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Abstract 

Formulas are derived for the Gini, Theil and Pietra coefficients for a population-weighted 
mixture of double Pareto-lognormal distributions; they are applied to South America for two 
years. Results are also provided for the special case Pareto-lognormal and lognormal 
distributions. The formulas are useful for measuring regional or global inequality in large-scale 
projects that utilise double Pareto-lognormal distributions or their special cases. 
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1. Introduction 

A vast number of distributions have been suggested in the literature for modelling income. An 

appreciation of the wide variety of distributions and their characteristics can be obtained from 

many sources; two comprehensive ones are Kleiber and Kotz (2003) and Chotikapanich (2008). 

We are concerned with two distributions that have received less attention than most, but which 

are nevertheless worthy of consideration: the double Pareto-lognormal distribution (dPLN) and 

its special case, the Pareto-lognormal distribution (PLN). The PLN, introduced by Colombi 

(1990), combined two features often considered desirable by income distribution modellers: a 

general lognormal shape and Pareto behaviour in the right tail. It was extended to the dPLN by 

Reed (2002, 2003) and Reed and Jorgenson (2004) to capture Pareto behaviour in both tails. 

They illustrated the relevance of the dPLN in a variety of applications including income 

distributions, size of human settlements, particle size, oil-field size, and stock price returns. 

Giesen et al. (2010) used it for modelling city size. Toda (2012) argued that, conditional on 

education and experience, income is distributed as a double Pareto distribution, and, 

unconditionally, it is dPLN. He also advocates using the dPLN to model a cross-section 

distribution for consumption (Toda, 2017). Concerned that the assumption of a constant 

elasticity inverse demand function relies on the possibly unrealistic assumption of a Pareto 

income distribution, Fabinger and Weyl (2018) explore the dPLN as an alternative. Hajargasht 

and Griffiths (2013) described how to estimate the PLN and dPLN using grouped data and 

provided expressions for calculating inequality and poverty measures from their parameters. 

Our focus is on the use of the PLN and dPLN in large-scale projects designed to 

investigate regional or global income distributions, and regional or global inequality. In such 

studies, it is often convenient to estimate parametric income distributions for the component 

countries and to use a population-weighted mixture of those distributions to study the combined 

distribution and its characteristics. Inequality measures from the mixture distribution have the 
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advantage of reflecting both within-country and between-country inequality. An example is the 

study by Chotikapanich et al., (2012) who estimated component-country beta-2 distributions 

to study global inequality. With their general lognormal shape and Pareto tail behaviour, the 

PLN and dPLN are also good candidates for estimating the component-country distributions. 

In a study of 10 separate countries, Hajargasht and Griffiths (2013) compared results from 

estimating the PLN, dPLN and generalized beta distributions. There was no clear ranking in 

terms of goodness-of-fit; the preferred distribution depended on what country was chosen and 

the goodness-of-fit measure that was used. When pursuing estimates of regional and global 

inequality using large scale projects involving an uncertain choice of the best parametric 

distribution, it is prudent to investigate the sensitivity of inequality estimates to alternative 

distributional assumptions. The purpose of this note is to provide expressions that can be used 

to compute regional or global inequality for a mixture distribution whose components are PLN 

or dPLN. Formulas are provided for the Gini, Theil and Pietra coefficients as functions of the 

parameters of the PLN and dPLN components. For completeness, we also report expressions 

for the special-case lognormal (LN) distribution. 

Section 2 is devoted to specification of the density and distribution functions for the 

dPLN and PLN. Expressions for the Gini, Theil and Pietra coefficients as functions of the 

parameters are provided in Sections 3, 4, and 5, respectively. A proof for the Gini coefficient 

is given in a supplementary material. In Section 6 we calculate inequality for South America 

as an illustrative example, comparing estimates from the PLN, dPLN and LN distributions.  

2. The double Pareto-lognormal distribution 

A dPLN random variable is distributed as the product of independent lognormal and double 

Pareto random variables. Its density function for a random variable 0y >  is  
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 (3) 

Equations (1)-(3) represent the essential features of the distribution necessary for deriving the 

inequality measures for its mixtures. More details of its properties can be found in Reed and 

Jorgensen (2004) and Hajargasht and Griffiths (2013). 

 The PLN distribution is a special case of the dPLN, obtained by letting .β→∞  Its 

density function is given by 

2 2 2
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Its cdf and first moment distribution function are obtained by setting 0k =  and 1k = , 

respectively, in the following equation. 

2 2 2
( ) 2 2ln ln( ) exp ( ) ( )

2
k ky m k y mF y y k m k−α     − − σ σ − −ασ
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. (5) 

For 1α > , its mean is  

2

exp
1 2
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.      (6) 

The familiar lognormal distribution is obtained by letting α→∞ . 

Now, suppose we have n distributions indexed by i (and, later, also by j), and that the 

population share of the i-th country is ip . The density and distribution functions of their 

population-weighted mixture are given by 
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where we now denote 1
n

i ii p=µ = µ∑  as the mean of the mixture distribution, and iµ  as the 

mean of the i-th component. Similarly, the parameters of the i-th component will be indexed 

as ( , , , ).i i i imα β σ   

 

3. Gini coefficient 

A general expression for the Gini coefficient is  

0
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Proof: See the supplementary material. 

For the PLN distribution this expression reduces to 
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4. Theil indices 

Theil (1967) suggested two possible measures of inequality. To derive them, we use Lemma 1 

from Sarabia et al. (2017); it provides a convenient device for obtaining the expectations 

[ ]lnE y  and [ ]lnE y y . Denoting the Theil indices by 0T  and 1T , we can show that 
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5. Pietra index 

The Pietra index which is equal to the maximum distance between the Lorenz curve and the 

equality line is given by  
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The Pietra index can be written as the difference between the cdf and the first moment 

distribution function, both evaluated at .µ  Replacing y  with µ  in the equations for these 

functions specified in equation (3), subtracting, and simplifying, yields 
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For the PLN distribution, this expression simplifies to  

2
PLN

1 1

2 2 2

1

ln 1 ln

ln                    exp .
( 1) 2i

n n
i i i

i i i
i ii i

n
i i i i i i

i i
i i i

m mP p p

p mm

= =

α
=

   µ − µ − −σ
= Φ − µ Φ   σ µ σ   

  α σ µ − −α σ
+ +α Φ   α − µ σ   

∑ ∑

∑

       (25) 

For the LN distribution, it simplifies further to  
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6. Example 

To illustrate computations from the above results, we present estimates of inequality for South 

America and its component countries for the years 2006 and 2012. We have omitted Guyana, 

Suriname and French Guiana whose data were unavailable or incomplete. Their combined 

population is less than 0.4% of the total population of South America. Formulas for the 

inequality measures for the PLN and dPLN components can be found in Hajargasht and 

Griffiths (2013); those for the lognormal distribution can be found in Kleiber and Kotz (2003). 
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The parameter estimates are drawn from a subset of distributions estimated as a part of a larger 

project on the construction of a global panel of income distributions.1 The data were expressed 

in terms of common currency units using the purchasing power parities from the UQICD 

website.2 Table 1 contains the population proportions that make up the weights in the mixture 

and the annual mean incomes estimated using parameter estimates from each of the 

distributions. Brazil is the dominant country, comprising half of the total population of South 

America. Chile and Uruguay have the highest per capita incomes. Most of the mean income 

estimates are robust with respect to the choice of distribution; Chile is an obvious exception. 

 Inequality estimates for each of the countries and their South American mixture are 

presented in Table 2. We note the following: 

1. The income shares used to estimate the distributions for Argentina and Venezuela were 

the same in both years, leading to identical inequality estimates in both years.3 

2. Examining the sensitivity of the inequality estimates with respect to choice of 

distribution, we find the results are mixed. Some estimates are relative consistent, for 

example Colombia and Ecuador, whereas others, such as Chile and Uruguay show 

much more variation. 

3. One might expect the tails of the PLN and dPLN distributions to lead to higher 

inequality estimates than those obtained using the lognormal distribution. While that is 

often the case, it is not universally true. A larger lognormal estimate for σ  can 

compensate for the existence of the Pareto tails.  

4. All distributions and all inequality measures suggest there has been a reduction in 

inequality from 2006 to 2012, in all countries except Argentina, Venezuela, Brazil and 

Paraguay. As explained in point (1), the inequality estimates were the same in both 

years for Argentina and Venezuela. For Brazil, the PLN distribution suggested an 
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increase in inequality; for Paraguay, the PLN and dPLN distributions suggested an 

increase, and the lognormal distribution, a decrease. 

5. Except for the PLN estimates for Theil-1, all distributions and all inequality measures 

suggest inequality in South America as a whole has declined from 2006 to 2012. 

Data availability statement 

The parameter estimates used to calculate the inequality measures are provided in the 

supplementary material. They were obtained using the methodology described in Hajargasht 

and Griffiths (2013), applied to data grouped as deciles. These decile data are from a larger 

project being developed for the UQICD website uqicd.economics.uq.edu.au. They are 

available from the first author upon request. 
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Table 1  Population weights and mean incomes 

  Argentina Bolivia Brazil Chile Colombia Ecuador Paraguay Peru Uruguay Venezuela Overall 
Pop (%)             
2006  10.49 2.51 50.18 4.38 11.53 3.77 1.58 7.50 0.89 7.18 100 
2012  10.48 2.61 49.89 4.36 11.56 3.89 1.61 7.40 0.85 7.37 100 
Means               
2006 dPLN 7219 2962 5322 9794 4813 4712 2780 4514 8236 6205 5565 
 PLN 7291 2708 5363 9145 4934 4724 2785 4597 7750 5810 5546 
 LN 7168 2720 5552 7918 5053 4997 2971 4571 7333 5863 5599 
             
2012 dPLN 10673 3921 8862 15118 7128 6724 4797 7462 14679 10019 8878 
 PLN 10770 3804 9582 15182 7369 6810 4716 7350 13555 11019 9333 
 LN 10588 3793 9240 13164 7423 6801 4584 7340 13536 9472 8944 
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Table 2 Inequality measures for South America and its component countries 
   Argentina Bolivia Brazil Chile Colombia Ecuador Paraguay Peru Uruguay Venezuela Overall 
Gini             
 2006 dPLN 0.470 0.642 0.528 0.583 0.513 0.489 0.491 0.510 0.5158 0.508 0.520 
  PLN 0.466 0.606 0.529 0.553 0.524 0.489 0.490 0.517 0.487 0.540 0.531 
  LN 0.454 0.605 0.539 0.470 0.526 0.507 0.511 0.513 0.451 0.457 0.523 
 2012 dPLN 0.470 0.532 0.506 0.539 0.511 0.465 0.508 0.469 0.464 0.508 0.499 
  PLN 0.466 0.523 0.538 0.541 0.515 0.469 0.494 0.461 0.419 0.540 0.529 
  LN 0.454 0.522 0.518 0.456 0.522 0.468 0.476 0.460 0.418 0.457 0.506 
Theil0             
 2006 dPLN 0.383 0.797 0.515 0.602 0.480 0.431 0.434 0.476 0.462 0.457 0.521 
  PLN 0.381 0.726 0.520 0.538 0.501 0.432 0.434 0.490 0.413 0.546 0.525 
  LN 0.364 0.724 0.544 0.395 0.513 0.470 0.478 0.483 0.359 0.369 0.514 
 2012 dPLN 0.383 0.525 0.466 0.506 0.477 0.384 0.453 0.392 0.371 0.457 0.477 
  PLN 0.381 0.505 0.527 0.510 0.487 0.391 0.433 0.378 0.305 0.546 0.513 
  LN 0.364 0.503 0.494 0.368 0.504 0.390 0.405 0.376 0.303 0.369 0.473 
Theil1             
 2006 dPLN 0.445 1.029 0.519 1.009 0.486 0.434 0.438 0.479 0.606 0.522 0.571 
  PLN 0.403 0.729 0.522 0.806 0.525 0.434 0.436 0.500 0.487 0.547 0.547 
  LN 0.364 0.724 0.544 0.395 0.513 0.470 0.478 0.483 0.359 0.369 0.503 
 2012 dPLN 0.445 0.528 0.470 0.773 0.480 0.388 0.553 0.395 0.440 0.522 0.513 
  PLN 0.403 0.507 0.580 0.783 0.488 0.393 0.474 0.379 0.306 0.547 0.564 
  LN 0.364 0.503 0.494 0.368 0.504 0.390 0.405 0.376 0.303 0.369 0.467 
Pietra             
 2006 dPLN 0.340 0.481 0.388 0.433 0.376 0.357 0.359 0.373 0.375 0.370 0.387 
  PLN 0.339 0.453 0.390 0.407 0.385 0.358 0.359 0.380 0.354 0.399 0.390 
  LN 0.330 0.453 0.398 0.343 0.387 0.372 0.375 0.377 0.328 0.333 0.385 
 2012 dPLN 0.340 0.391 0.371 0.396 0.375 0.338 0.370 0.341 0.336 0.370 0.373 
  PLN 0.339 0.385 0.396 0.398 0.378 0.342 0.361 0.336 0.304 0.399 0.388 
  LN 0.330 0.384 0.381 0.332 0.384 0.341 0.347 0.336 0.303 0.333 0.371 
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0Inequalities from Pareto-Lognormal Distributions 
Footnotes 
1 The parameter estimates are provided in Table S1 of the supplementary material. They were computed 

using MATLAB version 2019b. EViews12 was used to compute the inequality estimates from the 

parameter estimates. 
2 uqicd.economics.uq.edu.au 
3 Data limitations meant that some income shares had to be interpolated or extrapolated using data from 

available years. This led to the identical income shares for Argentina and Venezuela.  
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Abstract 

Formulas are derived for the Gini, Theil and Pietra coefficients for a population-weighted 
mixture of double Pareto-lognormal distributions; they are applied to South America for two 
years. Results are also provided for the special case Pareto-lognormal and lognormal 
distributions. The formulas are useful for measuring regional or global inequality in large-scale 
projects that utilise double Pareto-lognormal distributions or their special cases. 
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