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Abstract—Transfer learning, or domain adaptation, is con-
cerned with machine learning problems in which training and
testing data come from possibly different distributions (denoted
as 1 and p/, respectively). In this work, we give an information-
theoretic analysis on the generalization error and excess risk of
transfer learning algorithms, following a line of work initiated by
Russo and Zhou. Our results suggest, perhaps as expected, that
the Kullback-Leibler (KL) divergence D(u||y) plays an impor-
tant role in characterizing the generalization error in the settings
of domain adaptation. Specifically, we provide generalization
error upper bounds for general transfer learning algorithms, and
extend the results to a specific empirical risk minimization (ERM)
algorithm where data from both distributions are available in
the training phase. We further apply the method to iterative,
noisy gradient descent algorithms, and obtain upper bounds
which can be easily calculated, only using parameters from the
learning algorithms. A few illustrative examples are provided
to demonstrate the usefulness of the results. In particular, our
bound is tighter in specific classification problems than the bound
derived using Rademacher complexity.

I. INTRODUCTION

Most machine learning methods focus on the setup where
the training and testing data are drawn from the same distri-
bution. Transfer learning, or domain adaptation, is concerned
with machine learning problems where training and testing
data come from possibly different distributions. This setup is
of particular interest in real-world applications, as in many
cases we often have easy access to a substantial amount of
data from one distribution, on which our learning algorithm
trains, but wish to use the learnt hypothesis for data coming
from a different distribution, from which we have limited data
for training.

Generalization error is defined as the difference between
the empirical loss and the population loss (defined as ()
and (Z) in Section II) for a given hypothesis, and indicates
if the hypothesis has been overfitted (or underfitted). Re-
cently, [1] proposed an information-theoretic framework for
analyzing generalization error of learning algorithms, and
showed that the mutual information between the training data
and the output hypothesis can be used to upper bound the
generalization error. One nice property of this framework
is that the mutual information bound explicitly explores the
dependence between training data and the output hypothesis,
in contrast to the bounds obtained by traditional methods with
VC dimension and Rademacher complexity [2]]. As pointed
out by [3], the information-theoretic upper bound could be

substantially tighter than the traditional bounds, if we could
leverage specific properties of the learning algorithms, e.g.
the loss function is assumed to be subgaussian and learning
process forms a subgaussian process. While upper bounds on
generalization error are classical results in statistical learning
theory, only a relatively small number of papers are devoted
to this problem for transfer learning algorithms. To mention
a few, Ben-David et al. [4] gave VC dimension-style bounds
for classification problems. Blitzer et al. [5] and Zhang [6]]
studied similar problems and obtained upper bounds in terms
of Rademacher complexity. Specific error bounds for particular
transfer learning algorithms and loss metrics are investigated
in [[7]] and [8]]. Long et al. [|9] developed a more general frame-
work for transfer learning where the error is bounded with the
distribution difference and output hypothesis adaptability.

Compared with traditional learning problems, the gen-
eralization error of transfer learning additionally takes the
distribution divergence between the source and target into
account and how to evaluate this "domain shift" is non-
trivial. We exploit the information-theoretic framework in the
transfer learning settings to resolve this issue following the
information-theoretic framework studied by [1], [10] and [11].
The main contributions are summarized as follows.

1. We give an information-theoretic upper bound on the
generalization error of transfer learning algorithms where
training and testing data come from different distributions
and KL-divergence between the source and target distri-
bution captures the effect of domain shift.

2. We give upper bounds to the excess risk of a specific
ERM algorithm where data from both distributions are
available to the learning algorithm. Our example shows
that our bound is tighter than the existing bounds in
specific classification problems which depend on the
Rademacher complexity of the hypothesis space, as our
bounds are data-algorithm dependent.

3. We further develop generalization error and excess risk
upper bounds for noisy, iterative gradient descent algo-
rithms. The results are useful in the sense that the bounds
on the mutual information can be easily calculated only
using parameters from the optimization algorithms.

II. PROBLEM FORMULATION AND MAIN RESULTS

We consider an instance space Z, a hypothesis space W
and a non-negative loss function £ : W x Z ~ RT. Let p



and p/ be two probability distributions defined on Z, and
assume that p is absolute continuous with respect to '
(n < ). In the sequel, the distribution g is referred to
as the source distribution, and p’ as the rarget distribution.
We are given a set of training data {Z,...,Z,}. More
precisely, for a fixed number 5 € [0,1), we assume that the
samples S" = {Z1,...,Zp,} are drawn IID from the target
distribution, and the samples S = {Zgp+1, . .., Z, } are drawn
IID from the source distribution.

In the setup of transfer learning, a learning algorithm is
a (randomized) mapping from the training data S,S’ to a
hypothesis w € W, characterized by a conditional distribution
Pyyss/, with the goal to find a hypothesis w that minimizes
the population risk with respect to the target distribution

Ly (w) = By {0(w, 2)} ()

where Z is distributed according to y'. Notice that 8 =
corresponds to the important case when we do not have any
samples from the target distribution. Obviously, 5 = 1 takes
us back to the classical setup where training data comes from
the same distribution as test data, which is not our focus.

A. Empirical risk minimization

In this section, we focus on one particular empirical risk
minimization (ERM) algorithm. For a hypothesis w € W, the

empirical risk of w on a training sequence S := {Z1,..., Z,}
is defined as
1 m
=—> (W Z) )
mia

Given samples S and S’ from both distributions, it is natural
to form an empirical risk function as a convex combination of
the empirical risk induced by S and S’ [4] defined as

ZEwZ ZEwZ

i=Fn+1
for some weight parameter « € [0,1] to be determined.
We define Wegrm = argminwﬁa(w) as the ERM solution,
and also define the optimal hypothesis (with respect to the
distribution 4') as w* = argmin,,cyy, L, (w).
We are interested in two quantities for this ERM algorithm.
The first one is the generalization error defined as

gen(Werm, S, S) := L, (Werm) — Lo (Werm, S, S7)  (3)

namely the difference between the minimized empirical risk
and the population risk of the ERM solution under the target
distribution. We are also interested in the excess risk as

Rexcess(WERM) = Lu’(WERM) - Lu’ (w*)

which is the difference between the population risk of Wgrm
compared to that of the optimal hypothesis. Notice that the
excess risk is related to the generalization error via the
following upper bound

L (Werm) — Ly (w*) < gen(Werwm, S, S') + Lo (w*, S, ')
— La(w") + (1 = a)(Lp(w*) = L (w®)) @)

Lo(w, S, 8"

where we have used the fact Lo(Werm,S,S’) —
ﬁa(w*,S, S’) < 0 by the definition of Wggm. For any
w € W, the quantity L,(w) in the above expression is
defined as

Ly (w) =

B. Upper bound on generalization errors

(1 — oz)]EZNH{é(w, Z)} + OZEZNN/{K(U), Z)}

We view the ERM solution Wggpm as a random variable in-
duced by the random samples S, S’ and the (possibly random)
ERM algorithm, characterized by a conditional distribution
Py ss. We will first study the expectation of the general-
ization error

Ewss{ Ly (Wgrm) &)

where the expectation is taken with respect to the distribution
Pyrss: defined as

— Lo (Werm, S, S")}

Bn n
Pyssi(w,2") == Py|ss (w[z") H/«L/(Zi) H p(zi)-
=1 i=pn+1

Furthermore we use Py to denote the marginal distribution
of W induced by the joint distribution Py gg.

Following the characterization used in [[11f], the following
theorem provides an upper bound on the expectation of
the generalization error in terms of the mutual information
between individual samples Z; and the any solution W, as
well as the KL-divergence between the source and target
distributions. As pointed out in [[11], using mutual information
between the hypothesis and individual samples [(W; Z;) in
general gives a tighter upper bounds than using I(W;S).

Theorem 1 (Generalization error of generic hypothesis).
Assume we have a hypothesis W distributed over Py (In
particular, W is not necessarily the same as Wgrm =
argmin,, L(w, S)). Assume that the cumulant generating func-
tion of the random variable {(W,Z) — E{{(W, Z)} is upper
bounded by () in the interval (b_,by) under the product
distribution Py, & 1 for some b_ < 0 and by > 0. Then for
any 3 > 0, the expectation of the generalization error in
is upper bounded as

Bn
Ewss {gen(W, S, S')} < ﬁ% ST (W Z0)

i=1
Zw*l

i=Bn+1

1‘0‘ (W; Z:) + D(ul 1)

—Ewss {gen(W, 8,5} < — Zw (W3 2))

Zw

(W3 Zi) + D(uln))

i=Bn+1
where we define
*—1 L . T+ 1/)(_)\)
Vo (@)= Ae[(lfl—fb,) A
*—1 L . T+ 1/)()\)
Vi (e)= Ael[giw A



All the proofs in this paper can be found in [12]]. In fact,
the bound above is not specific to the ERM algorithm, but
applicable to any hypothesis generated by a learning algorithm
characterized by the conditional distribution Pyy|s s/. From
a stability point of view [13]], good algorithms (ERM, for
example) should ensure that [(WW; Z;) vanishes as n — oo.
On the other hand, the domain shift is reflected in the KL-
divergence D(ul||y'), as this term does not vanish when n
goes to infinity.

Optimizing « in the above expression is non-trivial as
Werm inexplicitly involves «. However, if we care about the
generalization error with respect to the population risk under
the target distribution for n — oo (the number of samples S’
from the target distribution also goes to infinity), the intuition
says that we should choose o = 1, i.e. only using S’ from
the target domain in the training process. On the other hand,
if we only have limited data samples, o can be set to be 5 as
suggested in [4]], [6]] that this choice is shown to achieve the
faster convergence rate and tighter bound. Overall, we suggest
that ov should approach 1 with n increasing, say, a = 1-O().

The result in Theorem [I| does not cover the case 5 = 0 (no
samples from the target distribution). However, it is easy to
see that in this case we should choose a = 0 in our ERM
algorithm, and a corresponding upper bound is given as in the
following corollary under generic hypothesis.

Corollary 1 (Generalization error with source only). Let § =
0 so that we only have samples S from the source distribution
w. Let Py g be the conditional distribution characterizing the
learning a}g()rithm which maps samples S to a hypothesis W.
Under the same assumption as in Theorem [I} the expected
generalization error of W is upper bounded as

Bws{Lur (W) = LW, $)} < 34" (W3 2) + D(ul )
~Bws{Lue(W) = LW, $)} < 5 3037 (W3 2) + D(ull)

If the loss function ¢(W, Z) is r?-subgaussian, namely

rZ\2
2
for any A € R under the distribution Py ® p/, the bound in

Theorem |1/ can be further simplified with *~1(y) = /212y.
In particular, if the loss function takes value in [a,b], then

LW, Z) is (b:f)Q -subgaussian. We give the following corol-
lary for the subgaussian loss function.

1OgE{€)\(2(WZ) E{&(W,Z) }} <"

Corollary 2 (Generahzatlon error for subgaussian loss func-
tions). If ((w,Z) is r?-subgaussian under the distribution
Py ® 1, then the expectation of the generalization error of
the ERM solution in ({3 is upper bounded as

Bn
Z VI(Werm; Zi)
Z \/ (Werwm; Z,

i=Bn+1

o 2r2

|Ewss {gen(Werm, S, 5")}| <

(1—a

s

)+ D (| |p))

If B = 0, for any hypothesis W (not necessarzly the ERM
solution) induced by S and a learning algorithm P, Vs > we

have the upper bound

V2 5 \J10V:2) + Do)

=1
(6)

By {Lu (W) — LW, )} <

The above result follows dlrectly from Theorem [I] and by

noticing that we can set ¥(\) = TQ)‘ ,,b_ = —00,by = o0

with the assumption that (W, Z) is r2-subgaussian.

Remark 1. Using the chain rule of mutual information and
the fact that Z;’s are IID, we can relax the upper bound in
as

R N I W;S
By s { L (W) = LOW, §)) < J 20 <(n) + D(ulu’))
which recovers the result in the [[10] if p = u'. Moreover,
we see that the effect of the “change of domain" is simply
captured by the KL divergence between the source and the
target distribution.

C. Upper bound on the excess risk of ERM

In this section we focus on the case S > 0 and give a data-
dependent upper bound on the excess risk defined in {@). To
do this, we first define a L' distance quantity between the two
divergent distributions as

dw(p, p') = sup |L,(w) — Ly (w)]. (7)
weWwW

The following theorem gives a bound for the excess risk.

Theorem 2 (Excess risk of ERM). Assume that for any
w € W, the loss function {(w,Z) is r*-subgaussian under
the distribution Py, ® p'. Then for any € > 0 and § > 0, there
exists an ng (depending on § and ¢) such that for all n > ny,
the following inequality holds with probability at least 1 —
(over the randomness of samples and the learning algorithm),

L#/(WERM) — Lul(w*) ~

I(Werwm; Z,

(IL Z \/ (Werm; Z

1=Bn+1

2 [2r2]n2
_Og) \/74-(1—&)611/\/(#7#/)"'6

Furthermore in the case when B = 0 (no samples from the
distribution '), the inequality becomes

. 2r2log 2 . .
Ly (Wegn)— Ly (w") < \/%‘5 L") = Ly (")

Z;i) + D)) + €

i)+ D(pl|p))

®)

Note that dyy(u, ') is normally known as the integral
probability metric, which is challenging to evaluate. Sriperum-
budur et al. [14] investigated the data-dependent estimation



to compute the quantity using Kantorovich metric, Dudley
metric and kernel distance, respectively. Ben-David et al. [4]]
proposed another evaluation method to resolve the issue for
classification problem. We point out that the result in Theorem
is not effective for a class of supervised machine learning
problems if 1 is not absolutely continuous with respect to .
Specifically when the label Y is determined by the features
X, the KL divergence is D(u||p’) = oo, leading to a useless
bound. To develop an appropriate upper bound to handle such
scenarios, we follow the methods in [[15]] to extend the results
by using other types of ¢-divergence. In particular, we choose

¢(x) = |z — 1|, which do not impose the absolute continuity
restriction.
Corollary 3. (Generalization error bound of ERM using ¢-

divergence) Assume that for any w € W, the loss function
l(w,Z) is Loo-norm bounded by o under the distribution
Py @ p'. Then for any € > 0 and § > 0, there exists an
ng (depending on 6 and €) such that for all n > ng, the
Jfollowing inequality holds with probability at least 1 —§ (over
the randomness of samples and the learning algorithm) that

Bn
Ly (Werm) — Ly (w”) < augijz‘oo > Lo(Werms 2i)
i=1

Q= lolee  §~ (1, (Wenw; 20) + 2TV (ulli) + €

(1 - /B)n i=fBn+1

where I¢(WERM; z;) = D¢(PWERMvzi||PWERM ® Pzi) is the ¢-

divergence between the distribution Py, », and Py, @ P,
with Dg(P||Q) = [ |dP —dQ| and TV (u||p') = § Dy (ul|1)
denotes the total variation distance between the distribution
wand .

+

D. Generalization error bound for noisy gradient descent
algorithm

The upper bound obtained in previous section cannot
be evaluated directly as it depends on the distribution of
the data, which is in general assumed unknown in learning
problems. Furthermore, in most cases, Wggrm does not have
a closed-form solution, but obtained by using an optimization
algorithm. In this section, we study the class of optimization
algorithms that iteratively update its optimization variable
based on both source S and target dataset S’. The upper bound
derived in this section are useful in the sense that the bound
can be easily calculated if the relative learning parameters are
given. Specifically, the hypothesis W is represented by the
optimization variable of the optimization algorithm, and we
use W(t) to denote the variable at iteration ¢. In particular,
we consider the following noisy gradient descent algorithm

Wt)=W(t—1)—nVLia(W(t—1),8,8)+nt) (9

where W (t) is initialized to be W(0) € W arbitrarily, Vi
denotes the gradient of L, with respect to W, and n(t) can be
any noises with the mean value of 0 and variance of 021, €
RZ. A typical example is n(t) ~ N(0,021).

Theorem 3 (Generalization error of noisy gradient descent).

Assume that W (T') is obtained from (@) at T iteration, and
assume that {(w, Z) is r2-subgaussian over Py ® ', and the

gradient is bounded, e.g.,
w(t). then

(£(w(?),

)|y < Kgr for any

Euss {gen (W(T)

—« 2 f(S)
(5

where we define

T
:ngOg (2 M) Zhnt
=1

7S7S/)}SO‘ I(S)

/J’n

D(ullu’)) (10)

amn

In this bound, we observe that if the optimization parameters
(such as «, 8, n(t), w(0), T, d) and loss function are fixed, the
generalization error bound is easy to calculate by using the
parameters given above. Also note that our assumptions do not
require that the noise is Gaussian distributed or the loss func-
tion ¢(w; z) is convex, this generality provides a possibility to
tackle a wider range of optimization problems. However, in
many cases the generalization error does not fully reflect the
effectiveness of the hypothesis if W(T') # Wgrm. One can
further provide an excess risk upper bound by utilizing the
proposition 3 in [16] with the assumption of strongly convex
loss function, which guarantees the convergence of hypothesis.

ITI. EXAMPLES
In this section, we provide two simple examples to illustrate
the upper bounds we obtained in previous sections.
A. Estimating the mean of Gaussian

We consider an example studied in [11]]. Assume that S
comes from the source distribution 1 = N'(m,0?) and S’
comes form the target distribution y’ = N'(m’, 0%) where m #
m’. We define the loss function as

Uw, z) =

For simplicity we assume here that S = 0. The empirical
risk minimization (ERM) solution is obtained by minimizing
L(w,S) := L 3" (w—Z;)?, where the solution is given by

1 n
w27

To obtain the upper bound, we first notice that in this case

(w — 2)%

Werm =

n
-1

for all 7. It is easy to see that the loss function £(W; Z;) is non-
central chi-square distribution X 2(1) of 1 degree of freedom
with the variance of o7 = ”:1 o~. Furthermore, the cumulant
generating function can be bounded as

1
I(Werwm; Z;) = 5 log -

AU(W;32;)—BL(W; Z; 12 2X\0f(m—m')?
logIEe(( )—El ))gae)\ +W, for A >0

By Corollary [T} the generalization error bound is given as

Zw*l

E{gen(Werm)} < = (Werwm; Zi) + D(pl|1"))



By the definition of 1*~!(z),

I(W;2)
)

We set A = and substitute I(Wggrm; Z;) in the
generalization error above we reach

w**l(x) > (m—m) +JZ>\+

I(W Z5)

n+1 1 n %'e endent estimation for the term d i) as
E{gen(Werm)} < 2 < - ) 02\/ §logm +202D(ullu) °P X wis 1)

where D(u||p') = % In this case, the generalization

error of Wegrm can be calculated exactly to be
- 202 9 ,
E{L(Werm, 5) — L (Werm)} = —— + 207 D(ul|1)
The derived bound approaches 202D (pl|') as n — oo with
a decay rate O(1/+/n). The derived bound captures the bound
asymptotically well with a lower rate, which is often the results
using Rademacher complexity bound [6].

B. Logistic regression transfer

In this section, we apply our bound in a typical classification
problem. Consider the following logistic regression problem
in a 2-dimensional space shown in Figure [1} For each w € R?
and z; = (2;,v;) € R? x {0,1}, the loss function is given by

U(w, i) := —(yilog(o(w z;)) + (1 — y;) log(1 — o(w” x;)))

where o(z) = H%

&
-0 75 B EX g B 50 75

Fig. 1. The source data z; are sampled from the truncated Gaussian distri-
bution N¢c ~ (0,2I) while the target data are sampled from the truncated
Gaussian distribution NV ~ ((—2,2),I). The according label y € {O 1}, is
generated from the Bernoulli dlstrlbutlon with probability p(1) = ﬁ,
€

where ws = (0.5, —1) for the source and w; = (—0.5,1.5) for the target.

Here we truncate the Gaussian random variables z; =
{(.1‘17.’172 |Hl‘1H2 < 6, H.TQHQ < 6} for:=1,---,n. We also
restrict hypothesis space as W = {w : ||w||2 < 3} where
Werwm falls in this area with high probability. It can be easily
checked that © < ' and the loss function is bounded, hence
we can upper bound generalization error using Corollary
To this end, we firstly fix the source samples ngs = 10000,
while the target samples n; varies from 100 to 100000 and
a=08= nffﬁnt following the guideline from [4]], [6]]. We give
the empirical estimation for 72 within the according hypothesis
space such that

7'2 _ (ma'XZGS’,wGW K(/U-“ Z) - minZGS’,wGW é(w7 Z))2

4
To evaluate the mutual information I(Wgrm, Z;) efficiently,
we follow the work [17] by repeatedly generating Werym and
Z;. As p < ', we decompose D(u(X,Y)|pw/ (X', Y")) =

D(Px||Px') + Ex~py{D(Py|x=z||Py/|x=z)} in terms of
the feature distributions and conditional distributions of the
labels. The first term D(Px||Px-) can be calculated using the
parameters of Gaussian distributions. The latter term denotes
the expected KL-divergence over Px between two Bernoulli
distributions, which can be evaluated by generating abundant
samples from the source domain. Further we apply Theorem

to upper bound the excess risk, where we give a data-

dw (p, ') = sup. |L(w, S) — L(w,S")].

To demonstrate the usefulness of our algorithm, we compare

the bound in the following theorem using the Rademacher
complexity under the same domain adaptation framework.
Detailed experiment settings can be found in [12].

Theorem 4. (Generalization error of ERM with Rademacher
complexity) [6, Theorem 6.2] Assume that for any w € W, the
loss function {(w, Z) is r2-subgaussian under the distribution
Py ® u or Py ® p'. Then for any § > 0, the following
inequality holds with probability at least 1 — 0 (over the
randomness of samples and the learning algorithm)

E{gen(Werm)} < (1 — @)dw (i, 1) + 20 Eqg,{ sup ol(Z,w)}
weW

21 —
Bn

+(1 —a)\/2r2ln(2) <ﬂn + 78:;))2>

where o is randomly selected from {-1,+1).

rin(4/4)

+ Bn

)E{supZal (zi,w)} + 3

The comparisons of generalization error bound and excess
risk bound are shown in figure [2] It is obvious that the
true losses are bounded by our developed upper bounds. The
result also suggests that our bound is tighter than Rademacher
complexity bound in terms of both generalization error and
excess risk. This is possibly due to that the generalization
error bound with Rademacher complexity is characterized by
the domain difference in the whole hypothesis space, while our
bound is data-algorithm dependent, which is only concerned
with Wegrm. As expected, the data-algorithm dependent bound
captures the true behaviour of generalization error while
Rademacher complexity bound fails to do so. It is noteworthy
that both bounds converge as n increases. The result confirms
that the bounds captures the dependence of the input data and
output hypothesis, as well as the stochasticity of the algorithm.

Generalization Error Bound Excess Risk Bound

=

= True Generalization Error = True Excess Risk

Information Theoretic Bound 12 Information Theoretic Bound

-+ Rademacher Complexity Bound

Tl e Rademacher Complexity Bound

1E(Wery, S,8) = L Wer)l
ERS
1Ly (Wegs) = Ly (")l

- o W & oW,

0

0.0 02 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8
f=a, ny=10000 P=a, ng = 10000

Fig. 2. Comparisons for generalization error and excess risk
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