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Optimal Dynamic Parameterized Subset Sampling∗

JUNHAO GAN, The University of Melbourne, Australia

SEEUN WILLIAM UMBOH, The University of Melbourne, Australia and ARC Training Centre in

Optimisation Technologies, Integrated Methodologies, and Applications (OPTIMA), Australia

HANZHI WANG†, BARC, University of Copenhagen, Denmark

ANTHONY WIRTH, The University of Sydney, Australia

ZHUO ZHANG, The University of Melbourne, Australia

In this paper, we study the Dynamic Parameterized Subset Sampling (DPSS) problem in theWord RAM model. In

DPSS, the input is a set, 𝑆 , of 𝑛 items, where each item, 𝑥 , has a non-negative integer weight,𝑤 (𝑥). Given a pair

of query parameters, (𝛼, 𝛽), each of which is a non-negative rational number, a parameterized subset sampling

query on 𝑆 seeks to return a subset 𝑇 ⊆ 𝑆 such that each item 𝑥 ∈ 𝑆 is selected in 𝑇 , independently, with

probability 𝑝𝑥 (𝛼, 𝛽) = min

{
𝑤 (𝑥 )

𝛼
∑
𝑥 ∈𝑆 𝑤 (𝑥 )+𝛽

, 1

}
. More specifically, the DPSS problem is defined in a dynamic

setting, where the item set, 𝑆 , can be updated with insertions of new items or deletions of existing items.

Our first main result is an optimal algorithm for solving the DPSS problem, which achieves 𝑂 (𝑛) pre-
processing time, 𝑂 (1 + 𝜇𝑆 (𝛼, 𝛽)) expected time for each query parameterized by (𝛼, 𝛽), given on-the-fly, and

𝑂 (1) time for each update; here, 𝜇𝑆 (𝛼, 𝛽) is the expected size of the query result. At all times, the worst-case

space consumption of our algorithm is linear in the current number of items in 𝑆 .

Our second main contribution is a hardness result for the DPSS problem when the item weights are 𝑂 (1)-
word float numbers, rather than integers. Specifically, we reduce Integer Sorting to the deletion-only DPSS

problem with float item weights. Our reduction shows that an optimal algorithm for deletion-only DPSS with

float item weights (achieving all the same bounds as aforementioned) implies a𝑂 (𝑁 )-expected-time algorithm

for sorting 𝑁 integers. The latter remains an important open problem. Moreover, a deletion-only DPSS

algorithm which supports float item weights, with complexities worse, by at most a factor of 𝑜 (
√︁

log log𝑁 ),
than the optimal counterparts, would already improve the current-best integer sorting algorithm [18].

Last but not least, a key technical ingredient for our first main result is a set of exact and efficient algorithms

for generating Bernoulli (of certain forms) and Truncated Geometric random variates in 𝑂 (1) expected time

with 𝑂 (𝑛) worst-case space in the Word RAM model. Generating Bernoulli and geometric random variates

efficiently is of great importance not only to sampling problems but also to encryption in cybersecurity. We

believe that our new algorithms may be of independent interests for related research.

CCSConcepts: •Theory of computation→Database theory;Proof complexity;Randomness, geometry
and discrete structures; • Mathematics of computing→ Probabilistic algorithms.

∗
The full version of this paper can be found at http://arxiv.org/abs/2409.18036

†
Work partially done at Renmin University of China and The University of Melbourne.

Authors’ Contact Information: Junhao Gan, The University ofMelbourne, Melbourne, Australia, junhao.gan@unimelb.edu.au;

Seeun William Umboh, The University of Melbourne, Melbourne, Australia and ARC Training Centre in Optimisation

Technologies, Integrated Methodologies, and Applications (OPTIMA), Melbourne, Australia, william.umboh@unimelb.edu.

au; Hanzhi Wang, BARC, University of Copenhagen, Copenhagen, Denmark, hzwang.helen@gmail.com; Anthony Wirth,

The University of Sydney, Sydney, Australia, anthony.wirth@sydney.edu.au; Zhuo Zhang, The University of Melbourne,

Melbourne, Australia, zhuo.zhang@student.unimelb.edu.au.

Permission to make digital or hard copies of all or part of this work for personal or classroom use is granted without fee

provided that copies are not made or distributed for profit or commercial advantage and that copies bear this notice and the

full citation on the first page. Copyrights for components of this work owned by others than the author(s) must be honored.

Abstracting with credit is permitted. To copy otherwise, or republish, to post on servers or to redistribute to lists, requires

prior specific permission and/or a fee. Request permissions from permissions@acm.org.

© 2024 Copyright held by the owner/author(s). Publication rights licensed to ACM.

ACM 2836-6573/2024/11-ART209

https://doi.org/10.1145/3695827

Proc. ACM Manag. Data, Vol. 2, No. 5 (PODS), Article 209. Publication date: November 2024.

http://arxiv.org/abs/2409.18036
https://doi.org/10.1145/3695827


209:2 Junhao Gan et al.

Additional Key Words and Phrases: Subset Sampling, Word RAM Model, Exact Random Variate Generation

ACM Reference Format:
Junhao Gan, Seeun William Umboh, Hanzhi Wang, Anthony Wirth, and Zhuo Zhang. 2024. Optimal Dynamic

Parameterized Subset Sampling. Proc. ACM Manag. Data 2, 5 (PODS), Article 209 (November 2024), 26 pages.

https://doi.org/10.1145/3695827

1 Introduction
Sampling is arguably one of the most important techniques for solving problems on massive data. It

can effectively reduce the problem size while still providing reliable estimation for certain metrics

and largely retaining the statistical properties of the original data. As such, sampling has been

widely adopted for various problems in different research fields, including anomaly detection [21,

25, 33], feature selection [23, 28], sketching algorithms [26], network measurement [20, 29, 30],

distributed computing [9, 11], cybersecurity [3, 22], machine learning [17, 24], and computational

geometry [8, 19]. In general, sampling methods fall into two categories:Weighted Sampling and

Subset Sampling. In Weighted Sampling, the input is a set of 𝑛 items, 𝑆 , and each item, 𝑥 , has a

non-negative weight,𝑤 (𝑥). It aims to sample just one item such that each item 𝑥 is chosen with

probability
𝑤 (𝑥 )∑
𝑥 ∈𝑆 𝑤 (𝑥 ) . On the other hand, in the vanilla setting of Subset Sampling, the input is a

set 𝑆 of 𝑛 items, each with a probability, 𝑝 (𝑥), the goal is to sample a subset 𝑇 ⊆ 𝑆 such that each

item 𝑥 has probability 𝑝 (𝑥) to be selected in 𝑇 , independently.

A natural extension of Subset Sampling is to consider the dynamic setting, where the item set 𝑆

can be updated by either insertions of new items or deletions of existing ones. This is called the

Dynamic Subset Sampling (DSS) problem. Yi et al. [32] proposed an optimal algorithm, called ODSS,

for solving the DSS problem in a special Real RAM model
1
which allows both logarithm and round-

ing operations can be performed in 𝑂 (1) time. Specifically, their ODSS algorithm achieves 𝑂 (𝑛)
preprocessing time, 𝑂 (1 + 𝜇) expected query time, where 𝜇 is the expected size of the sampling

result, and supports each update in 𝑂 (1) time.

Dynamic Parameterized Subset Sampling. In this paper, we study a more general setting of

the Subset Sampling problem, called Dynamic Parameterized Subset Sampling (DPSS), in the Word

RAM model. The DPSS problem is defined as follows. Consider a set 𝑆 of 𝑛 items, which is subject

to updates by either item insertions or deletions; each item 𝑥 ∈ 𝑆 has a non-negative integer weight

𝑤 (𝑥). Each Parameterized Subset Sampling (PSS) query is associated with a pair of non-negative

rational parameters (𝛼, 𝛽), and asks for a subset 𝑇 ⊆ 𝑆 such that each item 𝑥 ∈ 𝑆 is selected in 𝑇 ,

independently, with probability 𝑝𝑥 (𝛼, 𝛽) = min

{
𝑤 (𝑥 )

𝛼
∑
𝑥 ∈𝑆 𝑤 (𝑥 )+𝛽 , 1

}
.

Distinctions between DPSS and DSS. Comparing to the aforementioned DSS problem, there are sev-

eral crucial distinctions from DPSS. First, in DSS, the sampling probability of each item is known in

advance, while in DPSS, the sampling probabilities of the items are parameterized by the query

parameters (𝛼, 𝛽) on the fly during query time. Second, in DSS, the sampling probabilities of the

items are decoupled, in the sense that updates on the sampling probability of items would not affect

each other. However, in contrast, in DPSS, the sampling probabilities of the items are inter-correlated

such that an update to an item’s weight would affect the sampling probabilities of all other items. In

other words, the impact of each update to the item set 𝑆 in DPSS is a lot larger. These distinctions,

therefore, make DPSS more challenging than the DSS problem. To see this, the existing optimal

ODSS algorithm requires Ω(𝑛) time to support an update in the DPSS setup even just with fixed

and known query parameters (𝛼, 𝛽) at all times.

1
Although Yi et al. [32] claimed that their algorithm can work on the Word RAM model, the technical details of the

generation of Truncated Geometric random variates have been overlooked.
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Applications of DPSS. Subset sampling is a versatile algorithmic tool that has found multifaceted

applications in influence maximization [15, 16], local clustering [29], graph neural networks [29],

bipartite matching [5], and computational epidemiology [13], among many others. Several of

these applications align well with the DPSS setting, where the item sampling probabilities may

simultaneously change after a single update, further illustrating that current algorithms (such

as DSS algorithms) are insufficient to handle such cases. For example, when solving influence

maximization [15, 16, 34] on dynamic networks, computing the reverse reachable (RR) sets by

subset sampling can be formalized as instances of DPSS. In the local clustering [2, 27, 29, 31] scenario,

Wang et al. [29] uses subset sampling techniques to accelerate the computation of random-walk

probabilities on static unweighted graphs. When this idea is applied to dynamic weighted networks,

efficient DPSS algorithms would be useful in this scenario. Further discussions on the applications

of DPSS can be found in the full version [1] of this paper.

Main Result 1: An Optimal DPSS Algorithm. Our first contribution is an optimal algorithm for

solving the DPSS problem in the Word RAM model. The main result is summarized as follows:

Theorem 1.1. Consider a set 𝑆 of 𝑛 items; there exists a data structure for solving the Dynamic

Parameterized Subset Sampling (DPSS) problem, which achieves:

• Pre-processing time: 𝑂 (𝑛) worst-case time to construct the data structure on 𝑆 ;

• Query time: 𝑂 (1 + 𝜇𝑆 (𝛼, 𝛽)) expected time to return a sample for each Parameterized Subset

Sampling (PSS) query on 𝑆 with parameters (𝛼, 𝛽), where 𝜇𝑆 (𝛼, 𝛽) is the expected size of the sample;

• Update time: 𝑂 (1) worst-case time for each item insertion or deletion.

At all times, the worst-case space consumption of such a data structure is bounded by 𝑂 (𝑛), where 𝑛
denotes the current cardinality of 𝑆 .

An Overview of Our Algorithm. Given a pair of Parameterized Subset Sampling (PSS) query param-

eters, (𝛼, 𝛽), the crucial idea of our algorithm is to convert the PSS query on 𝑆 into a 𝑂 (1) number

of PSS query instances (with possibly different query parameters on possibly different item sets), of

which the PSS results can be converted back into a feasible PSS result on 𝑆 by rejection sampling.

And each of these 𝑂 (1) query instances can be solved optimally in 𝑂 (1 + 𝜇) expected time, where

𝜇 is its expected sample size. To achieve such a conversion, and to solve those converted PSS query

instances optimally, we propose a novel data structure, called Hierarchy + Adapter + Lookup Table

(HALT). As its name suggests, it consists of three main components: (i) a three-level sampling

hierarchy, (ii) a set of dynamic adapters, and (iii) a static lookup table.

Specifically, the sampling hierarchy converts the PSS query on 𝑆 into 𝑂 (1) PSS query instances

on other item sets, while the lookup table can answer PSS queries on a special family of item sets.

Last, but not least, as the lookup table is static, while the PSS queries are parameterized on the fly,

our dynamic adapters play a crucial role to bridge the hierarchy and the lookup table. Specifically,

the adapters, dynamically translate the PSS query instances, during query time, into a form for

which our lookup table is applicable.

Main Result 2: A Hardness Result on DPSS with Float Item Weights. While our HALT

algorithm is optimal for DPSS with integer item weights, interestingly, if the item weights are

floating-point numbers, each represented by a 𝑂 (1)-word exponent and a 𝑂 (1)-word mantissa,

the DPSS problem suddenly becomes a lot more difficult. In fact, this difficulty arises even in the

deletion-only setting where the updates are deletions only. We demonstrate this by showing that

DPSS can be used to obtain an algorithm for Integer Sorting:

Theorem 1.2. Suppose there exists an algorithm for deletion-only DPSS on a set of 𝑁 items with

float weights that has pre-processing time 𝑡𝑝 (𝑁 ), expected query time (1 + 𝜇) · 𝑡𝑞 (𝑁 ), and deletion
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time 𝑡𝑑𝑒𝑙 (𝑁 ). Then the Integer Sorting problem for 𝑁 integers can be solved in 𝑡𝑝 (𝑁 ) +𝑂 (𝑁 · (𝑡𝑞 (𝑁 ) +
𝑡𝑑𝑒𝑙 (𝑁 ))) expected time on the 𝑑-bit Word RAM model with 𝑑 ∈ Ω(log𝑁 ).

In particular, this implies that if there is an optimal algorithm for deletion-only DPSS—i.e., one

with 𝑡𝑝 (𝑁 ) ∈ 𝑂 (𝑁 ), and 𝑡𝑞 (𝑁 ), 𝑡𝑑𝑒𝑙 (𝑁 ) ∈ 𝑂 (1)—then sorting 𝑁 integers (each represented with

𝑂 (1) words) can be achieved in 𝑂 (𝑁 ) expected running time on the 𝑑-bit Word RAM model with

𝑑 ∈ Ω(log𝑁 ). However, solving the Integer Sorting problem in 𝑂 (𝑁 ) expected time for every

word-length 𝑑 ∈ Ω(log𝑁 ) remains an open problem [4]. Moreover, an algorithm for deletion-only

DPSS (with float item weights) with 𝑡𝑝 (𝑁 ) ∈ 𝑜 (𝑁 ·
√︁

log log𝑁 ), and 𝑡𝑞 (𝑁 ), 𝑡𝑑𝑒𝑙 (𝑁 ) ∈ 𝑜 (
√︁

log log𝑁 )
already improves the current-best 𝑂 (𝑁 ·

√︁
log log𝑁 ) expected running time bound of Han and

Thorup [18].

Main Result 3: An Efficient Algorithm for Truncated Geometric Variate Generation. Our
third contribution is an efficient algorithm for generating Truncated Geometric random variates in

the Word RAM model. Specifically, for 𝑝 ∈ (0, 1) and a positive integer 𝑛, a truncated geometric

distribution, T-Geo(𝑝, 𝑛), returns a value 𝑖 ∈ {1, . . . , 𝑛} with probability
𝑝 (1−𝑝 )𝑖−1

1−(1−𝑝 )𝑛 . As can be seen

from the literature, c.f., the aforementioned ODSS algorithm and from our HALT algorithm, gener-

ating truncated geometric random variates is of great importance and a crucial building block in

many sampling-related algorithms. Somewhat surprisingly, given its importance, we are not aware

of any previous work on generating truncated geometric variates in 𝑂 (1) expected time with 𝑂 (𝑛)
worst-case space in the Word RAM model. We give the following theorem to make it documented:

Theorem 1.3. Let 𝑝 ∈ (0, 1) be a rational number whose numerator and denominator fit in 𝑂 (1)
words, and 𝑛 be a positive integer fitting in 𝑂 (1) words. There exists an algorithm that generates a

random variate from T-Geo(𝑝, 𝑛) in𝑂 (1) expected time and𝑂 (𝑛) space in the worst case in the Word

RAM model.

Considering the importance of efficient geometric random variate generation to many research

fields, we believe that our new algorithm is of independent interest.

The proofs of some statements (indicated by [*]) have been deffered to the appendix. Meanwhile,

the pseudocodes of our DPSS algorithms can be found in the appendix.

2 Preliminaries
In this section, we first introduce the Word RAM model [12] and then formally define the problem

of Dynamic Parameterized Subset Sampling (DPSS).

2.1 The Word RAMModel
In the Word RAM model [12], each word consists of 𝑑 bits. Each memory address is represented

by 𝑂 (1) words and hence, there are at most 2
𝑂 (𝑑 )

memory addresses, each corresponding to a

unique memory cell. Each memory cell stores a word of content which can be considered as an

integer in the range of {0, 1, . . . , 2𝑑 − 1}. The content of each memory cell can be accessed by its

memory address in 𝑂 (1) time. Furthermore, given two one-word integers 𝑎 and 𝑏, each of the

following basic arithmetic operations on 𝑎 and 𝑏 can be performed in 𝑂 (1) time: addition (𝑎 + 𝑏),
subtraction (𝑎 − 𝑏), multiplication (𝑎 · 𝑏), division with rounding (⌊𝑎/𝑏⌋), comparison (>, <,=),

truncation, and bit operations (e.g., finding the index of the highest or lowest non-zero bit in

𝑎). Moreover, every long integer is represented by an array of words, and every float number is

represented by its exponent and mantissa, where each takes 𝑂 (1) words. Finally, as a convention,
we assume that a uniformly random word of 𝑑 bits can be generated in𝑂 (1) time. Throughout this

paper, the space consumption of an algorithm is measured in words. The following fact about the

Word RAM model is useful; a detailed implementation can be found in the full version [1].
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Fact 1. In the 𝑑-bit Word RAM model, consider the integer universe𝑈 = {0, 1, . . . , 𝑑 − 1}, and a set
𝐼 ⊆ 𝑈 of 𝑛 integers; there exists a data structure that maintains all the integers in 𝐼 in a sorted linked

list and supports each of the following operations in 𝑂 (1) worst-case time:

• each update (either an insertion of a new integer or a deletion of an existing integer) to 𝐼 ;

• finding the predecessor or successor for any integer 𝑞 ∈ 𝑈 in 𝐼 .

Such a data structure consumes 𝑂 (𝑛) space at all times, where 𝑛 is the current cardinality of 𝐼 .

2.2 Dynamic Parameterized Subset Sampling
Consider a set of 𝑛 items 𝑆 = {𝑥1, . . . , 𝑥𝑛}; each item has a weight 𝑤 (𝑥𝑖 ) which is a non-negative

integer. Without loss of generality, we assume that the largest possible value of 𝑛, denoted by 𝑛max

and the largest possible value of the item weights, denoted by𝑤max can be represented with one

word (of 𝑑 bits) in the Word RAM model. Therefore, 𝑑 ∈ Ω(log(𝑛max ·𝑤max)) holds all the time.

Define𝑊𝑆 (𝛼, 𝛽) = 𝛼 ·
∑
𝑥∈𝑆 𝑤 (𝑥) +𝛽 as the parameterized total weight function of all the items in 𝑆

by two parameters 𝛼 and 𝛽 , where both 𝛼 and 𝛽 are non-negative rational numbers and each can be

represented by a𝑂 (1)-word numerator and a𝑂 (1)-word denominator. Thus, the parameterized total

weight𝑊𝑆 (𝛼, 𝛽) of 𝑆 fits in 𝑂 (1) words. Furthermore, if the value of

∑
𝑥∈𝑆 𝑤 (𝑥) is pre-computed

and maintained, the value of𝑊𝑆 (𝛼, 𝛽) can be computed in 𝑂 (1) time.

Given a pair of parameters (𝛼, 𝛽), a parameterized subset sampling query on 𝑆 asks for a subset

𝑇 ⊆ 𝑆 such that each item 𝑥 ∈ 𝑆 is selected in 𝑇 independently, with probability 𝑝𝑥 (𝛼, 𝛽) =
min

{
𝑤 (𝑥 )

𝑊𝑆 (𝛼,𝛽 ) , 1
}
. Moreover, the expected size of 𝑇 is defined as 𝜇𝑆 (𝛼, 𝛽) =

∑
𝑥∈𝑆 𝑝𝑥 (𝛼, 𝛽). Observe

that since the parameters (𝛼, 𝛽) are given on-the-fly in a parameterized subset sampling query, the

sampling probability of each item can be vastly different with different parameters (𝛼, 𝛽).
In this paper, we study the problem of parameterized subset sampling on a dynamic setting,

where the item set 𝑆 can be updated by insertions of new items (associated with a weight) and

deletions of existing items from 𝑆 . We call this problem the Dynamic Parameterized Subset Sampling

(DPSS) problem. It is worth mentioning that in the DPSS problem, the sampling probability of each

item is not only affected by the parameters (𝛼, 𝛽), but also by the updates on 𝑆 . To see this, consider
a fixed pair (𝛼, 𝛽); before and after the insertion of an item with a very large weight, the value of

𝑊𝑆 (𝛼, 𝛽) can change significantly and hence, such an update dramatically changes the sampling

probabilities of all the items.

Our goal is to design a data structure for solving the DPSS problem such that: (i) it can be con-

structed in𝑂 (𝑛) time and consumes𝑂 ( |𝑆 |) space at all times, (ii) it can answer every parameterized

subset sample query in𝑂 (1 + 𝜇𝑆 (𝛼, 𝛽)) expected time, and (iii) it supports each update to 𝑆 in𝑂 (1)
worst-case time.

3 Sampling Random Variates in the Word RAMModel
In this section, we discuss how to exactly and efficiently sample, in the Word RAM model, the key

random variates in our optimal DPSS algorithm. Due to the importance of random variate generation,

we believe that these new algorithms would be of independent interest to other problems.

As we see in the next section, our algorithm needs to generate a number of variants of Bernoulli

and Geometric random variates. We explore each in turn.

3.1 Bernoulli Random Variate Generation in the Word RAMModel
Consider a real number 𝑝 ∈ (0, 1), the Bernoulli distribution parameterized by 𝑝 , denoted by Ber(𝑝),
takes values in {0, 1} with probability Pr[Ber(𝑝) = 1] = 1 − Pr[Ber(𝑝) = 0] = 𝑝 . In particular, our

algorithm needs to generate the following three types of Bernoulli random variates, Ber(𝑝):
type (i) 𝑝 is a rational number with numerator and denominator both fitting in 𝑂 (1) words;
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type (ii) 𝑝 = 𝑝∗, where 𝑝∗ =
1−(1−𝑞)𝑛

𝑛 ·𝑞 , where 𝑞 is a rational number represented by a pair of

𝑂 (1)-word numerator and denominator, 𝑛 is a 𝑂 (1)-word integer, and 𝑛 · 𝑞 ≤ 1;

type (iii) 𝑝 = 1

2𝑝∗ , with 𝑝
∗
as in type (ii).

For type (i), Bringmann and Friedrich [7] proved the following result:

Fact 2 ([7]). If 𝑝 is a rational number with numerator and denominator being 𝑂 (1)-word integers,
then Ber(𝑝) can be evaluated in 𝑂 (1) expected running time, and 𝑂 (1) worst-case space.

To the best of our knowledge, there is no previous work showing how to generate a realization

of Ber(𝑝) of either type (ii) or type (iii) in𝑂 (1) expected time with𝑂 (𝑛) worst-case space. However,
as we see in Section 4, these two types of Bernoulli random variates play a crucial role in our

optimal DPSS algorithm. We prove the following theorem:

Theorem 3.1. Consider a Bernoulli random variate, Ber(𝑝), in the form of either 𝑝 = 𝑝∗ or 𝑝 = 1

2𝑝∗ ,

with 𝑝∗ = 1−(1−𝑞)𝑛
𝑛 ·𝑞 , where 𝑞 is a rational number represented by a pair of 𝑂 (1)-word numerator and

denominator, 𝑛 is a 𝑂 (1)-word integer, and 𝑛 · 𝑞 ≤ 1; Ber(𝑝) can be generated in 𝑂 (1) expected time

with 𝑂 (𝑛) worst-case space.
Definition 3.2 (𝑖-Bit Approximation). Consider a value 𝑝 , possibly comprising an infinite sequence

of bits. An 𝑖-bit approximation of 𝑝 , denoted by 𝑝𝑖 , is an approximation value of the 𝑖 most-significant

bits in 𝑝 , i.e., satisfies |𝑝𝑖 − 𝑝 | ≤ 2
−𝑖
, while 𝑝𝑖 itself consists of at most 𝑖 + 1 bits.

We prove Theorem 3.1 via the following algorithmic framework of Bringmann and Friedrich [7]:

Fact 3 ([7, 10]). Consider a Bernoulli random variate, Ber(𝑝) with rational parameter 𝑝 ∈ (0, 1).
Suppose the numerator and the denominator of 𝑝 both can be represented with 𝑂 (𝑛) words, and 𝑝 can

be evaluated in 𝑂 (poly(𝑛)) time and the 𝑖-bit approximation, 𝑝𝑖 , of 𝑝 can be evaluated in 𝑂 (poly(𝑖))
time. Then Ber(𝑝) can be generated in 𝑂 (1) expected time with 𝑂 (𝑛) worst-case space in the Word

RAM model.

Lemma 3.3. [*] These two claims hold simultaneously: (i) the numerator and the denominator of

𝑝 = 𝑝∗ both can be represented with 𝑂 (𝑛) words and 𝑝 can be evaluated in 𝑂 (𝑝𝑜𝑙𝑦 (𝑛)) time; and

(ii) there exists an algorithm that can evaluate each 𝑖-bit approximation 𝑝𝑖 of 𝑝 = 𝑝∗, satisfying all
conditions stated in Theorem 3.1, in 𝑂 (poly(𝑖)) time.

Lemma 3.4. [*] These two claims hold simultaneously: (i) the numerator and the denominator of

𝑝 = 1

2𝑝∗ both can be represented with 𝑂 (𝑛) words and 𝑝 can be evaluated in 𝑂 (𝑝𝑜𝑙𝑦 (𝑛)) time; and

(ii) there exists an algorithm that can evaluate each 𝑖-bit approximation 𝑝𝑖 of 𝑝 = 1

2𝑝∗ , satisfying all

conditions stated in Theorem 3.1, in 𝑂 (poly(𝑖)) time.

3.2 Geometric Random Variate Generation in the Word RAMModel
Consider a parameter 𝑝 ∈ (0, 1). The Geometric distribution Geo(𝑝) takes discrete values in N.
Specifically, Pr[Geo(𝑝) = 𝑖] = 𝑝 (1 − 𝑝)𝑖−1

, for 𝑖 ∈ N. As the value of a geometric variate can be

arbitrarily large (though it is not really likely), thus in theory, it is impossible to generate variates

from a geometric distribution with worst-case bounded space.

Bounded Geometric Variates. Nonetheless, in many application scenarios, including our optimal

DPSS algorithm, geometric random variates within a bounded range are sufficient. This is known

as the Bounded Geometric distribution. Given an integer 𝑛 ∈ N, the bounded geometric distribution,

denoted by B-Geo(𝑝, 𝑛), is defined as min{𝑛,Geo(𝑝)} with distribution:

Pr[B-Geo(𝑝, 𝑛) = 𝑖] =
{
𝑝 (1 − 𝑝)𝑖−1 𝑖 ∈ {1, · · · , 𝑛 − 1} ;

(1 − 𝑝)𝑛−1 𝑖 = 𝑛 .
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Bringmann and Friedrich [7] studied the generation of bounded geometric random variates in

the Word RAM model and gave the following theorem:

Fact 4 ([7]). Let 𝑝 ∈ (0, 1) be a rational number with numerator and denominator fitting in 𝑂 (1)
words and 𝑛 be a positive integer fitting in 𝑂 (1) words. A random variate from B-Geo(𝑝, 𝑛) =

min{𝑛,Geo(𝑝)} can be realized in 𝑂 (1) expected time and 𝑂 (𝑛) space in the worst case.

Truncated Geometric Variates. Besides the Bounded Geometric variates, the so-called Truncated

Geometric random variates are also of great importance to many applications. As we see in Section 4,

it is a crucial building block in our optimal DPSS algorithm. Given 𝑝 ∈ (0, 1) and𝑛 ∈ N, the truncated
geometric distribution, denoted by T-Geo(𝑝, 𝑛), defined on {1, . . . , 𝑛}, has distribution:

Pr[T-Geo(𝑝, 𝑛) = 𝑖] = 𝑝 (1 − 𝑝)𝑖−1

1 − (1 − 𝑝)𝑛 , for 𝑖 ∈ {1, . . . , 𝑛} .

The probability function of truncated geometric distribution can be interpreted as a conditional

probability as follows. Consider sampling each item from a bucket of 𝑛 items with probability 𝑝

independently. Then T-Geo(𝑝, 𝑛) is identically distributed as the smallest index of the sampled

items, conditioned on at least one item being sampled.

Proof of Theorem 1.3. We consider the following possible cases:

Case 1 (𝑛 ≤ 2): This is the trivial case to generate 𝑖 ∼ T-Geo(𝑝, 𝑛). If 𝑛 = 1, then T-Geo(𝑝, 𝑛) = 1

always holds. If 𝑛 = 2, it is can be verified that T-Geo(𝑝, 𝑛) returns either 𝑖 = 1 with probability
1

2−𝑝
or 𝑖 = 2 with probability

1−𝑝
2−𝑝 . In this case, T-Geo(𝑝, 𝑛) is identically distributed as 𝐵𝑒𝑟 ( 1−𝑝

2−𝑝 ) + 1.

By Fact 2, this can be achieved in 𝑂 (1) expected running time with 𝑂 (1) worst-case space. Thus,
Theorem 1.3 holds.

Case 2.1 (𝑛 ≥ 3 and 𝑛𝑝 ≥ 1): In this case, an 𝑖 ∼ T-Geo(𝑝, 𝑛) can be realized by repeatedly gen-

erating 𝑖 ∼ B-Geo(𝑝, 𝑛 + 1) until 𝑖 ≤ 𝑛 holds. In each generation, 𝑖 ≤ 𝑛 happens with probability

1− (1−𝑝)𝑛 > 1− 1

𝑒
because 𝑛𝑝 ≥ 1. Thus, 𝑖 is realized from T-Geo(𝑝, 𝑛) in𝑂 (1) trials in expectation.

By Fact 4, Theorem 1.3 holds.

Case 2.2 (𝑛 ≥ 3 and 𝑛𝑝 < 1): To handle this case, we propose an algorithm which runs as follows:

• 𝑖 ← 0;

• while 𝑖 ≤ 𝑛 do:

– 𝑖 ← 𝑖 + B-Geo( 2

𝑛
, 𝑛 + 1);

– if 𝑖 ≤ 𝑛 and Ber((1 − 𝑝)𝑖−1) = 1

∗ generate 𝑐 ← Ber( 1

2𝑝∗ ), with 𝑝
∗ = 1−(1−𝑝 )𝑛

𝑛𝑝
;

∗ if 𝑐 = 1, return 𝑖 as a realization of a random variate from T-Geo(𝑝, 𝑛);
• start over from the first step with 𝑖 ← 0;

To complete the proof of Theorem 1.3, we show the correctness and running time cost of the

above algorithm.

Correctness. Observe that the B-Geo( 2

𝑛
, 𝑛 + 1) generation in the while-loop simulates the subset

sampling process of choosing 𝑖 , for each index 𝑖 , independently with probability 2/𝑛. Thus, each 𝑖
has probability 2/𝑛 of being sampled in this step. Next, 𝑖 is provisionally accepted with probability

(1 − 𝑝)𝑖−1
via a Bernoulli trial, and 𝑖 is further eventually accepted with probability

1

2𝑝∗ . Therefore,

combining all these probabilities, we have:

Pr[𝑖 is returned as a T-Geo(𝑝, 𝑛) variate] = 2

𝑛
· (1 − 𝑝)𝑖−1 · 1

2 · 1−(1−𝑝 )𝑛
𝑛𝑝

=
𝑝 (1 − 𝑝)𝑖−1

1 − (1 − 𝑝)𝑛 .
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Hence, our algorithm for 𝑛𝑝 < 1 case correctly realizes a T-Geo(𝑝, 𝑛) random variate.

The Running Time. First, it can be verified that, B-Geo(2/𝑛, 𝑛 + 1) returns 𝑖 ≤ 𝑛 within 𝑂 (1) trials
in expectation. Next, we prove that, given an 𝑖 , our algorithm accepts 𝑖 with at least constant

probability. To see this, given an 𝑖 , it is accepted by the first Bernoulli trial with probability

(1 − 𝑝)𝑖−1 ≥ (1 − 𝑝)𝑛 ≥ (1 − 1

𝑛
)𝑛 ≥ 8

27
, where the second last inequality comes from the fact that

𝑝𝑛 < 1, while the last inequality is by the fact that 𝑛 ≥ 3 and the fucntion (1 − 1

𝑛
)𝑛 monotonically

increases with 𝑛. Furthermore, for the second Bernoulli trial, 𝑖 is accepted with probability
1

2𝑝∗ ≥
1

2
,

because 𝑝∗ =
1−(1−𝑝 )𝑛

𝑛𝑝
≤ 1. Therefore, in expectation, within 𝑂 (1) trials in total, an 𝑖 will be

returned by our algorithm. Finally, by Facts 2 and 4, and by our Theorem 3.1, all the random variates

used in each trial can be generated in 𝑂 (1) expected time with 𝑂 (𝑛) worst-case space.

4 Our Optimal DPSS Algroithm
In this section, we show our optimal dynamic parameterized subset sampling algorithm. For ease

of exposition, and based on the results in Section 3, we note that the evaluation of every random

variate used in our algorithm can be performed in 𝑂 (1) expected time with 𝑂 (𝑛) worst-case space.

4.1 A One-Level Bucket-Grouping Structure
We first introduce a one-level Bucket-Grouping Structure (BG-Str) which is a key technique to our

three-level sampling hierarchy, and which reveals the intuitions and the correctness of our algorithm.

In the following, we deliberately use 𝑋 = {𝑥1, . . . , 𝑥𝑁 } to denote the item set, to distinguish it from

the original input item set, 𝑆 : the BG-Str will be applied recursively to construct the sampling

hierarchy. To avoid the complicated floor and ceiling operations on the logarithmic values, without

loss of generality, we assume that the size, 𝑁 , of an item set is always a power-of-16 number.

Otherwise, we can conceptually pad with dummy items, each with zero weight, to make 𝑁 a

power-of-16 number. This would only increase 𝑁 by a constant factor of 16 in the worst case, and

hence, would not affect our theoretical results. Thanks to this, the values of log
2
𝑁 , log

2
log

2
𝑁 and

log
2

log
2

log
2
𝑁 are all integers.

The Data Structure. Consider a PSS instance 𝑋 = {𝑥1, . . . , 𝑥𝑁 }, the one-level bucket-grouping
structure on 𝑋 , denoted by BG-Str(𝑋 ), can be constructed in four steps:

• Step 1: Total Weight Calculation. Compute𝑊𝑋 =
∑
𝑥∈𝑋 𝑤 (𝑥). Observe that𝑊𝑋 is just a sum

of 𝑁 one-word integers, and hence,𝑊𝑋 can be stored in 𝑂 (1) words.
• Step 2: Item Bucketing. Assign the items in𝑋 to buckets by their weights. Bucket 𝐵𝑋 (𝑖) is assigned
all the items 𝑥 ∈ 𝑋 such that 2

𝑖 ≤ 𝑤 (𝑥) < 2
𝑖+1

, for 𝑖 = 0, 1, . . . , ⌊log
2
𝑤max⌋, where 𝑤max is the

largest possible weight of the items. All the non-empty buckets (containing at least one item from

𝑋 ) are maintained in a sorted linked list by their bucket index, 𝑖 , in ascending order.

• Step 3: Bucket Grouping. Organize all the buckets into groups, where the group with index, 𝑗 ,

denoted by 𝐺𝑋 ( 𝑗), is a collection of all the non-empty buckets 𝐵𝑋 (𝑖) whose bucket indices 𝑖
satisfy

⌊
𝑖

log
2
𝑁

⌋
= 𝑗 , where the largest possible value of a group index, 𝑗 , is 𝑗max =

⌊
⌊log

2
𝑤max ⌋

log
2
𝑁

⌋
. It

is worth mentioning that each group corresponds to exactly log
2
𝑁 consecutive possible bucket

indices. Analogous to the buckets, all the non-empty groups (containing at least one non-empty

bucket) are maintained in a sorted linked list by their group index, 𝑗 , in ascending order.

• Step 4: Next-Level Instance Construction. For each non-empty group, 𝐺𝑋 ( 𝑗), construct a next-
level PSS instance on a set, 𝑌𝑗 , of next-level items by the following steps:

– for each non-empty bucket 𝐵𝑋 (𝑖) ∈ 𝐺𝑋 ( 𝑗), create a next-level item, denoted by 𝑦𝑖 , with weight

𝑤 (𝑦𝑖 ) = 2
𝑖+1 · |𝐵𝑋 (𝑖) |.
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– denote the set of these next-level items by 𝑌𝑗 , and the PSS instance on 𝑌𝑗 is called the next-level

instance of 𝐺𝑋 ( 𝑗).

Lemma 4.1. The one-level bucket-grouping structure, BG-Str(𝑋 ), can be constructed in 𝑂 (𝑁 ) worst-
case time with 𝑂 (𝑁 ) space consumption.

Proof. The construction of BG-Str(𝑋 ) mainly involves the constructions and maintenance of

sorted linked lists of non-empty buckets (and non-empty groups) of length at most ⌊log
2
𝑤max⌋ ≤ 𝑑 .

According to Fact 1 in the Word RAM model, each of them can be constructed in linear time

with linear space to its size. As the sum of all their sizes is bounded by 𝑂 (𝑁 ) (because they are

non-empty), the overall construction cost and space consumption of them are bounded by𝑂 (𝑁 ). □

Answering a PSS query on 𝑋 with BG-Str(𝑋 ).Consider the bucket-grouping structure BG-Str(𝑋 ),
constructed on the item set 𝑋 . Given a PSS query with parameters (𝛼, 𝛽), the buckets 𝐵𝑋 (𝑖) can
be categorized into three types. It is worth mentioning that BG-Str(𝑋 ) itself does not have the

concept of the query parameters (𝛼, 𝛽) when constructed. All the following concepts are defined

dynamically on the fly during query time by the given parameters (𝛼, 𝛽).
• (𝛼, 𝛽)-Insignificant Buckets. 𝐵𝑋 (𝑖) is an (𝛼, 𝛽)-insignificant bucket if its bucket index 𝑖 satisfies

2
𝑖+1

𝑊𝑋 (𝛼,𝛽 ) ≤
1

𝑁 2
, where recall that𝑊𝑋 (𝛼, 𝛽) = 𝛼 ·𝑊𝑋 + 𝛽 . Since 𝐵𝑋 (𝑖) contains items with weights

in the range [2𝑖 , 2𝑖+1), each item 𝑥 in a non-empty (𝛼, 𝛽)-insignificant bucket 𝐵𝑋 (𝑖) will have
probability 𝑝𝑥 (𝛼, 𝛽) < 1

𝑁 2
to be selected in the sampling result.

• (𝛼, 𝛽)-Certain Buckets. 𝐵𝑋 (𝑖) is an (𝛼, 𝛽)-certain bucket if its bucket index 𝑖 satisfies 2
𝑖

𝑊𝑋 (𝛼,𝛽 ) ≥ 1.

As a result, each item in a non-empty (𝛼, 𝛽)-certain bucket 𝐵𝑋 (𝑖) is included in the sampling

result with probability 1.

• (𝛼, 𝛽)-Significant Buckets. If 𝐵𝑋 (𝑖) is neither of the above two types, then 𝐵𝑋 (𝑖) is an (𝛼, 𝛽)-
significant bucket. By definition, each item in such a non-empty bucket 𝐵𝑋 (𝑖) will have probability
in the range of

(
1

2𝑁 2
, 1

)
to be sampled.

Moreover, if all the possible buckets (not necessarily non-empty) in a group 𝐺𝑋 ( 𝑗) are (𝛼, 𝛽)-
insignificant (resp., (𝛼, 𝛽)-certain), then 𝐺𝑋 ( 𝑗) is an (𝛼, 𝛽)-insignificant group (resp., (𝛼, 𝛽)-certain
group). If neither of these cases holds, 𝐺𝑋 ( 𝑗) is a (𝛼, 𝛽)-significant group. Observe that for every
group, the difference between the largest and smallest bucket indices is at most log

2
𝑁 − 1. Thus,

no group can simultaneously contain an (𝛼, 𝛽)-certain bucket and an (𝛼, 𝛽)-insignificant bucket.

Lemma 4.2. Given a PSS query with parameters (𝛼, 𝛽), there can be at most three (𝛼, 𝛽)-significant
groups in BG-Str(𝑋 ).

Proof. By definition, each (𝛼, 𝛽)-significant group contains at least one possible (𝛼, 𝛽)-significant
bucket. Furthermore, observe that the union of the probability ranges of all possible (𝛼, 𝛽)-significant
buckets is ( 1

2𝑁 2
, 1). As a result, there can be at most 1+ 2 log

2
𝑁 such buckets. Since each group con-

tains log
2
𝑁 possible buckets with consecutive bucket indices, therefore, all these (𝛼, 𝛽)-significant

buckets must be contained in at most three (𝛼, 𝛽)-significant groups. □

The Query Algorithm (Algorithm 1). The basic idea is to answer a PSS query with parameters

(𝛼, 𝛽) on 𝑋 by solving the following three types of PSS query instances:

• insignificant instance: one PSS query with parameters (𝛼, 𝛽) on the set of all the items from 𝑋

that are in the buckets in all the (𝛼, 𝛽)-insignificant groups;
• certain instance: one PSS query with parameters (𝛼, 𝛽) on the set of all the items from 𝑋 that are

in the buckets in all the (𝛼, 𝛽)-certain groups;
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• next-level instances: one PSS query with parameters (0,𝑊𝑋 (𝛼, 𝛽)) on the next-level item set 𝑌𝑗
for each (𝛼, 𝛽)-significant group 𝐺𝑋 ( 𝑗). As each sampled next-level item in 𝑌𝑗 is essentially a

bucket in 𝐺𝑋 ( 𝑗), the items of 𝑋 in the bucket can be sampled with rejection sampling.

The detailed steps of the query algorithm are shown in Algorithm 1.

Algorithm 1: One-Level PSS Query Algorithm: Query(BG-Str(𝑋 ), (𝛼, 𝛽), ℓcur)
Data: a Bucket-Grouping Structure BG-Str(𝑋 ), PSS query parameters (𝛼, 𝛽), the current

recursion level ℓcur
Result: a PSS result, with parameters (𝛼, 𝛽), 𝑇 ⊆ 𝑋

1 𝑁 ← |𝑋 |;

2 𝑗1 ←
⌊
⌊log

2

𝑊𝑋 (𝛼,𝛽 )
𝑁 2

⌋−1

log
2
𝑁

⌋
, the maximum possible (𝛼, 𝛽)-insignificant group index;

3 𝑇1 ← QueryInsignificant(BG-Str(𝑋 ), (𝛼, 𝛽), 𝑗1 · log
2
𝑁 ) // Algorithm 2;

4 𝑗2 ← ⌊ ⌈log
2
𝑊𝑋 (𝛼,𝛽 ) ⌉
log

2
𝑁

⌋, the minimum possible (𝛼, 𝛽)-certain group index;

5 𝑇2 ← QueryCertain(BG-Str(𝑋 ), (𝛼, 𝛽), 𝑗2 · log
2
𝑁 ) // Algorithm 3;

6 𝑇3 ← ∅;
7 for 𝑗 from 𝑗1 + 1 to 𝑗2 − 1 do
8 𝑇 ′

3
← QueryASignificantGroup(BG-Str(𝑋 ), (𝛼, 𝛽), 𝑗 , ℓcur) // Algorithm 4;

9 𝑇3 ← 𝑇3 ∪𝑇 ′3 ;
10 𝑇 ← 𝑇1 ∪𝑇2 ∪𝑇3;

11 return 𝑇 ;

The query algorithm handles these three different types of instances with Algorithms 2, 3, and 4,

respectively. The main methodology in our algorithm is rejection sampling. Specifically, for each

item 𝑥 with sampling probability 𝑝𝑥 (𝛼, 𝛽), we first sample 𝑥 as a potential itemwith some probability

𝑝′ ≥ 𝑝𝑥 (𝛼, 𝛽), and then, we accept this item 𝑥 as a PSS result with probability
𝑝𝑥 (𝛼,𝛽 )
𝑝′ independently.

In this way, item 𝑥 will be sampled with probability 𝑝𝑥 (𝛼, 𝛽) independently as required in the PSS

query.

Next, we claim that that all the mathematical computations involved in Algorithm 1 can be

evaluated in 𝑂 (1) time in the Word RAM model. To prove this, it suffices to show the following

Claim 1 whose proof can be found in the full version [1]. As a result, the largest index 𝑗1 of the

insignificant groups and the smallest index 𝑗2 of the certain groups can be computed in 𝑂 (1) time

in the Word RAM model, as𝑊𝑋 (𝛼, 𝛽) is a rational number that satisfies the conditions in Claim 1.

Claim 1 (full version [1]). Consider a rational number 𝑥 > 0 with its numerator and denominator

being 𝑂 (1)-word integers, then ⌈log
2
(𝑥)⌉ and ⌊log

2
(𝑥)⌋ can be calculated in 𝑂 (1) time.

Handling the Insignificant Instance (Algorithm 2). By definition, each item 𝑥 in the buckets in all

those (𝛼, 𝛽)-insignificant groups has probability at most
1

𝑁 2
to be sampled. Thus, we first generate

a bounded geometric variate 𝑘 ∼ B-Geo( 1

𝑁 2
, 𝑁 + 1) to simulate the process of flipping a Bernoulli

coin Ber( 1

𝑁 2
) for each item, one by one, and 𝑘 is the index of the first item to be sampled. Clearly,

if 𝑘 > 𝑁 , then nothing will be sampled and thus done. Otherwise, Algorithm 2 first collects all the

items in this insignificant instance and stores them in an array 𝐴. If 𝑘 > |𝐴|, then it is done. But

if 𝑘 ≤ |𝐴|, the item 𝑥 at the 𝑘 th index in 𝐴, i.e., 𝐴[𝑘], is a potential item, and it is accepted in the

sampling result with probability
𝑝𝑥 (𝛼,𝛽 )

1/𝑁 2
. Thus, this item 𝑥 is equivalently sampled with probability
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𝑝𝑥 (𝛼, 𝛽). For each of the remaining items 𝑥 , at index starting from 𝑘 + 1 in the array 𝐴, Algorithm 2

flips a Bernoulli coin with probability 𝑝𝑥 (𝛼, 𝛽) to accept 𝑥 . Therefore, each item 𝑥 in the array 𝐴

will be correctly sampled, independently, with probability 𝑝𝑥 (𝛼, 𝛽).
In terms of query efficiency, recall that the bounded geometric variate 𝑘 ∼ B-Geo( 1

𝑁 2
, 𝑁 + 1) can

be generated in𝑂 (1) expected time. If 𝑘 > 𝑁 , the running time cost is𝑂 (1). Otherwise, the process
takes 𝑂 (𝑁 ) time. So the overall expected running time is bounded, thus leading to Lemma 4.3.

Pr[𝑘 ≤ 𝑁 ] ·𝑂 (𝑁 ) + Pr[𝑘 > 𝑁 ] ·𝑂 (1) ≤
(
1 −

(
1 − 1

𝑁 2

)𝑁 )
·𝑂 (𝑁 ) +𝑂 (1) ≤ 𝑂 (𝑁 )

𝑁
+𝑂 (1) = 𝑂 (1) .

Lemma 4.3. Algorithm 2 returns a correct PSS result with parameters (𝛼, 𝛽) on the set of items in

the insignificant instance in 𝑂 (1) expected time.

Handling the Certain Instance (Algorithm 3). For the certain instance, each item 𝑥 has a sampling

probability 𝑝𝑥 (𝛼, 𝛽) = 1. Therefore, Algorithm 3 simply collects and returns all these items in the

corresponding buckets, giving the following lemma.

Lemma 4.4. Algorithm 3 returns a correct PSS result with parameters (𝛼, 𝛽) on the set of items in

the certain instance in 𝑂 (1 + ℓ) time, where ℓ is the number of items sampled.

Handling Each Significant Group (Algorithm 4).We now discuss the details for handling each (𝛼, 𝛽)-
significant group𝐺𝑋 ( 𝑗). The core idea of Algorithm 4 is to first obtain a subset𝑇𝑌𝑗 of the next-level

item set 𝑌𝑗 such that each next-level item 𝑦𝑖 ∈ 𝑌𝑗 is sampled independently with probability

min

{
1,

𝑤 (𝑦𝑖 )
𝑊𝑋 (𝛼,𝛽 )

}
. To achieve this, Algorithm 4 invokes a PSS query with parameters (0,𝑊𝑋 (𝛼, 𝛽))

on 𝑌𝑗 . As each next-level item 𝑦𝑖 corresponds to a bucket 𝐵𝑋 (𝑖),𝑇𝑌𝑗 is treated as a list of the buckets
corresponding to its next-level items. And each bucket 𝐵𝑋 (𝑖) ∈ 𝑇𝑦 𝑗 is called a candidate bucket

because it has a chance to contain a potential item 𝑥 ∈ 𝐵𝑋 (𝑖) which is sampled with probability of

𝑝 = min

{
1, 2

𝑖+1

𝑊𝑋 (𝛼,𝛽 )

}
. If a candidate bucket 𝐵𝑋 (𝑖) is confirmed via rejection sampling to have at

least a potential item in it, then 𝐵𝑋 (𝑖) is called a promising bucket.

The next step is to extract items from the candidate bucket. As this step will be reused later,

we summarize the steps in Algorithm 5. Specifically, Algorithm 5 accepts each candidate bucket

𝐵𝑋 (𝑖) ∈ 𝑇𝑌𝑗 as a promising bucket by the following steps, depending on two cases. Denote by

𝑛𝑖 = |𝐵𝑋 (𝑖) | the number of items in 𝐵𝑋 (𝑖).
Case 1 (𝑝 · 𝑛𝑖 ≥ 1): In this case, bucket 𝐵𝑋 (𝑖) indeed has probability of 1 to be included in 𝑇𝑌𝑗 , i.e.,

Pr[𝐵𝑋 (𝑖) ∈ 𝑇𝑌𝑗 ] = 1. Algorithm 5 generates a random variate 𝑘 ∼ B-Geo(𝑝, 𝑛𝑖 + 1). If 𝑘 > 𝑛1, which

happens with probability 𝑞 = (1 − 𝑝)𝑛𝑖 , then reject 𝐵𝑋 (𝑖) because Pr[𝐵𝑋 (𝑖) ∈ 𝑇𝑌𝑗 ] · 𝑞 = (1 − 𝑝)𝑛𝑖
is exactly the probability that 𝐵𝑋 (𝑖) has no potential items. Otherwise, 𝐵𝑋 (𝑖) is accepted as a

promising bucket and the 𝑘 th item 𝑥 in 𝐵𝑋 (𝑖) is a potential item sampled with probability 𝑝 .

Case 2 (𝑝 · 𝑛𝑖 < 1): In this case, Pr[𝐵𝑋 (𝑖) ∈ 𝑇𝑌𝑗 ] = 𝑝 · 𝑛𝑖 . Algorithm 5 generates a Bernoulli coin

𝑐 ∼ Ber

(
1−(1−𝑝 )𝑛𝑖

𝑝 ·𝑛𝑖

)
. If 𝑐 = 0, then reject 𝐵𝑋 (𝑖). Otherwise, 𝐵𝑋 (𝑖) is accepted as a promising bucket,

observing that this event happens with probability Pr[𝐵𝑋 (𝑖) ∈ 𝑇𝑌𝑗 ] ·Pr[𝑐 = 1] = 1− (1−𝑝)𝑛𝑖 , which
is exactly the probability of 𝐵𝑋 (𝑖) containing at least one potential item. However, the most tricky

aspect is to find the first potential item, 𝑥 , in 𝐵𝑋 (𝑖) conditioned on the fact that 𝐵𝑋 (𝑖) is a promising

bucket, such that 𝑥 is still equivalently sampled with probability of 𝑝 . To overcome this, Algorithm 5

generates a truncated geometric random variate 𝑘 ∼ T-Geo(𝑝, 𝑛𝑖 ), where the truncated geometric

distribution guarantees to return an index 𝑘 such that (i) 𝑘 ≤ 𝑛𝑖 , and (ii) Pr[𝑘 = 𝑗] = 𝑝 (1−𝑝 ) 𝑗−1

1−(1−𝑝 )𝑛𝑖 .

As discussed in Section 3, the value of 𝑘 has the same distribution as the smallest sampled index
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in [1, 𝑛𝑖 ], each sampled with probability 𝑝 , conditioned on that at least one index being sampled.

Therefore, the 𝑘 th item in 𝐵𝑋 (𝑖) has a probability of 𝑝 to be sampled as a potential item.

As a result, in either case, if 𝐵𝑋 (𝑖) is confirmed as a promising bucket, Algorithm 5 always

gives the index 𝑘 of the first potential item 𝑥 in 𝐵𝑋 (𝑖) with correct probability, 𝑝 . Algorithm 5

further generates a Bernoulli coin 𝑐 ∼ Ber

(
𝑝𝑥 (𝛼,𝛽 )

𝑝

)
(Line 12) to accept 𝑥 and add it to the PSS

result, 𝑇3. Then the algorithm repeatedly generates the index of the next potential item with

bounded geometric distribution B-Geo(𝑝, 𝑛𝑖 + 1) and performs the same rejection sampling process

until the index is > 𝑛𝑖 .

Lemma 4.5. Algorithm 4 returns a correct PSS result with parameters (𝛼, 𝛽) on the set of items in

the given (𝛼, 𝛽)-signifincant group 𝐺𝑋 ( 𝑗).

Proof. The correctness of Algorithm 4 follows from the discussion above. That is, each bucket

𝐵𝑋 (𝑖) ∈ 𝑌𝑗 has a probability of 1− (1−𝑝)𝑛𝑖 to be accepted as a promising bucket independently; and

each item in a promising bucket 𝐵𝑋 (𝑖) has correct probability 𝑝 to be identified as a potential item

independently, where 𝑛𝑖 = |𝐵𝑋 (𝑖) | and 𝑝 = min{1, 2
𝑖+1

𝑊𝑋 (𝛼,𝛽 ) }. Furthermore, each potential item, 𝑥 , is

accepted in the returned sampling result independently with probability
𝑝𝑥 (𝛼,𝛽 )

𝑝
. Therefore, each

item is sampled in the returned sampling result independently with probability 𝑝𝑥 (𝛼, 𝛽). □

Theorem 4.6 (Correctness). Given a PSS query with parameters (𝛼, 𝛽) on 𝑋 , let 𝑇 ⊆ 𝑋 be

the sampling result returned by Algorithm 1. Every item 𝑥 ∈ 𝑋 is selected in 𝑇 independently with

probability 𝑝𝑥 (𝛼, 𝛽).

Proof. This theorem follows immediately from Lemmas 4.3, 4.4 and 4.5. □

Theorem 4.7 (Query Complexity). Suppose that every PSS query with parameters (0,𝑊𝑋 (𝛼, 𝛽))
on the next-level item set 𝑌𝑗 of a (𝛼, 𝛽)-significant group can be answered in 𝑂 (1 + 𝜇𝑌𝑗 ) time in

expectation, where 𝜇𝑌𝑗 is the expected size of the sampling result on 𝑌𝑗 . The overall expected running

time of Algorithm 1 is bounded by 𝑂 (1 + 𝜇𝑋 (𝛼, 𝛽)).

Proof. Observe that Algorithm 1 invokes Algorithm 2 and Algorithm 3 each once, and Algo-

rithm 4 at most three times according to Lemma 4.2. Moreover, by Lemma 4.3, the expected running

time of Algorithm 2 for the insignificant instance is 𝑂 (1). And by Lemma 4.4, Algorithm 3 takes

𝑂 (1 + ℓ) time, where ℓ is the number of items in the certain instance. Therefore, it suffices to show

that the expected running time of Algorithm 4 for each significant group 𝐺𝑋 ( 𝑗) is bounded by

𝑂 (1 + 𝜇), where 𝜇 is the expected size of the PSS result on the items in 𝐺𝑋 ( 𝑗) with parameters

(𝛼, 𝛽).
First, by the assumption in the theorem statement, the list 𝑇𝑌𝑗 of candidate buckets can be

obtained in 𝑂 (1 + 𝜇𝑌𝑗 ) expected time, where 𝜇𝑌𝑗 is equivalent to the expected number of candidate

buckets, as discussed earlier. Consider the following claim.

Claim 2. Each candidate bucket 𝐵𝑋 (𝑖) ∈ 𝑇𝑌𝑗 has Ω(1) probability to be accepted as a promising.

If Claim 2 holds, then 𝜇𝑌𝑗 can be bounded by 𝑂 (𝜇prom), where 𝜇prom is the expected number

of promising buckets. Moreover, by definition, each promising bucket 𝐵𝑋 (𝑖) contains at least
one potential item sampled with probability 𝑝 = min{1, 2

𝑖+1

𝑊𝑋 (𝛼,𝛽 ) }. Thus, 𝜇prom is bounded by the

expected number of potential items. Furthermore, each potential item 𝑥 ∈ 𝐵𝑋 (𝑖) is accepted to be

in the sampling result with probability
𝑝𝑋 (𝛼,𝛽 )

𝑝
≥ 1

2
. This is because, by the fact that 𝑥 ∈ 𝐵𝑋 (𝑖), we

have𝑤 (𝑥) ∈ [2𝑖 , 2𝑖+1). Therefore, 𝜇𝑌𝑗 is then bounded by the expected number of promising buckets,

then bounded by the expected number of potential items, and thus, bounded by the expected size
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of the PSS result, 𝑂 (𝜇). And hence, all the processing costs on the candidate buckets, promising

buckets and the potential items can be charged to the output cost, in expectation.

Now, we prove Claim 2. Consider a candidate bucket 𝐵𝑋 (𝑖) ∈ 𝑇𝑌𝑗 ; let 𝑛𝑖 = |𝐵𝑋 (𝑖) | and 𝑝 =

min{1, 2
𝑖+1

𝑊𝑋 (𝛼,𝛽 ) }. Recall that Algorithm 4 considers two cases:

Case 1 (𝑝 · 𝑛𝑖 ≥ 1): In this case, 𝐵𝑋 (𝑖) is rejected with probability (1 − 𝑝)𝑛𝑖 ≤ (1 − 1

𝑛𝑖
)𝑛𝑖 ≤ 1

𝑒
.

Thus, 𝐵𝑋 (𝑖) is accepted as a promising bucket with probability at least 1 − 1

𝑒
∈ Ω(1).

Case 2 (𝑝 · 𝑛𝑖 < 1): Recall that, in this case, 𝐵𝑋 (𝑖) is accepted with probability
1−(1−𝑝 )𝑛𝑖

𝑝 ·𝑛𝑖 . We claim

that this probability is at least 1 − 1

𝑒
. To see this, consider the function 𝑓 (𝑎, 𝑏) = 1−(1−𝑏 )𝑎/𝑏

𝑎
for

𝑎 = 𝑝 ·𝑛𝑖 < 1 and 𝑏 = 𝑝 ∈ (0, 1). It can be verified that 𝑓 (𝑎, 𝑏) decreases monotonically with respect

to 𝑎 by analyzing the partial derivative of 𝑓 with respect to 𝑎. The detailed analysis can be found in

the full version [1]. Thus, we have 𝑓 (𝑎, 𝑏) > 1 − (1 − 𝑏)1/𝑏 > 1 − 1

𝑒
∈ Ω(1). As a result, 𝐵𝑋 (𝑖) is

accepted as a promising bucket with probability at least Ω(1).
Combining the above two cases, Claim 2 holds. Moreover, our results on random variate generation

in Section 3 imply that all the random variates used in Algorithm 4 can be generated in 𝑂 (1)
expected time. Putting all the above together, Theorem 4.7 follows. □

Theorem 4.7 implies that, as long as we can answer the PSS queries optimally on the next-level

instances, we can answer the PSS query on 𝑋 optimally. Moreover, observe that the next-level

item set size is at most log
2
𝑁 , logarithmic in the size of 𝑋 . This motivates an idea of recursively

applying the same bucket-grouping technique on next-level item set 𝑌𝑗 of each group𝐺𝑋 ( 𝑗). When

the next-level instance is “small” enough, we use a lookup table to answer the PSS queries on

them optimally. While this idea looks natural, certain non-trivial technical challenges remain to be

addressed. First, by Lemma 4.2, each recursion level increases the number of next-level instances by

a factor of 3. Thus, the recursion cannot be so deep that it exceeds𝑂 (1) recursion levels. Otherwise,

a super-constant factor would be introduced to the query time complexity. Second, having only𝑂 (1)
recursion levels does not reduce the problem size to 𝑂 (1). Thus, it is not trivial to design a lookup

table with space consumption bounded by 𝑂 (𝑁 ). Third, the next-level instances are dynamic,

depending on the query parameters (𝛼, 𝛽). However, the lookup table is static. As a result, reducing

the next-level instances to problems where the lookup table is applicable during the query time is a

challenging task.

4.2 The Three-Level Sampling Hierarchy
Given a set 𝑆 of 𝑛 items, the three-level sampling hierarchy of 𝑆 is constructed as follows:

• Level-1: Construct BG-Str(𝑆);
• Level-2: For each group 𝐺𝑆 ( 𝑗) in BG-Str(𝑆):

– construct BG-Str(𝑌𝑗 ) on the next-level item set 𝑌𝑗 of 𝐺𝑆 ( 𝑗);
– denote each bucket with bucket index 𝑖 by 𝐵𝑌𝑗 (𝑖), and each group with group index 𝑘 by𝐺𝑌𝑗 (𝑘);
– denote the next-level item corresponding to bucket 𝐵𝑌𝑗 (𝑖) by 𝑧𝑖 and the next-level item set of

group 𝐺𝑌𝑗 (𝑘) by 𝑍𝑘 .
– Level-3: For each group 𝐺𝑌𝑗 (𝑘) in BG-Str(𝑌𝑗 ),

∗ construct BG-Str(𝑍𝑘 ) on the next level item set 𝑍𝑘 of 𝐺𝑌𝑗 (𝑘);
∗ denote each bucket with bucket index 𝑖 by 𝐵𝑍𝑘 (𝑖) and its corresponding next-level item by 𝑣𝑖 ;

∗ denote the set of all the next-level items of the buckets by𝑉𝑘 ; the PSS instance on 𝑍𝑘 is called

a final-level instance.

Lemma 4.8. Given a set 𝑆 of 𝑛 items, the three-level sampling hierarchy can be constructed in 𝑂 (𝑛)
time with 𝑂 (𝑛) space consumption.
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Fig. 1. Visualization of the three-level sampling hierarchy. Here, circles represent items and ovals represent
buckets. The diagram illustrates the structure of a level-1 group𝐺𝑋 ( 𝑗), where each bucket in𝐵𝑋 (𝑖) corresponds
to an item 𝑦𝑖 ∈ 𝑌𝑗 . The BG-Str(𝑌𝑗 ) contains multiple buckets in multiple groups. Each group, e.g. 𝐺𝑌𝑗 (𝑘)
corresponds to a next-level item set, e.g. 𝑍𝑘 . In level-3, each item set 𝑍𝑘 generates one final-level instance 𝑉𝑘 ,
in which each item corresponds to a bucket in level-3.

Proof. This lemma follows from Lemma 4.1 and the facts that, (i) at each level, the total number

of the (next-level) items is at most 𝑛, and (ii) there are only three levels. □

The Overall Query Algorithm. To perform a PSS query with parameters (𝛼, 𝛽) on 𝑆 , the overall
query algorithm is as simple as invoking Algorithm 1, Query(BG-Str(𝑆), (𝛼, 𝛽), ℓcur = 1).

Lemma 4.9 (Correctness). Every PSS query with parameters (𝛼, 𝛽) on 𝑆 can be correctly answered
with the three-level sampling hierarchy.

Proof. Follows immediately by applying Theorem 4.6 inductively. □

Lemma 4.10 (Query Complexity). If there exists an algorithm that can solve every final-level

instance on 𝑍𝑘 optimally in𝑂 (1 + 𝜇𝑍𝑘 ) expected time, then the PSS query with parameters (𝛼, 𝛽) on 𝑆
can be answered optimally in 𝑂 (1 + 𝜇𝑆 (𝛼, 𝛽)) expected time.

Proof. First, by Lemma 4.2, there are at most 3 next-level instances on 𝑌𝑗 ’s at level-1. By the

same lemma, each of these instances on 𝑌𝑗 can produce at most 3 next-level instances on 𝑍𝑘 ’s at

level-2. And each instance on 𝑍𝑘 corresponds to a final-level instance 𝑉𝑘 . Therefore, there are in

total at most 9 final-level instances.

Second, by mathematical induction from the final level, with Theorem 4.7, the query complexity

of the one-level algorithm, and by the fact that there are at most 9 final-level instances, the overall

expected query time complexity follows. □

Thus, the problem reduces to solving the final-level PSS instances optimally. Our approach is

to use a lookup table. However, the basic idea of a lookup table is to hard code all the possible

sampling results for all possible input configurations for a special family of static subset sampling

problems. Therefore, three main challenges must be addressed. The first challenge is to efficiently
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construct a suitable static subset sampling instance from a final-level PSS instance, where the latter

is dynamic and parameterized on the fly by (𝛼, 𝛽). The second challenge is how to “encode” the

configuration of static subset sampling instance such that it can be evaluated and located in the

lookup table in 𝑂 (1) time. Third, the overall space consumption of both the lookup table and the

“encoder” must be bounded by 𝑂 (𝑛). Next, we introduce the remaining two components in our

HALT structure, i.e., the adapters and the lookup table, to address these technical challenges.

4.3 The Lookup Table in HALT
In order to set up the context of the goal which the adapters aim to achieve, we first introduce the

lookup table in our HALT structure.

Define 𝑛0 be the size of the item set 𝑆 when the HALT structure is constructed. Our lookup table

aims to solve a special static subset sampling (4S) problem in the following form:

• the input item set 𝑉 contains exactly 𝐾 items {𝑣1, 𝑣2, . . . , 𝑣𝐾 }, where 𝐾 = 2 · log
2

log
2

log
2
𝑛0;

• the sampling probability of the 𝑖th item 𝑣𝑖 in 𝑉 is in the form of 𝑝𝑖 = min{1, 2
𝑖+1 ·𝑐𝑖
𝑚2
}, where 𝑐𝑖 is

an integer in the range of [0,𝑚] and𝑚 is an integer bounded by 𝑂 (log log𝑛0); as a result, the
probability of each item must be an integer multiple of

1

𝑚2
.

Therefore, every possible input to the above 4S problem can be uniquely specified by a𝐾-dimensional

vector ®𝑐 = (𝑐1, 𝑐2, . . . , 𝑐𝐾 ), where each 𝑐𝑖 is an integer in [0,𝑚]. Each ®𝑐 is called an input configuration
of the 4S problem. The total number of possible input configurations is (𝑚 + 1)𝐾 .

Consider a fixed input configuration ®𝑐 . Every possible subset sampling result can be encoded by

a 𝐾-bit string 𝑟 , where the 𝑖th bit 𝑟 [𝑖] = 1 indicates the item 𝑣𝑖 is in the sampling result and 𝑟 [𝑖] = 0

means 𝑣𝑖 is not. Thus, the probability of obtaining a subset sampling result 𝑟 can be calculated as:

Pr(𝑟 ) =
𝐾∏
𝑖=1

(𝑟 [𝑖] · 𝑝𝑖 + (1 − 𝑟 [𝑖]) · (1 − 𝑝𝑖 )) .

Since 𝑝𝑖 is an integer multiple of
1

𝑚2
, Pr(𝑟 ) is an integer multiple of

1

(𝑚2 )𝐾 . Furthermore, observe

that there are exactly 2
𝐾
possible subset sampling results, 𝑟 . Summing Pr(𝑟 ) over all 𝑟 ’s, we must

have

∑
𝑟 ∈{0,1}𝐾 Pr(𝑟 ) = 1.

Therefore, all the possible subset sampling results for a fixed input configuration, ®𝑐 , can be

encoded in an array 𝐴(®𝑐) of (𝑚2)𝐾 cells and each cell is an 𝐾-bit string. Specifically, each subset

sampling result 𝑟 is stored in exactly Pr(𝑟 ) · (𝑚2)𝐾 cells in the array𝐴(®𝑐). As a result, given an input

configuration ®𝑐 to the 4S problem, a subset sampling result for ®𝑐 can be obtained by picking a cell

in 𝐴(®𝑐) uniformly at random and returning the 𝐾-bit string 𝑟 as the subset sampling result. Clearly,

each subset sampling result 𝑟 will be returned with probability exactly Pr(𝑟 ) independently.
Figure 2 shows the detailed structure of the lookup table.

The Lookup Table and Query Algorithm. Our lookup table T contains (𝑚 + 1)𝐾 rows, where

each row is an array 𝐴(®𝑐) corresponding to an input configuration ®𝑐 . Given an input configuration

®𝑐 , the query algorithm works as follows:

• locate the corresponding row 𝐴(®𝑐) in T of ®𝑐;
• uniformly at random select an index in 𝐴(®𝑐) and return the 𝐾-bit string in the cell at the index

as the subset sampling result.

Lemma 4.11. Each input configuration ®𝑐 can be represented in 𝑂 (1) words.

Proof. Since each 𝑐𝑖 is an integer in [0,𝑚], it can be encoded in ⌈log
2
(𝑚 + 1)⌉ bits. Thus, ®𝑐

can be encoded in 𝐾 · ⌈log
2
(𝑚 + 1)⌉ ∈ 𝑂 (log𝑛0) ⊆ 𝑂 (𝑑) bits, equivalently, 𝑂 (1) words, where

𝐾 ∈ 𝑂 (log log log𝑛0) and𝑚 ∈ 𝑂 (log log𝑛0). □
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Fig. 2. Visualization of a lookup table. It contains (𝑚+1)𝐾 rows, each row corresponds to a configuration, and
each row contains (𝑚2)𝐾 cells. Each cell holds a 𝐾-bit string, e.g. 𝑟0, 𝑟1, . . .. As shown in the figure, for a given
configuration ®𝑐 = {𝑐1, 𝑐2, . . . , 𝑐𝐾 }, if Pr(𝑟0) = 6

(𝑚2 )𝐾 , then there are 6 cells storing 𝑟0 in the corresponding row.

Lemma 4.12. The lookup table T answers each subset sampling query for each configuration ®𝑐 for
the 4S problem in 𝑂 (1 + 𝜇 (®𝑐)) expected time, where 𝜇 (®𝑐) is the expected size of the subset sample.

Proof. Since each ®𝑐 can be encoded in 𝑂 (1) words, locating the row 𝐴(®𝑐) in the lookup table T
can be performed in 𝑂 (1) time. By our assumption at the beginning of this section, generating an

index of 𝐴(®𝑐) uniformly at random can be achieved in 𝑂 (1) expected time. Retrieving the subset

sampling result from the 𝐾-bit string 𝑟 can be performed in 𝑂 (1 + |𝑟 |) time in the Word RAM

model, where |𝑟 | is the number of items in the sampling result. Therefore, the overall query time is

bounded by 𝑂 (1 + 𝜇 (®𝑐)) in expectation. □

Lemma 4.13. The lookup table T can be constructed in𝑂 (𝑛0) time and the space consumption of T
is bounded by 𝑂 (𝑛0).

Proof. For an input configuration ®𝑐 , there are 2
𝐾
possible subset sampling results 𝑟 . The proba-

bility of each 𝑟 can be computed in 𝑂 (𝐾) time. Furthermore, 𝐴(®𝑐) contains𝑚2𝐾
cells and each cell

stores 𝐾 bits. The total running time for constructing𝐴(®𝑐) is thus bounded by𝑂 (𝐾 · 2𝐾 +𝐾 ·𝑚2𝐾 ) =
𝑂 (𝐾 ·𝑚2𝐾 ) time. Summing over all (𝑚 + 1)𝐾 rows, the overall construction time of T is bounded by

𝑂 ((𝑚 + 1)𝐾 · 𝐾 ·𝑚2𝐾 ) time. As 𝐾 ∈ 𝑂 (log log log𝑛0) and𝑚 ∈ 𝑂 (log log𝑛0), this construction time

is thus bounded by 𝑂 (𝑛0). In terms of space consumption, T contains in total (𝑚 + 1)𝐾 · 𝐾 ·𝑚2𝐾

bits, which is bounded by 𝑂 (𝑛0) words. □

4.4 Bridging the Hierarchy and the Lookup Table via Adapters
It remains to show how to convert a final-level PSS query instance into an input configuration

for the 4S problem in 𝑂 (1) time on the fly during query time. Once this is accomplished, then

Lemma 4.10 implies that the PSS query (𝛼, 𝛽) on 𝑆 can be answered optimally.

For this purpose, we introduce an adapter for each final-level PSS query instance. And the space

consumption of each such adapter is bounded by𝑂 (1) words. As there are at most𝑂 (𝑛0) final-level
PSS query instances, the total space consumption of the adapters is bounded by 𝑂 (𝑛0). Recall
that 𝑛0 is the size of the item set 𝑆 when the HALT structure is constructed, and 𝑛 is the current

size of 𝑆 . Without loss of generality, we assume that 𝑛0/2 ≤ 𝑛 ≤ 2𝑛0. If this is not the case, we

can rebuild the HALT structure on the current 𝑆 to make this assumption hold. More details about

global rebuilding and de-amortization are discussed in Section 4.5.
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Recall that in the three-level hierarchy, at Level-1, the next-level item set 𝑌𝑗 of each group𝐺𝑆 ( 𝑗)
in BG-Str(𝑆) contains at most log

2
𝑛0 items; and at Level-2, the next-level item set 𝑍𝑘 of each group

𝐺𝑌𝑗 (𝑘) in BG-Str(𝑌𝑗 ) has size at most log
2

log
2
𝑛0. Furthermore, at Level-3, each item 𝑣𝑖 in the item

set 𝑉𝑘 in the final-level instance corresponds to a non-empty bucket, 𝐵𝑍𝑘 (𝑖), of items in 𝑍𝑘 , where

each item 𝑧 ∈ 𝑍𝑘 corresponds to a bucket in group 𝐺𝑌𝑗 (𝑘). Thus, we have |𝑉𝑘 | ≤ |𝑍𝑘 | ≤ 𝑚, where

𝑚 = log
2

log
2
𝑛0. And the weight of each item 𝑣𝑖 ∈ 𝑉𝑘 is𝑤 (𝑣𝑖 ) = 2

𝑖+1 · |𝐵𝑍𝑘 (𝑖) | ≤ 2
𝑖+1 ·𝑚.

A Simple but Space-Inefficient Adapter Implementation. Define𝑚 = log
2

log
2
𝑛0. Consider

the final-level instance on 𝑍𝑘 as aforementioned. A simple implementation of an adapter is to

maintain an array A of length 𝐿, where 𝐿 is number of possible bucket indices of the items in 𝑍𝑘 ,

and for 𝑖 ∈ [0, 𝐿 − 1],A[𝑖] stores the size of (possibly empty) bucket 𝐵𝑍𝑘 (𝑖). Moreover, as |𝑍𝑘 | ≤ 𝑚,

each bucket size must be an integer in [0,𝑚].

The Query Algorithm for a Final-Level Instance.Given a PSS query with parameters (0,𝑊𝑆 (𝛼, 𝛽)) on
𝑉𝑘 , the following query algorithm aims to return a PSS result𝑇 ⊆ 𝑍𝑘 with parameters (0,𝑊𝑆 (𝛼, 𝛽)).

QueryFinalLevel( BG-Str(𝑍𝑘 ), (0,𝑊𝑆 (𝛼, 𝛽)) ).
• compute the largest possible index 𝑖1 of bucket 𝐵𝑍𝑘 (𝑖1) such that

2
𝑖
1
+1

𝑊𝑆 (𝛼,𝛽 ) ≤
2

𝑚2
;

• compute the smallest possible index 𝑖2 of bucket 𝐵𝑍𝑘 (𝑖2) such that
2
𝑖
2

𝑊𝑆 (𝛼,𝛽 ) ≥ 1;

• 𝑇1 ← QueryInsignificant(BG-Str(𝑍𝑘 ), (0,𝑊𝑆 (𝛼, 𝛽)), 𝑖1) // Algorithm 2;

• 𝑇2 ← QueryCertain(BG-Str(𝑍𝑘 ), (0,𝑊𝑆 (𝛼, 𝛽)), 𝑖2) // Algorithm 3;

• process all the remaining buckets 𝐵𝑍𝑘 (𝑖) with index 𝑖 ∈ [𝑖1 + 1, 𝑖2 − 1]:
– collect all the bucket sizes inA[𝑖1+1, 𝑖2−1] as an input configuration ®𝑐 for the 4S problem; specif-

ically, recall that the 𝑗 th item in the 4S problem is selectedwith probability 𝑝 𝑗 = min

{
1,

2
𝑗+1 ·®𝑐 [ 𝑗 ]
𝑚2

}
,

where ®𝑐 [ 𝑗] = |𝐵𝑍𝑘 ( 𝑗 + 𝑖1) |;
– use the lookup table T to obtain a subset sampling result 𝑟3 for the 4S problem with input

configuration ®𝑐 ; note that 𝑟3 is a bit string of length (𝑖2 − 𝑖1 − 1), where the 𝑗 th bit in 𝑟3 being 1

indicates the bucket with index ( 𝑗 + 𝑖1) is selected;
– initialize an empty set 𝑇 ′

3
;

– for each index 𝑗 ∈ {1, 2, . . . , 𝑖2 − 𝑖1 − 1} such that 𝑟3 [ 𝑗] = 1, add the item 𝑣 ∈ 𝑉𝑘 corresponding

bucket 𝐵𝑍𝑘 ( 𝑗 + 𝑖1) to 𝑇 ′3 with probability

min

{
1,

𝑤 (𝑣)
𝑊𝑆 (𝛼,𝛽 )

}
𝑝 𝑗

;

– 𝑇3 ← ExtractItems(BG-Str(𝑍𝑘 ), 𝑇
′
3
, (0,𝑊𝑆 (𝛼, 𝛽)) // Algorithm 5

• return 𝑇 = 𝑇1 ∪𝑇2 ∪𝑇3;

Lemma 4.14. The configuration ®𝑐 is a legal 4S problem input defined for the lookup table T .

Proof. From the above query algorithm, ®𝑐 contains exactly 𝑖2 − 1 − (𝑖1 + 1) + 1 = 𝑖2 − 𝑖1 − 1

integers. Observe that all the buckets with indices in the range [𝑖1 + 1, 𝑖2 − 1] must correspond to a

power-of-two probability in the range [ 1

𝑚2
, 1]. Therefore, there are at most ⌈2 log

2
𝑚⌉ ∈ 𝑂 (log𝑚) =

𝑂 (log log log𝑛0) possible buckets. And hence, ®𝑐 contains exactly 𝐾 ∈ 𝑂 (log log log𝑛0) integers.
Moreover, each integer is indeed a bucket size which is in the range [0,𝑚]. Therefore, ®𝑐 is a legal
input configuration to the 4S problem. □

Lemma 4.15 (Correctness). 𝑇 is a correct PSS result on 𝑍𝑘 with parameters (0,𝑊𝑆 (𝛼, 𝛽)).

Proof. The correctness of the sampling result 𝑇1 ∪𝑇2 follows immediately from the correctness

of our algorithms for the insignificant instance and the certain instance. By the correctness of

the lookup table and the rejection sampling approach, each item 𝑣 ∈ 𝑉𝑘 corresponding to a non-
empty bucket 𝐵𝑍𝑘 (𝑖) with index in A[𝑖1 + 1, 𝑖2 − 1] is sampled with probability of min{1, 𝑤 (𝑣)

𝑊𝑆 (𝛼,𝛽 ) }
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independently. Thus, by the correctness of Algorithm 5 which extracts the items from a given

candidate bucket list, the sampling result 𝑇3 is correct, and hence, 𝑇 is correct. □

Lemma 4.16 (Query Complexity). The overall running time of the above final-level query algorithm

is bounded by𝑂 (1 + 𝜇𝑍𝑘 ) in expectation, where 𝜇𝑍𝑘 is the expected size of PSS query result on 𝑍𝑘 with

parameters (0,𝑊𝑆 (𝛼, 𝛽)).
Proof. First, the expected query running time for obtaining items in 𝑇1 ∪𝑇2 follows from the

complexity of the corresponding algorithms.

Next, we analyse the running time cost of obtaining 𝑇3. By the definition of 𝑖1 and 𝑖2, the length

of the subarray A[𝑖1 + 1, 𝑖2 − 1] is bounded 𝑖2 − 𝑖1 − 1 ∈ 𝑂 (log𝑚). Each bucket size is an integer

at most 𝑚; thus, each bucket size can be encoded in 𝑂 (log𝑚) bits. Therefore, A[𝑖1 + 1, 𝑖2 − 1]
takes𝑂 (log

2𝑚) = 𝑂 ((log log log𝑛0)2) ⊂ 𝑂 (𝑑) bits, equivalently,𝑂 (1) words. As a result, the input
configuration ®𝑐 can be constructed in 𝑂 (1) time. Moreover, the lookup table returns a sampling

result 𝑟3 for the 4S problem on ®𝑐 in𝑂 (1) time. In the Word RAM model, the next non-zero bit 𝑗 in 𝑟3

can be computed in 𝑂 (1) time. Thus, the overall expected running time of rejection sampling is

bounded by𝑂 (𝐽 ), where 𝐽 is the number of non-zero bits in 𝑟3. To complete the proof of this lemma,

it remains to show that each potential item 𝑣 suggested by a non-zero bit in 𝑟3 has at least Ω(1)
probability to be accepted in𝑇3. If this is the case, then𝑂 (𝐽 ) as well as the overall expected running
time of our query algorithm, is bounded by 𝑂 (1 + 𝜇𝑉𝑘 ).

Consider a non-zero bit 𝑟3 [ 𝑗] = 1 at index 𝑗 ; let 𝑣 ∈ 𝑉𝑘 be the potential item corresponding to the

bucket 𝐵𝑍𝑘 ( 𝑗 +𝑖1) which is sampled by the lookup table with probability 𝑝 𝑗 = min{1, 2
𝑗+1 · |𝐵𝑍𝑘 ( 𝑗+𝑖1 ) |

𝑚2
}.

Denote 𝑝′𝑗 = min{1, 𝑤 (𝑣)
𝑊𝑆 (𝛼,𝛽 ) }, where𝑤 (𝑣) = 2

𝑗+𝑖1+1 · |𝐵𝑍𝑘 ( 𝑗+𝑖1) |. Then 𝑣 is accepted with probability
𝑝′𝑗
𝑝 𝑗
≥ 2

𝑖
1 ·𝑚2

𝑊𝑆 (𝛼,𝛽 ) ≥
1

2
, because, by the definition of 𝑖1, we have

2
𝑖
1
+1𝑚2

𝑊𝑆 (𝛼,𝛽 ) ≥ 1. Moreover, according to the

previous running time analysis on Algorithm 5, it takes 𝑂 (1 + 𝜇𝑍𝑘 ) expected time to extract the

items from the bucket candidate list 𝑇 ′
3
. Therefore, Lemma 4.16 follows. □

The above lemmas show that the simple implementationwith an arrayA for the adapter is correct

and has the desired query complexity. However, its space consumption is too large. This is because

the length, 𝐿, of A is the number of all possible bucket indices on item set, 𝑍𝑘 . The weight of item

𝑧 ∈ 𝑍𝑘 can range from [1, 𝑛max ·𝑤max], and hence, 𝐿 = log
2
(𝑛max ·𝑤max) = 𝑑 . Moreover, the bucket

size stored in each cell of A is an integer in [0,𝑚], which in turn takes ⌈log
2
(𝑚 + 1)⌉ ∈ 𝑂 (log𝑚)

bits to encode. Therefore, the total space consumption of A becomes 𝑂 (𝑑 log𝑚) bits, equivalently,
𝑂 (log𝑚) ⊆ 𝑂 (log log log𝑛0) words. As aforementioned, there can be up to 𝑂 (𝑛0) final-level
instances, each which needs an adapter. Thus, the overall space consumption of all the adapters

would be 𝑂 (𝑛0 log log log𝑛0) words, exceeding our promised space bound 𝑂 (𝑛0).

A Compact Representation of A.While the total number, 𝐿, of possible bucket indices can be

as large as 𝑑 , our crucial observation is that, indeed, only a “small” consecutive index sub-range

[𝑙1, 𝑙2] ⊆ [0, 𝐿 − 1] can possibly have non-empty buckets of the items in 𝑍𝑘 . As a result, it suffices

to store the sizes of the buckets with indices in [𝑙1, 𝑙2], that is, just to keep a sub-array A[𝑙1, 𝑙2] of
the conceptual array A, along with the value of 𝑙1 (to record the starting index of the sub-range).

Hence, the space consumption can be reduced to 𝑂 ((𝑙2 − 𝑙1 + 1) · log𝑚 + 𝑑) bits, where the 𝑑 bits

are to store the value of 𝑙1. This sub-array A[𝑙1, 𝑙2] along with the value of 𝑙1 together is called a

compact representation of A.

When answering a PSS query with the previous query algorithm with a compact representation

of A, one can simply treat every bucket met during the query with index outside the range [𝑙1, 𝑙2]
as empty, i.e., of size 0. The correctness and query complexity of the query algorithm still holds.

Next, we show the length of A[𝑙1, 𝑙2] is bounded by 𝑂 (log log𝑛0).
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Lemma 4.17. For every final-level PSS instance on 𝑍𝑘 , the space consumption of the compact

representation of the adapter A is bounded by 𝑂 (1) words.

Proof. Recall that each item 𝑣𝑖 ∈ 𝑉𝑘 corresponds to a bucket 𝐵𝑍𝑘 (𝑖) of items in 𝑍𝑘 at bucket

index 𝑖 . Our goal is to show that those non-empty buckets 𝐵𝑍𝑘 (𝑖) must have bucket index 𝑖 in range

[𝑙1, 𝑙2], for some 𝑙1 and 𝑙2.

To prove this, we show that the minimum possible weight and the maximum possible weight of

the items in 𝑍𝑘 would not differ by too much. To see this, observe that the item set 𝑍𝑘 is constructed

from the buckets in the group 𝐺𝑌𝑗 (𝑘), where 𝐺𝑌𝑗 (𝑘) contains buckets 𝐵𝑌𝑗 (𝑖) with bucket indices

from 𝑘1 = 𝑘 · log
2
|𝑌𝑗 | to 𝑘2 = (𝑘 + 1) · log

2
|𝑌𝑗 |. Therefore, the minimum possible weight of a bucket

in𝐺𝑌𝑗 (𝑘) is 2
𝑘1+1

, while the maximum possible weight of a bucket in𝐺𝑌𝑗 (𝑘) is 2
𝑘2+1 · |𝑌𝑗 |. And each

of the buckets corresponds to an item 𝑧𝑖 ∈ 𝑍𝑘 with the same weight. As a result, the possible weight

ratio of the items in 𝑍𝑘 , i.e. the ratio between the maximum and minimum possible weights, can be

computed as

2
𝑘2+1 · |𝑌𝑗 |

2
𝑘1+1

= 2
𝑘2−𝑘1 · |𝑌𝑗 | = 2

log
2
|𝑌𝑗 | · |𝑌𝑗 | = |𝑌𝑗 |2 ≤ (log

2
𝑛0)2 ,

where |𝑌𝑗 | ≤ log
2
𝑛0. Thus, there can be at most log

2

(
(log

2
𝑛0)2

)
= 2 log

2
log

2
𝑛0 ∈ 𝑂 (log log𝑛0)

possible buckets on the items in 𝑍𝑘 . Moreover, since the smallest possible bucket weight of 𝐵𝑍𝑘 (𝑖)
is 2

𝑘1+1
, the smallest possible bucket index for 𝐵𝑍𝑘 (𝑖) is 𝑙1 = 𝑘1 + 1 = 𝑘 · log

2
|𝑌𝑗 | + 1. And hence,

𝑙2 ≤ 𝑙1 + 2 log
2

log
2
𝑛0.

By the previous discussion, a compact representation ofA consists of a sub-arrayA[𝑙1, 𝑙2], where
each cell stores an integer in range [0,𝑚], and an integer value 𝑙1. The total space consumption

is thus bounded by (𝑙2 − 𝑙1 + 1) · ⌈log
2
(𝑚 + 1)⌉ + 𝑑 ∈ 𝑂 (log log𝑛0 · log log log𝑛0 + 𝑑) bits which is

bounded by 𝑂 (1) words. □

4.5 Handling Updates
Next, we discuss how to update our HALT structure on the item set 𝑆 . Specifically, each update

on 𝑆 is either an insertion of a new item 𝑥 with weight 𝑤 (𝑥) or a deletion of an existing item 𝑥

from 𝑆 . For simplicity, we assume that
1

2
𝑛0 ≤ 𝑛 ≤ 2𝑛0, where 𝑛 is the current size of 𝑆 .

The HALT structure on 𝑆 can be maintained as follows. First, observe that the lookup table in

the HALT structure on 𝑆 does not need to be updated. Second, the three-level sampling hierarchy

is basically a hierarchy of sorted lists of buckets and groups with length at most 𝑂 (𝑑). Each update

operation (either insertion or deletion) on these sorted lists can be easily done in 𝑂 (1) time in

the Word RAM Model. The only thing to be careful about is that each update operation at the

previous level in the hierarchy could trigger a weight update of a next-level item, which would

require two update operations to achieve: delete the item first and then insert the item again with

the new weight. As the hierarchy has only three levels, therefore, there can be in total at most𝑂 (1)
update operations to the hierarchy. Moreover, there is also only𝑂 (1) final-level instances would be
affected by an update to 𝑆 . Their adapters can be updated simply by updating the corresponding

bucket sizes in the sub-array A[𝑙1, 𝑙2]. Therefore, the overall worst-case update time is 𝑂 (1).
To handle the case when 𝑛 < 1

2
𝑛0 or 𝑛 > 2𝑛0, we adopt the standard global rebuilding technique

to re-construct the entire HALT structure on the current item set 𝑆 and update 𝑛0 ← 𝑛. Recall that

the HALT structure on 𝑆 can be constructed in𝑂 (𝑛0) time with𝑂 (𝑛0) space consumption. As there

must be at least Ω(𝑛0) updates to trigger the reconstruction, the rebuilding cost can be charged to

those updates making each update cost become 𝑂 (1) amortized. Moreover, the space consumption

is bounded by 𝑂 (𝑛) all the times.
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This 𝑂 (1) amortized update time can be easily “de-amortized” by applying the same technique

for the de-amortization for dynamic arrays, just increasing the space consumption by a constant

factor. Thus, we have the following theorem.

Theorem 4.18. The HALT structure on item set 𝑆 can be maintained in 𝑂 (1) worst-case time for

each update to 𝑆 , and consumes 𝑂 (𝑛) space at all times, where 𝑛 is the current size of 𝑆 .

5 A Hardness Result on the DPSS Problem with Float ItemWeights
We now prove Theorem 1.2. Let DPSS-ALG be a deletion-only DPSS algorithm for float item weights

with pre-processing time P(𝑁 ), query time Q(𝑁 ), and deletion time D(𝑁 ). As a black box, we

apply the algorithm to execute Integer Sorting.

Consider a set of 𝑁 integers 𝐼 = {𝑎1, . . . , 𝑎𝑁 }, each of which is represented by one word of 𝑑 bits.

We can assume w.l.o.g. that the integers are distinct
2
. The integers in 𝐼 can be sorted in descending

order by the following algorithm:

• for each integer 𝑎𝑖 ∈ 𝐼 , create an item 𝑥𝑖 with weight𝑤 (𝑥𝑖 ) = 2
𝑎𝑖
, represented by a float number;

• initialize 𝑆 to be the set of all these 𝑁 items;

• initialize an empty linked list, 𝑅, of the integers in 𝐼 , which is maintained to be sorted, in

descending order, by the Insertion Sort [14] algorithm;

• initialize DPSS-ALG on 𝑆 ;

• while 𝑆 is not empty, perform the following:

– repeatedly invoke DPSS-ALG on 𝑆 to perform a PSS query with parameters (1, 0) until the
sampling result 𝑇 ≠ ∅;

– let 𝑥∗ be the item in 𝑇 with the largest weight and let𝑤 (𝑥∗) = 2
𝑎∗
;

– invoke DPSS-ALG to delete 𝑥∗ from 𝑆 ;

– invoke Insertion Sort to insert the weight exponent, 𝑎∗, of 𝑥∗ to 𝑅 (in descending order);

• return 𝑅 as the sorted list of all the integers in 𝐼 (in descending order);

Correctness. When the above algorithm terminates, 𝑅 contains all the 𝑁 integers in 𝐼 . As 𝑅 is

maintained by the Insertion Sort algorithm, 𝑅 is a correct sorted list of 𝐼 .

Running Time Analysis. Next we analyse the overall expected running time of the above integer

sorting algorithm. First, the construction cost of the item set 𝑆 is bounded by 𝑂 (𝑁 ) and the pre-

processing cost of DPSS-ALG is 𝑡𝑝 (𝑁 ). Next, we focus on the running time in each iteration in

the while-loop. Denote the item set at the start of the 𝑖th iteration by 𝑆𝑖 , where 𝑖 ∈ {1, . . . , 𝑁 } and
𝑆1 = 𝑆 .

Lemma 5.1. In the 𝑖 th iteration, in expectation, at most two PSS queries with parameters (1, 0) on 𝑆𝑖
are invoked to obtain a non-empty subset sampling result, 𝑇 .

Proof. To prove this lemma, it suffices to show that the largest item (i.e., with the largest item

weight) in 𝑆𝑖 will be selected in the sampling result 𝑇 with probability at least
1

2
. As a result, with

at most 2 trials, in expectation, the largest item would be sampled in 𝑇 , and hence, 𝑇 is non-empty.

To see this, first, observe that with the query parameters (1, 0), we have𝑊𝑆𝑖 (1, 0) =
∑
𝑥∈𝑆𝑖 𝑤 (𝑥).

Second, by the construction of 𝑆 , the weights of all the items are power-of-two numbers with distinct

exponents. Therefore, it can be verified that the largest item in 𝑆𝑖 must have weight ≥ 1

2
𝑊𝑆𝑖 (1, 0),

and hence, the corresponding item has probability at least
1

2
to be sampled. □

Lemma 5.2. For a PSS query with parameters (1, 0) on 𝑆𝑖 , the expected result size 𝜇𝑆𝑖 (1, 0) = 1.

2
To achieve distinctness, to each integer, we can append a unique ID with a word in its binary representation.
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Proof. It follows from the fact that𝑊𝑆𝑖 (1, 0) =
∑
𝑥∈𝑆𝑖 𝑤 (𝑥) and 𝜇𝑆𝑖 (1, 0) =

∑
𝑥∈𝑆𝑖

𝑤 (𝑥 )
𝑊𝑆𝑖
(1,0) . □

By Lemmas 5.1 and 5.2, in the 𝑖th iteration, the running time for the steps of sampling a non-empty

subset 𝑇 and finding the largest item 𝑥∗ in 𝑇 is bounded by 𝑂 (𝑡𝑞 (𝑁 )) in expectation. Moreover,

DPSS-ALG deletes 𝑥∗ from 𝑆𝑖 in 𝑡𝑑𝑒𝑙 (𝑁 ) worst-case time. As a result, summing over all 𝑁 iterations,

the overall expected cost for these steps is bounded by 𝑂 (𝑁 · (𝑡𝑞 (𝑁 ) + 𝑡𝑑𝑒𝑙 (𝑁 ))).
Next, we analyse the running time for the Insertion Sort.

Lemma 5.3. The expected running time for the Insertion Sort is 𝑂 (𝑁 ).

Proof. The order of the integers in 𝐼 is identical to the order of their corresponding weights.

To ease the discussion, we treat the sorted linked list 𝑅 of the integers in 𝐼 as the sorted linked

list of their corresponding items. It is known that the overall cost for Insertion Sort is bounded by

𝑂 (𝑁 +∑𝑁
𝑖=1

#Swap𝑖 ), where #Swap𝑖 is the number of swaps for the item 𝑥∗ which is inserted to the

sorted linked list 𝑅 from the back in the 𝑖th iteration. Equivalently, #Swap𝑖 is the number of items

that have weights smaller than𝑤 (𝑥∗) and were inserted to 𝑅 before the 𝑖th iteration.

Define #FutureSwap𝑖 as the number of items that have weights greater than𝑤 (𝑥∗) and will be

inserted to 𝑅 after the 𝑖th iteration. Observe that
∑𝑁
𝑖=1

#Swap𝑖 =
∑𝑁
𝑖=1

#FutureSwap𝑖 . Furthermore,

define the rank of an item 𝑥 ∈ 𝑆𝑖 , denoted by rank𝑆𝑖 (𝑥), as the number of items that have weight

greater than𝑤 (𝑥) in 𝑆𝑖 . Then, we have #FutureSwap𝑖 = rank𝑆𝑖 (𝑥∗), where 𝑥∗ is the item inserted

to 𝑅 in the 𝑖th iteration. This follows from the definition of #FutureSwap𝑖 and the fact that 𝑆𝑖 \ {𝑥∗}
is exactly the set of items inserted to 𝑅 in future iterations. As a result, it suffices to bound the

expectation of rank𝑆𝑖 (𝑥∗).

Claim 3. [*] In the 𝑖 th iteration, consider the largest item 𝑥∗ in the sample set 𝑇 ⊆ 𝑆𝑖 . We have that

E[rank𝑆𝑖 (𝑥∗)] ∈ 𝑂 (1).

Therefore, the running time of the Insertion Sort over all the 𝑁 iterations is bounded by 𝑂 (𝑁 )
in expectation. This completes the proof of Lemma 5.3. □

Putting together all of the above analyses, the total expected running time of the algorithm is

𝑂 (𝑁 ) + 𝑡𝑝 (𝑁 ) +𝑂 (𝑁 · (𝑡𝑞 (𝑁 ) + 𝑡𝑑𝑒𝑙 (𝑁 ))) +𝑂 (𝑁 ), which is 𝑡𝑝 (𝑁 ) +𝑂 (𝑁 · (𝑡𝑞 (𝑁 ) + 𝑡𝑑𝑒𝑙 (𝑁 ))).
Theorem 1.2 thus follows.

6 Conclusion
In this paper, we study the Dynamic Parameterized Subset Sampling (DPSS) problem in the Word

RAMmodel. Our first main result is an optimal DPSS algorithm.We propose our novel data structure

HALT that achieves the optimal bounds. Our second main result showing that if the item weights in

the DPSS problem are allowed to be float numbers, then an deletion-only optimal DPSS algorithm

can be used to solve Integer Sorting over the whole range of bit-length in 𝑂 (𝑁 ) expected time,

where 𝑁 is the number of integers to sort. Finally, our third main result is a new efficient method

for sampling variates from the Truncated Geometric distribution in𝑂 (1) expected time in the Word

RAM model. We expect considerable application of this technique for efficient random variate

realization.
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A Pseudocode of Algorithms 2 to 5

Algorithm 2: QueryInsignificant(BG-Str(𝑋 ), (𝛼, 𝛽), 𝑖1)
Data: a Bucket-Group Structure BG-Str(𝑋 ), PSS query parameters (𝛼, 𝛽), the maximum

possible bucket index 𝑖1 in the (𝛼, 𝛽)-insignificant groups
Result: a PSS result 𝑇1 ⊆ 𝑋 within all the (𝛼, 𝛽)-insignificant groups

1 initialize 𝑇1 ← ∅ and 𝑁 ← |𝑋 |;
2 𝑘 ← B-Geo(1/𝑁 2, 𝑁 + 1);
3 if 𝑘 ≤ 𝑁 then
4 𝐴← the set of all the items in the non-empty buckets (with bucket index ≤ 𝑖1);
5 if |𝐴| < 𝑘 then
6 return ∅;
7 𝑥 ← 𝐴[𝑘], the 𝑘 th item in 𝐴;

8 𝑇1 ← 𝑇1 ∪ {𝑥} with probability
𝑝𝑥 (𝛼,𝛽 )

1/𝑁 2
;

9 for 𝑖 ← {𝑘 + 1, . . . , |𝐴|} do
10 𝑥 ← 𝐴[𝑖], the 𝑖th item in 𝐴;

11 𝑇1 ← 𝑇1 ∪ {𝑥} with probability 𝑝𝑥 (𝛼, 𝛽);

12 return 𝑇1;

Algorithm 3: QueryCertain(BG-Str(𝑋 ), (𝛼, 𝛽), 𝑖2)
Data: a Bucket-Group Structure BG-Str(𝑋 ), PSS query parameters (𝛼, 𝛽), the minimum

possible bucket index 𝑖2 in the (𝛼, 𝛽)-certain groups

Result: a PSS result 𝑇2 ⊆ 𝑋 within all the (𝛼, 𝛽)-certain groups

1 initialize 𝑇2 ← ∅;
2 for each non-empty buckets 𝐵𝑋 (𝑖) with bucket index 𝑖 ≥ 𝑖2 in BG-Str(𝑋 ) do
3 𝑇2 ← 𝑇2 ∪ 𝐵𝑋 (𝑖);
4 return 𝑇2;

B Proofs for Section 3 (Sampling Random Variates in the Word RAMModel)
Lemma 3.3. These two claims hold simultaneously: (i) the numerator and the denominator of 𝑝 = 𝑝∗

both can be represented with 𝑂 (𝑛) words and 𝑝 can be evaluated in 𝑂 (𝑝𝑜𝑙𝑦 (𝑛)) time; and (ii) there

exists an algorithm that can evaluate each 𝑖-bit approximation 𝑝𝑖 of 𝑝 = 𝑝∗, satisfying all conditions
stated in Theorem 3.1, in 𝑂 (poly(𝑖)) time.

Proof. We first prove claim (i). Let 𝐴 and 𝐵 denote the numerator and denominator of 𝑞. By

definition, both 𝐴 and 𝐵 fit in 𝑂 (1) words. Then it can be verified that the numerator and the

denominator of 𝑝∗ can be computed as 𝐵𝑛 − (𝐵 − 𝐴)𝑛 and 𝐵𝑛 − 𝑛𝐴𝐵𝑛−1
in 𝑂 (poly(𝑛)) time,

respectively. And each of them fits in 𝑂 (𝑛) words as they are just multiplication results of 𝑛

constant-word integers. As a result, 𝑝∗ = 1−(1−𝑞)𝑛
𝑛 ·𝑞 is a rational number with 𝑂 (𝑛)-word numerator

and denominator and it can be evaluated in 𝑂 (poly(𝑛)) time.

Next we prove claim (ii). According to the binomial theorem, 1 − (1 − 𝑞)𝑛 =
∑𝑛
𝑗=1

(
𝑛
𝑗

)
(−1) 𝑗+1𝑞 𝑗 .

Thus, 𝑝∗ =
1−(1−𝑞)𝑛

𝑛 ·𝑞 can be written as 𝑝∗ =
∑𝑛
𝑗=1
𝑎 𝑗 , where 𝑎 𝑗 =

(−1) 𝑗+1𝑞 𝑗−1 (𝑛−1)!
𝑗 !(𝑛− 𝑗 )! . Note that
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Algorithm 4: QueryASignificantGroup(BG-Str(𝑋 ), (𝛼, 𝛽), 𝑗 , ℓcur)
Data: a Bucket-Group Structure BG-Str(𝑋 ), PSS query parameters (𝛼, 𝛽), an

(𝛼, 𝛽)-significant group index 𝑗 , the current recursion level ℓcur
Result: a PSS result 𝑇3 ⊆ 𝑋 within the (𝛼, 𝛽)-significant group 𝐺𝑋 ( 𝑗)

1 if 𝐺𝑋 ( 𝑗) is empty then
2 return ∅;
3 // obtain a PSS result 𝑇𝑌𝑗 with parameters (0,𝑊𝑋 (𝛼, 𝛽)) on the next-level item set 𝑌𝑗 of

𝐺𝑋 ( 𝑗);
4 if ℓcur = 1 then
5 𝑇𝑌𝑗 ← Query(BG-Str(𝑌𝑗 ), (0,𝑊𝑋 (𝛼, 𝛽)), ℓcur + 1) // recursively invoke Algorithm 1;

6 else
7 𝑇𝑌𝑗 ← QueryFinalLevel(BG-Str(𝑌𝑗 ), (0,𝑊𝑋 (𝛼, 𝛽))) // in Section 4.4;

8 𝑇3 ← ExtractItems(BG-Str(𝑋 ), 𝑇𝑌𝑗 , (0,𝑊𝑋 (𝛼, 𝛽))) // Algorithm 5;

9 return 𝑇3;

Algorithm 5: ExtractItems( BG-Str(𝑋 ), 𝑇𝑌𝑗 , (0,𝑊𝑋 (𝛼, 𝛽)))
Data: a Bucket-Group Structure BG-Str(𝑋 ), a PSS result 𝑇𝑗 on the next-level items, each

corresponds to a candidate bucket of items of 𝑋 , PSS query parameters (0,𝑊𝑋 (𝛼, 𝛽))
Result: a PSS result 𝑇3 ⊆ 𝑋 from the items in the candidate bucket list 𝑇𝑌𝑗

1 initialize 𝑇3 ← ∅;
2 for each bucket 𝐵𝑋 (𝑖) ∈ 𝑇𝑌𝑗 do
3 𝑝 ← min{1, 2

𝑖+1

𝑊𝑋 (𝛼,𝛽 ) } and 𝑛𝑖 ← |𝐵𝑋 (𝑖) |;
4 if 𝑝 · 𝑛𝑖 ≥ 1 then
5 𝑘 ← B-Geo(𝑝, 𝑛𝑖 + 1);
6 else
7 if Ber( 1−(1−𝑝 )𝑛𝑖

𝑝 ·𝑛𝑖 ) = 0 then
8 continue to process next bucket in 𝑇𝑌𝑗 ;

9 𝑘 ← T-Geo(𝑝, 𝑛𝑖 );
10 while 𝑘 ≤ 𝑛𝑖 do
11 𝑥 ← the 𝑘 th item in 𝐵𝑋 (𝑖);
12 𝑇3 ← 𝑇3 ∪ {𝑥} with probability

𝑝𝑥 (𝛼,𝛽 )
𝑝

;

13 𝑘 ← 𝑘 + B-Geo(𝑝, 𝑛𝑖 + 1);

14 return 𝑇3;

(𝑛−1)!
(𝑛− 𝑗 )! ≤ 𝑛

𝑗−1
and 𝑛𝑞 ≤ 1. We can bound the absolute value of 𝑎 𝑗 with |𝑎 𝑗 | ≤ 1

𝑗 !
≤ 1

2
𝑗−1

. Further,

|∑𝑛
𝑗=𝑖+3 𝑎 𝑗 | ≤

∑𝑛
𝑗=𝑖+3 |𝑎 𝑗 | ≤ 1

2
𝑖+1 . In other words, the sum of 𝑎 𝑗 for 1 ≤ 𝑗 ≤ 𝑖 + 2 achieves a good

approximation of 𝑝∗. Denoting 𝑝𝑖 =
∑𝑖+2
𝑗=1
𝑎 𝑗 , we have |𝑝∗ − 𝑝𝑖 | ≤ 1

2
𝑖+1 .

Now we discuss how to compute 𝑝𝑖 in the Word RAM model. We perform the computation with

working precision 𝑟 , which means we work with floating point numbers and each of these floating

point numbers contains an exact exponent encoded by an array of words and a mantissa which is

an array of ⌈𝑟/𝑑⌉ words. Each mathematical operation between two floating point numbers under
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working precision 𝑟 can be done in 𝑂 (𝑝𝑜𝑙𝑦 (𝑟 )) time. Since 𝑝𝑖 can be evaluated with 𝑂 (𝑝𝑜𝑙𝑦 (𝑖))
such floating point mathematical operations, thus an approximation (with working precision 𝑟 ) of

𝑝𝑖 , denoted by 𝑝𝑖 (𝑟 ), can be computed in𝑂 (𝑝𝑜𝑙𝑦 (𝑖, 𝑟 )) time. Analogous to the analysis in Appendix

C of [7], it suffices to choose 𝑟 = 𝑂 (𝑝𝑜𝑙𝑦 (𝑖)) to achieve an absolute error |𝑝𝑖 (𝑟 ) − 𝑝𝑖 | ≤ 1

2
𝑖+1 .

As a result, |𝑝𝑖 (𝑟 ) − 𝑝∗ | ≤ |𝑝𝑖 (𝑟 ) − 𝑝𝑖 | + |𝑝∗ − 𝑝𝑖 | ≤ 1

2
𝑖+1 + 1

2
𝑖+1 = 1

2
𝑖 . Therefore, 𝑝𝑖 = 𝑝𝑖 (𝑟 ) is a valid

𝑖-bit approximation of 𝑝∗, and the overall computational cost is bounded by 𝑂 (poly(𝑖)). □

Lemma 3.4. These two claims hold simultaneously: (i) the numerator and the denominator of 𝑝 = 1

2𝑝∗

both can be represented with 𝑂 (𝑛) words and 𝑝 can be evaluated in 𝑂 (𝑝𝑜𝑙𝑦 (𝑛)) time; and (ii) there

exists an algorithm that can evaluate each 𝑖-bit approximation 𝑝𝑖 of 𝑝 = 1

2𝑝∗ , satisfying all conditions

stated in Theorem 3.1, in 𝑂 (poly(𝑖)) time.

Proof. Analogous to the proof of Lemma 3.3, the numerator and the denominator of 𝑝 = 1

2𝑝∗ fit

in 𝑂 (𝑛) words and 𝑝 can be evaluated in 𝑝𝑜𝑙𝑦 (𝑛) time. Thus, claim (i) holds.

To prove claim (ii), by Lemma 3.3, for an arbitrary integer 𝑟 ≥ 3, an 𝑟 -bit approximation
˜𝑝∗𝑟 of

𝑝∗ can be computed in 𝑂 (𝑝𝑜𝑙𝑦 (𝑟 )) time, such that | ˜𝑝∗𝑟 − 𝑝∗ | ≤ 1

2
𝑟 . By Newton’s method [6], an

approximate reciprocal of
˜

2𝑝∗𝑟 , denoted by 𝑢 (𝑟 ), can be computed in 𝑂 (𝑝𝑜𝑙𝑦 (𝑖)) time with error at

most
1

2
𝑖+1 , namely, |𝑢 (𝑟 ) − 1

˜
2𝑝∗𝑟
| ≤ 1

2
𝑖+1 .

Therefore, the absolute error, |𝑝 −𝑢 (𝑟 ) |, is bounded by | 1

2𝑝∗ −𝑢 (𝑟 ) | ≤ |
1

2𝑝∗ −
1

2
˜𝑝∗𝑟
| + |𝑢 (𝑟 ) − 1

2
˜𝑝∗𝑟
| ≤

|2𝑝∗−2
˜𝑝∗𝑟 |

2𝑝∗ ·2 ˜𝑝∗𝑟
+ 1

2
𝑖+1 ≤ 1

2
𝑟−1
+ 1

2
𝑖+1 , where the last inequality comes from the upper bound of 𝑝∗ ≥ 1−1/𝑒 ≥ 1

2

and
˜𝑝∗𝑟 ≥ 𝑝∗ − 1

2
𝑟 ≥ 1

2
.

Thus, it suffices to choose 𝑟 = 𝑖 + 2 to obtain an 𝑖-bit approximation 𝑢 (𝑟 ) of 𝑝 , and the overall

computational cost is bounded by 𝑂 (𝑝𝑜𝑙𝑦 (𝑖)). □

C Proofs for Section 5 (A Hardness Result on the DPSS Problem with Float Item
Weights)

Claim 3. In the 𝑖 th iteration, consider the largest item 𝑥∗ in the sample set 𝑇 ⊆ 𝑆𝑖 . We have that

E[rank𝑆𝑖 (𝑥∗)] ∈ 𝑂 (1).

Proof. As discussed earlier, the item weights are power-of-two numbers with distinct exponents.

We have the following observations. First, the largest item 𝑦1 ∈ 𝑆𝑖 would be sampled in the PSS

query on 𝑆𝑖 with parameter (1, 0) with probability at least
1

2
and at most 1. Thus, the probability of

the 𝑗 th largest item 𝑦 𝑗 in 𝑆𝑖 to be sampled is at most
1

2
𝑗−1

, for all 𝑗 ∈ {1, . . . , |𝑆𝑖 |}. Second, the 𝑗 th
largest item 𝑦 𝑗 in 𝑆𝑖 has rank𝑆𝑖 (𝑦 𝑗 ) = 𝑗 − 1.

Moreover, the probability that the 𝑗 th largest item 𝑦 𝑗 in 𝑆𝑖 is the largest item in the sample set 𝑇

is at most the probability of 𝑦 𝑗 being sampled conditioned on 𝑇 being non-empty. Therefore, the

expected rank of 𝑥∗ satisfies:

E[rank𝑆𝑖 (𝑥∗)] ≤
|𝑆𝑖 |∑︁
𝑗=1

rank𝑆𝑖 (𝑦 𝑗 ) ·
Pr[ 𝑦 𝑗 being sampled ∧ 𝑇 is non-empty]

Pr[ 𝑇 is non-empty ]

≤
|𝑆𝑖 |∑︁
𝑗=1

( 𝑗 − 1) · 2

2
𝑗−1
∈ 𝑂 (1) ,

where the last inequality is by the fact that 𝑇 is non-empty with probability at least
1

2
. □
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