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Abstract. A new lower bound on the complexity of a 3–manifold is given using the ZZ2–
Thurston norm. This bound is shown to be sharp, and the minimal triangulations realising it
are characterised using normal surfaces consisting entirely of quadrilateral discs.
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Prologue

Given a closed, irreducible 3–manifold, its complexity is the minimum number
of tetrahedra in a (pseudo–simplicial) triangulation of the manifold. This num-
ber agrees with the complexity defined by Matveev [9] unless the manifold is
S3, IRP3 or L(3,1). It follows from the definition that the complexity is known
for all closed, irreducible manifolds which appear in certain computer gener-
ated censuses. In general, the question of determining the complexity of a given
closed 3-manifold is difficult and one is therefore interested in finding both up-
per and lower bounds. Whilst an upper bound arises from the presentation of
a manifold via a spine, a Heegaard splitting or a triangulation, Matveev [10]
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states that the problem of finding lower bounds is quite difficult. Lower bounds
using homology groups or the fundamental group are given by Matveev and
Pervova [14], and lower bounds using hyperbolic volume are given byMatveev,
Petronio and Vesnin [15]. These bounds are only known to be sharp for a few
census examples.

In [6] the authors found a lower bound for the complexity using covering
spaces and used it to classify all manifolds realising this lower bound. In partic-
ular, this determined two infinite families of minimal triangulations, and hence
the complexity for infinitely many manifolds. This lower bound supposes the ex-
istence of a non-trivial ZZ2–cohomology class (or, equivalently, the existence of
a connected double cover of the manifold). The present paper uses theexistence
of multiple ZZ2–cohomology classes to give a new lower bound for complexity
using an analogue of Thurston’s norm, and the minimal triangulations realising
this bound are characterised. Moreover, it is shown that an infinite family of
triangulations realises this bound. Whilst this family already arose in [6], the
methods are more generally applicable and lead to a structure theory for the
minimal triangulations which are close to realising the lower bound. The new
lower bound also gives very tight two sided bounds for many new examples.
Moreover, the bootstrapping method of [6] using covers can be combinedwith
this approach — using higher covering degree and the existence of covers with
arbitrarily large ZZ2–cohomology.

The effectiveness of the new bounds arising in this work result from thede-
sire not only to know the complexity of a manifold but also some or all minimal
triangulations realising this complexity. The combinatorial structure of a min-
imal triangulation is governed by 0–efficiency [3] and low degree edges [5].
From this one can extrapolate building blocks for minimal triangulations. Un-
derstanding how they fit together under extra constraints on the manifold is a
guiding principle in this work. Using these ideas, one can effectively try to un-
derstand vertical sections of the census which pick up a finite cover of every
manifold. Especially with view towards infinite families of minimal triangula-
tions of closed hyperbolic 3–manifolds, this seems to be the most promising
approach to date as the largest known census of closed orientabe 3–manifolds
at the time of writing is due to Matveev [13] and goes up to complexity 12.
However, hyperbolic examples only appear from complexity 9 and are sparse
amongst these low complexity manifolds (see [12] for an analysis).

1. Definitions, results and applications

Let M be a closed, orientable, irreducible, connected 3–manifold, and letS be
a properly embedded surface dual to a givenϕ ∈ H1(M;ZZ2). An analogue of
Thurston’s norm [17] can be defined as follows. IfS is connected, letχ−(S) =
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max{0,−χ(S)}, and otherwise let

χ−(S) = ∑
Si⊂S

max{0,−χ(Si)},

where the sum is taken over all connected components ofS. Note thatSi is not
necessarily orientable. Define:

|| ϕ || = min{χ−(S) | Sdual toϕ}.

The surfaceSdual toϕ ∈ H1(M;ZZ2) is said to be ZZ2–taut if no component of
Sis a sphere andχ(S) = −|| ϕ ||. As in [17], one observes that every component
of a ZZ2–taut surface is non-separating and geometrically incompressible.

Theorem 1 (Thurston norm bounds complexity).Let M be a closed, ori-
entable, irreducible, connected 3–manifold with triangulationT , and denote
by |T | the number of tetrahedra. If H≤ H1(M;ZZ2) is a subgroup of rank two,
then:

|T | ≥ 2+ ∑
06=ϕ∈H

|| ϕ ||.

There is a nice characterisation for triangulations realising the above lower
bound. LetT be a triangulation ofM having a single vertex. Place three quadri-
lateral discs in each tetrahedron, one of each type, such that the resultis a (pos-
sibly branched immersed) normal surface. This surface is denotedQ and called
thecanonical quadrilateral surface. SupposeQ is the union of three embedded
normal surfaces. Then each of them meets each tetrahedron in a single quadri-
lateral disc and is hence a one-sided Heegaard splitting surface. It defines a dual
ZZ2–cohomology class andH1(M;ZZ2) has rank at least two.

Theorem 2.Let M be a closed, orientable, irreducible, connected 3–manifold
with triangulationT . Let H ≤ H1(M;ZZ2) be a subgroup of rank two. Then the
following two statements are equivalent.

1. We have

|T | = 2+ ∑
06=ϕ∈H

|| ϕ ||.

2. The triangulation has a single vertex and the canonical quadrilateral surface
is the union of threeZZ2–taut surfaces representing the non-trivial elements
of H.

Note that (1) implies thatT is minimal by Theorem 1. Moreover, (2) implies
that each non-trivial element of H has aZZ2–taut representative, which is a
one-sided Heegaard splitting surface, and that each edge has even degree.
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The proofs of the theorems are based on a refinement of the methods of
[5]. This paper gives new results concerning combinatorial constraintsfrom
ZZ2–cohomology classes and intersections of maximal layered solid tori. These
results can be found in Sections 2 and 3 respectively. In Section 4, we study
quadrilateral surfaces and their relationship with Heegaard splittings. It isinter-
esting to note that one-sided splittings of lowest complexity are obtained from
the minimal triangulations in [5] and [6]. In contrast, determining two-sided
Heegaard splittings of lowest complexity is in general very difficult. The proofs
of the main results are given in Section 5.

In Section 6, we show that thetwisted layered loop triangulationof S3/Q8k,
k any positive integer, satisfies the equivalent statements in Theorem 2. It was
already shown in [6] that this triangulation is the unique minimal triangulation.

We conclude this introduction with a few open problems:

1. Are there more manifolds (in particular with ZZ2–cohomology of rank three
or more) satisfying the equivalent statements of Theorem 2?

2. Are there triangulations with more than one vertex and such that the canon-
ical quadrilateral surface is the union of three ZZ2–taut surfaces?

3. The small Seifert fibred space

Mm,n = S2((1,−1),(2,1),(2m+2,1),(2n+2,1)),

wherem andn are positive integers, is triangulated by alayered chain pair
having 2(m+ n)+ 2 tetrahedra (see [1]). This satisfies|T | = 4+ ∑ || ϕ ||.
Theorem 2 therefore implies thatMm,n has complexity 2(m+n), 2(m+n)+1
or 2(m+n)+2. What is the complexity ofMm,n?

4. The Seifert fibred space

Mk,m,n = S2((1,−1),(2k+2,1),(2m+2,1),(2n+2,1)),

wherek,mandn are positive integers, is triangulated by anaugmented solid
torushaving 2k+2m+2n+3 tetrahedra (see [1]). Is this a minimal triangu-
lation satisfying|T | = 3+∑ || ϕ ||?

5. In general, the above theorem gives a very good estimate for the complexity
of manifolds having triangulations satisfying|T | = 3+ ∑ || ϕ || or |T | =
4+∑ || ϕ ||. Determine a complete profile of all minimal triangulations sat-
isfying these equalities. From work of Martelli and Petronio [8], it appears
likely that the minimal triangulations for many Seifert fibred spaces with the
appropriate cohomology fall into this range.

6. Determine an effective bound for the complexity ofM using a rankk sub-
group ofH1(M;ZZ2) for k ≥ 3.
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2. Normal surfaces dual toZZ2–cohomology classes

Throughout this section, letT be an arbitrary 1–vertex triangulation of the
closed, orientable, connected 3–manifoldM. A non-trivial class inH1(M,ZZ2)
was used in [5] to studyT . This generalises to subgroups ofH1(M,ZZ2) of ar-
bitrary rank in a natural way. For the purpose of this paper, it sufficesto consider
rank–2 subgroups. To fix notation, assume thatϕ1,ϕ2 ∈ H1(M,ZZ2) such that

H = 〈ϕ1,ϕ2〉 ∼= ZZ2 ⊕ZZ2.

We letϕ3 = ϕ1+ϕ2. A colouring of the edges arising fromH is introduced and a
canonical surface is associated toH. It is shown that this yields a combinatorial
constraint for the triangulation.

2.1. Triangulations

The notation of [3] and [4] will be used in this paper. HenceT consists of
a union of pairwise disjoint 3–simplices,̃∆ , a set of face pairings,Φ , and a
natural quotient mapp: ∆̃ → ∆̃/Φ = M. Since the quotient map is injective
on the interior of each 3–simplex, we will refer to the image of a 3–simplex in
M as atetrahedronand to its faces, edges and vertices with respect to the pre-
image. Similarly for images of 2– and 1–simplices, which will be referred to as
facesandedgesin M. For edgee, the number of pairwise distinct 1–simplices
in p−1(e) is termed itsdegree, denotedd(e). If e is contained in∂M, then it is a
boundary edge; otherwise it is aninterior edge.

2.2. Rank–1 colouring of edges and canonical surface

Let 0 6= ϕ ∈ H1(M,ZZ2). The following construction can be found in [5]. Edgee
is given an orientation, and hence represents an element[e] ∈ π1(M). If ϕ[e] = 0,
e is termedϕ–even, otherwise it is termedϕ–odd. This terminology is indepen-
dent of the chosen orientation fore. Faces in the triangulation give relations
between loops represented by edges. It follows that a tetrahedron fallsinto one
of the following categories, which are illustrated in Figure 1(a):

Type 1: A pair of opposite edges areϕ–even, all others areϕ–odd.
Type 2: The three edges incident to a vertex areϕ–odd, all others areϕ–even.
Type 3: All edges areϕ–even.

Sinceϕ is non-trivial, one obtains a unique normal surface,Sϕ = Sϕ(T ), with
respect toT by introducing a single vertex on eachϕ–odd edge. This surface
is disjoint from the tetrahedra of type 3; it meets each tetrahedron of type 2 in
a single triangle meeting allϕ–odd edges; and each tetrahedron of type 1 in a
single quadrilateral dual to theϕ–even edges. Moreover,Sϕ is dual toϕ and
will be termed thecanonical surface dual toϕ.
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(a) Rank–1 colouring
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(b) Rank–2 colouring

Fig. 1.Colouring of edges and dual normal discs

Lemma 1.Let M be a closed, orientable, irreducible, connected 3–manifold
andT be a triangulation with one vertex. Given0 6= ϕ ∈ H1(M,ZZ2), we have

|| ϕ || ≤ −χ(Sϕ)

unless M= IRP3.

Proof. SupposeM is not homeomorphic with IRP3. It follows from the con-
struction thatSϕ is dual toϕ, and it suffices to show that no component ofSϕ is
a sphere or a projective plane. SinceM is irreducible and not IRP3, no compo-
nent can be a projective plane. Since each component ofSϕ meets some edge,
and it meets each edge in at most one point, no component can be a sphere.

2.3. Rank–2 colouring of edges

Given the subgroupH = 〈ϕ1,ϕ2〉 ∼= ZZ2⊕ZZ2 of H1(M;ZZ2), we now introduce
a refinement of the above colouring. Sinceϕ1+ϕ2 = ϕ3, there are four types of
edges:

edgee is H–evenor 0–evenif ϕi [e] = 0 for eachi ∈ {1,2,3}; and
edgee is i–even ifϕi [e] = 0 for a uniquei ∈ {1,2,3}.

Let {i, j,k} = {1,2,3}. The normal corners of the normal surfaceSϕi (T ) are
precisely on thej–even andk–even edges. Edgee is ϕi–even if it is i–even or
0–even. It follows that a face of a tetrahedron either has all of its edges0–even;
or it has twoi–even and one 0–even edge; or it has one 1–even, one 2–even and
one 3–even edge. Whence anorientedtetrahedron falls into one of the following
categories:
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Type I: One edge is 0–even, the opposite edge isi–even, and one vertex of
the latter is incident with twoj–even edges, and the other with twok–even
edges, where{i, j,k} = {1,2,3}. (There are six distinct sub-types.)
Type II: A pair of opposite edges are 0–even, all others arei–even for a
uniquei ∈ {1,2,3}. (There are hence three distinct sub-types.)
Type III: The three edges incident to a vertex arei–even for a fixedi ∈
{1,2,3}, and all others are 0–even. (There are hence three distinct sub-
types.)
Type IV: All edges are 0–even.
Type V: Each vertex is incident to ani–even edge for eachi ∈ {1,2,3}. (In
particular, no edge is 0–even, opposite edges are of the same type, and there
are two distinct sub-types of tetrahedra.)

For each type, one sub-type is shown in Figure 1(b); the black edges correspond
to 0–even edges and the normal discs inSϕi have the same colour as thei–even
edges. The remaining subtypes are obtained by permuting the colours otherthan
black.

2.4. Combinatorial bounds for triangulations

The set-up and notation of the previous subsection is continued. Let

A(T ) = number of tetrahedra of type I,
B(T ) = number of tetrahedra of type II,
C(T ) = number of tetrahedra of type III,
D(T ) = number of tetrahedra of type IV,
E(T ) = number of tetrahedra of type V,
e(T ) = number of 0–even edges,
ẽ(T ) = number of pre-images of 0–even edges in∆̃ .

The number of tetrahedra inT is

T(T ) = A(T )+B(T )+C(T )+D(T )+E(T ).

For the remainder of this subsection, we will writeA = A(T ), etc.

Lemma 2.C and E are even.

Proof. The colouring of edges is pulled back tõ∆ . Then the number of faces
in ∆̃ having all edges 0–even isC+ 4D. Since faces match up in pairs and no
face is identified with itself, it follows thatC is even. Now consider the nor-
mal surfaceSϕ1(T ). It meets an edge in a normal corner if and only if the
edge is either 2–even or 3–even. Every normal surface satisfies the so-called
Q–matching equations [19], which can roughly be described as the fact that “at
each edge, there have to be as many quadrilateral discs of positive slopeas there
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are quadrilateral discs of negative slope.” Each corner of each quadrilateral disc
has a well-defined sign arising from the slope of the quadrilateral disc at this
corner with respect to the edge. Given an edge inM, the sum of all signs associ-
ated with the corners incident with the edge equals zero. See [18], Sections 2.4,
2.5 and 2.9 for details.

We now examine the sum of theQ–matching equations of all 2–even edges.
This sum,Σ , must equal zero. SinceM is orientable, opposite corners of each
quadrilateral disc have the same sign, and adjacent corners have opposite signs
(see [18], Sections 2.4 and 2.9). Let� be a quadrilateral disc inSϕ1(T ). If
� is contained in a tetrahedron of type I and meets a 2–even edge, then it has
precisely two adjacent corners on 2–even edges; hence the contribution to Σ of
the normal corners of� is (+1)+(−1) = 0. If � is contained in a tetrahedron
of type II, and meets a 2–even edge, then it meets a 2–even edge with each of
its corners; hence the contribution toΣ is 2(+1)+2(−1) = 0. If � is contained
in a tetrahedron of type V and meets a 2–even edge, then it meets 2–even edges
in a pair of diagonally opposite corners; hence the contribution toΣ is either
2(+1) or 2(−1). It follows that the number of tetrahedra of type IV,E, must be
even.

Lemma 3.Let M be a closed, orientable, irreducible 3–manifold with minimal
triangulationT . Suppose that all edge loops are coloured by the rank–2 sub-
group H of H1(M;ZZ2). Suppose that A+C ≤ 3. Then(A,B,C,D,E) is of one
of the following forms:

(0,0,0,0,E),(2,B,0,0,E),(3,B,0,0,E),

and if A 6= 0, then there is a unique edge incident with all tetrahedra of type I.

Proof. We distinguish the casesA = 0 andA 6= 0.
(Case 1a)A= 0 andE 6= 0. Since each face of a tetrahedron of type II, III or

IV contains anH–even edge andM is connected, we haveB = C = D = 0.
(Case 1b)A = 0 andE = 0. In this case, the Haken sumSϕ1 + Sϕ2 + Sϕ3 is

defined and is isotopic to the boundary of a regular neighbourhood,N, of the
complexK spanned by all 0–even edges. ThenM \N therefore meets a tetrahe-
dron either in the empty set or in a product region and hence each component
of M \ N is an I–bundle or a twistedI–bundle over a surface. IfC = 0, then
either all tetrahedra are of type II or all tetrahedra are of type IV. In each case,
this contradicts the fact thatH1(M;ZZ2) has rank two. HenceC = 2 sinceC
is even. Moreover, the two tetrahedra of type III must be of distinct sub-types
since otherwiseH1(M;ZZ2) has rank one. We may assume that one of them has
three 0–even and three 1–even edges. Pulling back the colouring of faces to∆̃ ,
we have an odd number of faces with one 0–even edge and two 1–even edges.
This contradicts the fact thatM is closed. Hence,A = 0 andE = 0 can not both
occur.
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(Case 2)A 6= 0. The abstract neighbourhood of each 0–even edge contained
in a tetrahedron of type I contains either at least two distinct tetrahedra of type
I, or one tetrahedron of type one and at least two tetrahedra of type III. SinceC
is even andA+C ≤ 3, we have the following cases: (A ∈ {1,2,3},C = 0) and
(A = 1,C = 2).

We first show that(A = 1,C = 2) is not possible. Note that there is a unique
0–even edge,e0, incident with the tetrahedron of type I,σ0. It follows that it
must be incident with the two tetrahedra of type III,σ1 and σ2. Denote the
two remaining 0–even edges incident withσ1 by e1 ande2, oriented such that
e0 + e1 + e2 is homologically the boundary of the face. Consider the abstract
neighbourhoodB(e1) of e1, and recall that no face can be a cone or a dunce hat.
It follows that eithere0 6= e1 = e2 or e0 = e1 = e2. Sincee1 = e2, there are two
tetrahedra inB(e1) mapping toσ1 under the mapB(e1) → M. Give B(e1) an
orientation. Then the two tetrahedra mapping toσ1 induce opposite orientations
on σ1, contradicting the fact thatM is orientable.

It is easy to see that(A = 1,C = 0) is not possible by examining the neigh-
bourhood of the unique 0–even edge,e0, incident with the tetrahedron of type
I.

The remaining cases are(A = 2,C = 0) and(A = 3,C = 0). In each case,
there is a unique 0–even edge,e0, contained in all tetrahedra of type I. Note that
e0 cannot be of degree three since otherwise the classification of degree three
edges in [5] implies thate0 is contained in a maximal layered torus subcomplex
and hence every tetrahedron incident with it it is of type II or IV. Moreover, if
A 6= 0 butC = 0, then necessarilyD = 0 sinceM is connected.

Let K be the complex inM spanned by all 0–even edges. LetN be a small
regular neighbourhood ofK. Then∂N is a normal surface; it meets each tetra-
hedron in the same number and types of normal discs asSϕ1 ∪Sϕ2 ∪Sϕ3 except
for the tetrahedra of type V, which it meets in four distinct normal triangle types
instead of three distinct normal quadrilateral types. The normal coordinate of
∂N is thus obtained by taking the sum of the normal coordinates ofSϕ1, Sϕ2,
andSϕ3, and adding to this thetetrahedral solutionof each tetrahedron of type
V. (The tetrahedral solution is obtained by adding all triangle coordinates of a
tetrahedron and subtracting all quadrilateral coordinates; see, for instance, [7],
Section 2, or [18], Section 2.8. Each tetrahedral solution has both positive and
negative coordinates.) Hence

χ(Sϕ1)+ χ(Sϕ2)+ χ(Sϕ3)+E = χ(∂N) = 2χ(N) = 2χ(K) = 2−2e+C+2D,

where the Euler characteristic ofK is computed from the combinatorial data.
In particular,χ(Sϕ1)+ χ(Sϕ2)+ χ(Sϕ3) is even. Rearranging the above equality
gives

C+2D−E = 2e−2+ χ(Sϕ1)+ χ(Sϕ2)+ χ(Sϕ3), (2.1)



10 William Jaco et al.

e1 e2

e3

(a) The solid torusS1

N

∆

(b) Layering along a boundary edge

Fig. 2.Layered triangulation of the solid torus

and hence:

ẽ = A+2B+3C+6D

= 2T −A+C+4D−2E

= 2T −A−C+4e−4+2(χ(Sϕ1)+ χ(Sϕ2)+ χ(Sϕ3)). (2.2)

Lemma 4.Let M be a closed, orientable, irreducible 3–manifold, and suppose
that ϕ1,ϕ2 ∈ H1(M;ZZ2) are non–trivial withϕ1 + ϕ2 = ϕ3 6= 0. Let T be a
minimal triangulation with T tetrahedra, and let Sϕi be the canonical surface
dual toϕi . Lettinged denote the number of0–even edges of degree d, we have:

e3 = 4+A+C−2(T + χ(Sϕ1)+ χ(Sϕ2)+ χ(Sϕ3))+
∞

∑
d=5

(d−4)ed. (2.3)

Proof. First note that the existence ofϕ1 andϕ2 implies thatM is not homeo-
morphic to one ofS3, L(3,1), IRP3, or L(4,1). It now follows from [3], Theo-
rem 6.1, thatT has a single vertex; henceSϕi andei are defined. Moreover, [3],
Proposition 6.3 (see also Proposition 8 of [5]), implies that the smallest degree
of an edge inT is three. One has̃e = ∑ded ande = ∑ed. Putting this into (2.2)
gives the desired equation.

3. Intersections of maximal layered solid tori

Throughout this section, letM be a closed, irreducible, orientable, connected
3–manifold with triangulationT . We extend results of [5] concerning maximal
layered solid tori inM.
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3.1. Layered solid tori

The following definitions and facts can be found with more detail in [4] and
[5]. A layered solid torusis a solid torus with a special triangulation: the tri-
angulation is obtained from the triangulation given in Figure 2(a) by iteratively
layering along boundary edges. Layering along a boundary edge is illustrated
in Figure 2(b). Namely, supposeN is a 3–manifold,T∂ is a triangulation of
∂N, ande is an edge inT∂ which is incident to two distinct faces. We say the
3–simplexσ is layered along eif two faces ofσ are paired, “without a twist,”
with the two faces ofT∂ incident withe. The resulting 3–manifold is homeo-
morphic withN. If T∂ is the restriction of a triangulation ofN to ∂N, then we
get a new triangulation ofN and a new triangulation of∂N which differs from
T∂ by a diagonal flip. For every edge inM, we will also refer to its degree as its
M–degree, and its degree with respect to the layered solid torusT in M is called
its T–degree.

Definition 1 (Layered solid torus in M). A layered solid torus with respect to
T in M is a subcomplex in M which is combinatorially equivalent to a layered
solid torus.

Definition 2 (Maximal layered solid torus in M). A layered solid torus is a
maximal layered solid torus with respect toT in M if it is not strictly contained
in any other layered solid torus in M.

Lemma 5. [5] Assume that the triangulation is minimal and 0–efficient. If M is
not a lens space with layered triangulation, then the intersection of two distinct
maximal layered solid tori in M consists of at most a single edge.

Lemma 6. [5] Assume that the triangulation is minimal and 0–efficient, and
suppose that M contains a layered solid torus, T, made up of at least two tetra-
hedra and having a boundary edge, e, which has degree four in M. Then either

1. T is not a maximal layered solid torus in M; or
2. e is the univalent edge for T and it is contained in four distinct tetrahedra in

M; or
3. M is a lens space with minimal layered triangulation.

Recall the notion of rank–2 colouring from Subsection 2.3.

Lemma 7.Assume that the triangulation contains a single vertex and that all
edge loops are coloured by the rank–2 subgroup H of H1(M;ZZ2). Then all
tetrahedra in a layered solid torus in M are either of type II or type IV, but not
both.
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Proof. The colouring of the layered solid torus is uniquely determined by the
image of the longitude under the elements ofH; the result now follows from
the layering procedure. Alternatively, a combinatorial argument can be given
by noting that the only possible rank-2 colourings of the 1–tetrahedron layered
solid torus shown in Figure 2(a) are of type II or IV, and it follows from the
layering procedure that each subsequent tetrahedron must be of the same type
as the initial tetrahedron.

Definition 3 (Types of layered solid tori).Assume that the triangulation con-
tains a single vertex and that all edge loops are coloured by the rank–2 sub-
group H of H1(M;ZZ2). A layered solid torus containing a tetrahedron of type
II (respectively IV) is accordingly termed of type II (respectively IV).

3.2. Maximal layered solid tori in atoroidal manifolds

An orientable 3–manifold is termedatoroidal if it does not contain an embed-
ded, incompressible torus.

Lemma 8. [5] Suppose M is atoroidal andT is minimal and 0–efficient. Then
every torus which is normal with respect toT bounds a solid torus in M on at
least one side.

It is shown in [3], Section 6, that a minimal triangulation of a closed, irre-
ducible and orientable 3–manifold is 0–efficient unless the manifold is homeo-
morphic with IRP3 or L(3,1). So in particular, if there is a rank–2 subgroupH
of H1(M;ZZ2), then every minimal triangulation ofM is 0–efficient.

Lemma 9.Assume thatT is minimal and that M is atoroidal. Suppose the
edges are coloured by the rank–2 subgroup H of H1(M;ZZ2), and that three
pairwise distinct maximal layered solid tori of type II meet in a H–even edge.
Then these are the only maximal layered solid tori of type II in the triangula-
tion and M is a Seifert fibred space with base S2 and precisely three exceptional
fibres.

Proof. Denote the three maximal layered solid tori byT1,T2,T3, and the com-
monH–even edge bye. If Ti ∩Tj properly containse for i 6= j, thenM is a lens
space with layered triangulation according to Lemma 5. But this contradicts the
assumption thatH1(M;ZZ2) has rank at least two. HenceTi ∩Tj = {e}.

Let N be a small regular neighbourhood ofT1 ∪T2 ∪T3. Then∂N is a (topo-
logical) torus and a barrier surface; see [3], Section 3.2. Hence, either ∂N is
isotopic to a normal surface orM \N is a solid torus. In the first case, Lemma
8 implies that eitherN or M \N is a solid torus. However,e is not a longitude
of eitherT1, T2 or T3 sincee is H–even and each torus is of type II. SoN can-
not be a solid torus. HenceM \N is a solid torus and, in particular,N admits
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a Seifert fibration with three exceptional fibres, andM admits a Seifert fibra-
tion with three or four exceptional fibres. IfM admits a Seifert fibration with
four exceptional fibres, then it contains an embedded, incompressible (vertical)
torus, contradicting the assumption thatM is atoroidal. Similarly, ifM admits a
Seifert fibration with three exceptional fibres but the base is notS2, thenM con-
tains an embedded, incompressible (vertical) torus. HenceM is a Seifert fibred
space with baseS2 and precisely three exceptional fibres. This forcese to be
homotopic to a longitude ofM \N. Moreover, eachϕ ∈ H restricted toM \N is
trivial sincee is H–even. SupposeT4 is a maximal layered solid torus of type II
which is distinct fromT1,T2,T3. Then the longitude ofT4 is notH–even. But it
is clearly homotopic intoM \N, contradicting the fact that eachϕ restricted to
M \N is trivial. WhenceT1, T2 andT3 are the only maximal layered solid tori of
type II in the triangulation.

Lemma 10.Assume thatT is minimal and that M is atoroidal. Suppose the
edges are coloured by the rank–2 subgroup H of H1(M;ZZ2), and that precisely
two distinct maximal layered solid tori of type II meet in an H–even edge, e.
Then e is the only H–even edge in the triangulation which is contained in more
than one maximal layered solid torus of type II and M is a Seifert fibred space
with base S2 and precisely three exceptional fibres.

Proof. Denote the two maximal layered solid tori of type II meeting ine by
T1,T2. Then, as above, the boundary of a small regular neighborhoodN of T1∪T2

is a (topological) torus and a barrier surface, and it follows thatM \N is a solid
torus. Ife is homotopic to a longitude ofM \N, thenM admits a Seifert fibration
with two exceptional fibres. Hence eitherM is toroidal orM is a lens space; the
first is not possible and the second contradicts the assumption thatH1(M;ZZ2)

has rank at least two. Hencee is not homotopic to a longitude ofM \N. Hence,
M is a Seifert fibred space with precisely three exceptional fibres, and thebase
must beS2 since there are no vertical incompressible tori.

Now assume thatT ′
1 andT ′

2 are two distinct maximal layered solid tori of
type II meeting in theH–even edgee′ 6= e. Thene′ cannot be the longitude of
eitherT ′

1 nor T ′
2. But this contradicts the fact that the interiors ofT ′

1 andT ′
2 are

contained in the solid torusM \N.

4. Quadrilateral surfaces and Heegaard splittings

Let M denote a closed, orientable, irreducible, connected 3–manifold through-
out this section.
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4.1. Quadrilateral surfaces

Let T be a triangulation ofM. Place three quadrilateral discs in each tetrahe-
dron, one of each type, such that the result is a (possibly branched immersed)
normal surface, denotedQ and called thecanonical quadrilateral surface. The
surfaceQ can be viewed as the image inM of a surfaceQ′ with a cell decom-
position into quadrilaterals, and the image of a connected component ofQ′ will
be termed a component ofQ.

If S is a component ofQ and meets some tetrahedron,σ , in i normal quadri-
laterals,i ∈ {0,1,2,3}, then the same is true for each tetrahedron meetingσ in
a face. SinceM is connected, the same is true for every tetrahedron in the trian-
gulation (and in particulari 6= 0 sinceS 6= /0). It follows thatQ has at most three
components.

Suppose that the componentSof Q is embedded. ThenSmeets every tetrahe-
dron in a single quadrilateral disc. Such an embedded normal surface consisting
entirely of quadrilateral discs, one in each tetrahedron, is called aquadrilateral
surface.

Let S be a quadrilateral surface, and letC(S) denote the 1–complex inM
consisting of all edges disjoint fromS. Notice thatS divides each tetrahedron
into two prisms. ThenM\C(S) is foliated bySand infinitely many copies of the
boundary of a regular neighbourhood ofS. It follows thatM \Sis either an open
handlebody or the disjoint union of two open handlebodies having the same
genus, depending on whetherSis non-separating or separating. In particular,Sis
either a one-sided or a two-sided Heegaard splitting surface forM. A set of discs
for the Heegaard splitting is dual to the set of edges inC(S). The disc associated
to edgee in C(S) is naturally triangulated with one triangle for each prism in
M \Scontaininge. This system of discs is possibly larger than a standard set of
meridian discs if the triangulation has many vertices.

We will now deduce a combinatorial obstruction on the existence of a quadri-
lateral surface from theQ–matching equations, which were used in the proof of
Lemma 2. See [19] and [18], Sections 2.4, 2.5 and 2.9, for more details on the
Q–matching equations. SupposeS is a quadrilateral surface inM and lete be
an edge, whichS meets. SinceS meets each tetrahedron in a single quadrilat-
eral disc, ande is incident with as many quadrilateral discs of positive slope as
of negative slope, it follows thate must have even degree. In particular, if the
canonical quadrilateral surfaceQ has three components, then each is a quadrilat-
eral surface and it follows that every edge in the triangulation has even degree.

It follows from this discussion that the existence of a canonical quadrilateral
surfaceQ with three components places strong constraints on the Heegaard di-
agram associated to each of its components. For instance, (1) the intersection
of componentS with any of the two other components ofQ is a spine forS;
and (2) since edges dual to the other surfaces must be of even order,it follows
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that each meridian onScontains an even number of intersections with itself and
other meridians.

4.2. Heegaard splittings

The above construction of a Heegaard splitting from a quadrilateral surface can
be reversed. Given the one-sided (resp. two-sided) Heegaard splitting surfaceS
for M, choose a complete system of meridian discs. ThenS together with the
discs is a simple spine for the once (resp. twice) punctured manifold. The usual
dual cell decomposition gives a triangulation with one (resp. two) vertices and
one tetrahedron for each intersection point of the meridians. Moreover,Ssits in
this triangulation as a quadrilateral surface.

It follows that the complexity ofM gives a lower bound for the complexity
of a Heegaard splitting. In case of a two-sided Heegaard splitting, these com-
plexities will not coincide unlessM has a two-vertex minimal triangulation. But
thenM = S3, IRP3 or L(3,1), whence the complexities only coincide forM = S3.
In contrast, the minimal triangulations in [5] and [6] are all dual to one-sided
Heegaard splittings and hence determine least complexity one-sided Heegaard
splittings.

4.3. Consequences for one-vertex triangulations

Lemma 11.Let M be a closed, orientable, irreducible, connected 3–manifold
with one-vertex triangulationT . If the canonical quadrilateral surface Q has
three components, Q1,Q2,Q3, then each Qi is dual to some element0 6= ϕi ∈
H1(M;ZZ2), and〈ϕ1,ϕ2,ϕ3〉 ∼= ZZ2 ⊕ZZ2. Moreover,

|T |+∑χ(Qi) = 2.

Proof. Let v denote the single vertex. Each component ofQ is non-separating.
Sinceπ1(M;v) is generated by the edges, an elementϕi ∈ H1(M;ZZ2) is de-
fined by lettingϕi [e] = 0 if e is contained inM \ Qi , andϕi [e] = 1 otherwise.
Henceϕi 6= 0 andϕi +ϕ j = ϕk, where all three indices are distinct. In particular,
H1(M;ZZ2) has rank at least two. The first equation follows from a simple Euler
characteristic argument.

5. Proofs of the main results

Let M be a closed, orientable, irreducible, connected 3–manifold with minimal
triangulationT . Suppose that there is a rank–2 subgroupH of H1(M;ZZ2).
Then every minimal triangulation ofM is 0–efficient. In particular, there are no
normal projective planes, and every normal 2–sphere is vertex linking.
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Fig. 3.Edge flip: Labels indicate the changes in edge degree

5.1. Promoting triangulations using edge flips

The material of this subsection refines the argument in the proof of Theorem 5
in [5]. A maximal layered solid torus issupportiveif it is of type II and eachH–
even edge incident with it hasM–degree at most four. A maximal layered solid
torus isalmost supportiveif it is of type II and eachH–even edge incident with
it hasM–degree at most four except for oneH–even edge which hasM–degree
five. A maximal layered solid torus is oftype (II,4) if it is of type II and its
H–even boundary edge hasM–degree four. Every supportive maximal layered
solid torus is of type (II,4). A minimal triangulation is termed(II,4)–free if it
does not contain any maximal layered solid torus of type (II,4).

An edge flipis the replacement of an edge of degree four which is incident
with four distinct tetrahedra by another edge incident with four distinct tetra-
hedra, see Figure 3. An edge flip may change the triangulation and the degree
sequence associated to the edges, but it does not alter the number of tetrahedra.

Lemma 12.Let M be a closed, orientable, irreducible 3–manifold with mini-
mal triangulationT . Suppose that all edge loops are coloured by the rank–
2 subgroup H of H1(M;ZZ2). Then there is a minimal triangulation which is
(II,4)–free and which is obtained fromT by a finite number of edge flips.

Proof. Let T be a maximal layered solid torus of type (II,4). Lemma 6 implies
thate is the univalent edge ofT, and that it is contained in four distinct tetrahedra
in the triangulation. The argument proceeds by replacing the four tetrahedra
arounde by a different constellation of four tetrahedra using an appropriate
edge flip. The resulting triangulation is also minimal, and it is shown to either
contain fewer maximal layered solid tori of type (II,4) or fewer tetrahedraof
type IV. Since both of these numbers are finite, we arrive at a (II,4)–free minimal
triangulation after a finite number of edge flips.

It remains to describe the re-triangulation process. There are various differ-
ent cases to consider; they are listed below using the types of tetrahedra ordered
cyclically around the edgee, starting with the supportive maximal layered solid
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torusT. The arguments given in [5], Proof of Theorem 5 on pages 173–175,
apply almost verbatim, and we therefore merely list the case in [5], the corre-
sponding neighbourhoods and the appropriate flip.

(1,1,1,1) in [5]: Corresponds to (II,II,II,II), (II,II,I,I), (II,I,II,I), (II, I,I,II),
(II,I,I,I); any edge flip decreases the total number of maximal layered solidtori
of type (II,4).

(1,2,2,1) in [5]: Corresponds to (II,III,III,II), (II, III, III, I); the edge flip
with the property that theH–even edges (other thane) contained in the faces of
the type II tetrahedra remain of the same degree decreases the total numberof
maximal layered solid tori of type (II,4).

(1,1,2,2) in [5]: Corresponds to (II,II,III,III), (II, I, III, III); the edge flip
with the property that theH–even edges (other thane) contained in the faces of
the type II tetrahedra remain of the same degree decreases the total numberof
maximal layered solid tori of type (II,4).

(1,2,3,2) in [5]: Corresponds to (II, III, IV, III); any edge flip reduces the
number of tetrahedra of type IV.

5.2. Controlling triangulations using degree three edges

The proof of the following lemma contains a more explicit analysis which is not
contained in the statement.

Lemma 13.Let M be a closed, orientable, irreducible 3–manifold with minimal
triangulationT . Suppose that all edge loops are coloured by the rank–2 sub-
group H of H1(M;ZZ2) and thatT is (II,4)–free. Lettinged denote the number
of H–even edges of degree d, we have:

e3 < 2+
∞

∑
d=5

(d−4)ed. (5.1)

Proof. Assume, by way of contradiction, that

e3 ≥ 2+
∞

∑
d=5

(d−4)ed. (5.2)

The argument refines the counting argument in the proof of Theorem 5 in [5].
Each edge of degree three isH–even, so (5.2) implies that there are at least two
edges of degree three. Since the triangulation contains at least three tetrahedra,
it follows from Proposition 9 in [5] that each edge of degree three,e, is the
base edge of a layered solid torus subcomplex isomorphic toS2 = {4,3,1}.
This subcomplex is contained in a unique maximal layered solid torus, T(e).
Conversely, if a maximal layered solid torus,T, contains an edge,e, of degree
three, thene is unique and we writee= e(T); otherwise, we let e(T) = /0.
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It follows from Lemma 5 that any two distinct maximal layered solid tori
share at most an edge. We seek a contradiction guided by inequality (5.2).The
proof, a basic counting argument, is organised as follows. The set of alledges of
degree three,Y, is divided into pairwise disjoint subsets; denote the set of these
subsetsS(Y). The set of allH–even edges,X, is similarly divided into pairwise
disjoint subsets, giving a setS(X). In defining these subsets, we also define an
injective mapS(Y) → S(X). If Yi ∈ S(Y) is associated withXi ∈ S(X), then the
quantity

|Yi |− ∑
e∈Xi

(d(e)−4)

is termed adeficit if it is negative, acancellationif it is zero, and again if it is
positive. Then (5.2) implies that the total gain is at least two.

Let e ∈ Y such that T(e) is of type IV. ThenS2
∼= T0 ⊆ T(e). Denotee0

the longitude ofT0. This is a 0–even boundary edge withT0–degree 5 andM–
degree 5+ m for somem≥ 1. The total number of maximal layered solid tori
in M meeting ine0 is bounded above bym+1

2 , since no two meet in more than
an edge. Hence the maximal layered solid tori containing a degree three edge
and meeting in the 0–even edgee0 contribute at mostm+1

2 to the left hand side
of (5.2). The contribution ofe0 to the right hand side isd(e0)−4 = 1+m. One
therefore obtains adeficit less or equal to−m+1

2 To X0 = {e0} associate the set,
Y0, of all degree three edgese′ such that T(e′) containse0.

We now proceed inductively. Letebe an edge of degree three such that T(e)
is of type IV ande is not contained in the collection of subsetsY0, ...,Yi−1 of
Y. Then T(e) contains a subcomplex isomorphic toS2, whose longitude,ei ,
cannot be any of the edgese0, ...,ei−1. Consider the setYi of all degree three
edgese′ such that T(e′) containsei ande′ is not contained in any ofY0, ...,Yi−1.
Then the above calculation shows that there is a deficit associated toXi = {ei}
andYi .

It follows that there must also be a maximal layered solid torus of type II
which contains an edge of degree three not in∪Yi . Let T be such a maximal
layered solid torus, and lete be its unique 0–even boundary edge. SinceT is
(II,4)–free, we haved(e) ≥ 5. If e is the longitude of a maximal layered solid
torus of type IV, then e(T) is contained in one of the setsYi . Hence assume this
is not the case. We make the following observations (with the amount of detail
useful for future applications):

1. If e is not incident with another maximal layered solid torus of type II con-
taining a degree three edge, andT is almost supportive, then{e} is associated
with {e(T)} and gives a cancellation.

2. If e is not incident with another maximal layered solid torus of type II con-
taining a degree three edge, andT is not almost supportive, thenT also has
anH–even interior edge,eT , of degree at least five. Hence associate{e,eT}
with {e(T)}, giving a deficit.
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3. SupposeT1 is the unique maximal layered solid torus of type II containing a
degree three edge which meetsT in e.
(3a) Assume that no other maximal layered solid torus of type II containse.
Then Lemma 10 implies thatT,T1 are the only maximal layered solid tori of
type II meeting in anH–even edge.
If d(e) ≥ 7, then{e} is associated with{e(T),e(T1)} and we have a deficit.
If d(e) = 6 and one ofT,T1 contains anH–even interior edge,e′ of degree at
least five, then{e,e′} is associated with{e(T),e(T1)} and gives a deficit. If
d(e) = 6 and allH–even interior edges ofT,T1 are of degree four, then{e}
is associated with{e(T),e(T1)} and gives a cancellation.
If d(e) = 5 and bothT,T1 are almost supportive, then{e} is associated with
{e(T),e(T1)} and gives a gain of+1. If d(e) = 5 and one ofT,T1 is al-
most supportive and the other contains a uniqueH–even interior edgee′ of
degree five and all others have degree four, then{e,e′} is associated with
{e(T),e(T1)} and gives a cancellation. Otherwise a deficit is associated with
at most threeH–even edges. Ifd(e) = 5 and neither ofT,T1 is almost sup-
portive, then there are distinctH–even interior edges,e′,e′′ of degrees at least
five and{e,e′,e′′} is associated with{e(T),e(T1)} and gives a deficit.
(3b) Suppose the maximal layered solid torus of type IIT2 meetsT andT1

in e. Lemma 9 implies thatT,T1,T2 are the only maximal layered solid tori
of type II in the triangulation. HenceY = ∪Yi

⋃
{e(T),e(T1)}. Since no two

of the three can meet in a face, we haved(e) ≥ 6. It follows that there is
a cancellation if allH–even interior edges have degree four, and a deficit
associated toe together with a collection of interior edges otherwise.

4. SupposeT1 andT2 are distinct maximal layered solid tori of type II contain-
ing degree three edges meetingT in e. Now Y = ∪Yi

⋃
{e(T),e(T1),e(T2)}

andd(e) ≥ 6 as above. Hencee together with a collection of interior edges
can be associated with{e(T),e(T1),e(T2)} giving a deficit unless one of
the following cases occurs. Ifd(e) = 7 and everyH–even interior edge of
T,T1,T2 has degree four, then there is a cancellation. Ifd(e) = 6 and every
H–even interior edge ofT,T1,T2 has degree four, then there is a gain of+1.
If d(e) = 6 and there is precisely oneH–even interior edge of degree five
and all others have degree four, then there is a cancellation.

It follows that the maximal gain which can be achieved is+1; whence (5.2)
cannot be satisfied.

5.3. Proofs of the main results

Proposition 1.Let M be a closed, orientable, irreducible 3–manifold with mini-
mal triangulationT . Suppose that H is a rank–2 subgroup of H1(M;ZZ2). Then

|T | ≥ 2+ ∑
06=ϕ∈H

|| ϕ ||.
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Suppose further that all edge loops are coloured by H and thatT is (II,4)–free.
Then

|T |− ∑
06=ϕ∈H

|| ϕ || ≥ |T |+ ∑
06=ϕ∈H

χ(Sϕ) ≥ 2.

Proof. First replaceT by a (II,4)–free minimal triangulation,T0. Then|T | =
|T0|. If |T0|+∑ χ(Sϕ) ≤ 1, then equation (2.3) in Lemma 4 and inequality (5.1)
in Lemma 13 give a contradiction. Hence

|T0|− ∑
06=ϕ∈H

|| ϕ || ≥ |T0|+ ∑
06=ϕ∈H

χ(Sϕ) ≥ 2,

where the first inequality follows from Lemma 1.

The first part of the above proposition directly implies Theorem 1 by defi-
nition of a minimal triangulation. The implication (2)=⇒ (1) in Theorem 2 is
a consequence of Lemma 11 and Theorem 1. The reverse is contained in the
following statement:

Proposition 2.Let M be a closed, orientable, irreducible 3–manifold with ar-
bitrary one-vertex triangulationT . Suppose that H is a rank–2 subgroup of
H1(M;ZZ2) and that

|T | = 2+ ∑
06=ϕ∈H

|| ϕ ||.

ThenT is minimal. Moreover, every minimal triangulation of M has the prop-
erty that each canonical surface dual to a non-zero element of H is aZZ2–taut
quadrilateral surface.

Proof. Every minimal triangulation ofM has a single vertex. LetT0 be a mini-
mal triangulation which is (II,4)–free with respect to the colouring of edgesby
H, and denoteSi the dual surfaces. Then

2 ≤ |T0|+∑χ(Si) ≤ |T |−∑ || ϕi || = 2

by Proposition 1 and Lemma 1. This forces equality and since|T0| ≤ |T | and
χ(Si) ≤ −|| ϕi ||, we have equality for all terms. In particular,T is minimal and
each canonical surface is taut.

Lemma 4 implies thatA(T0)+C(T0) ≤ 1, and using Lemma 3, this implies
E(T0) = |T0|. This gives the desired conclusion for a (II,4)–free minimal trian-
gulation. Given an arbitrary minimal triangulation which is not (II,4)–free, one
may perform a finite sequence of edge flips to arrive at a (II,4)–free minimal
triangulation. The latter must have an edge of degree four which is contained in
four distinct tetrahedra. Since each tetrahedron is of type V, there is an embed-
ded disc inM which meets one of the canonical surfaces, saySi , in precisely its
boundary. If this is a trivial disc forSi , then there is an embedded sphere inM
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Fig. 4.The twisted layered loop triangulation

meeting some edge loop in precisely one point, contradicting the fact thatM is
irreducible. If this is a compression disc forSi , then it contradicts the fact that it
is taut. This completes the proof.

Remark 1.Under the hypothesis of Proposition 2, if there is a rank-2 subgroup
G 6= H, then

∑
06=ϕ∈G

|| ϕ || < ∑
06=ϕ∈H

|| ϕ ||.

6. The twisted layered loop triangulation

This section shows that the twisted layered loop triangulation ofMk = S3/Q4k,
k ≥ 1, satisfies the hypothesis of Theorem 2 whenk is even. Ifk is odd, then
H1(Mk;ZZ) = ZZ4 and the results of this paper do not apply.

6.1. The twisted layered loop triangulation

Starting point is the triangulation with two faces of the annulus shown with
labelling in Figure 4. The edges corresponding to the two boundary components
are denotedt for top andb for bottom, and oriented so that they correspond to
the same element in fundamental group. The remaining two edges aree1 and
e2, oriented fromt to b. Tetrahedronσ1 is layered alonge1, and the new edge
denotede3 and oriented fromt to b. The annulus is thus identified with two
faces ofσ1. Inductively, tetrahedronσh is layered along edgeeh, and the new
edgeeh+2 is oriented fromt to b. Assumek tetrahedra have thus been attached;
if k = 0 we have an annulus, ifk = 1 a creased solid torus and ifk ≥ 2 a solid
torus. Denote the resulting triangulationCk.

The two free faces of tetrahedronσk in Ck are identified with the two free
faces of tetrahedronσ1 such thatσ1 is layered alongek+1 with e1 ↔ −ek+1,
e2 ↔ −ek+2 andt ↔ −b. The result isMk (see [1], Theorem 3.3.11, or [6]), and
the triangulation, denoted̂Ck, is termed itstwisted layered loop triangulation.
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6.2. One-sided incompressible surfaces

Note that there is a normal, one-sided Klein bottle,S1, in Mk, obtained by plac-
ing a quadrilateral in each tetrahedron dual to the edget. Whenk is even, then
there are two more embedded normal surfaces,S2 andS3, just containing quadri-
lateral discs. One is dual to the set of all edgesei , wherei is even; the other
is dual to the set of all edgesei where i is odd. We have thatMk \ S1 is a
torus; andMk \ S2 andMk \ S3 are genusk

2 handlebodies. Using singular ho-
mology with ZZ2–coefficients, the intersection pairing induces homomorphisms
ϕi : π1(Mk) → ZZ2 defined by:

ϕ1[ei ] = 1 for eachi andϕ1[t] = 0.
ϕ2[ei ] = 0 if i is even,ϕ2[ei ] = 1 if i is odd andϕ2[t] = 1;
ϕ3[ei ] = 0 if i is odd,ϕ3[ei ] = 1 if i is even andϕ3[t] = 1.

We haveϕ1 +ϕ2 = ϕ3, andH1(M;ZZ2) = 〈ϕ1,ϕ2〉. SinceSi is dual toϕi , it fol-
lows that we have found a representative for each non-trivialZ2–cohomology
class. To show that the triangulation satisfies the hypothesis of Theorem 2,we
need to show that these surfaces are in fact representatives of minimal genus.
This follows from the following application of work by Waldhausen [20], Ru-
binstein [16] and Frohman [2].

Lemma 14.If k is even, then S1, S2 and S3 are, up to isotopy, the only connected,
one-sided incompressible surfaces in Mk.

Proof. Let N1 be a small regular neighbourhood ofS1 in Mk. Then N1 is a
twisted I–bundle over the Klein bottle. Moreover,N1 is homeomorphic to the
S1–bundle over the M̈obius band with orientable total space. This has a Seifert
fibration over the disc with two cone points of order two. Denote the base orb-
ifold D, its cone pointsp1 and p2, and the fibrationp: N1 → D. Equivalently,
this description ofN1 can be obtained by cuttingMk = S2( (2,1),(2,1),(k,1−
k) ) along the vertical torus which is the pre-image of the boundary of a small
regular neighbourhood of the cone point labelled(k,1−k).

Waldhausen ([20], Section 3) showed that the only connected, two-sided in-
compressible and non-boundary parallel surfaces inN1 are a vertical annulus
which is the pre-image of a properly embedded arc inD separatingp1 andp2;
and a horizontal annulus which is a branched double cover ofD. Using the meth-
ods of Frohman [2], one can similarly show that the only connected, one-sided
incompressible surfaces inN1 are a Klein bottle,K, (which is the pre-image in
N1 of an arc inD joining p1 and p2) as well as two M̈obius bands,B1 andB2,
(whereBi is the pre-image inN1 of an arc inD joining pi to ∂D). Note that the
Möbius bands have parallel boundary curves on∂N1.

Similarly, it is known through the work of Waldhausen ([20], Section 2) that
a connected, two-sided incompressible surface in the solid torusMk\N1 is either
a meridian disc or a boundary-parallel disc or annulus. Rubinstein [16] showed
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that a one-sided incompressible surface inMk \N1 has boundary a single curve
which uniquely determines the surface up to isotopy.

SupposeS is a connected, one-sided, incompressible surface inMk, and iso-
tope S such that it meets∂N1 minimally in a collection of pairwise disjoint
curves. ThenS∩∂N1 is either empty or consists of finitely many parallel, essen-
tial curves on∂N1.

If S∩ ∂N1 = /0, thenS= K, since the complement ofN1 is a solid torus.
Hence assumeS∩ ∂N1 6= /0. We have thatS∩N1 (respectivelyS∩ (Mk \N1)) is
incompressible inN1 (respectivelyMk \N1).

First assume thatS∩ N1 is two-sided. ThenS∩ N1 is a family of parallel
annuli andS∩∂N1 has an even number of components. It follows thatS∩ (Mk \
N1) must also be a family of parallel annuli. Since an outermost annulus in the
latter family is boundary compressible, there is an isotopy ofS reducing the
number of curves inS∩∂N1. This contradicts the assumption thatSmeets∂N1

minimally.
Hence assume thatS∩ N1 is one-sided. It follows thatS is eitherB1, B2 or

B1∪B2. If S∩N1 isB1 orB2, thenS∩(Mk\N1) has a single boundary component
and hence is a uniquely determined incompressible one-sided surface,F. If S∩
N1 = B1 ∪B2, thenS∩ (Mk \N1) is a boundary parallel annulus, and there is an
isotopy makingS∩∂N1 = /0, which contradicts the assumption thatSmeets∂N1

minimally.
It follows that, up to isotopy, a connected, one-sided, incompressible sur-

faces inMk is one ofK, B1∪F andB2∪F. SinceH1(M;ZZ2) has rank two, each
of these three surfaces must be incompressible.

It follows from the construction thatK = S1. We claim that, up to re-labeling,
S2 = B1 ∪ F andS3 = B2 ∪ F. Notice that the boundary curve ofF is a regular
fibre, and hence a(k,1)–curve onMk \N1 with respect to the standard longitude
and meridian. It now follows from [16] (see also [2] and [4]) that

χ(S2) = χ(S3) = χ(B1 ∪F) = χ(B2 ∪F).

This completes the proof.
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