practical demands stemming from chemistry and physics. The first instance where
graph spectra were introduced is the 1931 paper [59] by Hiickel, and [29] is the first
mathematical paper on graph spectra. Nowadays spectral graph theory has evolved into
a systematic and integral framework, and it has become a powerful tool in numerous
areas of science. See [19, 31, 32] for excellent textbooks on spectral graph theory and

[30] for a survey of literature on application of graph spectra.

In the following, we provide an introductory overview of the motivations driving the is-
sues explored in this thesis: the second largest eigenvalue (with respect to the adjacency
matrix) of Cayley graphs on symmetric groups. Across the subsequent three subsections,
it will become evident that the second largest eigenvalue of a graph serves as an indi-
cator of the graph’s connectivity, its expander properties, and the convergence rates of
certain random processes occurring on the graph. Additionally, given the pivotal role of
Cayley graphs as potential constructions for generating expanders, we introduce a tool
for handling the eigenvalues of Cayley graphs, which is essential for comprehending the
subject matter of this thesis. The selection of symmetric groups as the underlying group
is closely tied to the well-known Aldous’ spectral gap conjecture, which is throughly

expounded upon in Subsection 1.1.3.

1.1.1 Cheeger inequality

One of the most important theorems in spectral graph theory is the renowned Cheeger
inequality, which vividly illustrates the intricate interplay between Riemannian geom-
etry and graph theory. The original isoperimetric constant is defined on a compact
Riemannian manifold and measures how “thin” the bottleneck regions are in the mani-
fold, and the Cheeger inequality [25], named after Jeff Cheeger, establishes a bound for
the measure in terms of the spectral properties of the Laplace-Beltrami operator. This
proved to be an influential idea for understanding geometric and topological properties
of Riemannian manifolds. The subsequent discrete analogue of the Cheeger inequality
offers valuable insights into how the spectral properties of a graph relate to its overall

structure and connectivity.
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We only consider finite simple undirected graphs in this thesis. Suppose that I' =
(V(T'), E(T')) is such a graph, where V(I") is the vertex set and E(I") C {{z,y} | =,y €
V([),x # y} is the edge set. Suppose that the order of T', that is, the cardinality of
V(T), is n € N*. Denote the n vertices in V(I') by v, va,...,v,. If {v;,v;} is an edge
of I', then we say that the two vertices v; and v; are adjacent to each other, and that
the edge {v;,v;} is incident to v; and v;. If any two vertices of I' are adjacent, then I

is said to be complete.

A path of length r from v; to vj in I' is a sequence of r -1 distinct vertices starting with
v; and ending with v;, where each pair of consecutive vertices is adjacent. If there is a
path between any two distinct vertices in I', then I' is said to be connected; otherwise
it is disconnected. A graph I = (V(I), E(I")) is a subgraph of T" if V(I'') C V(I") and
E(I”) C E(T"). A maximal connected subgraph of I" is called a connected component of

I', often simply referred to as a “component”.

A cycle in T' is defined as a closed path where the first and the last vertices are the
same. A graph is called a tree if it is connected and contains no cycles as subgraphs. A
graph I' is multipartite if its vertex set can be divided into s > 2 parts, with every edge
of I' incident to vertices from different parts. Specifically, when s = 2, the graph I' is
termed bipartite. If any two vertices from different parts in a multipartite graph I" are
adjacent, then I' is called a complete multipartite graph. A star is a complete bipartite

graph where one part contains only a single vertex.

The adjacency matriz of T', denoted by A(T'), is an n X n matrix whose rows and
columns are indexed by vertices of I'. The (i, j)-entry a;; of A(T') is equal to 1 if {v;, v;}
is an edge of I', and a;; equals 0 otherwise. As A(I') is a real symmetric matrix, its
eigenvalues are all real, and they are called the eigenvalues of I'. (Given that adjacency
matrices constructed with varying vertex orders exhibit similarity, the eigenvalues serve
as invariants of G, irrespective of the vertex ordering.) We typically arrange them in a

non-increasing manner, represented as

At =2 Ag = 2 A,

and identify the distinct values among them as

Qa1 > Qg > > Qup.
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Whenever we want to stress the dependence of the i-th largest eigenvalue (strictly i-th
largest eigenvalue, respectively) of I' or a real symmetric matrix M, we write A;(T") or
Ai(M) (ai(T") or «; (M), respectively) in place of A; (ay, respectively). The spectrum of
M, written Spec(M), is the collection of the distinct eigenvalues of M along with their

multiplicities.

When I is connected, the largest eigenvalue A1 is of multiplicity one by Perron-Frobenious
Theorem [48, Theorem 8.8.1], and A; — Ay is known as the spectral gap of I'. The degree
d; of the vertex v; is the number of vertices which are adjacent to v;. The graph I' is
k-regular if each of its vertices has the same degree k. By [13, Proposition 3.1], when I"
is k-regular, the largest eigenvalue A\ is exactly k with multiplicity equal to the number

of connected components of I'.

The Laplacian matriz of T is defined as L(I") = D(T")— A(T"), where D(T) is the diagonal
matrix with the degree d; of v; as the (i,7)-entry. According to [13, Proposition 4.8],
L(T) is positive semi-definite, and 0 is an eigenvalue of L(I") with multiplicity equal to
the number of connected components of I' by [13, 4e]. Denote the eigenvalues of L(T")
by 0 =p1 < pg <--- < py. IfT'is k-regular, then L(T') = kI, — A(T) and p; =k — A,

where I,, denotes the identity matrix of order n.

When T is connected and non-complete, it is well known that 0 < pe < k(T') < £/(T) <
§(T), where s(T"), «'(T"), and 6(I") are the vertex connectivity, edge connectivity, and
minimum degree of I', respectively (see [33, 44]). Due to this fact, po is called the
algebraic connectivity of I' by M. Fiedler. If in addition I' is k-regular, its algebraic
connectivity uo = k — Ao coincides with its spectral gap, and thus the second largest

eigenvalue Ag is related to the connectivity property of T

The isoperimetric number h(I') of I' is defined as

05|

h(I') = i JRRE L
() = o 300 o (ST, 1S}

where S = V(I') \ S and 8S = {{z,y} € E(T') | x € S,y € S}. This parameter is used
to measure the expansion of a graph, which requires the graph to be simultaneously
sparse and highly connected. This property is significant in many mathematical and
computational contexts. For example, in [55] expansion is related to the convergence

rates of Markov Chains. It is well known that graphs with large isoperimetric numbers
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always possess good expansion properties. A family of expanders is an infinite family
of finite regular graphs of increasing orders with a common degree and isoperimetric
numbers bounded below by a positive constant. Expanders are instrumental in designing

highly efficient communication networks. See [79] for applications of expanders.

When I is connected and k-regular, its spectral gap k — Ay provides an estimate for the

isoperimetric number h(I") through the following discrete Cheeger inequality:

k ;AQ < h(T) < /2k(k — Ag).

This result was proved by Dodziuk [41] and independently by Alon-Milman [8] and by
Alon [7]. A better upper bound given by Bojan Mohar [83] says that h(I') < \/k2 — A\3.
Thus for a connected regular graph, its second largest eigenvalue is linked to the expan-
sion property of the graph, and this connection is important in the theory of expander

graphs and the theory of random walks [4].

1.1.2 Cayley graphs and their eigenvalues

Cayley graphs serve as a fundamental link between graph theory and group theory.
Given any group, Cayley graphs can be built on the group with respect to various sets
of generators for the group. Those Cayley graphs have distinguished symmetry proper-
ties and encode the abstract structure of the group in a visual way. Group theorists can
gain insights into the algebraic structure of groups by examining the geometric proper-
ties of Cayley graphs. Moreover, the structure and symmetry of Cayley graphs render
them good candidates for constructing expander graphs [36, 78, 80], and thus extensive
research has been conducted on the spectra of Cayley graphs, particularly focusing on
the second largest eigenvalue of their adjacency matrix. We refer the reader to [76] for

a collection of results on eigenvalues of Cayley graphs.

Let G be a finite group with identity element 1, and let S be an inverse-closed subset
of G\ {1}, that is, S = S~! = {s7! | s € S}. The Cayley graph on G with respect
to S, denoted by Cay(G,S), is the |S|-regular graph with vertex set G and edge set
{{g9,9s} | g € G,s € S}. It is readily seen that Cay(G,S) is connected if and only if

its connection set S is a generating subset of G. We say that Cay(G,S) is a normal !

!The definition is different from the following notion defined in [101]: A Cayley graph I' = Cay(G, S)
is called a normal Cayley graph if the right regular representation of G is normal in Aut(T).
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Cayley graph if S is closed under conjugation; otherwise, Cay (G, S) is called a nonnormal

Cayley graph.

The representation theory of finite groups plays a critical role in determining eigenvalues
of Cayley graphs, as will be seen shortly in Propositions 1.1 and 1.2. For basic concepts
and properties of representations and characters of groups, the reader is referred to

[60, 64, 95, 98]. In what follows we use

G ={p1,p2,---, i}

to denote a complete list of pairwise inequivalent (complex) irreducible matrix represen-
tations of G, with the assumption that p; is the trivial representation. For any p; € @,
the map

Xi : g = Trace(pi(g)), g € G

is the character of p;, and the ratio

is known as the normalized character of p; on g € G, where y;(1) equals the dimension

dim p; of p;. Note that dim p; = 1 for the trivial representation p;.

It is known [9, 39, 77] that the adjacency matrix of Cay(G,S) equals ) .o Rreg(s),
where reg is the right regular representation of G and Ryeg(s) is the permutation matrix
depicting the multiplication on G from the right by s~ (see also [70]). To be specific,
the (g, h)-entry of Ryeg(s) equals 1 if g = hs™!; otherwise, the (g, h)-entry of Ryeg(s)
equals 0. It is well known [92, Proposition 1.10.1] that the regular representation of G
decomposes as a direct sum of all irreducible representations of G, each appearing with
multiplicity identical to its dimension. Therefore, we have the following proposition,

where

pi(S) == pi(s)

seS

and @ denotes the direct sum of matrices.

Proposition 1.1. [70, Proposition 7.1] The adjacency matriz of Cay(G,S) is similar
to
d1p1(S) @ dap2(S) @ -+ - D dypi(S),



1.1 Background and motivation 7

where d; is the dimension of p; € CA;, and

dipi(S) = pi(S) ® pi(S) & --- @ pi(S9) .

d;

This implies that the multiset of eigenvalues of Cay(G, .S) is the union of d; multisets of
eigenvalues of p;(.S) for 1 < i < k. If a fixed number A is an eigenvalue of each p;(S) with
multiplicity m;, which could be 0, then as an eigenvalue of Cay(G,S) its multiplicity
equals Zle d; - m; (see also [39, Theorem 3]). In the case that Cay(G,S) is normal, by
Schur’s Lemma (see [92, Theorem 1.6.5]), all p;(S)’s are scalar matrices [39, Lemma 5]
and the eigenvalues of Cay(G,.S) can be expressed in terms of the irreducible characters

of GG in the following way.

Proposition 1.2 ([39, 104]). Let {x1,Xx2,-.-, Xk} be a complete set of inequivalent ir-
reducible characters of G. Then the eigenvalues of any normal Cayley graph Cay(G, S)

on G are given by

Aj =

D xi(s) =) %(s), §=1,2,.. .,k

1
X](l) seS seS

Moreover, the multiplicity of A; is equal to 21<z‘<k,>\i=>\j xi(1)2.

We say that the strictly second largest eigenvalue of Cay(G,.S) is attained or achieved
by p;i € G if
az(Cay(G, 5)) € Spec(pi(59));

when Cay(G, S) is normal, this is equivalent to

as(Cay(G,9)) = Y _Xi(s).
seS
We use (S) to denote the subgroup of S,, generated by S, and let ¢ = [G : (S)] be the
index of (S) in G. Then Cay(G, S) is the union of ¢ copies of the connected Cayley graph
Cay((S), S) with degree |S|. Thus the largest eigenvalue |S| of Cay(G, S) has multiplicity

¢, and the strictly second largest eigenvalue ao(Cay(G, S)) just equals A1 (Cay(G, S)).

Proposition 1.2 illustrates that addressing the eigenvalues of normal Cayley graphs is
in general simpler than tackling those of nonnormal Cayley graphs. For a nonnormal

Cayley graph Cay(G, S), the matrices p;(S), where p; € @, are not scalar matrices, and
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each may possess multiple distinct eigenvalues. Consequently, character theory cannot

be directly employed to compute the eigenvalues of nonnormal Cayley graphs.

1.1.3 Aldous’ spectral gap conjecture

Although there is a large body of research on Cayley graphs, few results have successfully
determined the exact value of the strictly second largest eigenvalue of some classes of
Cayley graphs so far. Even for the normal case, it is still hard to figure out which
eigenvalue is the second largest one in Proposition 1.2. One of the most noteworthy
results in this area is the Aldous’ spectral gap conjecture, which was made by David
Aldous [2] in 1992 and was completely confirmed in 2010 [20]. In the following, we state

Aldous’ spectral gap conjecture from three distinct points of view.

Aldous’ spectral gap conjecture originates in a probabilistic background and it is about
the convergence rates of two different continuous-time Markov chains. Prior to delving
into the original version of Aldous’ spectral gap conjecture, we provide an overview of
fundamental concepts in continuous-time Markov chains. We recommend two textbooks
by Norris [86] and Grimmett and Stirzaker [49] for a clear treatment of the basic theory

of Markov chains.

Let I be a finite set. Each ¢ € I is called a state and I is called the state space. We
say 7 = (1 : 1 € I) is a distribution on I if 0 < 7; < oo forall i € I and ) ,.; 7
equals 1. A Q-matriz on I is a matrix Q = (¢sj)s,jer satisfying the following conditions:
(1) 0 < =gy < oo forall i € I; (ii) g;j > 0 for all ¢ # j; (iil) >_;c; ;5 = 0 for all
i€ 1. Let (X¢)¢t>0 be a family of random variables taking values in I. Then (X¢)¢>0 is
the (homogeneous) continuous-time Markov chain (CTMC) with respect to some initial
distribution T and some @Q-matrix @, denoted by Markov (7, @), if the distribution of X

is 7, and for all n = 0,1,..., all times 0 <tp < ... <t,11, and all states ig,...,in+1,

P(th+1 = lnt1 ‘ Xto =10, - - 7th = Zn) = Pinying1 (tn-‘rl - tn)?

where p; ;(t) is the (i, j)-entry in !9, The Q-matrix Q is known as the generator matriz
of (Xt)t>0 and determines how the process evolves from the initial distribution. The

(i,7)-entry gi; of @Q is called the rate of going from 4 to j. The value p;;(t) is the
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transition probability form 4 to j in time ¢, which is equal to P(X; = j | Xo = i). The

matrix P(t) = €' is called the transition matriz.

A Markov chain Markov(7, Q) is irreducible if for any pair of states i,j € I, there is
some t such that p; ;j(t) > 0. Note from [86, Theorem 3.2.1] that if Markov(r, @) is
irreducible, then p;;(t) > 0 for any pair of states i, € I and any time t > 0. A
distribution 7 is a stationary distribution of Markov(r, Q) if m = wP(t) for all t > 0.
Furthermore, 7 is a stationary distribution of Markov(7, @) if and only if 7Q = 0. It is
well known that an irreducible CTMC with a finite state space has a unique stationary
distribution 7 and p; j(t) — 7;, t — oo for all 4, j € I. We say Markov(7, Q) is reversible
if, for all T' > 0, (X7—_¢)o<t<7 is also Markov(7, Q). A necessary and sufficient condition
for Markov(7, Q) to be reversible is that 7;¢;; = 7;qj; for all 4,5 € I, and this implies
that 7 is the unique stationary distribution for Markov(7r, @) as (7Q); = >_ jer Ti%i =
> jer Tidij = Ti X jer 9ij = 0

In the following, we always suppose that Markov(7, @) is an irreducible Markov chain
with its generator matrix @ satisfying ¢;; = gj; for all i # j. Denote the size of its state
space I by n. In this case, the uniform distribution 7 is the unique stationary distribution
of Markov(7,@). Thus 0 is a simple eigenvalue of @) with 7 the unique left eigenvector.
Note that —@Q is positive semi-definite. In fact, for any vector (f;);cr, the inner product
(QF, F) = Yier Zjer @i fifi = 30 22 Gii (i fi— ) = Yiy —ij(fi—fj)? < 0. Denote
the eigenvalues of —(Q by

O=p1 <po <+ < pp.
The significance of ug, known as the spectral gap of Markov(r, @), is its interpretation
as “the asymptotic rate of convergence to the stationary distribution” [4]:

pi,j(t) —T; = Cijei!wt +o0 (€7u2t) as t — oo,

where typically ¢;; # 0 (and ¢;; > 0 for some ). For this reason, 1/ps is referred to as the
relazation time of Markov(7, Q) by David Aldous in [4]. We say that Markov (s, Q2)
with state space I’ is a subprocess of Markov(r, Q) with state space I if there is a

surjective map h : I — I’ such that

Q(foh)=(Qaf)oh forall f:I' —R. (1.1)
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If f is an eigenfunction of —Q2 with eigenvalue A # 0, then —Q(foh) = (—Qa2f)oh =
Afohand foh #0 for f 2 0, which implies that f o h is an eigenfunction of —Q with

the same eigenvalue A. Thus we get
Spec (—Q2) C Spec (—Q),

and in particular, ps(—Q) < po(—Q2).

Now we introduce the two continuous-time Markov chains involved in the original Al-
dous’ spectral gap conjecture, the random walk and the interchange process on a graph.
Let I' = (V(I'), E(T"))) be a connected graph with n vertices denoted by v1,va,. .., vp.

Take n particles labeled 1,2,...,n.

In the interchange process (IP), a state is an assignment of the n particles to the vertices
of I such that each particle occupies exactly one vertex, and for each edge {v;,v;} of I',
at rate 1 the particles at v; and v; are interchanged. Figure 1.1 illustrates a transition
from state (% 234 ‘;’) to state (}, 234 ‘;’) in the interchange process on the leftmost graph
I". Note that in the notation of a state the first row refers to the labels of the vertices

of T.

V1
’(}5 1]2 1 . { 5 ]_ . : 3

'U4 ’[)3 4 [ 2 4 ( 2

(@) T (b) (333471) (© (53341)

ot

FIGURE 1.1: An illustration of a transition in the interchange process

Thus the state space of the interchange process comprises all permutations of [n] :=
{1,2,...,n}, forming the symmetric group S, of degree n with function composition
as the group operation. In this paper, we adhere to the convention of composing two

permutations in S,, from right to left. For instance, (1,2,3) o (1, 3) yields (2,3). Let

T ={(i7) € Sn | {vi, v} € E()}.
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The Q-matrix QW = (4o,0')o,07es, Of the interchange process is

1 if o/ =0 ot for some 7 € T}

) )
Qo' = —|T|, if o' =a;
0, otherwise,

which corresponds precisely to the negation of the Laplacian matrix of Cay(S,,T). As
by [48, Lemma 3.10.1] T" generates S, when I is connected, Cay(.S,,,T’) is connected and
the spectral gap of the interchange process on I', denoted by MY (T'), is positive owing
to

AP(D) = pa(L(Cay(Sn, T))) > 0.

The (1-particle) random walk (RW) on I' is the Markov chain in which if {v;,v;} € E(T'),
the single particle jumps from v; to v; at rate 1. Figure 1.2 shows a transition from state
1 to state 2 in the random walk on I'. The state space of the random walk on I is [n]
and the Q-matrix is QW = —L(T"), the negation of the Laplacian matrix of I'. Since T’
is connected, the spectral gap of the random walk on T, denoted by AEW(T), is positive
owing to

B (T) = 1y (L(T)) > 0.

U1

Vs (%)

V4 U3

FIGURE 1.2: An illustration of a transition in the random walk

The random walk is a subprocess of the interchange process, achieved by disregarding
all particles except for the one labeled as 1. Let h : S, — [n], o — o~ (1), that is, h
sends o to the label of the vertex occupied by the particle labeled as 1. For example, in

Figure 1.1 the map h sends the state in (b) to 5, as the particle labeled as 1 is at vertex
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vs. Then one can verify that

L(Cay(Sp,T))(foh)=(L(T)f)oh forall f:[n] —R.

Thus the random walk on I' is a subprocess of the interchange process on I', which
implies

Spec(L(T")) C Spec(L(Cay(S,,T)))

and in particular

pa(L(Cay(Sp, T))) < p2(L(T)). (1.2)

This means that the spectral gap of the interchange process on I' is no larger than that
of the random walk on I'. In 1992, David Aldous [2] proposed the following conjecture
(see [4, Open Problem 14.29] for an explicit statement), asserting that equality holds in

the preceding inequality (1.2).

Aldous’ spectral gap conjecture (v.1) Let I be a finite simple connected graph.

The random walk and the interchange process on I' have the same spectral gap.

When examining Aldous’ spectral gap conjecture through the lens of algebraic graph
theory, it becomes evident that it revolves around the algebraic connectivity of Cayley
graphs on S, as elucidated in (1.2). In presenting the second version of Aldous’ spectral
gap conjecture, we leverage transposition graphs. Let T' be a set of transpositions of .5,,.
The transposition graph Tra(T) is the simple graph with vertex set [n] such that {s,t}
is an edge in Tra(T") if and only if the transposition (s,t) is in 7. Note that Tra(7T)
is connected whenever T generates Sy, (see [48, Lemma 3.10.1]). It is clear that every
simple graph I" with order n is isomorphic to some transposition graph Tra(7) with
T C S,,. Recall that Aldous’ spectral gap conjecture is equivalent to the assertion that
equality is achieved in (1.2). Now, we can express Aldous’ spectral gap conjecture in an

alternative equivalent form.

Aldous’ spectral gap conjecture (v.2) If T is a generating subset of S,, composed

of transpositions, then Cay(S,,T") and Tra(T") have the same algebraic connectivity.
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This version also appears in [46] with an extra condition that Tra(7’) is a bipartite graph.
The inequality (1.2) can also be readily derived within the framework of algebraic graph
theory. Specifically, the Laplacian matrix of Tra(7') is identified as that of the Schreier
coset graph Sch(S,, G;,T), where G; is the stabilizer subgroup of S,, with respect to any
i € [n], and the adjacency matrix of Sch(S,,G;,T) is equal to the quotient matrix of
Cay(Sp, T') with respect to the equitable partition {G}:} je[n), Which comprises the right

cosets of GG; in S,,. For more details, see Section 2.3.

The representation theory of symmetric groups illuminates key insights into compre-
hending the essence of Aldous’ spectral gap conjecture from the perspective of algebraic
graph theory. A partition of a positive integer n is a sequence of positive integers
v = (1,72, --,Ym) satisfying v1 > v9 > -+ >y and n =y + v + - + Y. We
use v F n to indicate that v is a partition of n. Recall from the representation theory
of symmetric groups [92] that for each partition of n, we can construct an irreducible
module of 5, known as the Specht module. It is well known that all the Specht mod-
ules corresponding to partitions of n form a complete list 3’; of inequivalent irreducible

modules of S,,. For any subset H of 5,,, define

Ht = Z heCS,.
heH

Lemma 1.3. [96, Lemma 6.3] Let G = S,, and let L be an irreducible G-module. Then

Yon L are symmetric for any g € G.

there is a basis of L such that the matrices of g+ g~
Consequently, if H C G is a subset such that H = H™', then the matriz of H on L is

symmetric.

For ¢ F n, we use S¢ to denote the corresponding Specht module of S,, and p¢ the matrix
representation of S¢, with dimension d¢, under the basis such that pe(H )? is symmetric
and thus has real eigenvalues whenever H C S, is closed under inverse. The existence
of this basis is guaranteed by Lemma 1.3. The representations p(,) and p(;») are just
the trivial and the sign representations of Sy, respectively. The standard representation
of Sy, refers to p(,—_1,1). We use the notations x¢ and X¢ to indicate the character and

normalized character of p¢, respectively.

*We use the notation p(H) to represent p(H ™), as established before Proposition 1.1.
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Recall that T' is any generating subset of .S, composed of transpositions. By Proposi-
tion 1.1, we see that the multiset of eigenvalues of Cay(Sy,T’) is the union of d multisets
of eigenvalues of p¢(7T') for all partitions ¢ of n. Since Cay(S,,T) is |T'|-regular, its al-
gebraic connectivity pa(L(Cay(Sy,T'))) equals |T'| — A2(Cay(Sy, T)).

Let I, be the identity matrix of order n and def the defining representation of S,. The
matrix assigned to o € S,, by def is the permutation matrix Pyet(c), whose (i, j)-entry
pij(0) equals 1 if o maps j to i, and p;;(0) = 0 otherwise. Then one can verify that
the Laplacian matrix of Tra(T) is equal to |T[I, — 3 (, yyer Paer((s,t)). Note that the
defining representation decomposes as the direct sum of one standard representation and

one trivial representation. Thus there exists some matrix M such that for any o € S,

M - Paet(0) - M™" = p(y(0) ® p(—1,1)(0),

and L(Tra(T)) is similar to

|T|I,, — P(n) (T) & p(nfm)(T)-

Since p(n)(T) = |T'], the trivial representation p(,) gives the smallest eigenvalue 0 of
L(Tra(T)) with multiplicity 1, and the algebraic connectivity of Tra(7') is given by the

standard representation p(,_1,1), that is,
p2(L(Tra(T))) = |T| = M(pn-1,1)(T))-
Aldous’ spectral gap conjecture asserts that
7| = A2(Cay (Sn, T)) = |T| = M(pn-1,1)(T)),

which is equivalent to

A2(Cay (Sn, T)) = A (pn-1,1)(T))-

Therefore, Aldous’ spectral gap conjecture is equivalently formulated in its third version

of the statement.

Aldous’ spectral gap conjecture (v.3) If T is a generating subset of S,, composed

of transpositions, then the second largest eigenvalue of Cay(S,,T) is achieved by the
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standard representation of S,,, that is,

A2(Cay (Sn, T)) = Ai(p(n-1,1)(T))- (1.3)

Note that Proposition 1.1 indicates that Ag(Cay(Sn,T)) > Ai(p(n-1,1)(T)).

This thesis endeavors to generalize the Aldous’ spectral gap conjecture by identifying
some broader families of Cayley graphs on symmetric groups that fulfill the condition
(1.3). It is important to note that when 7' does not generate S,, the equation (1.3)
still holds with \o(Cay(Sy,T)) replaced by as(Cay(Sy,T)). When generalizing Aldous’
spectral gap conjecture, we do not require the graph Cay(S,,, S) that we are studying to
be connected. The advantage of fixing the underlying group as S,, rather than defining
the Cayley graph on (S), the subgroup of S,, generated by S, is that we can utilize
the representation theory of symmetric groups to handle the eigenvalues of Cay(S,,.S),
and that there are systematic algorithms and techniques for constructing and studying

representations of symmetric groups.

Definition 1.4. We say that a Cayley graph Cay(S,,.S) on S, has the Aldous property
if its strictly second largest eigenvalue is attained by the standard representation of S,

that is,
02 (Cay (S, 5)) € Spec(p1,(S)). (14)

We refer the reader to a weighted version® of this definition in next subsection, which
is called property (A) as proposed by Cesi in [21]. Let ¢ = [S,, : (S)] be the index of
(S) in S,,. When Cay(S,,S) is disconnected, the largest eigenvalue |S| of Cay(S,,S)
has multiplicity ¢ and might be achieved by p(,_;1). Hence in equation (1.4), we only
require az(Cay(Sy,S)) to appear in the spectrum of p(,_;1)(S). Note also that in this
case Ac11(Cay(Sy, S)) is indeed the strictly second largest eigenvalue of Cay(Sy,S), that
is, a(Cay(Sy, S)) = Aer1(Cay(Sy,S)). In view of Proposition 1.2, when Cay(.Sy,S) is

normal, it has the Aldous property if and only if

ag(Cay (S, S)) = Z)Z(n—l,l)(g)- (1.5)

ogeS

3In [21], property (A) is defined on connected weighted Cayley graphs on symmetric groups.
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1.1.4 Weighted version of Aldous’ spectral gap conjecture

Although this thesis primarily addresses unweighted graphs, as introduced in Subsec-
tion 1.1.1, we present the weighted version of Aldous’ spectral gap conjecture in this

subsection for the sake of completeness.

Let I' = (V(I'), E(I')) be a finite simple connected graph with vertices vy, va,...,v,. A
nonnegative weight function is a function w : V(I') x V(I') — R>q such that w(v;, v;) =
w(vj, v;) and w(v;, vj) > 0if and only if there is an edge joining v; and v;. The (4, j)-entry
of the adjacency matrix A(I") of I is defined as the weight w(v;,v;). The degree of v; is
defined as d; := } \_; w(v;, v;), and the Laplacian matrix of ' is L(I') = D(I') — A(T"),
where D(T") is the diagonal matrix diag{ds,da,...,d,}.

Recall that in Subsection 1.1.3, we define the interchange process and the random walk
on a finite graph I' = (V(I"), E(I")), where every edge has a rate of 1. Now, we extend this
to allow arbitrary positive non-constant numbers as rates for the edges of I', denoting the
rate of the edge {v;,vj} as ¢;; > 0. Here, I' can be seen as a nonnegative weighted graph,
with ¢; ; representing the weight of the edge {v;,v;}. The following general weighted
version of Aldous’ spectral gap conjecture was proposed and verified by Caputo, Liggett,
and Richthammer [20]. See Subsection 1.2.1 and Theorem 1.5 for more details of their

ingenious proof.

Weighted version of Aldous’ spectral gap conjecture (v.1) For any nonnegative
weighted graph I', the random walk and the interchange process on I' have the same

spectral gap.

To introduce the other two equivalent versions of weighted Aldous’ spectral gap conjec-
ture, we define the weighted transposition graph and the corresponding weighted Cayley
graph. Let T be a set of transpositions of S, and each element of T is associated with
a positive weight. Denote the weight of the transposition (i,j) by ¢;;. The weighted
transposition graph Tra(7T’) has vertex set [n], and {i, j} is an edge with weight ¢; ; if and
only if (4, j) € T. The weighted Cayley graph Cay(Sy,T) has vertex set S,, and edge set
{{o,07} | Vo € S,,, 7 € T}, where the edge {0, 07} has weight the same as 7 € T. (This
definition generalizes to Cay(S,,.S) with S being any weighted subset of S,,.) Accord-

ing to the discussions in Subsection 1.1.3, the equivalence of spectral gaps between the
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random walk and interchange process on Tra(7T) suggests that the two weighted graphs,
Tra(T') and Cay(S,,T), possess identical algebraic connectivity. This leads us to the

following equivalent version of the weighted Aldous’ spectral gap conjecture.

Weighted version of Aldous’ spectral gap conjecture (v.2) If T is a positive
weighted generating subset of \S,, composed of transpositions, then Cay(S,,T") and

Tra(7T') have the same algebraic connectivity.

Any matrix representation p of S, extends to a matrix representation of the complex

group algebra CS,,. For an element w = g w0 of CS,, the matrix of p on w is

pw) = 3 wop(o).
oESh
The support of w is defined as supp(w) = {0 € S, | w, # 0}. We call w € RS,
symmetric if wy,-1 = w, for every o € S, and nonnegative if w, > 0 for every o € S,.
By Lemma 1.3, when w € RS, is symmetric, the matrix p¢(w), given by any irreducible
representation p¢ of Sy, is symmetric, where ¢ = n. We call w € RS,, normal if the

coefficients w, € R are constant on every conjugacy class of .9,,.

Let S be any weighted subset of S5, with w, € R the weight of ¢ € S. We define
St =3 cqwso € RS, and |ST]| = Y _qw, € R. When ST is symmetric and
nonnegative, the adjacency matrix of the weighted Cayley graph Cay(Sy, S) is Ryeg(S)?,

which is symmetric and nonnegative®

. Here reg is the right regular representation of
Sp. If further supp(S™) generates S,, by Perron-Frobenious Theorem the spectrum
of Cay(Sy,S) is contained in the interval [—|ST|,|ST|] with |ST| a simple eigenvalue.

Moreover, the Laplacian matrix of Cay(Sy,S) is
L(CaY(Sna S)) = |S+|In! - Rreg(‘s’)a

which is symmetric positive semi-definite.

4Similar to the unweighted case, we use p(S) to denote p(S™) for any representation p of S,,.
® A matrix is nonnegative if every entry in this matrix is nonnegative.
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Let us return to the second version of weighted Aldous’ spectral gap conjecture. The

Laplacian matrix of the weighted transposition graph Tra(T") is similar to

T = p(n)(T) ® pn—-1,1)(T),

where p,,)(T) = |T|. Thus, the algebraic connectivity of Tra(T) is [T+ |—=A1 (p(n—1,1)(T))-
Clearly, the algebraic connectivity of Cay(Sy,T) equals |T"| — \o(Cay(S,,T)). We can

now state the weighted version of Aldous’ spectral gap conjecture in a third way.

Weighted version of Aldous’ spectral gap conjecture (v.3) If T is a positive
weighted generating subset of S, composed of transpositions, then the second largest

eigenvalue of Cay(S,,,T) is achieved by the standard representation of S, that is,

AQ(Cay(Sna T)) =M\ (p(nfl,l) (T))

Note that according to Proposition 1.1, the adjacency matrix Ryeg(7") of the Cay(S,,T)

is similar to

P depc(T),

(Fn
where d,)pen)(T) = |T*| gives the simple largest eigenvalue of Cay(S,,T). Therefore,

P(n—1,1) achieving Aa(Cay(Sy,T)) is equivalent to the following condition:

AM(pe(T)) < M(pn—1,y(T)), Y¢CFn,C# (n).

For any weighted subset S of S, such that ST is symmetric and nonnegative with
supp(S™) generating S,,, Cesi defined in [21] that the weighted Cayley graph Cay(S,,, S)

has property (A) if one of the following two equivalent conditions holds:

(i) If ¢ Fnand ¢ # (n), then A1 (pc(S)) < A(pn-1,1)(5));

(i) A2(Cay(Sn,S)) = AM1(pn-1,1)(5))-

This can be viewed as the general version of Definition 1.4 for connected weighted Cayley

graphs.
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1.2 Literature review

In this section, we undertake a comprehensive review of the literature pertaining to
Aldous’ spectral gap conjecture and its generalizations, as well as the investigation of
(strictly) second largest eigenvalues of Cayley graphs on symmetric groups and other

relevant groups.

1.2.1 Proofs of Aldous’ spectral gap conjecture

According to David Aldous’ webpage [2], the initial version of Aldous’ spectral gap
conjecture (referenced on Page 12) emerged around 1992 during discussions with Persi

Diaconis, and was subsequently articulated explicitly as an open problem in [4].

Supporting evidence for this conjecture can be found from certain earlier literature.
With a motivation from shuffling problems (investigating how fast a deck of cards
approaches a uniform distribution when shuffled using a particular method, such as
transpositions), Diaconis and Shahshahani [39] determined in 1981 the second largest
eigenvalue of Cay(S,,T) when T is the set of all transpositions of S,. In this case,
Tra(T') is the complete graph and T is a conjugacy class of S,,. The key ingredients
used by Diaconis and Shahshahani is Proposition 1.2 and a monotonicity property [39,
Lemma 10] of normalized irreducible characters for transpositions. From Corollary 4
and Lemma 10 in [39], one can finally deduce that when Tra(7T') is the complete graph,
the second largest eigenvalue of Cay(S,,T) is achieved by the standard representation
P(n—1,1), thus validating Aldous’ spectral gap conjecture for this specific case. With a
shared motivation from shuffling problems, when Tra(7) is a star with n as its cen-
tral vertex, Flatto, Odlyzko and Wales in 1985 [45, Theorem 3.7] leveraged Branching
Rule from the representation theory of symmetric groups to express all eigenvalues of
p¢(T) for every ¢ F n in terms of coordinates of certain boxes in the Young diagram
of (. While T'"= {(i,n) € S, | 1 <i < n — 1} is not closed under conjugation in S,
it is normalized by S,,_1, which serves as a pivotal aspect in proving Theorem 3.7 in
[45]; furthermore, from Theorem 3.7 in [45], we derive that the standard representation
P(n—1,1) attains the second largest eigenvalue of Cay(Sy,,T), thereby confirming Aldous’
conjecture in the case where Tra(T") is a star. In 2010, Cesi’s remarkable contributions

have advanced this algebraic approach forward by employing the Littlewood-Richardson
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Rule from representation theory of symmetric groups, thereby leading to the resolution

of Aldous’ spectral gap conjecture for all complete multipartite graphs [22].

Handjani and Jungreis [52] achieved the first significant breakthrough in Aldous’ spectral
gap conjecture in 1996. They confirmed that the interchange process and the random
walk on any tree with any positive edge-rates, which are allowed to be non-constant on
edges, have the same spectral gap. They discovered in [52, Theorem 1] that augmenting
a graph I' with a new vertex along with corresponding edges does not diminish the
spectral gap of the interchange process. Consequently, they inferred that if, in addition,
the spectral gap of the random walk does not increase upon the addition of the vertex,
then the spectral gaps of the two processes remain equal after introducing the new vertex
if such equality holds on the original I'. This insight extends to an inductive proof of
Aldous’ spectral gap conjecture for all trees in [52]. Specifically, adding a new leaf and
its associated edge to a graph does not increase the spectral gap of the random walk,
as proved in [52, Corollary 1]. Moreover, for a tree consisting of only one edge, it is
evident that the two processes exhibit identical spectral gaps. Handjani and Jungreis
also provided an inductive proof in [52, Corollary 2] reaffirming that on complete graphs
with constant edge-rates, the interchange process and the random walk share the same

spectral gap.

Let us state the inductive idea utilized by Handjani and Jungreis in [52] formally. Sup-
pose there is a sequence of graphs Ga, Gs, ... such that the order of G2 is 2 and G411
is obtained from G; by adding one new vertex and corresponding edges. If the spectral

gaps of random walks are non-increasing:
AW(Gy) > NPV (Gs) > -+,

then the two continuous-time Markov chains IP and RW have the same spectral gap on
every G; owing to [52, Theorem 1] and (1.2). This induction argument was independently
rediscovered by Koma and Nachtergaele within a distinct context [69], and was further
employed in [84, Lemma 2| and [97, Corollary 3.4] to establish that the spectral gaps of
IP and RW on the d-dimensional discrete hypercube of side-length n are asymptotically
equivalent as n tends to infinity. This finding provides compelling support for Aldous’

spectral gap conjecture. Here the d-dimensional discrete hypercube of side-length n
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denotes the graph with the vertex set
Ry ={(21,...,20) €2 | 1 S wn,...,2q <},

and two vertices (1, 2, ..., zq) and (y1,y2,. .., yq) are adjacent if and only if Zle |x; —
yi| = 1. Subsequently, we shall observe that this recursive methodology was further
developed and extended in [21, Lemma 3.1], addressing certain extensions of the Aldous’

spectral gap conjecture.

In 2010, Aldous’ spectral gap conjecture was completely verified in a more general form.
In their work [20], Caputo, Liggett, and Richthammer established the following weighted

version of Aldous’ spectral gap conjecture.

Theorem 1.5. On any weighted graph I, the interchange process and the random walk

have the same spectral gap:

AP () = \BWV(D).

Caputo, Liggett, and Richthammer developed a general recursive approach grounded
in the concept of network reduction, which is effective for all weighted graphs with
positive weights. Given the weighted graph I' in question and a vertex v; € V(I'), the
reduced network obtained by removing the vertex v; is a new graph I'; with vertex set
V([;) = V(D) \ {vi}, edge set E(I';) = {{vg,v;} € E(I') | k,j # i}, and the weight G ;

of {vy,v;} defined as follows:

q9i,k4qi,5

~ *,1 *,1
Gk "= qkj + 4.5 = kg, Q= .
J ’ 9N i Qi

Caputo, Liggett, and Richthammer first established in [20, Proposition 2.1] that
R () > AR (p), (1.6)

thus extending the findings of [52, Corollary 1], which addressed the particular case where
v; is a leaf of I'. Then they reduce the proof of Theorem 1.5 to the proof of the following

comparison inequality, named the octopus inequality, for any function g : S;,, > R

Y Y o) g2 Y Y o) - glotk )
ocESH J#i ocESy {Uk,vj}EE(Fi)
{viv;}eE(T)
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The octopus inequality is the main technical ingredient used in [20], and in broad terms,

it helps to contrast the spectral gaps between the interchange processes on I'; and I'.

The reduced network I'; and the octopus inequality emerged independently and simul-
taneously from a different perspective in [40], where Dieker provided proofs for some
particular cases of the octopus inequality. Moreover, Dieker proved that the eigenvalues
of the Q-matrix governing the random walk on I'; interlace those on I', thereby imply-
ing (1.6). Additionally, Dieker offered a representation-theoretic interpretation of the
octopus inequality. In [23], Cesi offered a clearer and more transparent proof of the
octopus inequality from an algebraic perspective, leveraging advanced results from the

representation theory of symmetric groups.

1.2.2 Algebraic generalizations of Aldous’ spectral gap conjecture

The Aldous’ spectral gap conjecture has ignited significant interest in its generalization
from various perspectives. One avenue for expanding the conjecture involves identify-
ing Cayley graphs on symmetric groups, where the connection set is formed not solely
by transpositions but also encompasses other elements, while still exhibiting the Al-
dous property (see Definition 1.4). Furthermore, one can extend Aldous’ spectral gap

conjecture to Cayley graphs on different groups.

Besides, the (strictly) second largest eigenvalue of Cayley graphs is interesting in its own
right because Cayley graphs serve as excellent candidates for constructing expanders.
Note that according to the Cheeger inequality, an infinite family of finite connected
regular graphs {I';};>; of increasing orders with a common degree k is a family of
expanders if and only if their spectral gap k — Ao(I';) is uniformly bounded away from
zero [36]. Thus another pertinent research direction is to determine the (strictly) second
largest eigenvalue of Cayley graphs on symmetric groups or other groups and to uncover

expander families.

In the sequel, we provide a summary of findings regarding the (strictly) second largest
eigenvalues of Cayley graphs on symmetric groups or other relevant groups, their ex-

pansion properties, and Aldous properties.

Recall that the second largest eigenvalue of Cay (S, T),) with T,, = {(1,n), (2,n), ..., (n—
1,n)} was determined to be n —2 in [45]. When T;, = {(1,2),(2,3),...,(n—1,n)} is the
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Coxeter generators for S, the graph Cay(Sy,,T},) is known as the bubble sort graph, and
its entire spectrum was determined in [11] with n—3+2 cos(7/n) the second largest one.
Friedman [46] finally proved that if 7" is any set of n — 1 transpositions which generates
S, then A\o(Cay(Sy,T)) > n—2, with equality achieved if and only if " = {(7, 5) | j # i}
for some fixed i € [n]. (Here one derives that if T" is a set of n — 1 transpositions which
generates Sy, and T # {(i,7) | j # i} for some fixed i € [n], then Cay(S,,T) is never
integral®. Refer to [76, Section 3.3] for a comprehensive review of integral Cayley graphs

on symmetric groups.)

In 1995, Lubotzky [78] raised the question of whether expanders could be constructed
from Cayley graphs on symmetric groups. When limiting the connection set to transpo-
sitions, this endeavor proves unfeasible due to the necessity of at least n—1 transpositions
to generate Sy, resulting in unbounded degrees for such a family. In [85], the case where
the connection set consists solely of reversals is explored, given that S, can be generated
by just three reversals. Here an involution 7 in 5, is a reversal if there exist ¢, j with

1 <14 < j < n such that

D, if p<iorp>j;
m(p) =

jt+i—p, ifi<p<j.
In other words, 7 reverses the interval from ¢ to j and fixes all the other numbers. Nash
[85] gave a negative answer to Lubotzky’s question among Cayley graphs on S,, generated
by a set T of reversals with |T'| = o(n). Actually, Nash proved a stronger result in [85]. It
is well known that for any subgroup H of a group G, the spectrum of the Schreier coset
graph Sch(G, H, S) is contained within the spectrum of the Cayley graph Cay(G, S) as
Sch(G, H, S) is a quotient graph of Cay(G,S) with respect to an equitable partition.
Consequently, if a family of Cayley graphs constitutes an expanding family, then any
corresponding collection of Schreier coset graphs does as well. In [85], Nash examines
the Schreier coset graphs associated with H,, = So X S;,_o < S,,, and shows that if T}, is
a set of reversals such that |T),| = o(n), then the spectral gaps of Schreier coset graphs
Sch(Sy, Hy, T;,) converge to 0 as n — oo. The condition |T,,| = o(n) is in a sense optimal,
as demonstrated by Gunnells, Scott and Walden [51], who established that the spectral
gap of Sch(S,,, Hy, T,,) equals 1 with T}, comprising the n initial reversals wy,wa, ..., wy,

where w; reverses the initial interval from 1 to ¢. In [66], an explicit construction of an

SA graph is called integral if its eigenvalues are all integers.
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expander family of Cayley graphs on symmetric groups is provided, offering a positive

answer to Lubotzky’s inquiry.

In [51], Gunnells, Scott and Walden reported that empirical evidence suggests that when
T, consists of the n initial reversals wi,wo,...,w,, the spectral gap of Cay(Sy,,T,)
remains 1. This observation was subsequently validated by Cesi [21] using algebraic
techniques, which extended the approach employed in earlier studies such as [52], [69],
and [84]. In conjunction with a finding from [51], Cesi affirmed that the second largest
eigenvalue of Cay(S,,T,), where T,, = {wy,wa,...,w,}, is achieved by the standard
representation of S,,. Consequently, this establishes the first family of Cayley graphs on
Sy, exhibit the Aldous property, wherein the connection sets are formed by permutations

other than transpositions.

An initial reversal is termed a prefix reversal in [27], where the Cayley graph on S,
generated by the n — 1 prefix reversals ws,ws,...,w, is referred to as the pancake
graph P,. Chung and Tobin [27] introduced a family F,, of graphs that generalizes the
pancake graph, and showed that every graph in F,,, including P,,, has spectral gap equal
to one. Their methodology showcases remarkable ingenuity, heavily relying on graph
coverings, a concept introduced earlier in [28], which can be understood as an extension
of equitable partitions. For a graph covering, the counterpart of a quotient graph arising
from an equitable partition is referred to as a projection. By identifying a common
projection for each graph in F,,, they demonstrated that the spectral gap of any graph
within F,, does not exceed that of the projection. Employing inductive reasoning, the
authors conclusively established that every graph within F,, shares the same spectral
gap as the projection, which is precisely 1. Furthermore, utilizing this methodology,
Chung and Tobin also analyzed the spectral gap of the reversal graph R,,, defined as the
Cayley graph on S,, generated by all reversals in S,,. They constructed an appropriate
projection of R,,, whose spectral gap serves as an upper bound for the spectral gap of
R,,. Subsequently, through induction, they demonstrated that the spectral gap of the
projection precisely matches the actual spectral gap of R,,. An important observation in
the induction process is the decomposition of R,, into one pancake graph P, and n — 1

copies of R,_1, thereby establishing the spectral gap of R,, based on that of P,.

It can be verified that the projection of R, constructed by Chung and Tobin in [27,

Lemma 10] possesses the adjacency matrix equal to Pyes(X), where Pger represents the
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permutation matrix of the defining representation of S,,, and ¥ denotes the set com-
prising all reversals of S,. Consequently, R, having the same spectral gap with this
projection implies that the second largest eigenvalue of R, is attained by the standard
representation of S,. Hence the reversal graph R, constitutes the second family of
Cayley graphs on S, exhibiting the Aldous property, with its connection set formed by

permutations other than transpositions.

The methodology utilized by Chung and Tobin [27] was subsequently employed in [57] to
determine the second largest eigenvalue of three Cayley graphs on the alternating group,
generated by cycles of length 3. Let A,, denote the alternating group of degree n with
n > 3. The alternating group graph AG,,, extended alternating group graph EAG,, and
complete alternating group graph CAG,, are defined as the Cayley graphs Cay(A4,,T1),
Cay(Ap,T>) and Cay(A,,T3), respectively, where 71 = {(1,2,7),(1,4,2) | 3 < i < n},
T, = {(1,4,4),(L,4,1) | 2 <i <j <mn}and Ty = {(i,5,k), (i,k,j) | 1 <i <j<
k < n}. Huang and Huang [57] devised proper equitable partitions for AG,,, EAG,,
and CAG,, to effectively bound their second largest eigenvalues from below. Then they
demonstrated by induction that these lower bounds precisely coincide with the second
largest eigenvalues of these three graphs. During the induction process, EAG,, are
decomposed into one AG,, and n copies of EAG,,_1, while CAG,, are decomposed into

one EAG,, and n copies of CAG,,_1.

We now turn our attention to the three Cayley graphs on S, generated by 77, 75 and
Ts3. As A, has index 2 in S, each graph Cay(S,,T;), where i ranges over {1,2,3},

comprises two connected components, both isomorphic to Cay(A,,,T;), and hence

aQ(CaY(Sm Tz)) - )\Q(CaY(Sny Tz))

Huang and Huang’s results [57] imply that for each i in {1,2,3}

a2(cay(8ani)) = Al(p(n—l,l)(Ti))a
thus indicating that these three Cayley graphs on S,, generated by 17,75 and T3 exhibit

the Aldous property.

In their paper [58], Huang, Huang, and Cioaba defined the edge set of I' = Cay(G,T)
as {{g,t9} | g € G,t € T}, where T = T-!. They found that when G is a finite
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group acting transitively on [n], the left coset decomposition of G with respect to the
stabilizer subgroup G; for each i € [n] forms an equitable partition of I". All these
equitable partitions share the same quotient matrix By, and the spectrum of By is
contained within that of I'. In [58, Theorem 7], they proved that the eigenvalues of I'
not belonging to By can be bounded above by the sum of the second largest eigenvalues
of certain subgraphs of I'. Theorem 7 in [58] plays a critical role in Chapter 5 of this

paper, so the method developed in [58] will be introduced in detail in Section 2.3.

Building on the above results, they further assumed that I' is connected and normal, and
that the action of G on [n] is highly transitive. Under these conditions, they developed
a recursive method in [58, Theorem 14| that reduces the problem of proving Ao(I') =
A2(Br), an equivalent condition for I" to possess the Aldous property, to verifying this
for some smaller graphs. Finally, as applications of [58, Theorem 14], Huang, Huang,
and Cioaba identified 41 out of 56 families of connected normal Cayley graphs on .S,
generated by permutations moving at most 5 points which possess the Aldous property

in [58, Theorem 15].

Significant progress in generalizing Aldous’ spectral gap conjecture to normal Cayley
graphs on S,, was achieved by Parzanchevski and Puder [88]. They demonstrated the
existence of a positive integer Ny, conjectured to be 17, such that for every n > Ny, if S
is a single conjugacy class of Sy, then the strictly second largest eigenvalue of Cay (.S, S)

is achieved by one of the following eight irreducible representations of .5,,:

P(n—1,1)> Pn-1,1)s P(n—2,2)» P(n—2,2)s P(n—-2,1,1)"» P(n—-33)s P(n—-32,1)s P(n—4,4)

where ¢’ denotes the transpose of the partition of ¢ - n (see the definition in Section 2.1).
The key ingredient employed in proving this result is [73, Theorem 1.3] (see Lemma 2.5),

which is also a principal tool of Chapter 3.

They further established that when S is any general weighted subset of S,, such that
St € RS, is nonnegative and normal, no finite set of irreducible representations suffices
to capture the strictly second largest eigenvalue of Cay(Sy,S). However, for any such
S, they proved that the gap between |ST| and as(Cay(S,,S)) is bounded by |[S*| —

A1(P(n—1,1)(S)) multiplied by a decaying multiplicative factor:

|57 = aa(Cay(Sn, 8)) = [IST] = A1 (p(n—1,1) (S)](L = on(1)).
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Recently, Siemons and Zalesski [96] considered the normal Cayley graph generated by
the conjugacy class C'(n, k) of k-cycles in S,,. They determined the strictly second largest
eigenvalue of Cay(S,,C(n,k)) for k = n and n—1. Since Cay(S,, C(n, k)) is normal, by
Proposition 1.2 its eigenvalues can be expressed in terms of the irreducible characters
of k-cycles. Their results indicate that when k is n or n — 1, the normal Cayley graph
Cay (S, C(n, k)) does not possess the Aldous property. However, Siemons and Zalesski
anticipated that Cay(S,, C(n,k)) would exhibit the Aldous property for every 2 < k <
n—2 and every n > 5, and this was formally proposed by Maleki and Razafimahatratra
as Conjecture 1.5 in [81]. Proposition 2.3 in [88] supports this conjecture for sufficiently
large n. Furthermore, Maleki and Razafimahatratra [81] proved this conjecture to be
true when n — k is relatively small compared to n and when k£ = 5. The cases k = 2,
3 and 4 are covered by earlier works [39, 57] and [58], respectively. In Chapter 4, we

provide a complete proof for this conjecture along with other results.

In [96], Siemons and Zalesski also considered a family of nonnormal Cayley graphs on
Sp. For 1 < r < k < n, they use C(n,k;r) to denote the subset of C'(n,k) consisting
of k-cycles of S,, that move every point from 1 to r. Note that C(n,k;r) is not closed
under conjugation and that Cay(Sy,C(n, k;r)) is nonnormal. They successfully deter-
mined all the eigenvalues of the matrix p(,_1 1y(C(n, k; 7)), which are the eigenvalues of
Cay(Sn, C(n, k;r)) afforded by the standard representation p(,_1 1) of S,. They further

conjectured that

O‘Q(CaY(Sna C(TL, k; T))) = Al(p(n—l,l) (C(TL, k; T)))a

which, if true, would indicate that the nonnormal Cayley graph Cay(S,,, C(n, k;r)) has
the Aldous property. They confirmed the conjecture for the case k = r+1. Results from
[57] also provide supportive evidence for the case k = 3 of this conjecture. In Chapter 5,

we provide a complete solution to this conjecture.

Cesi [24] extended Aldous’ spectral gap conjecture to the Weyl group W (B,,) following
the strategy described in [23]. To be specific, Cesi proved an analogous result by show-
ing that for a class of weighted generating subsets of W (B,,), the spectral gap of the
Laplacian of the Cayley graph on W (B,,) is attained by a 2n-dimensional permutation
representation of W,,, denoted by P,,. In the original Aldous’ spectral gap conjecture,

the standard representation is the unique irreducible representation of S,, containing the
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trivial representation when restricted to S,,—1. Similarly, the permutation representation
P,, of W(B,,) consists of all irreducible representations of W (B,,) which, when restricted
to W(By—1), contain the trivial representation. Furthermore, Cesi demonstrated that

the result in [24] cannot be strengthened by replacing P, with a subrepresentation.

In [67, Theorem 6.1], it is proved that if (G,S) is a finite Coxeter system, both the
spectral gap and the Kazhdan constant are determined by the defining representation.
This result encompasses every finite Coxeter group. Specifically, if G is W(B,,) and S
is a Coxeter generator for GG, the defining representation being a subrepresentation of
P,, makes this result stronger than Cesi’s for this particular S. The approach in [67,
Theorem 6.1] differs significantly from the strategies used in [23, 24]. For an explanation
of why the method in [67, Theorem 6.1] is unlikely to be effective for dealing with more
general elements rather than a Coxeter generator, refer to [23, Section 5|. For further

research on eigenvalues of Cay(G, S) with (G, S) a finite Coxeter system, see [1, 61].

1.2.3 Probabilistic generalization of Aldous’ spectral gap conjecture

In this subsection, we explore the interconnections between spectral gaps within vari-
ous stochastic processes defined on graphs, highlighting the analogous form of Aldous’

spectral gap conjecture.

As corollaries of Theorem 1.5, several stochastic processes that are sub-processes of the
interchange process are discussed in [20]. In the following, we suppose I' = (V(T"), E(T"))
is the complete graph on n vertices, denoted by v, va, ..., vy, with ¢; ; > 0 as the weight
of the edge {v;,v;}. We further assume that the corresponding skeleton graph, which is

the spanning subgraph of I' with positive weight edges, is connected.

Symmetric exclusion process (EP) In the k-particle exclusion process, a state
is an assignment of k indistinguishable particles to k of the n vertices of I'. For an
edge {v;,v;}, if one of the positions v;,v; is occupied and the other is empty, then at
rate g; ; the particle at the occupied position jumps to the empty position and this is
one transition. See Figure 1.3 for a transition from the state {vi,v,v3} to the state
{va,v3,v5}. Note that the random walk process defined in Subsection 1.1.3 is the 1-

particle exclusion process.
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U1 U1
Vs, V9 (%5

vy v3 vy ' vy

(a) T () {v1,v2,v3} (c) {v2,v3,v5}

FIGURE 1.3: An illustration of a transition in the symmetric exclusion process

Formally, the k-particle exclusion process is the continuous-time Markov chain with state

space SFP = {X c V(D) | |X| = k} and Q-matrix Q" = (¢xv)x yeser, where

Qi,j’ lf XAY = {’Ui,Uj};
Xy = — > qj, ifX=Y;
[ XN {vi,v;}=1
0, otherwise.

Here A denotes the symmetric difference. It can be obtained as a subprocess of the

interchange process by the following surjective map
78, = S (o) ={o71(1),071(2),...,0 L (k)}

in the sense of (1.1), which gives Spec(—Q¥") C Spec(—Q'’). On the other hand, if
f: V(') = R is an eigenfunction of Q®W with eigenvalue ), then g : S¥F — R with

9(X) = >_,,ex f(vi) is also an eigenfunction of QFP with eigenvalue A. This gives
Spec(—Q™) ¢ Spec(—QFF) C Spec(—Q™).

As a corollary of Theorem 1.5, it is deduced in [20] that for an arbitrary number k €
{1,2,...,n — 1}, for every weighted graph T, the k-particle exclusion process on I' has

the same spectral gap as the random walk on I', that is,

AEP (D) = AEWV(D).

Colored exclusion process (CEP) In the colored exclusion process, there are r > 2

types of particles, with n; > 1 of type ¢ such that ny +n9+...+n, = n, where particles
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of the same type are indistinguishable. A state is an assignment of these particles to the
vertices of I' such that every vertex is occupied by exactly one particle. In a transition,

at rate ¢; ;, the particles at v; and v; interchange their positions; see Figure 1.4.

2 o
s v @

V4 v3

FIGURE 1.4: An illustration of a transition in the colored exclusion process

By ignoring all sites occupied by particles of types 2,3, ..., r, we obtain the ni-exclusion
process as a subprocess of the colored exclusion process. This colored exclusion pro-
cess, in turn, becomes a subprocess of the interchange process if we declare particles
1,2,...,n1 to be of type 1, ..., and particles n — n, + 1,...,n to be of type r. Thus
as a corollary of Theorem 1.5, it is shown in [20] that for any choice of the parameters
r,ni,...,n., for any weighted graph I', the colored exclusion process on I' has the same

spectral gap as the random walk on I', that is,

)\CEP (1-\) _ )\RW (F) )

Normal generalized exclusion process (NGEP) We fix k € N, referred to as the
maximal occupancy, and | € NT, referred to as the number of particles. We assume that
I < N, where N = kn. A state of the generalized exclusion process is an assignment of [
indistinguishable particles to n vertices, ensuring that at most k particles are allocated
to any v; € V(I'). We use SSFP to denote the state space of the generalized exclusion

process, that is,

SCEP — (r: V() = {0,1,...,k} | zn:w(vi) =1}
=1
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For a state 7 € SYBF and v;,v; € V(T'), if 7(v;) > 0 and 7(v;) < k, we define 7/ as the

state obtained from 7 through v; to v; as follows:

w(v) — 1, if s =4;
7"-ij(vs): 71'(11]')—{—1, if s = 7;

(vs), otherwise.

See Figure 1.5 for an example. For any v;,v; € V(I'), we assume the transition from
a state m € SOEP to 79 € SUEF occurs at rate p(m, v, v;)q;; where p i SCEP x V' x
V — Rso. When u(m,v;,v;) = 7(v;)(k — 7(vj)) for v;,v; € V(I') and 7 € SCEP | the
generalized exclusion process with this transition rate u is called the normal generalized

exclusion process (NGEP). The main result of [65] states that the spectral gap of the

U1

Us U2

V4 U3
FIGURE 1.5: Generalized exclusion process with [ =2 and k = 2

normal generalized exclusion process on I is equal to k times that of the random walk
on I', that is,
ANGEP(P) - k. ARW(F)

)\NGEP

In particular, is independent of the number of particles .

For more recent works on the analogous of Aldous’ spectral gap conjecture of other

continuous-time Markov chains, see [18, 68, 90, 93, 94].

1.3 Thesis structure and main results

In this paper, we focus on the strictly second largest eigenvalue of Cayley graphs on the
symmetric group S, and investigate which partitions of n are responsible for this eigen-
value. Our aim is to identify families of Cayley graphs on S,, with the Aldous property,

where the strictly second largest eigenvalue is achieved by the standard representation

P(n—1,1) of Sp.
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In Chapter 2, we introduce the techniques used in this thesis, including the fundamentals
of representation theory of symmetric groups and various methods in algebraic graph

theory, such as the Weyl inequalities and the equitable partition of graphs.

In Chapter 3, we prove three results, namely Theorems 3.1-3.3, regarding normal Cayley
graphs on S, that possess the Aldous property for sufficiently large n. Among these,
Theorem 3.3 can be viewed as a generalization of the normal case of Aldous’ spectral

gap conjecture. The support of a permutation o € S, is defined as

supp(a) = {i € [n] [ o (i) # i}.

For ) #1 C{2,3,...,n—1,n} and 2 < k < n, set

T(n,I)={c €S, | |supp(o)| € I}

and

T(n,k) ={o € S, |2 < |supp(o)| < k}.

Theorem 3.1 indicates that when n is sufficiently large, for any conjugacy class S of
Sp, the normal Cayley graph Cay(S,,S) has the Aldous property if and only if 2 <
|supp(c)| < n — 2 for some (and hence all) o € S. Theorem 3.2 shows that when n is
sufficiently large and and 0 # I C {2,3,...,n} with |[I N {n — 1,n}| # 1, the normal
Cayley graph Cay(Sy, T (n,I)) has the Aldous property if and only if IN{n—1,n} = 0.
Finally, as an extension of the normal case of the Aldous’ spectral gap conjecture, we
prove in Theorem 3.3 that when n is sufficiently large, for any 2 < k < n, the connected

normal Cayley graph Cay(Sy,T'(n, k)) has the Aldous property.

In Chapter 4, we study the normal Cayley graphs Cay(S,,C(n,I)), where I C {2,3,...,n}
and C(n, ) is the set of all cycles in S,, with length in I. We prove that the strictly
second largest eigenvalue of Cay(Sy,C(n,I)) can only be achieved by at most four irre-
ducible representations of \S,,. For some special I C {2,3,...,n}, we determine exactly
the multiplicity of the strictly second largest eigenvalue of Cay(S,,C(n,I)) by iden-
tifying all partitions of n whose corresponding irreducible representations achieve this
eigenvalue. As a corollary, we prove the conjecture of Maleki and Razafimahatratra [81,
Conjecture 1.4] (Corollary 4.7) that for any n > 4 and 2 < k < n— 2, the normal Cayley
graph Cay(S,, C(n,k)) has the Aldous property, where C'(n, k) = C(n,{k}), and thus
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solve an open problem posed by Siemons and Zalesski in [96]. A summary of our main

results of Chapter 4 can be found in Table 4.1.

For 1 <r < k < n, let C(n,k;r) be the set of k-cycles of S,, moving every point in
{1,2,...,r}. Siemons and Zalesski [96] posed a conjecture (Conjecture 5.1) which is
equivalent to saying that for any n > 5 and 1 < r < k < n the nonnormal Cayley graph
Cay(Sp,C(n, k;r)) on S,, with connection set C'(n, k; r) has the Aldous property. Solving
this conjecture, we prove in Chapter 5 that all these graphs have the Aldous property
except when (i) (n,k,7) = (6,5,1) or (ii) nis odd, kK =n —1,and 1 < r < §. Along
the way we determine all irreducible representations of .S,, that can achieve the strictly
second largest eigenvalue of Cay(.S,, C(n,n — 1;7)) as well as the smallest eigenvalue of

this graph.

This thesis concludes with several open problems related to Aldous’ spectral gap con-

jecture, as presented in the final chapter.






Chapter 2

Preliminaries and methodologies

In this chapter, we introduce additional techniques from the representation theory of
symmetric groups in Section 2.1, as well as methods from matrix theory and algebraic
graph theory, such as equitable partitions, in Section 2.3. We also explore the connection
between Aldous’ spectral gap conjecture and equitable partitions or Schreier graphs.
Specifically, we relate the second largest eigenvalue of a connected Cayley graph on .S,
generated by transpositions to that of a quotient graph of the Cayley graph with respect

to an equitable partition, or to that of a Schreier graph isomorphic to the quotient graph.

2.1 Representation theory of finite groups

All definitions in this section can be found in [62, 63, 92]. Representation theory can be
expressed either through matrices or in terms of modules. A complex matriz representa-
tion p of a finite group G is a group homomorphism from G to the complex general linear
group GLg of degree d. The parameter d is called the dimension of this representation,
denoted by dimp. Every group has a trivial representation, which has the dimension of 1
and sends every group element to the matrix (1). For the symmetric group S,,, the sign
of a permutation o € S, written sgn(co), is defined to be 1 if o is even and —1 if o is
odd. The sign representation of S, has the dimension of 1 and maps every permutation

in S, to its sign.

All vector spaces in this thesis are over the complex numbers and of finite dimensions. A

vector space V', with dimension dimV, is a G-module if there is a group homomorphism

35



36 Chapter 2

from G to GL(V), which is the general linear group of V consisting of all invertible
linear transformations of V to itself. We can switch between matrix representations of
G and G-modules, as the two definitions are equivalent. Given a matrix representation
p of G with dimension d, the vector space C¢ of all column vectors over C of length d is

a G-module with g € G the following linear transformation
gv=p(g)v, veC

where the operation on the right is matrix multiplication. Conversely, if V is a G-
module, then by taking a basis B for V', the map p sending g € G to the matrix of the

linear transformation g in this basis B is a matrix representation of G.

Two G-modules V' and W are equivalent if there is a bijective linear transformation

0 :V — W such that
0(gv) = go(v)

for all ¢ € G and v € V. In matrix terms, two matrix representations p; and ps of G

are equivalent, denoted by p; = po, if there is a fixed invertible matrix 1" such that

Tpi(9)T~" = pa(g)

for all g € G. The character of a matrix representation p of G is the map x,: G — C
defined by

Xp(g) = Trace(p(g)), g€ G,

where Trace(-) represents the trace of a matrix. Clearly, the character of p on the identity

element 1 of G gives the dimension of p, that is,
Xp(1) = dimp.

Two representations of G are equivalent if and only if they have the same character.

The normalized character of p on g € G is defined as

Given a G-module V', a subspace W of V is called a nontrivial submodule of V if W is a
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G-module in its own right and 0 < dimW < dimV. A nonzero G-module V is reducible
if it contains a nontrivial submodule; otherwise, V' is said to be irreducible. Equivalently,
V' is reducible if it has a basis B in which every g € (G is assigned a block matrix of the

form

where the A(g) are square matrices, all of the same size, and 0 is a nonempty matrix of

Zeros.

Let V be a vector space with two subspaces U and W. We say V is the internal direct

sum of U and W, written V = U @ W, if every v € V can be written uniquely as a sum
v=u+w, uelU wecll

If X is a matrix, then X is the direct sum of matrices A and B, written X = A ® B, if
X has the block diagonal form

Al O
0|B

Maschke’s Theorem states that for a finite group G, every nonzero G-module V is a
direct sum of irreducible G-submodules of V. Equivalently, every positive-dimensional
representation of a finite group G is equivalent to a direct sum of irreducible represen-

tations of G.

If G={91,92,-..,9n}, then G acts on itself by right multiplication: the action of g; on
g; is defined as the usual product g;g; Lin G. Then we have the following G-module
CG@, called the group algebra' of G,

CG ={c1g1 + 282+ ...+ ¢n8n | ¢i € C for all i}.

Vector addition and scalar multiplication in CG are defined by

(c1g81 +c2g2 + ... + cn8n) + (d1g1 + dag2 + ... + dngn)

=(c1 +d1)g1+ (ca+d2)ga+ ...+ (cn +dyn)8n

!We put the elements of G in boldface print when they are being considered as vectors.
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and

c(c1g1 + cog2 + ... + Ccn8n) = cc181 + ceag2 + . .. + CCpBn,

respectively. Let gjgi_1 =gk in CG if gjgi_1 = g in G. Then the action of g € G on

CG can be expressed as

glci1gr + coga + ...+ cugn) = c1(g1g8 ™) +c2(gag ) + -+ cn(gng ™).

Denote by Ry the matrix representation corresponding to CG in the natural basis
{g1,82,...,8n}, and R, is called the right regular representation of G. When writing

Ryeg as a direct sum of irreducible representations

t
Rreg = @ d;pi,
=1

we have that {p;}!_; forms a complete list of all pairwise inequivalent irreducible repre-
sentations of G. Furthermore, the multiplicity d; of p; equals dimp; in the above direct
sum, that is,

dipi == pi©p; DD p;.

In the following, we use G = {p1,p2,...,pt} to denote a complete list of pairwise in-

equivalent irreducible representations of G with d; the dimension of p;.

2.2 Representation theory of symmetric groups

A partition of a positive integer n is a sequence of positive integers v = (v1,72, - - -, Ym)
satisfyingy1 > v > - > ypand n =y +v2+- - - +9m. We use v - n to indicate that v
is a partition of n and use ¢;(7y) to denote the number of terms in -y which are equal to 1.
We say that v is a hook if y = (n—m,1™) with0 <m < n—1,and v = (n—m, 2,1™2)

with 2 <m <n — 2 is called a near hook.

Every permutation o € S, has a decomposition into disjoint cycles. The cycle type of o
is the partition of n whose parts are the lengths of the cycles in its decomposition. It is
widely known that two elements of S,, are conjugates if and only if they have the same
cycle type. This means that the conjugacy classes of S, are characterized by the cycle

types and thus correspond to the partitions of n. Denote by C(Sy,7) the conjugacy
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class of S, that corresponds to the partition v - n. For each v = n, we define sgn(v) =1

if all permutations in C'(Sy, ) are even and sgn(vy) = —1 otherwise.

Recall from the representation theory of symmetric groups [92] that for each partition
of n, we can construct an irreducible S,-module, known as the Specht module. It is well
known that all the Specht modules corresponding to partitions of n form a complete
list of inequivalent irreducible modules of S,,. As in Subsection 1.1.3, for ¢ - n, we use
S¢ to denote the corresponding Specht module of S,, and p¢ the matrix representation
of S¢, with dimension d¢, under the basis such that p-(H) is symmetric and thus has
real eigenvalues whenever H C S, is closed under inverse. The existence of this basis
is guaranteed by Lemma 1.3. The notation S’\n denotes the complete list {p¢}crn of
pairwise inequivalent irreducible representations of S,,. The representations p(,) and
p(iny are just the trivial and the sign representations of Sy, respectively. The standard
representation of Sy, refers to p(,,_1,1). Sometimes we say (, instead of p¢, attains the

strictly second largest eigenvalue of some Cayley graph on S,,.

We use x¢(-) and X¢(-) to denote the character and normalized character of p¢ for
any ¢ I n, respectively. It is well known that x(,)(0) = Xn)(0) = 1 and x(in)(0) =
X@any (o) = sgn(o) for any o € S,. Since x¢(-) (respectively, x¢(-)) is a class function on
S, we use x¢(7y) (respectively, x¢(7)) to denote the value of x(-) (respectively, x¢(-))
on the conjugacy class C(S,,,v). We always use 1 to denote the identity element of S,,.
Note that x¢(1) equals the dimension d¢ of p¢ € S’\n for any ¢ F n.

A Young diagram is a finite collection of boxes arranged in left-justified rows, with
the row sizes weakly decreasing. The Young diagram associated to the partition v =
(1,725 - -, Ym) is the one that has m rows and ~; boxes on the i-th row. For instance,

the following are the Young diagrams corresponding to all partitions of 4. Since there is

[ ]
L) O L]

(4) (3,1) (2,2) (2,1,1) (1,1,1,1)

a clear one-to-one correspondence between partitions and Young diagrams, we use the

two terms interchangeably, and we always use Greek letters v and  to denote them.
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Denote by a = (i,j) the box of a Young diagram ¢ in the i-th row and j-th column.
Then it has hook

Ho=Hij={(i.f) €¢:j > u{(i.j) ¢ >}
with corresponding hook length
ha = hi; = |Hi;|.

To illustrate, if { = (42, 33, 1), then the dotted boxes in are the hook Hso with hook

length ho 2 = 6. The following theorem states the well-known Hook Length Formula for

the dimension d¢ of any irreducible representation p; € g\n
Theorem 2.1. (Hook Length Formula, [92, Theorem 3.10.2]) If ¢ - n, then

n!
d¢ = =
I jrec i
It is known [47] that the character of any ps € S’\n on any conjugacy class of S, is
an integer with absolute value at most the dimension of p¢. Hence X¢(7) is a rational
number in the interval [—1, 1] for all { - n and v F n. For the convenience of the reader
and in order to provide self-contained proofs, we include the following Table 2.1 from

[88], which gives the dimensions and characters of some irreducible representations of

Sh.

The conjugate or transpose of a partition ¢ = ((1,(2,...,(mn) F n is defined as ¢’ =
(¢1, &, -..,¢,) F n, where ¢/ is the length of the i-th column of ¢. In other words,
the Young diagram of ¢’ is just the transpose of that of . The relation between p¢(-)

(respectively, x¢(-)) and per(-) (respectively, x¢/(-)) is reflected in the following lemma.
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¢kn d¢ = x¢(1) x¢(7) with ¢;(y) = ¢
(n) 1 1

(n—1,1) n—1 cp—1

(n—2,2) S a@=d) 4 g,

(n—2,1%) ([n=1)(n-2) (D=2 _

(n—3,3) nn_D(n5) A@DE5) 4 (0 — T)ey + 3
(n—3,2,1) nn—2)n-4) aa=Aa=1) _

(n—3,1%) (- )(n2)(n3) (=D 2=8) (o) — 1)e, + 3
(n —4,2,1%) ”<"*2><n873><nf5> cl(cl—zxcéfs)(clfs)) _ (021"*302171)C2 B 55 e

TABLE 2.1: Dimensions and characters of some irreducible representations of S,

Lemma 2.2. [63, 2.1.8] For any (,y F n, we have

per(7) = sgn(y)pc(v),  xer(v) =segn(v) - x¢ ()

In particular, we have de = x¢/(1) = x¢(1) = d¢. That is, p has the same dimension

as pc.

Let E(n) and O(n) be the numbers of even and odd derangements on [n], respectively.

The next two lemmas will be used in our proof of Theorem 3.2.
Lemma 2.3. [87] E(n) — O(n) = (=1)™®D(n - 1).

Lemma 2.4. [88, Proposition 2.3] There exists a positive integer Ny such that for every

n > No and any v F n with c¢1(y) > 2, we have

X X¢(7) = X(n-1,(7)-

C¢{(n),(1")}

Our main tool for proving the case k = n — 1 in Theorem 3.3 is the following asymptot-

ically sharp bound for the characters of S,, due to Larsen and Shalev [73].



42 Chapter 2

Lemma 2.5. [73, Theorem 1.3] Let v be a partition of n and let f = max{ci1(7),1}.
Then for all { F n,

log(n/f) log f
xe()] < xe(1)F Bln o =y (1) 2 Famen ten,

where €y, 15 a real number tending to 0 as n — co.

Another key ingredient for proving the case kK = n — 1 in Theorem 3.3 is the following

estimation of the dimensions of irreducible representations of S,,.

Lemma 2.6. [88, Lemma 2.6] Let n > 13 and ( F n correspond to a Young diagram
with at least three boxes outside the first row and at least three boxes outside the first

column. Then the dimension d¢ of p; € S‘; satisfies

dc Z n2‘05.

The following two lemmas provide the characters on n-cycles and (n — 1)-cycles, respec-

tively, with their normalized characters derived using Hook Length Formula.

Lemma 2.7. [92, Lemma 4.10.3] Suppose { and v are two partitions of n. If v = (n)
and o € C(Sp,7), then

(_1)m7 chz(n_m,lm) with 0 <m <n—1;
Xc(7) = x¢lo) =
0, otherwise;

~ n! ’

0, otherwise.

Lemma 2.8. [96, Lemma 4.3] Suppose ¢ and v are two partitions of n. If y = (n—1,1)
and o € C(Sp,7), then

1, if ¢ = (n);
(—1)"2, if ¢=(1");

(=)™ i C=(n—m2,1™ ) with2 <m <n—2

xc(v) = x¢lo) =

0, otherwise;
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1, if ¢ = (n);
(=12, if ¢ =(1");
Xc(7) = x¢lo) = if ¢ =(n—m,2,1m?)

(=)™ 1(n-1) (nfm? (n—m—2)!m(m—2)! 7

with 2 <m <n — 2;

{ 0, otherwise.

For any partition =, let £(7) denote the number of parts of 7. Let m and n be positive
integers. Given partitions g and ¢ of m and m + n, respectively, we say that p is a
subpartition of ¢, written u C ¢, if £(p) < £(¢) and p; < ¢; for 1 < i < £(p). The skew
diagram (/p is defined to be the set of boxes in ¢ but not in u. Denote by ht({/u) the
number of nonempty rows of ¢/ minus one. A skew diagram (/u is called a border strip

if it contains no subset that is a 2 X 2 box and the graph with vertices the boxes of (/u

and edges joining two neighbouring boxes in the same row or column is connected. For
example, if (o = (3,3,2,1), p1 = (2,1,1) and pa = (3), then we have the skew diagrams
with ht({o/pn1) = 3 and ht((o/u2) = 2. Note that these two skew diagrams are not

Co/ 1 = Co/p2 =
[ ] L]

border strips, while the following one is a border strip:

[ ]

The main tool in Chapter 4 is as follows.

Theorem 2.9. (Murnaghan-Nakayama Rule, [92, Theorem 4.10.2]) Given positive in-
tegers m and n, let p € Sy4n be an m-cycle and let ™ be a permutation of the remaining

n elements of [m + n|. Then for any ( - m +n,

Xe(mp) =D (=) My (m),
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where the sum is over all p = n such that p C ¢ and {/p is a border strip.

The special case of the Murnaghan-Nakayama Rule that p is just a 1-cycle, that is, a
fixed point, is called the Branching Rule. To be specific, if ( and « are partitions of
n + 1 with ¢1(y) > 1, letting 7/ be the partition of n with all ¢;(7) = ¢;(y) except for
c1(7') = c1(y) — 1, then
X)) =Y _xe-(),
-

where the sum is taken over all partitions of n which are obtained from { by removing

one box.

In other words, Branching Rule describes how irreducible representations of S,, decom-
pose into irreducible representations of S,_1. We use the notation (~ to denote any
partition of n — 1 whose Young diagram is obtained by removing one box from that of

¢ Fn. When we restrict p¢ € S’; to S,_1, then the restriction representation

P¢ \I/Sn—l (U) = pc(U), o€ Sh-1

is not necessarily irreducible. In particular, we have the following theorem.

Theorem 2.10. (Branching Rule, [92, Theorem 2.8.3]) If ¢ = n, then pc ls, =
@g— P

2.3 Equitable partitions and other tools

Upper and lower bounds on eigenvalues of a symmetric matrix over the reals can be

obtained from a theorem of Hermann Weyl [103]. See also [19, Theorem 2.8.1].

Theorem 2.11. (Weyl Inequalities) Let C = A+ B be symmetric mxm matrices, and let
V1> Y, 0 > > Ay, 1 > -0 > B be the eigenvalues of C, A, B, respectively.
Then fori,j € {1,2,...,n}, we have viyj—1 < a; + B; wheneveri+ j —1 < m and

Vitj—m = a; + B whenever i +j —1 > m. In particular,
M <ar+ B and Yy > o+ B

Remark 2.12. In Chapter 5, we may apply Weyl Inequalities to symmetric matrices
A, B, C satisfying C' = A— B. In this situation, the eigenvalues {v;}; of C are bounded
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by the eigenvalues {o;}", of A and the eigenvalues {3;}", of B in the following way:

Vitj—1 < & — Bm—j+1 whenever ¢ + 75 —1 < m,

Yitj—m = @ — Bm—ji1 Whenever ¢ +j —1 > m.

Let I be a finite simple graph with n vertices and adjacency matrix A. Consider a vertex
partition IT : V(T') = C; UCy U --- U, of I'. The characteristic matriz Py of 11 is a
|V (I")| x r matrix whose columns are the characteristic vectors of the cells Cy, Co, ..., C;

of II.

The partition 1I is called an equitable partition of I' if the number of neighbors in Cj; of
a vertex u in Cj is a constant b;;, independent of w. The matrix By = (bij)rxr is called
the quotient matriz of I" with respect to II. The directed graph with the r cells of II as
its vertices and b;; arcs from the i-th to the j-th cells of II is called the quotient graph
of " over the equitable partition II, denoted by I'/TI, whose adjacency matrix is exactly
Brp. In this case, it can be verified that APy = P Brr, meaning the column space of P
is A-invariant. Indeed, a vertex partition of I' with characteristic matrix Py is equitable

if and only if the column space of P is A-invariant [48, Lemma 9.3.2].

When we have an equitable partition II of I'; we can derive more information about the

eigenvalues and eigenvectors of I' from those of the quotient graph I'/II.

Lemma 2.13. [48] Let ' be a graph with adjacency matriz A, and I1 : V(I') = C1 U
CoU---UC, an equitable partition of I' with quotient matriz By and characteristic
matriz Pr. Then, each eigenvalue of the quotient graph T'/I1 is also an eigenvalue of T.

Furthermore, I' has the following two kinds of eigenvectors:

(i) The eigenvectors in the column space of P, with corresponding eigenvalues match-

ing those of T'/11;

(i) The eigenvectors orthogonal to the columns of Pr, that is, those eigenvectors that

sum to zero on each cell C; for 1 <i <r.

Chung and Yau [28] developed a generalization of equitable partitions, known as graph
coverings, which is applicable to weighed graphs and also serves as a key ingredients in

27].
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In the following, we highlight some important applications of equitable partitions as
introduced in [58]. Let G be a finite group. In [58] the edge set of a Cayley graph
Cay(G, S) is defined as {{g,sg9} | g € G, s € S}, and when composing two permutations
o o7 in S,, the authors in [58] do it from left to right. However, in this paper we
define the edge set of Cay(G, S) as {{g,9s} | g € G, s € S} and when composing two
permutations ¢ o 7 in S,, we do it from right to left. Considering this nonessential
difference, we know from [58, Lemma 5] that for any subgroup H of G, the set of right

cosets of H in G forms an equitable partition of Cay(G, 5).

Let © be a nonempty set, and let G be a group acting on 2. We say that the action
of G on Q (|| > s) is s-transitive if for all pairwise distinct z1,z2,...,zs € Q and
pairwise distinet y1,y2,...,ys € §, there exists some g € G such that 2! = y; for
1 < i < s. Clearly, an s-transitive action is always t-transitive for any ¢ < s. In
particular, we say that the action is transitive if it is 1-transitive. As usual, we denote
by G, = {g € G | 29 = z} the stabilizer of z € Q in G. Note that G, is a subgroup of
G.

Now consider the group G as either the symmetric group S, or the alternating group
Ay, both of which act transitively on [n] = {1,2,...,n} for n > 3. For each fixed i € [n],
by the orbit-stabilizer theorem, we have |G|/|G;| = n. Furthermore, G has the following

right coset decomposition:
IL : G =Gig1,iUG92; U---UGign; = G1,, UGa; U--- UGy, (2.1)
where g;; is an arbitrary element in G that maps j to i, and
Gji = Gigji ={9€ G| j9 =i},
for all j € [n]. Clearly, |G;;| = |G| = |G|/n. Note that the group action in (2.1) is the

composition of permutations, which is performed from right to left in this paper.

Let I' = Cay(G,S) be a connected Cayley graph on G, where G is either S, or A,.
According to [58, Lemma 5] mentioned above, for each i € [n], the right coset decompo-
sition II; given in (2.1) is an equitable partition of I" with quotient matrix denoted by
B; = (bkt)nxn, where

bre = |9 N g1 Gigral = 1SN Gyl (2.2)
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is exactly the number of elements in S mapping ¢ to k. Since by = [S N Gyl is
independent on the choice of i, all the equitable partitions II; share the same quotient
matrix. Therefore, we use B instead of B;. Additionally, by counting the edges between
G and Gy; in two ways, we obtain byt - |Gy ;| = by, - |Gy 4|, which implies that by = by

because |Gy ;| = |Gti| = |G|/n. Consequently, B = (bgt)nxn is symmetric.

The following result provides upper bounds for the eigenvalues of I', excluding those of
B. The original result, as stated in [58, Theorem 7], applies to any finite group G acting

transitively on [n] = {1,2,...,n}. Here, we restrict G to be either S,, or A,,.

Lemma 2.14. [58, Theorem 7] Let G be S,, or Ay, and letT' = Cay(G, S) be a connected
Cayley graph of G. The right coset decomposition I1; of G given in (2.1) results in an
equitable partition of I', and the corresponding quotient matriz B = B; is symmetric
and independent of the choice of i. Moreover, if A is an eigenvalue of I' which is not an

eigenvalue of B, then for each k € [n], we have
A < Ao (Cay (G, SN GE)) + Aa(Cay (G, S\ (SN Gy))),
where Gy, is the stabilizer of k € [n] in G.

Now we relate the above quotient matrix B with the natural permutation module
M®=11) of S,. Consider the natural action of S, on [n] = {1,2,...,n}. Then S,
acts on

Cln] = {c11+ 2+ -+ +con | ¢; € C for all 4}

with the action
o(lerl + 2+ -+ epn) = c1o(1) + c20(2) + - -+ + ¢cpo(n)

for all ¢ € S,,2. Then C[n] is the so called natural permutation module of S,,, denoted by
M@=1L1 " Given the standard basis {1,2,...,n} of C[n], the matrix X (o) of the linear
transformation o € .S, is
1, ifo(j) =14
X(0)i; = (2.3)
0, otherwise.

2Here we use bold font to indicate that 1,2, ..., n are vectors.
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This is exactly the matrix Pge(o) of the defining representation of S, on o. Con-
sequently, the quotient matrix B of I' = Cay(S,,S) with respect to the right coset

decomposition II; for any i € [n] is

B =) X(s)=X(9) (2.4)

s€S
It is known that the natural permutation module M"~11) (respectively, the defining
representation) decomposes into one trivial module S (n) (respectively, trivial represen-
tation p(,)) and one standard module S(n=1.1) (respectively, standard representation
P(n—1,1))- As derived from Lemma 2.13, spec(B) C spec(I'), we know that |S| = p(,)(S)

is the largest eigenvalue of both I' and B. Hence, we have

A2(T) > A2(B) = Ai(p(n-1,1)(5)),

and that Cay(S,,S) has the Aldous property is equivalent to that I' = Cay(G, S) has

the same second largest eigenvalue as the quotient matrix B.

In the following, we introduce the definition of the Schreier coset graph and relate the
quotient matrix B in Lemma 2.14 to the adjacency matrix of a Schreier coset graph.
Given a group G, a subgroup H, and a generating subset S C G, the Schreier coset
graph Sch(G, H, S) has all right cosets {H;} of H in G as its vertices, and the edges are
of the form (H;, H;s) for any right coset H; and any s € S. Given the connected Cayley
graph I' = Cay(G, S) in Lemma 2.14, when H is taken as the stabilizer of ¢ € [n] in G,
the Schreier coset graph Sch(G, G;,.S) is isomorphic to the quotient graph I'/II; of T'.
Consequently, B is exactly the adjacency matrix of Sch(G, G, S), and Cay(S,,S) has
the Aldous property if and only if I' = Cay (G, S) and Sch(G, G;, S) have the same second
largest eigenvalue. Finally, note that when S is a generating subset of transpositions in
G = S, the transposition graph Tra(S), mentioned in Subsection 1.1.3, has the same

Laplacian matrix as Sch(S,, G;, S).
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Three families of normal Cayley

graphs possessing the Aldous

property

3.1 Main results

In this chapter, we present three classes of normal Cayley graphs on S,, that have
the Aldous property. Recall that the support of a permutation o € S, is defined as
supp(o) ={i € [n] | o(i) #i}. For 0 # 1 C {2,3,...,n—1,n} and 2 < k <mn, set

T(n,I) ={o € Sy | [supp(o)| € I}

and

T(n,k)={o €S, |2 <|supp(o)| < k}.

The main results in this chapter are as follows.

Theorem 3.1. There exists a positive integer N such that for every n > N and any
conjugacy class S of Sy, the normal Cayley graph Cay(S,,, S) has the Aldous property if

and only if 2 < |supp(o)| < n — 2 for some (and hence all) o € S.

Theorem 3.2. There exists a positive integer N such that for everyn > N and any () #
I c{2,3,...,n—1,n} with |IN{n—1,n}| # 1, the normal Cayley graph Cay(Sy,T(n,I))
has the Aldous property if and only if I N{n —1,n} = 0.

49
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Theorem 3.3. There exists a positive integer N such that for every n > N and any

2 < k < n, the connected normal Cayley graph Cay(Sy, T (n,k)) has the Aldous property.

It is worth mentioning that the case 2 < k < n — 2 in Theorem 3.3 is covered by
the sufficiency part of Theorem 3.2. We keep the full range 2 < k < n there since
from this form one can easily see that Theorem 3.3 is an extension of the “normal”
version of Aldous’ spectral gap conjecture. In fact, T'(n,2) is the conjugacy class of all
transpositions of S,, and Cay(S,,T'(n,2)) is the unique normal Cayley graph covered by
Aldous’ spectral gap conjecture. We have T'(n,2) C T'(n, k) for 2 < k < n and therefore
Cay(Sp,T'(n,k)) is connected indeed.

After the completion of the proof of Theorem 3.3, we realized that the fact that the nor-
mal Cayley graph Cay(S,, T (n,n—1)) has the Aldous property can be derived from [91,
Theorem 7.1] (see Remark 3.6 for details). So Theorem 3.3 can be regarded as a corollary

of Theorem 3.2 and [91, Theorem 7.1], modulo the trivial case of Cay(Sy,T(n,n)).

In [88, Proposition 2.4], it was proved that, for sufficiently large n and any conjugacy
class S of S;, whose elements fix at most one point, the strictly second largest eigenvalue

of Cay(S,,S) is attained by one of the following eight irreducible representations of Sy,:

P(n—1,1)> P(n-1,1)"5 P(n—2,2)» P(n—2,2)s P(n—2,1,1)"» P(n—33)s P(n—3.2,1)> P(n—4,4)-

The “only if” part of Theorem 3.1 implies that the standard representation p(,_;1) can
be removed from this list. Also, for sufficiently large n, a result proved in [57] can be
obtained from Theorem 3.1 by taking S to be the conjugacy class of 3-cycles or from

Theorem 3.2 by choosing I = {3} (see Remark 3.5 for details).

The conditions in Theorems 3.1-3.3 can be stated in terms of the number of fixed points
of a permutation. In particular, for 0 < k < n—2, T'(n, {n—k}) is the set of permutations
of S, fixing exactly k points, and the normal Cayley graph Cay(S,,T(n,{n — k})) is
exactly the k-point-fixing graph F(n, k) studied in [71]. In particular, D,, := T'(n, {n})
is the set of derangements on [n] and F(n,0) = Cay(Sp,Dy) is widely known as the
derangement graph on [n]. Theorem 3.2 together with some known results from [37, 71,
91] implies the following corollary, which asserts that, for sufficiently large n, F(n,0)
and F(n,1) are the only graphs among F(n,k) (0 < k < n — 2) without the Aldous

property.
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Corollary 3.4. There exists a positive integer N such that for every n > N, the k-
point-fixing graph F(n, k) has the Aldous property if and only if 2 <k <mn — 2.

The integer N in all results above is no more than an integer threshold in [88] which is
believed to be as small as 17. In fact, as will be seen in the proofs of Theorems 3.1-3.3
and Corollary 3.4, the integer N in these results is given by max{Ny, 6}, max{Ny, 7},
max{Ny, 7} and max{Ny, 6}, respectively, where Ny (see Lemma 2.4) is the integer
Nj in [88, Proposition 2.3]. The larger one between this N; and the integer Ny in [88,
Proposition 2.4] gives the integer threshold Ny in [88, Theorem 1.7], and it is conjectured
in [88, Conjecture 1.8] that the smallest value of this threshold Ny is 17. Therefore, if

Conjecture 1.8 in [88] is true, then in all our results above N can be set to be 17.

A major tool for our proofs of Theorems 3.1 and 3.2 is Proposition 2.3 in [88] (see Lemma
2.4). In particular, this proposition implies that, for sufficiently large n, the second
largest eigenvalue of a connected normal Cayley graph as in Theorem 3.2 satisfying
INn{n—1,n} = 0 can be obtained by comparing the two eigenvalues that correspond to
the partitions (n — 1,1) and (1) of n. As mentioned above, to prove Theorem 3.3 we
only need to consider the case when kK = n —1, and in this case the proof can be reduced
to determining the smallest eigenvalue of the complement of Cay(S,,T'(n,n —1)). We
will achieve this with the help of an asymptotic upper bound [73] on the irreducible
characters of S, (see Lemma 2.5) and a lower bound [88] on the dimensions of the

irreducible representations of \S,, (see Lemma 2.6).

The remainder of this chapter is structured as follows. The proofs of Theorems 3.1-3.3
will be given in Sections 3.2-3.4, respectively. The proof of Corollary 3.4 will be given

in Section 3.4 as well.

3.2 Proof of Theorem 3.1

Note that C(Sy,v) # {1} if and only if v # (1™), which in turn is true if and only if
|supp(o)| > 2 for any o € C(S,,7). Note also that ¢i(vy) > 2 if and only if [supp(o)| <
n — 2 for any o € C(Sy,,7). So Theorem 3.1 can be restated as follows: There is a
positive integer N such that for every n > N and any (1") # v F n, the Cayley graph
Cay (S, C(Sn,7)) has the Aldous property if and only if ¢1(y) > 2. We prove this

statement in the rest of this section.
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Proof. Since Cay(Sy, C(Sp,7)) is normal, by Proposition 1.2 its eigenvalue correspond-

ing to the partition ( F n is

A= > %e(0) =1C(Sn )| Xc()-
o€C(Sn,v)
Note that for any partition v # (1") of n, the subgroup (C(Sy,7)) is either S,, or A,.
Assume first (C(Sp,7)) = Sn. Then every permutation in C(S,,,~) is odd, and |C'(Sy, )]
is a simple eigenvalue of Cay(S,,, C(Sy,7)), which is attained by the trivial representa-
tion p) as Ay = |C(Sn, )| - Xn)(¥) = [C(Sn,7)|. The eigenvalue corresponding to
the sign representation p(iny is Any = [C(Sn,7)| - X1y (7) = —|C(Sn,7)|. According to
the Perron-Frobenius Theorem [56, Theorem 8.4.4], we know that this is the smallest
eigenvalue of Cay(Sy, C(Sp,7)). Now assume (C(Sy,7)) = Ap. Then the largest eigen-
value |C(Sy,7)| of Cay(Sy,C(Sy,~)) has multiplicity 2 and is attained simultaneously
by the trivial representation p(,) and the sign representation p(;»). Therefore, for any
partition v # (1") of n, the strictly second largest eigenvalue of Cay(.S,,C(Sy,7)) can

be expressed as

max A¢ = 1C(Sn, )] max X¢(7)- (3.1)
¢¢{(n),am)} ¢¢{(n),(1m)}

If ¢1(y) > 2, then by Lemma 2.4 there is a positive integer Ny such that for every
n > Ny, the maximum on the right-hand side of (3.1) is attained by ¢ = (n — 1,1).
In other words, if ¢;(y) > 2, then Cay(S,, C(Sy,7)) has the Aldous property for every

nZNO

In the remaining proof we assume that n > 6 and (1) # v n is such that ¢;(vy) < 1.

We aim to prove that Cay(S,,,C(Sp,7)) does not have the Aldous property in this case.

If ¢1(7y) = 1, then a direct computation using Table 2.1 leads to )~<(n—1,1)(7) = 0 and thus

A(n—1,1) = 0, while the value of (3.1) is at least

max{A-33), An-321)1 = |C(Sn,7)| - max{X(n—33)(7), Xtn-321)(7)}

- 6¢3(7) 3 —3c3(7)
=1C(Sy,7)| 'max{n(n _ f)(n —5) n(n— 2)(3n —4) } ’

which is positive as ¢3(y) > 0. This means that the maximum on the left-hand side of
(3.1) is not attained by ¢ = (n — 1,1), and thus Cay(S,, C(Sp,7)) with ¢;(y) = 1 does

not possess the Aldous property for every n > 6.



3.3 Proof of Theorem 3.2 53

Finally, let us consider the case when ci(y) = 0. In this case, we have X(,—1,1)(7) =
—ﬁ < 0 and hence A,—1,1) < 0. If sgn(y) = —1, then according to Lemma 2.2 the

value of (3.1) is at least

Atn-1,1) = 1C(Sn; M|+ X(n-1,1y (7) = [C(Sn; )| - sg0(V)X(n—1,1)(7) > 0.

If sgn(y) = 1, then the value of (3.1) is at least

maX{A(anZ)a )‘(n72,1,1)’} = |C(Sn,v)| - max {)Z(n72,2) (1), X(n72,1,1)’(7)}

- 20(7) 2 20(v)
— 1C(Sn, )] maX{n(n —3) (n-1)(n—-2) }

which is positive as ca2(y) > 0. Thus the maximum on the left-hand side of (3.1) is not
attained by ¢ = (n—1,1). In other words, if ¢1(vy) = 0, then Cay(S,,, C(Sy,~)) does not

possess the Aldous property for every n > 6.

To sum up, we have proved that for n > N := max{Ny, 6}, the normal Cayley graph
Cay(Sp, C(Sp,v)) with (1) # ~ F n has the Aldous property if and only if ¢;(y) > 2. O

3.3 Proof of Theorem 3.2

Proof. We prove the sufficiency and necessity separately.

Sufficiency. Suppose that TN {n —1,n} = 0. Then O # I C {2,3,...,n — 2}. By the
definition of T'(n, I), the subgroup (T'(n,I)) is either S, or A,. Since Cay(S,,T(n,I))

is normal, by Proposition 1.2 its eigenvalue corresponding to the partition ¢ - n is

A=y Xelo)= Y 1C(Su - %)

oc€T(n,I) yHn
n—ci(y)el

Case 1. (T'(n,I)) = A,.

In this case we have I = {3} and T(n,I) = C (S,,(3,1"7?)) is the single conjugacy
class of all 3-cycles in S,,. By Theorem 3.1 and its proof, there is a positive integer
N; := max{Ny, 6} such that for every n > Nj, the Cayley graph Cay(S,, T (n,{3})) has

the Aldous property, where Ny is the positive integer given in Lemma 2.4.
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Case 2. (T'(n,I)) = S,.

It is clear that the eigenvalue of Cay(S,,, T (n,I)) corresponding to the trivial represen-
tation p,) is Ay = |T'(n, I)|, which is simple as Cay(Sp,T'(n,I)) is connected. The
second largest eigenvalue of Cay(S,,, T (n,I)), which is also the strictly second largest

eigenvalue of Cay(S,,T(n,I)), is given by

max A = max Z |C(Sn, )|+ Xc () (3.2)
¢#(n) (#(n) At
n—ei(v)€l

To complete the proof, it suffices to prove that the maximum in (3.2) is attained by

(=Mm-1,1).

Since [ is a nonempty subset of {2,3,...,n—2}, every partition v - n with n—cy(y) € I
satisfies ¢1(y) > 2. Thus, by Lemma 2.4, there is a positive integer Ny such that for
every n > Ny and any v F n with n — ¢1(v) € I, we have

max Xc(V) = Xmn-1,1)(7)-

(g{(n),(1")}

This implies that, for every n > Ny,

rg_a;( A = I?I—arf{ ’Y'_Zn |C(Sn,7)]| - XC('Y)
¢¢{(n),(1")} CHm.MY ) er
= Z |C(Sns V| X(n=1,1)(7)
yHn
n—cy(vy)el
= An—1,1)-

Thus, for every n > Ny, the second largest eigenvalue of Cay(S,,T'(n,I)) given in

formula (3.2) equals

max{A,_1.1), A(1n)} = max C(Sn,v)| - X . 3.3
{An-1,1)> Aam} et 1y % [C(Sn, M- Xc(7) (3.3)
n—cy(vy)el

In the following we prove that the eigenvalue A(,_; 1) is always greater than or equal

to A(yny for any n > 7 an C {2,3,...,n — 2} wit : is will be
A f 7and 0 # I C {2,3 2} with I # {3}. This will b
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accomplished by giving explicit expressions for A;,_1,1) and A(jn) and then comparing

them on a term-by-term basis.

Let us first calculate the values of A\;,_1 1) and A¢gny. When ¢ = (n —1,1), we have
x¢c(y) =c1(y) — 1 and x¢(1) =n — 1 by Table 2.1. So

c —1
Moy = 3 (08w )] A1

pru x¢(1)
n—ci(y)el
n—t—1
= Z Th—1 Z |C(Sn, )|
n
tel yEn
n—cy(vy)=t
n—t—1 (n
= Zﬁ- (t) - D(t) (3.4)
tel
> 0, (3.5)

where D(t) = t!-3"h_, (_i!l)i is the number of derangements on [t]. Note that D(t) > %'

for every integer ¢ > 3. On the other hand, if { = (1"), then x¢(v) = sgn(y) and
X¢(1) = 1. Thus,

Ay = Y 1C(S. )] - sen(y)

yHn
n—ci(y)el

=Y > [C(Sn.y)] - sgn(v)

tel yn
n—c1 (7)=t

- ¥ () 0 -om)

tel

= Y (- -1 (7;) (3.6)

tel

where E(t) and O(t) are the numbers of even and odd derangements on [t], respectively,

and the last step follows from Lemma 2.3.

Now we prove that when n > 7, for any () # I C {2,3,...,n — 2} with I # {3}, the

value of formula (3.4) is no less than that of formula (3.6). Define

Aw=""10 (1) oo, B = e ()

n—1 t t

for 2 <t < n —2. By straightforward computations, one can verify that A(2) — B(2) =
n(n—2), A(3)—B(3) = —n(n—2), and A(4)—B(4) = in(n—2)(n—3)(n—4) > n(n—2)
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forn > 7. For 5 <t <n— 2, we have

n—t—1 n

A - B =" (?) D(t) — (~1) Lt - 1) <”>
U RCR G
() S

()

n—1 t

S
n—t—1 n n
> T ot —1)- —(t-1

> MLy )(t) ( >(t)
—2t2+2nt—2t—n+1(t

n—1

where in the second last step we used the fact that (¢ — 2)! > 6 when ¢ > 5. Let
f(t) = —2t> + 2nt — 2t — n + 1. It can be verified that f(t) > 0 for every positive
integer ¢ in the interval [5,n — 2] and that the minimum value of f(¢) in this interval is

f(n—2) =n — 3. So, continuing the estimation above, we obtain

At) - B(t) > "3 - 1)(?)

n—1
nn—3)(t—-1) (n—2)(n—-3)---(n—t+1)
2 tt—1)---3
n(n—3)(t—1)
2
> 2n(n — 3)

>

> n(n —2).

So far we have proved that if n > 7, then A(3) — B(3) = —n(n —2) and A(t) — B(t) >
n(n — 2) for any integer ¢t with 3 # ¢t € [2,n — 2]. Therefore, when n > 7, for any
0 #1C{2,3,...,n—2} with I # {3}, the value of formula (3.4) is greater than or
equal to that of formula (3.6). This implies that the maximum in formula (3.3) is always
attained by ¢ = (n —1,1) when n > 7, and thus the maximum in (3.2) is achieved by
¢ =(n—1,1) for every n > Ny := max{Ny, 7}.

To sum up, we have proved that for every n > N := max{Nj, No} = max{Ny, 7} and
any 0 # I C {2,3,...,n—2}, the normal Cayley graph Cay(S,,T(n,I)) has the Aldous
property, where Ny is the positive integer given in Lemma 2.4. This establishes the

sufficiency part of Theorem 3.2.
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Necessity. Since [/ N {n — 1,n}| # 1 by our assumption, to establish the necessity it
suffices to prove the following statement: There exists a positive integer N such that for
every n > N and any {n —1,n} C J C {2,3,...,n — 1,n}, Cay(S,,T(n,J)) does not

have the Aldous property.

Now suppose that {n —1,n} CJ C{2,3,...,n—1,n}. Set [ ={2,3,...,n—1,n}\ J.
Then () # I C {2,3,...,n—2} and {T'(n,J),T(n,I)} is a partition of S, \ {1}, where
as before 1 denotes the identity of S,,. Hence Cay(S,,T'(n,J)) and Cay(S,,T(n,I)) are
complements of each other. It is clear that Cay(S,,T'(n,J)) is connected and its largest
eigenvalue |T'(n, J)| = n!—|T'(n, I)|—11is achieved by the trivial representation p(, of Sy,.
According to Proposition 1.2, any other eigenvalue of Cay(.S,,, T (n,J)) can be expressed
as Y ,er(n,) X¢(0) for some (n) # ¢ n. Since the complete graph Cay(Sy, Sn \ {1})
has eigenvalues n! — 1 with multiplicity 1 and —1 with multiplicity n!—1, by Proposition
1.2, we have 3, g \ (13 X¢(0) = —1for any (n) # ¢ - n. The fact that {T'(n, J),T(n, I)}

is a partition of S, \ {1} enables us to write this as

Y oxlo)+ D> xelo)=-1 (3.7)

o€T(n,J) o€T(n,I)

for any (n) # ¢ n. Note that >, 7, ) X¢(0) is an eigenvalue of Cay (S, T'(n, I)).
Case 3. I # {3}.

In this case, Cay(Sy,T(n,I)) is connected and by the sufficiency proved above, there

exists a positive integer N such that

max Y. X%@= Y Xwylo) (3.8)

C#(n) oc€T(n,I) o€T (n,I)
whenever n > N. Since the sum of the eigenvalues of Cay(S,,T(n,I)) is 0 and by (3.5)
the second largest eigenvalue of Cay(Sy,T'(n,I)) as shown on the right-hand side of
(3.8) is positive, it follows that Cay(S,,T'(n,I)) has at least three distinct eigenvalues
and at least one of them is negative. This together with (3.7) and (3.8) implies that
Cay(Sp,T'(n,J)) has at least three distinct eigenvalues and the smallest one of them is
attained by the standard representation of S,. Hence Cay(Sy,T(n,J)) does not have
the Aldous property when n > N.

Case 4. I = {3}.
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In this case, Cay(Sy,T'(n,I)) is the union of two copies of Cay(Ay,,T(n,I)). So the
largest eigenvalue |T'(n, I)| of Cay(Sp,T(n,I)) has multiplicity 2 and is attained simul-
taneously by the trivial and sign representations of S,. Thus, by (3.7), we know that
the sign representation attains the smallest eigenvalue of Cay(S,,T'(n,J)), which is
—1—|T(n,I)|. Moreover, by the sufficiency proved above, whenever n > N the strictly

second largest eigenvalue of Cay(S,,T(n,I)) is

C%{E?,Tz“)}UE;W,I) ) UE%J)X(H_LD(J) ! o
Similarly to the case above, we obtain that Cay(S,,T(n,I)) has at least one negative
eigenvalue, say A, as the sum of its eigenvalues is 0. This together with (3.7) and
(3.9) implies that the second smallest eigenvalue of Cay(Sy,T(n,.J)) is attained by the
standard representation of S,, which is larger than —1 — |T'(n, I)| but strictly smaller
than —1 — A. Thus, the strictly second largest eigenvalue of Cay(S,,T(n,J)) is not
attained by the standard representation of S,. In other words, Cay(S,,T(n,.J)) does

not have the Aldous property when n > N. ]

Remark 3.5. In [57, Theorem 3.4], Huang and Huang determined the second largest
eigenvalue of the complete alternating group graph Cay(A,,{(i j k), (i k j) |1 <i <
j < k < n}). Note that this graph is exactly Cay(A,,T(n,I)) with I = {3}. Since
Cay(Sy,T(n,{3})) is the union of two copies of Cay(A,,T(n,{3})), it has the same
eigenvalues as the latter but with the multiplicity of each eigenvalue doubled. Thus, for
sufficiently large n, we can obtain [57, Theorem 3.4] from the sufficiency part of Theorem
3.2 by choosing I = {3} or from Theorem 3.1 by taking S to be the conjugacy class of
3-cycles. In fact, by Theorem 3.1 or 3.2, Cay(Sy,T'(n,{3})) has the Aldous property for

sufficiently large n. Using this and Table 2.1, we obtain that, for sufficiently large n,

)\Q(CaY(Ana T(na {3})) = )\3(CaY(Sm T(n> {3}))

= Z X(n—l,l)(a—)

ceT(n,{3})
= |T<7‘L, {3})’ : X(nfl,l) ((37 1n73))

= [T(n, (3})]- 2

n—1

= én(n —2)(n—4),
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which is exactly what is stated in [57, Theorem 3.4].

3.4 Proofs of Theorem 3.3 and Corollary 3.4

We prove Theorem 3.3 first.

Proof. 1t is clear that for any 2 < k < n we have

Tn,k)= |J  C(Sn7)
yHn
2<n—c1(7)<k

and hence Cay(S,,T(n,k)) is normal. Thus, by Proposition 1.2, the eigenvalues of
Cay(Sp,T'(n,k)) can be expressed as

Y. Xe@ = D> 1Ok xX(), (3.10)

o€T(n,k) Yn
2<n—c1(v)<k

where ¢ F n is running over all partitions of n. Moreover, Cay(S,, T (n, k)) is connected
as T'(n,2) C T'(n,k) and T'(n,2) is a generating subset of S,,. So the largest eigenvalue
|T'(n, k)| of Cay(Sn, T (n,k)) is simple and is attained by the trivial representation p(,).
Hence (3.10) evaluates to |T'(n, k)| when ¢ = (n). Thus, the second largest eigenvalue of
Cay(Sp,T'(n, k)), which is also the strictly second largest eigenvalue of Cay(Sy,T'(n, k)),

is equal to
max > |C(Sw )] X ()- (3.11)
#n),,_ 1

2<n—c1(vy)<k

To prove Theorem 3.3, it suffices to show that the maximum in (3.11) is achieved by

(=m-1,1).
Case 1. k = n, where n > 4.

In this case, we have T'(n,k) = S, \ {1} and Cay(S,,T(n,k)) is the complete graph,
which has two distinct eigenvalues only, namely, |T'(n, k)| with multiplicity 1 and —1
with multiplicity n! — 1. Thus, for every (n) # ¢ F n, formula (3.10) evaluates to —1,
that is,

> 1CSm ] xe(y) = —1 (3.12)
yHEn
2<n—ci1(y)<n
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for every (n) # ¢ F n. So the maximum in formula (3.11) also equals —1, which is
attained by any (n) # ¢ F n and hence by ¢ = (n — 1,1) in particular. This means that

the result in Theorem 3.3 is true when & = n with n > 4.
Case 2. k=n—1.

In this case, formula (3.11) becomes

max > |O(Sw )] X,

'_
M) e (<1

which equals

—1— min [C(Sns )] Xe ()
n Fn
C#( )01%):0

due to Eq. (3.12). Thus, to prove that the second largest eigenvalue of Cay(S,,T,—1)

is given by the standard representation of .S, it suffices to prove that the minimum of

ST C(Sn )] - xe() (3.13)

yFn
c1(y)=0

among all (n) # ¢ F n is attained by ¢ = (n — 1,1). Note that, for { = (n — 1,1) with
n > 4 and any v F n with ¢1(y) = 0, we have x¢(y) = al-l —ﬁ by Table 2.1.

n—1

Hence the value of formula (3.13) for ( = (n —1,1) is

-1
n—1

> 1C(Sn)- (3.14)

yHn
c1(v)=0

In the following we will compare this with the value of (3.13) for any ¢ F n with
C 7£ (n)a (TL - 17 1)

By Lemma 2.5, if 7 is a partition of n with ¢1(vy) = 0, then for every ¢ - n we have

1
xe(7) > —xc(1)2te

and hence

5 1
Xe(7) = —xc(1)7 =t
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Moreover, by Lemma 2.6, we have x¢(1) > n*% for any partition ¢ of n > 13 whose
Young diagram has at least three boxes outside the first row and at least three boxes
outside the first column. Let N; be the smallest integer no less than 13 such that

2.05(—% +e,) < —1 for all n > Ny, where ¢, is as in Lemma 2.5. Then

1 1

1
Ye(7) > —xc(1)7 2t > —= > —
Xe(7) = —xc(1) 2>

for any ¢ F n satisfying the conditions in Lemma 2.6. So, when n > Ni, the values
of (3.13) corresponding to these (’s are greater than (3.14). Therefore, to determine
the minimum of (3.13) it remains to consider the following five possibilities for { #
(n—1,1): (n—-11), (n—2,2), (n—2,2), (n—2,1,1), and (n — 2,1,1). Using
Table 2.1 and Lemma 2.2, we obtain that the normalized character x¢(y) of ( = (n —

1,1),(n —2,2),(n —2,1,1),(n — 2,1,1) on any v F n with ¢1(y) = 0 is equal to

—sgn(y) 2ca(y) _2—2ca(y)  sgn(v)(2—2ca(v))
n—1 ’'n(n-3)’ (n—1)(n—-2)" (n—1)(n—2)

1,1),(n—-2,2),(n—2,1,1), (n—2,1,1)’, then x¢(v) > 7%1 for any v F n with ¢;(v) = 0.

n

, respectively. Thus, if n > 4 and ( = (n —

Therefore, the value of (3.13) corresponding to any one of these four (’s are greater than

(3.14) when n > 4.

Now we assume that ¢ = (n — 2,2)" and ~ is any partition of n with ¢;(y) = 0. We aim
to prove that the value of (3.13) for this ( is also greater than (3.14). In fact, by Table

2.1 and Lemma 2.2, we have

2c2(7)

Xe(7) = sgn(y) - Xn-22)(7) = sen(v) - -

If n > 4 is odd, then we have 2cp(y) < n — 3 as ¢1(y) = 0, which implies that x¢(vy) >
——L.. If n > 4 is even, then 2cy(y) = n or 2co(y) < n —4 due to c1(y) = 0. If
2¢a(7) < n — 4, then we also have X¢(y) > —-17. If 2co(y) = n (that is, v = (22)),

n—1

then x¢(v) = sgn(vy) - % is greater than —ﬁ if and only if sgn(vy) = 1. Note that

when v = (22), sgn(y) = (=1)2 =1 if and only if n = 0 (mod 4). Thus, for any n = 0
(mod 4), we still have Y¢(y) > —=2; for any v - n with ¢;(y) = 0. Combining these, we
obtain that the value of (3.13) for ( = (n — 2,2)’ is greater than (3.14) whenever n > 4
and n #Z 2 (mod 4).

Now assume that n > 4 and n = 2 (mod 4). Then only for v = (22) is Y¢(7) = -1

smaller than and for any other partition v of n with ¢1(y) = 0 we still have

__1
n—1"
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2¢2(y) < n—4 and hence x¢(v) > —%1. Since sgn ((4,2%4)) =1, by Table 2.1 we

n

have
- n—d n—4 - n—d n—4
Xc((4,272)) =sgn((4,2 7)) - Xn-22)((4,277)) = n(n—3)
Thus,
Z |C(Sn, )| - >~<(n—2,2)'(7)
yHn
c1(7)=0
= > 1C(Sns N+ K22y () + [C(Sny (22))] - Xn—2,2)((22))
ykn, c1(y)=0

ve{(23),(42" 7" )}

n—4 - n—4
+ |C(Sna (472T))| ’ X(n—2,2)’((4a2 2 ))

> > 1C(Sn, V)| X(n—1,1)(7) + 1C(Sn, (22))] * Xn—2.2y((22))

yFn, c1 (W):_O4
V2{(22),(427% )}

n—4 - n—4
+1C(Sn, (4,2777))[ - X(n—22y((4,2727))

-1
n—3

yEn, c1(y)=0

v{(28),(42"7" )}

n—d4 n—4
+ |C(Sn, (4,272))] - n(n—3)
> Z |C(Sns V)| X(n=1,1)(7)
yhn, Cl(’Y):_O4
1¢{(28),4272 )}
> Z |C(Sn, M| Xn—1,1)(7)-
yn, c1(y)=0

In the second last step above, the inequality holds as |C'(S,, (4, 2%4))| = %\C(Sn, (22))|
and |C(S,, (22))] - —3 +|C(Sn, (4,2%4))] : 71(7:17_743) > 0. Thus, when n > 4 and n = 2

(mod 4), the value of (3.13) for ( = (n — 2,2) is also greater than (3.14).

To sum up, we have proved that for any n > N; the minimum of (3.13) among all
(n) # ¢ F nis attained by ¢ = (n —1,1). In other words, the statement in Theorem 3.3

is true for kK = n — 1 whenever n > Nj.

We claim that N; is no more than the integer Ny in Lemma 2.4. In fact, by the definition

of N1, we know that N is no more than N3 in [88, Lemma 2.7|, which is an integer

satisfying 2.05 (—% + 21(1)0gg2n + €n> < —1 for all n > N3. Also, we see from the proof of



3.4 Proofs of Theorem 3.3 and Corollary 3.4 63

[88, Proposition 2.3] that Ny is no less than N3 in [88, Lemma 2.7]. Hence N; < Nj as

claimed.
Case 3. 2<k<n-—2.

This case is a direct consequence of Theorem 3.2. In fact, letting I, = {2,3,...,k}
for each 2 < k < n — 2, we have I, C {2,3,...,n — 2} and Cay(S,,T(n,k)) =
Cay(Sp,T(n,Ix)) as T(n,k) = T(n,I). So, by Theorem 3.2 and its proof, there is
a positive integer Ny := max{ Ny, 7} such that for every n > Ny and any 2 < k <n — 2,

Cay(Sp,T'(n,k)) has the Aldous property, where Ny is the integer in Lemma 2.4.

In summary, we have proved that for every n > N := max{Ny, No} = max{Np, 7} and

any 2 < k < n, Cay(Sp,T(n,k)) has the Aldous property. O

Remark 3.6. When dealing with the case ¥ = n — 1 in the proof above, the key was
to prove the statement that the minimum of formula (3.13) among all (n) # ¢ - n is
attained by ¢ = (n — 1,1) when n is sufficiently large. This statement is equivalent to
the fact that the smallest eigenvalue of the derangement graph Cay(S,,, D,,) is attained
by the standard representation of S, when n is sufficiently large, where D, is the set
of derangements on [n]. After completing the proof of Theorem 3.3, we realized that
Renteln had proved a stronger result [91, Theorem 7.1], which asserts that for n > 4 the

smallest eigenvalue of Cay(S,, Dy,) is equal to —LZD_"1|,

settling affirmatively a conjecture
of Ku and Wong [72, Conjecture 1], and moreover for n > 5 this smallest eigenvalue is
achieved uniquely by the standard representation of S,,. Renteln proved this result using
a recurrence formula [91, Theorem 6.5], while our proof above in the case k = n—1 took

a different approach.

Finally, we prove Corollary 3.4 with the help of Theorem 3.2 and some results from

37, 71, 91].

Proof. In [37], Deng and Zhang proved that for n > 4 the second largest eigenvalue of
F(n,0) is positive and is given by the irreducible representation of S,, corresponding
to the partition (n — 2,2) of n. Combining this and the fact [91, Theorem 7.1] that
for n > 5 the smallest eigenvalue of F(n,0) is negative and is achieved by p(,_1 1) (see

Remark 3.6), we know that F(n,0) does not have the Aldous property when n > 5.
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In [71], Ku, Lau and Wong proved that for n > 7 the smallest eigenvalue of F(n,1)
is achieved only by the irreducible representation of S,, corresponding to the parti-
tion (n — 2,2). In [71, Lemma 3.5], they also proved that for n > 7 the standard
representation of S, yields the eigenvalue 0 of F(n,1) while at least one of the par-
titions (17), (22,1"%), (3,1"3) produces a positive eigenvalue of F(n, 1) other than
|T'(n,{n—1})|. This implies that the second largest eigenvalue of F(n,1) is not attained
by the standard representation of S, ; that is, F(n, 1) does not have the Aldous property

when n > 7.

On the other hand, for 2 < k < n — 2, we have {n — k} C {2,3,...,n — 2}. Thus,
by Theorem 3.2, F(n,k) = Cay(S,,T(n,{n — k})) has the Aldous property whenever

n > N, where N is as in Theorem 3.2. O
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Normal Cayley graphs
Cay(Sp,C(n,I)) generated by

cycles

In this chapter, we investigate the strictly second largest eigenvalue of normal Cayley
graphs on symmetric groups generated by cycles. Our goal is to determine necessary

and sufficient conditions for these graphs to possess the Aldous property.

4.1 A summary of main results

We study the normal Cayley graphs Cay(S,,,C(n,I)) in this chapter, where () # I C
{2,3,...,n} and
C(n’I) = Uke[C(n, k) (41)

with C'(n, k) the set of all k-cycles in S,,. We prove that for any () # I C {2,3,...,n}
the strictly second largest eigenvalue of Cay(S,,C(n,I)) can only be achieved by at
most four different irreducible representations of S, and for some special subsets I C
{2,3,...,n} we obtain further the exact value of this eigenvalue together with its mul-
tiplicity (Theorems 4.5, 4.14, 4.21 and 4.25). As a corollary, we give a necessary and
sufficient condition for Cay(Sy, C(n,I)) to possess the Aldous property in the case when

I contains neither n nor n — 1 (Corollary 4.6), and we obtain that this graph does not

65
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have the Aldous property whenever n € I (Corollaries 4.22 and 4.26). As another corol-
lary, we prove the conjecture [81, Conjecture 1.4] (Corollary 4.7) that for any n > 4
and 2 < k < n — 2, the normal Cayley graph Cay(S,,, C(n,k)) has the Aldous property,
and thus solve an open problem posed by Siemons and Zalesski in [96]. A summary of
our main results can be found in Table 4.1, where the third column shows all possible
partitions of n which achieve the strictly second largest eigenvalue and the last column

indicates the multiplicity of this eigenvalue.

The remainder of this chapter is structured as follows. Since the irreducible characters
of (n —1)-cycles and n-cycles behave differently from that of cycles with length no more
than n — 2, we divide the family of graphs Cay(S,,,C(n,I)) into four subfamilies and
investigate them separately in four sections. More explicitly, in Sections 4.2-4.5 we deal
with the case where IN{n—1,n} =0, n—1€lbutngl,nelbutn—1¢I, or
{n —1,n} C I, respectively. We use tools from the representation and character theory

of finite groups together with combinatorial techniques in the proofs of our main results.

Recall from (4.1) that C(n,I) is the set of all cycles in S,, with lengths in I, where
0 #1 C {2,3,...,n}. Since Cay(Sp,C(n,I)) is normal, by Proposition 1.2 we can
express its eigenvalues in terms of the irreducible characters of S,,. More specifically, if

we denote by )\é the eigenvalue of Cay(.Sy,,C(n,I)) corresponding to ¢ - n, then

Moo= > %)

ceC(n,I)

= Y lCm, k)| X ((k, 1779))
kel

= () 0wty (42)
kel

Moreover, the multiplicity of /\é is equal to

Z Xu(l)z- (4.3)

ukEn

A=A
In particular, by (4.2), Table 2.1 and Lemma 2.2, for any () # I C {2,3,...,n}, the two
eigenvalues of Cay(S,,C(n,I)) corresponding to the sign and standard representations

are

Moy = 2100 B Zoy (5,17 9) = 3 (1) =1 (-0 (4

kel kel
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or (22,174

Subfamilies Partitions Multiplicity
INNy =10 (n—1,1) and (2,1"72) 2(n —1)2
I=1{23} (n—1,1) and (1™ (n—12+1
1#{2,3)
IN{n—1,n} =0
Imax € Nl (1n> 1
INNy#£0D
Imax € N2 (n—1,1) (n—1)2
n € Ny
(1) 1
INNy#£0D
n € No [(n—1,1) and (2,1 2)] or
n—lel,n¢l Unknown
INNy=0|[(n—3,2,1) and (3,2,1"%)]
(n—1,1), (n—3,2,1),
neN; Unknown
(22,174 or (2,1"72)
n € Ny
(1") 1
INN, #0
n—1¢I,nel ne N ) , RO
(n —2,1%) and (3,1"%) (o) (n2)7
INNy = 0
n € Ny (n—2,1%) or (2,1"72) Unknown
n € Ny (1™), (n —2,12) or (2,1"72) Unknown
{n-1n}pcl (1n)’ (n—2, 12)7 (3, 1n73)
n € Ny Unknown

TABLE 4.1: Summary of the main results, where § £ I C {2,3,...,n — 1,n}, Inax is
the largest number in I, Ny is the set of odd positive integers, and Ny is the set of even

positive integers
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and
- n— n n—k—1
Mo = L ICOLR Koy () = 3 (e - 2T )
kel kel
respectively.

4.2 [ contains neither n — 1 nor n

Lemma 4.1. Supposen > 8. Let v = (k,1"7%) be the cycle type of a k-cycle in S, with
2 <k <n-—3. For any ( - n other than (n),(1"),(n —1,1) and (2,1""2), we have

(4.6)

Proof. One can easily verify that the result holds for n = 8. Suppose this result holds
for some n — 1 > 8 Now we prove (4.6) for n > 9 and 2 < k < n — 3. Consider
k = mn — 3 first. We list all the partitions of n in Table 4.2 which have border strips
with n — 3 boxes. The dimensions and the characters in Table 4.2 are calculated with
the help of the Murnaghan-Nakayama Rule and Hook Length Formula. Also by the
Murnaghan-Nakayama Rule, we know that the partitions of n that are not on this list
must achieve zero for the normalized character on any (n — 3)-cycle of S,,. Through

simple calculations with the help of Table 4.2, one can verify (4.6) for k =n — 3.

Now suppose 2 < k < n — 4. Using Table 2.1 and Lemma 2.2, we can show that (4.6)
holds for ¢ = (n — 2,2),(22,1"%),(n — 2,12),(3,1"73). In the following let ¢ be any
partition of n with at least three boxes outside the first row and at least three boxes

outside the first column. Thus, by Branching Rule, we obtain

~ ( )7 ng X(*(kv 1n—1—k)
X =TT @

< max Xe- ((k,1m717F)

m—k—-1)(n—k—2)
CENIE)

(n—Fk)(n—k—1)
n(n —1) ’
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¢kn d¢ = x¢(1) ¢ ()|
(TZ) . 1
(1)
—-1,1
(n=11) n—1 2
(2,1"72)
(n—2,1%) (n—1)(n—2) 1
(3,177 §
(n—3,2,1) n(n—2)(n—4) 1
(3’ 27 1n75) 3
(TL -3, 3) n(n—1)(n—>5) 2
(237 1n—6) 6
2
(’/L —4,2 ) n(n—1)(n—4)(n—>5) 1
(32’ 1n—6) 12
(n—m,3,2,1"7°) | semmmmi DT o= =3 =5 =m=3)! 2
(n—m,4,1m%) TR ey e oot ot s e 1
(TL - m, 237 1 6) 6(n—3)(n—m+2)(m—2)(m—3)(m—4)(m—=6)!(n—m—2)! 1

TABLE 4.2: All nonzero characters of irreducible representations of S,, on y = (n—3,13)

where the penultimate inequality is deduced from our induction hypothesis. We can use
this hypothesis because each (~ above is a partition of n — 1 with at least two boxes

outside the first row and at least two boxes outside the first column. O

The next lemma shows that on any cycle of S, with length at most n — 2 the normalized
character of the standard representation is greater than that of those Specht modules

not corresponding to (n), (1*), (n — 1,1) or (2,1%72).

Lemma 4.2. Supposen > 7. Let v = (k,1"7%) be the cycle type of a k-cycle in S,, with
2 <k <n—2. For any { - n other than (n),(1"),(n —1,1) and (2,1"2), we have

Xc(7) < Xn—1,1)(7)-

Proof. First, suppose v = (n—2,12). Table 4.3 exhibits all the partitions of n which have

border strips with 7 — 2 boxes and thus achieve nonzero characters on any (n — 2)-cycle
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of Sy. Since n > 7, from Table 4.3 one can see that X(,—1,1)(7) = ﬁ and x¢(v) < ﬁ
whenever ¢ # (n), (1), (n — 1,1),(2,1772).
Ckn d¢ = x¢(1) x¢()
(n) 1 1
(1) 1 (-t
(n—1,1) n—1 1
(2,1772) n—1 (—1)n1
(n—2,2) n(n—3) -1
(22,177) nr8) (-1
(n—m,3,177%) D (e e i e (="
(n—m,2%,1m%) (T (T T (ereay i ey (-

TABLE 4.3: All nonzero characters of irreducible representations of S,, on v = (n—2,1?)

Now suppose v = (k,1"%) with 2 < & < n — 3. One can verify that if n = 7 then
X¢(7) < X(6,1)(7) holds for any ¢ # (7), (17),(6,1),(2,1%). If n > 8, then by Lemma 4.1

we have
(n—k)(n—k—1) n—-k-1
< n(n —1) R

= >~<(n71,1)(7)~

This completes the proof. ]

The next two lemmas compare the eigenvalues )‘{171) and A/ of Cay(S,, C(n,I)) for

(n—1,1)
any I C{2,3,...,n—1}.

Lemma 4.3. Suppose n > 7. If I = {2,3}, then /\{171) = )\(In_l’l); if {2,3} #1 C
{2,3,...,n — 1} and the largest number in I is odd, then A{l") > )\{nil 1)

Proof. If I = {2,3}, then a straightforward calculation using (4.4) and (4.5) yields

I _ I
Aany = Ano1,1):

Now suppose I # {2,3} and the largest number in I, say, ko, is odd. If kg = 3, then

I={3}and A} >\

(1) (ne1.1) DY (4.4) and (4.5). It remains to consider the case where
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5 < ko <n—1. In this case, by (4.4) and (4.5), we have

I I
Aty = An-1,1)

= (g)&b—ngf?l+ 3 (Zyk—U!O_Uhl_”—k—1>

n—1
kel\{ko}
n ko n 2n —k —2
> ko — 1)! - k—1)—
- (ko)(o )n—l Z (k>( ) n—1
2<k<kop—1
k is even
1 2n—k —2
— - Ly ok
(n — ko)! D1 k(n — k)!
k is even
1 2n—k—2
EWCERE )} N ol
_ | — |
(n —5)! St k(n — k)!
k is even
1 1 2n—k —2
n(n —2)! < — - ) . (4.7)
6§k§01 mn—k-1)! (n—k+1)! k(n—k)!
k is even

Since n > 7, we see that the first part of the lower bound (4.7) is positive. Note that when
ko = 5 the second part of this lower bound valishes. Note also that, for 6 < k <n — 2,

we have

1 1 2n —k —2
n—k—1)! (n—k+1)! k(n—k)
N 1 k-2 2n—k-2

m—k-=1)! Ekn—Fk)! Ekn—k)
B 1 I — 4
T (n—k—-1)! k(n—k)!
>0

Therefore, the second part of the lower bound (4.7) is also positive as required to com-

plete the proof. O

Lemma 4.4. Suppose n > 7. If ) # 1 C {2,3,...,n — 1} and the largest number in I

s even, then /\{n—l,l) > )‘{171)'

Proof. Denote by kg the largest number in I. By our assumption, kg is even. If kg = 2,

then I = {2} and /\5}7171 > )\g,}b) by (4.4) and (4.5).

)
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Now suppose 4 < kg <n — 1. By (4.4) and (4.5), we have

I I
Aln—-1,1) ~ Aam)

- @B (e (SE o)

kel\{ko}

A S

2<k<ko—1
k is odd

Y

2n — kg — 2 1

= pn-2) | 02 S
kﬁo(n — ki(])' 2§k§0—1 (’I’L — k‘)'
k is odd

2n — 6 1
Rl T TP i el

2<k<4
k is odd
2n—k—3 2n—k—1 1
n(n — 2)! Z ( [ P~ |>4.8)
5%k§k?igl (k+1)(n_k_1) (k_l)(n—k+1) (n—k)

Since n > 7, the first part of the lower bound (4.8) is positive. Note that the second

part of (4.8) vanishes when ko = 4. Note also that, for 5 < k < n — 2, we have

2n—k -3 _ n—k—-1 _ 1
k+D)n—k-1! (k=1)(n—-k+1)! (n—Fk)!
2n—k—3 2

T I D —k-—D (R
_@2n—k-3)(n—Fk)-2(k+1)
(k+1)(n—k)!

> 0.

Thus, the second part of the lower bound (4.8) is also positive. This completes the
proof. O

The main result in this section is as follows.

Theorem 4.5. Suppose n > 7 and O # I C {2,3,...,n — 2}. Then the following

statements hold:

(a) if I only contains odd numbers, then Cay(Sy,C(n,I)) has two connected compo-
nents and its strictly second largest eigenvalue is attained by (n—1,1) and (2,1"2)

with multiplicity 2(n — 1)?;
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(b) Cay(Sn,C(n,{2,3})) is connected and its second largest eigenvalue is attained by
(n —1,1) and (1™) with multiplicity (n — 1)? +1;

(¢) if I contains both even and odd numbers with the largest one odd and at least 5,
then Cay(Sy,C(n,I)) is connected and its second largest eigenvalue is attained

uniquely by (1™) with multiplicity 1;

(d) if the largest number in I is even, then Cay(Sy,,C(n,I)) is connected and its second

largest eigenvalue is attained uniquely by (n — 1,1) with multiplicity (n — 1)2.

Proof. By (4.2) and Lemma 4.2, for any ¢ F n other than (n),(1"),(n — 1,1) and

(2,1"72), we have

¢ = 2 (e

kel
n 5 e

< 3 (1) 0= 0 Ky (8 17)

kel
= )‘{n—l,l)'

On the other hand, by (4.5) we see that )\{n—l,l) is strictly smaller than
n
Mo =3 () (- i =1cu ).
kel

which is the degree of Cay(S,,,C(n,I)). Therefore, the strictly second largest eigenvalue
of Cay(S,,, C(n, I)) can only be attained by partitions among (17), (n—1,1) and (2, 1"~2).

According to Lemma 2.2, we have

n . .
Mowny = 3 (1) 0= Dl S (6277)

kel
n . e
= 3 () = 0t 1 R (274
kel
n n—k—1
e — . (— ki]‘i
Z(k)(k: - (=1) ——
kel
Comparing with (4.5), we obtain that )\(In_l = )\{2 1n—2) and the strict inequality

)‘{nfl,l) > )\{271,1_2) holds if I contains at least one even number.

In the case when I contains only odd numbers, Cay(S,,C(n,I)) has two connected

= A{2,1n72) .

components each isomorphic to Cay(A,,C(n,I)) and )\{n) = )\{ ny > )\{n_l 1
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So its strictly second largest eigenvalue is only achieved by (n — 1,1) and (2,1%2).
Note that both p,—1,1) and p(y1n-2) have dimension n — 1 according to Table 2.1 and
Lemma 2.2. We further deduce from (4.3) that the multiplicity of the strictly second
largest eigenvalue is 2(n — 1)2. This proves statement (a). In the other three cases
there is at least one even number in I, and hence Cay(S,,C(n,I)) is connected and
)‘{nfl,l)
attained by (1™) or (n —1,1). Combining this with Lemmas 4.3 and 4.4, we obtain (b),

> )‘gz pn-2)- S0 the second largest eigenvalue of Cay(S,,C(n,I)) can only be

(c) and (d), where the multiplicities are calculated directly with the help of equation
(4.3). O
Theorem 4.5 implies the following result.

Corollary 4.6. Suppose n > 7 and 0 #1 C {2,3,...,n —2}. Then Cay(Sp,C(n,I))

has the Aldous property if and only if one of the following conditions holds:

(a) I={2,3};
(b) I contains only odd numbers;

(c) the largest number in I is even.

The next corollary of Theorem 4.5 confirms Conjecture 1.4 in [81].

Corollary 4.7. For anyn >4 and 2 < k < n — 2, the strictly second largest eigenvalue
of Cay(Sy,C(n,k)) is attained by the standard representation of Sy, and its value is

k n—k—1/n
)\Elnil,l) = a1 (k) (k—1) (4.9)

Proof. One can easily verify this result when n is 4,5 or 6. Now suppose n > 7. The
statements (a) and (d) in Theorem 4.5 imply that the standard representation p,_q 1)
achieves the strictly second largest eigenvalue of Cay(S,,C(n,k)) for odd k and even k,
respectively. The value in (4.9) is simply derived from (4.5). O
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4.3 [ contains n — 1 but not n

Lemma 4.8. Suppose n > 8 is even and {n —1} C T C{2,3,...,n—1}. Then

n(n —5)

3 (n—3).

A{ln) - A{n—l,l) >

Proof. Since n > 8 is even, the largest number kg = n — 1 in I is odd and hence (4.7)

can be applied to the current situation. By this inequality, we obtain

1 on —k—2
1 I
Moy “Xomy 2N G 2 G
5
k is even
1 1 on—k—2
n(n —2)! Z - - '
1 1 on—k—2
—2)! _ _
- o) k:zn—z (n—k-1!" (n—k+1) k(n —k)!
k is even
as desired. .

Lemma 4.9. Suppose n > 7. The following hold:
(a) ifk=n—1n—-2o0rn—3and ( = (n—m,1™) with 3 <m < n — 4, then
X¢((k,1775)) = 0;
(b) f2<k<n—4and (= (n—m,1™) with4 <m <n—75, then
Xe((k,1775)) < Xng19) (R, 1"7)) < X212y (K, 177)). (4.10)
Proof. (a) If k=n—1,n—2or n—3, then ( = (n —m,1™) with 3 <m < n — 4 does

not contain any k-border strip. Hence Y¢((k,1"7%)) = 0 by the Murnaghan-Nakayama
Rule.
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(b) Suppose 2 < k <n—4and ( = (n—m,1™), where n > 7and 4 < m < n—5.

According to Table 2.1, we have

m—k—1)(n—k—-2)(n—k—3)—6(n—Fk—1)ca + 6c3
(n—1)(n—2)(n—3)

X(n—3,13)((k7 1n7k)) = (411)

m—k—=1)(n—k—2)—2c
(n—1)(n—2) ’

X(n72,12) ((ka 1n—k)) =

where ¢; is the number of terms in (k, 1"~*) that are equal to i. Using these expressions,

one can easily verify the second inequality in (4.10).

It remains to prove the first inequality in (4.10) for n > 9. (Note that this inequality
vanishes when n = 7 or 8 as 4 < m < n — 5 in {.) We achieve this by induction on

n > 9. Note from (4.11) and Lemma 2.2 that

0 < X(n—3,13)((k, 1"7F)) = [X(a,1m—y (K, 1"M). (4.12)

It is straightforward to verify that the first inequality in (4.10) holds when n = 9,
2 <k <5and (= (51%). Assume that n — 1 > 9 and for every ( = (n — 1 —m,1™)

with 4 <m <n —6 and any 2 < k < n — 5 the following holds:

Xe((B,1779)) < Xnaas) (R, 17717F)) = (R an5) (R, 177179 (4.13)

Now let us consider ( = (n —m,1"™)Fnwithd <m<n-5and 2 <k <n-—4. If
k =mn — 4, then for any ( = (n —m,1™) with 4 < m < n — 5, the Young diagram of ¢
contains no (n — 4)-border strip. Thus we know from the Murnaghan-Nakayama Rule

and inequality (4.12) that for 4 <m <n —5,

0= f((nfm,lm)((n —4, 14)) < )N((n—3,13)((n —4, 14))

If 2 <k <n-—25, then for any ( = (n — m,1™) with 4 < m < n — 5, we apply the

Branching Rule to the following normalized character and obtain
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X¢((k,1775))
CZXg—((k, )

;Xg—((lnfl))

X (n—m,1m-1)((k, 11k + X(n—m—1,1m)((k, 1=1=hy)

X(n—m,1m=1)((1"71)) + X(n—m—1,0m) (1" 1))
. { Xy (B 1" 7)) Xt oy (R, 171 H)) }

X(n-mam-1) (1" 1) 7 Xmem—1,m) (1"71))
X(n-113)((k, 1"717F)) (4.14)
m—1-k—-1)(n—-1-k—-2)(n—1—k—-3)—6(n—1—k—1)cz + 6¢3
(n—2)(n—3)(n—4)
m—k—-1)(n—k—-2)(n—k—3)—6(n—Fk—1)ca+ 6¢c3
(n—1)(n—2)(n—3)

= Xn-3,13)((k, 1)),

IN

IN

where (4.14) follows from the induction hypothesis (4.13). O

Lemma 4.10. Suppose n > 7 andn € I C{2,3,...,n}. Then the following hold:

(a) maxi<m<n—1 A{n—m,lm) can only be attained by m =1,2,n—3,n—2 orn — 1;

(b) A{n—Q 12) 2 )\{n—l 1 and the equality holds if and only if I = {2,3,...,n—2,n} or
I={2,3,....n—1,n};

(c) if n is even and I = {2,3,...,n—2,n} or {2,3,...,n — 1,n}, then )\{271%2) >
I _\/ .
)\(n—l,l) - A(n—2712)’

(d) )‘gn—2,12) > /\{37171_3) and the equality holds if and only if I contains only odd

numbers other than n — 1 and n — 2.

Proof. (a) Note from Table 2.1 that X(,_212)((n—3,1%)) > 0 and X(,_212)((n—2,1%)) =
X(n—2,12)((n = 1,1)) = 0. Combining the previous lemma with Lemma 2.7, we obtain

that for 2 <k <n-—3or k =n,

X(n-mam) (£, 1"7)) < X(no22) (K, 1"7F)), 3<m<n—4
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and for k=n—1orn— 2,

X(n—mamy((k,1"7F)) =0, 2<m<n-3.

1

Thus equation (4.2) implies that whenever n € I C {2,3,...,n} we have )\(nim pmy <
A{n—2,12) for every 3 < m < n —4, and so the maximum of A{n—m,lm) forl<m<n-1

can only be attained by m =1,2,n—3,n—2 orn — 1.

(b) We have

/\I _ A[
(n=2,12) ~ A(n—1,1)
_ Z (Z)(k_l)!<(n_k(_nlz(711)(_nk—_2)2)_202 _n;ﬁ;l) +2(n —3)! + (n —2)!

kel\{n}
n E(n—Fk—1)+2c
> — kE—1)! 2(n — 3)! —2)!
D D L = PR R IR RS
2<k<n—2
n(n —3)! n
n(n—3) Z m—k)n—-k—=2)! n-2
2<k<n—2
= nn-3)!|1 Z ! n
- N — —k=21] n-—
i s (n—Fk)(n—Fk—2)! n—2
1 n
= —3)! _
nn =3 T T e
= 0.
Thus )\{n_2712) > /\(Infm) and the equality holds if and only if I = {2,3,...,n—2,n} or

I={2,3,....,n—1,n}.

=\

(c) We have \! (n-2.12)

(n—1,1) from (b). We claim that the partition (2,1"~2) yields

a larger eigenvalue than (n —2,12) and (n — 1, 1) in this case. In fact,

)‘{2,1”—2) - )‘{n—l,l)

pe n—1
n—2
- (Z (Z)(kl)'nnﬁ1 - ("2)'>
k=2
n n—k—1
= -2 (k—1)! +2(n—2)!
2§k§n—2<k> n—1
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The last inequality above is deduced from the fact that n is at least 8 and

S ey - st L
kE(n—k)(n—k—-2)!  2n—2) 8(n—4 n—k—2)!
2<k<n—2 2<k<n— 6
k is even k is even
< g—gt3 o+ 3
2(n—2)  8(n— - k: (n—Fk—2)
2<k<n— 6
k is even
_ 8,82
12~ 32 4l
= 1.

(d) Note from Table 2.1 that X(,—2,12)((k, 1"%)) > 0 for any 2 < k < n and that
X(n—2,12)((k, 1"=%)) = 0if and only if k = n—1 or n—2. Thus we have X(n—2,12) (K, 1m=k)) >
Xa1m-3) ((k, 1"7F)) = (=1)* 1 (—0.12) ((k, 1"7F)) for any 2 < k < n. This implies that

)\{n 5.12) > )\(3 1n—3) and the equality holds if and only if I contains only odd numbers
other than n — 1 and n — 2. O

Lemma 4.11. Suppose n > 7. If2 <k < n—5 and ( = (n —m,2,1™2) with

4<m<n-—4, then
Xe((k, 1"F)) < X(n—3,2,1)((k, 1"F)) < X(n—2,2) (K, 1"Fy). (4.15)

Proof. By Table 2.1, we have

(n—k)(n—k—=2)(n—k—4) —3cs3
n(n —2)(n —4) ’

Xn-321)((k,1"7F)) =

(n—k)(n—k—3)+2cy
n(n —3) ’

X(n—22)((k,1"7F)) =

where ¢; is the number of terms in (k, 1"~%) which are equal to i. Using these expressions

and Lemma 2.2, one can easily verify that

1X(3,2,1m-5) (K, 1" k)| = X(n—3.2,1)((k, 1"F)) < X(n—2,2)((K, 1"ky)
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forn > 7 and 2 < k < n — 5. Note that the first inequality in (4.15) vanishes when

n =7 as we require 4 < m < n—4in (. In the following we prove by induction on n > 8

that for 2 < k <n —5,

X(nm2,1m-2) (k, 1"7%)) < X ) (R, 1779))

holds for 4 < m < mn — 4. One can check that this holds for n = 8 and 9. Suppose the

above inequality holds for some n — 1 > 9, that is, for 2 < k <n — 6,

X(n—l—m,2,1m*2)((k7 1n—1—k’)) < >~((n—472,1)((k7 1n—1—k’)> = ’2(3,2,1"*6)((1@ 1n_1_k))‘(4'16)

holds for 4 <m <n — 5.

Now we consider X(,,—m,21m-2)((k, 1" %)) with4 <m <n—4and 2 <k <n—>5. Note

that X(,—32,1)((k, 1"%) >0forn>8and 2 < k <n—>5. First, let k =n—>5. By

the Murnaghan-Nakayama Rule we see that if m # 5,n — 5, then x¢((n —5,1%)) =0 <

X(n—3,2,1)((n =5, 1%)) as there is no (n — 5)-border strip in ¢. If m = 5 or n — 5, then by

a simple computation we still have

0 < [X(n_ma21m-2)((n = 5,1°))| < X(n-3.2.1)((n — 5,1°)).

Thus, for 4 <m < n —4,

X(n—m,2,1m-2)((n — 5, 1)) < X(n—3,2,1)((n —5, 1%)).

Next, let 2 < k <n — 6. For every ¢ = (n —m,2,1™2) with 4 < m < n — 4, we have

IN

IN

Xe((k, 1778))
CZXg—((kv )
;Xg—((lnfl))

X(n—m—l,Q,lmfz)((lﬁ 1n—1—k)) + X(n—m,2,1M73)((k, 1n—1—k)) + X(n—m,lmfl)((kv 1n—1—k))
X(n—m—l,Z,lm—2)((1n_1>) + X(n—m,Z,lm—3)((1n_1)) + X(n—m,lm—l)((ln_l))

max {X(n—m—l,Q,lm_Q)((kv 1n717k))’ X(n—m,Q,lm—3)((k7 171717]@))’ )Z(n—m,lm—l)((k; 1”717}6)}

max {Xn-a.01) (6 177 7), X a,10) (6,177 78) (4.17)
(

i n—1—-kin—1—k—-2)(n—1—k—4) —3c3
(n—1)(n—3)(n—5) ’
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n—2)(n—3)(n—4)
(n—k—4)—3cs
(n—4)

(n—k—2)(n—k—3)(n—k—4)—6(n—k—2)cz+603}

nin —2

(
(n—Fk)(n—k—2)
)
Xn-321)((k, 1"7F)),

where (4.17) is deduced from the induction hypothesis (4.16) as well as Lemma 4.9. [

Lemma 4.12. Suppose n > 7. Then for any ( = (n —m,2,1™2) with4 <m <n —4
the following hold:

(a) X¢((n=1,1)) < Xn-321)((n = 1,1)) < |Xn-22)((n = L,1))I;

(b) Yker () (k= DX ((k,1775)) < Foper (o) (0 = DX (ns.2,1) (5, 1775)) for every I
withn—1€IC{n—4,n—3,n—1}.

Proof. (a) We can obtain the following facts by using Lemma 2.8 and the Hook Length
Formula directly: If n = 7, then X(;,—32,1)((n — 1,1)) < [X(n—2,2)((n —1,1))|; if n = 8 or
9, then |[X(n-a212)((n — 1, 1))| < X(n-321)((n —1,1)) < [X(n-22)((n —1,1))[; if n > 10,

then for any 5 <m <n — 5,

X(n—m,2,1m*2)((n -1, 1)) < X(n—5,2,13)((n -1, 1))
< [Xm-4212)((n—1,1))|
< X(n-321)((n—1,1))

< Xm-22)((n =1, 1))

(b) One can check that the inequality holds for n = 8,9. Now suppose n > 10. If
k =n—4, then for ( = (n—m,2,1™?) with 3 <m < n—3, we have x¢((n—4,1%)) # 0

if and only if m = 4 or n — 4. Using Table 2.1, we obtain that

(—1)"*5)2(47271,176))((71 —4,1%) = N(n—4,2,12)) ((n — 4, 1) <0= X(n-3,2,1))((n — 4, ).

If k=n—3, then x¢((n—3,1%)) =0 for ¢ = (n —m,2,1™2) with 4 <m < n —4 and

(1" Kgzan (1= 3,19) = X-siz (0= 3,1%) = g
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Combining these facts with the first part of this lemma, we have for every ( = (n —

m,2,1m72) with 5 <m <n—>5and every [ withn—-1€IC{n—4,n—3,n—1},

> (Z) (k= D)% ((k,1777) <> (Z) (k = 1)!¥n_s5.2.19) ((k, 1"7%)).

kel kel

To complete the proof, it remains to establish the required inequality for { = (n —
m,2,1m"2) withm =4,50orn—4andn—1¢€ I C {n—4,n—3,n—1}. This can be

done by straightforward computations with the help of Lemma 2.8 and Table 2.1. [

Remark 4.13. Note from Table 4.3 that X (,—,,2,1m-2)((n -2, 1) =0for3<m<n-3
and from Lemma 2.7 that X(,_p2,1m-2)((n)) = 0 for 2 < m < n — 2. Combining
these with Lemmas 4.11 and 4.12, we obtain that for any ¢ = (n — m,2,1™"2) with

4<m<n—4andevery [ withn—-1€IC{23,...,n—1,n},

o= ) (Z)(k = D! Xe((k, 177))

< 3 (1) 0= 0 Kpnsan (1)

kel

= )‘{nfS,Q,l)‘

Thus the maximum of )\{nfm,2,lm—2)

for 2 < m < n — 2 can only be attained by m =
2,3,n—3,n—2.

Now we are ready to prove our main result in this section.

Theorem 4.14. Supposen > 7 and {n—1} CI C{2,3,...,n—1}. Then the following

statements hold:

(a) if n is even and I contains at least one even number, then the second largest
eigenvalue of Cay(Sy,C(n,I)) is attained uniquely by (1), and moreover the mul-

tiplicity of this eigenvalue is 1;

(b) if n is even and I contains only odd numbers, then the strictly second largest
eigenvalue of Cay(Sy, C(n,I)) can only be attained by either (n—1,1) and (2,1"2)
or (n—3,2,1) and (3,2,1"7°);

(c) if n is odd, then the second largest eigenvalue of Cay(S,,C(n,I)) is attained by
(n - 17 1)) (n - 37 27 1): (223 1n—4)) or (27 1n—2)‘
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Proof. (a) For any ( - n, we have

A= §§:<2><klﬂix(@z1”‘kb

kel
n N _ -
= () D1 = 200 - 1,1)
kel\{n—1}
According to Lemma 2.8, the second term above vanishes unless ¢ = (n), (1?) or (n —
m,2,1m72) with 2 < m < n — 2. This together with Lemma 4.2 implies that, for

C#(n),(1"),(n —1,1),(2,1"72), (n —m,2,1™"2) with 2 < m < n — 2, we have

o= () el )

kel\{n—1}
n . e
SID RN () [ L)
kel\{n—1}
= A1) (4.18)

Since n is even and the largest number n — 1 in [ is odd, Lemma 4.3 implies that
)‘{1”) > )\{n_l 1) Moreover, as I contains at least one even number smaller than n — 1,

we also have

I B n n—k—1
An-11) = Z <k) (k=1 1

kel

- Z <Z> (k—1)!- (_1)1@_171;751—1

kel
= Algin-2)- (4.19)

So the second largest eigenvalue of Cay(S,,C(n,I)) can only be attained by (1") or

(n—m,2,1m72) with 2 <m <n — 2.

In the following we assume ¢ = (n —m,2,1™72) with 2 < m < n — 2, and we aim to

show that ¢ does not give the second largest eigenvalue of Cay(S,,C(n,I)). In fact, by

Lemma 4.2,
A= Y () DR )+ - Db~ 1,1)
kel\{n—1}
< X ()t D177+ = 20 1,1)
kel\{n—1}

Mn_11) +1(n = 2)1%c((n = 1,1)).



84 Chapter 4

On the other hand, by Lemma 2.8,

n(n—2)xc((n—1,1)) = n(n72)!w
— n(n_2)|(—1)mfl(n—1)(n—m)(n—m—2)!m(m_2)!
. n!
< ninzy XD =)
= 3(n—3)(n—-5),

where the second last step follows from the fact that n is even and thus the maximum

A (=)™ tn—1)(n—m)(n —m — 2)!m(m — 2)!

2<m<n—2 n!

is achieved by m € {3,n — 3}. Combining these with Lemma 4.8, we obtain

nin —95
A{ln) > A{n—l,l) + (3)(” —3)!
> A1) +3(n—3)(n—5)!
> A1y +n(n—2)%c((n - 1,1))

I
> )\(n—m,Q,lm*Q)

for 2 < m < n — 2. Therefore, the second largest eigenvalue of Cay(S,,C(n,I)) is
attained uniquely by (1™). Moreover, the multiplicity of this eigenvalue is equal to the

square of the dimension of p(jny, namely 1.

(b) Since I contains only odd numbers, by Lemma 2.2 we have /\é = )\é, for any ¢ F n.
According to (4.18), the strictly second largest eigenvalue can only be attained by
(n—1,1),(2,1"2) or (n —m,2,1™2) with 2 < m < n — 2. By a direct computa-
tion using Table 2.1, one can verify that for 2 < k < n—1and m = 2 or n — 2,

we have X (n—m,2,1m-2)((k, 1"F) < X(n—1,1)((k, 1"=k)), which implies )\(I <

n—m,2,1m—2)

)\{n_l 1) = )\{2 1n-2) when m = 2 or n — 2. On the other hand, by Remark 4.13, we have
)\{nfm,2,lm—2) < /\{n—372,1) = )\{3’2’1”_5) for 4 < m < n — 4. The result follows from these

inequalities.

(c) Similarly to the proof of (a) above, for ¢ # (n),(1"),(n — 1,1),(2,1"72), (n —
m,2,1m72) with 2 < m < n — 2, we have )\é <\ 11) Lemma 4.4 implies A{n—l,l) >

(n—1,

)‘{171) when n > 7 is odd and n — 1 is the largest number in I. Thus the second
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largest eigenvalue of Cay(S,,C(n,I)) can only be attained by (n — 1,1),(2,1""2) or
(n—m,2,1m72) with 2 <m <n — 2.

According to Remark 4.13, the maximum of A{n—m,Q,lm*Q) for 2 <m < n—2is attained
by m = 2,3,n — 3 or n — 2. Furthermore, when m = 2,n — 3, Lemmas 2.8 and 4.2
imply X(n—m,2,1m-2)((n—1,1)) <0 = X(n—1,1)((n = 1,1)) and X (—pm,2,1m-2)((k, 1"k)) <
X(n—1,1)((k, 1"7k)) for 2 < k < n — 2, respectively. Therefore, for m = 2,n — 3, we

I
have )\(n—m,2,1m*2)

can only be attained by (n — 1,1),(2,1"72) or (n — m,2,1™~2) with m = 3,n — 2, as

< )\(In_l 1)- Thus the second largest eigenvalue of Cay(Sp,C(n,I))

desired. O

Remark 4.15. Note that the strictly second largest eigenvalues of Cay(Sg, C'(8,7)) and
Cay(Ss, C(8,{3,7})) are attained by (5,2,1) and (3,2,13), while the strictly second
largest eigenvalues of Cay(Sg, C(8,{5,7})) and Cay(Ss,C(8,{3,5,7})) are attained by
(7,1) and (2,15). This shows that both cases in part (b) of Theorem 4.14 can occur.
However, we do not know whether the four partitions in part (b) of Theorem 4.14 can

achieve the strictly second largest eigenvalue simultaneously.

Part (a) of Theorem 4.14 implies the following result.

Corollary 4.16. Suppose n > 8 is even and {n — 1} C I C {2,3,...,n—1}. IfI
contains at least one even number, then Cay(Sy,,C(n,I)) does not possess the Aldous

property.

More work is required to determine when Cay(S,,C(n,I)) has the Aldous property
under the conditions of parts (b) and (c¢) of Theorem 4.14.

1

In (4.19) we saw that ! 11) > Ag,n-2) whenever I C {2,3...,n — 1} contains at

(n—

least one even number smaller than n — 1. In general, by Lemma 2.2 and (4.5), for any

I C{2,3...,n—1} we have

n
)\{2’17172) = Z <k
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We conjecture that the second largest eigenvalue of Cay(Sy,C(n,I)) in part (c) of The-
orem 4.14 can only be attained by (n —1,1), (22,1"7%) or (2,1"2):

Conjecture 4.17. Suppose n > 7is odd and {n —1} C I C {2,3,...,n—1}. Then

)\(In—3,2,1) < max {)\{n—Ll)? )\{22’1.”74)} .

4.4 | conatins n but not n — 1

Lemma 4.18. Suppose n > 7 is odd and {n} CI C{2,3,...,n—2,n}. Then
n
)\{ln) - )\{’I’L—l,l) > 5(771 — 2)'

Proof. Similarly to the proof of Lemma 4.3, we have

Mimy =AMy = nn=2+ ) <Z> (k —1)! <(_1)k—1 _ %)

kel\{n}
n 2n—k —2
2 n(n-2)!- ko2
> n(n—2) Z <k>(k 1) e
2<k<n-3
k is even
2n —k —2
= nn=2)1- m—k—2
2<kz<;z—3 k(n —k)!
k is even
1 2n—k—2
= nn-2! | —— — 2n—k—2
(n—5)! 2;25 k(n — k).
k is even
L 1 2n—k—2
—9)! B -
+n(n ) 6<I;13 (n — k- 1)! (n —k+ 1)! k(n — k‘)'
k is even
+n(n —2)! 1_1
' 2

where the last step follows from the fact that the right-hand side of (4.7) is positive
when taking kg = n — 2. O

Lemma 4.19. Supposen > 8 is even and {n} C I C {2,3,...,n—2,n}. Then /\{n_l’l) >

1
Y



4.4 T conatins n but not n — 1 87

Proof. Similarly to the proof of Lemma 4.4, we have

I I
Atn—-1,1) ~ Aan)

n—2 1
= n(n —2)! n o Z n—k)!

2<k<n—3
k is odd

—

2n — 6 1
=nln =2 T 2. (n— k)]

2<k<4
k is odd
2n—k -3 2n —k—1 1
+ —2)! - o
n(n —2) 5<k§<%3(k+1)(n—k—1)! (k=1 —-k+1! (n—k)
k is odd
n—2 n
— 9 _
+n(n )< n 2(n_2)>
> 0. -

Lemma 4.20. Suppose n > 9 and {n} C I C {2,3,...,n —2,n}. Then for any

CA 2077, (= m, 17) with 0 < m < =1, we have AL < Xy 1.

Proof. Suppose ( is any partition of n other than (22,1"%) and (n — m, 1™) with 0 <

m < n — 1. By Lemma 4.1, we have y¢((k,1"7%)) < % for 2 <k <n-3.
. - 6

According to Table 4.3, we have y¢((n —2,1%)) < SR Define

n(

b2t <k <n -3

f(n7 k) =

Note that x¢((n)) = 0 by Lemma 2.7. Therefore,

= () -vear s 3 (1) 0o,

kel\{n} kel\{n}

One can further verify that X(,_212)((k,1"7%)) < f(n, k) for 2 < k <n — 2. Hence

A L
(n—2,12) ¢
> on—3)+ Y (Z) (k —1)! <(n —k (‘nll“f)(‘f_;? —2%2 i, k))

kel\{n}
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n—2
> o —3)+ (Z) (k—1)! <(” —k (_nlz(?)(_n""__;) —2 g, k:)>
k=2
n—3
B n (n—k—1)(n—k—2)—2c2 (n—k)(n—k—1)
= A2, (oo (" ey )
3(n —3)!
 n—5
= 2(n —3)! n 3(n —3)!
- 2(n—3)'—k:2 n—k)(n—k—2)! n—2 n-5
=3 1 n 3(n —3)!
= 2n-3) (1;:2(71—@(71—]{:—2)!) " n—-2 n-5
B 1 1 n 3(n —3)!
N 2(n_3)'<2+(n—2)'> n—-2 n-5
> 0.
This completes the proof. O

The following is the main result in this section.

Theorem 4.21. Suppose n > 7 and {n} C 1 C{2,3,...,n—2,n}. Then the following

statements hold:

(a)

()

if n is odd and I contains at least one even number, then the second largest eigen-
value of Cay(Sy,C(n,I)) is attained uniquely by (1), and moreover the multiplic-

ity of this eigenvalue is 1;

if n is odd and I only contains odd numbers, then the strictly second largest eigen-

value of Cay(Sy, C(n,I)) is attained by (n—2,12) and (3,1"73), and moreover the
(n=1)*(n—2)?
2

multiplicity of this eigenvalue is ;

if n is even, then the second largest eigenvalue of Cay(Sy,C(n,I)) is attained by
(n —2,1%) or (2,1772).

Proof. (a) For any ( - n, we have

M= % <Z> (k= DIRe((k, 1775) + (0 — DI (n)).

kel\{n}



4.4 T conatins n but not n — 1 89

According to Lemma 2.7, if ( # (n —m,1™) with 0 < m < n — 1, then x¢((n)) = 0.
Thus, by Lemma 4.2, for any ¢ # (n —m,1™) with 0 <m <n —1,

= X ()t oty

kel\{n}
< 3 (1) D@1
kel\{n}
= )\{n—l 1) — (n— 1)!>~<(n—1,1)((”))
Mn_1.1)+ (n—2).. (4.20)

Now suppose ¢ = (n —m,1™) with 2 < m < n —2. Since n > 7is odd, {n} C I C
{2,3,...,n—2,n} and I contains at least one even number less than n—2, by Lemmas 2.7

and 4.2 we obtain

I _ K n—k i Xel®)
K- 3 5> () 0= Dbl + (0 - )
= (Z) ((k, 1"7%)) + (=1)™(n — m — 1)lm!
keI\{n}
< X ()t 08 (1) 20 - 3

kEI\{n}
= A1) + (=2 +2(n - 3)!

= )\(n 1,1) +n(n —3)!

< Al +2(n—2)L (4.21)
On the other hand, by Lemma 4.18 we have
n
Ay = Alp_11) > S (=2 (4.22)

It follows from (4.20), (4.21) and (4.22) that (1™) is the unique partition of n whose
corresponding Specht module achieves the second largest eigenvalue of Cay(.Sy, C(n,I)).
By (4.3), the multiplicity of this eigenvalue is equal to the square of the degree of the

sign representation p(iny, which is equal to 1.

(b) One can easily verify the result for n = 7. Now suppose n > 9. As there are only
odd numbers in I, Cay(S,, C(n, I)) has exactly two connected components and A\l = )\I

for any ¢ - n. Thus the largest eigenvalue of Cay(S,,C(n,I)) is attained by (n) and
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(1™). Since n is odd, one can verify that the function f(n,k) defined in the proof of
Lemma 4.20 also satisfies f(n, k) > X(a2,1n-4)((k,1"7%)) for 2 < k < n — 2. Thus the

result in Lemma 4.20 actually applies to any ¢ # (n —m, 1™) with 0 < m < n — 1, that

is, )\é < )\{n_2 12): Since I contains only odd numbers, we have I # {2,3,...,n — 2,n}.
So by parts (a) and (b) of Lemma 4.10, we get /\{n72,12) > )\fn_l’l) = )\{271,1_2) and the

maximum of )\{nim

1m) for 1 <m < n — 2 can only be attained by m = 2,n — 3. That
is, the strictly second largest eigenvalue of Cay(S,,C(n,I)) is attained by (n — 2,12)

and (3,1"73). As the dimensions of P(n—2,12) and pgn-3) are both w, the

multiplicity of this eigenvalue is w by equation (4.3).

(c) One can verify that the result is true for n = 8. Now suppose n > 10. First,

by Lemma 4.20, for any ¢ # (22,1"%), (n —m,1™) with 0 < m < n — 1, we have

1
(n_m)lm)

)\é < /\{n_zlg). Second, by parts (a) and (b) of Lemma 4.10, the maximum of A

for 1 < m < n —1 can only be attained by m = 1,2,n —3,n — 2 or n — 1, and

)\{n_mg) > )‘{3,1n73) as I contains the even number n. Thirdly, by Lemma 4.19 and
parts (b) and (c) of Lemma 4.10, we have )‘{1") < )\{n_l 1) < max {)\{n72 12); )\g2 1n_2)}.

Therefore, the second largest eigenvalue of Cay(S,,C(n,I)) can only be attained by
(n —2,1%), (2,1"72) and (22,1"%). We now show that we can rule out (22, 1"~%).
In fact, since n is even, we have X,_212)((%, 1" %)) > X(22,1n-4) (K, 1"=%)) for every

2 < k <nexcept k =n — 2. Thus,

/\(In—2,12) - A([22,1"*4)

B n\, m—k-1n—-k—-2)—2cs  p(n—Fk)(n—Fk—3)+2c
- ,;<k><k O T e R )

- Z (Z) (k= 1) <>~<(”*2’12)((k’ 1n_k)) — X(22,1n-4)((, 1n_k)))
ke{n—2,n}
= 2n=3)!=(n—-1)(n—-4)!

> 0, (4.23)

from which the desired result follows. O

The following is an immediate corollary of Theorem 4.21.

Corollary 4.22. Supposen > 7 and{n} C I C {2,3,...,n—2,n}. Then Cay(S,,C(n,I))

does not possess the Aldous property.
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4.5 [ contains both n —1 and n

Lemma 4.23. Supposen > 7 is odd and {n—1,n} C I C{2,3,...,n—1,n}. Then the

following statements hold:

(a) if the largest number in I\ {n —1,n} is odd and I # {2,3,n —1,n}, then )‘{171) >

A{nfl,l);
(b) if the largest number in I\ {n —1,n} is even, then )\{nfl,l) > )\{ ny;
(c) if I ={2,3,n—1,n} or {n—1,n}, then )‘{nfl,l) = )‘{w)'

Proof. Note that

I I B n i1 n—k-—1
Mimy =Mooty = D <k:) (k—1)! <(—1) - n_1>

kel
n n—k—1
- (et o2
> (p)e-ur ey -ttt
kel\{n—1,n}
N\{n—1,n} I\{n—1,n}
Aamy T Ay
Thus, if I = {n — 1,n}, then )\( ny = /\(ITF1 1) and if I # {n — 1,n}, then we obtain the

desired results by applying Lemmas 4.3 and 4.4 directly to I\ {n — 1,n} # 0. O

Lemma 4.24. Suppose n > 7 and {n,n — 1} C I C {2,3,...,n}. If n is even,

then )\{n72,12) > )\{nim&lm,g) form =2,3,n—3,n—2; if n is odd, then )\{nimg) >
)\I

(n—m,2,1m—2

)form:2,3,n—3.

Proof. With the help of Table 2.1 one can verify that for m = 3,n — 3 we have

> ()= 0 () > Y () Dbmaan o (6 17)
k=n—1 k=n—1
and

Nn—212) (£, 1"7%)) > Y(nomaam—2)((k,1"7F)) for any 2 <k <n —2.

> MM

(n—m,2,1m—2) for m =

Since {n — 1,n} C I C {2,3,...,n}, it follows that )\gn72712)

3,n— 3.
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We have X(,—2,12)((k, 1"F) > X(n—2,2)((K, 1"%) for 3 < k < n. We also have
Zke{Q,n} (Z)(k; - 1)!>~<(n—2,12)(<k7 lnik» > Zke{Q,n} (Z) (k - 1>!>~<(n—2,2)((k7 1n7k:)) Thus
/\{n_2 12) > )\{ni2 %) whenever n € I C {2,3,...,n}. Inequality (4.23) implies that

)\I

(n—2,12) > )\{22 1n—1) whenever n is even and n € I C {2,3,...,n}. O

The main result in this section is as follows.

Theorem 4.25. Suppose n > 7 and {n,n — 1} C I C {2,3,...,n}. Then the following

statements hold:

(a) if n is even, then the second largest eigenvalue of Cay(Sy,C(n,I)) can only be
attained by (1), (n — 2, 12) or (2, 1n—2);

(b) if n is odd, then the second largest eigenvalue of Cay(Sp,C(n,I)) can only be
achieved by (1™), (n — 2,12),(3,1773) or (22,1"74).

Proof. (a) One can verify that the result is true for n = 8. Now suppose n > 10 and
n is even. According to Lemmas 2.8 and 4.20, if ¢ # (n — m,1™),(n — m,2,1m"2),
I _ \\{n-1} N{n-1} _ 1
then )‘C = )‘C < /\(n_2712) = )\(n_2’12).
)\{nflyl) < max {A{n—Q,IZ)’ )\(127171,2)} and )\é < /\{n—zlz) for ( = (n—m,1™) with3 < m <

n — 3. Hence )\é < max {/\{n—2,12)’ )\{2’1”,2)} for any ¢ # (n), (1), (n — 2,12),(2,1"72),

On the other hand, by Lemma 4.10 we have

(n—m,2,1m72) with 2 <m <n — 2.
Sincen—1¢€ 1 C{2,3,...,n—1,n}, by Remark 4.13 the maximum of )\{n_m7271m,2)

for 2 < m < n — 2 can only be attained by m = 2,3,n — 3 or n — 2. Moreover,

Lemma 4.24 implies that )\{nfm,Z,lm—% < )\{7%2312) for m = 2,3,n — 3,n — 2. Therefore,

the second largest eigenvalue of Cay(S,,, C'(n, I)) can only be attained by (17), (n—2,12?)
or (2,1"2),

(b) One can easily verify this result for n = 7. Now suppose n > 9 and n is odd. Similarly

/\é\{”_l} < )\I\{”_l} =\

to the proof of part (a) above, one can prove that /\é = (n—2,17) (n-2,12)

for any ¢ other than (n — m,1™) and (n — m,2,1™"2). By Lemma 4.10, we have

)\{n_l’l) < )\{7%2712) and )\{n—m,lm) < )‘{n—z,ﬂ) for 3 < m < n — 4. Note that, if
)\{n_l = )\{an 12); then I = {2,3,...,n} and thus )‘{1”) > )\{n_l 1y by Lemma 4.23. A

straightforward computation shows that A(IQJ,L,Q) < )\{nil’l) < max{k{n_zp),)\{ln)}.
Finally, by Lemma 4.24 we have A{n—2,12) > /\{n_m,271m,2) for m = 2,3,n—3. Combining

all these with Remark 4.13, we obtain the desired result. ]
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Theorem 4.25 implies the following result.
Corollary 4.26. Supposen > 7 and {n,n—1} C I C{2,3,...,n}. Then Cay(S,,C(n,I))

does not have the Aldous property.

We conjecture that the second largest eigenvalue of Cay(S,,C(n,I)) in part (b) of
Theorem 4.25 can only be achieved by (17), (n — 2,12) or (2%,1"%):

Conjecture 4.27. Suppose n > 7 is odd and {n —1,n} C I C{2,3,...,n}. Then

)\{371n—3) < max {)\{1”), )\{ﬂ72,12)’ )\{22,1n—4)} .

Note that, by Lemma 4.10, we already know that /\{3 1n-3) < )\(In_Q 12) and the equality

holds if and only if I contains only odd numbers other than n — 1 and n — 2.






Chapter 5

Nonnormal Cayley graphs on
symmetric groups generated by

cycles

5.1 Introduction

Suppose r, k, n are three integers satisfying 1 <r < k < n. In [96], Siemons and Zalesski
defined H := C(n, k;r), a subset of C(n, k), to be the set of k-cycles of S,, moving every

point from 1 to 7, and they determined all the eigenvalues of H := 3", _,, h € CS, on

n—1,1)

the natural permutation module M¢ of Sp,, among which the second largest one is

ug(n,k’;r):(k‘—Q)!<n_r> ! <(k:—1)(n—k)— (k_’”_l)(k_"”))

k—r)n—r n—r—1

Then puo(n, k;r) provides a lower bound for the strictly second largest eigenvalue of
the nonnormal Cayley graph Cay(Sy,C(n,k;r)) (see [96, Theorem 1.3]). Siemons and
Zalesski [96] then conjectured that ua(n, k;r) is exactly the strictly second largest eigen-
value of Cay(Sy,C(n,k;r)) for all triplets (n, k,r) satisfying 1 < r < k < n. Since the

n=L1) decomposes into one trivial representation and

natural permutation module M
one standard representation, po(n, k;r) actually is the largest eigenvalue of H on the
standard representation of S,. Thus their conjecture can be restated in the following

form.

95
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Conjecture 5.1 ([96]). Suppose n > 5 and 1 <7 < k < n. The strictly second largest
eigenvalue of Cay(Sy,C(n,k;r)) is ua(n, k;r), attained by the standard representation
of S,,. In other words, Cay(Sy,,C(n,k;r)) has the Aldous property.

The case k = r+1 with 2 < r < n—2 of this conjecture has been confirmed in [96, Theo-
rem 1.4]. A recent result in [57] also indicates that as(Cay(S,,C(n,3;2))) = p2(n,3;2).
Combining these with the very early work in [45] about A2(Cay(S,,C(n,2;1))) =n—2,

we have the following theorem.

Theorem 5.2. ([45], [57] and [96, Theorem 1.4]) Supposen > 5 and2 < k <n—1. The
strictly second largest eigenvalue of Cay(Sy,C(n,k;k —1)) is (k — 1)!(n — k), attained
by the standard representation of S,. In other words, Cay(Sy,C(n,k;k — 1)) has the

Aldous property.

Further evidence supporting Conjecture 5.1 can be found in [57], where one can deduce
that ag(Cay(Sp, C(n,3;1))) = n? —5n+5, which is equal to j2(n, 3;1). Combining this
with Theorem 5.2, we see that Conjecture 5.1 is true for £k = 2,3. In this chapter we
solve Conjecture 5.1 in the general case where 4 < k < n—1. We prove this conjecture is
almost always true and determine exactly when the conjecture is not true. The following

is a summary of our main results.

Theorem 5.3. Supposen >5, k>4 and1 <r <k <n-—1. Then Cay(Sy,C(n,k;r))

has the Aldous property except for the following cases:

(1) n=6,k=5andr=1;

(2) n>54ds0dd, k=n—1and1<r<3g.

The overall method used in this chapter is induction. One induction base is the case
r = k—1 and the Aldous property of Cay(S,,, C(n,k;k—1)) as seen in Theorem 5.2. We
then build another induction base in Section 5.3, dealing with the case k = n — 1. As
we can see from Theorem 5.3, there are some exceptions in the case k = n — 1. Thus in
Section 5.4 we first build some additional induction base in the case kK = n — 2 and then
we do induction on both n—k and n—r to show that Cay(S,, C(n, k;r)) has the Aldous
property whenever 4 < k < n — 2. Here this induction method is similar to that used

in [27] for dealing with the reversal graphs. We decompose Cay(Sy,C(n,k;r)) into one
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Cay(Sy,C(n,k;r+1)) and n copies of Cay(S,—1,C(n—1,k;r)). Thanks to a recurrence
relation for ua(n, k;r) (see (5.9)), we can finally prove in Theorems 5.22 and 5.24 that
as(Cay(Sp, C(n,k;r))) = pa(n,k;r) forany 4 <k <n—2and 1 <r < k.

The most subtle case k = n — 1 will be handled in Section 5.3, where the approach
used is to decompose the nonnormal connection set C'(n,n — 1;7) into some mutually
disjoint subsets P; := C(n,n — 1) N G; with r + 1 < i < n. Here G; is the stabilizer
of i € [n] in S,,. This kind of decomposition works well when r is large. For small
r, we decompose C(n,n — 1;7) in another way by deleting P; := C(n,n — 1) N G;
with 1 < ¢ < r from C(n,n — 1). Now each P; is normal not in S, but in some
subgroup of S,, which is isomorphic to 5,_1. With these decompositions, we can apply
Branching Rule and use irreducible characters of S,_1 to express the eigenvalues of
each irreducible representation of S, on every P;r = he p, € CS,,. Then by Weyl
Inequalities, we can make use of these eigenvalues to bound that of each irreducible
representation of S,, on C(n,n — 1;7) and finally identify the strictly second largest

eigenvalue of Cay(S,,C(n,n — 1;r)).

The main results in Section 5.3 are Theorems 5.12 and 5.14, which are summarized
in the following Table 5.1. The third column of this table shows the partitions of n
with their corresponding irreducible representations attaining the strictly second largest
eigenvalue of Cay(Sy,C(n,n — 1;r)) and the last column demonstrates the multiplicity
of that eigenvalue. Note that the standard representation of S, just corresponds to the
partiton (n —1,1). Thus from Table 5.1 we know exactly when Cay(S,,C(n,n —1;r))
has the Aldous property. As byproducts of Theorems 5.12 and 5.14, we also determined
the (second) smallest eigenvalue of Cay(S,,,C(n,n — 1;7)) in Corollaries 5.13 and 5.17.

Theorem 5.3 will follow from Theorems 5.12, 5.14, 5.22 and 5.24 with no effort.

5.2 Preliminaries

Recall that in Section 2.3, we use G to denote either S,, or A,, and G; to denote the
stabilizer of i € [n| in G. We use G;; to denote the set of permutations in G that send

j to 4. Then we have the right coset decomposition of Gj:

Hi:G:GLZ‘UGQ,iU"'UGn,i,
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Cn,n—1;r) withn>7 Partitions Multiplicity
r=1 (2,1772) n—1
2<r<j% (2,12 (n—1)(r—1)
n is odd
g<r<n-—2 (n—1,1) (n—=1)(n—r—1)
(n—1,1), (2,1"72)
r=1,2 Unknown
n is even ((n—2,12), (3,1773) )
3<r<n-2 (n—1,1), (2,1"%) | 2(n—1)(n—r—1)

TABLE 5.1: Summary of Theorems 5.12 and 5.14. The partitions enclosed in paren-
theses are the potential candidates for attaining the strictly second largest eigenvalue.

as given in (2.1). Now we apply Lemma 2.14 to Cay(S,,C(n,k;r)) in the following

manner.

Lemma 5.4. [58, Theorem 7] Let H = C(n,k;r) and T' = Cay(Sy, H), where n > 5
and 1 < r < k < n. The right coset decomposition II; of S,, given in (2.1) leads to
an equitable partition of I', and the corresponding quotient matriz B is symmetric and
independent on the choice of i € [n]. Moreover, if X is an eigenvalue of T' which is not

an eigenvalue of B, then, for each j € [n], we have
A < A2 (Cay (G, HNGY)) + X2 (Cay (Sp, H\ (H N GY))), (5.1)

where G is the stabilizer of j € [n] in S,,.

Remark 5.5. (i) The quotient matrix B of II; for any i € [n] is exactly the permutation
matrix of H arising from the natural permutation module M ™11 of S,,. Thus
as the second largest eigenvalue of HT on MLV s (n, k;7) is exactly Ao(B).
By Young’s Rule, the natural permutation module M™~11 of S, decomposes into
one trivial module S and one S5V Thus the spectrum of H+ on M ™11
is the union of the spectra of HT on S™ and S~V Clearly, HT acting on
S() gives the largest eigenvalue |H| of Cay(S,, H). Then the spectrum of H* on
S(m=1.1) i obtained by removing the largest eigenvalue |H| from the spectrum of

H* on M 1LY In particular, the second largest eigenvalue ua(n, k;7) of HT on
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M@= which is also Xo(B), is exactly the largest eigenvalue of H on S("~11)
that is, a1(p(n—1,1)(H)).

(i) When j < r, the definition of H = C(n, k;r) implies that H N G; = 0, and thus
the right hand side of (5.1) is just A\o(Cay(Sy, C(n, k;r))), which is a trivial upper
bound for A. When making use of (5.1), we shall take j from [n] \ [r] and mostly

we just let j = n.

The following two lemmas on the spectrum of p(,,_; 1y(C(n, k;7)) is a direct corollary of

Theorem 5.2, Lemma 5.3 and Lemma 3.2 in [96].

Lemma 5.6. Let H = C(n,k;r), where n > 5 and 2 < r < k < n. Then the distinct

eigenvalues of H™ on the standard representation of S, are

(oo = (=20 () T 1) 2 (= 1)y - BT EET),

k—r)n—r n—r—1
@2 (pn_r.1)(H)) = (k — 2)! (Z B :) (W . 1) . and

(o) =~ =21} 7).

Lemma 5.7. Let H = C(n,k;1), where n > 5 and 2 < k < n. Then the distinct

eigenvalues of H™ on the standard representation of S, are
n—1 1 (k—2)(k-1)
= — N — — [ A S —
a0 = (=20 (7)ot (= =) - EE2EZDY ang
n—2
= —(k = 2)!
oo (i) =~ - 21} Z3).

The following lemma gives the multiplicities of the eigenvalues of p(,_1 1)(C(n,n—1;7)).

The proof here is similar to that of Lemma 6.1 in [96].

Lemma 5.8. Letn > 5 and H = C(n,n — 1;7). When 2 <r <n — 2, the spectrum of

H™ on the standard representation of Sy are

r(n—=3)! 2r—n)(n—3)! (r—n)(n—23)!
n—r—1 1 r—1

SpeC(P(n—1,1)(H)) =
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When r = 1, the spectrum of H" on the standard representation of S, are

(n—=3)! —(n—2)!

Spec(p(n—1,1)(H)) =
n—2 1

Proof. Suppose 2 < r < n—2. From [96, Theorem 5.2], we obtain that all the eigenvalues
of H* on the natural permutation module M=%V are |H|, r(n — 3)!, (2r — n)(n — 3)!
and (r — n)(n — 3)!. Clearly, the largest eigenvalue |H| is simple. Lemma 3.2 in [96]
indicates that the multiplicities x, y, z of the other three eigenvalues are such that
{z,y,2} = {1, n—7r—1, r—1}. For each ¢ € S,, the trace of ¢ on M=) is the

number of fixed points of o. Thus the trace of H* on M~V is |H|. Then we have
|Hl+z-r(n=3)!4+y-2r—mn)(n—=3)!'+2z-(r—n)(n—3)!=|H|.

If we take z =n—r—1,y=1and z = r — 1, then the quality holds. In addition, the

equality fails for any other choice of z, y, z such that {z,y,z} ={1, n—r—1, r—1}.

The proof for the case r = 1 is similar. O

Finally, we cite the following lemma, which indicates that Cay(S,,C(n,k;r)) is con-

nected if k is even and has two connected components each isomorphic to Cay(A,, C(n, k;r))

if k is odd.

Lemma 5.9. [96, Lemma 5.1] Let 1 <r < k <n and let X be the smallest subgroup of
Sy containing C(n,k;r). Then X = S, if k is even, and X = A,, if k is odd.

5.3 The case when all cycles have length n — 1 and move

each of 1,...,r

For every i € [n], the symmetric group Symyp, sy is isomorphic to S, under the

isomorphism f; : Symp\ i3 = Sn—1, g+ (n i)g(n i), and f; sends
P :=C(n,n—1)NG;

to C(n — 1,n —1). Thus for any ¢ - n, we have p:(C(n — 1,n — 1)) = M;pc(P)M;*
with M; = pe((n ¢)). This indicates that p¢(P1), pc(P2), - .., pc(Pn) share the same



5.3 The case when all cycles have length n — 1 and move each of 1,...,r 101

spectrum with p¢(C'(n — 1,n — 1)) for any fixed ( = n. Now we use Branching Rule to
calculate the eigenvalues of p(C'(n — 1,n — 1)) for every irreducible representation p¢
of Sy, except for the trivial representation p(,) and the sign representation p(iny. The

results are recorded in the following lemma.

Lemma 5.10. Let H = C(n—1,n—1), wheren > 7, and let ( = n be such that { # (n)
or (1™).

(a) If ¢ is not a hook or a near hook, then all the eigenvalues of pc(H) are 0.

(b) If ¢ = (n —m,1™) is a hook with 1 < m < n — 2, then the distinct eigenvalues of
pc(H) are (=1)™ml(n — 2 —m)! and (—=1)™ "1 (m —1){(n — 1 —m)!.

(¢) If ¢ = (n—m, 2,1 %) with 2 < m < n — 2, then the distinct eigenvalues of pc(H)
are (—=1)™ Y(m — 1)/(n — 1 —m)! and 0.

Proof. Since H = C(n — 1,n — 1) is normal in S,_1, we obtain by Branching Rule
pc(H) = @¢- pe-(H), and by Schur’s Lemma each p.-(H) is a scalar matrix. We
then derive from the definition of normalized characters and the fact that they are class
functions that p.-(H) = |H| - X¢-(0) - i, where o is any (n — 1)-cycle of S,,_1 and
Iy, is the identity matrix with dimension m = dimp.-. Thus the distinct eigenvalues of

pc(H) are {|H| - X¢- (o)}, where .- (o) can be calculated by Lemma 2.7,

(a) When ¢ is not a hook or a near hook, ¢~ is never a hook. From Lemma 2.7, the

normalized character of (T on ¢ is 0. Then the eigenvalues of p¢(H) are all 0’s.

(b) If { = (n —m,1™) is a hook with 1 < m <n —2, then (- = (n—1—-m,1™) or
(n—m,1™"1). By Lemma 2.7, we have |H|- X (4—1—m,1m)(0) = (=1)"m!(n—2—m)!
and |H |- X (n—m,1m-1)(0) = (—=1)™ Y (m—1)!(n—1—m)!. Thus the distinct eigenvalues
of pc(H) are (—1)™m!(n —2 —m)! and (=1)™" (m —1){(n — 1 — m)!.

(c) If ¢ =(n—m,2,1m2) with2 <m <n -2, then (" = (n—m, 1™ 1), (n—m —
1,2,1m2)if m < n—3, or (n—m,2,1™73) if m > 3. The last two values of (~ attain
0 characters on o by Lemma 2.7 and |H| - X(p—pm,1m-1)(0) = (=)™ Y (m — 1)(n —
1 —m)!. Thus the distinct eigenvalues of p¢(H) are (—1)™1(m — 1)!(n — 1 — m)!
and 0.

This completes the proof. O



102 Chapter 5

Lemma 5.11. Let H = C(n,n — 1;7), where n > 7 and r € {1,2,...n — 2}, and let
¢ Fn be such that ¢ # (n), (n —1,1), (2,1"72) or (17).

(a) Ifnis odd and 1 <1 <2, then Ai(pe(H)) < 2(n—2)(n—4)..

(b) Ifn is odd and 3 <r < n/2, then A\i(pc(H)) < r(n—3)L.

(c) If n is odd and n/2 <r <n —2, then \i(pc(H)) < (n—1)(n —3).

(d) If n is even and 1 < r < 2, then M\i(pc(H)) < r(n — 3)!; moreover, if in addition
C# (n—2,12) or (3,1"73), then M\ (pc(H)) < r(n — 3)!.

(e) Ifn is even and 3 <r <n —2, then \(pc(H)) <2(n—r)(n—4)..

Proof. Recall P; = C(n,n — 1) N G; for every i € [n]. Then P; is closed under inverse
and conjugation in Symy, ;3 and these P;’s are mutually disjoint. For any ¢ - n and
any i € [n], the matrix p¢(F;) is symmetric, guaranteed by Lemma 1.3, and shares the

same eigenvalues with pc(C(n — 1,n — 1)) by the analysis above Lemma 5.10.

We decompose H into n — r parts as H = U?:THPZ-. Then for any ¢ - n we have
pc(H) = >0, 1 pe(P;) and by Weyl Inequalities, the following bound for Ay (p¢(H))
holds:

M(pc(H)) < (n =) (pe (Cn — 1,m — 1), (5.2)

Now substitute the results of Lemma 5.10 into (5.2).

If ¢ is not a hook or a near hook, then A (p¢(H)) < 0.

If {=(n—m,1™) with 2 <m <n— 3 and m is even, then

(n—7)(n—3)!, if n is odd;
M(pe(H)) < (n = ryml(n — 2 — m)! <
2(n —r)(n —4)!, if n is even.

If ( =(n—m,1™) with 2 <m <n —3 and m is odd, then

MpcH) < (n=r)(m—=1!(n—-1-—m)! <2(n—r)(n—4)..

If ( = (n—m,2,1m2) with 2 <m < n —2 and m is even, then A\ (p¢(H)) < 0.
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o If ( = (n—m,2,1m2) with 2 <m <n — 2 and m is odd, then

n—r)(n—3)!, if n is odd;
MlpelH) < (n—r)m = Dtn—1—mp < T

2(n—r)(n—4)!, if n is even.

To sum up, when n is odd, the largest eigenvalue of p¢(H) is no larger than (n—7)(n—3)!;
when n is even, the largest eigenvalue of pc(H) is no larger than 2(n —r)(n — 4)!. This

completes the proof of (c¢) and (e).

We now express H as H = C(n,n — 1) \ (U,_;P). Then for any ¢ F n, we have
pc(H) = pc(C(n,n — 1)) — 22:1 pc(P;). By Weyl Inequalities, we have the following
bound for Ay (p¢(H)):

A(pc(H)) < Ai(pe(Cn,n—=1))) =1 Amin(pc(C(n — 1,0 = 1))). (5.3)

As C(n,n — 1) is a conjugacy class of Sy, the matrix pc(C(n,n — 1)) is a scalar matrix
and the unique eigenvalue of p(C(n,n — 1)) is given by |C(n,n — 1)| - x¢(o), where o
is any element in C(n,n — 1) and X¢(o) can be calculated by Lemma 2.8. Substituting

Lemma 5.10 into (5.3) gives us the following results:
e Suppose ( is not a hook or a near hook. The eigenvalues of p:(C(n,n — 1)) and
pc(C(n—1,n—1)) are all 0. Thus from (5.3) we derive that A\ (pc(H)) < 0.

o If ( = (n—m,1™) with 2 < m < n —3 and m is even, then all eigenvalues of
pc(C(n,n — 1)) are 0 and thus A (pc(H)) <r-(m—1)l(n —1—-—m)! <r(n—3).
If in addition ¢ # (n — 2,12), then A (pc(H)) < r(n — 3).

o If ( =(n—m,1™) with 2 <m <n —3 and m is odd, then we have

2r(n —4)!, if nis odd;
Mpe(H)) <r-ml(n —2—-—m)! <

r(n—3)!, ifnis even.

Here if in addition n is even and ¢ # (3,1"73), then A\i(p¢c(H)) < r(n — 3)L.

e If ( = (n—m,2,1™2) with 2 < m < n —2 and m is even, then the unique

eigenvalue of p:(C(n,n—1)) is —(n—m)(n—2—m)!m(m—2)! and thus A\ (p¢(H)) <
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—(n—m)(n—2—m)!m(m—=2)4r-(m—1)!(n—1-m)! < (r—1)-(m—1)(n—1-m)! <
(r—1)(n—3)L.

e If ( = (n—m,2,1m2) with 2 < m < n —2 and m is odd, then the unique

eigenvalue of ps(C(n,n —1)) is (n —m)(n — 2 —m)!m(m — 2)! and thus

2(n—=2)(n—4)!, ifnisodd;
M(pc(H)) < (n— m)(n — 2 — m)lm(m —2) <

3(n—3)(n—">5)!, if nis even.
If nis odd and 1 < r < 2, then
AM(pe) <min{(n —7r)(n—3)1,2(n —2)(n — '} =2(n —2)(n —4)\.
If n is odd and 3 < r < n/2, then

M(pe) < min{(n —7r)(n—3),r(n—3)!} =r(n—3).
If nis even and 1 < r <2, then
M(pe) < min{2(n —r)(n —4),,r(n —3)!} =r(n —3)4

moreover, if in addition ¢ # (n — 2,12) or (3,1"73), then A\ (p¢) < r(n — 3). O

Theorem 5.12. Let I' = Cay(S,, C(n,n—1;7)) withn > 5 odd and r € {1,2,...n—2}.
Then I' is connected and bipartite with Ao(I') = aa(I") such that the following statements
hold:

(a) If n =5 and r = 1, then \o(T') = 6 with multiplicity 14, attained exactly by (2,13)
and (2,2,1).

(b) If n > 7 and r =1, then \o(T) = (n — 2)! with multiplicity n — 1, attained uniquely
by (2,1772).

(c¢) If2 <r <n/2, then A\o(T") = (n—r)(n—3)! with multiplicity (n—1)(r —1), attained

uniquely by (2,1772).

(d) If n/2 < r < n—1, then A\o(I") = r(n — 3)! with multiplicity (n — 1)(n —r — 1),
attained uniquely by (n — 1,1).
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Proof. Let H = C(n,n — 1;7) with 1 < r < n — 2. Since n is odd, all permutations
in H are odd and thus I' = Cay(Sy,, H) is a connected regular bipartite graph with
X2(I') = ao(T"). When n =5 and 1 < r < n — 2, we verify A\o(I') by computation in

MacMA [17]. For the remainder of this proof, suppose n > 7.

It is clear that if ( = (n), then matrix p¢(H) has only one eigenvalue, which is |H| =
(n—=7r)(n—2) if ¢ = (1"), then p¢ is the sign representation and sends H to —|H|.
With I" a connected regular bipartite graph, we know that |H| and —|H| are the simple

largest and smallest eigenvalues of I', respectively.

By Lemma 5.8, we get A1(p(,—1,1)(H)) = r(n — 3)! with multiplicity a :=n — 7 — 1 and

—(n—r)n=3)!, f2<r<n-—2;
Amin(P(n—1,1)(H)) =
—(n—2)!, ifr=1

with multiplicity

r—1, if2<r<n-2;
1, if r=1.

Since Lemma 2.2 implies that p(y j»-2) only differs from p(,_; 1) at odd permutations by

the sign, we have p(g 1n-2)(H) = —p(n—1,1)(H ), which implies

(n—r)(n—=3)!, if2<r<n-—2;
At(pe,in—2y(H)) =
(n—2)!, ifr=1

with multiplicity b and Amin(p(2,1n-2)(H)) = —7r(n — 3)! with multiplicity a.

First suppose = 1 or 2. From Lemma 5.11 (a) we know that if ( + n and { #
(n), (1), (n — 1,1) or (2,1"72), then M (pc(H)) < 2(n — 2)(n — 4)!, which is strictly
smaller than (n — 2)!. Thus A\o(T') = (n — 2)!, attained uniquely by (2,1"72).

Next suppose 3 < r < n/2. We have verified in Lemma 5.11 (b) that if ( - n and ¢ # (n),
(n—1,1), (2,1"%) or (1), then A\ (p¢(H)) < r(n — 3)!, which is strictly smaller than
(n —7)(n —3)!. Thus A\o(T') = (n — r)(n — 3)!, attained uniquely by (2,1"2).

Now suppose n/2 < r < n — 2. We have verified in Lemma 5.11 (c¢) that if ( - n and
¢ # (n), (n—1,1), (2,1"72) or (1"), then A\ (pc(H)) < (n —r)(n — 3)!, which is strictly
smaller than r(n — 3)!. Thus \y(I") = r(n — 3)!, attained uniquely by (n —1,1).
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Finally, we apply Proposition 1.1 to derive the conclusion on the multiplicity of Ag(T").
If » = 1, then M\2(T') = (n — 2)! is attained uniquely by (2,1"72) and has multiplicity
din-2y-b=n—1. If 2 <7 < n/2, then \2(I') = (n —7)(n — 3)! is attained uniquely
by (2,1"72) and has multiplicity digin-2y-b=(n—1)(r —1). If n/2 <7 <n -2, then
A2(T") = r(n — 3)! is attained uniquely by (n — 1,1) and has multiplicity d,—1 1) a =
(n—1)(n—r—1).

The following corollary is about the two smallest eigenvalues of Cay(S,,C(n,n — 1;r))

with odd n.

Corollary 5.13. LetT' = Cay(S,,C(n,n—1;r)) withn > 5 odd andr € {1,2,...,n—2}.
The smallest eigenvalue of I' is —(n — r)(n — 2)!, which is simple and attained uniquely

by (1™).

(a) If n =15 and r = 1, then the second smallest eigenvalue of " is —6 with multiplicity

14, attained exactly by (4,1) and (3,2).

(b) If n > 7 and r = 1, then the second smallest eigenvalue of T' is —(n — 2)! with

multiplicity n — 1, attained uniquely by (n —1,1).

(c) If 2 < r < n/2, then the second smallest eigenvalue of T' is —(n — r)(n — 3)! with

multiplicity (n — 1)(r — 1), attained uniquely by (n — 1,1).

(d) If n/2 < r < n—1, then the second smallest eigenvalue of I' is —r(n — 3)! with

multiplicity (n — 1)(n —r — 1), attained uniquely by (2,1"~2).

Proof. Note that I is a connected bipartite graph when n is odd. Thus the spectrum of
I" is symmetric about 0, that is, if A is an eigenvalue of I' with multiplicity my, then —A
is also an eigenvalue of I' with multiplicity m). Since n is odd, all the permutations in
C(n,n —1;r) are odd and thus by Lemma 2.2, po(H) = —p¢(H) for any ¢ - n. Hence
A is an eigenvalue of p¢(H) with multiplicity mé‘ if and only if —\ is an eigenvalue of
per(H) with multiplicity mé‘ Note also that p; and pe have the same dimension by

Lemma 2.1. Now this corollary follows from Theorem 5.12 and Proposition 1.1. 0

Theorem 5.14. Let I' = Cay(S,,C(n,n —1;7)) withn > 6 even and r € {1,2,...,n—

2}.
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(a) If n = 6 and r = 1, then as(I") = 9 with multiplicity 160, attained uniquely by
(3,2,1).

(b) If (n,r) # (6,1), then az(T') = r(n — 3)!. Moreover, the following statements hold:

(b.1) If r < 2, then as(T) is attained by (n — 1,1) and (2,1"2), and can only be
attained by (n —1,1), (2,1"72), (n —2,12) and (3,1"73).

(b.2) If3 <r <n-—2, then aa(T") has multiplicity 2(n—1)(n—r—1) and is attained
ezactly by (n —1,1) and (2,1"72).

Proof. Since n is even, all permutations in H = C(n,n — 1;r) are even. The graph
I' = Cay(Sy, H) has two connected components and both are isomorphic to Cay(A4,,, H).
Thus the degree |H| = (n —7)(n — 2)! is the largest eigenvalue of I' with multiplicity 2,
attained by p(,) and p(;») simultaneously. When n =6 and 1 <r < 4, we verify as(T)

via computation in MAGMA [17]. Now suppose n > 8.

We write a = n —r — 1. By Lemma 5.8, we get A\i(p(,—1,1)(H)) = 7(n — 3)! with
multiplicity a. Since Lemma 2.2 implies that p(yn-2)(H) = p(n_1,1)(H), we have
A1 (p(271n72)(H)) = )\1(,0(,1_171)(1'[)) = r(n — 3)! with multiplicity a.

First suppose 1 < r < 2. According to Lemma 5.11 (d), if { b n is such that { # (n),
(n—1,1), (2,1"7%) or (1), then the eigenvalue A1 (pc(H)) < r(n—3)!, and if in addition
¢ # (n—2,1%) or (3,1"73), then A (p¢(H)) < r(n—3)!. Thus we conculde that as(T') =
r(n — 3)!, which is attained by (n — 1,1) and (2,1"2), and can only be attained by
(n—1,1), (2,1"72), (n — 2,1?) and (3,1"73).

Next suppose 3 < r < n—2. Lemma 5.11 (e) implies that, when ¢ - n such that ¢ # (n),
(n—1,1), (2,1"2) or (1), the eigenvalue \1(pc(H)) < 2(n —r)(n — 4)! < r(n — 3)!.
Thus we conclude that as(I') = r(n — 3)!, which is attained exactly by (n —1,1) and
(2,1"72), and that its multiplicity equals d(,,_1 1) - a + diin-2y-a=2(n—-1)(n—r—1)
by Proposition 1.1. O

Remark 5.15. In item (b.1) of the above theorem, we cannot rule out (n — 2,1%) and
(3,1"73) for attaining ao(Cay(S,,C(n,n — 1;7))). For example, the strictly second
largest eigenvalue of Cay(Sg, C(6,5;2)) is 12 with multiplicity 50, attained exactly by
(5,1), (4,12),(3,13) and (2, 1%); for Cay(Ss, C(8,7;7)) with r = 1 or 2, its strictly second

largest eigenvalue is attained exactly by (7,1), (6,12), (3,1°) and (2,1%). However, we
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also cannot confirm that (n—2,12) and (3, 17~3) always attain aa(Cay(S,, C(n,n—1;7)))
in the case of (b.1).

Lemma 5.16. Let H = C(n,n—1;r), wheren > 7 andr € {1,2,...n—2}, and let ( Fn
be such that ¢ # (n), (n—1,1), (2,1"72) or (1"). The following bounds for Amin(pc(H))
hold:

(a) Ifnis odd and 1 <r <2, then Amin(pc(H)) > —2(n —2)(n —4)!.

(b) Ifn is odd and 3 <1 <n/2, then Amin(pc(H)) > —r(n —3)..

(c) If nis odd and n/2 < r <n —2, then Amin(pc(H)) > —(n—1)(n —3)..

(d) Ifn is even and 1 < r <n —3, then Amin(pc(H)) > —2(n —2)(n — 4)!.

(e) If n is even and r = n — 2, then Amin(pc(H)) > —(n —r)(n — 3)!; moreover, if in
addition ¢ # (n — 2,1%), (3,1"73), (n — 2,2) or (2,2,1"7%), then Amin(pc(H)) >
—(n—r)(n—3).

Proof. Recall P, = C(n,n — 1) N G; for every i € [n], and that for any ¢ - n and any

i € [n], the matrix p¢(P;) is symmetric and has the same eigenvalues as p¢(C(n—1,n—1)).

We apply Weyl Inequalities to two different decompositions of H. The first decomposi-
tion is H = U;_, . P;. Applying Weyl Inequalities, we obtain:

Amin(p¢(H)) = (0 = 7)Amin(p¢(C(n — 1,1 — 1))). (5-4)
Now we substitute Lemma 5.10 to (5.4).

e If ¢ is not a hook or a near hook, then A\yin(p¢c(H)) > 0.

—(n—7)(m—-1)(n—1-m)! > —(n—7)(n—3)!, and if in addition ¢ # (n—2,12),
then Anin(pc(H)) > —(n —r)(n —3)\.

o If ( = (n—m,1™) with 2 < m < n—3 and m is even, then A\nin(p¢(H)) >

o If (=(n—m,1™) with 2 <m < n — 3 and m is odd, then

—2(n —7r)(n—4)!, ifnisodd;
Amin(pc(H)) > —(n — r)ml(n — 2 — m)! > (n=r)(n—4)

—(n—r)(n—3)!, if nis even.
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When n is even, if in addition ¢ # (3,1"73), then Amin(pc(H)) > —(n —1r)(n—3).

o If ( = (n—m,2,1™2) with 2 < m < n — 2 and m is even, then Amin(pc(H)) >
—(n—=r)(m—-1!(n—-1-=m)! > —(n—r)(n—3)!. When n is even, if in addition

¢ # (n—2,2) or (2,2,1"%), then Ain(pc(H)) > —(n —r)(n — 3)..

o If ( =(n—m,2,1m?) with 2 <m <n—2 and m is odd, then Apin(pc(H)) > 0.

To sum up, we have Amin(pc(H)) > —(n —r)(n — 3)!. For even n, if in addition ¢ #
(n—2,1%), (3,1"73), (n —2,2) or (2,2,1""%), then Amin(pc(H)) > —(n —r)(n — 3)L.

The second decomposition of H is H = C(n,n — 1) \ (U;_1P;). This implies p(H) =

pc(C(n,n —1)) — S p¢(P;) for any ¢ Fn. By Weyl Inequalities, we have:

Amin(P¢(H)) 2 Amin(p¢(C(n,n = 1)) =7 - Ai(pe(C(n — 1,n —1))). (5.5)

The unique eigenvalue of pc(C(n,n — 1)) is given by |C(n,n — 1)| - X¢(0), where o is
any element in C(n,n — 1) and X¢(0) can be calculated by Lemma 2.8. Substituting

Lemma 5.10 into (5.5) gives us the following results:

e If ¢ is not a hook or a near hook, then the eigenvalues of p¢(C(n,n — 1)) and

pc(C(n—1,n—1)) are all 0, and thus by (5.5) we derive Amin(pc) > 0.

e If ( = (n—m,1™) with 2 < m < n— 3 and m is even, then all eigenvalues of

pc(C(n,n — 1)) are 0 and thus

—r(n—=23)!, if nis odd;
Amin(pc(H)) > —r-ml(n —2 —m)! >

—2r(n —4)!, if n is even.

o If { = (n—m,1") with 2 < m < n—3 and m is odd, then Amin(pc(H)) >
—r-(m—=1(n—-1—-—m)! > =2r(n—4).

e If ( = (n—m,2,12) with 2 < m < n —2 and m is even, then the unique
eigenvalue of p¢(C(n,n—1)) is —(n—m)(n—2—m)!m(m —2)! and Apin(pc(H)) >
—(n—m)(n—2—m)lm(m —2)! > =2(n—2)(n —4)..
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e If ( = (n—m,2,1™2) with 2 < m < n —2 and m is odd, then the unique

eigenvalue of pc(C'(n,n — 1)) is (n —m)(n — 2 —m)!m(m — 2)! and
Amin(pe(H)) > (n —m)(n =2 —=m)m(m =2)! —r- (m —1)!(n — 1 —m)!
>—(r—1)-(m—-1)ln—-1-—m)!

—(r—1)(n—3)!, if nis odd;

v

—2(r —1)(n—4)!, if n is even.

To sum up, if n is odd and 1 < r < 2, then Ayin(pc(H)) > —2(n —2)(n —4)!; if n is odd
and 3 <7 < n—2, then Anin(pc(H)) > —r(n — 3)!; if n is even, then Amin(pc(H)) >
—2(n —2)(n —4).

Combining the bounds we built via the two decompositions, we have the following results.

If nis odd and 1 < r < 2, then

Amin(p¢(H)) > max{—(n —7r)(n —3)!, =2(n — 2)(n — 4)!} = =2(n — 2)(n — 4)\.
If n is odd and 3 < r < n/2, then

Amin(pc(H)) > max{—(n —7)(n —3)!, —r(n = 3)!} = —r(n — 3)\.
If n is odd and n/2 < r <n — 2, then
Amin(pc(H)) > max{—(n —7r)(n —3)l,—r(n = 3)!} = —(n —7r)(n — 3)\.

If niseven and 1 <r <n — 3, then

Amin(p¢(H)) > max{—(n —7)(n —3)!, =2(n — 2)(n —4)!} = =2(n — 2)(n — 4).
If n is even and r = n — 2, then

Nuin(pc(H)) > max{—(n — r)(n — 3)L,=2(n — 2)(n — 4)1} = —(n —r)(n - 3)L,
and if in addition ¢ # (n —2,12), (3,1"73), (n — 2,2) or (2,2,1""%), then

Amin(p¢c(H)) > =(n —7)(n = 3). O
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Corollary 5.17. Let I' = Cay(S,,C(n,n—1;r)) withn > 6 even andr € {1,2,...,n—
2}.

(a) If r = 1, then the smallest eigenvalue of T is —(n — 2)! with multiplicity 2(n — 1),
attained exactly by (n — 1,1) and (2,1"72).

(b) If2 < r < n-—3, then the smallest eigenvalue of T is —(n—r)(n—3)! with multiplicity
2(n — 1)(r — 1), attained exactly by (n —1,1) and (2,1772).

(¢) If r =n—2, then the smallest eigenvalue of ' is —(n —r)(n — 3)!, which is attained
by (n—1,1) and (2,1"2) and can only be attained possibly by (n —1,1), (2,1772),
(n—2,1%), (3,1"73), (n —2,2) and (2,2,1"7%).

Proof. Since n is even, all permutations in H = C(n,n — 1;7) are even. The largest
eigenvalue of I' is |[H| = (n — r)(n — 2)! with multiplicity 2, attained by (n) and (1™)
simultaneously. When n = 6 and 1 < r < 4, we verify the samllest eigenvalue of I" via

computation in MAGMA [17]. Now suppose n > 8.

By Lemma 5.8 and Lemma 2.2, we have

—(n—r)(n=3)!, f2<r<n-—2;
)‘min(P(n—l,l)(H)) = Amin(P(Z,l”—Q)(H)) =

with multiplicity

r—1, if2<r<n-—2;

1, if r=1.

First suppose r = 1. We find from Lemma 5.16 (d) that for any ¢ F n and ¢ # (n),
(n —1,1), (2,1"72) or (1), we have the smallest eigenvalue Amin(pc(H)) > —2(n —
2)(n — 4)!, which is strictly larger than —(n — 2)!. Thus the smallest eigenvalue of
I' is —(n — 2)!, which is attained exactly by (n — 1,1) and (2,1"2) with multiplicity
dn-1,1) - b+ d@1n-2y-b=2(n—1).

Next suppose 2 < r < n — 3. We find from Lemma 5.16 (d) that for any ¢ F n and
¢ # (n), (n—1,1), (2,1"72) or (1), we have the smallest eigenvalue Amin(pc(H)) >
—2(n—2)(n—4)! > —(n—r)(n — 3)!. Thus the smallest eigenvalue of I" is —(n —r)(n —
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3)!, attained exactly by (n — 1,1) and (2,1"2). The multiplicity of this eigenvalue is
d(n—l,l) . b + d(271n—2) . b = 2(n — 1)(7" — 1)

Finally, suppose r = n — 2. We find from Lemma 5.16 (e) that for any ¢ F n and
¢ # (n), (n—1,1), (2,1"7%) or (1™), we have the smallest eigenvalue Amin(pc(H)) >
—(n—7)(n—3)!. Thus the smallest eigenvalue of I" is —(n —r)(n — 3)!, which is attained
by (n —1,1) and (2,1"2), and can only be attained possibly by (n — 1,1), (2,1"2),
(n—2,12), (3,1"73), (n — 2,2) and (2,2,1"7%). O

Remark 5.18. Corollary 5.13 can also be derived based on Lemma 5.16. Moreover, when
n = 6, the smallest eigenvalue of Cay(.S,,, C(n,n —1;n—2)) is —12 with multiplicity 68,
attained exactly by (n—1,1), (2,1"72), (n —2,12), (3,1"73), (n — 2,2) and (2,2,1"7%).

5.4 The case when all cycles have length £t < n — 2 and

move each of 1,...,r

In this section, we prove in Theorems 5.22 and 5.24 that Cay(S,,C(n,k;r)) has the
Aldous property whenever 4 < k <n—2and 1 <r <k —1. The cases of k =2 and 3
have already been solved in [45] and [57], respectively. Before going straight to proving
Theorems 5.22 and 5.24, we first solve the case of even k = n — 2, which acts as the base

for induction in the proof of Theorem 5.22.

Lemma 5.19. Suppose that n > 8 is even and ( = n such that ( # (n), (n — 1,1),
(2,1"72) or (1"). Let H = C(n,n — 2;1). If ¢ = (n —2,2) or (n — m,1™) with
2 <m <n—3, then \i(pc(H)) < 0; otherwise \(pc(H)) < (n—1)(n —4)!.

Proof. Note that H = C(n,n—2)\ (C(n,n —2)NG1), where G is the stabilizer of 1 in
Sp. Similar to the analysis at the start of Section 5.3, the map f; sends C'(n,n—2)NGy
to C'(n — 1,n — 2) and thus for any ¢ F n, the spectrum of p¢(C'(n,n —2) N Gy) is the

same as that of p¢(C'(n —1,n — 2)). By Lemma 1.3 and Weyl Inequalities, we deduce

Mipe(H)) < Ai(pe(C(n,n = 2))) = Amin(p(C(n = 1,n = 2))). (5.6)

The set C(n,n — 2) is the conjugacy class of (n — 2)-cycles in S, of size (3)(n — 3)!.

Hence by Schur’s Lemma, p¢(C(n,n —2)) is a scalar matrix with the unique eigenvalue
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|C(n,n —2)|- x¢(0), where o is any (n — 2)-cycle of S,,. Then we can refer to Table 4.3

for all nonzero characters of (n — 2)-cycles in S,,.

As for C(n —1,n —2), it is the conjugacy class of (n — 2)-cycles in S,,_;. By Branching

Rule, for any ¢ = n we have p;(C(n — 1,n — 2)) = ©-pc-(C(n — 1,n — 2)). Now

each p.—(C(n — 1,n — 2)) is a scalar matrix and we can get its unique eigenvalue by

Lemma 2.8.

If { = (n—2,2), then we see from Table 4.3 that the unique eigenvalue of
pc(C(n,n —2)) is —(n — 1)(n — 4)!. The eigenvalues of p.-(C(n — 1,n — 2))
are 0 and —2(n — 3)(n — 5)! by Lemma 2.8. Thus it follows from (5.6) that
M(pc(H)) < —(n—1)(n—4)!'4+2(n—3)(n—5)! <O0.

If ¢ = (2,2,1"7%), then we have A1(pc(C(n,n = 2))) = —Amin(p(n—2,2)(C(n,n —
2))) = (n—1)(n—4)!, as p;(C(n,n —2)) = —p—22)(C(n,n —2)) by Lemma 2.2.
Similarly, the eigenvalues of p.—(C(n —1,n —2)) are 0 and 2(n — 3)(n —5)!. Thus
M(pc(H)) < (n—1)(n —4)! follows from (5.6).

If ( = (n—m,2,1m2) with 3 < m < n — 3, then we deduce from Table 4.3
that A1 (pc(C(n,n —2))) = 0. In this case, (~ has the form (n — 1 — s,1°%) with
2 <s<n-—4or (n—1-t2172) with 2 <t < n—3. The eigenvalues
of p;-(C(n —1,n —2)) are 0 and (—1)""'(n — 1 —t)(n — 3 — t)lt(t — 2)! with

2 <t <n—3. Thus by (5.6) we deduce Ai(p¢(H)) < 2(n —3)(n —5)!.

If ¢ = (n—m,3,1™73) with 3 < m < n—3, then A (pc(C(n,n—2))) = (=1)™m(n—
m)(n—m—1)(m—3)!(n—m—3)! by Table 4.3. In this case, (~ = (n—1—m, 3,1™73)
ifn<n-—4, (n—m,3,1m %) if n >4, or (n —m,2,1™3). By Lemma 2.8, the
eigenvalues of p.— (C(n—1,n—2)) are 0 or (—=1)"(n—m)(n—2—m)!(m—1)(m—3)!.
When m is even, Ai(pc(H)) < m(n —m)(n —m — 1)(m — 3)!{(n —m — 3)! <
4(n—4)(n—5)(n—T7)!. When m is odd, Ai(pc(H)) < —m(n—m)(n—m —1)(m —
Nn—m—=3)!+(n—m)(n—2—-m)l(m—1)(m —3)! < 0. Overall, we have
M(pc(H)) < 4n — 4)(n — 5)(n — 7)1

If ¢ = (n—m,2,2,1™ %) with 4 < m < n — 2, then we have \(pc(C(n,n —
2))) = (=1)™(m — 1)(m — 2)(n — m + 1)(m — 4)!/(n — m — 2)!. In this case,
(C=mn-1-m22,1" 4 if m <n-3, (n—m,221m?) if m > 5, or

(n —m,2,1™3). By Lemma 2.8, the cigenvalues of p.-(C(n — 1,n — 2)) are 0
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or (=1)"(n —m)(n —m —2)!(m —1)(m — 3)!. When m is even, A\i(p¢c(H)) <
(m—=1)(m—=2)(n—m+1)(m—4)!(n—m—2)! <3(n—3)(n—4)(n—=6)!. When m
is odd, M (p¢c(H)) < —=(m—1)(m—=2)(n—m+1)(m—4)(n—m—=2)!+(n—m)(n—
m —2)!(m—1)(m—3)! <0. Overall, we have A\ (p¢c(H)) < 3(n—3)(n—4)(n—6)!.

e For any other ( - n, Table 4.3 and Lemma 2.8 imply that all the eigenvalues of
pc(C(n,n —2)) and p.- (C(n —1,n — 2)) are 0, and thus A;(p¢(H)) < 0 by (5.6).

To sum up, if ( = (n —2,2) or (n —m,1™) with 2 < m < n — 3, then A\ (pc(C(n,n —
2;1))) < 0; otherwise A\ (p¢(C(n,n —2;1))) < (n—1)(n —4). O

Lemma 5.20. Suppose that n > 8 is an even integer. The second largest eigenvalue of
I' = Cay(S,,C(n,n — 2;1)) is attained uniquely by (n — 1,1). In particular, T' has the
Aldous property.

Proof. Let H = C(n,n — 2;1). If ( = (n), then the unique eigenvalue of p¢(H) is
|H| = (";1) (n — 3)!, which is the largest eigenvalue of I'. Similarly, ( = (1) gives
the smallest eigenvalue —|H| = —("51)(?1 —3)! of I. By Lemmas 2.2 and 5.7, we
have A1 (pn—1,1)(H)) = n/2(n — 3)! and Ai(p(,1n-2)(H)) = —Amin(p(n-1,1)(H)) = (n —
2)!/2. When ¢ # (n), (1*), (n —1,1) or (2,1"2), we have seen from Lemma 5.19 that
M(pe(C(n,n—2;1))) < (n—1)(n—4)! <n/2(n—3)!. Thus the second largest eigenvalue

of Cay(Sy,C(n,n —2;1)) is n/2(n — 3)!, attained uniquely by (n — 1, 1). O

Lemma 5.21. Suppose that n > 8 is even and 2 < r < (n —1)/2. The second largest
eigenvalue of I' = Cay(Sy, C(n,n—2;71)) is attained uniquely by (n—1,1). In particular,
I" has the Aldous property.

Proof. Let H = C(n,n —2;7). If ¢ = (n), then \i(pc(H)) = [H| = ("}")(n — 3)! is the
largest eigenvalue of I'. If ¢ = (1"), then A\i(pc(H)) = —|H| = —(";")(n — 3)! is the

smallest eigenvalue of I'. We then derive from Lemmas 2.2 and 5.6 that

M (pasy (H)) = 5(n = DN((n =7 = D)7 —3) + (07— 3))

1
= i(n —)(n®=3n—r>+7)
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and

>\1(P(2,1"—2)(H)) = *)\min(P(n—l,l)(H))

= =)= r)n—r 1)
%(n —)(n®—2rn —n+r’47)
< %(n —4)!(n®* = 3n—r*+7r).

Now that we have verified \1(pc(H)) for ¢ = (n), (1"), (n — 1,1) and (2,1"72), we
assume in the following that ¢ - n such that ¢ # (n), (1*), (n — 1,1) or (2,1%72).

Notice that C'(n,n—2;i) = C(n,n—2;i—1)\ (C(n,n—2;i—1)NG;) for any 2 < i < r.
By a similar analysis as at the beginning of Section 5.3, we know that the spectrum of
pc(C(n,n —2;i—1)NG;) is the same as that of p¢(C(n —1,n —2;i—1)) for any ¢ - n.

Thus by Weyl Inequalities, we have for any 2 < i < r,
A (pc(C(n,n —254))) < M(pe(C(n,n— 253 — 1)) — Amin(pc(C(n — 1,n — 253 — 1)),
and thus

A(pc(H)) < Mipc(C(nsn =257 = 1)) = Amin(pc(C(n — 1,n — 257 — 1))

< Mlpe(Clnn =27 =2)) = 3" Auinlpe(Cln— Ln— 27))
j=r—2
r—1
< /\l(pC(C(nvn - 2; 1))) - Z )‘min(pC(C(n - 1,77, - 27])))

j=1

Branching Rule implies that for 1 < j <r —1,

and 0 Amin(p¢c(C(n —1,m —2;7))) = ming— Amin(pe-(C(n — 1,7 —2;5))). We then have
the following inequality:

r—1

M(pc(H)) < A(pe(Cln, )= Do min huin(pe- (Cln = Ln—2:5)). (5.7
J=1
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Now we make use of Lemma 5.19 to estimate A\ (p¢c(C(n,n —2;1))) and Lemma 5.16 to
bound Amin(pe- (C(n—1,n—2;7))) for 1 <j <r—1<(n—3)/2.

o If ( = (n—2,2) or (n —m,1™) with 2 < m < n — 3, then by Lemma 5.19,
M(pc(C(n,n—2;1))) < 0. In this case, (T = (n—3,2) or has the form (n—1—s,1%)

with 1 < s <n — 3. Lemmas 2.2 and 5.8 give

. —(n—3)!, ifj=1
)\min(p(an,l) (C(n - 17” - 2’]))) =
—(n—1—=7)(n—-4), if2<j<r—1;

Amin(p(2,1n-3)(C(n = 1,0 —2;5))) = =M (pn—21)(C(n—1,n—2;7))) = —j(n—4)!.

Parts (a) and (b) in Lemma 5.16 imply that when (- = (n — 3,2) or (- =

(n—1—5,1°) with 2 < s <n —4,

—2(n—=3)(n—=>5)!, ifl1<j<2;

—j(n — 4), if3<j<r—L

Therefore, Anin(p(a-2.1)(C(n — L =2:)) = min A - (€0~ 1,1~ %)) for
every j € {1,2,...,7 — 1}, and by (5.7)

r—1
M(pe(Cn,n—2;7) < (n=3)1+ (n =4 (n—1—j)
j=2
1 2
5(71—4)!(2711"—7" —r—2n)
1
< 5(n—4)!(n2—3n—r2+r).

e For any other ¢, we know from Lemma 5.19 that Ai(pc(C(n,n —2;1))) < (n —
1)(n — 4)!. In this case, (= # (n — 1), (n —2,1) or (1"~!). We have seen that

Amin(p(2,1n-3)(C(n — 1,n — 2;7))) = —j(n — 4)L.
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We also know from parts (a) and (b) of Lemma 5.16 that when (= # (n — 1),
(n—2,1), (2,1"73) or (1"71),

. —2(n—3)(n—>5), if1<j<2
Amin(pe-(C(n —1,n —2;§))) >
(- 4)), if3<j<r—1.

Note that —2(n — 3)(n —5) < —j(n —4)! for 1 < j < 2. Hence we get by (5.7)

r—1
M(pc(Clnyn—2;7))) < (n—1)(n—4)! +4(n —3)(n —5)! + (n — 4)! Zj
j=3
< %(n —D!(n®=3n—r2+r).

To sum up, the second largest eigenvalue of Cay (S, C(n,n — 2;r)) is attained uniquely

by (n —1,1). 0

Recall from Lemma 5.4 and its remark that the eigenvalue

m(n,k;r):(k—z)!@_’“) ! ((k—l)(n—k)—(k_r_l)(k_r)) (5.8)

—-r)n—r n—r—1

of Cay(S,,C(n,k;r)) discovered in [96, Theorem 1.3] is precisely \o(B) with B the
quotient matrix of the equitable partition II; of Cay(S,,C(n, k;r)), and that ua(n, k;r)
is also the largest eigenvalue of the standard representation p(,_1 1) of S, on C(n,k;r),
that is, a1(p@—1,1)(C(n, k;7))). Consequently, uz(n,k;r) provides a lower bound for

ag(Cay(Sp, C(n,k;r))). One can directly verify from (5.8) the recurrence relation

pua(n, kyr) = po(n — 1, k;r) + po(n, k;r + 1) (5.9)

forany 1<r<k—-2and k<n-—2.

According to Lemma 5.9, when k is even, H = C'(n, k; r) generates S,. In this case, for
re€{1,2,...,k—2} and j € [n]\[r], the three graphs Cay(S,, H), Cay(S,, H\ (HNGj))
and Cay(G;, HNGj) are all connected, and the strictly second largest eigenvalue of each
of them is exactly their second largest eigenvalue. Now we make use of Lemma 5.4 to

confirm the Aldous property of Cay(S,,C(n,k;r)) when k is even and k <n — 2.

Theorem 5.22. If k is even and 4 < k < n—2, then Cay(Sy,C(n,k;r)) has the Aldous

property for every r € {1,2,.... k—1}.
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Proof. Theorem 5.2 indicates that Cay(S,,C(n,k;r)) with » = k — 1 has the Aldous
property, and thus Ao(Cay(Sy, C(n,k;k —1))) = pa(n, k; k —1).

First assume k = n — 2. We verify via computation in MAGMA [17] that (5,1) is the
unique partition attaining the second largest eigenvalue of Cay(Sg, C(6,4;r)) for r =1,
2 and 3. Thus this theorem is true when ¥ = 4 and 1 < r < 3. Lemmas 5.20 and
5.21 show that when £ > 6 and 1 < r < (n — 1)/2, the conclusion of this theorem
still holds. Now suppose k& > 6 and (n —1)/2 < r < k—1 = n — 3, and we prove
the theorem by induction on n — . When n —r = 3, that is, r = n — 3, we know
from Theorem 5.2 that \y(Cay(Sy,C(n,n —2;n — 3))) = pa(n,n — 2;n — 3). Suppose
A2(Cay(Sy,C(n,n—2;n—t))) = po(n,n—2;n—t) for some ¢t € {3,4,...,(n—2)/2}. Let
n—r =t+1, thatis,r =n—t—1¢€ {n/2,(n+2)/2,...,n—4}, and let H = C(n,n—2;r).

By Lemma 5.4, if X is an eigenvalue of Cay(S,,, H) which is not an eigenvalue of B, then
A < )\2 (Cay (Gm HnN Gn)) + /\2 (Cay (Sna H\ (H N Gn))) . (510)

Here Cay(Gy, HNG,,) is isomorphic to Cay(S,—1,C(n—1,n—2;r)) and Cay(S,, H\(HN
Gy,)) is isomorphic to Cay(Sy,,C(n,n —2;r+1)). By the induction hypothesis, we have
A2(Cay(Sy, C(n,n—2;r+1))) = pe(n,n—2;r+1). As(n—1)/2 < r <n—4, Theorem 5.12
(d) indicates that the second largest eigenvalue of Cay(S,,—1,C(n—1,n—2;r)) is attained
uniquely by (n — 1,1), and thus As (Cay (G,, H N G,)) = ug(n —1,n—2;r). Then the
right hand side of (5.10) is po(n — 1,n — 2;7) + pa(n,n — 2;7 + 1), which is exactly
pa(n,n — 2;7) by the recurrence relation (5.9). Thus (5.10) gives A < pa(n,n — 2;7).
Combining this with [96, Theorem 1.3], which states that po(n,n — 2;r) is a lower
bound for Aa(Cay(S,,C(n,n — 2;r))), we conclude that us(n,n — 2;r) is the second
largest eigenvalue of Cay(Sy,C(n,n — 2;r)). Therefore, Cay(S,, C(n,n — 2;7)) has the

Aldous property for every r € {1,2,...,n — 3}.

Now we conclude the proof by induction on n — k. Suppose the conclusion holds when
n—k =1i—1 for some i € {3,4,...,n —4}. Next let n — k = i. Since Theorem 5.2
states that Ao(Cay(Sn,C(n,n —i;n —i —1))) = pa(n,n — i;n — i — 1), we assume
re{l,2,...,n—i—2} and let H = C(n,n —¢;r). By Lemma 5.4, if A is an eigenvalue
of Cay(Sy,, H) which is not an eigenvalue of B, then

A < Ao(Cay(Sp—1,C(n —1,n —1i;7))) + A2(Cay (S, C(n,n — ;7 + 1))).
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As the conclusion of this theorem holds when n—k = i —1, we have A\a(Cay(Sp—1,C(n—
1,m —i;7)) = pa(n — 1,n —i;7). Then based on the recurrence relation (5.9) and [96,
Theorem 1.3], the equality Ao(Cay(Sy,,C(n,n —i;r +1))) = pa(n,n —i;r + 1) implies
X2(Cay(Sy, H)) = pa(n,n—1i;r). Hence we conclude that Cay(Sy,C(n,n—1i;r)) has the

Aldous property for every r € {1,2,...,n —i— 1}.

We finally arrive at that when k is even and 4 < k <n—2, forany 1 <r < k—1,
the second largest eigenvalue of Cay(S,,C(n,k;r)) equals us(n,k;r), which is exactly
@1(p(n—1,1)(C(n, k;r))). In particular, Cay(Sy,C(n,k;r)) has the Aldous property. [

When £ is odd, H = C(n, k;r) only generates A,, according to Lemma 5.9. If 1 < r <
k—2and j € [n]\ [r], then the three graphs Cay(S,, H), Cay(Sp, H \ (H N G;)) and
Cay(Gj, H N G;) all have two isomorphic components and their largest eigenvalues all

have multiplicity 2. In this case, Cay(S,, H) has the Aldous property if and only if
A3(Cay(Sy, C(n, k;r))) = pa(n,k;r) for 1 <r<k<n-—2. (5.11)

Thus when k is odd, Lemma 5.4 is not strong enough for proving (5.11). Here we have
two ways to fix this situation. The first way is to make the alternating group A,, as the
underlying group and apply [58, Theorem 7] (see Lemma 2.14) to Cay(A,,C(n, k;r)).
Since Ao(Cay (A, C(n,k;r))) = A3(Cay(Sn, C(n,k;r))), to prove (5.11) we only need
to show Ao(Cay(A,,C(n,k;7))) = pa(n,k;r). The second way, which we adopt here,
is that with some additional discussion, we can get a stronger version of Lemma 5.4,
which still has S, as the underlying group. The key point is that when k is odd, all
permutations in H = C(n, k;r) are even and thus p¢(H) = pe(H) for any ¢ - n. From
the other point of view, if )\ is an eigenvalue of Cay(S,, H) with f an Ag-eigenvector,

then g := f -sgn is also an A\g-eigenvector of Cay(S,,, H). In fact, for any o € S,,,

Aglo) =) gloh) = f(oh) -sgn(oh) = Y f(oh) -sgn(o)

heH heH heH

= sgn(0) - 3 f(oh) = sgn(o) - Mof (o) = Aog(o),

heH

where A denotes the adjacency matrix of Cay(S,, H). Here we use the facts that
sgn(h) = 1 for every h € H and Af(0) = > ey f(oh) = Xof(o) for any o € S,.

In particular, the all one vector 1 and the vector sgn with its o-entry sgn(o) are the two
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eigenvectors of the largest eigenvalue |H| of Cay(S,, H). For i € [n], let Py, denote the
characteristic matriz of the partition II; of Cay(S,,, H) given in (2.1), which is the n! xn
matrix with columns the characteristic vectors of II;. If X is an eigenvalue of Cay(.S,,, H)
which is not an eigenvalue of B and f is a A-eigenvector of Cay(S,, H), then f is not
only orthogonal to the column space of Py, for every ¢ € [n] but also orthogonal to
the column space of f’ni, which is obtained by multiplying each (o, G;;)-entry of Pr,
by sgn(o). With these additional conditions on f, we deduce the following lemma by
applying [58, Theorem 7] (see Lemma 2.14) to Cay(S,, C(n, k;r)) for odd k.

Lemma 5.23. Let H = C(n, k;r) and ' = Cay(Sy, H), wheren > 5 and1 <r < k < n.
The right coset decomposition I1; of S, given in (2.1) leads to an equitable partition of
I', and the corresponding quotient matrizx B = By, s symmetric and independent of the
choice of i € [n]. Moreover, if k is odd and X is an eigenvalue of T' which is not an

eigenvalue of B, then, for each j € [n], we have
A < A3 (Cay (G, HNGj)) + A3 (Cay (Sn, H\ (H N Gy))),
where G is the stabilizer of j in S,.

Using Lemma 5.23, the proof of the following theorem is similar to that of Theorem 5.22.

Theorem 5.24. If k is odd and 5 < k <n —2, then Cay(Sy,C(n,k;r)) has the Aldous

property for every r € {1,2,.... k—1}.

Proof. Theorem 5.2 indicates that Cay(S,,C(n,k;r)) with » = k — 1 has the Aldous
property, and thus A3(Cay(Sy,C(n,k;k —1))) = po(n, k; k —1).

First assume k = n — 2. We verify via computation in MAGMA [17] that the strictly
second largest eigenvalue of Cay(S7, C(7,5;r)) with r = 1, 2, 3 and 4 is attained exactly
by (6,1) and (2,1%). Thus this theorem is true when k = 5 and 1 < r < 4. Now
suppose k > T7and 1 <r <k —1=mn—3. We prove the conclusion of this theorem by
induction on n — r. When n —r = 3, that is, r = n — 3, we know from Theorem 5.2
that A\3(Cay(Sy,C(n,n—2;n—3))) = p2(n,n—2;n—3). Suppose \3(Cay(Sp,C(n,n —
2;n—t))) = pa(n,n —2;n —t) for some t € {3,4,...,n—2}. Let n —r =t + 1, that is,
r=n—t—1€{1,2,...,n—4}, and let H = C(n,n — 2;r). By Lemma 5.23, if ) is an
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eigenvalue of Cay(.S,, H) which is not an eigenvalue of B, then

A < X3 (Cay (Gn, H N Gy)) + A3 (Cay (Sn, H\ (H N Gr))). (5.12)

Here Cay (G, H N G,,) is isomorphic to Cay(S,—1,C(n — 1,n — 2;r)) and Cay(S,, H \
(H N Gyp)) is isomorphic to Cay(S,,C(n,n —2;r + 1)). By the induction hypothesis,
we have A\3(Cay(Sy,,C(n,n —2;r +1))) = pa2(n,n — 2;r + 1). Theorem 5.14 (b) in-
dicates that the strictly second largest eigenvalue of Cay(S,-1,C(n — 1,n — 2;7)) is
attained by (n — 2,1), and thus A3 (Cay (G, H N G,,)) = pa2(n — 1,n — 2;r). Then the
right hand side of (5.12) is pa2(n — 1,n — 2;7) + pa(n,n — 2;r + 1), which is exactly
p2(n,n — 2;7) by the recurrence relation (5.9). Thus (5.12) gives A < ps(n,n — 2;r).
Combining this with [96, Theorem 1.3], which states that pa(n,n — 2;r) is a lower
bound for A3(Cay(Sy,C(n,n — 2;7))), we conclude that pa(n,n — 2;r) is the strictly
second largest eigenvalue of Cay(S,,C(n,n — 2;r)). Therefore, Cay(S,,C(n,n — 2;r))
has the Aldous property for every r € {1,2,...,n — 3}.

Now we conclude the proof by induction on n — k. Suppose the conclusion holds when
n—k =14—1 for some i € {3,4,...,n —4}. Next let n — k = i. Since Theorem 5.2
states that A3(Cay(Sp,C(n,n —i;n —i —1))) = pe(n,n —i;n — i — 1), we assume
red{l,2,...,n—i—2} and let H = C(n,n —i;r). By Lemma 5.4, if X is an eigenvalue
of Cay(Sp, H) other than that of B, then

A < A3(Cay(Sa-1,Cln — 1,n — 7)) + Ag(Cay(Sy, Cln,n — i + 1))).

As this theorem holds when n — k = i — 1, we have A\3(Cay(S,—1,C(n —1,n —i;7)) =
pa(n — 1,n —i;r). Then based on the recurrence relation (5.9) and [96, Theorem 1.3],
the equality A\3(Cay(S,,C(n,n—i;r+1))) = ua(n,n—i;r+1) implies A3(Cay(S,, H)) =
pa(n,n —i;r). Hence we conclude that Cay(S,,C(n,n —i;7)) has the Aldous property

for every r € {1,2,...,n —i— 1}.

We finally arrive at that when k is odd and 5 < k < n—2, forany 1 <r < k—1,
the strictly second largest eigenvalue of Cay(Sy,C(n,k;r)) equals ua(n,k;r), which is
exactly a1(p(n—1,1)(C(n, k;7))). In particular, Cay(Sy,C(n,k;r)) has the Aldous prop-
erty. O






Chapter 6

Concluding remarks and open

problems

This chapter summarizes the pending tasks from Chapters 3-5 and outlines several open
problems related to Aldous’ spectral gap conjecture, offering potential avenues for future

research in this field.

6.1 Unsolved problems from our research

Recall that in Chapter 3, we define for any ) # I C {2,3,...,n—1,n} the normal Cayley
graph Cay(S,,T(n,I)) with T'(n,I) = {0 € S, | |supp(o)| € I}. Theorems 3.2 and 3.3
and Corollary 3.4 together imply that, as far as the Aldous property of Cay(S,,T'(n,I))
for sufficiently large n is concerned, the only unsettled case is the one in which || > 2,
[IN{n—1,n} =1and I # {2,3,...,n — 1}. Our attempt to solve this case suggest
that the subcases where IN{n—1,n} ={n—1} and IN{n—1,n} = {n}, respectively,
may need separate treatments as they behave differently. So we propose the following

two problems separately.

Problem 6.1. [74, Problem 1.1] Give a necessary and sufficient condition under which
Cay(Sp, T(n,I)) with {n—1} C I € {2,3,...,n—2,n — 1} has the Aldous property for

sufficiently large n.
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Problem 6.2. [74, Problem 1.2] Give a necessary and sufficient condition under which
Cay(Sp,T(n,I)) with {n} C I C {2,3,...,n —2,n} has the Aldous property for suffi-

ciently large n.

In Chapter 4, we examine the normal Cayley graphs on S,, (n > 7) generated by cycles,
denoted as Cay(Sy, C(n,I)), where C(n, I) represents the set of cycles in S,, with lengths
in I. According to Corollary 4.6, when I contains neither n — 1 nor n, we can determine
precisely when Cay (S, C(n, I)) processes the Aldous property. Additionally, Corollaries
4.22 and 4.26 indicate that Cay (S, C(n, I)) does not have the Aldous property whenever

n € I. Thus we propose the following problem.

Problem 6.3. Give a necessary and sufficient condition for Cay(S,,, C(n,I)) with {n —
1} C1C{2,3,...,n— 1} to have the Aldous property when n > 7.

Note that Corollary 4.16 partially addresses Problem 6.3. It demonstrates that when n
is even and the set {n — 1} C I C {2,3,...,n — 1} contains at least one even number,

Cay(Sp,C(n,I)) does not exhibit the Aldous property.

Recall that for 1 < r < k < n, the set C(n,k;r) consists of k-cycles of S,, that move
every point from 1 to r. We finally propose the following conjecture on the strictly
second largest eigenvalue of the nonnormal Cayley graph Cay(S,,C(n,k;r)) with 1 <

r < k <n — 2, which is stronger than Theorems 5.22 and 5.24.

Conjecture 6.4. [75, Conjecture 4.7] Suppose that n > 5and 1 <r < k <n—2. When
k is even, the second largest eigenvalue of Cay(Sy,, C(n, k;r)) is attained uniquely by the
standard representation p(,_11). When k is odd, the strictly second largest eigenvalue

of Cay(Sy,C(n, k;r)) is attained exactly by p(,—1,1) and p(a 1n-2).

The proofs of Theorems 5.22 and 5.24 rely on Lemmas 5.4 and 5.23, and we are only
able to show that if X is an eigenvalue of Cay(S,,, C(n, k;r)) which is not an eigenvalue

of B, then
A < po(n, k;r). (6.1)

However, the above conjecture requires (6.1) to be a strict inequality, that is, A <
u2(n, k;r). Note that Lemmas 5.20 and 5.21 state that this conjecture is true for
Cay(Sp,C(n,n —2;r)) withn even and 1 <r < (n—1)/2.
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6.2 Open problems

We conclude this thesis by mentioning several significant problems and conjectures re-

lated to Aldous’ spectral gap conjecture that merit attention.

Recall that Aldous’ spectral gap conjecture states that for any weighted graph I', the
two continuous-time Markov Chains on I', the interchange process and the random walk,
have the same spectral gap. This conjecture was confirmed by Caputo, Liggett, and
Richthammer [20] (see Theorem 1.5). Caputo [3] then conjectured that Aldous’ spectral
gap conjecture should be extended to larger classes of continuous-time Markov chains by
replacing graphs with hypergraphs. A hypergraph [ with vertex set V = {1,2,...,n}
has a collection of distinct subsets of V' as edges. For each A C {1,2,...,n}, assign to
A a weight a4 > 0 such that A is an edge of [ if and only if g > 0. Let S, 4 be the set

of permutations of S,, such that the support of each o € 5, 4 is contained in A, that is,
Sn,a ={0 €Sy | supp(o) C A}.

The «a-shuffle process is a continuous-time Markov chain with state space S,,, where
a state is an assignment of n distinct particles to the n vertices of T, ensuring that
each vertex is occupied by one particle. In one transition, for each A independently, at
rate a g4 pick a uniformly random permutation in S;, 4 and move around accordingly the
particles at the vertices in A. When following just one particle in the a-shuffle process,

we get the random walk with state space V' and transition rates

caliy)= Y %‘“
ACV:i,jeA
Caputo’s conjecture [3] states that for any weighted hypergraph T, the a-shuffle process
on I and the random walk on V with rates ¢ca(+,-) have the same spectral gap. Refer to
[89] for the solution of the “simple” case of Caputo’s conjecture. For an equivalent form
of Caputo’s conjecture, see [23, The a-shuffles Conjecture]. We present this conjecture
from the perspective of algebraic graph theory.
Conjecture 6.5. Let n > 3 be a positive integer. For each A C {1,2,...,n},let ay >0
and let w = ZAC{IQ,-.-@} aAS;’A € CS,. If supp(w) generates S,,, then the second

largest eigenvalue of Cay(Sy,w) is achieved by the standard representation p(,_; 1y of

Shp.
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As a generalization of Aldous’ spectral gap conjecture, G. Alon, G. Kozma, and D.

Puder [6] confirmed the following case of Caputo’s conjecture.

Theorem 6.6. [6, Theorem 1.3] Let ' be a weighted hypergraph with vertex set V. and
nonnegative weights. If, for a fized subset B of V, every edge A of T satisfies B C A
and |A\ B| < 2, then the a-shuffle process on L' and the corresponding random walk

have the same spectral gap.

In Chapter 2, we show that I' = Cay(S,,S) has Aldous property if and only if I" and
Sch(Sy,, G;, S) have the same strictly second largest eigenvalue, where G; is the stabilizer
of i € [n]in S,,. Here Sch(S,, G;, S) is isomorphic to the quotient graph I' /TI; of I', where
I1; is the equitable partition of I' formed by right cosets of G;. Thus Sch(S,, Gi, S)
depicts the action of S, on [n] with respect to S. In [88], the authors consider the
Schreier coset graph Sch(Sy, Sn_k,S) depicting the action of S, on [n]g, the set of k-
tuples of distinct elements from [n], for some fixed k. Let pp,), (o) be the permutation

matrix depicting the action of o € S,, on [n];. For some w =3 s, Woo € RSy, denote

Pl (@) = D wopm, (0), PRl (W) = Y sen(o)wopp, (0)-
oESh o€Sn
Let aa(k,w) (respectively, a5*" (k,w)) be the strictly second largest eigenvalue of py,, (w)
(respectively, pqui (w)). Note that the representation Pln),, decomposes into all irreducible
representations pc of S, that have at most k boxes outside the first row of ¢ - n (with
some multiplicities). Similarly, p?fli decomposes into all irreducible representations p¢
of S, that have at most k& boxes outside the first column of { - n. Parzanchevski and
Puder [88, Theorem 1.9] proved in the following theorem that no finite set of irreducible
representations are sufficient to capture ag(Cay(S,,w)), where w is any nonnegative

normal element in RS,,.

Theorem 6.7. [88, Theorem 1.9] For every k > 1 and every large enough n, there is a

nonnegative normal element w € RS, such that

max{as(k,w), a5 (k,w)} < as(Cay(Sy,,w)).

The following conjecture was raised by Gady Kozma and Doron Puder.
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Conjecture 6.8. [88, Conjecture 1.11] There is an integer £ > 4 and a universal constant

0 < ¢ < 1 such that for large enough n and for every symmetric nonnegative w € R.S,,

lw| — aa(Cay(Sp,w)) > ¢ [Jw| — max{az(k,w), " (k,w)}].

This conjecture, if true, would imply that random pairs of permutations in 5,, generate
a uniform family of expanders, addressing a long-standing open question [79, Problem
2.28]. Additionally, it would confirm a conjecture by Babai [10, Conjecture 1.7], which
states that for any generating set S of A,,, the diameter of Cay(A,,S) is bounded by

some n°, where ¢ is a universal constant. For details, see Section 4 in [88].

For any o € S, there exists a unique partition [n] = Iy U Iy U --- U I, such that
o(I;) = I; and each I; consists of consecutive numbers in [n]. More specifically, for
each I;, there exists a pair of numbers a < b such that I; = {a,a + 1,...,b}. When
this partition has m parts, we say o is an m-reducible permutation. In [34, 35|, Dai
introduced the Full-Flag Johnson graph FJ(n,r) (r < n) as a variant of Johnson graphs
and investigated its combinatorial properties. He showed that F'.J(n,r) is isomorphic to
Cay(Sn, RP(")), where RP(") is the set of (n — r)-reducible permutations of S,. Note
that RP! = {(i,i +1) | 1 <i < n—1}. In [35], Dai calculated all eigenvalues of the
quotient graph F.J(n,1)/II; of F.J(n,1) = Cay(S,, RP()) with respect to the equitable
partition II; defined in (2.1). He further conjectured that F'J(n,1) and F'J(n,1)/1I; have
the same second-largest eigenvalue, which follows immediately from Aldous’ spectral gap

conjecture.

Huang et al. proposed one conjecture and one problem regarding F'J(n,r) for 2 < r <

n — 1, formulated in different but equivalent forms.

Conjecture 6.9. [58, Conjecture 23] For n > 4, the Full-Flag Johnson graph F'J(n,2)

has the Aldous property.

Problem 6.10. [58, Problem 25] For 3 < r < mn — 1, does the Full-Flag Johnson graph

FJ(n,r) always possess the Aldous property?






Bibliography

1]

[10]

D. N. Akhiezer. On the eigenvalues of the Coxeter Laplacian. J. Algebra, 313(1):4—
7, 2007.

D. Aldous. https://www.stat.berkeley.edu/users/aldous/Research/0P/

sgap.html.

D. Aldous, P. Caputo, R. Durrett, A. E. Holroyd, P. Jung, and A. L. Puha. The
life and mathematical legacy of Thomas M. Liggett. Notices Amer. Math. Soc.,
68(1), 2020.

D. Aldous and J. Fill. Reversible Markov Chains and Random Walks on
Graphs. Unfinished monograph, recompiled 2014, available at https://www.stat.
berkeley.edu/~aldous/RWG/book.html, 2002.

J. M. Aldous and R. J. Wilson. Graphs and Applications: An Introductory Ap-

proach. Springer Science & Business Media, 2003.

G. Alon, G. Kozma, and D. Puder. On the Aldous-Caputo spectral gap conjecture
for hypergraphs. arXiv:2311.02505, 2023.

N. Alon. Eigenvalues and expanders. Combinatorica, 6(2):83-96, 1986.

N. Alon and V. D. Milman. Al, isoperimetric inequalities for graphs, and super-

concentrators. J. Combin. Theory Ser. B, 38(1):73-88, 1985.

L. Babai. Spectra of Cayley graphs. J. Combin. Theory Ser. B, 27(2):180-189,
1979.

L. Babai and A. Seress. On the diameter of permutation groups. Furopean J.

Combin., 13(4):231-243, 1992.

129


https://www.stat.berkeley.edu/users/aldous/Research/OP/sgap.html
https://www.stat.berkeley.edu/users/aldous/Research/OP/sgap.html
https://www.stat.berkeley.edu/~aldous/RWG/book.html 
https://www.stat.berkeley.edu/~aldous/RWG/book.html 
https://doi.org/10.48550/arXiv.2311.02505

130

Bibliography

[11]

[12]

[21]

22]

[23]

[24]

R. Bacher. Valeur propre minimale du Laplacien de Coxeter pour le groupe

symétrique. J. Algebra, 167(2):460-472, 1994.

A. T. Balaban. Applications of graph theory in chemistry. J. Chem. Inf. Comput.
Sei., 25(3):334-343, 1985.

N. Biggs. Algebraic Graph Theory. Cambridge University Press, 1993.

N. Biggs, E. K. Lloyd, and R. J. Wilson. Graph Theory, 1736-1936. Oxford
University Press, 1986.

B. Bollobéas. Modern Graph Theory, volume 184 of Graduate Texts in Mathematics.

Springer Science & Business Media, 1998.

J. A. Bondy and U. S. R. Murty. Graph Theory with Applications. Macmillan
London, 1976.

W. Bosma, J. Cannon, and C. Playoust. The Magma algebra system I: The user
language. J. Symb. Comput., 24(3-4):235-265, 1997.

A. Bristiel and P. Caputo. Entropy inequalities for random walks and permuta-

tions. Ann. Inst. H. Poincaré Probab. Statist., 60(1):54-81, 2024.

A. E. Brouwer and W. H. Haemers. Spectra of Graphs. Springer Science & Business
Media, 2011.

P. Caputo, T. Liggett, and T. Richthammer. Proof of Aldous’ spectral gap con-
jecture. J. Amer. Math. Soc., 23(3):831-851, 2010.

F. Cesi. Cayley graphs on the symmetric group generated by initial reversals have

unit spectral gap. FElectron. J. Combin., 16(1):4#N29, 2009.

F. Cesi. On the eigenvalues of Cayley graphs on the symmetric group generated by
a complete multipartite set of transpositions. J. Algebraic Combin., 32(2):155-185,
2010.

F. Cesi. A few remarks on the octopus inequality and Aldous’ spectral gap con-

jecture. Commun. Algebra, 44(1):279-302, 2016.

F. Cesi. On the spectral gap of some Cayley graphs on the Weyl group W (B,,).
Linear Algebra Appl., 586:274-295, 2020.



Bibliography 131

[25]

[30]

[31]

[32]

[33]

[34]

J. Cheeger. A lower bound for the smallest eigenvalue of the Laplacian. In Problems

in Analysis, pages 195-199. Princeton University Press, 1970.

W.-K. Chen. Graph Theory and its Engineering Applications, volume 5 of Ad-

vanced Series in FElectrical and Computer Engineering. World Scientific, 1997.

F. Chung and J. Tobin. The spectral gap of graphs arising from substring reversals.
FElectron. J. Combin., 24(3):#P3.4, 2017.

F. Chung and S.-T. Yau. Coverings, heat kernels and spanning trees. Electron. J.
Combin., 6:#R12, 1999.

L. Collatz and U. Sinogowitz. Spektren endlicher grafen. Abh. Math. Semin. Univ.
Hambg., 21(1):63-77, 1957.

D. M. Cvetkovi¢. Applications of graph spectra: An introduction to the literature.
Appl. Graph Spectra, 13(21):7-31, 2009.

D. M. Cvetkovi¢, M. Doob, I. Gutman, and A. TorgaSev. Recent Results in the
Theory of Graph Spectra, volume 36 of Annals of Discrete Mathematics. Elsevier,
1988.

D. M. Cvetkovié¢, M. Doob, and H. Sachs. Spectra of Graphs: Theory and Appli-

cations, volume 87 of Pure and applied mathematics. Academic Press, 1980.

D. M. Cvetkovi¢, P. Rowlinson, and S. Simi¢. An Introduction to the Theory of
Graph Spectra, volume 75 of London Mathematical Society Student Texts. Cam-
bridge University Press, 2009.

I. Dai. Combinatorial properties of Full-Flag Johnson graphs. In 26th Interna-
tional Workshop on Combinatorial Algorithms, volume 9538 of Lecture Notes in

Computer Science, pages 112-123. Springer, 2015.

I. Dai. Diameter bounds and recursive properties of Full-Flag Johnson graphs.

Discrete Math., 341(7):1932-1944, 2018.

G. Davidoff, P. Sarnak, and A. Valette. Elementary Number Theory, Group The-
ory, and Ramanujan Graphs, volume 55 of London Mathematical Society Student

Texts. Cambridge University Press, 2003.



132 Bibliography

[37] Y.-P. Deng and X.-D. Zhang. A note on eigenvalues of the derangement graph.
Ars Combinatoria, 101:289-299, 2011.

[38] N. Deo. Graph Theory with Applications to Engineering and Computer Science.
Dover Publications, 2016.

[39] P. Diaconis and M. Shahshahani. Generating a random permutation with random
transpositions. Z. Wahrsch. Verw. Gebiete, 57(2):159-179, 1981.

[40] A. B. Dieker. Interlacings for random walks on weighted graphs and the inter-
change process. SIAM J. Discrete Math., 24(1):191-206, 2010.

[41] J. Dodziuk. Difference equations, isoperimetric inequality and transience of certain
random walks. Trans. Amer. Math. Soc., 284(2):787-794, 1984.

[42] J. W. Essam. Graph theory and statistical physics. Discrete Math., 1(1):83-112,
1971.

[43] L. Euler. Solvtio problematis ad geometriam sitvs pertinentis. Comment. Acad.
Sci. Imp. Petropol., 8:128-140, 1736.

[44] M. Fiedler. Algebraic connectivity of graphs. Czechoslovak Math. J., 23(2):298-
305, 1973.

[45] L. Flatto, A. M. Odlyzko, and D. B. Wales. Random shuffles and group represen-
tations. Ann. Probab., 13(1):154-178, 1985.

[46] J. Friedman. On Cayley graphs on the symmetric group generated by tranposi-
tions. Combinatorica, 20(4):505-519, 2000.

[47] W. Fulton. Young Tableauz: With Applications to Representation Theory and
Geometry, volume 35 of London Mathematical Society Student Texts. Cambridge
University Press, 1997.

[48] C. Godsil and G. F. Royle. Algebraic Graph Theory, volume 207 of Graduate Texts
in Mathematics. Springer Science & Business Media, 2001.

[49] G. Grimmett and D. Stirzaker. Probability and Random Processes. Oxford Uni-
versity Press, 2020.

[50] J. L. Gross, J. Yellen, and M. Anderson. Graph Theory and its Applications.

Chapman and Hall/CRC, 2018.



Bibliography 133

[51]

[55]

[56]

P. E. Gunnells, R. A. Scott, and B. L.. Walden. On certain integral Schreier graphs
of the symmetric group. Electron. J. Combin., 14:4#R43, 2007.

S. Handjani and D. Jungreis. Rate of convergence for shuffling cards by transpo-

sitions. J. Theor. Probab., 9(4):983-993, 1996.

F. Harary and R. Z. Norman. Graph Theory as a Mathematical Model in Social
Science. University of Michigan, Institute for Social Research, 1953.

T. Heckmann, W. Schwanghart, and J. D. Phillips. Graph theory—Recent devel-

opments of its application in geomorphology. Geomorphology, 243:130-146, 2015.

S. Hoory, N. Linial, and A. Wigderson. Expander graphs and their applications.
Bull. Amer. Math. Soc., 43(4):439-561, 2006.

R. A. Horn and C. R. Johnson. Matriz Analysis. Cambridge University Press,
2012.

X. Huang and Q. Huang. The second largest eigenvalues of some Cayley graphs
on alternating groups. J. Algebraic Combin., 50(1):99-111, 2019.

X. Huang, Q. Huang, and S. M. Cioaba. The second eigenvalue of some normal
Cayley graphs of highly transitive groups. Electron. J. Combin., 26(2):#P2.44,
2019.

E. Hiickel. Quantentheoretische Beitrage zum Benzolproblem 1. Zeitschrift fir
Physik A Hadrons and nuclei, 70(3-4):204-286, 1931.

I. M. Isaacs. Character Theory of Finite Groups, volume 69 of Pure and applied

mathematics. Academic Press, 1976.

I. Ivrissimtzis and N. Peyerimhoff. Spectral representations of vertex transi-
tive graphs, Archimedean solids and finite Coxeter groups. Groups Geom. Dyn.,

7(3):591-615, 2013.

G. D. James. The Representation Theory of the Symmetric Groups, volume 682
of Lecture Notes in Mathematics. Springer, 1978.

G. D. James and A. Kerber. The Representation Theory of the Symmetric Group,
volume 16 of Encyclopedia of Mathematics and its Applications. Cambridge Uni-
versity Press, 1984.



134

Bibliography

[64]

[69]

[70]

G. D. James and M. W. Liebeck. Representations and Characters of Groups.
Cambridge University Press, 2001.

K. Kanegae and H. Wachi. The analogue of Aldous’ spectral gap conjecture for
the generalized exclusion process. arXiv:2309.15524, 2023.

M. Kassabov. Symmetric groups and expanders. Electron. Res. Announc. Amer.

Math. Soc., 11:47-56, 2005.

M. Kassabov. Subspace arrangements and property T. Groups Geom. Dyn.,

5(2):445-477, 2011.

S. Kim and F. Sau. Spectral gap of the symmetric inclusion process.

arXiv:2303.16607, 2023.

T. Koma and B. Nachtergaele. The spectral gap of the ferromagnetic XXZ-chain.
Lett. Math. Phys., 40:1-16, 1997.

M. Krebs and A. Shaheen. Expander Families and Cayley Graphs: A Beginner’s
Guide. Oxford University Press, 2011.

C.Y. Ku, T. Lau, and K. B. Wong. The smallest eigenvalues of the 1-point fixing
graph. Linear Algebra Appl., 493:433-446, 2016.

C.Y. Kuand T. W. H. Wong. Intersecting families in the alternating group and
direct product of symmetric groups. Electron. J. Combin., 14:4#R25, 2007.

M. Larsen and A. Shalev. Characters of symmetric groups: sharp bounds and

applications. Invent. Math., 174(3):645-687, 2008.

Y. Li, B. Xia, and S. Zhou. Aldous’ spectral gap property for normal Cayley
graphs on symmetric groups. Furopean J. Combin., 110:103657, 2023.

Y. Li, B. Xia, and S. Zhou. The second largest eigenvalue of some nonnormal

Cayley graphs on symmetric groups. arXiv:2402.02427, 2024.

X. Liu and S. Zhou. Eigenvalues of Cayley graphs. FElectron. J. Combin.,
29(2):4P2.9, 2022.

L. Lovasz. Spectra of graphs with transitive groups. Period. Math. Hungar.,
6(2):191-195, 1975.


https://doi.org/10.48550/arXiv.2309.15524
https://doi.org/10.48550/arXiv.2303.16607
https://doi.org/10.48550/arXiv.2402.02427

Bibliography 135

78]

[81]

[82]

[83]

[84]

[88]

[89]

A. Lubotzky. Cayley graphs: eigenvalues, expanders and random walks. In Surveys
in Combinatorics, 1995, volume 218 of London Mathematical Society Lecture Note

Series, pages 155-190. Cambridge University Press, 1995.

A. Lubotzky. Expander graphs in pure and applied mathematics. Bull. Amer.
Math. Soc., 49(1):113-162, 2012.

A. Lubotzky, R. Phillips, and P. Sarnak. Ramanujan graphs. Combinatorica,
8(3):261-277, 1988.

R. Maleki and A. S. Razafimahatratra. On the second eigenvalue of certain Cayley
graphs on the symmetric group. Bull. Malays. Math. Sci. Soc., 46:158, 2023.

O. Mason and M. Verwoerd. Graph theory and networks in biology. IET Syst.
Biol., 1(2):89-119, 2007.

B. Mohar. Isoperimetric numbers of graphs. J. Combin. Theory Ser. B, 47(3):274—
291, 1989.

B. Morris. Spectral gap for the interchange process in a box. FElectron. Commun.

Probab., 13:311-318, 2008.

D. Nash. Cayley graphs of symmetric groups generated by reversals. Pi Mu Epsilon
J., 12(3):143-147, 2005.

J. R. Norris. Markov Chains, volume 2 of Cambridge Series in Statistical and

Probabilistic Mathematics. Cambridge University Press, 1998.

C. D. Olds. Odd and even derangements, Solution E907. Amer. Math. Monthly,
57(10):687-688, 1950.

O. Parzanchevski and D. Puder. Aldous’s spectral gap conjecture for normal sets.

Trans. Amer. Math. Soc., 373(10):7067-7086, 2020.

D. Piras. Generalizations of Aldous’ Spectral Gap Conjecture. Master’s thesis,

Tesi di Laurea, Universita degli Studi Roma Tre, 2010.

M. Quattropani and F. Sau. Mixing of the averaging process and its discrete dual

on finite-dimensional geometries. Ann. Appl. Probab., 33(2):1136-1171, 2023.

P. Renteln. On the spectrum of the derangement graph. FElectron. J. Combin.,
14:#R82, 2007.



136

Bibliography

[92]

[98]

[99]

[100]

[101]

[102]

[103]

[104]

B. E. Sagan. The Symmetric Group: Representations, Combinatorial Algorithms,
and Symmetric Functions, volume 203 of Graduate Texts in Mathematics. Springer

Science & Business Media, 2001.

J. Salez. Universality of cutoff for exclusion with reservoirs. Ann. Probab.,

51(2):478-494, 2023.

J. Salez. Spectral gap and curvature of monotone Markov chains. Ann. Probab.,

52(3):1153-1161, 2024.

J.-P. Serre. Linear Representations of Finite Groups, volume 42 of Graduate Texts

in Mathematics. Springer-Verlag, New York, 1977.

J. Siemons and A. Zalesski. On the second largest eigenvalue of some Cayley

graphs of the symmetric group. J. Algebraic Combin., 55(3):989-1005, 2022.

S. Starr and M. P. Conomos. Asymptotics of the spectral gap for the interchange
process on large hypercubes. J. Stat. Mech.: Theory Exp., 2011(10):P10018, 2011.

B. Steinberg. Representation Theory of Finite Groups: An Introductory Approach.
Springer, 2012.

N. Trinajstic. Chemical Graph Theory. CRC Press, 2018.

S. Wagner and H. Wang. Introduction to Chemical Graph Theory. Chapman and
Hall/CRC, 2018.

C. Wang, D. Wang, and M. Xu. Normal Cayley graphs of finite groups. Sci. China
Ser. A: Math., 41(3):242-251, 1998.

D. B. West. Introduction to Graph Theory. Pearson Education, 2001.

H. Weyl. Das asymptotische Verteilungsgesetz der Eigenwerte linearer partieller
Differentialgleichungen (mit einer Anwendung auf die Theorie der Hohlraum-

strahlung). Math. Ann., 71(4):441-479, 1912.

P.-H. Zieschang. Cayley graphs of finite groups. J. Algebra, 118(2):447-454, 1988.



	Abstract
	Declaration of Authorship
	Preface
	Acknowledgements
	List of Figures
	List of Tables
	Abbreviations
	Symbols
	1 Introduction
	1.1 Background and motivation
	1.1.1 Cheeger inequality
	1.1.2 Cayley graphs and their eigenvalues
	1.1.3 Aldous' spectral gap conjecture
	1.1.4 Weighted version of Aldous' spectral gap conjecture

	1.2 Literature review
	1.2.1 Proofs of Aldous' spectral gap conjecture
	1.2.2 Algebraic generalizations of Aldous' spectral gap conjecture
	1.2.3 Probabilistic generalization of Aldous' spectral gap conjecture

	1.3 Thesis structure and main results

	2 Preliminaries and methodologies
	2.1 Representation theory of finite groups
	2.2 Representation theory of symmetric groups
	2.3 Equitable partitions and other tools

	3 Three families of normal Cayley graphs possessing the Aldous property
	3.1 Main results
	3.2 Proof of Theorem 3.1
	3.3 Proof of Theorem 3.2
	3.4 Proofs of Theorem 3.3 and Corollary 3.4 

	4 Normal Cayley graphs Cay(Sn,C(n,I)) generated by cycles
	4.1 A summary of main results
	4.2 I contains neither n-1 nor 
	4.3 I contains n-1 but not n
	4.4 I conatins n but not n-1
	4.5 I contains both n-1 and n

	5 Nonnormal Cayley graphs on symmetric groups generated by cycles
	5.1 Introduction
	5.2 Preliminaries
	5.3 The case when all cycles have length n-1 and move each of 1, …, r 
	5.4 The case when all cycles have length k n-2 and move each of 1, …, r

	6 Concluding remarks and open problems
	6.1 Unsolved problems from our research
	6.2 Open problems

	Bibliography

