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Abstract

The de�nition of a minimum phase nonlinear system, as
usually found in the literature, is not general enough to
be used for some classes of systems. The nonlinearity
may yield a variety of di�erent behaviors that are not ad-
dressed and analyzed in the literature. We provide a con-
structive method to test several di�erent minimum phase
properties for classes of explicit and implicit discrete-time
polynomial systems. The method is based on a symbolic
computation package called QEPCAD. Our results can
also be interpreted as a constructive approach to stability
and stabilizability of explicit and implicit discrete-time
polynomial systems.

1 Introduction

The minimum phase property of nonlinear systems plays
an important role for a number of control problems, such
as I-O linearization and output dead-beat control [7, 9, 4].
It appears that the notion of minimum phase systems in
the nonlinear context has inherited from linear theory
not only its name but also the de�nition which tries to
mimic and capture the behavior which is typical of lin-
ear systems. In order to exploit the possibilities that the
nonlinearity has to o�er, we introduce a number of dif-
ferent de�nitions for minimum phase systems. Some of
them are based on [1] and some generalize the de�nition
found in [9].

In this paper we consider input-output discrete-time
polynomial system [5] of the form

y(k + 1) = F (y(k); : : : ; y(k � s); u(k � t); : : : ; u(k)) (1)

�This work is supported by Centre for Sensors, Signals and In-

formation Processing under the Cooperative Research Centres pro-

gram by the Australian Government.

where y(k) 2 R and u(k) 2 R are respectively output and
input of the system at time instant k. The integers s and
t are positive and the nonlinearity F is a polynomial in all
its arguments. They represent a natural generalization of
linear ARMAX models and can be identi�ed using the so
called identi�cation techniques for block oriented models
[5]. Models for a large number of systems, such as a heat
exchanger [5], can be identi�ed in this form.
It turns out that for these systems one needs to con-

sider a constrained stabilizability problem and not a stabil-
ity problem when checking minimum phaseness. Indeed,
if we assume that for the above given system the output
is kept at a constant value y� we obtain:

y� = F (y�; y�; : : : ; y�; u(k � t); : : : ; u(k)) (2)

which represents an implicit di�erence equation. Notice
that in general at each time k, the above given equation
may have several possible u(k) that satisfy it. This fact
in general gives us a possibility to choose the most ap-
propriate value u(k) at each time step. Hence, there is
some design freedom that one can exploit when dealing
with the \stability" of zero dynamics. We refer to [1] as
a �rst reference in which this issue has been raised.
Here, we concentrate on the problem of checking mini-

mum phase properties for classes of explicit and implicit
discrete-time polynomial systems. Our method is based
on the use of a software package for quanti�er elimina-
tion in the �rst-order theory of real closed �elds, which
is called QEPCAD [2, 3]. We have recently shown how
QEPCAD can be used to decide state and output dead-
beat controllability of polynomial systems [11, 10]. The
package has been used for number of other linear and
nonlinear control theoretic problems and it can in a very
natural way tackle constraints on controls and states.
The price we pay for such a general methodology is the
increase in the computational cost, which is in general
prohibitive. At the moment only modest problems can
be solved using the algorithm. However, by constraining
the structure of general polynomial systems one can solve
problems for which no other analytic results or a method
exist.
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2 Preliminaries

QEPCAD is a symbolic computation package for quan-
ti�er elimination (QE) in the �rst order theory of real
closed �elds. It is based on the cylindrical algebraic de-
composition (CAD) algorithm [2, 3]. The input to the
algorithm is an expression which consists of polynomial
equations and inequalities, Boolean operators and (^),
or (_), implies (!) and not (:), as well as quanti�ers
9 and 8. The solution (output formula) is a quanti�er
free expression. We note that all variables are assumed
to be real. For more on QEPCAD see [2, 3, 8]. The sim-
ple examples we present illustrate the operation of the
algorithm.

Example 1 If the input expression is (9t)[a2t
2 + a1t +

a0 = 0], the output expression (a21 � 4a2a0 � 0) is ob-
tained.

Example 2 [8] If the input expression is (8x)(8y)[(x2+
y2 < 1)! (y > x4� 2)], the output expression TRUE is
obtained.

A set S � R
n is called semi-algebraic if it can be con-

structed by �nitely many applications of union, intersec-
tion and complementation operations on sets of the form
fx 2 Rn : fi(x) � 0g, where fi are polynomials in x with
real coe�cients. Given a semi-algebraic set S we denote
its de�ning expression as S(x).
Euclidean norm of a vector x is denoted as jjxjj. The

distance between points x; y 2 R
t and the distance be-

tween a set A � R
t and a point x 2 R

t are respectively
denoted as d(x; y) = jjx�yjj and d(x;A) = infy2A jjx�yjj.
A hyper-ball centred at a point z� with a radius p > 0 is
denoted as

Bp(z
�) = fz 2 Rt : d(z; z�) < pg

and the hyper-cube centered at a point z� with sides 2r >
0 is denoted as

Cr(z
�) = fz : (jz1 � �j < r) ^ : : : ^ (jzt � �j < r)g

where jaj is the absolute value of the scalar a.
We denote F (y�; : : : ; y�; u(k � t); : : : ; u(k)) � y� as

G(u(k�t); : : : ; u(k)) and consider implicit recursive poly-
nomial dynamics:

G(u(k � t); : : : ; u(k)) = 0 (3)

A subclass of the implicit dynamics (3) are explicit dy-
namics:

u(k) = Ge(u(k � t); : : : ; u(k � 1)) (4)

De�nition 1 A criterion of choice is a single valued
function c : Rt ! R (denoted also as u(k) = c(u(k �
t); : : : ; u(k � 1))) such that

G(u(k � t); : : : ; u(k � 1); c(u(k � t); : : : ; u(k � 1))) = 0;
8u(k � 1); : : : ; u(k � t) 2 R:

(5)

We introduce state variables zi = u(k � t � 1 + i); i =
1; : : : ; t and obtain the system:

z1(k + 1) = z2(k)

: : : : : :

zt(k + 1) = u(k) (6)

with the constraint G(z1(k); : : : ; zt; u(k)) = 0. This sys-
tem can be regarded as a linear system de�ned on a va-
riety.

De�nition 2 Consider a criterion of choice applied to
the system (3):

z1(k + 1) = z2(k)

: : : : : :

zt(k + 1) = c(z1(k); : : : ; zt(k)) (7)

We call the system (7) the \c"-resulting system.

De�nition 3 The equilibrium z� of the \c"-resulting
system (7) is:

1. stable if 8" > 0; 9� > 0; � = �(") such that if z(0) 2
B�(z

�) then z(k; z(0)) 2 B"(z
�);8k = 1; 2; : : :.

2. attractive if 9� > 0 such that if z(0) 2 B�(z
�), then

limk!1 jjz(k; z(0))� z�jj ! 0

3. locally asymptotically stable if 1 and 2 hold

4. globally asymptotically stable if 1 holds and 2 is sat-
is�ed 8z(0) 2 Rt .

De�nition 4 Consider a criterion of choice c and the
\c"-resulting system. A bounded set A

(supx;y2A d(x; y) < 1) is invariant if 8z(0) 2 A we
have that z(k) 2 A;8k.

We note that an invariant set A is not unique in general
and we usually do not work with the smallest such set but
rather with the one which is simple to analyze.

De�nition 5 An invariant set A 6= ; of a \c"-resulting
system is

1. stable if 8" > 0; 9� > 0; � = �(") such that if
d(z(0); A) < � it follows that d(z(k; z(0)); A) < ";8k

2. attractive if 9� > 0 such that if d(z(0); A) < � it
follows that limk!1 d(z(k; z(0)); A)! 0

3. asymptotically stable if 1 and 2 hold

4. globally asymptotically stable if 1 holds and 2 holds
with � =1.

Below we propose de�nitions of minimum phase systems,
which incorporate the criterion of choice.

De�nition 6 The system (1) is:
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1. point-minimum phase (set-minimum phase) if there
exists a criterion of choice c such that the equilibrium
z� (bounded invariant set A) of the \c"-resulting sys-
tem is asymptotically stable

2. uniformly point-minimum phase (uniformly set-
minimum phase) if for any criterion of choice c the
equilibrium z� (bounded invariant set A) of the \c"-
resulting system is asymptotically stable

3. non minimum phase if it is neither point nor set-
minimum phase

The above given de�nitions of minimum phase systems
may be generalized in many ways to suit a particular
problem or a property we are dealing with. We point out
that when we talk about point-minimum phase property,
we assume that the equilibrium of interest is known a
priory. For set-minimum phase properties we normally
show how to �nd an invariant set A. This re
ects that
point-minimum phase property is used in local analysis
and set-minimum phase for global analysis.

Example 3 Consider the following system:

x1(k + 1) = (u(k) + x1(k) + 0:5x2(k))

(u(k) + x1(k)� 3x2(k))

x2(k + 1) = u(k)

y(k) = x1(k) (8)

The system has relative degree r = 1 in the sense of
[9]. Observe that the partial derivative in vanishes at the
particular point (x�; u�)=(0; 0). We emphasize that this
situation has not been analyzed in the literature.
We show below that the I-O linearizing feedback law

exists and it is not unique. The system is already in
the form which does not require a change of coordinates
and only the state feedback is needed to I-O linearize the
system. Consider the following continuous feedback law:

u(k) = �x1(k) + 1:25x2(k)� [0:25(x1(k)� 2:5x2(k))
2

�(x1(k) + 0:5x2(k))(x1(k)� 3x2(k))� v(k)]0:5

(9)

where v(k) is a new control variable. Notice that we have
a freedom of choosing \+" or \�" sign in the above con-
trol law. Any choice I-O linearizes the system. Suppose
we choose the control law with the choice \+". Straight-
forward calculations show that the corresponding zero dy-
namics are x2(k+1) = 3x2(k), and they are not stable. If
we use the de�nition of minimum phase systems in [9], we
conclude that the system is not minimum phase. How-
ever, by applying the choice \�" in the I-O control law
the zero dynamics become x2(k+1) = �0:5x2(k). Obvi-
ously they are stable. We conclude that if one wanted to
blindly apply the known de�nition of minimum phase to
this system, it would not be clear whether the system is
minimum phase or not.

From the output dead beat control point of view, the
important feature that needs to be captured by the notion
of minimum phase should be that we can keep the inputs
bounded while output is kept constant. Hence, it is clear
that the choice of the feedback law u(k) = g(x(k); v(k))
must be taken into account when considering the mini-
mum phase property. Notice, however, that we are no
longer dealing with a stability problem when analyzing
minimum phase systems but with a constrained stabiliz-
ability problem.

The given example shows that the known de�nition of
minimum phase systems found in the literature relies
heavily on the use of implicit function theorem. More-
over, in many situations the de�nition may be inadequate
to capture what is going on.

3 A point-minimum phase test

We present below several tests for point-minimum phase
properties of I-O polynomial systems. Without loss of
generality we assume in this subsection that the equilib-
rium around which we are working is the origin z� = 0.
Fix a number U < 1 such that j1�U j � 1, for instance

U = 0:9999. In the sequel we exploit the following sets

S
zj
1

= fz 2 Rt : 9u(0) 2 R; ju(0)j < U jzj j;

G(z1; : : : ; zt; u(0)) = 0g

S
zj
2

= fz 2 Rt : 9u(0); u(1) 2 R; ju(1)j < U jzj j;

G(z1; : : : ; zt; u(0)) = 0;

G(z2; : : : ; zt; u(0); u(1)) = 0g

: : : : : : (10)

where j = 1; 2; : : : ; t. Hence, sets S
zj
k represent states

in Rt for which there is a sequence of controls (criterion
of choice) yielding jzt(k)j < U jzj(0)j. The above given
sets can be used to check minimum phase properties of
the system (1). Notice that the sets can be computed
using QEPCAD since the inequality ju(0)j < U jzj j can
be rewritten as four inequalities without absolute values.
We, however, use absolute values to shorten notation.
These sets are semi-algebraic. We use the notation S

zj
1
(z)

to denote the expression which de�nes the set S
zj
1
.

The expression S
zj
1
(z) can be computed by considering

the decision problem

(9u(0))[ju(0)j < U jzj j ^G(z; u(0)) = 0]:

The above de�ned sets can be given in certain cases a
nice interpretation based on Lyapunov functions. Indeed,
assume that the set Sz1

1
is a neighborhood of the origin

in the case of the explicit zero dynamics (4) with the
function G continuous, and de�ne the Lyapunov function:

V (z(k)) =

tX

i=1

jzi(k)j

666

Authorized licensed use limited to: University of Melbourne. Downloaded on March 19,2022 at 04:57:21 UTC from IEEE Xplore.  Restrictions apply. 



which is positive de�nite. By considering the di�erence:

V (z(k + 1))� V (z(k)) =

tX

i=2

jzi(k)j+ jGe(z(k))j

�

tX

i=1

jzi(k)j

we obtain V (z(k+1))�V (z(k)) = jGe(z(k))j�jz1(k)j. By
de�nition of the set Sz1

1
we have that jG(z(k))j < jz1(k)j

on the set. Hence, we obtain

V (z(k + 1))� V (z(k)) < 0;8z 2 Sz1
1

and since Sz1
1
is a neighborhood of the origin, the origin of

the \c"-resulting system is asymptotically stable. Notice
that in this case we could use the quadratic Lyapunov
function V (z(k)) =

Pt

i=1(zi(k))
2 to arrive at the same

conclusion.
This result can be generalized to implicitly de�ned zero

dynamics (3) and when the criterion of choice is a discon-
tinuous mapping. We show below that the sets can be
used to prove stability properties without having to resort
to Lyapunov functions, namely by de�nition.

Theorem 1 There exists a criterion of choice c such

that the origin of the \c"-resulting system is stable if the

set N = [jS
zj
1

is a neighborhood of the origin.

Proof of Theorem 1: Notice �rst that if the set N

contains a neighborhood of the origin this guarantees that
Assumption 1 is satis�ed on the neighborhood.
Given a positive number s > 0, we consider the hyper-

cube

Cs(0) = fz 2 Rt : jz1j < s ^ : : : ^ jztj < sg

Notice that if the conditions of Theorem 1 are satis�ed,
there exists s� > 0 such that Cs�(0) � N . Then, there
exists a criterion of choice c such that any hyper-cube
Cs(0); s 2]0; s

�[ satis�es that if z(0) 2 Cs then z(k) 2
Cs(0);8k = 1; 2; : : :. Indeed, if

jz1(0)j < s ^ : : : ^ jzt(0)j < s

then we have from the structure of the system that

jz1(1)j = jz2(0)j < s ^ : : : jzt�2(1)j = jzt(0)j < s

Moreover, by de�nition of sets (10) we have that there
exists a criterion of choice c such that

jzt(1)j < U jzj(0)j < s; j 2 f1; 2; : : : ; tg

and hence we conclude that z(1) 2 Cs(0). Notice that
this holds for arbitrary z(0) 2 Cs(0) and hence we have
that z(k) 2 Cs(0);8k.
Consider now any hyper-ball B"(0); " > 0 and de�ne

� = �(") = min("=2; s�=2). Then if z(0) 2 B� we have
that z(k) 2 C�(0);8k since � 2]0; s�[. Moreover, we have
that C�(0) � B"(0);8" > 0 and hence z(k) 2 B"(0);8k.
Therefore there exists a criterion of choice c such that the
\c"-resulting system is stable by de�nition. Q.E.D.

Comment 1 QEPCAD can be used to check whether a
semi-algebraic set S with the de�ning expression S(x) is
a neighborhood of a point x�. Indeed, this can be done
by considering the decision problem:

(9q)[S(x) ^ jjxjj < q]

Theorem 2 Suppose that 9j 2 f1; : : : ; tg such that the

set S
zj
1

is a neighborhood of the origin. Then the system

is point-minimum phase.

Proof of Theorem 2: Stability follows from Theorem 1.
We show now that the system is also locally attractive.
We know that there exists a number s� such that any
hyper-cube Cs(0); s 2]0; s

�[ is invariant with respect to
the solutions z(k);8k. Hence, we have that if z(0) 2 Cs(0)

jzt(k + t� j)j < jzj(k)j;8k

If k = 0 we have that jzt(t � j)j = p0jzj(0)j; p0 < U < 1.
For k = 1 we have that jzt(1 + t � j)j = p1jzj(1)j =
p1p0jzj(0)j; p1 < U < 1. In general we obtain that

jzt(N + t� j)j =

NY

i=0

pijzj(0)j; pi < U < 1

and by taking the limit we obtain limN!1 jz2;t(N + t�

j)j ! 0. Since zl(k + 1) = zl+1(k); l = 1; : : : ; t � 2 we
conclude that

lim
N!1

jzl(N)j ! 0;8l = 1; : : : ; t� 2:

In other words, we have that limN!1 jjz(N)jj ! 0. We
can therefore take � = s�=2 and the attractivity of the
zero dynamics follows by de�nition. Q.E.D.
An obvious consequence of the above results is:

Corollary 1 Suppose there exists j 2 f1; 2; : : : ; tg such

that S
zj
1

= R
t . Then there exists a criterion of choice

such that the origin of the \c"-resulting system is globally

asymptotically stable.

Now we need the following assumptions:

Assumption 1 8z 2 Rt , all the solutions ui to the equa-

tion G(z; u) = 0 satisfy juij <1.

Assumption 2 8z1; : : : ; zt�2 2 R there exists a real so-
lution u� to the equation G(z; u) = 0 satisfying

lim
jztj!0

ju�j ! 0

We use the notation H = fz 2 Rt : zt = 0g. We state
now a result for

Theorem 3 Suppose that Assumptions 1 and 2 are sat-

is�ed for the implicit polynomial dynamics (3). There

exists a criterion of choice such that the origin of the \c"-

resulting system is globally attractive if there is an integer

N such that [Ni=1S
zj
i = R

t �H for some j 2 f1; : : : ; tg.
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Proof of Theorem 3: Suppose that conditions of The-
orem 3 are satis�ed. Consider any initial state z(0) 2 Rt .
If z(0) 2 H then by simply applying u(k) = 0;8k we have
that z(k) = 0;8k � t. If z(0) 2 R

t � H , then we have
that z(0) 2 S

zj
k1
; k1 2 f1; : : : ; Ng. By de�nition of the set

S
zj
k1

we have that

jzt(k1)j = pk1 jzj(0)j; 0 � pk1 < U < 1

If z(k1) 2 H we trivially have attraction to the origin.
Suppose that z(k1) 62 H . Then, we have that z(k1) 2
S
zj
k2
; k2 2 f1; : : : ; Ng and by de�nition

jzt(k2)j = pk2 jzt(k1)j; 0 � pk2 < U < 1

Therefore, if we suppose that z(ki) 62 H;8i = 1; 2; : : : we
have that

jzt(kN )j =

NY

i=1

pki jzj(0)j; 0 � pki < U < 1;8i

and by taking the limit of the above expression we obtain
that

lim
N!1

jzt(kN )j ! 0

Because of the Assumption 2 and since zt(kN ) ! 0 we
have that zt�j(kN + j)! 0; j = 1; 2; : : : ; t� 2 and there-
fore jjz(k)jj ! 0. The boundedness of z(k);8k follows
trivially from the boundedness of solutions (Assumption
1). Q.E.D.

Corollary 2 If the conditions of Theorems 1 and 3 are

satis�ed the system (3) is point-minimum phase. More-

over, there exists a criterion of choice c such that the

origin of the \c"-resulting system is globally asymptoti-

cally stable.

Notice that Assumption 1 is not essential for the global
attractivity result and is only used to guarantee that
there are no �nite escape times.

Comment 2 The computational complexity of the de-
cision rules used to de�ne the sets S

zj
k may be prohibitive

and hence it is of utmost importance to investigate ways
in which the complexity can be reduced. The required
computations may be drastically reduced by �rst decom-
posing the polynomial G which de�nes the implicit zero
dynamics (3)

G(z1; : : : ; zt; u) =

MY

i=1

fi(z1; : : : ; zt; u) (11)

where fi are all irreducible polynomials. For example, we
can use \factor" command in Maple. Notice that G = 0 if
fi = 0 for some i and if any of the newly de�ned implicit
zero dynamics

fi(z1; : : : ; zt; u) = 0

satis�es conditions of some of the Theorems 1, 2 or 3, the
zero dynamics (3) have at least the same properties as
the newly de�ned zero dynamics.

It is important to emphasize that the uniform point-

minimum phase property can be tested using a very sim-
ilar method, by rede�ning the decision problems used to
compute the sets.

4 A set-minimum phase test

The following su�cient condition for set minimum phase-
ness is easily proved.

Theorem 4 Suppose that Sz1
1

= R
t � L, where L is a

bounded set (supx;y2L d(x; y) < 1). Then the system is

set-minimum phase.

Proof of Theorem 4: From the de�nition of the set
Sz1
1

we have that there exists a criterion of choice c such
that the \c"-resulting system has the property jjz(1)jj <
jjz(0)jj;8z(0) 2 Sz1

1
. Moreover, because of Assumption 1

we have that jjz(1)jj < 1;8z(0). Hence, we can �nd a
number s <1 such that the hyper-ball Bs(0); L � Bs(0)
is an invariant set. Global asymptotic stability of Bs(0)
follows directly from the fact that Rt � Bs(0) � Sz1

1
.

Q.E.D.

Comment 3 In a very similar way we can prove other
stability properties and also we can use other sets for this
purpose. For example, we could work with sets

S1 = fz : 9u 2 R; jjz(1)jj2 < U jjz(0)jj2;

G(z(0); zt(1)) = 0g; etc:

With these sets all proofs become much easier but notice
that the degrees of input polynomials are higher than for
the sets that we used and hence they are more di�cult
to compute.

QEPCAD can be used to compute (or construct) Lya-
punov functions if we know from converse Lyapunov the-
orems [6] that they belong to a class of polynomial func-
tions. For example, all polynomial systems which have
stable linearization allow for quadratic Lyapunov func-
tions [6]. So suppose we want to check stability of the
system:

x(k + 1) = F (x(k)) (12)

with x 2 Rn and F is a vector polynomial function in all
its arguments. We can choose the quadratic function:

V (x(k)) = xT (k)Hx(k); H = HT ; H > 0; H 2 Rn�n

By considering the following set of formulas:

(9H)[(H�HT = 0)^(H > 0)^(F T (x)HxF (x)�xTHx < 0)

we can compute the existence of a quadratic Lyapunov
function. Moreover, all possible matrices H which de�ne
Lyapunov functions can be found using QEPCAD. With
any such Lyapunov function we can then estimate the
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domain of attraction which is very important in applica-
tions.

Observe that all systems (12) whose equilibrium is at-
tractive must necessarily have the property that 9N such
that [jS

zj
N is a neighborhood of the origin. Suppose that

this is satis�ed. Then to check stability, we can just con-
sider the formulas:

(8")(9�)[(" > 0)^(� > 0)^(jjxjj < �)^(jjF (x)jj < �)^ : : :

^(jjFN�1(x)jj < �)]

which qualify as input formulas to the QEPCAD algo-
rithm and hence can be decided in �nite time.

5 Conclusion

We presented some results on the problem of testing the
minimum phase property of polynomial systems. We re-
visited the de�nitions of minimum phase systems with
the aim of showing that they need to be generalized in
order to be well de�ned for general nonlinear systems.
The fact that we have choice over many controllers when
I-O linearizing the system had not been studied in the
literature. This introduces design procedures into the
problem of stability of zero dynamics and in a sense we
are talking about \stabilizability of zero dynamics".

We proposed QEPCAD to test di�erent minimum
phase properties. We point out that our intention was
just to illustrate how it is possible to use this tool (QEP-
CAD) and we have not presented the most comprehen-
sive or the most general solutions. We showed that sta-
bility properties of some classes of polynomial systems
can be checked by de�nition. The main hindrance to the
method is computational complexity but by constrain-
ing the structure of the system and using some analytical
results we can reduce computations considerably.

An interesting question arises:

Is it less complex to check stability by constructing Lya-

punov functions or by de�nition?

At this moment, it seems that the answer to the above
question would depend on the class of systems that we are
considering. We emphasize that one can easily construct
examples for which testing stability by de�nition is easier
to compute! This is a rather unexpected result which
sheds a new light on the stability problem.
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