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Abstract

This note presents a refinement of Matrosov’s theorem for a class of differential inclusions whose set-valued map is defined as
a closed convex hull of finitely many vector fields. This class of systems may arise in the analysis of switched nonlinear systems
when stability with arbitrary switching between the given vector fields is considered. Assuming uniform global stability of a
compact set, it is shown that uniform global attractivity of the set can be verified by tailoring Matrosov functions to individual
vector fields. This refinement of Matrosov’s theorem is an extension of the existing Matrosov results which may be easier to
apply to certain differential inclusions than existing results, as demonstrated by an example.

1 Introduction

Matrosov’s theorem allows one to check uniform asymp-
totic stability of time-varying systems in situations
when uniform stability has already been established
(Matrosov, 1963). In its original form (Matrosov, 1963),
Matrosov’s theorem establishes convergence via a pos-
itive definite Lyapunov function whose derivative is
negative semi-definite and an auxiliary not necessarily
sign-definite (Matrosov) function whose derivative is
strictly negative on the neighbourhood of the set where
the derivative of the Lyapunov function is equal to zero.
A simpler version of Matrosov’s theorem was presented
in (Paden and Panja, 1988). Inspired by (Paden and
Panja, 1988), a generalisation of this theorem with mul-
tiple auxiliary Matrosov functions was first proposed in
(Loria et al., 2005). A Matrosov result for differential in-
clusions can be found in (Teel et al., 2002) but this result
uses only two Matrosov functions. Results in (Sanfelice
and Teel, 2009) apply to a class of differential inclusions
but those results do not have the added flexibility of the
current work, as it will be demonstrated via an example.
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As pointed out in (Sanfelice and Teel, 2009), Matrosov’s
theorem provides alternative conditions to invariance
principles for asymptotic stability of time-invariant
systems (Krasovskii, 1963; LaSalle, 1967).

Matrosov’s theorem was extended to discrete-time sys-
tems (Teel et al., 2010), parameterized discrete-time sys-
tems (Nešić and Teel, 2004), hybrid systems (Sanfelice
and Teel, 2009) and stochastic systems in (Teel, 2013b)
and (Teel, 2013a). Various Lyapunov function construc-
tions via Matrosov functions were presented in (Malisoff
and Mazenc, 2007; Mazenc et al., 2009; Mazenc and
Nešić, 2007) for continuous-time systems.

The main purpose of this paper is to present a refinement
for Matrosov’s theorem for a class of differential inclu-
sions that may arise in the stability analysis of switched
nonlinear systems. The set-valued map defining the con-
sidered class of inclusions is generated as a closed convex
hull of a finite set of time-varying vector fields. We as-
sume that a compact set A is uniformly globally stable
for the inclusion and we prove uniform global attractiv-
ity of the set via the Matrosov functions. It turns out
that constructing Matrosov functions directly for the in-
clusion is in general difficult. We show that if we con-
struct functions that are Matrosov functions for each of
the constituting vector fields, then this implies uniform
global attractivity of the set A; this can be much sim-
pler than finding Matrosov functions directly for the in-
clusion as illustrated by an example. We illustrate our
result by an example with two vector fields.

The paper is organised as follows. We first present Ma-
trosov’s Theorem for general differential inclusions that
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generalises results in (Loria et al., 2005) and it is essen-
tially contained in (Sanfelice and Teel, 2009, Theorem
4.1). Compared to the results in (Teel et al., 2002) it al-
lows for more than two functions and it uses a simplified
condition from (Paden and Panja, 1988). A refinement
of Matrosov’s Theorem for a class of differential inclu-
sions is given in Section 3; this is the main result of our
paper. We illustrate our results by applying our main
result to an example taken from (Lee et al., 2015). Sum-
mary is given in the last section.

2 Matrosov theorem for differential inclusions

In this section, we consider differential inclusions of the
form:

ẋ ∈ F (t, x) , (1)

where F : R≥0 × Rn ⇒ Rn. A solution of a differential
inclusion, defined by a set-valued mapping F (see Equa-
tion (1)), is a locally absolutely continuous Rn-valued
function defined on some interval of the form [a, b), with
0 ≤ a < b (where b could be the infinity), such that the
derivative of x at t is in the set F (t, x(t)) for almost all
t in [a, b). The interval [a,b) is defined as Dom(x) and
a is denoted as t0(x). The solution x is said to be com-
plete if b = ∞, and it is said to be maximal if there is
no other solution y such that Dom(x) is contained in
Dom(y) and x(t) = y(t),∀t ∈ Dom(x).

For a set-valued function F : R≥0 × Rn → Rn , let
D(F ) := {x ∈ Rn |F (t, x) 6= ∅,∀t ≥ 0}. The following
assumption can be used to guarantee the existence of
solutions of the system (1) from points x ∈ D(F ) (see
(Filippov, 1988) for the existence of solutions and more
detailed discussion in (Goebel et al., 2009)).

Assumption 1 A set-valued function F : R≥0 × Rn →
Rn satisfy the following conditions:

(a) D(F ) is a nonempty open subset of Rn.
(b) F is outer semi-continuous 4 on R≥0 ×D(F ).
(c) For each x ∈ D(F ) and each t ≥ 0 , F (t, x) is

compact and convex.
(d) F is locally bounded on R≥0 ×D(F ) 5 .

We show that an extension of the Matrosov’s theorem
for differential equation presented in (Loria et al., 2005)
is easy to state for differential inclusions of the form (1),
see Theorem 1. The set of solutions for this inclusion
starting from an initial time t0 with an initial condition
x0 = x(t0) is denoted as S(t0, x0). Let |ξ| denote the
Euclidean norm of a vector ξ ∈ Rn. Given a set A ⊂ Rn,

4 For a set-valued function F : R≥0 × Rn → Rn , it is said
to be outer semicontinuous on R≥0×D(F ) if for any (t, x) ∈
R≥0×D(F ) and any sequence {(tn, xn)}n∈N ⊂ R≥0×D(F )
with (tn, xn)→ (t, x) as n→∞, and yn ∈ F (tn, xn)→ y as
n→∞, then y ∈ F (t, x).
5 For a set-valued function F : R≥0 × Rn → Rn , it is said
to be locally bounded on R≥0 × D(F ) if for any (t, x) ∈
R≥0 × D(F ) , there exist a δ(t, x) > 0 and a compact set
K(t, x) ⊂ Rn such that F (s, y) ⊂ K, ∀|s− t| < δ, |y−x| < δ.

we use |ξ|A := infz∈A |ξ − z| to denote the distance of
ξ ∈ Rn from A.

Definition 1 We use the following stability notions for
the inclusion (1):

• A compact set A is said to be uniformly stable (US)
if for any ε > 0 there exists δ = δ(ε) such that we
have that |x0|A ≤ δ implies that |x(t)|A ≤ ε for all
(t0, x0) ∈ R≥0 × Rn, x ∈ S(t0, x0) and t ∈ Dom(x).

• A is said to be uniformly globally stable (UGS) if it is
US and the solutions are uniformly globally bounded
with respect to A; that is, for any ∆ > 0 there exists
M > 0 such that |x0|A ≤ ∆ implies that |x(t)|A ≤
M for all (t0, x0) ∈ R≥0 × Rn, x ∈ S(t0, x0) and t ∈
Dom(x).

• The set A is uniformly globally attractive (UGA) if
for any strictly positive ∆, ε, there exists T = T (∆, ε)
such that |x0|A ≤ ∆ implies that |x(t)|A ≤ ε for all
(t0, x0) ∈ R≥0 × Rn, x ∈ S(t0, x0) and t ∈ Dom(x)
with t ≥ t0 + T .

• The set A is uniformly globally asymptotically stable
if it is UGS and UGA. �

Remark 1 It is worthwhile to highlight that in the defin-
tions of stability properties, it is not assumed that solu-
tions are complete, see a similar discussion in (Sanfelice
and Teel, 2009).

To state Theorem 1, we need to introduce some notation.
Let F : R≥0 × Rn ⇒ Rn, the strictly positive real num-
bers (δ,∆) and the compact setA ⊂ Rn be given. Define
D = D(δ,∆) := {ξ ∈ Rn : |ξ|A ∈ [δ,∆]}. Let γ > 0 and
Bn := {ξ ∈ Rn : |ξ| ≤ 1}; then γBn = {ξ ∈ Rn : |ξ| ≤
γ}.

Next, the Matrosov property and Matrosov function are
defined.

Definition 2 (Matrosov property) A finite set of con-
tinuous functions {Yj}rj=1, Yj : γBm ×D → R for each

j ∈ {1, . . . , r}, is said to have the Matrosov property rel-
ative to (γ,D) if, with the additional definitions Y0 ≡ 0
and Yr+1 ≡ 1, we have the following property:

For each j ∈ {0, . . . , r}, if (z, x) ∈ γBm × D and
Y0(z, x) = . . . = Yj(z, x) = 0 then Yj+1(z, x) ≤ 0.

Remark 2 Due to Y0 ≡ 0, this property with j = 0
implies that Y1(z, x) ≤ 0 for all (z, x) ∈ γBm×D; due to
Yr+1 ≡ 1, the property with j = r implies that there are
no points (z, x) ∈ γBm × D for which Y1(z, x) = · · · =
Yr(z, x) = 0.

Definition 3 A finite set of continuously differentiable
functions {Wj}rj=1, where Wj : R≥0 × Rn → R for each

j ∈ {1, . . . , r}, are said to be Matrosov functions for
(F,D) if there exists a function φ : R≥0 × Rn → Rm,
a positive real number γ, and continuous functions Yj :
γRm × D → R, j ∈ {1, . . . , r} that have the Matrosov
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property relative to (γ,D) and, for each j ∈ {1, . . . , r},

max {|Wj(t, x)|, |φ(t, x)|} ≤ γ
∀(t, x) ∈ R≥0 ×D (2a)

∇tWj(t, x) + 〈∇xWj(t, x), ξ〉 ≤ Yj(φ(t, x), x)

∀(t, x) ∈ R≥0 ×D, ξ ∈ F (t, x). (2b)

Now we can state the main result of this section. This
result is a direct generalisation of Theorem 1 in (Loria
et al., 2005) and it is essentially contained in (Sanfelice
and Teel, 2009, Theorem 4.1) and so its proof is omitted.

Theorem 1 For the differential inclusion (1), if the
compact set A is UGS and, for each pair of strictly posi-
tive real numbers (δ,∆), there exist Matrosov functions
for (F,D) then A is UGAS. �

3 A refinement of Matrosov’s theorem for dif-
ferential inclusions

In this section, we consider differential inclusions (1)
where the set-valued mapping F can be written as

F (t, x) = co

(mf⋃
i=1

fi(t, x)

)
,∀(t, x) ∈ R≥0 × Rn (3)

for a given positive integer m and functions fi : R≥0 ×
Rn → Rn, i ∈ {1, . . . ,mf}.

Remark 3 To guarantee Assumption 1, it only needs to
assume that fi, i = 1, . . . ,mf , are all continuous. Thus
the existence of solutions of the system (3) can be ensured.

Such differential inclusions may arise in the analysis
of switched systems where arbitrary switching between
vector fields fi is considered. It turns out that construct-
ing Matrosov functions satisfying the conditions of The-
orem 1 is very hard even in the case when we have (3).
The following result shows that for differential inclusions
with F as in (1), (3), UGAS can be checked by complet-
ing a simpler task in which we still want to find one set of
Matrosov functions Wj that works for every vector field
fi but, for each vector field, we are allowed to find a dif-
ferent set of functions Yi,j that provide the bounds on the
derivatives of Wj and have the Matrosov property. Note
that this does not necessarily imply the existence of one
set of functions Yj that provide the required bounds on
the derivatives of Wj and have the Matrosov property
as we show later in Remark 4. This refinement of Ma-
trosov’s theorem can considerably simplify the stability
analysis of time-varying switched systems. It would be
straightforward to extend this result to other classes of
systems, such as discrete-time deterministic or stochas-
tic systems; we do not report these results to keep the
presentation short.

Before stating the main result, the following common
Matrosov functions are defined.

Definition 4 Let {fi}1≤i≤mf
be a finite family of single

valued functions from R≥0 × Rn → Rn. A finite set of
continuously differentiable functions

{Wj : R≥0 × Rn → R}0≤j≤r

is said to be common Matrosov functions for all
(fi, D) , i = 1, . . . ,mf if there exist m ∈ N, γ > 0 ,
γ′ > 0 and a function φ : R≥0 ×D → Rm such that for
each 1 ≤ i ≤ mf , there exists a finite family of contin-
uous functions: {Yi,j : γBm ×D → R}0≤j≤r having the

Matrosov property and the following conditions hold

|φ(t, x)| ≤ γ, and |Wj(t, x)| ≤ γ′

∀(t, x) ∈ R≥0 ×D, (4a)

∇tWj(t, x) + 〈∇xWj(t, x), fi(t, x)〉 ≤ Yi,j(φ(t, x), x)

∀(t, x) ∈ R≥0 ×D,∀1 ≤ j ≤ r. (4b)

In order to prove the main result, the following lemma
is needed. For any sequence {Yj : γBm ×D → R}rj=1,

we construct a new sequence with a reduced size:{
Y rρj : γBm ×D → R

}r−1
j=1

in a following way:

Y rρj (z, x)

=

{
Yj(z, x) if 1 ≤ j ≤ r − 2, ∀r > 2

ρYr−1(z, x) + Yr(z, x) if j = r − 1,∀r > 1

where ρ > 0. Lemma 1 provides a basis of Induction
using in the proof of main result (Theorem 2).

Lemma 1 Let {Yj : γBm ×D → R}rj=1 be continuous

functions having the Matrosov property relative to (γ,D).
Then, the following statements hold:

(a) If r = 1, there is a µ > 0 such that

Y1(z, x) ≤ −µ,∀(z, x) ∈ γBm ×D. (5)

(b) If r > 1 , there is a ρ0 > 0 such that for any ρ ≥ ρ0,
Y rρj (z, x) also has the same Matrosov property.

Proof. The proof of Statement (a) is completed by Con-
tradiction. Assume that Statement (a) does not hold,
there exists a sequence {zn, xn}n∈N ⊆ γBm × D such
that

Y1(zn, xn) > − 1

n
,∀n ∈ N.

Since A, D and γBm are compact, there exists a subse-
quence: {znk

, xnk
}k∈N of {zn, xn}n∈N that converges to

a point (z̄, x̄) ∈ γBm×D. As Y1 is a continuous function,
it follows that

0 ≥ Y1(z̄, x̄) = lim
k→∞

Y1(znk
, xnk

) ≥ lim
k→∞

−1

nk
= 0,
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as Y1 ≤ 0 (see Remark 2). This indicates Y1(z̄, x̄) ≡ 0.
By the Matrosov property relative to (γ,D) and Y0 ≡ 0,
we have Y2(z̄, x̄) ≤ 0, which contradicts the fact that
Y2 ≡ 1 due to r = 1. This completes the proof. ◦

Contradiction is used to prove Statement (b). As-
sume that Statement (b) does not hold. Then there
exist two sequences {ρn : ρn > 0}n∈N (ρn → ∞) and
{zn, xn}n∈N ⊆ γRm ×D such that for each n ∈ N,

Y0(zn, xn) = Y1(zn, xn) = . . . = Yr−2(zn, xn) = 0,

and Y rρnr−1 (zn, xn) = ρnYr−1(zn, xn) + Yr(zn, xn) > 0,
which indicates

Yr−1(zn, xn) > −Yr(zn, xn)

ρn
.

Again, the compactness of A, D and γBm provides the
existence of a subsequence {znk

, xnk
}k∈N of {zn, xn}n∈N

that will converge to a point (z̄, x̄) ∈ γBm × D. The
continuity of Yj , 0 ≤ j ≤ r, yields

Y0(z̄, x̄) = Y1(z̄, x̄) = . . . = Yr−2(z̄, x̄) = 0,
Yr−1(z̄, x̄) = lim

k→∞
Yr−1(znk

, xnk
)

≥− lim
k→∞

Yr(znk
, xnk

)

ρnk

= 0.

Using the Matrosov property, we can show that
Yr−1(z̄, x̄) = 0 and Yr(z̄, x̄) ≤ 0. Hence two cases are
considered.

If Yr(z̄, x̄) = 0, it follows that Yr+1(z̄, x̄) ≤ 0. This con-
tradicts the fact that Yr+1 ≡ 1.

If Yr(z̄, x̄) < 0, by continuity of Yr, it follows that

Y
rρnk
r−1 (znk

, xnk
) = ρnk

Yr−1(znk
, xnk

) + Yr(znk
, xnk

) < 0

for all sufficiently large k, where from the Matrosov prop-
erty, Yr−1(znk

, xnk
) ≤ 0 was used. It contradicts the fact

that Y
rρnk
r−1 (znk

, xnk
) > 0. This completes the proof. 2

Theorem 2 (Common Matrosov functions) For the dif-
ferential inclusion (1) where F has the form in (3), if the
compact set A is UGS and for each pair of strictly pos-
itive real numbers (δ,∆) there exists a set of functions
that are common Matrosov functions for all (fi, D), for
all i ∈ {1, . . . ,mf}, then A is UGAS. �

Proof. Let ∆ and ε be any positive constants. Since
A is UGS, next step is to show that A is UGA. The
proof is completed by contradiction. Assume that A is
not UGA, for each n ∈ N (with T = n (see Definition
1)), there exist a sequence {tn, x0n}n∈N and a solution

xn ∈ S(tn, x0n) such that

|x0n|A ≤ ∆

⇒

{
|xn(t)|A > δ, ∀t ∈ [tn, tn + n] ⊂ Dom(xn)

|xn(t)|A ≤M, ∀t ∈ Dom(xn)

where δ and M come from Definition 1. Let D =
D(δ,M). This indicates xn(t) ∈ D,∀t ∈ [tn, tn + n].

Let {Wj}1≤j≤r be common Matrsov functions for all

(fi, D), i = 1, . . . ,mf , and {Yi,j}1≤j≤r be the corre-

sponding functions that have the Matrosov property rel-
ative to (γ,D). By applying Lemma 1, it will show the
contradiction.

When r = 1, applying Lemma 1 as well as Definition 4
indicates that there exists µ > 0 such that

∇tW1(t, x) +∇xW1(t, x)ξ ≤
mf∑
i=1

αiYi,1(φ(t, x), x) ≤ −µ,

for any (t, x) ∈ R≥0 ×D, where αi ≥ 0 satisfying

mf∑
i=1

αi = 1

and

ξ =

mf∑
i=1

αifi(t, x).

Consequently,

dW1(t, xn(t))

dt
=∇tW1(t, xn(t)) +∇xW1(t, xn(t))ẋn(t)

≤−µ,

for almost all t ∈ [tn, tn + n]. Integrating both sides of
the above inequality over the interval [tn, tn+n] obtains

−2γ′ ≤W1(tn + n, xn(tn + n))−W1(tn, x(tn)) ≤ −nµ (6)

for all n ∈ N,, where γ′ comes from Definition 4. The
contradiction is obtained when n tends to infinity.

When r ≥ 2, Statement (b) in Lemma 1 can be

used to construct two new sequences:
{
W rρ
j

}r−1
j=1

and{
Y rρi,j

}r−1
j=1

,∀i = 1, . . . ,mf , for all sufficiently large ρ

such that the conditions described in Definition 4 still
hold with r and γ′ being replaced by r−1 and γ′(1 +ρ),
respectively. By continuing this process, we can reduce
the number r to r = 1 and the same contradiction holds
in this case. This completes the proof. �
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4 Example

In this section, we revisit an example considered in (Lee
et al., 2015) and apply to it the refined Matrosov’s theo-
rem (Theorem 2). Consider the time-varying differential
inclusion with state x ∈ R2 given as

ẋ ∈ co

 ⋃
i∈{1,2}

fi(t, x)

 =: F (t, x), (7a)

fi(t, x) := −
(
eie

T
i + αi(t, x)J

)
x i ∈ {1, 2} , (7b)

e1 :=

[
1

0

]
, e2 :=

[
0

1

]
, J :=

[
0 1

−1 0

]
. (7c)

We assume the following conditions on the functions αi.

Assumption 2 For all i ∈ {1, 2}, the functions αi :
R≥0×R2 → R are continuously differentiable and satisfy
the following properties for each pair of strictly positive
real numbers (δ,∆):

(1) there exists ν > 0 such that ∀t ≥ 0, the following
inequality holds:

|x| ∈ [δ,∆]
=⇒max {|αi(t, x)|, |∇tαi(t, x)|, |∇xαi(t, x)|} ≤ ν;

(2) there exist T > 0 and ε > 0 such that for i = 1, 2 we
have

|eTi x| ∈ [δ,∆] =⇒
∫ t+T

t

α2
3−i
(
s, eie

T
i x
)
ds ≥ ε,∀t ≥ 0.

�

The following result was established also in (Lee et al.,
2015) using different techniques.

Corollary 1 Under Assumption 2, the origin of the dif-
ferential inclusion (7) is UGAS. �

Proof: We prove Corollary 1 by constructing Matrosov
functions that satisfy conditions of Theorem 2. First, we
show UGS. Consider the Lyapunov function candidate
V (x) := 0.5xTx. A simple calculation gives

〈∇V (x), fi(t, x)〉 = −x2i ≤ 0. (8)

Thus, for every λ ∈ [0, 1],

〈∇V (x), λf1(t, x) + (1− λ)f2(t, x)〉
= −λ|x1|2 − (1− λ)|x2|2 (9)

≤ −min
{
|x1|2, |x2|2

}
≤ 0.

This bound and the fact that V is independent of t,
positive definite and radially unbounded implies that the
origin is UGS.

It remains to establish that the origin is UGA. For this
property, we use common Matrosov functions. We let
(δ,∆) be a given pair of positive real numbers such that
0 < δ < ∆. Via Assumption 2, these numbers gener-
ate positive real numbers ν, T , and ε. With the pre-
vious definition of D, for this example we have D ={
ξ ∈ R2 : |ξ| ∈ [δ,∆]

}
.

We start with the definitions

W1(t, x) := V (x) (10a)

Y1,1(z, x) := −x21 (10b)

Y2,1(z, x) := −x22. (10c)

and observe that, due to (8), for i ∈ {1, 2},

∇tW1(t, x) + 〈∇xW1(t, x), fi(t, x)〉 ≤ Yi,1(φ(t, x), x)
∀(t, x) ∈ R≥0 ×D. (11)

Let W2(t, x) := −x1x2
(
α2(t, x)x21 − α1(t, x)x22

)
. Then,

direct computations show that there exists some β2 > 0
that depends on (δ,∆) so that the following holds for
i = 1, 2 and for all (t, x) ∈ R≥0 ×D:

∇tW2(t, x) + 〈∇xW2(t, x), fi(t, x)〉
≤−α2

i (t, x)x43−i + β2|xi| . (12)

Let

W3(t, x) :=−x22
∫ ∞
t

exp(t− τ)α2
1(τ, e2e

T
2 x)dτ

−x21
∫ ∞
t

exp(t− τ)α2
2(τ, e1e

T
1 x)dτ.

Let (0.5δ,∆) generate ε and T from Assumption 2. Using
our assumptions and following calculations as in (Loria
et al., 2005), it can be shown that there exists β3 > 0,
which depends on (δ,∆) such that the following holds
for i = 1, 2 and for all (t, x) ∈ R≥0 ×D:

∇tW3(t, x) + 〈∇xW3(t, x), fi(t, x)〉

≤−x22 exp(−T )

∫ t+T

t

α2
1(τ, e2e

T
2 x)dτ

−x21 exp(−T )

∫ t+T

t

α2
2(τ, e1e

T
1 x)dτ

+β3 (|xi|+ |αi(t, x)x3−i|)
≤−x23−i exp(−T )ε+ β3 (|xi|+ |αi(t, x)x3−i|) (13)

To show that the last inequality holds, we first consider
i = 1. This is done by considering two cases |x2| < δ/2
and |x2| ≥ δ/2. Let |x2| < δ/2. Then, since |x| > δ, we
have |x1| ≥ δ/2 and, hence, −x21 ≤ −x22 and

∫ t+T

t

α2
2(τ, e1e

T
1 x)dτ ≥ ε,
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which implies

−x21 exp(−T )

∫ t+T

t

α2
2(τ, e1e

T
1 x)dτ ≤ −x22 exp(−T )ε.

When |x2| ≥ δ/2, then we have that∫ t+T

t

α2
1(τ, e2e

T
2 x)dτ ≥ ε

and hence

−x22 exp(−T )

∫ t+T

t

α2
1(τ, e2e

T
2 x)dτ ≤ −x22 exp(−T )ε .

This completes the proof of the last inequality in (13)
when i = 1. The last inequality in (13) holds with i = 2
because the equations are symmetric in index i. Hence,
with the above defined Wj(t, x), j = 1, 2, 3, we showed
that we can use the following Yi,j : γB2×D → R, i = 1, 2
and j = 1, 2, 3:

Yi,1(z1, z2, x1, x2) =−x2i
Yi,2(z1, z2, x1, x2) =−z2i x43−i + β2|xi|
Yi,3(z1, z2, x1, x2) =−x23−i exp(−T )ε+ β3(|xi|+ |zix3−i|)

and it is easy to see that for each i = 1, 2 the function
(Yi,1, Yi,2, Yi,3) have the Matrosov property relative to
(γ,D), where

γ := γ′ = sup
t≥0,x∈D

[√
α2
1(t, x) + α2

2(t, x) + V (x) + W̄ (t, x)
]

with

W̄ (t, x) := |W2(t, x)|+ |W3(t, x)|

From Theorem 2 it follows that the system is UGAS. �

Remark 4 We note that if we define the functions

Yj(z, x) := max
i∈{1,...,mf}

Yi,j(z, x),

we have the condition (2b). However, these functions Yj
do not have the Matrosov property relative to (γ,D) for
some γ andD. For example, let δ > 0 and ∆ > 0 be such
that (γ2 ,−

γ
2 , 0, 1) ∈ γB2 × D. Now consider the point

(z1, z2, x1, x2) = (γ2 ,−
γ
2 , 0, 1) and note that

Y1

(γ
2
,−γ

2
, 0, 1

)
= 0 (14)

while

Y2

(γ
2
,−γ

2
, 0, 1

)
= β2 (15)

where β2 comes from (12). Therefore, in order to make
use of the functions (W1,W2,W3), the refinement con-
tained in Theorem 2 is clearly needed. �

5 Conclusions

We provided a refinement of Matrosov’s Theorem for
differential inclusions that are generated using a convex
hull of a finite number of vector fields. The usefulness of
this result is illustrated by an example.
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