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Measurement of the branching fractions of B̄0 ! D
⇤+

h
� decays at the Belle

experiment and development of a global particle vertex fitting algorithm for Belle II

by Jo-Frederik Krohn

In this thesis high precision QCD-factorisation tests were performed. The branching
ratios B(B̄0 ! D⇤+⇡�

) = (2.67 ± 0.02 ± 0.09) ⇥ 10
�3 and B(B̄0 ! D⇤+K�

) =

(2.27± 0.06± 0.08)⇥ 10
�4 were measured using (771.58± 10.56)⇥ 10

6 B-meson pairs
recorded by the Belle experiment. Both values are in tension with the theoretical
expectation.

The ratio of the branching ratio is measured in a way that allows for the cancel-
lation of the systematic uncertainties arising from the D⇤-meson reconstruction; the
value of RK/⇡ = B(B̄ ! D⇤+K�

)/B(B̄ ! D⇤+⇡�
) = (8.41 ± 0.24 ± 0.13) ⇥ 10

�2 was
found. Both B(B̄0 ! D⇤+⇡�

) and B(B̄0 ! D⇤+K�
) have shown deviations from the

prediction, this suggests that the estimation of the Feynman diagrams contributing
to the predictions may be inaccurate.

The new measured branching ratios were used to perform a high precision QCD
factorisation test by measuring ratios with respect to semi-leptonic branching ratios
at fixed momentum transfers for different particle species. A deviation for the ratio
�(B̄0 ! D⇤+h�

)/d�(B̄0 ! D⇤+l�⌫̄)/dq2 of 16% from theoretical predictions was
found, suggesting large non-factorisable contributions and/or new physics contribu-
tions.

Furthermore, SU(3)-symmetry was tested by measuring ratios for pions and kaons
of a2

1(K)/a2
1(⇡) = 1.05±0.05 as well as for different particle species. The found value is

consistent with unity and therefore no evidence for SU(3)-symmetry breaking effects
was found in this test to 5% precision. Thus, for RK/⇡ one can rule out SU(3)-
symmetry breaking effects as an explanation for the deviation.

Finally, a new vertex fitting algorithm and its implementation for the Belle II
software framework was reported. It can improve D⇤-meson reconstruction, is com-
putationally very efficient and is now the standard vertex fitting tool of the Belle II
experiment.

HTTPS://WWW.UNIMELB.EDU.AU/
https://science.unimelb.edu.au/
https://physics.unimelb.edu.au/home
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“ �F�‡ - Ikka no myōju - [The whole universe is in its ten directions is] One
Bright Pearl.”

Gensa Shibi (China, 835-907) [1]
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Chapter 1

Introduction

Particle Physics is a field of science that aims to understand nature and the universe
as a whole. This is done following a reductionist philosophy that many thinkers
of different cultural backgrounds laid the conceptual ground work. The commonly
accepted framework for this description at small scales, the Standard Model (SM), is
not able to reduce the universe to a single symmetric object like Gensa Shibi, who
laid the ground stones for Japanese Zen-Buddhism, suggested. Instead, it uses a set
of building blocks and their interactions based on symmetries. But the goal is still
a reduction to more fundamental objects. Its predictions have been very successfully
confirmed over the last five decades and only a few fundamental discoveries that can
not be explained by the SM, like for example gravitational waves, have been made.
However, it has been known to be incomplete from the point on it was conceived,
since it does not include gravity. Gravity is an effect that is weaker than the forces of
the SM by a factor of ⇡ 10

40. This explains why the SM, even though incomplete, is
still a very effective theory.

The publicly well known collider experiments of recent years, such ATLAS or CMS at
the Large Hadron Collider, search for new physics beyond the SM at higher and higher
energy scales via direct production. Less known are precision experiments that search
for new physics by measuring known SM effects with a high precision in order to find
smaller and rarer deviations that may point to new physics effects. The context of
this thesis are experiments of the latter type.

The Belle and Belle II experiments, among other aims, aim to measure CP violation of
the B � B̄-meson system. The precision of the experiments improves as the size of the
accumulated data grows. Consequently, the theory tools and assumptions have to be
tested with a high precision, in order to allow improvements to match the experimental
side. One such assumption is QCD factorisation, which is used to calculate hadronic
contributions to the direct and mixing CP-violation observables Adir

CP and Amix
CP . In

the context of this thesis the branching ratios of the hadronic B-decays B0 ! D⇤�⇡+

and B0 ! D⇤�K+ will be measured. These allow us to measure key observables
to test QCD factorisation as a tool to predict amplitudes in hadronic B-decays with
unprecedented precision.

Experimental work in Particle Physics takes place in large international collabora-
tions. The work presented in this thesis builds on top of work that other people have
provided, such as the collider team that operated the collider, data acquisition, the
sub-detector groups, physics performance groups, and the software team, to name a
few. In order to be allowed to analyse data, one has to contribute to the collaboration.
The algorithm development during this thesis, the last chapter, can be seen as this
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contribution, in addition to data acquisition shifts for Belle II. It is also a fundamen-
tal tool for physics analysis at Belle II for background suppression and CP -violation
measurements.

The time-frame of this thesis falls between the end of the Belle experiment and the
start of the Belle II experiment. As a consequence, most of the high profile analy-
ses like the measurement of CP -violation in the B-meson system have already been
performed at Belle. As for Belle II, the experiment is still in the detector calibration
stage and the data sets are very small. Therefore this thesis includes work done for
both experiments. A Belle dataset will be analysed with the main motivation to lay
the groundwork for high precision CP -violation measurements in the future, once the
full Belle II dataset is available. The interpretation of the results of these analyses
are limited by the knowledge of hadronic effects, which are effects of the strong in-
teraction. Many of these effects have been known since the early 1990s, however,
the theoretical assumptions made in order to calculate hadronic B-decays, have never
been challenged with high precision tests, despite the datasets being available for a
long time. Therefore it is important to provide this input before the availability of
the Belle II data sets, to give the theory community time to prepare high precision
predictions and to maximise the usefulness of both.

This thesis is structured as follows. A general introduction will be given in Chapter 1.
Chapter 2 will give an overview of the Standard Model and the theoretical motivations
behind the measurements performed in Chapter 5. In Chapter 3 the Belle and Belle II
experiments and detector details will be discussed. Furthermore, the analysed dataset
will be discussed. Chapter 4 will give an overview over the statistical tools that are
used to analyse the data. Chapter 5 will discuss the physics analysis. The branching
ratios of B0 ! D⇤�⇡+ and B0 ! D⇤�K+ will be measured with unprecedented preci-
sion and the ratio of the branching ratios will be measured in a direct way that allows
for the cancellation of the systematic uncertainties. This has never been done before.
Chapter 6 will provide a phenomenological analysis of the results in collaboration with
Daniel Ferlewicz, who kindly provided momentum transfer dependent branching ratio
results of B0 ! D⇤�l+⌫ decays. These allow for use of the branching ratios measured
in this thesis to extract physics parameters and to test QCD factorisation. In Chapter
7 an algorithm developed for the Belle II experiment that allows for improvements in
the reconstruction precision and software performance will be presented.

This thesis uses the following conventions. Energies and momenta are given in natural
units, i.e. the speed of light and the Planck Constant are set to unity, c = 1, ~ = 1.
Metric units are obtained by multiplying with the corresponding factors for ener-
gies GeV ! GeV/c

2 and for momenta GeV ! GeV/c. Furthermore, implicit charge
conjugation is implied, reconstructing ⇡� always implies reconstructing ⇡+ and for
decays, a statement made for D0 ! K�⇡+ implies that D̄0 ! K+⇡� is included.
Decays are sometimes abbreviated as D0

(K�⇡+
) = D0 ! K�⇡+ in longer decay

chains for viewing convenience.
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Chapter 2

Theoretical motivations

In this chapter the fundamental theoretical principles of particle physics that are
needed to understand the motivation behind the measurement in this thesis will be
explained. The first section will focus on the Standard Model of Particle Physics fol-
lowed by a discussion of modern QCD calculations, subsequently new physics models
will be briefly discussed. The standard model section largely follows the description
as in Ref. [2], while the section describing hadronic B-decays is based on Ref. [3].

2.1 The Standard Model of particle physics

The Standard Model of Particle Physics (SM) is a theory that describes nature at high
energy densities. It is following a reductionist description of nature using a minimal
set of building blocks called particles and their interactions, based on symmetries and
gauge invariance. Particles are characterised by their masses and quantum numbers,
such as spin and charges. Generally, there are two sets of particles that can be
distinguished, particles with spin s = ±1

2 , called fermions and particles with integer
spin, named bosons. Irreducible, fundamental bosons are mediating forces between
fermions. Forces arise from underlying symmetries. The known forces are, the strong
force, following a non-abelian SU(3) group with eight gluons as the gauge bosons, the
weak force, following an non-abelian SU(2)L group with the two charged W± and
neutral Z0 gauge bosons and the electro-magnetic force, following an abelian U(1)

group with the � as the only gauge boson. The SM therefore is a quantum filed
theory with the following gauge group GSM = SU(3)⇥SU(2)L ⇥U(1). Fermions can
be further categorised by whether or not they interact by the strong force. Those that
do are called quarks, the others leptons. Measurements of the Z0 invariant mass have
shown that there are three generations of quarks and leptons in a SM with massless
neutrinos. Dynamics of the theory are describe via a Lagrange density L(�) that
is gauge invariant. Gauge invariance forbids mass terms for the bosons, suggesting
that all gauge bosons should be massless. However, measurements of the SU(2)L

gauge bosons have shown that these have masses. Therefore another mechanism,
the Higgs mechanism, is needed to explain this. The Higgs mechanism introduces a
spontaneous symmetry breaking [4, 5], giving mass to all particles, including fermions.
This requires the introduction of a new particle, the Higgs Boson, which was proven
to exist by the CMS and ATLAS collaborations in 2012 [6, 7]. This was considered
the greatest success of the SM in recent years. A summary of all particles contained
in the SM and their quantum numbers can be found in Fig. 2.1. However, the SM
does not qualify as a theory for everything as it does not provide an explanation for
phenomenons such as Dark Matter or gravity. Furthermore, it assumes neutrino to
be massless, which has already been proven false [8].
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Figure 2.1: Overview of the particles contained in the Standard
Model and their parameters.

2.1.1 The weak interaction

The strong and electro-magnetic interaction conserve lepton and quark flavour; as a
consequence, many particles can only decay via the weak force. An example decay is
the muon decay µ ! e⌫̄e⌫µ. The chirality of the weak interaction was experimentally
found to be only left handed and therefore the right handed operator PR =

1
2(1 + �5

)

does not appear in the SM Lagrangian of the weak interaction. Consequently, only left
handed neutrinos and right handed anti-neutrinos can participate in the interaction.
Furthermore, by decomposing the Hamiltonian into an vector  ̄�↵ and a axial-vector
term  ̄�↵�5 , one can show that the axial part is invariant under parity operations,
while the vector part it not. This means that when comparing particles and anti-
particles, or more rigorously, applying the operators charge and parity, C, and P ,
the combination, CP , can be violated, an effect known as CP -violation. This will be
discussed in more detail later. The global phase of the wave function as given by the
operators ✓ = CPT , where T is the time operator, cannot be violated. Additionally,
the weak force allows quark flavours to mix. The mixing strengths are described by a
complex unitary matrix called the Cabibbo-Kobayashi-Maskawa (CKM) matrix. This
matrix connects mass eigenstates {d, s, b} and the respective weak force eigenstates
{d0, s0, b0} for down type quarks as

0

@
d0

s0

b0

1

A =

0

@
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

A

0

@
d
s
b

1

A . (2.1)

Using unitarity constraints one can derive all parameters from a set of four fundamen-
tal parameters. These are three angles in the complex plane and a complex phase. The
existence of CP-violation can be directly attributed to the existence of the complex
phase. It has been measured successfully by the Belle [9] and BaBar [10] experiments
and a Nobel Prize was awarded to Kobayashi and Maskawa in 2008 for its formulation
and therefore prediction of the existence of a third generation of quarks.
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Figure 2.2: Hadronic decay topologies of the B-meson into a heavy
charm meson and a hadron. The colour allowed tree (T), colour sup-

pressed (C) and the exchange topology (E) are all possible [11].

2.1.2 The strong interaction

Quantum chromodynamics (QCD) is often referred to as the strong interaction, be-
cause its effects are much stronger than the electro-magnetic interaction. This allows,
for example a proton consisting of three quarks of the same electro-magnetic charge to
be stable. The charge of QCD is named colour. The major difference between QCD
and all other interactions is that the underlying gauge group is non-abelian, which
allows the gauge bosons to self interact. As a consequence the gauge boson them-
selves have to be colour charged and colour charged particles can only exist in colour
neutral objects. This means that single quarks and gluons cannot exist on their own,
an effect known as confinement. Colour neutral particles containing two quarks are
called mesons, while baryons consist of three quarks, both are categorised as hadrons.
Furthermore renormalising the theory and calculating loop correction becomes sub-
stantially more difficult. There are two approaches to calculating dynamics, the small
mass limit and Heavy Quark Effective Theory (HQET) for heavy quarks. The former
is suitable for calculations only involving u, d, s quarks and the latter for c, b, t quarks.

2.2 B̄d ! D
(⇤)

h decays

Hadronic B-meson decays such as B̄d ! D(⇤)h, where h can be any hadron are
interesting for a variety of aspects. Their branching ratios are large, which makes them
a good testing ground for theoretical predictions; CP -asymmetries can be measured,
their polarisations can be probed for new physics currents and they can be measured
in direct searches for new physics.

In this section the phenomenology and motivation for the measurements in this
thesis will be discussed. The details of the theoretical calculations of the observables
will follow.

2.2.1 Phenomenology

Hadronic decays of the B-meson involving a heavy charm meson, D(⇤)
(s) , can occur

via three topologies. These are the colour allowed tree (T), colour suppressed (C) or
the exchange topology (E), as depicted in Fig. 2.2. The relative amplitudes of these
depend on, the quark content of D(⇤)

(s) and h. For B̄d ! D⇤+K� only (T) is allowed,
while for B̄d ! D⇤+⇡�, both (T) and (E) are possible.
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The branching fraction can be written as a function of an amplitude A, a phase-
space factor �d

D⇤+ and the lifetime of the B-meson, ⌧ , such that

B(B̄d ! D⇤+h�
) =

��A(B̄d ! D⇤+h�
)
��2�d

D⇤+h�⌧Bd . (2.2)

The amplitude directly relates to the respective diagram

A(B̄d ! D⇤+K�
) = T ⇤

K , (2.3)

and
A(B̄d ! D⇤+⇡�

) = T ⇤
⇡ + E⇤

⇡, (2.4)

where the ⇤ denotes the presence of a D⇤. Doubly Cabibbo suppressed contributions
from b ! u transitions are ignored due to their size of less then 1%. Therefore,
by taking the ratio of the branching fractions one can asses the size of any SU(3)

symmetry-breaking affects and the size of (E) as

B(B̄d ! D⇤+K�
)

B(B̄d ! D⇤+⇡�)
=

����
T ⇤

K

T ⇤
⇡ + E⇤

⇡

����
2

. (2.5)

It can be assumed that T ⇤
⇡ = T ⇤

K
if SU(3) symmetry holds. Performing a high

precision measurement of this ratio is the first motivation for this thesis and results
are presented in Sec. 5.12.

Another category of very interesting tests of hadronic effects are measurements of
a1, a parameter describing the deviation from naive factorisation of the two meson
currents, as discussed in Sec. 2.2.6. It is part of the hadronic branching ratios and can
be isolated by taking the ratio with respect to semi-leptonic decays. These only have
strong interactions between the quarks and gluons within the B ! D(⇤) current, as
shown in Fig. 2.3. By measuring the ratio at the squared momentum transfer of the
respective light meson q2

= m(K/⇡), these hadronic effects cancel, so that

R⇤
=

�(B̄0
d

! D⇤+h�
)

d�(B̄0
d

! D⇤+l�⌫̄)/dq2|q2=mh

= 6⇡2 ⌧B |Vuq| f2
h |a1(D

⇤h)|2 Xh, (2.6)

where Xh = 1 + O(m2
h
/m2

B
) and fh is a meson decay constant. Thus, using this

ratio, the a1 contribution can be measured with high precision, because the CKM
matrix element Vuq and the meson decay constant fh are known with high accuracy.
Performing the measurement of a1 is the second phenomenological aim of this thesis.
The results are discussed in Sec. 6.1.

2.2.2 Hadronic effects in direct CP-violation

The fact that for some decays the invariance of charge, C and parity, P , operators in
combination is violated, can be attributed to a complex phase �i that enters a process
via the CKM matrix. It changes sign under CP . The most general way one can write
the amplitudes for such a process is using two complex numbers

A = |M1| ei✓1ei�1 + |M2| ei✓2ei�2 (2.7)

and for the respective anti-particle

Ā = |M1| ei✓1e�i�1 + |M2| ei✓2e�i�2 , (2.8)
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Figure 2.3: Semi-leptonic decay B̄0
d ! D⇤+l�⌫̄. This topology only

has hadronic interactions taking place within the B ! D current.

where M is the absolute value and the exponential terms are the phase, where ✓ is
an additional strong phase. The observed physical amplitudes may be different for
particles and anti-particles, if the phases are such that

|A|2 �
��Ā

��2 = �4 |M1| |M2| sin (✓1 � ✓2) sin (�1 � �2), (2.9)

is non-zero. This requires that CP (A) 6= Ā, if �1 � �2 6= 0 or ✓1 � ✓2 6= 0 and thus
CP is violated. However, it was found that for most processes |✓| < 5 ⇥ 10

�10, which
makes the ✓ contribution negligible [12]. One can match these on the amplitudes as
in Eq. 2.3 and Eq. 2.4 with the replacements T ⇤ ! � |T | ei� , where |T | or |E|, is the
hadronic matrix element, � is a combination of the phases and � is the CKM matrix
element. This means that a large uncertainty on |T | would always result in a large
uncertainty on �. The Belle II experiment aims for a high precision measurement
of the phases. However, on the experimental side the improvements that can be
made are limited to improving the decay vertex resolution and reducing the statistical
uncertainty by collecting more data. As presented above, an orthogonal strategy
to improve the precision is to narrow down the uncertainty on the hadronic matrix
elements. Even though B̄0

d
! D⇤+h� may not be a suitable channel for direct CP-

violation measurements, it is very well suited to test the theoretical framework used
to calculate the matrix elements of other decays like B0

d
! KsJ/ , one of the golden

modes to study CP -violation [13]. Furthermore, the measurement of this particular
channel relies on SU(3)-symmetry, meaning that the calculation of the branching
ratios do not fundamentally change, apart from a CKM matrix element, form factor
and decay constant, when one of the quarks is replaced by a quark of a different
flavour. In this particular example one uses the non-CP -violating decay B0

d
! ⇡0J/ 

as a normalisation mode. Thus exchanging an s quark with a d quark. However, the
SU(3)-symmetry assumption has never been challenged with a high precision test.

2.2.3 The weak Effective Hamiltonian

Decays that change quark flavour can only proceed via the weak interaction. A very
efficient way of describing these decays is via a generalisation of Fermi-Theory, describ-
ing interactions at low energies with an effective field theory. Low energies here refers
to scales below MW . It can be regarded as an expansion of local effective operators,
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Qi, and their Wilson coefficients, Ci, at some scale µ, such that

He↵ =
GFp

2

X

i

Ci(µ)Qi(µ), (2.10)

where GF is the Fermi constant. Amplitudes can be calculated via the scalar product
of the inital state, i, and final state, f , as

A(i ! f) = hf | Heff |ii =
GFp

2

X

i

Ci(µ) hf | Qi(µ) |ii . (2.11)

To obtain a scale independent expression, the scale dependence of Ci(µ) must somehow
cancel in hf | Qi(µ) |ii. This is usually done by choosing the scale such that short
distance effects are contained in Ci(µ) and long distance effects are put into Qi(µ).
As a consequence the challenging part will be the calculation of hf | Qi(µ) |ii. The
following will give an overview of how to calculate both to arrive at the amplitudes.

2.2.4 Calculation of the amplitudes

The decays of B-mesons contain at least one heavy quark and are usually viewed as the
decay of this heavy quark in a four-point interaction, where the second quark is just
a spectator that does not participate. Hence these are called spectator quarks. The
interaction is described by an effective Hamiltonian and correction factors to account
for the presence of the second quark and higher order interactions. The amplitude for
two body decay of the B-meson into two mesons B ! M1M2 is given by

A(B ! M1M2) =
GFp

2

X

i

�iCi(µ) hM1M2| Oi |B̄i (µ). (2.12)

The virtual QCD effects above the scale mb renormalise the local operators Oi of the
weak Hamiltonian and are well understood [14]. The CKM matrix elements are �i

and the coefficient function Ci(µ) accounts for QCD effects for scales above µ ⇠ mb.
The explicit effective Hamiltonian for B̄0

d
! D⇤+h� can be written as

Heff =
GFp

2
V ⇤

udVcb(C0O0 + C8O8), (2.13)

with the singlet operator

O0 = c̄�µ
(1 � �5)bd̄�µ(1 � �5)u, (2.14)

and the octet operator

O8 = c̄�µ
(1 � �5)T

Abd̄�µ(1 � �5)TAu. (2.15)
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2.2.5 Wilson coefficients

The Wilson coefficients, Ci, at next-to-leading order (NLO) are given by

C0 =
Nc + 1

2Nc

C+ +
Nc � 1

2Nc

C�,

C8 = C+ � C�,

C±(µ) = C̃±(µ)

✓
1 +

↵s(µ)

4⇡
B±

◆
,

C̃±(µ) =


↵s(MW )

↵s(µ)

�d± 
1 +

↵s(MW ) � ↵s(µ)

4⇡
(B± � J±)

�
,

(2.16)

with NLO running coupling ↵s defined as

↵s(µ) =
4⇡

�0 ln(µ2/⇤2
QCD

)

"
1 � �1

�2
0

ln(µ2/⇤2
QCD

)

ln(µ2/⇤2
QCD

)

#
, (2.17)

where

�0 =
11Nc � 2f

3
, �1 =

34

3
N2

c � 10

3
Ncf � 2CF f, CF =

N2
c � 1

2Nc

, (2.18)

and

d± =

(
6
23

�12
23

B± � J± =

(
6473
3174

�9371
1587 .

(2.19)

Here Nc = 5 are the number of colours and f = 5 the number of flavours. Calculating
the matrix elements is more complicated and explained in the next section.

2.2.6 Using QCD factorisation to calculate the matrix elements

QCD factorisation refers to the process of approximating the matrix elements in a
way that factorises into components that are calculable. For example for B ! D⇡
decays, one factorises the decay current j1 ⌦ j2 into a B ! D and a vacuum current
0 ! ⇡:

hD⇡| j1 ⌦ j2 |Bi = hD| j1 |Bi h⇡| j2 |0i . (2.20)

More generally, for a heavy meson M1 and a light meson M2 at leading order in
⇤QCD/mb the transition matrix elements of the operators Oi can be expressed by a
form factor and a convolution integral;

hM1M2| Oi |B̄i =

X

j

FB!M1
j

(m2
2)

Z 1

0
du T I

ij(u)�M2(u), (2.21)

where F
B!M1,2

j
(m2

1,2) is a form factor describing the B ! M1,2 transition, �M2(u) is
the light cone distribution amplitude of the quarks in the light meson and T I

ij
(u) is a

scattering kernel, described in the normalised phase space u. The meaning of these
quantities in the context of Feynman graphs is depicted in Fig. 2.4. This assumption
ignores the annihilation diagram, i.e. the one including T II

i
. The second diagram

contributes at order (⇤QCD/mb)
2 ⇠ 0.0025 and thus is far away from experimental

sensitivity.
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Figure 2.4: QCD factorisation terms and their meaning in the con-
text of a Feynman diagram [3]. The first depiction is for type I decays
where M1 is heavy and M2 is a light meson. The second "annihilation"

diagram contributes only at (⇤QCD/mb)
2 to these.

In the following the definitions of these functions and their calculation will be
discussed using the NLO Wilson coefficients. The descriptions in next-to-next-to-
leading order (NNLO) are available and used in Ref. [15], but will not be discussed
further due to their complexity.

The form factor can be calculated assuming the dominant contribution is driven
by soft processes. One can approximate it by an overlap integral of light-cone wave
functions such that

FB!D
(0)|q2=0 ⇠

Z
d⇠d2k?
16⇡3

 B(⇠, k?) D(⇠0
(⇠), k?), (2.22)

at momentum transfer q2
= 0. Furthermore, one can show that this scales as a

constant. For a more rigorous discussion in the context of semi-leptonic decays see
Ref. [16, 17, 18]. The scattering kernels T I

0,8 for M1 = D⇤ depend on the symmetries
in �L(M2) and are given by

T0(u, z) = 1 + O(↵2
s), (2.23)

for the singlet operator, and

T8(u, z) =
↵s

4⇡

CF

2Nc


�6 ln

µ2

m2
b

� B + F (u, �z)

�
+ O(↵2

s), (2.24)

for the octet. The function B is scheme dependent and either B = 11 in the naive
dimensional regularisation scheme (NDR) or B = 9 in the “t-Hooft-Veltman” scheme.
The light cone distribution function �L(u) is symmetric for h�

= ⇡� under u $ ū.
In that case the loop function F (u, z) is given by

F (u, z) = 3 ln z2 � 7f(u, z) + f(u, 1/z), (2.25)

and

f(u, z) = �u(1 � z2
)(3(1 � u(1 � z2

)) + z)

(1 � u(1 � z2))2
· ln(u(1 � z2

)) � z

1 � u(1 � z2)
. (2.26)
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In the case that �L(u) is not symmetric under u $ ū the expressions read

F (u, z) = (3 + ln
u

ū
) ln z2 � 7f(u, z) + f(ū, 1/z), (2.27)

where

f(u, z) = �u(1 � z2
)(3(1 � u(1 � z2

)) + z)

(1 � u(1 � z2))2
· ln(u(1 � z2

)) � z

1 � u(1 � z2)

+ 2


ln(u(1 � z2

))

1 � u(1 � z2)
� ln(u(1 � z2

)) � Li2(1 � u(1 � z2
)) � {u $ ū}

�
,

(2.28)

and Li2(x) = �
R

x

0 dt/t ln(1 � t). This is the case for for h�
= K�. For the operators

one can write using the factorisation formula

hD⇤+L�| O0,8 |B̄0
di = hD⇤+| c̄�µ

(1 � �5
)b |B̄0

di · ifLqµ

Z 1

0
duT0,8(u, z)�L(u), (2.29)

where fL is a meson decay constant. It is important to note that at zeroth order only
O0 will contribute, otherwise the light quark pair would not produce a colour singlet
at zeroth order of ↵s and likewise at first order only O8 can contribute.

Assuming Eq. 2.29 holds, one can join everything together and factorise corrections
into a factor a1 and define a transition operator for D⇤ and a light meson L,

T
B0

d!D⇤+L� = �GFp
2
V ⇤

uqVcba1(D
⇤L)QA, (2.30)

with the operator
QA = c̄�µ�5b ⌦ d̄�µ(1 � �5)u, (2.31)

and a1 defined as

a1(D
⇤L) =

Nc + 1

2Nc

C̃+(µ) +
Nc � 1

2Nc

C̃�(µ)

+
↵s

4⇡

Cf

2Nc

C8(µ)


�6 ln

µ2

m2
b

+

Z 1

0
du F (u, �z)�L(u)

�
.

(2.32)

Therefore the entire factorisation hypothesis is contained in this observable. It will be
measured in this thesis and may give information about the validity of the factorisation
approach, see Chapter 6.1.

To calculate the convolution integral in Eq. 2.32, the light cone distribution func-
tions are expanded into Gegenbauer polynomials

�L(u) = 6u(1 � u)

"
1 +

1X

n=1

↵L

n(µ)C3/2
n (2u � 1)

#
, (2.33)

with C3/2
1 = 3x and C3/2

2 =
3
2(5x2 � 1) and the series is taken only to second order.

The theoretical results for a1 can be found in Table 2.1.
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Table 2.1: Theoretical results for a1. With ↵⇡
1 = 0 and ↵K

1 < 1.

Parameter Value Source
aLO

1 1.049 [3]
aNLO

1 1.054
+0.018
�0.017 � (0.015

+0.013
�0.007)i [3]

aNNLO
1 (D⇤+⇡�

) 1.071
+0.013
�0.012 � (0.032

+0.016
�0.010)i [15]

aNNLO
1 (D⇤+K�

) 1.068
+0.010
�0.012 � (0.034

+0.017
�0.011)i [15]

Table 2.2: Theoretical results for branching fractions.

Mode LO NLO NNLO Magnitude Ref.
B̄0

d
! D⇤+⇡� 3.15 3.32

+0.44
�0.42 3.93

+0.43
�0.42 10

�3 [15]
B̄0

d
! D⇤+K� 2.17 2.50

+0.39
�0.36 2.59

+0.39
�0.37 10

�4 [15]
B̄0

d
! D⇤+K� NA NA 3.27

+0.39
�0.34 10

�4 [19]
BR(B̄0

d!D
⇤+

K
�)

BR(B̄0
d!D⇤+⇡�)

0.75 0.75
+0.02
�0.02 0.75

+0.02
�0.02 10

�1 [15]

2.2.7 Matrix elements and branching ratios

The matrix elements can be found from the product of the factor a1, the form factor
A0, earlier called FB!D, and a meson decay constant fh, such that

A(B̄0
d ! D⇤+⇡�

) = �i
GFp

2
V ⇤

udVcba1(D
⇤⇡)f⇡A0(m

2
⇡)2mD⇤✏⇤ · p, (2.34)

and

A(B̄0
d ! D⇤+K�

) = �i
GFp

2
V ⇤

usVcba1(D
⇤K)fKA0(m

2
K)2mD⇤✏⇤ · p, (2.35)

where ✏ is the polarisation vector of the D⇤ and p the four-momentum. The branching
ratios subsequently are given by

�(B̄0
d ! D⇤+⇡�

) =
G2

F
|~q|3

4⇡
|V ⇤

udVcb|a1(D
⇤⇡)f2

⇡A0(m
2
⇡) (2.36)

and
�(B̄0

d ! D⇤+K�
) =

G2
F
|~q|3

4⇡
|V ⇤

usVcb|a1(D
⇤K)f2

KA0(m
2
K). (2.37)

The numerical predictions are listed in Table 2.2. The 2019 predictions for B(B̄0
d

!
D⇤+K�

) determined in Ref. [19] show a larger deviation from measurements of 3�
from PDG values.

2.2.8 New physics models

A deviation of the branching ratio measurements from the above presented values
would mostly likely be due to large non-factorisable contributions. However, another
possibility could be contributions from new physics. Two possible models are sug-
gested in Ref. [20]. These can enter the predictions via the Wilson coefficients at some
scale ⇤NP . However, current measurements constraint their sizes significantly [21, 22,
23, 24, 25]. The first plausible model could be a modification of the Lagrangian by
flavour changing neutral currents (FCNC) via Yuakawa couplings, Y u, so that

L =
1

2⇤2
NP

h
Q̄i

L(�ij) + a(Y uY u†
)�µQj

L

i2
, (2.38)
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with Y u
= V †

diag(yu, yc, yt) and a dimensionless coupling a. The resulting modifica-
tion to C0, Eq.2.16, would read

Cq,MFV
0 = � 1

⇤2
NP

p
2

4Gf


1 + ayt

V ⇤
ts

Vcb

�
. (2.39)

However, their size is constrained to

� 0.002 . Cq,MFV
0 (mb)

Cq,SM
0 (mb)

. (2.40)

Another possibility is an extension of the electroweak gauge group to SU(2)1 ⇥
SU(2)2 ⇥ U(1)Y . This would imply the existence of two new massive gauge bosons
Z 00 and W 0± and a set of vector-like fermions, V . Their interactions are given by

L = +
gij

2
Z 0

µd̄i

L�
µdj

L
� (V gV †

)ij

2
Z 0

µūi

L�
µuj

L
� (V g)ijp

2
W 0

µūi

L�
µdj

L
+ h.c. . (2.41)

Setting MW 0± = MZ0 = MV for simplicity and integrating out both MW 0± , one obtains
the modification of the Wilson coefficient as

Cq,W
0

0 (MV ) =
1

4
p

2GF M2
V

(V g)23(V g)
⇤
1q

VcbV ⇤
uq

. (2.42)

The flavour structure can be chosen to be

gij =

0

@
g11 0 0

0 g22 g23

0 g23 g33

1

A , (2.43)

where in principle another entry, gij , may be chosen to be zero. The size of the NP
contributions of this model depends on this choice, �0.05 . CW

0
0 /CSM

0 for g23 = 0,
�0.01 . CW

0
0 /CSM

0 for g33 = 0 and �0.1 . CW
0

0 /CSM
0 if all are non-zero. This allows

deviations of around 10% from the SM expectations toward smaller values.
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Chapter 3

Experimental setup

The data analysed in this thesis are based on e+e�-collisions provided by the KEKB
and SuperKEKB colliders, recorded by the Belle and Belle II detectors, located in
Tsukuba, Japan. The Belle experiment utilised the Belle detector and KEKB col-
lider from 1999 to 2010. It was then upgraded to the Belle II experiment and the
SuperKEKB collider, which recorded its first collision data in April 2018. This chap-
ter will summarise the experimental setups and briefly discuss the fundamentals of
particle collider experiments.

3.1 Experiments with particle colliders

Particle colliders allow us to create and study environments of very high energy den-
sity as they were present in the primordial universe. This environment is needed to
understand the fundamental interactions and symmetries of the universe. There are
two basic principles that are exploited. The first is the widely know Einstein relation
between the energy and invariant mass of a particle at rest,

E = m · c2, (3.1)

where m is the invariant mass of the particle and c the speed of light. By accelerating
particles to high energies and colliding them one can generate new particles based on
the available energy. The second principle is the duality, first described by De Broglie,
between particles of momentum p and waves of wavelength �, such that

� =
h

p
, (3.2)

where h = 6.62·10
�34 Js is the Planck constant. This relation connects the energy of a

particle to a length scale; the larger the energy and hence the momentum of a particle,
the smaller the structure it can probe. For example the smallest structure a microscope
with a lamp shining through an object can resolve is given by the wavelength of the
light. Particle colliders are characterised by their centre of mass energy (CMS),

p
s,

found to be p
s ⇡

p
4E1E2, (3.3)

assuming the collisions are head on and large enough energies that particle masses
can be neglected. The indices refer to the colliding particles. However, in reality the
particle collisions take place at a certain angle and are not between single particles
but bunches of particles that have a certain distribution.

The Belle and Belle II experiments operate at a collision energy slightly above
the mass of the ⌥(4S)

bb̄
-resonance, m(⌥(4S)

bb̄
) = 10.579 GeV [26], to maximise the

probability of producing ⌥(4S)
bb̄

particles. The cross section of e+e� ! Hadrons as
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Figure 3.1: Cross section of e+e� collisions decaying into hadrons
as a function of CMS energy [27].

a function of the beam energy is depicted in Fig. 3.1. ⌥(4S)-resonances decay > 97%

of the time as ⌥(4s) ! B̄B, allowing us to study the interactions of the heavy b-quark
contained in the B-meson. These types of experimental setups are therefore called
B-factories.

The amount of data a collision experiment collects over time depends on the
instantaneous luminosity of the collider. The instantaneous luminosity, L, is a measure
of the number of interactions, R, per unit time and the effective cross section of the
process, �, given by

L = ��1 dR

dt
. (3.4)

Particle colliders collide clouds of particles with each other to increase the chance of
particles hitting each other; these clouds are called bunches. Ignoring the crossing
angle, offsets between the particle beams, potential differences in bunch size and the
Hour-Glass effect, as discussed in Ref. [28], one can write the instantaneous luminosity
as

L =
N1N2fNb

4⇡�x�y

, (3.5)

where N1,2 is the number of particles in the colliding bunches, f is the collision
frequency, Nb is the number of bunches in each beam and the bunch sizes are �x

and �y. The integrated luminosity, Lint, measures the luminosity collected in a time
span T2 � T1 as

Lint =

Z
T2

T1

L dt. (3.6)

3.2 The KEKB and SuperKEKB collider

The KEKB collider was an asymmetric e+e�-collider. It provided a maximum peak
luminosity of L = 2.11 · 10

34 cm�2s�1 and a total integrated luminosity of Lint =

710 fb
�1 at the ⌥(4S)

bb̄
-resonance. The colliding beams were configured with energies

of 3.5 GeV for the low energy e+-ring (LER) and 8 GeV for the high energy e�-
ring (HER) [29]. Due to the asymmetry of the beam energies, the generated B-
mesons were produced with a relativistic boost that that allows for the study of time
dependent CP-violation. The design instantaneous luminosity target of SuperKEKB
is 8 · 10

35
cm

�2
s
�1, more than 10 times higher than KEKB. And a total integrated

luminosity of 50 ab
�1 will be provided at the ⌥(4S)

bb̄
-resonance. The asymmetry

of the beam energies has been reduced to 4 GeV in the LER and 7 GeV in the
HER. Furthermore, the interaction region was redesigned by introducing a nano-beam
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Figure 3.2: Schematic depiction of the interaction region comparing
KEKB and SuperKEKB.

scheme that decreases the cross-sectional area, �x,y in Eq.3.5, in which the collisions
take place, depicted in Fig. 3.2, to increase the instantaneous luminosity. A schematic
depiction of the two colliders is displayed in Fig. 3.3.

3.3 The Belle and Belle II detector

The Belle [30] and Belle II [31] detectors are optimised for the detection of particles in
an energy range of approximately 20 MeV up to 5 GeV in a hermetic design, surround-
ing the interaction points of the KEKB and SuperKEKB colliders, respectively. The
Belle detector was upgraded to the Belle II detector. The most important differences
are the silicon vertex detectors, that were upgraded to a 2-layer Pixel Detector (PXD)
and a 4-layer silicon strip detector (SVD), and the replacement of the time of flight
detectors (TOF) in favour of a larger tracking volume and Cherenkov Angle based
detectors for Kaon-Pion separation (TOP and ARICH). The Central Drift Chamber
(CDC) was completely replaced with a new chamber with supercell structure and
finer spacing at inner radii. Most other systems like the K0

L
and Muon detector, the

Electromagnetic Calorimeter (ECL) and the Solenoid Magnet only underwent smaller
changes. However, to achieve a nano-beam scheme the final focussing magnets, QCS
in Fig. 3.4, had to be made larger, decreasing the solid angle coverage of the detectors
forward and backward in tracking acceptance. The individual components of the de-
tector will be discussed in some detail in the following, with more detailed descriptions
in the technical documentation of the experiments.

3.3.1 The Belle detector

SVD The innermost layer of the detector is the Silicon Vertex Detector which is
used for precise tracking of charged particles close to the interaction point. It is
designed for the measurement of the decay vertices of short lived particles such as B-
mesons. Siliconstrip sensors were used to measure the three dimensional flight paths
of charged particles and together with a magnetic field, one can infer their momentum
by measuring the curvature of the particle track. Two configurations were used, in
the first data taking period between 1999-2004 it was operated with 3 sensor layers
and a polar angular coverage between 23

� < ✓ < 139
� degrees. This configuration is
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Figure 3.3: Schematic depiction of KEKB (left) and SuperKEKB
(right). In addition to the upgraded optics and redesigned interaction

region, SuperKEKB has been equipped with a damping ring.

Figure 3.4: Depiction of the Belle (below) and Belle II (above) de-
tector.
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referred to as SVD1. In 2004 it was upgraded to 4 layers of sensors and with a polar
angular coverage of 17

� < ✓ < 150
� degrees, referred to as SVD2.

CDC The Central Drift Chamber is the largest tracking detector. It measures the
transversal flight path of particles and their momenta. Furthermore, by independently
measuring the specific energy loss of a track, dE/dx, it is possible to infer the mass of
traversing particles. The CDC consists of 50 cylindrical layers of drift cells organised
in 11 super-layers. Each cell consist of a sense wire and field wires. The angular
coverage of the CDC is 17

� < ✓ < 150
� degrees along the axis of the beam. The

detector is filled with a saturated gas and a high voltage is applied between the sense
and field wires. As charged particles pass through they ionize the gas along their
trajectory. The freed charge will be accelerated by the potential, ionizing more of the
gas and thus creating an avalanche of charge that can be measured in each sense wire.
By connecting the triggered drift cells, one can infer the particle trajectory, which
combined with a magnetic field allows for a calculation of the energy loss, dE/dx, and
the particles momentum.

ACC The Aerogel Cherenkov Counter surrounds the CDC in the barrel and in the
forward direction. Its purpose is to measure the Cherenkov light emitted by high
momentum particles passing through an aerogel radiator. The ACC is a threshold
counter, tuned such that only certain particles emit radiation at the typical production
energies at KEKB. This allows for the differentiation of pions, kaons and protons better
than just purely using the CDC. The ACC consists of 960 cells of 12 ⇥ 12 ⇥ 12 cm3

size.

TOF The Time Of Flight (TOF) detector is the next layer following the ACC and
surrounds it in the barrel region in a polar angle range of 34

� < ✓ < 120
� and the

forward end caps in a polar angle of 14
� < ✓ < 33

�. It consists of 128 plastic scintillator
counters read out by photomultipliers with a time resolution of 100 ps. It is used to
measure the velocity of low momentum particles by referencing it to the collision time.
It is part of the particle identification system together with the dE/dx-measurement
and the ACC.

ECL The Electromagnetic Calorimeter is used to measure the energy of charged and
neutral particles by measuring the amount of energy deposited via electromagnetic
interactions with the detector material. It is designed to fully absorb most of the
electrons and photons. The ECL consists of 6634 CsI(Tl) crystals in the barrel and
a total of 2112 in the end-caps. Each crystal has the shape of a truncated pyramid
aligned towards the interaction point. The average crystal size is 6 ⇥ 6 cm2 with
a length of 30 cm, equivalent to > 16 electromagnetic and 0.8 hadronic radiation
lengths.

Magnet A super-conducting Niobium-Titanium-Copper magnet provides an almost
homogenous magnetic field of 1.5 T inside of the barrel of the detector, oriented along
the beam axis. It is used to deflect the flight paths of charged particles into helices,
such that their momentum can be measured. The magnet is actively cooled by liquid
helium to a temperature at which the material becomes super-conducting.

KLM The outermost detector is the K0
L

and muon detector. It is used to measure
K0

L
and muons and its stopping material serves as the flux return yoke of the magnet.
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It is a sampling calorimeter interlacing 15 detector layers and 14 layers of iron that
serve as stopping material. The detectors are instrumented with Glass Resistive Plate
Chambers (RPC) that provide a binary hit or no hit measurement. This allows for a
crude estimation of particle energies based on the number of layers penetrated by a
particle.

Data acquisition of the Belle detector It is not possible to store the data of all
recorded collisions, because the amount data is in the hundreds of TB per day and
only few types of events are interesting from a physics point of view. For example, the
rate of interesting physics events such as e+e� ! q̄q or e+e� ! ⌧̄ ⌧ is relatively small
compared to the number of e+e� ! e+e�

(�) reactions. In order to filter these, a
dedicated real time data acquisition system (DAQ) is used. The Belle DAQ used four
level of triggers to decide whether to store an event. The first two levels are hardware
triggers forming the global decision logic (GDL) of the detector. They source low level
detector information and decide within 2.2µs after a collision if it should be stored.
For hadronic events there are four triggers, two based on the number of tracks in an
event, one based on the total energy deposited in the ECL. The software based level 3
trigger decides based on the impact parameters of the tracks in an event, if these are
relevant physics events, selecting only events with most of the tracks originating from
the collision point. This helps to remove tracks coming from beam gas interactions or
synchrotron radiation. It is done prior to writing the data onto tape, using faster less
precise versions of the reconstruction software. Finally, the level four trigger filters
the recorded events offline, using the full high precision software reconstruction. The
total efficiency for hadronic events is very close to 100%, while much more than half
of the background events are removed.

3.3.2 The Belle II detector

PXD and SVD The innermost detector is the Pixel detector. It consists of two layers
of pixelated, depleted field effect transistors (PXD) of 50 µm thickness. It is followed
by four layers of double-sided silicon strip sensors (SVD). Together they form the
vertex detector, allowing for measurements of tracks of charged particles very close to
the interaction point, where secondary decay vertices of B- and charm-meson will be
located. A schematic depiction is displayed in Fig. 3.5.

CDC The CDC has been redesigned to fit the geometry of Belle II. It consists of 8+1

super layers of 6 (8) wires each. The innermost super layer is more densely packed
to increase the resolution close to the SVD. A simulated physics event with multiple
particles leaving tracks in the CDC is displayed in Fig. 3.6.

ECL The ECL has not been redesigned in Belle II. However, the readout electronics
and software have been modernised to allow for better rejection of beam background
and improved particle identification.

TOP Belle II is equipped with a Time Of Propagation quartz Cherenov detector
made up of quartz crystal bars of 2750 ⇥ 400 ⇥ 20 mm3 dimension. They work by
internal light reflection at a mirror at one end of the bar and a position vs. time
measurement is performed with a silicon photomultiplier array, as displayed in Fig. 3.7.
It is used to measure Cherenkov angles for different particle species, travelling with
different velocities and is specifically designed to distinguish kaons from pions. The
TOP replaces the Belle ACC and TOF in the barrel.
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Figure 3.5: Depiction of the vertex detector of the Belle II detector.
The two innermost layers are the PXD while the surrounding layers

define the SVD.

Figure 3.6: Schematic view of a simulated collision event, overlaid
with background noise, in the CDC. The X � Y plane is shown, along
the detector axis of symmetry. Each dot corresponds to a simulated
hit from either background or physics. The tracking algorithms will

combine the individual hits to to form particle track objects.
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Figure 3.7: A particle interaction with the quartz of the TOP detec-
tor. Depending on the particle species the Cherenkov angles and path

lengths in the detectors will be different.

Figure 3.8: Schematic depiction of the ARICH detector. A charged
particle will radiate Cherenkov light in the aerogel. The interference
between radiation caused by different materials can be analysed to tag

the responsible particle species.

ARICH In the forward direction a proximity focusing ring image Aerogel Cherenkov
detector replaces the Belle ACC. It consists of a non-homogenous radiator of 20 mm
width that causes charged particles to radiate Cherenkov photons. The interference
rings of these are projected on a screen and the radius is used to determine the particle
type. A schematic depiction can be found in Fig. 3.8. Its main purpose is to help
separate kaons and pions.

Solenoid magnet Belle II uses the same magnet and solenoid as Belle with a magnetic
field strength of 1.2 T.

KLM The KLM of Belle II in the barrel is the same design as used for Belle, with
the exception that the innermost RPC layer was replaced with plastic scintillators as
these are less sensitive to neutrons from beam background. The end-cap RPCs have
been entirely replaced with plastic scintillators for the same reason.

3.4 Data samples

The data samples used for this thesis originate from the Belle and Belle II experi-
ment. For algorithm development Monte Carlo simulated data (MC) was generated
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using the Belle II software framework (BASF2), simulating specific particle decays
reconstructed with the Belle II detector. The physics analysis uses run dependent
MC samples, mimicking the different experimental conditions during the lifetime of
the Belle experiment, and physics data recorded during the runtime of the Belle ex-
periment. The MC samples were provided by the Belle collaboration, generated with
the Belle software framework (BASF). It was converted and analysed in BASF2 using
the B2Bii [32] conversion tool.

3.4.1 Simulated data

Both software frameworks are used to simulate physics events in the environment
of the respective detector. This allows for study and optimisation of an analysis
for any known physics process and furthermore study the reconstruction efficiency.
The simulation is performed over several steps. First, the particle four momenta
are simulated, calculating phase space and angular distributions according to their
quantum numbers. This is done using the EVTGEN [33] package. The next step is
to simulate hadronisation into bound quark states using the PYTHIA [34] package
where decays are not explicitly defined. Simulation of final state radiation is done
using PHOTOS [35]. After that the interaction with the detectors is simulated using
GEANT3 [36] (Belle) and GEANT4 [37] (Belle II).

3.4.2 Data taken by the Belle experiment

In eleven years the Belle experiment collected a total integrated luminosity of 1040
fb�1 at energies corresponding to the masses of the ⌥(1S) through ⌥(5S) resonances
as well as about 60 MeV below the ⌥(4S), as listed in Tab. 3.1 and depicted in Fig. 3.9.
For more details see Ref. [38]. However, this thesis will only use the data taken at the

Table 3.1: Data collected by the Belle experiment between 1999 and
2010.

Type Lintegrated (fb�1) Number of particles
⌥(1S) 5.7 102 · 10

6

⌥(2S) 24.9 158 · 10
6

⌥(3S) 2.9 11 · 10
6

⌥(4S) SVD1 140 152 · 10
6 (B̄B)

⌥(4S) SVD1 (off resonance) 15.6 N/A
⌥(4S) SVD2 571 620 · 10

6 (B̄B)
⌥(4S) SVD2 (off resonance) 73.8 N/A
⌥(5S) 121 7.1 · 10

6 (B̄sBs)

⌥(4S) resonance.

3.5 Measurement models

The process from raw measurements to objects with physical parameters, such as
momentum and energy are described in this section. Final states that are electro-
magnetically charged are treated differently to those that are not.

3.5.1 Charged final states

Charged particles are identified by the tracking detectors. Their momenta are mea-
sured based on their behaviour in magnetic fields and their energy is calculated from
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Figure 3.9: Integrated luminosity recorded by the Belle experiment.

their momenta based on a mass hypothesis, equivalent to a particle hypothesis. The
trajectories of charged particles moving in a homogenous magnetic field can be de-
scribed by helices. The helix only describes trajectories; to obtain a point on the helix
an additional parameter, �, describing the arclength is needed. A dedicated track
finding and fitting algorithm combines the hits in the CDC and vertex detectors,
measures the helix and extracts the five helix parameters and the arclength projected
on the x-y plane, l. The measurement model becomes mtrack = {d0,�0,!, z0, tan�, l}.
The exact definition on how to transform from Cartesian space differs slightly between
Belle and Belle II. For simplicity, only the Belle II parametrisation will be discussed
in detail here. See Fig. 3.10 for a depiction of the geometric meaning of the helix
parameters and Tab. 3.2 for a description and some helpful relations. All parameters
are always relative to the perigee point, the point of closest approach (POCA) to
the coordinate systems origin. The coordinate systems origin is arbitrary, however
changing it requires the helix to be transported [39]. The transformation from helix
to Cartesian space point is given by

✓
x
y

◆
=

✓
cos�0 � sin�0

sin�0 cos�0

◆ ✓
� sin�/!

�(1 � cos�)/! � d0

◆
, (3.7)

and
z = l · tan�� z0, (3.8)

where � = �l · !. The arc length l is a priori unknown and the coordinate system is
chosen such that l = 0. The momentum components are calculated by

0

BB@

px

py

pz

E

1

CCA =

0

BB@

pt cos�0

pt sin�0

pt tan�p
m2 � p2

1

CCA , (3.9)

with transverse momentum pt. The transformation from Cartesian to helix parameters
is given by

0

BBBB@

d0

�0

!
z0

tan�

1

CCCCA
=

0

BBBB@

A(1 + U)
�1

atan2(py, px) � atan2(! ·�k, 1 + ! ·�?)

a · q/pt

z + l · tan�
pz/pt

1

CCCCA
, (3.10)
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Table 3.2: Definitions of the Belle II helix parametrisation and their
dependencies.

d0 The distance of closest approach to the z axis
(POCA) signed with the z component of the an-
gular momentum w.r.t. to the origin.

�0 Azimuthal angle of the momentum at the POCA.
! Scaled inverse of the track momentum.
z0 Distance in the z-coordinate to the pivotal point.

The pivotal point is the perigee that is the
POCA.

tan� The angle of the momentum at the POCA with
respect to the x � y plane.

l Arclength projected onto the x � y plane.
� = atan2(py, px) Angle of the x � y plane to the helix.

�k = �x · cos�� y · sin� Quantities used to transport the coordinate
system, such that {x, y, z} points to the perigee.�? = �y · cos�+ x · sin�

A = 2 ·�? + ! · (�
2
? +�

2
k)

U =
p

1 + ! · A
� Angle between the x � y plane and the helix.

l = atan2(! ·�k, 1 + ! ·�?) Arc length from the perigee to a point.
px, py, pz Momenta along the x, y, z axes.

q Charge of the particle.
Bz Magnetic field strength in z-direction.

a = Bz/c Magnetic field strength in the z direction divided
by the speed of light.

pt = |a/!| Transverse momentum.
pt =

q
p2

x + p2
y

pt0 =

q
p2

x0 + p2
y0 Pseudo transverse momentum.

px0 = px � a · q · y Pseudo momentum along the x direction.
py0 = py + a · q · x Pseudo momentum along the y direction.

r2
= x2

+ y2 Radius squared.
� = 1 +

pt0
pt

Quantity used for reading convenience.

where the transformations of the parameters can be found in Tab. 3.2.
Muons need special treatment. They are minimum ionising particles, therefore can

traverse long paths through the detector, which makes it easy to separate them from
other particles at high momenta. To do this, tracks are extrapolated into the ECL
and KLM and a muon likelihood is assigned based on how well their trajectories align
with a KLM cluster and the amount of energy deposited in the ECL. To achieve better
separation between kaons and pions an additional likelihood is calculated based on the
ARICH and TOP, and ACC and TOF measurements, in Belle and Belle II respectively.

3.5.2 Neutral final states

Electromagnetically interacting neutral final states, i.e. �, are identified using the
ECL. A clustering algorithm finds energy depositions in the ECL and groups hit
crystals to form clusters, as depicted in Fig. 3.11. The cluster consists of a fixed size
of 25 (Belle) and 21 (Belle II) crystals around the averaged crystal position weighted
by the energy depositions. This allows for the calculation of variables like the energy
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Figure 3.10: Parameters of the track helix, adapted from Ref. [40].
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Figure 3.11: Schematic view of a cluster in the ECL.

deposition contained in the central crystal divided by the central nine crystals and
the central nine crystals divided by the energy deposition in the total 25 (21) crystals.
This information is used to distinguish between hadronic and electromagnetic showers.
Further information about the underlying interaction can be obtained from the time
evolution of light collection in the clusters, measured only in Belle II. Other hadronic
neutral particles like neutrons or K0

L
are measured using the KLM. However, the

granularity of the KLM is large and usually only a single cell is hit by a neutral
particle. The measurement model for neutral particles is the four-vector pointing
from the origin to the centre of gravity of the cluster, m = {px, py, pz, E}. More
details can be found in Ref. [13].
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Chapter 4

Statistical modelling methods

Experiments in particle physics never have the exact same outcome. This is due
to the statistical nature of quantum mechanics and noise from various sources when
performing an experiment. In order to interpret the outcome of an experiment and
infer some quantities such as parameters of the SM, one has to perform a large number
of experiments and use statistical modelling methods. In the context of this thesis
these experiments are e+e�-collision events recorded by Belle and Belle II.

Physics parameters are often measured in counting experiments, such as i.e. count-
ing the number, N(B̄0 ! D⇤+h�

), of B-mesons decaying as B̄0 ! D⇤+h� defines
the branching ratio B(B̄0 ! D⇤+h�

) = N(B̄0 ! D⇤+h�
)/N(B0

). However, this
requires isolating signal from background with a certain degree of belief. This is done
using probability density function fitted to distributions to obtain parameters such
was events numbers. In this chapter the basic principles of probability, probability
density functions and parameter estimations will be discussed, following Ref. [41].

4.1 Probability

Probability is the chance that an event takes place, for example an experiment having
a certain outcome. The probability, P, of an event taking place is denoted as P(E).
It has to satisfy a set of axioms, that is, it can take place, it is a real number and that
an event takes place

P(E) 2 R, P(E) � 0, 8E 2 ⌦ (4.1)

and
P(⌦) = 1, (4.2)

where ⌦ are all possible events. Furthermore, the joint probability of two independent
events A and B taking place is given by the sum of their probabilities

P(A [ B) = P(A) + P(B). (4.3)

The underlying probabilities P(E) can be defined using symmetries and constraints
of the model. For k realisations of an event, E, with n possible outcomes one can
define

P(E) =
k

n
. (4.4)

So that for example in a fair dice roll the probability of rolling a number less than
three results in P(E) = 1/3, with k = 2 and n = 6. If these are unknown one can
measure them and infer the probability from the frequency of occurrence, such that

P(E) = lim
n!1

k

n
. (4.5)
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This procedure is known as the Frequentist approach, with the obvious drawback that
performing an infinite number of measurements is impossible and perhaps, the biggest
drawback is that it does not allow to predict events unless all underlying symmetries
are known. This can be overcome using conditional probabilities and Bayes Theorem

P(A|B) = P(B|A)
P(A)

P(B)
, (4.6)

where P(A|B) describes the probability of A occurring under the condition that B has
occurred. This allows for extrapolation from measurable quantities to unmeasurable
quantities in the Frequentist sense. It is for example not possible to infer a certain
signal yield from a physics data set as the absolute truth is unknown and what one
sees in the data could just be background. But if one obtains efficiencies and misiden-
tification rates from simulated data where truth is known, one can use these a a prior
to interpret a physics data sample and get an estimator of the true number of signal
candidates.

4.1.1 Probability density functions

The distributions of random variables, x, are called probability density functions
(PDF). These random variables may be discrete or continuous. In the following it
is assumed that the variables are continuous; if they are discrete, one has to replace
the integrals with sums, all relations remain true. Let x be a random variable and
f(x) its PDF, we define it to be positive definite and normalised, so that

f(x) � 0 and

Z 1

�1
f(x) dx = 1. (4.7)

The probability to find x in an interval a < x < b can then be found by integration

P(x|a, b) =

Z
b

a

f(x) dx. (4.8)

The first central moment of a PDF corresponds to the expectation value, µ,

µ = hxi = E[x] =

Z 1

�1
x · f(x) dx. (4.9)

The second moment corresponds to the variance �

var(x) = �2
= E[(x � µ)

2
] =

Z 1

�1
(x � µ)

2 · f(x) dx. (4.10)

The same conditions apply for n dimensional PDFs f(x1, x2, ..., xn) where

µi = E[xi] =

Z 1

�1
xi · f(x1, x2, ..., xn) dxn, (4.11)

and
�2

i = E[(xi � µi)
2
] =

Z 1

�1
(xi � µi)

2 · f(x1, x2, ..., xn) dxn. (4.12)

Note that now correlation terms of the form

�xixj = E[(xi � µi)(xj � µj)] =

Z 1

�1
(xi � µi)(xj � µj) · f(x1, x2, ..., xn) dxn. (4.13)
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arise. These are referred to as covariance terms and form a matrix V , setting Vij =

�xixj , see Sec.4.1.4. The definitions of the PDFs used in this thesis can be found in
Appendix C.

4.1.2 Cumulative distribution

The cumulative distribution (CDF) Fx(y) for a random variable x evaluated at a point
y describes the probability that x will take the a value less than or equal to y. It is
defined via the integral of its PDF, fx, such that

Fx(y) =

Z
y

�1
fx(t)dt. (4.14)

It is monotonically rising and hence always has an inverse F�1.

4.1.3 Quantiles

A quantile ↵ is the value of a random variable x↵ such that P (x  x↵) = ↵. It can
be calculated from the inverse CDF as

F�1
(↵) = x↵. (4.15)

The special value F�1
(0.5) is called the median of the distribution. For a Gaussian

PDF the following approximations can be made F�1
(0.16) ⇡ µ��, F�1

(0.84) ⇡ µ+�
and |F�1

(0.84) � F�1
(0.16)| ⇡ 2�. These quantities can be useful when comparing

non-Gaussian distributions, such as the sum of multiple Gaussian distributions with
different widths and shared mean to a single Gaussian distribution.

4.1.4 Covariance and correlation

Covariance is a linear measure for relatedness of the variance of two random variables
x1, x2. Covariance is defined as

cov(x1, x2) = E[(x1 � E[x1])(x2 � E[x2])] = E[x1 · x2] � E[x1]E[x2], 2 [0, 1]. (4.16)

A more convenient measure is the normalised (Pearson) correlation coefficients

corr(x1, x2) =
cov(x1, x2)p

var(x1)var(x2)
, 2 [�1, 1], (4.17)

which has an additional upper bound. If x is a d-dimensional random vector, one can
define a symmetric, positive definite matrix of covariances between the parameters as

cov(x) = V (x) = E[(x � E[x])(x � E[x])
T
]. (4.18)

4.2 Parameter estimation

A common problem is to estimate parameters of a model, such as the true mass of
a particle, given a distribution of measurement results that are assumed to follow
a PDF. The estimator â for the value of a parameter, a0, serves as a substitute to
connect the real world and the model. An estimator has to fulfil the following axioms
to qualify as a parameter estimator;

• Consistency: limN!1 â = a0, where N is the number of measurements.
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• Unbiasedness: E[â] = a0.

• Efficiency: minimum variance.

• Robustness: Robust against wrong or incorrect data.

4.2.1 Maximum likelihood estimator

A common estimator for a parameter, a, measured in a set of N independent obser-
vations X = x1, x2, ..., xn is the value of a for which the likelihood defined as the
product of the individual PDFs,

L(x|a) =

NY

i=1

f(xi, a), (4.19)

has its maximum. Instead of maximising L(x|a) it is easier to equivalently minimise
g(x|a) = ln L(x|a). That means we seek a value of â for which

@

@a

NX

i=1

ln f(xi, a) = 0. (4.20)

This equation is called a likelihood equation. It can be shown that an estimator built
from this equation fulfils the necessary axioms. This method is used in this thesis
to determine the most probable values of the normalisations of model PDFs for data
samples.

4.2.2 Chi squared estimator

In the special case of Gaussian PDFs we set a = µ and define the �2 function

�2
=

NX

i�1

(xi � µ)
2

�i

. (4.21)

After dropping constants originating from the PDFs, the likelihood equation becomes

@

@a
�2

= 0. (4.22)

This function will serve as the starting point to derive a Kalman Filter in section 7.2.
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Chapter 5

Measurement of B̄0 ! D
⇤+

h
�

Hadronic B-decays such as B̄0 ! D⇤+h�, where h = ⇡ or h = K, are interesting
for a variety of reasons. They have large branching fractions and therefore large data
samples containing them are available. The Belle experiment is designed for clean
reconstruction of high purity samples, due to the low track multiplicity in the events
and no overlap between neighbouring events, a challenge at the LHC. This allows for
high precision tests of the SM, particularly effects of the strong force. In this chapter
the branching ratios of B̄0 ! D⇤+⇡� and B̄0 ! D⇤+K� will be measured with
unprecendented precision. The decay B̄0 ! D⇤+⇡� involves the CKM matrix element
Vud, while B̄0 ! D⇤+K� involves Vus. Since Vud ⇡ 5Vus the decay B̄0 ! D⇤+K� is
referred to as Cabibbo suppressed and much lower values for the branching ratio are
expected. The measurement strategy is to use only one D⇤+-decay channel, D⇤+ !
D0⇡, and two D0-decay channels, the clean but smaller branching ratio D0 ! K�⇡+

channel and the less clean but larger branching ratio D0 ! K�
2⇡+⇡� channel. The

alternative channel D0 ! K�⇡+⇡0 channel was not considered due to large systematic
uncertainties associated with the reconstruction of ⇡0. The measurement is optimised
on MC and then performed on data with the same selection criteria. Differences
between MC and data will be accounted for with corrections to the reconstruction
efficiencies. These corrections are partially provided by the experiment performance
groups. However, these do not exist for the low momentum phase-space of kaons and
pions. Therefore, for pions these were measured here using a KS ! ⇡+⇡�-sample and
for kaons the affected candidates were removed from the analysis.

5.1 Previous measurements

In this section we will give an overview of the most recent measurements and their
uncertainties. There are many measurements of the branching ratio of the abundant
Cabbibo favoured decay mode B̄0 ! D⇤+⇡�, we list the most recent ones in Ta-
ble 5.1. There are many more older measurements by different experiments such as
CLEO [42, 43, 44], CLEO-II [45], OPAL [46] and ARGUS [47, 48, 49]. Due to their
large statistical uncertainties we do not discuss them here. The measurements of the
Cabibbo suppressed decay mode B̄0 ! D⇤+K� can be found in Table 5.2. Note that
some of the the referenced papers do not contain the actual numbers of the branch-
ing ratios, these were taken from the PDG [50], where these papers are cited. The
published measurements of the ratio RK/⇡ = B(B̄0 ! D⇤+K�

)/B(B̄0 ! D⇤+⇡�
)

are tabulated in Table 5.3. It has to be mentioned that apart from Belle, the ratio is
measured only in indirect ways by taking similar ratios of different channels such as
B(B̄0 ! D⇤K⇡⇡)/B(B̄0 ! D⇤⇡⇡⇡) in the LHCb case.
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Table 5.1: Recent measurements of B(B̄0 ! D⇤+⇡�
). The first

cited value corresponds to the measured central value, the second to
the statistical uncertainty and the third to the systematic uncertainty.

B(B̄0 ! D⇤+⇡�
) Experiment Year Data sample

(2.99 ± 0.23 ± 0.24) ⇥ 10
�3 BaBar [51] 2006 231 ⇥ 10

6 BB̄-pairs
(2.79 ± 0.08 ± 0.17) ⇥ 10

�3 BaBar [52] 2007 65 ⇥ 10
6 BB̄-pairs

(2.81 ± 0.11 ± 0.21) ⇥ 10
�3 CLEO-II [53] 1998 3.1 fb�1

Table 5.2: Recent measurements of B(B̄0 ! D⇤+K�
). The first

cited value corresponds to the measured central value, the second to
the statistical uncertainty and the third to the systematic uncertainty.
Note that these numbers are taken from PDG and are not directly

listed in the attributed papers.

B(B̄0 ! D⇤+K�
) Experiment Year Data sample

(2.13 ± 0.12 ± 0.10) ⇥ 10
�4 BaBar [54] 2006 226 ⇥ 10

6 BB̄-pairs
(2.00 ± 0.40 ± 0.10) ⇥ 10

�4 Belle [55] 2001 10.4 fb�1

Table 5.3: Recent measurements of RK/⇡. The first cited value
corresponds to the measured central value, the second to the statistical

uncertainty and the third to the systematic uncertainty.

RK/⇡ Experiment Year Data sample
(7.76 ± 0.34 ± 0.29) ⇥ 10

�2 BaBar [54] 2005 226 ⇥ 10
6 BB̄-pairs

(7.40 ± 1.50 ± 0.60) ⇥ 10
�2 Belle [55] 2001 10.4 fb�1

(7.76 ± 0.34 ± 0.26) ⇥ 10
�2 LHCb [56] 2013 1 fb�1

5.2 Datasets

The measurements in this analysis are optimised using simulated Monte Carlo (MC)
data. The MC data set corresponds to five times the full Belle data set. The data can
be divided into five sub sets with the size of the Belle data set. In the following, one
stream will mean a dataset containing both SVD1 and SVD2 configuration, meaning
for example stream 1 and stream 10. The dataset for both decay modes is recon-
structed only once with the pion mass assigned to the hadron. The set is then split
into B̄0 ! D⇤+⇡�, pion enriched, and B̄0 ! D⇤+K�, kaon enriched bin, using the
likelihood ratio LK/⇡. All other preselection criteria will be the same used for both
datasets. For the reconstruction of the D0-mesons, the channels D0 ! K�⇡+ and
D0 ! K�

2⇡+⇡� were chosen. D⇤+-mesons are reconstructed from D⇤+ ! D0⇡+

with minimal requirements on the pion, which in the following will be referred to as
“slow-⇡”, due to its typical low momentum.

5.2.1 Categories

The MC data are categorised by their different physics process components. These
are “uds” for decays into continuum events, e+e� ! qq̄, containing u-, d- or s-quark
pairs and “charm” for continuum events containing cc̄-quark pairs. Background from
e+e� ! ⌥(4S) ! BB̄ processes are referred to by the decay process of the B-meson.
Due to the finite efficiency of the K/⇡-selection there are B̄0 ! D⇤+⇡� backgrounds
in B̄0 ! D⇤+K� and similarly B̄0 ! D⇤+K� in B̄0 ! D⇤+⇡�, they will be treated
as background. Another very common type of background is the semi-leptonic decay
B̄0 ! D⇤+l�⌫̄, these have large branching fractions and the lepton is sometimes
mistakenly reconstructed as a hadron. Furthermore, there are B̄0 ! D⇤+⇢� decays
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with ⇢� ! ⇡0h�, where the ⇡0 is not reconstructed and background from B̄+ !
D0⇡�, where an additional pion is reconstructed to incorrectly build a D⇤+ ! D0⇡�

decay. Background from various B-decays that do not fit in the above mentioned
categories are as follows: where the D0 is wrongly reconstructed are referred to as
“fake D0”, where a correctly reconstructed D0 is combined with an incorrect pion are
named “comb. ⇡s”, for combinatorial slow-⇡; and where a correctly reconstructed D0

originating from a true D⇤0 was falsely combined with a pion to form a D⇤+ are called
“D⇤0 ! D0X”. All those that do not fit any of these categories are named “charged”
for ⌥(4S) ! B�B+ processes and “mixed” for ⌥(4S) ! B0B̄0 processes.

5.2.2 Simulated decay channels

The MC is made of most known decay channels of most known B-decays. The branch-
ing ratios are taken from the PDG and decays are simulated using these values as
central values smeared out by their widths, which are also taken from PDG. However,
many branching fractions have not been measured with a high precision and some are
only known to exist and their branching ratio values have a large uncertainty. For
D0 ! K�

2⇡+⇡� in particular, there are multiple ways the particles in the recon-
structed chain can decay that result in the same final state. A list of the channels
simulated and reconstructed in this analysis and their respective branching fractions
(as simulated) can be found in Table 5.4. The values are taken from the inputs of the
last major simulation campaign undertaken by the Belle experiment.

5.3 Selection criteria

In order reduce the dataset to a manageable size and suppress the background to
a controllable level, a set of pre selection criteria are applied. This will improve
the statistical uncertainty of the final measurement. The pre-selection criteria are
applied in a top down approach for viewing convenience. However, for the signal
reconstruction the order of the selection does not matter, as long as the per-event
candidate ranking and selection is done as the last step. A summary of the pre-
selection can be found in Table 5.5, the details and variable definitions are discussed
throughout this section.

5.3.1 Kaon and pion selection

To separate kaons from pions and vice versa, a likelihood ratio requirement defined as

LK/⇡ =
LK

L⇡ + LK

, (5.1)

is set to LK/⇡ > 0.6 for kaon, and LK/⇡ < 0.6 for pion track candidates, excluding
low momentum (slow) pions from D⇤+-meson decays. The individual likelihoods are
determined by combining measurements of sub-detectors hit by the particle. No lepton
identification requirements are set, because the expected systematic uncertainty on
these is expected to be large. As a result there will be a small contamination from
semi-leptonic decays in the pion enriched sample. However, these are fully suppressed
in the signal region, see Sec. 5.4.
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Table 5.4: Simulated branching ratios for the signal processes. The
first fraction refers to the specified decay, the second fraction is the
fraction into the reconstructed final state, taking intermediate reso-

nances into account.

D0-meson decay Fraction Fraction into the final state
D0 ! K�⇡+

3.82% 3.82%

D0 ! K�
2⇡+⇡� (non-resonant) 1.17% 1.17%

D0 ! K0
SK�⇡+

3.2% 3.2%

D0 ! K�a+
1 7.5% 2.39%

D0 ! K⇤0⇡�⇡+
1.06% 0.7%

D0 ! K̄⇤0!0
1.1% 0.01%

D0 ! K̄⇤0⇢0
1.1% 0.72%

D0 ! K�
1 ⇡

+
1.1% 0.01%

D0 ! K�⇡+!0
0.4% 0.006%

D0 ! K�⇡+⇢0
0.46% 0.45%

D0 ! K�
2⇡+⇡� (resonant) 6.74%

D0 ! K�
2⇡+⇡� (total) 7.91%

Other branching ratios
a+
1 ! ⇢0⇡+

35%

a+
1 ! f0

(600)⇡+
20%

⇢0 ! ⇡+⇡�
98.9%

⇢0 ! ⇡+⇡�� 0.99%

⌘0 ! ⇢0� 3%

!0 ! ⇡+⇡�
1.53%

f0
(600) ! ⇡+⇡�

66%

K̄�
1 ! K�⇡+⇡�

1.4%

K̄⇤0 ! K�⇡+
66.51%

D̄⇤+ ! D0⇡+
67.70%

B̄0 ! D⇤+⇡�
0.276%

B̄0 ! D⇤+K�
0.021%

Table 5.5: Pre selection cuts.

Particle candidate Requirement
all tracks |dz| < 2 cm, |dr| < 4 cm
fast ⇡� LK/⇡ < 0.6
slow ⇡� no requirements

K� LK/⇡ > 0.6
D0 M � 3�M < M < M + 3�M

D⇤+
�M � 3��M < �M < �M + 3��M

B0 Mbc > 5.27 GeV
B0 �150 MeV < �E < 125 MeV

5.3.2 Selection of D
0

candidates

Clean D0 candidates with a high signal to background ratio, are selected in a window
of 3� around the fitted central value of the D0-meson mass. This is done because the
track momentum resolution is expected to be different in data and MC. By selecting
the window as a function of the width it can be assured that the efficiency does not
change. For MC the window is obtained by fitting the MC distribution with a double
Gaussian function for the signal and a Chebishev Polynomial of rank one for the
background. The width is defined as the weighted average of the individual Gaussian
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widths weighted by the fraction of their normalisation in the total signal, such that

�combined =
1

N1 + N2
(N1�1 + N2�2), (5.2)

where Ni are the individual yields and �i the widths of the respective Gaussian PDFs.
The evaluation was done using the pion sample because of the larger dataset size. The
resulting distributions are depicted in Fig. 5.1 for the D0 ! K�⇡+ mode and Fig. 5.2
for the D0 ! K�

2⇡+⇡� mode. The selection is applied after selecting kaons and
pions. The results of the fits are displayed in Fig. 5.3. For data the same fit fucntion
is used. The fit results are depicted in Fig. 5.4.
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Figure 5.1: Selected D0 ! K�⇡+ invariant mass window for a)
B̄ ! D⇤+⇡� and b) B̄ ! D⇤+K�.
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Figure 5.2: Selected D0 ! K�
2⇡+⇡� mass window for a) B̄ !

D⇤+⇡� and b) B̄ ! D⇤+K�.

5.3.3 Selection of D
⇤+

candidates

The candidate selection for D⇤+ candidates is done similarly as for D0 candidates.
The separation variable is �M , defined as

�M = MD⇤+ � MD0 . (5.3)

This variable is chosen over the invariant mass of the D⇤+, MD⇤+ , as it yields a
narrower peak and the background can be constraint better close to the production
threshold at the charged pion mass. The fit PDF is a weighted average of a multi
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(a) (b)

Figure 5.3: Invariant mass window fits in MC for D0 ! K�⇡+ a)
and D0 ! K�

2⇡+⇡� b). Both fits were done on the B̄ ! D⇤+⇡� bin
due to larger dataset size.

(a) (b)

Figure 5.4: Invariant mass window fits in data for D0 ! K�⇡+ a)
and D0 ! K�

2⇡+⇡� b). Both fits were done in the B̄ ! D⇤+⇡�

channel in the signal region.

Gaussian width for MC and a Gaussian with an added bifurcated Gaussian for real
data. So that for MC the fit function reads

F = Nsig. [r1G1(µ,�1) + r2Gbifur.(µ,�l,�r)] + D(a, b, c), (5.4)

where N are the respective signal and background yields, ri the ratios of the PDFs
G(µ,�) are Gaussian PDF, Gbifur. is a bifurcated Gaussian PDF and D(a, b, c) is an
empirical background function tailored for �M , with the threshold fixed to the ⇡+

invariant mass, �M0 = 139.57 MeV, see Appendix C for the definition. The resulting
distributions for MC are depicted in Fig. 5.5 for the D0 ! K�⇡+ mode and Fig. 5.6
for the D0 ! K�

2⇡+⇡� mode. The selection is applied after selection of D0-mesons.
The results of the fits for MC are displayed in Fig. 5.7. For data these can be found
in Fig. 5.8.
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Figure 5.5: Selected �M window for the D0 ! K�⇡+ mode for a)
B̄0 ! D⇤+⇡�and b) B̄0 ! D⇤+K�.
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Figure 5.6: Selected �M window for the D0 ! K�
2⇡+⇡� mode for

a) B̄0 ! D⇤+⇡�and b) B̄0 ! D⇤+K�.

(a) (b)

Figure 5.7: Fits to �M in MC for D0 ! K�⇡+ a) and D0 !
K�

2⇡+⇡� b). Both fits were done in B̄0 ! D⇤+⇡�due to larger
available signal yields.

5.3.4 Charm meson selection summary

The resulting selections for charm mesons are listed in Table 5.6. The MC criteria
will be used to optimise the analysis. The window obtained from data will be used
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(a) (b)

Figure 5.8: Fits to �M in data for D0 ! K�⇡+ a) and D0 !
K�

2⇡+⇡� b). Both fits were done on data in B̄0 ! D⇤+⇡�in the
signal box.

on data, assuming the same efficiency as for MC. Overall quiet similar results are
obtained in MC and data; for the D0 ! K�⇡+ channel it was found that the D0

mass is a bit more narrow, which can be explained by a mis-measurement of the third
Gaussian component of the PDF.

Table 5.6: Summary of the invariant mass selection criteria and their
resolutions, defined by the combined width of the peaks.

D0 ! K�⇡+ Selection Resolution
D0 (MC) 1848.46 < M < 1881.07 MeV 5.37 MeV
D0 (data) 1846.53 < M < 1883.46 MeV 6.16 MeV
�M (MC) 143.79 < �M < 147.28 MeV �l = 0.54,�r = 0.62 MeV
�M (data) 143.72 < �M < 147.42 MeV �l = 0.56,�r = 0.67 MeV

D0 ! K�
2⇡+⇡�

D0 (MC) 1844.90 < M < 1883.58 MeV 6.45 MeV
D0 (data) 1842.05 < M < 1886.24 MeV 7.37 MeV
�M (MC) 144.00 < �M < 147.17 MeV �l = 0.47,�r = 0.58 MeV
�M (data) 143.81 < �M < 147.41 MeV �l = 0.53,�r = 0.67 MeV

5.3.5 Selection of B
0

candidates

To select good B0 candidates, we require a threshold on the beam-energy constrained
reconstructed mass of a B-meson candidate, defined as

Mbc =

q
E2

beam � ~p2
CMS. (5.5)

This variable peaks at the B-meson mass and is sensitive to the number of tracks in
the event. The backgrounds can be classified into two categories, continuum events
and BB̄-events which peak at the same position as the signal, see Fig. 5.9 for the
D0 ! K�⇡+ channel and Fig. 5.10 for the D0 ! K�

2⇡+⇡� channel. In the kaon
channel the dominant background process is due to pions that are reconstructed as
the bachelor kaon and continuum events. For the pion channel the main backgrounds
are from fake D⇤-mesons and continuum.
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Figure 5.9: Selection of B0 candidates in a) B̄0 ! D⇤+⇡�and b)
B̄0 ! D⇤+K�for D0 ! K�⇡+.
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Figure 5.10: Selection of B0 candidates in a) B̄0 ! D⇤+⇡�and b)
B̄0 ! D⇤+K�for D0 ! K�

2⇡+⇡�.

5.3.6 Candidate selection

The reconstructed events contain on average 12 charged tracks. This yields a large
number of possible ways to combine them to form B-meson candidates. Even with
the full set of selection criteria applied around 2% of the events have more than a
single candidate. To select the best candidate candidates are ranked according to a
�2 defined as

�2
=

(�Mmeas ��MPDG)
2

�2
�M

+
(mmeas

D0 � mPDG
D0 )

2

�2
mD0

. (5.6)

The candidate with the smallest rank is chosen after all other selections are applied.
Alternative methods are to use the p-value of a vertex fit applied to the D0-meson or
to choose a random candidate. A comparison of the different methods was performed
using B̄0 ! D⇤+⇡� decays in the D0 ! K�

2⇡+⇡� channel, see Table 5.7 and
Table 5.8 for the D0 ! K�⇡+ channel. In both cases the method employing the �2

as defined in Eq. 5.6 is superior. If two B0 candidates arise a random one is chosen,
however this did not happen in a single case. Since the selection is independent of the
mass assigned to the hadron it was not repeated for B̄0 ! D⇤+K�.
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Table 5.7: Comparison of efficiency and background rejection of dif-
ferent methods to rank and select B̄0 ! D⇤+⇡�-meson candidates
for the D0 ! K�⇡+ channel. The background rejection is defined as

1 � ✏bkg, where ✏bkg is the background efficiency.

Method Efficiency Background rejection
�2 0.978 0.054

vertex fit p-value 0.973 0.053
random 0.967 0.050

Table 5.8: Comparison of efficiency and background rejection of dif-
ferent methods to rank and select B̄0 ! D⇤+⇡�-meson candidates for
the D0 ! K�

2⇡+⇡� channel. The background rejection is defined as
1 � ✏bkg, where ✏bkg is the background efficiency.

Method Efficiency Background rejection
�2 0.967 0.103

vertex fit p-value 0.959 0.095
random 0.950 0.087

5.3.7 Cut flow

In order to understand the efficiencies of the pre selection criteria, the yields after a
applying the selection were studied. The relative change of the signal and background
yields for both D0-meson channels after consecutively applying the selection criteria is
listed in Table 5.9 and Table 5.10. The largest efficiency loss is due to the particle-ID
selection and will be corrected by an efficiency correction. This criterion is absolutely
necessary as otherwise the B̄0 ! D⇤+⇡� contribution in the B̄0 ! D⇤+K� channel
would increase the statistical uncertainty on the extracted signal by a significant
amount. All other selections have a reasonable signal rejection rate and will be kept
as well.

Table 5.9: Relative change to previous selection after consecutively
applying the preselection and event criteria, evaluated using MC equiv-

alent of five times the size of the Belle dataset.

D0 ! K�⇡+

B̄0 ! D⇤+⇡� B̄0 ! D⇤+K�

Selection Signal Background Signal Background
�E - - - -
Mbc 0.2% 59.8% 0.1% 60.3%

Particle-ID 16.5% 48.3% 16.4% 54.1%

MD0 3.5% 12.2% 3.6% 11.5%

�M 4.5% 22.3% 3.3% 13.5%

Event selection 1.7% 3.1% 2.2% 8.0%

5.4 Signal yield fit variable

The measurement is performed using the energy conservation quantity of the event,
�E, defined as

�E = Ecms � Ebeam/2. (5.7)

For the B̄0 ! D⇤+K� mode, see Fig. 5.12, there are essentially four components
separable in this variable for the D0 ! K�⇡+ channel. The B̄0 ! D⇤+K� signal
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Table 5.10: Relative change to previous selection after consecutively
applying the preselection and event criteria, evaluated using MC equiv-

alent of five times the size of the Belle dataset.

D0 ! K�
2⇡+⇡�

B̄0 ! D⇤+⇡� B̄0 ! D⇤+K�

Selection Signal Background Signal Background
�E - - - -
Mbc 0.5% 64.1% 0.4% 67.6%

Particle-ID 15.0% 82.0% 15.0% 86.6%

MD0 6.8% 49.1% 5.8% 45.6%

�M 4.7% 39.6% 3.9% 32.8%

Event selection 12.8% 44.8% 12.2% 43.2%

peaks at �E ⇡ �48 MeV, because the kaon was reconstructed with a pion hypothesis.
Decays where a ⇡� is reconstructed instead of a K� peak at�E = 0 MeV. Background
from fake D⇤+, where a true D0 is combined with a random particle that is not a
pion and fake slow ⇡ where a true D0 is combined with a random pion that fakes
the slow pion, also peak in the signal region. For the D0 ! K�

2⇡+⇡� channel
there is an additional background from fake D0 that can be divided further into a
peaking component, coming from real D⇤+ or D⇤0 and a single final state particle
that was misidentified, and a widely distributed component where 4 tracks randomly
pass the invariant mass requirement. The D0 ! K�

2⇡+⇡� channel is depicted in
Fig. 5.14. The background in the B̄0 ! D⇤+⇡� mode, depicted in Fig. 5.11 for
the D0 ! K�⇡+ channel and in Fig. 5.13 for the D0 ! K�

2⇡+⇡� channel, are
different. There is a component peaking at �E ⇡ �50 MeV where instead of a pion
a kaon was reconstructed, a linearly decreasing background from continuum events,
as well as wider distributed background from fake D⇤ and slow pions, as compared to
B̄0 ! D⇤+K�, peaking at about �E = 0 MeV. Contribution from in-flight decaying
pions from the decay D⇤+ ! D0⇡+, where ⇡+ ! µ+⌫̄, are considered as signal,
because these decays typically take place far outside of the central tracking volume.
The resolution for data, as in the final fit result and MC is listed in Table 5.11

Table 5.11: Summary of the resolution of the signal peaks in �E,
defined by the combined widths of the peaks.

D0 ! K�⇡+ B̄0 ! D⇤+⇡� B̄0 ! D⇤+K�

�E (MC) 14.48 MeV 17.25 MeV
�E (data) 17.07 MeV 19.1 MeV

D0 ! K�
2⇡+⇡�

�E (MC) 14.54 MeV 16.62 MeV
�E (data) 17.18 MeV 19.20 MeV
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Figure 5.11: Distribution of �E with (a) and without (b) signal to
improve the visibility of the background components.
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Figure 5.12: Distribution of �E in the D0 ! K�⇡+ channel with
(a) and without (b) signal to improves the visibility of the background

components.
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Figure 5.13: Distribution of �E in the D0 ! K�
2⇡+⇡� channel

with (a) and without (b) signal to improve the visibility of the back-
ground components.
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Figure 5.14: Distribution of �E in the D0 ! K�⇡+ channel with
(a) and without (b) signal to improve the visibility of the background

components.
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5.5 Signal extraction and PDF models

The measurement strategy is to measure the signal yields in the variable �E, as
discussed in Sec. 5.4. For the pion and kaon sample it is extracted with a simultaneous
fit to the distributions in both samples. This allows the well defined signal peaks to
constrain background shapes in the other respective decay mode. The signal shapes
will be extracted from MC and will be fixed. A calibration factor will be used to allow
only the widths of the distributions to float simultaneously. The same calibration
factor will be used for signal in the pion component as for the pion background in the
kaon sample and vice versa. The means are free. This section will discuss the PDFs
used to parametrise the individual components in each of these variables. The shapes
are extracted from MC using a data sample equivalent to fives times the Belle data
set, each corresponding to the full Belle dataset.

5.5.1 Signal models

The signal is modelled as oe or two Gaussian peaks with a common mean, and a
Crystal Ball shape, see Appendix. C for the PDF definitions. The full signal PDF for
B̄0 ! D⇤+⇡� reads

F
B̄0!D⇤+⇡� = N [r1G1(µ1,�1) + r2G2(µ1,�2) + (1 � r1 � r2)Cb⇡(µ1,�3,↵⇡, n⇡)] ,

(5.8)
and for B̄0 ! D⇤+K�

F
B̄0!D⇤+K� = N [r3G3(µ2,�3) + (1 � r3)CbK(µ2,�4,↵K , nK)] , (5.9)

where G are Gaussian PDFs, Cb is a Crystal Ball PDF, N is the total yield and ri are
the relative fractions. The floating parameters will be the yield and the mean. The
Crystal Ball shape has to be introduced to model parts of the signal distribution that
undergo radiative losses and hence have a tail towards lower values of the measurement
variable, this effect is stronger in B̄0 ! D⇤+⇡�due to the smaller mass of the pion.
Furthermore, it was observed that the steep slopes of the Gaussian do not fit the data
very well. This is partially caused by either very forward or backward tracks that are
not measured very well. Restricting the analysis to tracks that hit the calorimeter
in the barrel region reduces this effect. However, this is not done in this analysis to
keep the efficiency as high as possible. Introducing an asymmetric Gaussian shape
does not improve the PDF in replicating. The D0 ! K�

2⇡+⇡� channel can decay
directly into the final state or via various resonances, listed in Table 5.4.The resulting
distributions are depicted in Fig. 5.15 for the D0 ! K�⇡+ channel and Fig. 5.16 for
the D0 ! K�

2⇡+⇡� channel. For the final simultaneous fit the individual widths are
replaced � ! �0 to introduce a calibration factor, �h, that is shared and floated for
all widths of the signal PDFs simultaneously, such that

�0
i = �h · �i. (5.10)

5.5.2 Background models in the D
0 ! K

�
⇡

+
channel

The background will be modelled with individual PDFs for each physics process, see
Sec. 5.4 for distributions of the individual components. They will be grouped by
whether or not they peak in �M and the groups will be fitted in isolation to extract
the shapes of the PDFs using a data sample equivalent of fives times the Belle data
set. Note that for the pion and kaon mode the groups can be slightly different as the
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(a) (b)

Figure 5.15: Signal models for B̄0 ! D⇤+⇡�(a) and B̄0 !
D⇤+K�(b) in the D0 ! K�⇡+ channel. Two (a) and a single (b)
Gaussian shapes are used to describe the main signal peak and a Crys-
tal Ball shape describes the radiative tail to negative values of the mea-
surement variable. This tail is more pronounced in B̄0 ! D⇤+⇡�due

to the larger signal yield.

(a) (b)

Figure 5.16: Signal models for B̄0 ! D⇤+⇡�(a) and B̄0 !
D⇤+K�(b) in the D0 ! K�

2⇡+⇡� channel. Two (a) and a sin-
gle (b) Gaussian shapes are used to describe the main signal peak
and a Crystal Ball shape describes the radiative tail to negative val-
ues of the measurement variable. This tail is more pronounced in

B̄0 ! D⇤+⇡�due to the larger signal yield.

relative abundance of these background contributions can be different and in some
cases it is more convenient to join them with other components of similar shape. The
results of the fits are listed in Table 5.13 for the kaon component and Table 5.12 for
the pion component.

Background from continuum processes such as charm and uds are linear through-
out the �E spectrum. They are parametrised with a Chebyshev Polynomial of rank
one, and the fit result is depicted in Fig. 5.17.

For background originating from decays of B̄0 ! D⇤+⇢� and processes where the
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Table 5.12: Parameters of all component PDFs, Eq. 5.11, used for
B̄

0 ! D
⇤+⇡� in the D0 ! K�⇡+ channel.

B̄
0 ! D

⇤+
⇡

� PDF: FB̄0!D⇤+⇡�

�1 = �⇡ · 17.92 ± 0.81 MeV �2 = �⇡ · 10.97 ± 0.17 MeV
�3 = �⇡ · 35.71 ± 0.71 MeV µCb⇡ = µG1 = µG2

↵⇡ = 0.52 ± 0.02 n⇡ = 99.99 ± 92.42

r1= 0.233 ± 0.035 r2 = 0.083 ± 0.004

yield free

qq̄ PDF: Chbkg1

a0 = �0.042 ± 0.016 yield free

⇢
� ! h

� PDF: Gbkg2

� = 15.79 ± 1.72 MeV µ = �157.62 ± 4.12 MeV
rbkg2 = 0.310 ± 0.011

B̄
0 ! D

⇤+
l
�
⌫̄ , fake⇡s, PDF: Gbkg3

� = 131.22 ± 10.64 MeV µ = �379.65 ± 51.17 MeV
rbkg3 = 0.482 ± 0.021

D
⇤0
, B

+
and fakeD

0 PDF: Cbbkg4

� = 73.54 ± 2.37 MeV µ = �18.72 ± 2.26 MeV
↵ = 1.12 ± 0.16 n = 0.23 ± 0.35

1 � rbkg2 � rbkg3 = 0.208 ± 0.036

B̄
0 ! D

⇤+
K

� PDF: FB̄0!D⇤+K�

same PDF as in B̄0 ! D⇤+K� in Table 5.13 yield free

Table 5.13: Parameters of all component PDFs, Eq. 5.12, of
B̄

0 ! D
⇤+

K
� used in the D0 ! K�⇡+ channel.

B̄
0 ! D

⇤+
K

� PDF: FB̄0!D⇤+K�

�3 = �K · 15.19 ± 0.16 MeV µ 2 [�51, �48] MeV
�4 = �K · 49.71 ± 2.38 MeV ↵K = 3.97 ± 3.25

nK = 67.45 ± 57.42 r3 = 0.93 ± 0.02

yield free

qq̄ PDF: Chbkg6

a0 = �0.077 ± 0.031 yield free

Other B, ⇢
� ! h

� PDF: Gbkg6

µG = �264.33 ± 110.93 MeV �G = 40.48 ± 28.11 MeV
rbkg6 = 0.325 ± 0.048

D
⇤0
, B

+
and fake⇡s PDF: Gbkg7 and Gbkg8

µ1 = �109.21 ± 80.87 MeV �1 = 144.09 ± 64.67 MeV
µ2 = �28.06 ± 5.52 MeV �2 = 23.54 ± 6.85 MeV
f1 = 0.774 ± 0.111 1 � r6 = 0.674 ± 0.296

B̄
0 ! D

⇤+
⇡

� PDF: FB̄0!D⇤+⇡�

same PDF as in B̄0 ! D⇤+⇡� in Table 5.12 yield free

hadron is faked by a random pion that peak towards negative values of the signal vari-
able, a Gaussian shape was chosen. In B̄0 ! D⇤+K�background from B̄0 ! D⇤+l�⌫
are also added to this PDF, as they have a similar structure and are not abundant
enough to justify parametrising them with their own PDF, as is done in B̄0 ! D⇤+⇡�.
The extracted PDF is shown in Fig. 5.18. The shape was extracted in together with
the continuum background using the PDF for these with their parameters fixed to the
values found. This was necessary to fit the components without having to restrict the
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(a) (b)

Figure 5.17: Background model for the continuum background for
B̄0 ! D⇤+⇡�(a) and B̄0 ! D⇤+K�(b) in the D0 ! K�⇡+ channel,
evaluated using a data sample equivalent of fives times the Belle data

set.

fit range, as single outliers are spread out across the measurement variable.

(a) (b)

Figure 5.18: Background model for B̄0 ! D⇤+⇢� and B̄0 !
D⇤+l�⌫ background for B-meson events in B̄0 ! D⇤+⇡�(a), and

B̄0 ! D⇤+K�(b) in the D0 ! K�⇡+ channel.

An important peaking background arises when misidentifying the B̄0 ! D⇤+⇡�as
a B̄0 ! D⇤+K�and vice versa, see Fig. 5.19. They are fitted and shown here to
allow fitting all backgrounds in a non-simultaneous fit in order to verify the joined
background PDFs. In the simultaneous fit, these will be replaced with the signal PDF
of the respective other mode. A calibration factor will be added to the width to adjust
for potential data and MC differences.

Background from B+ ! D0h+, D0 from D⇤0-mesons and wrongly reconstructed
D0 are parametrised with a Crystal Ball shape in B̄0 ! D⇤+⇡�, shown in Fig. 5.20a.
For B̄0 ! D⇤+K�they are all combined and fit with a double Gaussian with the
exception of the leptonic background, as depicted in Fig. 5.20b. The central peak is
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(a) (b)

Figure 5.19: Model for the B̄ ! D⇤+K� contribution in B̄0 !
D⇤+⇡�(a), and the B̄ ! D⇤+⇡� contribution in B̄0 ! D⇤+K�(b).
Both of these will be replaced by the respective signal model of the

other mode in the simultaneous fit.

mainly caused by D⇤0-background, the other background sources are not abundant
enough to extract meaningful shapes.

Background from semi-leptonic decays such as B̄0 ! D⇤+µ�⌫̄µ, true D0-mesons
with a wrongly assigned slow pion and all uncategorised background is combined in
B̄0 ! D⇤+⇡�and parametrised with a single Gaussian that has its central value far
out towards negative values in �E, depicted in Fig. 5.21.

(a) (b)

Figure 5.20: a) Model for background from D⇤0-decays and B+ !
D0h+ and background from wrongly reconstructed D0 for B̄0 !
D⇤+⇡�. b) Model for background from D⇤0-decays and B+ ! D0h+

and background from wrongly reconstructed D0 and background from
other uncategorised decays in B̄0 ! D⇤+K�. Both are in the

D0 ! K�⇡+ channel.

The individual PDFs were fixed to the shape parameters found in the isolated fits.
The joint PDF then was used to fit a data sample without the signal, allowing the
total normalisation of the background and other bachelor hadron component to float,
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(a)

Figure 5.21: Model for B̄0 ! D⇤+l�⌫̄ background, background with
a true D0 and a wrongly assigned slow pion as well as other uncate-

gorised background for B̄0 ! D⇤+⇡�in the D0 ! K�⇡+ channel.

(a) (b)

Figure 5.22: Background model of the B̄ ! D⇤+⇡� mode (a), and
of the B̄ ! D⇤+K� mode (b) in the D0 ! K�⇡+ channel, evaluated

using a MC sample equivalent to fives times the Belle data set.

while the individual PDF fractions were fixed to the true fractions in the MC. The
resulting fit was found to describe the MC very well within less than one standard
deviation, see Fig. 5.22.

The combined background and signal model, M , for B̄0 ! D⇤+⇡�is

M B̄
0!D

⇤+
⇡

�

D0!K�⇡+ = Nq̄q1Ch
1
bkg1 + Nbkg [rbkg2Gbkg2 + rbkg3Gbkg3 + (1 � rbkg2 � rbkg3)Cbbkg4]

+ F
B̄0!D⇤+⇡�(N⇡, µ⇡,�⇡)

+ F
B̄0!D⇤+K�(NK , µK ,�K)

,

(5.11)
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and for B̄0 ! D⇤+K�

M B̄
0!D

⇤+
K

�

D0!K�⇡+ = Nq̄q2Ch
1
bkg5 + Nbkg [rbkg6Gbkg6 + (1 � rbkg6) (f1Gbkg7 + (1 � f1)Gbkg8)]

+ F
B̄0!D⇤+⇡�(N⇡, µ⇡,�⇡)

+ F
B̄0!D⇤+K�(NK , µK ,�K)

,

(5.12)

where Ni are yields, ri are fixed ratios in the PDF describing the background from
B-events, normalised to 1 = rbkg6 + (1 � rbkg6) = rbkg2 + rbkg3 + (1 � rbkg2 � rbkg3).
Fractions of PDFs within a background component are described by fi, free signal
means are µi and calibration factors are denoted �i. The PDFs are rank one Chebishev
polynomials, Ch1

i
, Gaussian functions, Gi, and Crystal Ball functions, Cbi. The

floated parameters are the signal component means, calibration factors and all yields.
All other PDF parameters are fixed and their values are given in Tables 5.13 and 5.12.
The signal means and calibration factors are shared and fit simultaneously for both
models.

To check the consistency of the models, the signal is added to the sample and a
non-simultaneous fit is performed, floating the signal mean, a calibration factor for the
signal width and a yield for the combined background PDF, as well as for the signal,
depicted in Fig. 5.23. The resulting fits work well and the extracted signal yields
reproduce the truth matched signal expectation within the statistical uncertainty.

(a) (b)

Figure 5.23: Signal and background model overlaid with MC data
for the B̄ ! D⇤+⇡� mode (a), and the B̄ ! D⇤+K� mode (b) in the

D0 ! K�⇡+ channel.
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5.5.3 Background models in the D
0 ! K

�2⇡+
⇡

�
channel

The background models for the D0 ! K�
2⇡+⇡� channel are fitted analogous way as

in D0 ! K�⇡+, the results are listed in Table 5.14 and Table 5.15.

Table 5.14: Parameters of all PDFs of B̄0 ! D⇤+⇡�in the D0 !
K�

2⇡+⇡� channel.

B̄
0 ! D

⇤+
⇡

� PDF: FB̄0!D⇤+⇡�

�1 = �⇡� · 17.80 ± 0.65 MeV µ1 2 [�2, �2] MeV
�2 = �⇡� · 10.05 ± 0.12 MeV µ2 = µ1 = µ3

�Crystal Ball = �⇡� · 37.14 ± 0.63 MeV
↵⇡ = 0.57 ± 0.02 n⇡ = 99.99 ± 75.53

f1 = 0.227 ± 0.021 f2 = 0.103 ± 0.004

qq̄ PDF: Ch1

a0 = �0.099 ± 0.011 yield free

B̄
0 ! D

⇤+
⇢
� PDF: G1

� = 18.10 ± 2.23 MeV µ = �161.43 ± 5.86 MeV
r1 = 0.145 ± 0.001

B̄
0 ! D

⇤+
l
�
⌫ , other PDF: G2

� = 78.94 ± 3.67 MeV µ = �221.63 ± 13.08 MeV
r2 = 0.195 ± 0.001

B
+ ! D

0
h
+ PDF: G3

� = 107.38 ± 8.59 MeV µ = �30.19 ± 6.17 MeV
bkg. fraction r3 = 0.032 ± 0.001

combinatorial⇡s PDF: G4 and G5

�1 = 50.24 ± 71.34 MeV µ1 = �200.47 ± 117.11 MeV
�2 = 51.54 ± 3.32 MeV µ2 = �24.57 ± 5.80 MeV
f1 = 0.204 ± 0.062 r4 = 0.046 ± 0.001

Fake D
0
, D

⇤0 PDF: G6 and G7

�1 = 39.16 ± 8.87 MeV µ1 = 5.09 ± 5.56 MeV
�2 = 187.98 ± 27.63 MeV µ2 = �144.19 ± 40.95 MeV
f2 = 0.089 ± 0.038 1 � r1 � r2 � r3 � r4 = 0.539 ± 0.001

B̄
0 ! D

⇤+
K

� PDF: FB̄0!D⇤+K�

all parameters as in B̄0 ! D⇤+K� yield free

The D0 ! K�
2⇡+⇡� channel has two more tracks in the final state and hence

more possibilities to end up with a incorrectly reconstructed D0-meson. These make
up a large fraction of the background, see Fig. 5.13, as compared to the D0 ! K�⇡+

channel where this background is less abundant.
The background from continuum is parametrised similarly to the D0 ! K�⇡+

channel with a Chebishev polynomial of rank one, depicted in Fig. 5.24.
Background from decays of B̄0 ! D⇤+⇢� are described with a Gaussian shape,

depicted in Fig. 5.25. The PDF is extracted together with the fixed PDF for continuum
background, to allow the fit without restricting the range.

A peaking background arises from B̄0 ! D⇤+⇡�misidentified as B̄0 ! D⇤+K�and
vice versa. They will be parametrised with the same model, so that the B̄0 ! D⇤+⇡�

peak in the B̄0 ! D⇤+⇡� channel has the same PDF as in the B̄0 ! D⇤+K� channel
and vice versa, see Fig. 5.26. The models for B̄0 ! D⇤+K� in B̄0 ! D⇤+⇡� and vice
versa, shown here are placeholders to fit the isolated background; In the simultaneous
fit the PDF extracted from the isolated signal will be used for B̄0 ! D⇤+K� and
B̄0 ! D⇤+⇡�.
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Table 5.15: Parameters of all PDFs of B̄0 ! D⇤+K�in the D0 !
K�

2⇡+⇡� channel.

B̄
0 ! D

⇤+
K

� PDF: FB̄0!D⇤+K�

�1 = �K · 13.76 ± 0.18 MeV µ1 2 [�51, �48] MeV
�2 = �K · 49.21 ± 2.63 MeV µ2 = µ1

↵K = 10.85 ± 0.61 nK = 0.97 ± 64.34

f1 = 0.911 ± 0.017

qq̄ PDF: Ch2

a0 = �0.115 ± 0.021 yield free

B̄
0 ! D

⇤+
⇢
�
, B̄

0 ! D
⇤+

l⌫ PDF: G8

� = 105.60 ± 197.41 MeV µ = �791.10 ± 466.10 MeV
r8 = 0.129 ± 0.009

D
⇤0
, B

+ ! D
0
h
+ PDF: G9 and G10

�1 = 155.54 ± 126.22 MeV µ1 = �121.06 ± 157.94 MeV
�2 = 36.29 ± 126.22 MeV µ2 = �37.83 ± 157.94 MeV
f3 = 0.806 ± 0.259 r9 = 0.184 ± 0.011

Fake D
0
, fake⇡s, other PDF: G11

� = 95.29 ± 5.10 MeV µ = �59.89 ± 5.28 MeV
1 � r8 � r9 = 0.685 ± 0.027

B̄
0 ! D

⇤+
⇡

� PDF: FB̄0!D⇤+⇡�

all parameters as in B̄0 ! D⇤+⇡� yield free

(a) (b)

Figure 5.24: Background model for the continuum background for
B̄0 ! D⇤+⇡�without (a) and kaon mode (b). This is the D0 !
K�

2⇡+⇡� channel, evaluated using a data sample equivalent of fives
times the Belle data set.

Background originating from a true D0-meson that was combined with an incorrect
combinatorial slow pion can peak in �M if the slow pion comes from another D⇤-
decay. This background is parametrised in isolation for B̄0 ! D⇤+⇡�with a double
Gaussian, as depicted in Fig. 5.27a.

In B̄0 ! D⇤+K�they combined together with incorrectly reconstructed D0-mesons
and all uncategorised decays, shown in Fig. 5.29a. A single Gaussian was chosen to
describe the distribution. In B̄0 ! D⇤+⇡�background from wrongly reconstructed
D0 were joined together with D0 from D⇤0, see Fig. 5.29b.
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(a) (b)

Figure 5.25: Model for B̄0 ! D⇤+⇢� background in B̄0 !
D⇤+⇡�(a) and B̄0 ! D⇤+K�(b). This is the D0 ! K�

2⇡+⇡� chan-
nel, evaluated using a data sample equivalent of fives times the Belle

data set.

(a) (b)

Figure 5.26: Model for the B̄ ! D⇤+K� contribution in B̄0 !
D⇤+⇡�without (a) and the B̄ ! D⇤+⇡� contribution in B̄0 !
D⇤+K�(b). This is the D0 ! K�

2⇡+⇡� channel, evaluated using
a data sample equivalent of fives times the Belle data set. Both of
these will be fit with a calibration factor for the the width that is si-

multaneously fit in both hadron channels.

Background from B+ ! D0⇡+ were fitted with a single Gaussian depicted in
Fig. 5.28a. In B̄0 ! D⇤+K�these were combined with D⇤0 background, depicted in
Fig. 5.27b.

B̄0 ! D⇤+⇡�has another background from semi-leptonic decays such as B̄0 !
D⇤+µ�⌫̄µ, where the muon mimics the bachelor pion. These are described together
with all uncategorised background, by a Gaussian that has its mean far out the signal
window towards negative values of �E, as displayed in Fig. 5.28b. These are far less
abundant in B̄0 ! D⇤+K�and were added to the B̄0 ! D⇤+⇢� background PDF
component, since they have a similar exponential shape that does not fit in any of the
other PDFs but is not abundant enough to justify its own PDF.
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(a) (b)

Figure 5.27: a) Background model for combinatorial slow pion back-
ground in B̄0 ! D⇤+⇡�. b) Background model for decays involving

D⇤0 and B+ ! D0⇡+ background in B̄0 ! D⇤+K�.

(a) (b)

Figure 5.28: a) Background model for background from B+ ! D0⇡+

in B̄0 ! D⇤+⇡�. b) Background model for semi-leptonic and uncate-
gorised decays in B̄0 ! D⇤+⇡�.

The combined background and signal model, M , for B̄0 ! D⇤+⇡�is

M B̄
0!D

⇤+
⇡

�

D0!K�2⇡+⇡� = Nq̄q1Ch
1
1 + Nbkg[r1G1 + r2G2 + r3G3 + r4(f1G4 + (1 � f1)G5)

+ (1 � r1 � r2 � r3 � r4)(f2G6 + (1 � f2)G7)]

+ F
B̄0!D⇤+⇡�(N⇡, µ⇡,�⇡)

+ F
B̄0!D⇤+K�(NK , µK ,�K)

,

(5.13)
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(a) (b)

Figure 5.29: a) Model for background from incorrectly reconstructed
D0-mesons, combinatorial slow pions and uncategorised background
in B̄0 ! D⇤+K�. b) Background model for the fake D0-meson back-

ground and background from D⇤0-decays in B̄0 ! D⇤+⇡�.

(a) (b)

Figure 5.30: Background model of the B̄ ! D⇤+⇡� mode (a), and
the B̄ ! D⇤+K� mode (b), in the D0 ! K�

2⇡+⇡� channel, evalu-
ated using a data sample equivalent of fives times the Belle data set.
The PDFs of B̄ ! D⇤+K� in B̄ ! D⇤+⇡� and B̄ ! D⇤+⇡� in
B̄ ! D⇤+K� will be added a calibration factor and replaced by the

respective signal PDF in a simultaneous fit.

and for B̄0 ! D⇤+K�

M B̄
0!D

⇤+
K

�

D0!K�2⇡+⇡� = Nq̄q2Ch
1
2 + Nbkg[r8G8 + r9 (f3G9 + (1 � f3)G10)

+ (1 � r8 � r9)G11]

+ F
B̄0!D⇤+⇡�(N⇡, µ⇡,�⇡)

+ F
B̄0!D⇤+K�(NK , µK ,�K)

, (5.14)

where Ni are yields, ri fixed ratios in the PDF describing the background from B-
events, normalised to 1 = r8 +r9 +(1�r8 �r9) = r1 +r2 +r3 +r4 +(1�r1 �r2 �r3 �
r4). Fractions of PDFs within a background component are described by fi, µi are
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free signal means and �i are calibration factors. The PDFs are rank one Chebishev
polynomials, Ch1

i
, Gaussian functions, Gi, and Crystal Ball functions, Cbi. The

floated parameters are the signal component means, calibration factors and all yields.
All other PDF parameters are fixed and their values may be found in Table 5.15 and
Table 5.14. The signal means and calibration factors are shared and fit simultaneously
for both models. The signal PDFs, Fi, are the same as in D0 ! K�⇡+given in Eq. 5.8
and Eq. 5.9.

The individual PDFs were combined fixing their fractions to the value obtained
from MC, except for continuum background. The fit was performed, by allowing the
combined background normalisation and the continuum background normalisation
float, the results are depicted in Fig. 5.30. With the combined PDF the background
was fitted and the yield was found to be within one standard deviation of the truth
matched yield. Performing the fit with floating total signal yields, a yield for all
earlier mentioned background and a separate continuum yield, as well as a calibration
factor for the width of the signal PDFs, it was found that these describe the data
well. However, a small disagreement around the steep slopes of the signal PDF are
observed, similarly to the D0 ! K�⇡+ channel, these lead to biases, which will be
treated as systematic uncertainties. The results using MC samples equivalent of fives
times the Belle data set are depicted in Fig. 5.31.

(a) (b)

Figure 5.31: Full model including signal in B̄0 ! D⇤+⇡�(a), and
(b) in the D0 ! K�

2⇡+⇡� channel.
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5.5.4 Fit results using a single stream of MC

The extracted PDFs were used to perform a simultaneous fit of the PDF of B̄0 !
D⇤+⇡� and B̄0 ! D⇤+K� in both data samples to a data set equivalent to the size
of the Belle dataset. The fit was performed with all parameters of the PDFs fixed,
except for the widths and central values of the B̄0 ! D⇤+h� components. The central
values were allowed to float in a window of ±2 MeV around the expected value. The
results are depicted in Fig. 5.32 and Fig. 5.33. The correlation matrices of these test

(a) (b)

Figure 5.32: Projection of the fit results for the simultaneous fit
on MC. The results for the D0 ! K�⇡+ channel are shown for the
B̄0 ! D⇤+⇡� (a), and B̄0 ! D⇤+⇡� (b). These results are evaluated
on stream 1. The PDFs for the hadron peaks are the simultaneously

extracted in both hadron modes.

(a) (b)

Figure 5.33: Projection of the fit results for the simultaneous fit
on MC. The results for the D0 ! K�

2⇡+⇡� channel are shown for
B̄0 ! D⇤+⇡� (a), and B̄0 ! D⇤+⇡� (b). These results are evaluated
on stream 1. The PDFs for the hadron peaks are the simultaneously

extracted in both hadron modes.

fits are depicted in Fig. 5.34. The largest correlations found are between the yields
of the continuum background and the yields of background from B-events. This is
expected as they are both part of the total background.
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Figure 5.34: Correlation matrix of the floating fit parameters in the
D0 ! K�⇡+ channel (a), and the D0 ! K�

2⇡+⇡� channel (b).

5.6 Reconstruction efficiency

The efficiency is evaluated using MC equivalent to five times the Belle data set. The
total number of decays into the respective final states on MC particle level before
detector simulation is taken as the denominator for the efficiency, ✏, such that

✏ =
Nobs

Ntotal
, (5.15)

where Nobs is the true number of truth matched reconstructed candidates after all
selection criteria and Ntotal is the total number of decays at generator level, before
reconstruction. The results are listed in Table 5.16. The simulated signal decay modes,
in particular the D0-modes, and their branching ratios into the respective final state
can be found in Table 5.4.

Table 5.16: Average number of decays in MC and extracted effi-
ciencies. The efficiency errors are propagated from the Gaussian yield

uncertainties.

D
0 ! K

�
⇡

+
D

0 ! K
�
2⇡

+
⇡

�

Ntotal B̄0 ! D⇤+⇡�
266419 518125

Ntotal B̄0 ! D⇤+K�
20204 39502

Nobs B̄0 ! D⇤+⇡� 87044 92487
Nobs B̄0 ! D⇤+K� 5725 5920

✏B̄0!D⇤+⇡� 0.3267 ± 0.0012 0.1785 ± 0.0006

✏B̄0!D⇤+K� 0.2833 ± 0.0042 0.1498 ± 0.0020

5.6.1 Corrections to the efficiency

The overall reconstruction efficiency is determined with MC but is different for data
and MC due to mis-modelling for tracks with momenta plab < 200 MeV. For this
analysis only the K/⇡-identification and slow-⇡-tracking mis-modelling need to be
corrected because no lepton-identification selection criteria was used.
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K/⇡-identification The experiment provides measurements of correction factors for
data-MC differences, binned in angles and momentum. However, the previously ob-
tained corrections [57] are incomplete and do not cover high polar angle, low mo-
mentum regions. The regions that are not available in the official corrections will be
corrected by efficiencies for pions determined in Appendix B. Events with kaons that
do have correction factors will be removed from the analysis. For D0 ! K�⇡+ this
affects 6.1 % of the candidates and 14.4 % for D0 ! K�

2⇡+⇡�. The bachelor kaon
tracks are not affected as their momentum is high enough to always fall into bins
that have good measurements. The phase space distribution of the kaon tracks that
survive the selection are depicted in Fig. 5.35.
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Figure 5.35: Distribution of the kaon tracks in bins of ✓ and mo-
mentum that have correction factor and are used in this analysis for

a) D0 ! K�⇡+ and b) D0 ! K�
2⇡+⇡�.

The final efficiency will be corrected for data-MC disagreement, such that

✏0 = ✏ · ✏data

✏MC
, (5.16)

where ✏ is the efficiency and ✏0 the corrected efficiency. The distributions of the
correction factors are depicted in Fig. 5.36. The efficiency will be corrected by the
median, µ, of these distributions. The numerical values are µD0!K�⇡+ = 0.988 and
µD0!K�2⇡+⇡� = 1.006. The individual K/⇡-efficiencies can be found in Fig. 5.37.
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Figure 5.36: Distribution of the efficiency corrections to for each
B̄ ! D⇤+h� candidate a) D0 ! K�⇡+ and b) D0 ! K�

2⇡+⇡�.
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Figure 5.37: Distribution of the K/⇡-ID efficiencies in data and MC
in a) D0 ! K�⇡+ and b) D0 ! K�

2⇡+⇡�.

Slow-⇡-identification The tracking of low momentum pions is especially challenging
and the experiment provides measurements of mis-modelling in bins of lab frame
track momentum. The correction is following the same procedure as described for
K/⇡-identification using Eq. 5.16. The same correction factor of ✏data/✏MC = 0.993 is
applied for all channels, see Fig. 5.38 for the distributions.
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Figure 5.38: Distribution of the slow-⇡ correction factors.

5.7 Branching ratio

The branching ratios are calculated from the signal yield, Nmeas, as

B(B0 ! D⇤+h�
) =

Nmeas

NB0 · B(D⇤+) · B(D0) · ✏0
h

, (5.17)

where ✏0
h

is the corrected efficiency, B(D0 ! K�⇡+
) = 0.03950 ± 0.00031, B(D0 !

K�
2⇡+⇡�

) = 0.0823 ± 0.0014 and B(D⇤+ ! D0⇡+
= 0.667 ± 0.005 the D0 and D⇤+

branching ratios from 2020 PDG and NB0 the total number of neutral B-mesons in
the data set, which is given by

NB0 = N
BB̄

· fB0 = (750.0 ± 13.8) · 10
6, (5.18)

where the fraction of ⌥(4S)
bb̄

! B0B̄0 decays is taken from 2020 PDG as fB0 =

0.486 ± 0.006 and the total number of BB̄-pairs was measured by the experiments
performance group as N

BB̄
= (771.581 ± 10.566) · 10

6.
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5.8 Systematic uncertainty evaluation

Systematic uncertainties arise from various sources when combining measurements to
perform a complex measurement like the extraction of physics parameters from detec-
tor hits. The uncertainties that have to be considered are due to detector performance
and quantities of the branching ratio, Eq. 5.17. These are are:

• limited MC sample size,

• tracking,

• correction to the K/⇡-identification efficiency,

• correction to slow-⇡-identification efficiency,

• number of B0-mesons,

• branching ratio of the D0 and D⇤-decay,

• fixed PDF parameters in the fits,

• biases due to the choice of PDFs.

Ratios of measurement may lead to some of the systematic errors cancelling. This
section will discuss the various sources of uncertainty in more detail and how they are
incorporated into the analysis.

Systematic uncertainties of the reconstruction efficiency. The reconstruction effi-
ciency contains all efficiencies related to K/⇡-ID, tracking and detector acceptance.
Detector effects such as the reconstruction efficiency are treated as statistical and arise
from the limited sample size given by MC.

Systematic uncertainties of tracking. Systematic uncertainties originating from track
reconstruction are described by a single value per track for tracks with plab > 200 MeV.
The total uncertainty is given by the number of tracks in the final state as a correlated
sum such that

�tracking = ntracks · 0.35%, (5.19)

where ntracks is the number of tracks, omitting the slow-⇡, which are evaluated sepa-
rately. The number of 0.35% per track was provided by the experiment performance
group.

Branching ratios and B
0-meson counting The uncertainties of the branching ratios

B(⌥(4S)
bb̄

! B0B̄0
), D⇤+ ! D0⇡+, D0 ! K�⇡+ and D0 ! K�

2⇡+⇡� are taken
from 2020 PDG. Furthermore, there is an uncertainty on the number of total B-meson
pairs in the data set, measured by the experiment performance group. Its uncertainties
are propagated using Eq. 5.18. The resulting uncertainties are listed in Table. 5.17.

Systematic uncertainties from K/⇡ and slow-⇡ selection Systematic uncertainties
arise from statistical and systematic errors to on the slow-⇡ tracking and particle-ID.
The evaluation is done in bins in momentum and ✓ for K/⇡-identification and in bins
of momenta for slow-⇡-tracking. Consequently, the tracks falling into each bin have to
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Table 5.17: Uncertainties of branching ratios of various decay chan-
nels in percent.

Source Value
B(⌥(4S)bb̄ ! B0B̄0

) �B(⌥(4S)bb̄!B0B̄0) = 1.23%

Number of BB̄ pairs �N(BB̄) = 1.37%

Number of B0-mesons �N(B0) = 1.84%

B(D⇤+ ! D0⇡+
) �B(D⇤+!D0⇡+) = 0.74%

B(D0 ! K�⇡+
) �B(D0!K�⇡+) = 0.78%

B(D0 ! K�
2⇡+⇡�

) �B(D0!K�2⇡+⇡�) = 1.7%

be counted and their uncertainties combined. The total uncertainty for each of these
categories is calculated as squared sums for statistical and uncorrelated errors

�uncorr =
1

Nparticles

X

bin=j

(�j

uncorr · N j

bin)
2, (5.20)

and linear sums for correlated errors such that

�corr =
1

Nparticles

X

bin=j

�j

corr · N j

bin, (5.21)

where Nbin refers to the total number of particles in a bin.

Systematic uncertainties from the fit procedure Systematic uncertainties due to the
fit procedure may arise due to fixed parameters in the PDFs and require a detailed
study of how the fit behaves for different input samples. These effects are studied
in the following sections. First, the fit is tested on five data samples each of the
size of the Belle data set. This is followed by a toy MC method that resamples the
existing MC and repeat large numbers of fits. The results then are used to check if the
generated signal yields and branching ratios can be measured and if biases are present.
Furthermore, the toy MC method is used to study the effect of changing fixed ratios of
the PDF yields and parameters of the PDFs to obtain systematic uncertainties related
to these.

5.8.1 Stream tests

To understand the quality of the fit procedure, the fit is repeated first on the individual
MC streams and the generated and measured signal yields are compared, see Fig. 5.39
and Fig. 5.40 for the extracted yield in the respective D0-meson channel. The resulting
pulls are depicted in Fig. 5.41. It was found that the fit reproduces the signal yield
reliably within one standard deviation in both D0 channels.
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Figure 5.39: Evaluation of the fit quality by performing a stream
test, fitting each MC stream individually in the D0 ! K�⇡+ channel.
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Figure 5.40: Evaluation of the fit quality by performing a stream
test, fitting each MC stream individually in the D0 ! K�

2⇡+⇡�

channel.
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Figure 5.41: Evaluation of the fit pull distributions for each stream.
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5.8.2 Systematic uncertainties due to the signal extraction method

Testing of individual streams of MC can not give an exact quantitative evaluation of
eventual present biases and resolutions, a statistical resampling, toy MC, method was
used to evaluate them. For this procedure a random stream was chosen and the data
were histogramed in 100 bins. The individual values in each of the bins where then
replaced by a random number following a Poissonian distribution using the previous
value as central value. The histograms then were randomised and fit with the nominal
PDFs 5000 times. The resulting distributions for the resolution and pulls are depicted
in Fig. 5.42 and Fig. 5.46 for the D0 ! K�⇡+ channel, and Fig. 5.43 and Fig. 5.47
for the D0 ! K�

2⇡+⇡� channel. In some of the pull distributions a spike at zero
can be seen, these are due to outliers in the uncertainty distributions. The resolutions
and pulls reproduce the expected number of particles and hence the fits are found to
work well. Furthermore, the calibration factors are agreeable with an almost Gaussian
distributions around unity, see Fig. 5.44 and Fig. 5.45, which also points towards well
working fits. Fit biases and systematic effects arising from fixing PDF parameters are
studied using the same toy MC method, see Sec. 5.8.4.
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Figure 5.42: Distributions of the resolution in 10000 toy MC experi-
ments for B̄0 ! D⇤+⇡�(a) and B̄0 ! D⇤+K�(b) in the D0 ! K�⇡+

channel.

�500 �250 0 250 500
resolution = meas � true

0

100

200

E
ve

nt
s

/
12

.0
0

B̄0 ! D�+��, D0 ! K�2�+��
Gaussian fit

µ = 18.69 ± 0.19
� = 180.76 ± 0.19

(a)

�200 �100 0 100
resolution = meas � true

0

100

200

E
ve

nt
s

/
3.

80

B̄0 ! D�+K�, D0 ! K�2�+��
Gaussian fit

µ = �15.03 ± 0.06
� = 56.38 ± 0.06

(b)

Figure 5.43: Distributions of the signal yield resolution in 5000 toy
MC experiments for B̄0 ! D⇤+⇡�(a) and B̄0 ! D⇤+K�(b) in the

D0 ! K�
2⇡+⇡� channel.
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Figure 5.44: Distributions of the calibration factors, defined in
Eq. 5.10, in 5000 toy MC experiments for B̄0 ! D⇤+⇡�(a) and

B̄0 ! D⇤+K�(b) in the D0 ! K�⇡+ channel.
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Figure 5.45: Distributions of the calibration factors, defined in
Eq. 5.10, in 5000 toy MC experiments for B̄0 ! D⇤+⇡�(a) and

B̄0 ! D⇤+K�(b) in the D0 ! K�
2⇡+⇡� channel.
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K�⇡+ channel.
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Figure 5.48: Distributions of the branching ratio measured in 5000
toy MC experiments for B̄0 ! D⇤+⇡�(a), and B̄0 ! D⇤+K�(b) in

the D0 ! K�⇡� channel.

5.8.3 Branching ratio closure test

In order to ensure self consistency of the method the branching ratio is measured
on MC and compared to the generated value. The branching ratios are calculated
using the previously obtained yields from the toy study. For each toy experiment the
branching ratio is calculated as

B(B̄0 ! D⇤+h�
) =

Nmeas

N
B0

generated
· B(D⇤+) · B(D0) · ✏h

. (5.22)

The results for the D0 ! K�⇡+ channel are depicted in Fig. 5.48 and for the D0 !
K�

2⇡+⇡� channel in Fig. 5.49, as well as Fig. 5.52 and Fig. 5.53 for the combined case.
The generator truth is calculated from the number of B-mesons and the generator
branching ratios as in Table 5.4. In both cases the generated values are reproduced.
However, for D0 ! K�

2⇡+⇡� a small deviation can be observed. As the total number
of MC-truth matched candidates was reproduced by the fit, this may be due to a small
fluctuation in the number of B-mesons decaying into B̄0 ! D⇤+⇡�in the MC.

The ratio of the branching ratios, defined as

RK/⇡ =
B(B̄0 ! D⇤+K�

)

B(B̄0 ! D⇤+⇡�)
, (5.23)

was calculated using the efficiency corrected yields. The results on MC are shown in
Fig. 5.50 and Fig. 5.51.
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Figure 5.49: Distributions of the branching ratio measured in 5000
toy MC experiments for B̄0 ! D⇤+⇡�(a), and B̄0 ! D⇤+K�(b), in

the D0 ! K�
2⇡+⇡� channel.
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Figure 5.50: Distributions of the ratio, RK/⇡ = B(B̄0 !
D⇤+K�

)/B(B̄0 ! D⇤+⇡�
), measured in 5000 toy MC experiments

for B̄0 ! D⇤+⇡�(a) and B̄0 ! D⇤+K�(b) in the D0 ! K�⇡� chan-
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Figure 5.51: Distributions of the ratio, RK/⇡ = B(B̄0 !
D⇤+K�

)/B(B̄0 ! D⇤+⇡�
), (a) and the pull distributions (b), mea-

sured in 5000 toy MC experiments in the D0 ! K�
2⇡+⇡� channel.



5.8. Systematic uncertainty evaluation 71

1.9 2.0 2.1 2.2 2.3
BR B̄0 ! D�+K� ⇥10�4

0

100

200

300

E
ve

nt
s

/
4.

77
e-

07

combined
Gaussian fit

µ =2.10e-04±6.87e-08
� =6.52e-06±6.87e-08

Generator 2.10e-04

(a)

2.75 2.80
BR B̄0 ! D�+�� ⇥10�3

0

100

200

300

E
ve

nt
s

/
1.

40
e-

06

combined
Gaussian fit

µ =2.77e-03±1.83e-07
� =1.83e-05±1.83e-07

Generator 2.76e-03

(b)

Figure 5.52: Combined branching ratio measurements for B̄0 !
D⇤+K� (a), and B̄0 ! D⇤+⇡� (b).
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Figure 5.53: Distributions of the ratio, RK/⇡ = B(B̄0 !
D⇤+K�

)/B(B̄0 ! D⇤+⇡�
), when both D0-meson channels are com-
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5.8.4 Fit biases

The distributions found for the resolution, defined as the distance between measured
and generated signal yield, of the fits in the toy studies have shown small biases,
see Fig. 5.42 and Fig. 5.43. In order to obtain more precise estimations the fits to
the signal yield resolution distributions are repeated with unbinned fits, depicted in
Fig. 5.54 and Fig. 5.55. The bias is calculated as deviation of the mean divided by the
expected number in percent. The bias will not be corrected but used as a systematic
uncertainty for the �E-signal yield results.
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Figure 5.54: Distributions of the signal yield resolutions found by
the toy studies (a) for B̄0 ! D⇤+⇡�and (b) for B̄0 ! D⇤+K�in
D0 ! K�⇡+. The resolutions are fit with unbinned Gaussian fit to
determine the bias, defined as the distance between zero and the mean

of the Gaussian PDF.
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Figure 5.55: Distributions of the signal yield resolutions found by
the toy studies (a) for B̄0 ! D⇤+⇡�and (b) for B̄0 ! D⇤+K�in
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5.8.5 Systematic uncertainties related to PDF parameters

For systematic uncertainties arising from fixed background ratios in the PDFs, the fits
are repeated in toy MC studies varying the fixed ratios according to the uncertainties
on their branching ratios as given in the PDG. The effect is found to be almost
negligible, < 0.1% on the branching ratio. Furthermore, PDFs where widths are fixed
were varied by a Gaussian distribution with 15% variation around the central value
found from MC. The impact was found to be minimal, i.e. < 0.1%, and was fixed to
0.1%.

5.9 Systematic uncertainties of the ratio RK/⇡

Systematic uncertainties on the ratio RK/⇡ = B(B̄0 ! D⇤+K�
)/B(B̄0 ! D⇤+⇡�

)

arise from the previously discussed uncertainties of the branching ratios. For cor-
rections, ✏h, to the efficiencies and their uncertainties, �✏h , this means that when
calculating RK/⇡ from the number of measured decays N ,

RK/⇡ =
Nmeas(B̄0 ! D⇤+K�

) · (✏⇡ ± �✏⇡)

Nmeas(B̄0 ! D⇤+⇡�) · (✏K ± �✏K )
. (5.24)

One can now assume that many sources of systematic uncertainty are correlated, as
the underlying physics process i.e. the D⇤+ side of the decay is similar, such that

�✏K = ⇢ · �✏⇡ , (5.25)

where ⇢ 2 [�1, 1] is the correlation coefficient. This requires the K/⇡-identification
related uncertainties for tracks from the D0-decay and those of the bachelor hadron to
be separately treated. The assumed correlation coefficients for all sources of systematic
uncertainty are depicted in Fig. 5.56 and a detailed summary of the numerical values
can be found in the summary tables of Sec. 5.10.
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Table 5.18: Expected statistical and systematic uncertainties. The
total error is taken from the squared sum assuming no correlations
between the errors. The entries marked with † are used in the ratio,
for the particle ID these are based on taking only the bachelor hadron

into account. All other uncertainties cancel in the ratio.

D
0 ! K

�
⇡

+

type B̄ ! D⇤+⇡� B̄ ! D⇤+K�

⇡-ID stat. 0.78%(0.72%
†
) 0.54%

⇡-ID sys. 0.60%(0.44%
†
) 0.27%

K-ID stat. 0.76% 1.05%(0.72%
†
)

K-ID sys. 0.53% 1.15%(0.61%
†
)

K-ID run dep. sys. 0.30% 0.30%

⇡slow stat. 0.79% 0.79%

⇡slow sys. 0.01% 0.01%

⇡slow corr. 1.33% 1.33%

3 tracks tracking sys. 1.05% 1.05%

MC stat. 0.39%
†

1.4%
†

fixed yields bkg. PDF 0.10%
†

0.10%
†

fixed shapes bkg. PDF 0.10%
†

0.10%
†

fit bias 0.15%† 0.15%†
N-B0-mesons 1.84% 1.84%

B(D⇤+ ! D0⇡+
) 0.74% 0.74%

B(D0 ! K�⇡+
) 0.78% 0.78%

total (Br.) 3.20% 3.60%

total (ratio) 1.93% 1.93%

fit stat. err. 0.84% 4.00%

5.10 Systematic uncertainty summary

Systematic uncertainties are evaluated using the methods described above. There
are two cases to consider for branching ratios and ratios of branching ratios. For the
branching ratios the individual contributions are listed and the squared sum is taken as
the total systematic uncertainty. The D0-channels are combined as an average taking
correlations into account using a covariance based approach. For the ratio RK/⇡ all
correlations are accounted for with the same covariance based approach as discussed
in Sec.5.9. As a result, all correlated quantities cancel and only a few uncertainties
contribute. The results are listed in Table 5.18 and Table 5.19 and the combined results
may be found in Table 5.20, including the correlation coefficients used to combine the
D0-channels. For the track dependent systematics Ntracks(D0 ! K⇡)/Ntracks(D0 !
K3⇡) = 3/5 is taken as the correlation coefficient, excluding slow-⇡, which are treated
as fully correlated.

It was found that for this analysis the systematic uncertainties are the dominant
source of uncertainty. This means that even with a larger data sample as may be
provided by Belle II in the future the precision of this measurement may not be
improved unless the systematic uncertainties are reduced. This is feasible as the
uncertainties related to low momentum slow-⇡ tracking can greatly be improved with
a larger dataset.



5.10. Systematic uncertainty summary 75

Table 5.19: Expected statistical and systematic uncertainties. The
total error is taken from the squared sum assuming no correlations

between the errors.

D
0 ! K

�
2⇡

+
⇡

�

type B̄ ! D⇤+⇡� B̄ ! D⇤+K�

⇡-ID stat. 0.95%(0.65%
†
) 0.20%

⇡-ID sys. 0.52%(0.46%
†
) 0.20%

K-ID stat. 0.72% 1.03%(0.72%
†
)

K-ID sys. 0.57% 0.62%(0.62%
†
)

K-ID run dep. sys. 0.30% 0.30%

⇡slow stat. 0.79% 0.79%

⇡slow sys. 0.01% 0.01%

⇡slow corr. 1.33% 1.33%

5 tracks tracking sys. 1.75% 1.75%

MC stat. 0.35%
†

1.39%
†

fixed yields bkg. PDF 0.10%
†

0.10%
†

fixed shapes bkg. PDF 0.10%
†

0.10%
†

fit bias 0.08%
†

0.74%
†

N-B0-mesons 1.84% 1.84%

B(D⇤+ ! D0⇡+
) 0.74% 0.74%

B(D0 ! K�
2⇡+⇡�

) 1.70% 1.70%

total (Br.) 3.81% 4.05%

total (ratio) 1.89% 1.89%

fit stat. err. (Br.) 0.78% 3.70%

Table 5.20: Expected statistical and systematic uncertainties for the
combined, averaged results. The individual categories are combined,

using correlation coefficients as given.

Combined
Type B̄ ! D⇤+⇡� B̄ ! D⇤+K� Corr. coeff.

⇡-ID stat. 0.77%(0.58%
†
) 0.34% 3/5

⇡-ID sys. 0.50%(0.41%
†
) 0.21% 3/5

K-ID stat. 0.66% 0.93%(0.64%
†
) 3/5

K-ID sys. 0.49% 0.80%(0.55%
†
) 3/5

K-ID run dep. sys. 0.27% 0.27% 3/5
⇡slow stat. 0.79% 0.79% 1
⇡slow sys. 0.01% 0.01% 1
⇡slow corr. 1.33% 1.33% 1

tracking sys. 1.26% 1.26% 3/5
MC stat. 0.26%

†
0.99%

† 0
fixed yields bkg. PDF 0.07%

†
0.07%

† 0
fixed shapes bkg. PDF 0.07%

†
0.07%

† 0
fit bias 0.09%

†
0.37%

† 0
N-B0-mesons 1.60% 1.60% 1

B(D⇤+ ! D0⇡+
) 0.74% 0.74% 1

B(D0
) 0.94% 0.94% 0

total (Br.) 3.25% 3.42%

total (ratio) 1.50% 1.50%

fit stat. err. (Br.) 0.57% 2.74%



76 Chapter 5. Measurement of B̄0 ! D⇤+h�

5.11 Cross checks

This analysis is optimised purely on MC and therefore it is important to cross check
that the modelling of the shapes of all selection variables is correct. To achieve this
data and MC are compared in regions outside of the signal region. The plots shown
in this section are based on the full Belle data sets and five streams of generic MC
weighted such that they match the expectation of a single stream of MC. The overall
normalisation is floated in the signal fits and therefore small disagreements of the
normalisation will have no impact.

The first control region discussed is in Mbc and allows to check background from
charm continuum and combinatorial B0. This allows i.e. for a check of the modelling
of background where a true D+ is combined a random hadron.

The second control region is a region outside of the �M selection which allows for
a check of the micromodeling of background sources such as B̄0 ! D⇤0⇡0.

After that strong requirements on the kaon-ID are used to isolate signal like back-
ground and signal that passes the selection.

There is no side band that would allow for a high purity check of B-meson back-
ground. To reduce background from continuum, all cross checks are done with and
without continuum suppression applied, see Appendix A for detail on the method.
This improves the isolation of background from B-mesons.

5.11.1 Corrections weights

For the plots shown in the side bands, all correction weights are applied to the MC. The
weights were already discussed in Sec. 5.6.1. However, an additional run dependent
factor to account for total normalisation differences between MC and data, as well
as a factor of 1/5 to scale fives stream down to the size of the Belle data set, were
applied.

5.11.2 Data control region in Mbc

To evaluate the accuracy of the MC, a side band region in Mbc < 5.27 GeV was
analysed. This is done without selections on the D0 mass and �M , with particle-ID
cuts applied and without continuum suppression, Fig. 5.57 and Fig. 5.59, and with
continuum suppression, Fig. 5.58 and Fig. 5.60, for the two D0 channels respectively.
Overall there is a small constant offset in B̄0 ! D⇤+⇡�, most likely related to the
size of the charm component in the continuum background; see for example Fig. 5.57a
and Fig. 5.57b for the �E and Mbc distributions in the D0 ! K�⇡+ channel and
Fig. 5.59a and Fig. 5.59b for the D0 ! K�

2⇡+⇡� channel. This hypothesis is further
strengthened when looking into the D0 mass peaks, Fig. 5.57c and Fig. 5.59c for
example or the �M peak, Fig. 5.57e and Fig. 5.59e respectively. The distributions
of the continuum classification variable is depicted in Fig. 5.57f and Fig. 5.59f and
the shape agrees well between data and MC for values larger then 0.1. The most
important variable for the classification, the Fox-Wolfram moment R2, is depicted in
Fig. 5.57g and Fig. 5.59g. The shape agrees between data and MC and the continuum
suppression does not introduce any distortion. However, in D0 ! K�

2⇡+⇡� one can
see a larger fraction of B-like events, which is probably due to a slightly larger amount
of fake D0. When comparing the variables without and with continuum suppression,
Fig. 5.57 and Fig. 5.58 as well as Fig. 5.59 and Fig. 5.60 this becomes more obvious.
For B̄0 ! D⇤+K� the same observations can be made.
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Figure 5.57: Variables in the side band Mbc < 5270 MeV for the
D0 ! K�⇡+ channel. All plots are made without continuum suppres-

sion applied.
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Figure 5.58: Variables in the side band Mbc < 5270 MeV for the
D0 ! K�⇡+ channel with continuum suppression applied. All plots

are made with continuum suppression applied.
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Figure 5.59: Variables in the side band Mbc < 5270 MeV for the
D0 ! K�

2⇡+⇡� channel. All plots are made without continuum
suppression applied.
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Figure 5.60: Variables in the side band Mbc < 5270 MeV for the
D0 ! K�

2⇡+⇡� channel with continuum suppression applied. All
plots are made with continuum suppression applied.
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5.11.3 Data control region in �M

Another useful control region is available outside of the signal region selected in�M as
143 MeV < �M[148 MeV < �M . Other selections applied are the K/⇡-ID selections
and D0-mass selection. This side band allows to check data and MC agreement for
background components that do not involve correctly reconstructed D⇤+ candidates.
The largest non-continuum background visible in this control region is background
from neutral D⇤0 for the D0 ! K�⇡+ channel, see Fig. 5.61 without continuum
suppression Fig. 5.62 with continuum suppression. In the D0 ! K�

2⇡+⇡� channel
incorrectly reconstructed D0 are the largest component in this control region, see
Fig. 5.63 and Fig. 5.64. A small fraction of signal still passes the control region
selections as seen in Fig. 5.61a for pions in D0 ! K�⇡+. For kaons Fig. 5.61h the
same happens and additionally a small peak from the pion component that passes
the selection is visible. One can see this behaviour in Mbc, �M and �E exactly
where the pion signal would be expected, hence it was concluded that this is due to
pions passing the kaon selection. This conclusion is further strengthened by the fact
that this happens in both D0 modes. Taking this effect into account the agreement
between data and MC is good. The same observation can be made when looking at the
figures for D0 ! K�

2⇡+⇡�, however here the relative abundance of the background
is much larger such that this effect is less obvious. Overall good agreement for the
B̄0 ! D⇤+⇡� channel can be seen and a smaller constant offset for the B̄0 ! D⇤+K�

channel can be attributed to efficiency differences of the K/⇡-ID selection. Comparing
the figures with and without continuum suppression, Fig. 5.61 with Fig. 5.62 and
Fig. 5.63 with Fig. 5.64, a similar effect as seen in the Mbc side band becomes visible,
that is that in the D0 ! K�

2⇡+⇡� channel the fake-D0 background is either larger
or the continuum suppression efficiency is smaller in data as compared to MC.
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Figure 5.61: Variables in the control region 143 MeV < �M [
148 MeV < �M in the D0 ! K�⇡+ channel. All plots are made

without continuum suppression applied.
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Figure 5.62: Variables in the control region 143 MeV < �M [
148 MeV < �M for the D0 ! K�⇡+ channel with continuum sup-

pression applied.
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Figure 5.63: Variables in the control region 143 MeV < �M [
148 MeV > �M in the D0 ! K�

2⇡+⇡� channel. All plots are made
without continuum suppression applied.
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Figure 5.64: Variables in the control region 143 MeV < �M [
148 MeV < �M for the D0 ! K�

2⇡+⇡� channel with continuum
suppression applied.
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5.11.4 Continuum depleted charm background

Two background types need special consideration as shape differences may impact
the performance of the signal extraction fit. These are D⇤0 in D0 ! K�⇡+ in the
channel and fake-D0 in the D0 ! K�

2⇡+⇡� channel and both a situated between
the B̄0 ! D⇤+⇡� and B̄0 ! D⇤+K� signal peaks in �E. Since no isolating control
region is available these will be isolated in the �M control region with an additional
strong selection on the continuum suppression to remove continuum backgrounds. For
D0 ! K�⇡+ we require a classification, clf , of clf > 0.6, depicted in Fig. 5.65a, and
for D0 ! K�

2⇡+⇡�, depicted in Fig. 5.65b, we require a classification clf > 0.85.
No significant shape mismatched can be observed, apart from a constant offset in the
D0 ! K�

2⇡+⇡� channel.
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Figure 5.65: Enriched backgrounds of D⇤0 (light blue) in the D0 !
K�⇡+ in the channel and fake-D0 (purple) in the D0 ! K�

2⇡+⇡�

channel.

5.11.5 Peaking background at �E = 0 in the �M control region

To further investigate the origin of the peaking background in B̄0 ! D⇤+K�, Fig 5.64g,
the selection on the kaon ID was increased to K/⇡ > 0.9. The resulting distribu-
tions for �M and �E are depicted in Fig. 5.66 for D0 ! K�⇡+ and Fig. 5.67 for
D0 ! K�

2⇡+⇡�. For D0 ! K�⇡+ the result is a clear reduction of the peak
at �E = 0, when comparing to Fig. 5.61h. The remaining structure still peaks in
�E = 0 but it is not clear if this component also peaks in the signal region of �M .
For D0 ! K�

2⇡+⇡� the peak at � = 0 is also clearly smaller when comparing to
Fig. 5.63h. The remaining structure is B̄0 ! D⇤+K�, as it peaks in both �M and
�E in the signal region. To further strengthen this hypothesis the K/⇡-ID variable
of the bachelor hadron is depicted in Fig. 5.68.
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Figure 5.66: control region in �M with tight selection of K/⇡ > 0.9
in the D0 ! K�⇡+ channel. All plots are made without continuum

suppression applied.
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Figure 5.67: control region in �M with a tight selection of K/⇡ >
0.9 in the D0 ! K�

2⇡+⇡� channel. All plots are made without
continuum suppression applied.
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Figure 5.68: Distributions of the KID variable of the bachelor hadron
within the �M control region for (a) D0 ! K�⇡+and (b) D0 !

K�
2⇡+⇡�.
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5.11.6 Candidate selection in the �M control region

A very important cross check is that the candidate selection works as expected on
data. In order to verify this we check the distributions of the ranking variable in the
�M control region to ensure that B-meson like backgrounds have the same relative
abundance in MC and data and that the relative number of events with more then one
candidate is the same. This is the case, apart from a slightly more abundant number
of events with a single candidate, see Fig. 5.69 and Fig. 5.70. This is probably due
to a larger number of signal events passing the �M selection due to the peak being
slightly wider in data, and is hence not a problem.
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Figure 5.69: Variable ranking of (a) B̄0 ! D⇤+⇡�and (b) B̄0 !
D⇤+K�in the �M control region for the D0 ! K�⇡+ in the channel.
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Figure 5.70: Variable ranking of (a) B̄0 ! D⇤+⇡�and (b) B̄0 !
D⇤+K�in the �M control region for the D0 ! K�

2⇡+⇡� in the
channel.
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5.12 Results

The final fit results to data are depicted in Fig. 5.71 for D0 ! K�⇡+ and Fig. 5.72
D0 ! K�

2⇡+⇡�. The fits work well with no pulls visible. The branching ratios a re
calculated as given in Eq. 5.17.

The systematic uncertainties are evaluated in Sec. 5.10. The results and a com-
parison to theoretical prediction and prior measurements is displayed in Fig. 5.73 for
the branching ratios and Fig. 5.74 for their ratio. The numerical values are listed in
Table 5.21 for the branching ratios and Table 5.22 for the ratio.

For B(B̄0 ! D⇤+K�
) a very similar central value as in a previous Belle measure-

ment on a 10.6 fb
�1 dataset in 2001 was obtained. An improvement of a factor of

3.5 was achieved, due to a reduction of the statistical uncertainty from 20% ! 2.74%

and a reduction of the systematic uncertainties 5% ! 3.42%. The value is com-
pared to two theory models, taking uncertainties from experiment and theory into
account the distance is 1.1�, for Huber et al. NNLO and 2.7� for the Bordone et
al. [19] NNLO prediction. The statistical uncertainty is 0.57% and the systematic
uncertainty 3.25%. The same evaluation is made for B(B̄0 ! D⇤+⇡�

). The dis-
tance to the theoretical value is 1.8� for Huber et al. [15] at NNLO. For the ratio
RK/⇡ = B(B̄0 ! D⇤+K�

)/B(B̄0 ! D⇤+⇡�
) a discrepancy of 2.7� to the theory

prediction is found. The total experimental uncertainty was reduced to 3.2% from
5.7% (BaBar) and 5.5% (LHCb). The BaBar measurement is performed without sep-
arating bachelor kaons from pions in a single fit in �E, therefore a larger uncertainty
is expected.

(a) (b)

Figure 5.71: Final fit results to data of B̄0 ! D⇤+K� (a) and
B̄0 ! D⇤+⇡� (b) in the D0 ! K�⇡+ channel.
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(a) (b)

Figure 5.72: Final fit results to data of B̄0 ! D⇤+K� (a) and
B̄0 ! D⇤+

2⇡�⇡+ (b) in the D0 ! K�⇡+ channel.

Table 5.21: Results of the branching ratio measurement. The first
uncertainty is statistical, the second is systematic. For the discrepancy,
the first value is with respect to Huber et al. [15] values of B(B̄0 !
D⇤+⇡�

) = (3.45 ± 0.53) ⇥ 10
�3 and B(B̄0 ! D⇤+K�

) = (2.59 ±
0.39)⇥10

�4, the second value is with respect to the Bordone et al. [19]
prediction of B(B̄0 ! D⇤+K�

) = (3.27 ± 0.39) ⇥ 10
�4. Experimental

and theoretical uncertainties are accounted for in the calculation of
the discrepancy.

D0 ! K�⇡+ Result Discrepancy
B(B̄0 ! D⇤+⇡�

) (2.604 ± 0.023 ± 0.076) ⇥ 10
�3

1.8�
B(B̄0 ! D⇤+K�

) (2.152 ± 0.088 ± 0.078) ⇥ 10
�4

1.1�(2.7�)

D0 ! K�
2⇡+⇡�

B(B̄0 ! D⇤+⇡�
) (2.749 ± 0.023 ± 0.011) ⇥ 10

�3
1.4�

B(B̄0 ! D⇤+K�
) (2.381 ± 0.092 ± 0.097) ⇥ 10

�4
0.5�(2.2�)

Combined
B(B̄0 ! D⇤+⇡�

) (2.677 ± 0.016 ± 0.087) ⇥ 10
�3

1.6�
B(B̄0 ! D⇤+K�

) (2.267 ± 0.064 ± 0.078) ⇥ 10
�4

1.8�(2.5�)

Table 5.22: Results of the ratio RK/⇡ = B(B̄0 ! D⇤+K�
)/B(B̄0 !

D⇤+⇡�
) measurement. The first uncertainty is statistical the second

is systematic. Note that Huber et al. [15] predict the exact same value
and uncertainty of RK/⇡ = (0.75±0.02)⇥10

�1 at NLO and NNLO as
Beneke et al. [3] at NLO. Note that the distance measured in standard
deviation grows when combining the values, this is due to correlations

in the uncertainties.

Channel Result Discrepancy
D0 ! K�⇡+ RK/⇡ = (8.254 ± 0.350 ± 0.147) ⇥ 10

�2
1.8�

D0 ! K�
2⇡+⇡� RK/⇡ = (8.527 ± 0.336 ± 0.150) ⇥ 10

�2
2.5�

Combined RK/⇡ = (8.390 ± 0.243 ± 0.115) ⇥ 10
�2

2.7�
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Figure 5.73: Final results of the branching ratio measurements. The
inner uncertainty is the statistical uncertainty and the outer is the

combined uncertainty �total =
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Figure 5.74: Final results of the branching ratio measurements. The
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Chapter 6

Phenomenological interpretation

In this chapter the phenomenological implications of the measured values of B(B̄0 !
D⇤+K�

) and B(B̄0 ! D⇤+⇡�
) will be discussed. External inputs from momentum

transfer dependent measurements of d�(B̄d ! D⇤+l�⌫̄)/dq2 are used to cancel form
factors and measure the model parameter, a1, which encodes fundamental assumptions
made for the prediction of branching ratios of hadronic B-decays. QCD factorisation
predicts a1 = 1 in the most naive picture. When taking higher order corrections into
account the prediction expects a quasi universal value of a1 = 1.05, independent of
the decay topology, as discussed in Sec. 2.2.6. Other groups find discrepancy between
these values and the available measurement of the order of 5% [11], see Sec. 2.2 for
a detailed discussion of the theoretical background. This work is performed in close
collaboration with the authors of Ref. [58], who kindly provided the the semi-leptonic
inputs.

6.1 Measuring a1

Table 6.1: Input parameters for the a1 calculation. Values not listed
here are taken from Ref. [58].

Description Parameter Value
Lifetimes ⌧Bd (1.540 ± 0.004) ps

CKM matrix element |Vud| 0.97420 ± 0.00021

|Vus| 0.2243 ± 0.0005

Decay constants fK (0.1302 ± 0.0014) GeV
f⇢ (0.216 ± 0.006) GeV

fK⇤ (0.211 ± 0.007) GeV
fa+ (0.238 ± 0.01) GeV
fD (0.2119 ± 0.0011) GeV
Xh 1 ± 0.0007

Branching ratios B(B̄ ! D⇤+⇢�
) (6.8 ± 0.9) ⇥ 10

�3

B(B̄ ! D⇤+K⇤�
) (3.3 ± 0.6) ⇥ 10

�4

B(B̄ ! D⇤+a�
) (1.30 ± 0.27) ⇥ 10

�2

Invariant masses M(⇡+
) (0.13957061 ± 0.00000024) GeV

M(K+
) (0.493677 ± 0.000016) GeV

M(⇢+
) (0.77526 ± 0.00025) GeV

M(K⇤+
) (0.89176 ± 0.00025) GeV

M(a+
) (1.230 ± 0.040) GeV
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The parameter a1 is a complex number and hence only the absolute value can be
measured. Starting from Eq. 2.6 one finds

|a1(D
⇤h)| =

�
6⇡2⌧B|Vuq|f2

hXh

��1 �(B̄d ! D⇤+h�
)

d�(B̄d ! D⇤+l�⌫̄)/dq2|q2=mh

� 1
2

. (6.1)

Once a value for d�(B̄d ! D⇤+l�⌫̄)/dq2 is found, the prediction is straightforward.
The inputs for the parameters not measured in this thesis are taken from the PDG,
as listed in Table 6.1. The parameter Xh = 1 for vector mesons and Xh = 1 ±
m2

h
/m2

B
for non-vector mesons is used. The values for d�(B̄d ! D⇤+l�⌫̄)/dq2 are

directly extracted from a Belle measurement [59] using the D⇤+ ! D0⇡+ and D0 !
K�⇡+channel.

The full differential decay rate of semi-leptonic decays in the massless lepton limit
is given by [17]

d�(B0 ! D⇤�`+⌫`)

dwd cos ✓`d cos ✓vd�
=

⌘2
EW3mBm2

D⇤

4(4⇡)2
G2

F |Vcb|2
p

w2 � 1(1 � 2wr + r2
)

�
(1 � cos ✓`)

2
sin

2 ✓vH
2
+(w) + (1 + cos ✓`)

2
sin

2 ✓vH
2
�(w)

+4 sin
2 ✓` cos

2 ✓vH
2
0 � 2 sin

2 ✓` sin
2 ✓v cos 2�H+(w)H�(w)

�4 sin ✓`(1 � cos ✓`) sin ✓v cos ✓v cos�H+(w)H0(w)

+4 sin ✓`(1 + cos ✓`) sin ✓v cos ✓v cos�H�(w) � H0(w)} , (6.2)

where
w =

PB · PD⇤

mBmD⇤
=

m2
B

+ m2
D⇤ � q2

2mBmD⇤
, (6.3)

is the hadronic recoil, and ✓V , ✓l are helicity angles and � an acoplanar angle as de-
picted in Fig. 6.1, GF is the Fermi Constant and r = mD⇤/mB0 . For the electro-weak 18

%
: '*!

" #V

$
l

$
V

D�

N

Figure 2.3: [B ! D⇤`⌫ decay geometry] Geometry of B ! D⇤`⌫ decays.

The di�erential decay rate is given by

d�(B!D⇤`�)
dwdcos✓V dcos✓�d�

=
3G2

F
4(4⇡)4 |Vcb|2mBm2

D⇤

p
w2 � 1(1 � 2wr + r2)⇥

[(1 � cos�`)2sin2�V |H+(w)|2

+(1 + cos�`)2sin2�V |H�(w)|2

+4sin2�`cos2�V |H0(w)|2

�4sin�`(1 � cos�`)sin�V cos�V cos�H+(w)H0(w)

+4sin�`(1 + cos�`)sin�V cos�V cos�H�(w)H0(w)

�2sin2�`sin
2�V cos2�H+(w)H�(w)]

where Hi(w) are called the helicity form factors. These form factors are related to

another set of form factors, hV (w), hA1(w), hA2(w) and hA3(w), as follows.

Hi = �mB

R(1 � r2)(w + 1)

2
p

1 � 2wr + r2
hA1(w) �Hi(w) (2.19)

where �Hi(w) are given by

�H±(w) =
�

1�2wr+r2

1�r

⇣
1 ⌥

q
w�1
w+1R1(w)

⌘

�H0(w) = 1 + w�1
1�r

(1 � R2(w))
(2.20)

Figure 6.1: Definition of the decay planes of B̄d ! D⇤+l�⌫̄ decays
[59].

corrections the value ⌘EW = 1.0066 [60] is used. The helicity amplitudes H(!)±,0

depend on a parametrisation choice. There are two different parametrisations com-
monly used in the filed, Caprini-Lellouch-Nauberg (CLN) [17] and Boyd-Grinstein
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and Lebed (BGL) [61].
In CLN the helicity amplitudes are parametrised as

Hi(w) = mB

R⇤
(1 � r2

)(w + 1)

2
p

1 � 2wr + r2
hA1(w)

���H̃i(w)

��� , (6.4)

with

H̃±(w) =

p
1 � 2wr + r2(1 ⌥

p
w � 1/w + 1R1(w)))

2
p

1 � 2wr + r2
, (6.5)

H̃0(w) = 1 +
(w � 1)(1 � R2(w))

(1 � r)
, (6.6)

and

R⇤
=

2
p

mBmD⇤

mB + mD⇤
. (6.7)

Furthermore, the following relations are needed

hA1(w) = hA1(1)
⇥
1 � 8⇢2z + (53⇢2 � 15)z2

�(231⇢2 � 91)z3
⇤
,

R1(w) = R1(1) � 0.12(w � 1) + 0.05(w � 1)
2,

R2(w) = R2(1) � 0.11(w � 1) � 0.06(w � 1)
2, (6.8)

where z = (
p

w + 1 �
p

2)/(
p

w + 1 +
p

2). There are four free parameters ⇢2, R1(1)

and R2(1) and the normalisation, hA1(1) . These are found by a fit to data.
In BGL the parametrisation is chosen as

H0(w) = F1(w)/
p

q2 ,

H±(w) = f(w) ⌥ mBmD⇤
p

w2 � 1g(w) . (6.9)

The functions f(w), F1(w) and g(w) can be written as power series in z, such that

f(z) =
1

P1+(z)�f (z)

iX

n=0

af

nzn ,

F1(z) =
1

P1+(z)�F1(z)

jX

n=0

aF1
n zn ,

g(z) =
1

P1�(z)�g(z)

kX

n=0

ag

nzn , (6.10)

where Pi are Blaschke Factors and �i are functions to account for Bc resonances.
The bounds i, j, k describe a cutoff that is done to reduce the dimensionality of the
fit. In the following the notation BGL(i, j, k) will be used to indicate the number
of terms that are used. Where indicated as lattice QCD (LQCD) the values F (1) =

0.906 ± 0.013 [62] is taken.
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6.1.1 Testing SU(3) symmetry

One can also test whether a1 is a universal factor, independent of the quarks contained
in the hadronic branching ratio of the enumerator. A value of a1(K)/a(⇡) = 1 would
mean that SU(3)-symmetry holds, as suggested in Ref. [3]. The test is done by
measuring the ratios of a1 for different particles species, i.e. for K and ⇡:

a2
1(K

�
)

a2
1(⇡

�)
=
⇤K�(B̄d ! D⇤+K�

)/d�(B̄d ! D⇤+l�⌫̄)/dq2|q2=mK

⇤⇡�(B̄d ! D⇤+⇡�)/d�(B̄d ! D⇤+l�⌫̄)/dq2|q2=m⇡

, (6.11)

where
⇤h =

�
|Vuq|f2

hXh

��1
. (6.12)

6.1.2 Systematic uncertainties

Systematic uncertainties of a1 For a1(⇡�
) and a1(K�

) all measurements are done
at Belle and it can be assumed that most of the systematic uncertainties of B(B̄0 !
D⇤+h�

) and B(B̄0 ! D⇤+l�⌫̄)|q2=m(h) are fully correlated and hence cancel in the
ratio. This enables us to cancel systematic uncertainties arising from the D⇤+ recon-
struction and experiment related quantities, such as tracking and B-meson counting,
as explained in Sec. 5.9 for RK/⇡. The numerical values for the semi-leptonic system-
atic uncertainty are given in Ref.[59] and the method combining them is described
Ref.[58]. The assumed correlation coefficients between these systematic uncertain-
ties and the uncertainties on the hadronic branching ratio, Table 5.18, in are shown
in Fig. 6.2. For all other calculations where the enumerator branching ratio is not
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Figure 6.2: Assumed correlation coefficients between the two decay
channels.

measured at Belle the full systematic uncertainty without these correlations is used.

Systematic uncertainties of the ratio a1(K)/a1(⇡) For the ratio a1(K)/a1(⇡) the
systematic uncertainties are cancelled for correlated parameters as in 5.9. Additionally
correlations for the semi-leptonic decay rate at the points q2

= m⇡ and q2
= mK are

found from the toy MC distributions done for Ref. [58]. The found values are depicted
in Fig. 6.3.

6.1.3 Results

The semi-leptonic differential decay rates is depicted for selected parametrisations in
Fig. 6.41. The corresponding results for a1 are depicted in Fig. 6.5 and the numerical

1Kindly provided by Daniel Ferlewicz, using data measured by Eiasha Waheed.
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Figure 6.3: Correlation coefficients of d�(B̄d ! D⇤+l�⌫̄)/dq2 for
different points of q2.

values can be found in Table 6.2. For a1(⇢�
), a1(K⇤�

) and a1(a
�
1 ) the hadronic

branching ratios were taken from the PDG. Thus, there may be discrepancies in the
parameters used to calculate the branching ratios of the numerator, which may cause
a deviation from unity. These could be different due to values of B(D⇤+ ! D0⇡+

),
B(B0 ! K�⇡+

), the decay constants fh, or |Vuq|, so we will discuss in detail only the
values found using the branching ratios measured in this thesis in the following. The
deviation is calculated as the distance between the central values of measurement and
theory

d = xmeas � xtheory (6.13)

and the uncertainties are propagated. Values of a1(B̄ ! D⇤+⇡�
) = 0.904 ± 0.020

and a1(B̄ ! D⇤+K�
) = 0.926 ± 0.026 is found for BGL(2, 2, 2). When comparing to

values found from BaBar data [11], of a1(B̄ ! D⇤+⇡�
) = 0.98 ± 0.04 and a1(B̄ !

D⇤+K�
) = 0.96 ± 0.05, this corresponds to an improvement of the total uncertainty

for pions of 4.0% ! 2.2% and for kaons of 5.2% ! 2.8% and a shift of the central
values towards lower values.

For a1(K)/a1(⇡) the results are shown in Fig. 6.6 and the numerical values are
listed in Table 6.3. The value of a1(K�)2/a1(⇡�)2 = 1.047 ± 0.054 was found, consis-
tent with SU(3)-symmetry. Furthermore, the ratio was calculated for different particle
species. Their branching ratios are measured by different experiments and therefore
it can not be ensured that the input parameters are consistent. Hence these may only
be taken as a reference. However, also these mostly agree with SU(3)-symmetry.

Table 6.2: Results for a1. The deviations take both, total experi-
mental and theoretical uncertainties into account.

Parametrisation Result Deviation (�) Deviation (%)
⇡�CLN, LQCD a1 = 0.900 ± 0.016 8.4� (�16.0 ± 1.8)%

⇡�BGL(2, 2, 2), LQCD a1 = 0.910 ± 0.019 6.9� (�15.0 ± 2.1)%

K�CLN, LQCD a1 = 0.922 ± 0.024 5.5� (�13.9 ± 2.5)%

K�BGL(2, 2, 2), LQCD a1 = 0.931 ± 0.026 4.9� (�13.1 ± 2.6)%

⇢�CLN, LQCD a1 = 0.832 ± 0.061 3.5� (�21.1 ± 6.0)%

⇢�BGL(2, 2, 2), LQCD a1 = 0.836 ± 0.062 3.4� (�20.7 ± 6.0)%

K⇤�CLN, LQCD a1 = 0.803 ± 0.079 3.1� (�23.8 ± 7.6)%

K⇤�BGL(2, 2, 2), LQCD a1 = 0.807 ± 0.079 3.0� (�23.5 ± 7.6)%

a�
1 CLN, LQCD a1 = 0.980 ± 0.111 0.7� (�7.1 ± 10.6)%

a�
1 BGL(2, 2, 2), LQCD a1 = 0.983 ± 0.111 0.6� (�6.7 ± 10.7)%
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Figure 6.5: Results for a1. The theory predictions are taken from
Ref. [3, 15].

6.2 Conclusion

This is the first measurement of a1(⇡�
) and a1(K�

) performed by a single experi-
ment. The treatment of systematic uncertainties is more uniform than in any previous
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Figure 6.6: Results for ratio of a2
1 for different particle species. De-

viations from unity would suggest SU(3) symmetry breaking effects.

Table 6.3: Results for the double ratio a1(p1)2/a1(p2)2.

Parametrisation Ratio Result
CLN, LQCD a1(K�)2/a1(⇡�)2 1.050 ± 0.054

BGL(2,2,2), LQCD a1(K�)2/a1(⇡�)2 1.046 ± 0.054

CLN, LQCD a1(⇢�)2/a1(⇡�)2 0.850 ± 0.124

BGL(2,2,2), LQCD a1(⇢�)2/a1(⇡�)2 0.850 ± 0.124

CLN, LQCD a1(K⇤�)2/a1(⇡�)2 0.792 ± 0.154

BGL(2,2,2), LQCD a1(K⇤�)2/a1(⇡�)2 0.792 ± 0.155

CLN, LQCD a1(a�
1 )2/a1(⇡�)2 1.179 ± 0.266

BGL(2,2,2), LQCD a1(a�
1 )2/a1(⇡�)2 1.177 ± 0.268

CLN, LQCD a1(⇢�)2/a1(K�)2 0.811 ± 0.122

BGL(2,2,2), LQCD a1(⇢�)2/a1(K�)2 0.811 ± 0.122

CLN, LQCD a1(K⇤�)2/a1(K�)2 0.755 ± 0.150

BGL(2,2,2), LQCD a1(K⇤�)2/a1(K�)2 0.755 ± 0.150

CLN, LQCD a1(a�
1 )2/a1(K�)2 1.125 ± 0.257

BGL(2,2,2), LQCD a1(a�
1 )2/a1(K�)2 1.122 ± 0.258

CLN, LQCD a1(K⇤�)2/a1(⇢�)2 0.932 ± 0.225

BGL(2,2,2), LQCD a1(K⇤�)2/a1(⇢�)2 0.931 ± 0.225

CLN, LQCD a1(a�
1 )2/a1(⇢�)2 1.388 ± 0.369

BGL(2,2,2), LQCD a1(a�
1 )2/a1(⇢�)2 1.384 ± 0.369

CLN, LQCD a1(a�
1 )2/a1(K⇤�)2 1.490 ± 0.441

BGL(2,2,2), LQCD a1(a�
1 )2/a1(K⇤�)2 1.486 ± 0.440
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measurements. For the measurement of |a1| it can be stated that the results are inde-
pendent of the parametrisation choice, although BGL(2, 2, 2) was chosen for further
discussions as it is the most general and model independent choice. It is remarkable
that independently of the choice of form-factor parametrisations, all values found are
multiple standard deviations smaller than the theory prediction. Higher order cor-
rections to the theory suggest even larger values and thus higher discrepancies [15].
For a1(⇡�

) and a1(K�
) this can mean three things, either large, 13% � 16% non-

factorisable contribution to the matrix elements, new physics contributions to the
Wilson Coefficients or both.

Recent theoretical analyses of non-factorisable contributions in B0 ! J/ KS de-
cays suggest contributions of the size O(10

�3
) [63], which is also in clear disagreement

with the result obtained above.
In the ratios of a1 for different particle types one can see that all of these are

consistent with unity within one standard deviation. This makes a strong case for
the statement that a1 is indeed a universal quantity and SU(3)-symmetry holds in
hadronic B-decays.
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Chapter 7

Implementation and development of a
global particle vertex fitting algorithm
for Belle II

In order to fully exploit the upgraded Belle II detector and to improve the signal to
noise ratio measurements for all physics analysis the software has to evolve as well.
The development of an algorithm in this context is described in this chapter. The
algorithm was initially developed for the BaBar experiment [64]. It was ported to the
Belle II framework, by modifying and building upon the initial algorithm whose source
code was kindly provided by its developer, Wouter Hulsbergben. However, the entire
codebase, apart from the inheritance scheme was replaced by more efficient code and
new features were added.

7.1 Particle decay vertex fitting

Particle decay vertex fitting techniques are widely used in particle and nuclear physics.
Beyond the suppression of background, applications range from the improvement of
particle momentum resolution (under the assumption they originate from some vertex
point), to the determination of the presence of intermediate particles, and the pre-
cision determination of decay vertex positions. One can, for example, combine the
measurements of two charged pion tracks originating from the decay of a K0

S to extract
the decay vertex position, flight length, and four-vector and their uncertainties. By
performing a kinematic fit, one obtains an improvement of the pion track momenta
and can use the �2 of the fit result to suppress background.

In order to construct more complex decay topologies, one usually combines cas-
cades of these fits starting with long lived stable particles such as electrons, muons,
pions and photons, forming intermediate resonances and finally the full decay of inter-
est. For example, in the decay B0 ! J/ K0

S, where J/ ! µ+µ� and K0
S ! ⇡+⇡�,

one would first fit the J/ and K0
S candidates and then use these to construct the B0

candidates, as depicted in Fig. 7.1a and Fig. 7.1b. However, this only works well if
the final state particles are charged and leave traces in the tracking detectors. Neu-
tral particles can not be tracked in Belle II; they are only measured by their energy
deposition in the calorimeter. Single layer crystal calorimeters do not offer directional
information on where the particle associated to an energy deposition originated from.
That means that the decay vertex cannot be extracted from a fit that exploits only
the calorimeter information. In order to obtain the momentum vector, it could be
assumed that the particle originates from the primary interaction point and travels
directly into the cluster’s center of gravity. This can introduce a large bias on the
momentum direction. Consider, for example, the decay B0 ! J/ K0

S, where the kaon
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J/ 

µ+µ�

B0 decay vertex

J/ decay vertex

(a)

B0

J/ K0
S

µ� µ+

⇡�

⇡+

IP

(b)

Figure 7.1: a) Depiction of a J/ ! µ+µ� decay. The red lines show
the track helix approximations obtained from the tracking detectors,
the blue dashed lines show the decaying particle momentum vectors
found by the fit. Since the decay length of the J/ is too short to
be seen in the detector, its decay vertex is taken to be the one of
the B0. b) Depiction of a B0 ! J/ (! µ+µ�

)K0
S(! ⇡+⇡�

) decay.
Measured track helices do not necessarily overlap in three dimensions.

The depicted length ratios are not to scale.

instead decays to neutral final states, K0
S ! ⇡0⇡0, and the pions decay, ⇡0 ! ��, as

displayed in Fig. 7.2. Weakly decaying intermediate particles such as K0
S mesons have

flight lengths of up to tens of centimetres at Belle II. Thus for a neutral particle in
such a particle decay chain, the assumption that it originates from the primary e+e�

collision is not sufficient. Furthermore, decays of particles into an intermediate state
and a charged particle, i.e. D⇤+ ! D0⇡+, form a decay vertex that is only constraint
by one measurement and thus susceptible to measurement errors.

The method presented overcomes these issues by globally fitting the entire decay
tree in a single fit, taking into account all intermediate particles, extracting all involved
particle’s four-momenta, vertex positions, flight lengths and their covariance matrices,
using a Kalman Filter as described in Ref. [64]. The software environment of Belle II is
used together with the C++ template library EIGEN [65] for matrix operations, which
provides fast execution times for the fit algorithm. Furthermore physics applications of
the fitter with Belle II Monte Carlo samples and studies of performance characteristics
are presented.Fig. 7.3 and 7.4 show an event display depicting simulated particles
traversing the Belle II detector. In the decay ⌥(4S) ! B̄0B0, one meson decays as
B̄0 ! D!⇡⇡, and the other as B0 ! KSJ/ , with J/ ! µ+µ� and K0

S ! ⇡0⇡0

with ⇡0 ! ��. Fig. 7.3 depicts the full detector geometry and Fig. 7.4 shows a close-
up of the inner vertex detectors. In this example it is shown that the decay vertex of
the K0

S can be highly displaced.

7.2 Extended Kalman Filter

Vertex fitting can be formulated as a least squares minimization problem. The com-
putational challenge in finding a solution lies in matrix inversions, which naively scale
as O(n3

), where n is the dimension of the matrix. In a naive approach, this is equal
to the number of parameters extracted in the fit. An extended Kalman Filter is an
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B0

J/ K0
S

µ� µ+

�

�

�

�
Interaction point

⇡0

⇡0

Figure 7.2: Depiction of a the decay B0 ! K0
SJ/ . The red lines

show the track helix approximations obtained by the tracking detec-
tors, the blue dashed lines show the composite particle momentum
vectors found by the fit. The dashed black lines depict the photon
momenta found by the fit. Note that these can only be determined
by the fit as the directional information of the calorimeter is not suf-
ficient. The initial guess is that they point from the interaction point
towards the calorimeter cluster. The decay lengths of the J/ and ⇡0

are too short to be seen in the detector therefore the vertex positions
are taken from the particle above them in the hierarchy.

iterative approach to find the least squares estimator by defining a series of constraints
(knowledge of parameters from measurements and symmetries) on a hypothesis (a set
of particle parameters in this case). The hypothesis has different states during the
stages of the filtering process. The filtering process is an iterative algorithm applying
the constraints sequentially and updating the state with respect to the constraints.
The sequence is repeated until convergence is reached or divergence is observed. In
the case of convergence, the last state describes the best hypothesis for the parameters
that can be found. An Extended Kalman Filter in the gain matrix formulation [66,
67, 64] is used in this algorithm. The state vector x holds the particle parameters to
be optimized by the fit. The parameters depend on the type of particle. The most
general parametrization takes the form

x = {x1, y1, z1, ✓1, px1, py1, pz1, E1, ..., xn, yn, zn, ✓n, pxn, pyn, pzn, En}, (7.1)

where vertex coordinates of the i-th particle are denoted as {xi, yi, zi}, its decay length
is denoted as ✓i and the four momentum is {px,i, py,i, pz,i, Ei}, and n is the number
of particles in the fitted topology. This implies that n ⇡ 8 ⇥ number of particles.
However, for final state particles the decay vertex is not of interest, so that only the
momenta have to be parametrised. The problem is split into k constraints given by
measurements and other knowledge of parameters (see Sec. 7.3 for the definitions of
the measurement m and hypothesis h for each of the different constraints). The
minimized �2 can be expressed as a weighted sum of k sets of equations, which are
the constraints. For a given iteration, ↵, of the Kalman Filter, one can write

�2
↵ =

X

k

�2
k, (7.2)
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Figure 7.3: Event display projected onto the x � y plane depicting
the process of ē+e� ! ⌥(4S) ! B̄0B0, with B̄0 ! D!⇡⇡ and B0 !
KSJ/ , where J/ ! µ+µ� and K0

S ! ⇡0⇡0 with ⇡0 ! ��. All
particles of the signal B0 decay are indicated by black lines. The rest
of the event correspond to the decay of the B̄0. All distances are
measured in centimetres. For a close-up of the vertex detector see

Fig. 7.4.
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Figure 7.4: Close-up of Fig. 7.3. In this event, the K0
S travels until

the edge of the vertex detectors before decaying.
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and
�2

k =(xk � xk�1)
T
C

�1
k�1(xk � xk�1)+

(mk � hk(xk))
T
V

�1
k

(mk � hk(xk)),
(7.3)

using the measurement covariance matrix V
�1

k
transported to the m�h system as a

weight, and the covariance matrix C
�1
k�1 of the hypothesis, such that the hypothesis

of each constraint k depends on the outcome of the previous constraint. Minimizing
Eq. 7.3 yields a rule to find a new state x

↵

k
for the current iteration and constraint,

that is
x

↵

k = x
↵

k�1 � K
↵

k r
↵

k , (7.4)

where K is a gain matrix, which will be defined below. However, we first define the
residual r as the distance between measurement and hypothesis

r
↵

k = mk � hk(x
↵

k�1) . (7.5)

The hypothesis hk(x
↵
) can be linearised around a reference state of the previous

iteration x
↵�1 using the Jacobian

H
↵�1
k

:=
@rk(x

↵�1
)

@x↵�1
= �@hk(x

↵�1
)

@x↵�1
, (7.6)

such that
hk(x

↵

k�1) = hk(x
↵�1

) � H
↵�1
k

· (x
↵

k�1 � x
↵�1

). (7.7)

Note that x↵�1 is always taken after the last constraint in iteration ↵� 1 was filtered
and the minus sign is coming from generalising H as the derivative of the residual.
Equation 7.5 thus becomes

r
↵

k = mk � hk(x
↵�1

) + H
↵�1
k

· (x
↵

k�1 � x
↵�1

). (7.8)

The gain matrix is calculated for every constraint in every iteration and is defined as

Kk = Ck�1(H
↵�1
k

)
T
R

�1
k

. (7.9)

The only matrix to be inverted is of the dimension of the constraint and not the
dimension of the state-space. Rk is defined below. The current state’s covariance
matrix is obtained via propagation of uncertainties

Ck = Ck�1 � Ck�1H
↵�1
k

R
�1
k

H
↵�1
k

C
T

k�1 (7.10)

There are other formulations of Eq. 7.10 that are numerically more stable as discussed
in [64]. The covariance matrix of the residual system can be found to be

Rk = Vk + H
↵�1
k

Ck�1(H
↵�1
k

)
T . (7.11)

For constraints where no measurement is available, for example the kinematic or ge-
ometric constraint, it can be shown that Eq.7.11 is valid if Vk = 0 [64].
Linearizing the hypothesis around a reference state, see Eq. 7.7, is a major improve-
ment to the stability of the fit. The authors of Ref. [64] pointed us towards this
improvement and more details can be found in Ref. [68]. In this formulation of the
LSE problem, the update of the covariance matrix, Eq. 7.10, is the computational
bottleneck, as it is a dense m ⇥ m matrix with the dimension of the state vector m
and must be calculated and filled k times for each iteration. One can define a fit as
converged when the change of the �2 is less than 2% and the resulting covariance
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matrix is invertible, which is tested by checking its rank. A Kalman Filter is sensi-
tive to the initial state vector and its associated covariance matrix chosen. One can
choose values of the measurement in the respective constraint multiplied by a factor
1000 as the initial value of the hypothesised covariance matrix. For the initial vertex
positions one can use the points of closest approach of track-helices or those of the
“parent particles", if they are available, zero otherwise.

7.3 Parametrising and constraining the decay chain

To parametrize the decay chain, one can use a set of parameters that describe the
properties of the particles. And perform a number of reductions on these properties
to reduce the dimensionality of the problem. For final state particles, one can only
save the momenta, as they do not have decay vertices. For their production vertices
the decay vertices of their respective composite particles, referred to as the parents,
are used. The energy of each final state particle is calculated using the momenta and
its nominal mass hypotheses, taking the mass values provided by the particle data
group (PDG) [50]. Intermediate particles are classified in two categories: particles
that decay dominantly via the strong force, and those that decay via the weak force.
Strongly decaying particles with a lifetime of less than 10

�14
s, which corresponds

to boosted flight lengths of less than 1 µm, are treated as if they instantly decay
(the detector has a vertex position resolution in the x-y plane for charged particles
of 20 � 30 µm). The hypothesised quantities are their energy and momenta, while
the production and decay vertices coincide and are taken from their parent particle’s
decay vertex. For weakly decaying particles, we additionally measure a decay vertex
and a flight length, defined as the distance between the production and decay vertices
in three dimensions.

7.3.1 Parametrising the constraints

Constraints are defined by Eq. 7.7, note that Lagrange multipliers could be eliminated,
which allows for this convenient definition of constraints [64]. The resulting Jacobians
take the form of m ⇥ n matrices where m is the dimension of the state vector and
n is the dimension of the respective constraint. Thus, only few of its elements are
non-zero. For example, for a three dimensional point constraint k, the hypothesis of
particle number j with hj = {xj , yj , zj} and x as in Eq. 7.1, only the j-th diagonal
block is non-zero

� @h

@x
= H =

0

@ 0 � 3 0
1

A . (7.12)

The blocks filled with zero correspond to the parameters of particle xi 6= xj . The
columns filled with zeros will be omitted throughout this section, for brevity.
In the following the definitions of constraints that have been implemented in the Belle
II software, based on the specific geometry of Belle II are listed.

7.3.1.1 Reconstructed track

A track can be parametrised with a five parameter helix. In Belle II it was chosen
to use a perigee-parametrised helix, such that the helix is defined at the perigee,
the point of closest approach of the helix to the origin of the coordinate system.
The corresponding transformations to transport a helix to that point are discussed in
Ref. [39]. A description of the parameters can be found in Table 3.2, and a depiction of
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the helix is in Fig. 3.10. One can parametrise tracks such that the model’s dependence
on Cartesian parameters is expressed as

htrack(x) =

0

BBBB@

d0

�0

!
z0

tan�

1

CCCCA
=

0

BBBB@

A(1 + U)
�1

atan2(py, px) � atan2(! ·�k, 1 + ! ·�?)

a · q/pt

z + l · tan�
pz/pt

1

CCCCA
. (7.13)

Where atan2 refers to the � domain corrected inverse tangent function. The same
parametrisation for the hypothesis and the measurement is used. The measurement
quantities are labelled with the index m. The residuals of iteration ↵ then become

r
↵

track(x) =

0

BBBB@

d0,m � d0

�0,m � �0

!m � !
z0,m � z0

tan�m � tan�

1

CCCCA
+ H

↵�1 · (x
↵

k�1 � x
↵�1

) . (7.14)

The Jacobian block A := �@h/@x is defined as the derivatives with respect to
the vertex position, and B := �@h/@p as the derivatives with respect to momentum.
The positions of these blocks in the Jacobian depend on the topology fitted and the
particle represented by the track. The state vector is ordered hierarchically. This
means that the decay vertex parameters come before its momentum, followed by the
child particle’s parameters. The full Jacobian H then takes the following form

H =

0

BBBB@

... ... ...

... ... ...

... A ... B ...

... ... ...

... ... ...

1

CCCCA
. (7.15)

For the non-zero elements of the Jacobian blocks, denoted by �@d0/@x = Ad0,x, we
derive the spatial components as

Ad0,x = �py0

pt0
, Ad0,y =

px0

pt0
,

A�0,x = �a · q · px0

p2
t0

, A�0,y = �a · q · py0

p2
t0

,

Az0,x =
px · px0

p2
t0

, Az0,y =
px · py0

p2
t0

, Az0,z = �1,

(7.16)

and for the momenta

Bd0,px =
y((aq)2r + 2aqpyx + 2p2

y�))

pt0p2
t
�2

+
px(2pyx� + aq(y2

(�2 + �) + x2�))

pt0p2
t
�2

,

Bd0,py = � 2p2
xx� + 2pxy(py � aqx + pypt0/pt)

pt0p2
t
�2

� aq(aqrx � py(x2
(�2 + �) + y2�))

pt0p2
t
�2

,

(7.17)
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Figure 7.5: (a) The photon constraint, Eq. 7.21, reduced to two
dimensions for simplicity. The vector � is defined as pointing from
the photon’s production vertex to the measured calorimeter cluster,
indicated with the photons parent’s coordinate vector u and measure-
ment vector m. (b) Geometric constraint, Eq. 7.31. The vector � is
defined pointing from the particles decay and production vertex, indi-

cated with the particle’s and its parent’s coordinate vector u.

and

B!,px =
aqpx

p3
t

, B!,py =
aqpy

p3
t

,

Bz0,px = �pz(p2
xx � py(aqr + pyx) + 2pxpyy)

p2
t0p

2
t

,

Bz0,py = �
pz(px(aqr + 2pyx) � p2

xy + p2
yy)

p2
t0p

2
t

,

Bz0,py = �(aq)�1
atan2

�
aq(pyy � pxx), p2

x + pypy0 � aqpxy
�
,

Btan �,px =
pzpx

p3
t

, Btan �,py =
pzpy

p3
t

, Btan �,pz = �p�1
t

.

(7.18)

7.3.1.2 Reconstructed photon

For photons the position of the calorimeter cluster and its energy are measured and
from that one can infer the vertex parameters. The geometry, depicted in Fig. 7.5,
gives

0 = uparent + � � m, (7.19)

substituting � = ⌧ · p and inserting the energy relation, one gets

hphoton(x) =

0

BBB@

ux + ⌧ · px

uy + ⌧ · py

uz + ⌧ · pzq
p2

x + p2
y + p2

z

1

CCCA
and mphoton(x) =

0

BB@

mx

my

mz

Em

1

CCA , (7.20)

where {ux, uy, uz} are the production vertex coordinates, {px, py, pz} are the parame-
ters of the momentum vector pointing from the production vertex to the calorimeter
cluster, {mx, my, mz, Em} are the position and measured energy of the corresponding
ECL cluster. The parameter ⌧ is a scalar with the units of time, it can be eliminated
when writing down the residual to reduce the dimensionality of the equation system
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and avoid a trivial local minimum of r� at ⌧ = 0 when taking {ux, uy, uz} = 0 as the
starting point of the first iteration. Since the geometry of the detector is cylindrical,
we can not simply eliminate any of the dimensions as this could introduce a pole in
the residual equations. Therefore we sort the momenta and eliminate the dimension
with the highest momentum such that we form a 3-dimensional equation system

r
0↵
photon(x) =

0

B@

(mi � ui) � (mk � uk)
pi
pk

(mj � uj) � (mk � uk)
pj

pk

Em �
q

p2
i
+ p2

j
+ p2

k

1

CA + H
↵�1 · (x

↵

k�1 � x
↵�1

) , (7.21)

where the indices i, j, k indicate the dimensions by order of increasing momentum
pk � pi � pj . We define Ai,uk := �@h0

i
/@uk and Bi,pk := �@h0

i
/@pk with the

hypothesis of the reduced system r0. Thus, the non-zero entries are

A0,uk =
pi

pk

, A0,ui = �1,

A1,uk =
pj

pk

, A1,uj = �1,

B0,pk = p�2
k

, B0,pi =
uk � mk

pk

,

B1,pk = p�2
k

, B1,pj =
uk � mk

pk

,

B2,pk = � pk

|p| , B2,pi = � pi

|p| , B2,pj = � pj

|p| .

(7.22)

The full Jacobian then takes the form

H =

0

@
... ... ...
... A ... B ...
... ... ...

1

A . (7.23)

The covariance matrix of the measurement must be transformed into the reduced
system. For that

V
0
= FV F

T , (7.24)

with the transport matrix F = @r0/@m, which depends on the sorting of the momenta
such that the non-zero entries are

F0,mk = � pi

pk

, F0,mi = 1,

F1,mk = �pj

pk

, F1,mj = 1,

F2,Ek = 1,

(7.25)

is used. This constraint is not parametrized in pt in order to keep the derivatives in
Eq. 7.22 as computationally simple as possible.

7.3.1.3 Reconstructed K
0
L

K0
L

are treated in the same way as photons, except that the nominal mass provided by
the PDG is used in the energy calculation. The KLM detector is used for the cluster
position measurement instead of the calorimeter. It cannot provide a precise energy
measurement. Instead, it extrapolates the energy deposited by a particle as E = c ·n,
where n is the number of hit cells in the cluster and c is a constant with the units
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GeV. This approach makes the energy measurement for K0
L

much less resolved than
for photons.

7.3.1.4 Kinematic constraint

The kinematic constraint enforces four-momentum conservation, meaning it fits the
four-momentum of the parent as the sum of the child momenta

r
↵
(x) = pparticle �

X

i

pi,child + H
↵�1 · (x

↵

k�1 � x
↵�1

) . (7.26)

The Jacobian for a particle with two children, which in this example are taken to be
stable particles, can be defined as

H =

0

BB@

... ... ... ...

... ... ... ...

... A ... B1 ... B2 ...

... ... ... ...

1

CCA , (7.27)

with the blocks A,B as

A = � @h

@pparticle
= 4, (7.28)

and

Bi = � @h

@pchild,i

= �1

0

BB@

1

1

1

px,i/Ei py,i/Ei pz,i/Ei 0

1

CCA , (7.29)

Note that the energy row of Bi depends on how the particle is parametrized. Com-
posite particles, for example, are parametrized with an energy variable in the state
vector, resulting in B = � 4, while for stable particles Eq. 7.29 is used.

7.3.1.5 Geometric constraint

The geometric constraint fits the decay length parameter ✓ for composite particles,
see Fig. 7.5. Accounting for the geometry we have

0 = uparent + � � u . (7.30)

Instead of directly extracting a flight vector �, the unit vector of the momentum is
used as it is well constrained by the previously filtered kinematic constraints, substi-
tuting � = ✓ · p/|p|, allows for a more accurate estimation of ✓, the decay length
parameter in our model. In contrast with [64], the decay length rather than decay
time is chosen, because it makes the fit more linear. The residual is defined as

r
↵
(x) = uparent + ✓ · p

|p| � u + H
↵�1 · (x

↵

k�1 � x
↵�1

) . (7.31)

using

A = � @h

@uparent
= 3, B = �@h

@u
= � 3, C = �@h

@✓
=

1

|p|

0

@
px

py

pz

1

A , (7.32)



112 Chapter 7. Implementation and development of a global particle vertex fitting
algorithm for Belle II

and

D = �@h
@p

=
✓

|p|3

0

@
(p2

y + p2
z) �pxpy �pxpz

�pypx (p2
x + p2

z) �pypz

�pzpx �pzpy (p2
x + p2

y)

1

A , (7.33)

such that

H =

0

@
... ... ... ... ...
... A ... B ... C ... D ...
... ... ... ... ....

1

A . (7.34)

7.3.1.6 Mass constraint

The mass constraint requires a particle four-vector to be consistent with its nominal
mass. The particle is treated as a measurement with infinite precision and use the
mass value provided by PDG such that

r↵
(x) = m2

PDG � E2
+ |p|2 + H

↵�1 · (x
↵

k�1 � x
↵�1

), (7.35)

with
H =

�
... 2px 2py 2pz �2E ...

�
. (7.36)

7.3.1.7 Beam spot constraint

B-mesons have a short lifetime and decay very close the beam spot, therefore it is
useful to constrain the reconstructed particles to a volume within that region. The
constraint is implemented by considering the initial e+e� collision as an abstract par-
ent particle with the parameters and uncertainties of the beam spot, thus constraining
the production vertex position of its children to an area within the beam spot’s three
dimensional uncertainty region using

r
↵
(x) = s � hproduction + H

↵�1 · (x
↵

k�1 � x
↵�1

), (7.37)

with the Jacobian

H =

0

@
... ...
... � 3 ...
... ...

1

A . (7.38)

Here s denotes the beam spot position vector and hproduction is the fitted production
vertex of the particle. The beam spot is typically determined by averaging the x, y and
z positions of the e+e� collisions over many interactions. SuperKEKB’s nano-beam
scheme will give x, y and z collision vertex distributions of �⇤

x = 11 µm, �⇤
y = 0.062 µm,

and �⇤
z = 500 µm respectively. This will imply powerful production vertex constraints

for physics analyses.

7.3.1.8 Custom origin constraint

Similar to the beam spot constraint, one can construct another geometric constraint
by defining a custom vertex position and an associated uncertainty to be the origin
of the decay chain. This can be very useful when the decay chain contains particles
that can not be detected, for example, neutrinos or long lived dark matter particles.
In these decay chains it is not useful to fit the full chain, as the missing particle’s four
momentum would lead to an incorrect assumption for the kinematic constraint of the
parent particle. However, knowing that the particle originates from a B-meson decay,
one can define a geometric constraint corresponding to the volume where B-mesons
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decay on average. A beam energy constraint is not necessarily needed, as one can
mass constrain the ⌥(4S) particle, since all four-vectors in e+e� ! ⌥(4S) are well
known.

7.4 Applications of the fitter in Belle II

In this section use cases of the algorithm within the Belle II experiment are presented.
Of special interest are decay chains containing one and two ⇡0-mesons, as well as
D⇤+-mesons. There are numerous channels where the phase space is large enough
to add a ⇡0 to a vertex with two charged tracks, which makes this a very common
structure in decay trees and therefore an interesting target to fit in a wide spectrum of
analyses. Many decay channels of the B-meson contain D⇤+-mesons, hence improving
the reconstruction of these is a major goal. Monte Carlo samples from the Belle II
experiment were used and background rejection and signal resolution improvements, as
well as the extraction of various other parameters and their resolutions were analysed.
Background can arise from non-signal processes, and from incorrect combinations
of particles used in building the tree. The selection criteria used for all analyses
in this section are listed in Tab. 7.1. Implicit charge conjugation is used, meaning
that charged particles appearing in the decay chains imply the inclusion of opposite-
sign charges. Because some distributions are not Gaussian, the inter quantile width
containing 68% of the distribution as a measure to compare them is used. It is defined
as width68 = q(84%) � q(16%).

7.4.1 Comparing the global fit to staged fits - the effect of the geometric

constraint

The described method is compared to the standard staged fit method, KFIT [69],
that was employed by the Belle experiment. KFIT performs stage wise fits, fitting
the children particles of each vertex in a separate fit, so that only the measurements
of the children particles are accounted for. This is done in a global fit to the 4-
vectors and vertex position in cartesian space. In the case of the decay D⇤+ !
D0⇡+ in the decay chain B̄0 ! D⇤+

(D0
(K�⇡+

)⇡+
)⇡�, the first decay vertex is

fitted using D0 ! K�⇡+ the resulting D0-meson is then fitted together with a pion
track to form a D⇤+-meson. This means that the decay vertex of the D⇤+-meson is
only constrained by the measurement of the ⇡+-track and the direction of the D0-
meson. The ⇡+-tracks of D⇤+-meson decays have in the environment of the Belle II
experiment usually low transversal momenta and thus are more likely to have large
measurement uncertainties. In the global fit the final state particles are constrained
via their respective constraints, tracks in this case. The four-vectors of intermediate
particles are built using kinematic constraints. These, together with the decay vertex
of the D0-meson and the decay vertex of the D⇤+ are optimised at the same time,
via a geometric constraint. As a result the resolution on the correlated quantity
�m = m(D⇤+

) � m(D0
) can be improved by about 30% to a width of 0.57 MeV,

depicted in Fig. 7.6a. If this constraint is lifted the improvement is diminished, see
Fig. 7.6b. However, the individual resolutions on the masses of the D⇤+-meson and
D0-meson are not improved. The improvement can be observed in semi-leptonic decay
chains such as B̄0 ! D⇤+

(D0
(K�⇡+

)⇡+
)µ�⌫̄µ displayed in Fig. 7.7. However, in this

case the resulting kinematic parameters of the B0-meson will be strongly biased due
to the missing four-vector of the neutrino.
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Figure 7.6: Resolution comparison of the variable �m for TreeFit a)
with and b) without geometrically constraint D0-meson and B0-meson

to KFIT.
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Figure 7.7: Comparison of the �m-resolution in a semi-leptonic de-
cay chain for different fitters. The resolution is worse than in a kine-
matically fully constrained decay chain, Fig. 7.6a, but the relative

improvement compared to KFIT is similar.
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Figure 7.8: P-value distributions of fits to B̄0 !
D⇤+

(D0
(K�⇡+⇡0

)⇡+
)⇡�. Failed fits were assigned a p-value of

�1. The shape of the distribution is non-flat due to the use of a mass
constraint on the ⇡0. The preselection criteria are listed in Table 7.1.

7.4.2 Fitting decay chains containing neutral particles

A high rate mode with a single ⇡0, is B̄0 ! D⇤+
(D0

(K�⇡+⇡0
(��))⇡+

)⇡�. This
channel is of interest as it is the highest branching ratio D0 decay mode. in this
example the fitter is used to suppress background. If combinations for which the fit
failed - i.e. those with a p-value  0 - are rejected, about 15% of the background
while rejecting only about 1% signal, as displayed in Fig. 7.8. If a fit fails, a p-value
of �1 is assigned for display purposes only. Note that since some of the constraints
are non-linear and the uncertainties are not exactly Gaussian in some cases, p-values
can have non-flat shapes.

7.4.3 Fitting decay vertices of neutral particles

Next study the decay chain B0 ! K0
S(⇡0

(��)⇡0
(��))J/ (µ+µ�

) is analysed. By
performing the fit a large amount of the background can be removed by requiring
that it passes the fit, see Fig. 7.9a. The only well defined vertex in this chain is
given by the J/ ! µ+µ� decay. The other vertices are very uncertain due to the
absence of charged tracks. The best assumption that can be made for the production
vertex position of the four photons is that they originate from the interaction point,
if they are fitted in a single stage fit oblivious of the J/ . Performing a fit with mass
constrained ⇡0-mesons improves the extracted mass of the K0

S, so that after the fit,
it is centred around the true value, as depicted in Fig. 7.9b. It is then possible to
further reject background outside the nominal mass window and improve the signal
purity when analysing this channel.

7.4.4 Using a beamspot constraint to improve the decay vertex resolution of

B-mesons

A beam constraint enforces the production vertex of the B0-meson to lie within the
beamspots volume, see Sec. 7.3.1.7. It can be used to improve the decay vertex resolu-
tion of B-mesons and all children particles in the decay chain, depicted in Fig. 7.10a,
Fig. 7.10b and Fig. 7.11. The resolution for B-mesons was improved by 15% to a value
of about 33 µm in the example of the decay chain B̄0 ! D⇤+

(D0
(K�⇡+

)⇡+
)⇡�. In

the no fit case 0, 0, 0 is taken to be the vertex and no error is assigned. In terms of the
defined resolution this can be better than the fit using KFIT in the D⇤+ case, because
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Figure 7.9: a) P-value of the fits to B0 ! J/ K0
S. b) Fitted mass

of the K0
S (green) and the mass before the fit (black). The mass

distribution is centred around the true value after performing the fits
with a ⇡0 mass constraint. Qualitatively this is the same result as
obtained in Ref. [64]. The bias was removed and the width reduced

by 9.6 MeV.

the pion involved in the decay has a low momentum, typically of around 150 MeV.
These have measurement with a very large uncertainties and a fit involving only the
D0 and the pion then is dominated by this uncertainty. The very long tails for KFIT
are due to very forward or very backward tracks. When fitting the entire decay chain
with TreeFit, the tracks with better measurements help to constrain the vertex via
geometric constraints. The efficiency of both algorithms is comparable.

7.4.5 Extracting the decay length of D
0
-mesons from D

⇤+
decays using a

geometric constraint

The geometric constraint, see 7.3.1.5, constrains production and decay vertices of long
lived particles in the decay chain. This allows for the extraction of flight lengths and
thus lifetimes of intermediate particles such as D0-mesons. This study is performed on
B̄0 ! D⇤+

(D0
(K�⇡+

)⇡+
)⇡� decays and extract the decay length of the D0-meson.

The results are depicted in Fig. 7.12. Since D⇤+-mesons decay almost instantly, the
three dimensional distance between the B0 and the D0 decay vertices is used. To
improve the resolution on the B0 vertex a beamspot constraint is applied.

7.5 Performance

Vertex fitting is computationally the most expensive operation during physics anal-
ysis. This is due to the large number of possible combinations that arise when re-
constructing complex decay topologies. Physics analyses in the Belle II experiment
are performed on a global grid of computing clusters [70] occupying thousands of
CPUs simultaneously. Reducing the execution time of these analyses is a major ef-
fort of the collaboration. To achieve this the EIGEN library for matrix operations
is used. EIGEN ensures memory locality is respected and operations are vectorized
when possible. Modern CPUs are much faster in performing operations than retriev-
ing memory. Allocating memory used locally in time and space allows modern CPUs
to guess and prefetch the memory that is used next, such that no clock cycles are
wasted [71]. The algorithm based on EIGEN was profiled using the Valgrind [72]
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Figure 7.10: a) Resolution of the z coordinate of B-mesons with and
without applying a beam constraint. b) Resolution of the z coordinate
of D⇤+-mesons with and without applying a beam constraint. The
fits using a beam constraint are indicated as TreeFit bc. Over- and

underflow bins are not depicted.
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Figure 7.11: Resolution of the z coordinate of D-mesons with and
without applying a beam constraint. The fits using a beam constraint

are indicated as TreeFit bc.

Table 7.1: Selection criteria used in the analyses in this section. All
particles use the same criteria if appearing in the decay chains. The
invariant mass is obtained by summing the particle’s daughter four-
momenta before performing the fit. The particle ID for K+/⇡+ is
defined as the likelihood ratio LR(K+

(⇡+
)) = L(K+

(⇡+
))/(L(⇡+

) +

L(K+
)) and the beam energy constrained mass mbc [13].

particle pre selection applied
� E� > 0.075 GeV

⇡0
0.145 GeV > m(��) > 0.125 GeV

⇡+ LR(⇡+
) > 0.5

K+ LR(K+
) > 0.5

D0
1.9 GeV > m(K�⇡+⇡0

) > 1.7 GeV

D⇤
�m = m(D⇤

) � m(D0
) < 0.155 GeV

B0 mbc =

q
E2

beam/4 � p2 > 5.27 GeV
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Figure 7.12: a) The extracted decay length (green) and the gen-
erated decay length (black). The negative tail of the extracted
decay length is due to the detectors resolution function. b) Pull
(measured � generated/uncertainty) of the decay length distribution.
The shape of a Gaussian with a mean of zero and a RMS of one is
plotted for reference. The shape of the pull matches with a Gaussian,
apart from a small mismatch in the central region. This mismatch can
be attributed to an underestimation of the tracking parameter uncer-

tainties, where a similar mismatch was observed.

module Callgrind. It was found that one iteration of the algorithm spends 69% of the
time on the implementation of Eq. 7.10, 27% on Eq. 7.9 and 4% on other operations,
when fitting the decay chain B+ ! D0

(K�⇡+
)⇡+. The performance using EIGEN

was compared to a previous implementation using the CLHEP library [73], a C++

library widely used for algebraic operations in particle physics. By using EIGEN the
execution time was speed up by a factor two in simple cases and more than an order
of magnitude in more complex topologies, see Fig. 7.13. These numbers were obtained
using EIGEN-3.3.4 and CLHEP-2.2.0.4 and compiled with clang-4.0 using the �O3

flag for full optimisation including vectorisation.
In order to asses the scaling with increasing matrix sizes, a stand-alone program

to directly compare the libraries was compiled, to investigate n times m matrices,
M , and symmetrical matrices, S. For the latter symmetric matrix types in both
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Figure 7.13: a) Average execution time per candidate fitting two
tracks. b) Average execution time per candidate fitting a topology
with an intermediate decay. The errors are estimations from repeating

the study 10 times.
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Figure 7.14: a) Execution time scaling of Eq. 7.10. For increasing
matrix sizes n. b) Execution time scaling for the inner matrix product
of Eq. 7.10. The notation S indicates a symmetrical matrix, M a non
symmetrical, the dimension m was fixed to m = 5, which is equivalent

to Eq. 7.10 being calculated for a track constraint.

libraries were used. Optimized matrix operation implementations provided by the
libraries are used where possible. One matrix dimension is fixed to the largest oc-
curring number in the algorithm, which is m = 5 for track constraints. Then the
other dimension n is increased, which is equivalent to adding more particles to the
decay chain. The computation of Eq. 7.10 is repeated 500 times and the median is
taken as a data point. The process is repeated 100 times, each time with randomised
initial matrices and the width of the distribution is taken as the uncertainty. Much
stronger exponential scaling of the operations involving the CLHEP library, depicted
in Fig. 7.14, was observed. Since the version of CLHEP used in the algorithm is out-
dated, it wa additionally compared to a more recent version of the library. No change
in performance was found for the operations investigated. The compiler flags �O3

and �march = native were used when building our program to enable all possible
optimisations the hardware allows. It was found that omitting these flags drastically
worsens the performance of EIGEN, while CLHEP has to be compiled prior to usage
and therefore is oblivious to these options. The cache-miss ratewas measured to be
close to zero, which persists if an upper limit for the size of the matrices in EIGEN is
pecified. From this it was concluded that our matrices are mostly heap allocated and
the main performance gain is driven by vectorisation.

7.6 Conclusion

An improved implementation of a global vertex fitting tool, based on Ref. [64], tailored
for the environment of the Belle II experiment was implemented in the context of
this thesis. It can be used for various purposes, such as the extraction of particle
production and decay vertices, decay lengths, particle four-momenta and rejection of
backgrounds, as well as the extraction of the respective uncertainties. The global
fitting technique is particularly powerful in fitting and reducing background in modes
that contain neutral particles and can significantly improve the resolution on �m an
important variable for the reconstruction of D⇤-mesons, which will be very important
for the Belle II physics analysis program and will directly benefit analyses of CP -
violation and the CKM unitarity angle �, such as Ref. [74]. The execution time of
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the algorithm was reduced by an order of magnitude, by restricting the maximum
possible size of dynamic matrices and enabling vectorised matrix operations.
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Chapter 8

Conclusion

The SM of particle physics, even though incomplete, provides explanations for a wide
range of phenomena in great detail. Experimentally it is the most well-tested theory
in physics. As the experiments on the high energy frontier at the LHC, still have not
found any evidence for physics beyond the SM, high precision tests of the SM become
even more interesting. The Belle experiment and its successor the Belle II experiment
provide excellent experimental conditions to perform these types of tests as a large
data sets of B-mesons are available in a clean environment and the detector is well
understood.

This thesis presents new measurements of the branching ratios B(B̄0 ! D⇤+K�
)

and B(B̄0 ! D⇤+⇡�
), as well as their ratio RK/⇡, using (771 ± 10) ⇥ 10

6 B-meson
pairs recorded by the Belle experiment. The branching ratios were B(B̄0 ! D⇤+⇡�

) =

(2.677±0.016±0.087)⇥10
�3 and B(B̄0 ! D⇤+K�

) = (2.267±0.064±0.078)⇥10
�4,

and the ratio was found to be RK/⇡ = (8.413 ± 0.243 ± 0.126) ⇥ 10
�2. Compared

to the predictions this suggests that either SU(3)-symmetry breaking contributions
exists and/or the contribution of the exchange topology to B(B̄0 ! D⇤+⇡�

) is un-
derestimated in the predictions. The absolute uncertainties of 4.0% and 3.0% make
these the most precise measurements of branching ratios at the Belle experiment.
The ratio, RK/⇡, was measured in a way that cancels the systematic uncertainty al-
most completely, allowing for a measurement of the ratio with 3.2% total uncertainty.
This has never been measured before and provides the highest precision test of SU(3)

symmetry in B-decays to date.

The measured branching ratio have been used together with momentum dependent
semi-leptonic decay rates in collaboration with the authors of Ref. [58] to measure
a1(B̄ ! D⇤+⇡�

) = 0.904 ± 0.020 and a1(B̄ ! D⇤+K�
) = 0.926 ± 0.026, a parameter

encoding fundamental assumptions about effects of the strong force in B-decays. This
is the first measurement of this kind pertformed at a single experiment and it is shown
that there must be either large non-factorisable contributions to the matrix elements
of B-decays and/or new physics involved, to explain a deviation 15% � 17% from the
factorisation assumption. Furthermore, SU(3)-symmetry was tested by measuring
ratio a1(K�)2/a1(⇡�)2 = 1.047 ± 0.054. This is agreeable with unity, so no evidence
of a dependency on the involved quark flavour and thus for SU(3) breaking effects
was found.

In preparation for measurements of this kind, and many others at Belle II, a novel
global vertex fitting algorithm was implemented and extended for the need of the
Belle II experiment. The execution speed as compared to existing implementations
could be improved by an order of magnitude, which will drastically speed up many
analyses and fundamentally improve physics performance of measurements. It allows
to improve the mass invariant resolution for D⇤+-meson reconstruction by ⇡ 30%
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and therefore improves background suppression by the same amount. It allows to
uniformly treat charged and neutral final states and outperforms previous methods.
As a results analyses of direct CP -violation and the CKM unitarity angle �, such as
Ref. [74], will benefit greatly from this new tool. It was used for the measurement of
the K/⇡-ID corrections in Appendix B. Furthermore, the algorithm has become the
standard vertex fitting tool of the Belle II collaboration and will be used by many
analyses in the future. This work is published in Ref. [75].

Looking towards the future, the Belle II experiment will collect 50 ab�1 and per-
form many high precision analyses of B-decays. The work in this thesis has tested
the theoretical framework used to calculate the theoretical predictions with high pre-
cision and found these to be insufficient. Thus, the stage was set for improvements
on the theory side, which in turn are the basis of phenomenological interpretations of
future measurements. In particular CP-violation measurements stand to benefit from
reductions of the hadronic uncertainties on the matrix elements. As consequence the
ground work for a better understanding of the physics hiding in the Belle II data set
was laid.
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Appendix A

Continuum suppression

The reaction e+e� ! qq̄, where q 2 {u, d, s, c}, is ⇡ 4 times more likely to occur
than e+e� ! BB̄, due to the small cross-section of this process, see Fig. 3.1. In this
section the possibility of using a multivariate method to reduce these backgrounds
was explored. Furthermore, the toy MC method described in Sec. 5.8.2 was used
to evaluate the signal resolution, defined as the distance between the found and the
MC-truth matched value, with the reduced background. The improvement was found
to be too small to justify the employment of such a complex method in the signal
region. However, it was used in the control regions to isolate B background.

A.1 Continuum suppression

In order to separate out BB̄-events from continuum background, a Boosted Decision
Tree (BDT) from the XGBOOST python library as described in Ref. [76] was used.
This classifier takes a number of input variables ~x and maps these to an output variable

f(~x) ! y, y 2 [0, 1], (A.1)

describing how likely an event is to have originated from continuum (qq̄), or BB̄. The
larger the value the higher the chance that the event is a BB̄-event. The output of
the classification after applying all other preselection is depicted in Fig. A.4 for the
D0 ! K�⇡+ mode and Fig. A.5 for the D0 ! K�

2⇡+⇡� mode. The input variables
are described in turn below.

Table A.1: Hyper parameters chosen for the BDT training.

Parameter Value
Learning rate 0.01
Depth of each tree 3
Number of trees 150
Random state False

A.1.1 Input variables

Thrust Thrust is a concept to define the direction of particle jets [77]. The thrust-
axis is the axis in the 3d-plane that maximise the projection off all momenta for a
B-candidate or the rest of event onto it. The cosine of the thrust axis relative to the
z-axis is a good discriminant as continuum events usually are more boosted towards
small angles relative to the z-axis, while B-events are spherical and do not have a
preferred direction.
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Figure A.1: Correlation matrix for B-events between the variables
used in the training of the classifier. The bold printed variables were
not fed to the classifier. The names "Pion" and "Kaon" describe the

corresponding MC-truth variables for the respective components.

Fox Wolfram Moments The Fox Wolfram Moments [78], Hl, in the following abbre-
viated as “KSFW_ij” where an additional label indicates “et" for transversal energy,
“mm2" for missing mass squared, “Hso" for particle j in the signal and particle i in
the rest of event and “Hoo" if both particles are in the rest of event. The moments
are calculated as

Hl =

NX

i,j

|pi| |pj | Pl cos ✓ij , Rl =
Hl

H0
, (A.2)

where Pl is the l-th order Legendre Polynomial and ✓ij is the angle between i-th and
j-th particle momentum p. The ratio of the second to the 0-th order polynomial R2

is a very good discrimination variable.

Cleo-Cones Cleo-Cones, first employed by the CLEO experiment [79], are defined as
the scalar momentum flow around the thrust axis in concentric cones of 10

� size, such
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Figure A.2: Correlation matrix for q̄q-events between the variables
used in the training of the classifier. The bold printed variables were
not fed to the classifier. The names "Pion" and "Kaon" describe the

corresponding MC-truth variables for the respective components.

that CC2 is the momentum flow in a cone of 20
� opening angle minus the momentum

flow in a cone of 10
� opening angle around the thrust axis.

A.1.2 Continuum suppression inputs in the Mbc control region

The variables that are used as inputs for the continuum classification give a direct in-
sight into the event shape modelling. Hence, verifying the modelling of these provides
confidence in the overall modelling. Furthermore, it has to be checked in order to
justify its usage for the continuum suppression. This is done in a data control region
with Mbc < 5270 MeV. All other signal selection criteria are applied. The contin-
uum suppression variables do not change with the direction of the hadrons K/⇡-ID
selection and therefore only the pion mode is shown in Fig. A.6 and Fig. A.7 for the
D0 ! K�⇡+ channel and Fig. A.8 and Fig. A.9 for the D0 ! K�

2⇡+⇡� channel.
Overall good agreement of the shapes is observed with a small disagreement of the
total normalisation D0 ! K�⇡+, most likely due to the charm continuum component
as discussed for the Mbc control region.
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Figure A.3: Feature importance ranked by the average loss reduction
of a selection in the respective feature.
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Figure A.4: Output of the continuum classification by component
for the D0 ! K�⇡+ mode. The line indicates the optimal selection

threshold.
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Figure A.5: Output of the continuum classification by component for
the D0 ! K�

2⇡+⇡� mode. The line indicates the optimal selection
threshold.
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Figure A.6: Variables used for the continuum suppression classifier
in the control region Mbc < 5270 MeV for the D0 ! K�⇡+ channel.
KSFW-moments are abbreviated with KSFW and Cleo Cones are ab-

breviated as CC followed by the number.

A.1.3 Training of the classifier

The classifier was trained with continuum events, before splitting into kaon and pion
data set. Training variables are all Cleo-Cones and KSFW-moments calculated from
the final state daughter particles of the B-meson counted as signal. The full list
of input variables and their correlations can be found in Fig. A.1 for B-events and
Fig. A.2 for q̄q-events. The variables “deltaE” and “Mbc” were excluded from the
training and are shown to ensure they are minimally biased. The importance of the
features, ranked by the average loss reduction a selection on a feature introduces when
it is used to split the trees, is depicted in Fig. A.3. The best variable, as measured
by the average reduction of the loss function when using the variable, is the ratio of
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Figure A.7: Variables used for the continuum suppression classifier
in the control region Mbc < 5270 MeV for the D0 ! K�⇡+ channel.
KSFW-moments are abbreviated with KSFW and Cleo Cones are ab-

breviated as CC followed by the number.

the first and second Fox-Wolfram-Moments, R2. The hyper parameters chosen for
the training were optimised using a grid search method and are listed in Tab. A.1.
The parameter optimisation suggested to use deeper trees with a tree depth of ⇡ 8,
however, a smaller value was chosen to avoid correlations of the classifier output and
the signal variable “deltaE” in the signal window. To optimise the threshold point in
the classifier output we define a figure of merit as

FOM =
Sp

S + B
, (A.3)
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Figure A.8: Variables used for the continuum suppression classifier
in the control region Mbc < 5270 MeV for the D0 ! K�⇡+ channel.
KSFW-moments are abbreviated with KSFW and Cleo Cones are ab-

breviated as CC followed by the number.

where S refers to the number of B̄B events and B to the number of continuum events.
We take the maximum of this expression as the optimal threshold point. Due to the
dependency on the signal fraction we choose to optimise the continuum suppression
for the two D0 decay modes separately, see Fig. A.10 and Fig. A.11. In principle
a classifier can introduce bias and sculpt the signal variable. To ensure the absence
of these effects the efficiency for the different components is plotted in bins of the
signal variable, Fig. A.12. The efficiency of the individual components, defined as
the number of true events of a component that survive the optimised selection on
the classifier output, normalised to the total number of events in that component,
was found to be constant within the statistical uncertainties. Furthermore, analysing
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Figure A.9: Variables used for the continuum suppression classifier
in the control region Mbc < 5270 MeV for the D0 ! K�

2⇡+⇡� chan-
nel. KSFW-moments are abbreviated with KSFW and Cleo Cones are

abbreviated as CC followed by the number.

the two dimensional histograms of the signal variable and the classification output,
depicted in Fig. A.13 for the D0 ! K�⇡+ channel and Fig. A.14 for the D0 !
K�

2⇡+⇡� channel has not shown any non-linear correlations or sculpturing.

A.1.4 Performance of the continuum suppression

The performance of the continuum suppression algorithm is measured by the change of
the signal resolution obtained by the fits with continuum suppression applied. Overall
a small improvement for the kaon channel was found, see Fig. A.15 and Fig. A.16.
The total effect on the ratio, Fig. A.17, is ⇡ 3% and too small to justify applying
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Figure A.10: Receiver operating characteristics of the continuum
suppression classifier in the D0 ! K�⇡+ mode. Efficiency and signal

refer to B̄B events.
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Figure A.11: Receiver operating characteristics of the continuum
suppression classifier in the D0 ! K�

2⇡+⇡� mode. Efficiency and
signal refer to B̄B events.
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Figure A.12: Efficiency of the continuum classification by component
in bins or the signal variable for the D0 ! K�⇡+ mode (a) and the
D0 ! K�

2⇡+⇡� mode (b). Efficiencies are defined as the number
of true events of a component that survive the optimised selection on
the classifier output, normalised to the total number of events in that

component.

the continuum suppression and risk eventual additional biases that would have to be
accounted for with a systematic uncertainty. The potential reason for the weak effect
can be attributed to the well defined signal peaks and general small signal over back-
ground ratio. The main driver of the fit uncertainty is due to B-like backgrounds and
a suppression of continuum backgrounds does not improve the resolution significantly,
as its relative abundance is already very small. Therefore the decision was made
not to employ continuum suppression for the signal fits in this analysis. However,
the continuum suppression will be used as a tool to isolate B-like backgrounds when
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Figure A.13: Correlation check of the signal variable with the clas-
sifier output for the D0 ! K�⇡+ mode.
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Figure A.14: Correlation check of the signal variable with the clas-
sifier output for the D0 ! K�

2⇡+⇡� mode.

comparing data and MC in Sec. 5.11.
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Figure A.15: Distributions of the resolutions, defined as the truth
matched yield minus the signal yield determined by the fit, found by
the toy studies with and without continuum suppression (a) for the

pion mode and (b) for the kaon mode in D0 ! K�⇡+.
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Figure A.16: Distributions of the resolutions, defined as the truth
matched minus the fit signal yield, found by the toy studies with and
without continuum suppression (a) for the pion mode and (b) for the

kaon mode in D0 ! K�
2⇡+⇡�.
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Appendix B

Measuring low momentum pion
efficiencies using a K

0
S sample

Previous studies of pion identification at Belle have utilised an inclusive D⇤ sample [57]
to study pion and kaon identification performance over a broad phase-space. How-
ever, these studies have been unable to measure the low momentum regions that are
populated in multi-body and inclusive decays. This work presents a complimentary
study of pion identification at low momentum via K0

S ! ⇡+⇡� decays.
This study uses the full on-resonance data-set corresponding to 702.6 fb�1. Due

to the changes made to the detector when upgrading the SVD, the sample is anal-
ysed separately for both SVD configurations. To prepare the analysis and study the
performance in Monte Carlo we use the standard B̄B and continuum samples of the
last official MC campaign (mixed, charged, uds, charm). Three streams are used
for SVD1; two for SVD2, to balance the total number of events in SVD1 and SVD2.

B.1 Procedure

This analysis is performed in basf2 via b2bii using release-04-02-01. To reconstruct
the sample we search for tracks originating near the interaction point, requiring |dr| <
2 cm and |dz| < 5 cm. Oppositely charged tracks are combined to reconstruct K0

S
candidates if the invariant mass of the pair is between 0.4 � 0.6 GeV. A vertex fit
is performed using treeFitter [75], where we require P (�2

) > 0.001. Finally the
mass selection of the updated candidate is tightened to 0.45 < M < 0.55 GeV and we
require the cosine of the angle between the momentum and vertex vector of the K0

S to
be above 0.998 to reject the majority of combinatorial background. We define the same
✓ bins as in Ref. [57]. For momentum bins we set {0, 0.2, 0.3, 0.4, 0.5, ..., 1.5} GeV, as
the bin boundaries.
We only measure for one selection on the likelihood ratio L(K/⇡) > 0.6 and assume
L(K/⇡) > 0.6 is used for kaon identification and L(K/⇡) < 0.6 for pion selection. In
each bin positive and negative tracks are combined with candidates where both tracks
are found in a single bin excluded to avoid double counting K0

S candidates. The signal
is modelled as a triple Gaussian where the parameters are first extracted by fitting
the truth-matched MC distribution in the full region with no likelihood selection
applied. The background is modelled as a second degree Chebyshev polynomial with
free parameters for each bin. When fitting either side of the likelihood selection the
mean of the Gaussians is allowed to float separately and the widths share a common
fudge-factor to allow for differences between MC and Data for each bin and selection
region. The ratios between the Gaussian PDFs are fixed to the values found from
MC previously. Example fits are depicted in Fig. B.1. The efficiency, ✏, is measured
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directly using the simultaneous fit functions

FL(K/⇡)>0.6 = Nbkg1Ch
2
bkg1(a0, a1)

+ ✏Ntot(r1G1(µ,� · �1) + r2G2(µ,� · �2) + r3G3(µ,� · �3)),
(B.1)

and

FL(K/⇡)<0.6 = Nbkg2Ch
2
bkg2(a0, a1)

+ [1 � ✏]Ntot(r1G1(µ,� · �1) + r2G2(µ,� · �2) + r3G3(µ,� · �3)),
(B.2)

where Ni are yields, ri fixed ratios, Ch2 second degree Chebyshev Polynomials with
free parameters and Gi are Gaussian functions with free shared mean µ, fixed widths
�i and a shared “fudge-factor” �. For MC, the truth matched efficiency is used and
the fit is only done to determine small biases introduced by the fitting procedure,
which will be added as an uncorrelated systematic uncertainty. The biases are added
in quadrature to systematic uncertainties associated to the PDF parameters. These
are evaluated using a toy MC method, where the fixed ratios, ri in Eq. B.1 and
Eq. B.2, and widths, �i, of the Gaussians are randomly drawn from Gaussian PDFs.
The widths of these are defined by the uncertainties of the ratios. In total 200 toy
experiments are performed for each bin and it is required that the fits must have
converged without errors. Systematic uncertainties are propagated to the data-MC
correction factor, rdata�MC = ✏data/✏MC , assuming full correlations.
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Figure B.1: Extracted PDF (a) and fit results for MC (b) and data
(c) in the bin p 2 [0.6, 0.7] GeV and ✓ 2 [1.88, 2.11] rad for L(K/⇡) >

0.6 and the SVD2 detector configuration.

B.2 Results

In general we observe good fits to data. In some bins the the fit functions fail to
perfectly model the signal peak as can be seen in the pull distributions. However, we
do not add more degrees of freedom to the signal model, because it is impossible to
optimise a single model for all bins in an automated way. Furthermore, we explore
re-parametrisations with additional width terms for specific bins and find that the
changes are of negligible size. We compare our results to the existing tables where
available and find good agreement, see Fig. B.2, Fig. B.3, Fig. B.4 Fig. B.5, Fig. B.6
and Fig. B.7. For the analysis the new weights are used in bins where the D⇤-samples
provided by the performance group do not have measurements. This work was done
in collaboration with Marcel Hohmann.
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Figure B.2: Ratio of pion ID efficiencies in data over MC for SVD1.
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Figure B.3: Ratio of pion ID efficiencies in data over MC for SVD2.
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Figure B.4: Pion ID efficiencies in data for SVD1.
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Figure B.5: Pion ID efficiencies in data for SVD2.
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Figure B.6: Pion ID efficiencies in MC for SVD1.
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Figure B.7: Pion ID efficiencies in MC for SVD2.
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Appendix C

Probability density functions

The PDFs used in this thesis are defined in detail here. All parameters shown in the
equations can be extracted in the fits.

Gaussian PDF The Gaussian PDF for a single parameter is defined as

f(x|µ,�) =
1p
2⇡�

exp

✓
�1

2

(x � µ)
2

�

◆
. (C.1)

Crystal Ball PDF The Crystal Ball function [80] is a modified Gaussian that is used
to describe processes with radiative losses. It is defined as

f(x|µ,�,↵, n) = N ·
(

exp

⇣
�1

2
(x�µ)2

�

⌘
if

(x�µ)
�

> �↵
A · (B � (x�µ)

�
)
�n

if
(x�µ)

�
 �↵

(C.2)

using

A =

✓
n

|↵|

◆n

exp

✓
�1

2
↵2

◆
,

B =
n

|↵| � |↵|,
(C.3)

and
N =

1

�(C + D)
,

C =
n

|↵|
1

n � 1
exp

✓
�1

2
↵2

◆
,

D =

r
⇡

2

✓
1 + erf

✓
|↵|p

2

◆◆
.

(C.4)

Chebyshev Polynomials Chebyshev Polynomials [81] are defined via a recursive re-
lation for a random variable u 2 [�1, 1], u 2 R, such that

Tn+1(u) = 2uTn(u) � Tn�1(u), (C.5)

with T0 = 1 and T1 = u. The polynomial PDF then is build from these terms by
adding coefficients

f(u|Cn) = 1 +

X

n>0

cnTn(u), (C.6)

where c 2 [�1, 1]. The transformation from any standard random variable x ! u is
given by

f(x) =
x � 1

2(xmax + xmin)

1
2(xmax � xmin)

. (C.7)
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Empirical �M background function When reconstructing D⇤+-mesons the combi-
natorial backgrounds have a shape that was found to follow an exponential function,
such that

D(x|�M0, a, b, c) =


1 � exp

✓
(x ��M0)

c

◆� ✓
x

�M0

◆a

+ b

✓
x

�M0
� 1

◆
. (C.8)
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