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Abstract

This paper continues the study [1] and develops a curse-of-dimensionality-free
numerical approach to feedback stabilization, whose theoretical foundation was built
in [1] and involved the characterization of control Lyapunov functions (CLFs) via
exit-time optimal control. First, we describe an auxiliary linearization based tech-
nique for the construction of a local CLF and discuss how to determine its appropriate
sublevel set that can serve as the terminal set in the exit-time optimal control problem
leading to a global or semi-global CLF. Next, the curse of complexity is addressed
with regard to the approximation of CLFs and associated feedback strategies in
high-dimensional regions. The goal is to enable for efficient model predictive con-
trol implementations with essentially faster (though less accurate) online policy
updates than in case of solving direct or characteristics based nonlinear programming
problems for each sample instant. We propose a computational approach that com-
bines gradient enhanced modifications of the Kriging and inverse distance weighting
frameworks for scattered grid interpolation. It in particular allows for convenient
offline inclusion of new data to improve obtained approximations (machine learn-
ing can be used to select relevant new sparse grid nodes). Moreover, our method is
designed so as to a priori return proper values of the CLF interpolant and its gradi-
ent on the entire terminal set of the considered exit-time optimal control problem.
Supporting numerical simulation results are also presented.
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1 INTRODUCTION

The previous study [1] has developed theoretical results regarding the use of exit-time optimal control to characterize control
Lyapunov functions (CLFs) for deterministic nonlinear systems described by ordinary differential equations. As noted in [1,
Conclusion], such characterizations can help to attenuate the curse of dimensionality, but the curse of complexity remains
a significant issue for obtaining global or semi-global approximations of CLFs and associated feedback strategies in high-
dimensional regions of the state space. This is particularly crucial for model predictive control (MPC) algorithms [2–8].
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In general, MPC schemes use measurements or estimates of state variables at sample time instants in order to update control
strategies (e. g., via optimization). In standard online (real-time) MPC, an optimal open-loop control problem is numerically
solved for each sample instant, and a piece of the approximated optimal open-loop policy is implemented up to the next sample
instant, resulting in a quasi-feedback control law. If the sampling time, i. e., the time between two consecutive optimizations, is
small, such online updates may not be feasible, because the computational resources available for a real-time control process may
not be powerful enough. However, it is more common to have access to powerful computing architectures for preparatory offline
model training. A remedy may therefore be provided by methods that precompute additional information (possibly involving
costate data) in offline mode and then construct an online feedback control strategy via interpolation or regression [6–8]. They
are typically referred to as explicit MPC approaches [9], and one also has to emphasize their connection with the broad areas of
dynamic programming, Hamilton–Jacobi–Bellman (HJB) equations, as well as necessary and sufficient conditions for control
optimality [10–16]. For high-dimensional problems, these methods are usually demanding in terms of both computational effort
and storage requirement, which leads to the curse of dimensionality as well as the curse of complexity (see the related discussion
in [1, Introduction]).
It is thus relevant to design approaches that allow for attenuating the aforementioned computational issues and accelerating

online control or costate updates in MPC, whilst lowering the accuracy only within acceptable limits. One group of such frame-
works involves sparse grids, so that a sparse grid along with suitable data on it is generated beforehand in offline mode, and
some interpolation or regression scheme using this data is then executed online. In [6], this has been implemented with Smolyak
type sparse grids having predetermined nodes in a specific hierarchical configuration. However, scattered grids with associated
interpolation or regression techniques [17–20] are more flexible, since new nodes can be directly included in such a grid to
improve the approximation. Furthermore, appropriate new nodes may be selected via machine learning. This is often done in
offline mode, while online computations exploit already trained models.
The works [7, 8, 21, 22] propose some other data-driven methods for fast MPC computation that employ neural networks and

polynomial regression. These methods have been successfully applied to a number of initial-value problems for HJB equations
(those problems describe value functions in case of no terminal state constraints, as opposed to the stabilization problems that
we treat via exit-time optimal control). Besides, the neural network characterization results of [21] are established for the special
case when the Hamiltonian depends only on the costate, but they work even for some particular Hamiltonians which are neither
convex nor concave, allowing some differential games to be handled.
The approach developed in the current paper combines gradient enhanced modifications of the Kriging and inverse distance

weighting frameworks [17] for scattered grid interpolation of the value functions in exit-time optimal control problems that can
describe CLFs. Note that gradient (costate) enhanced techniques may enable acceptable accuracy with much sparser grids than
in case when the gradient information is not taken into account [17–19].
A distinctive feature of our approach is that it constructs multiple gradient enhanced Kriging models on different sparse grids

and connects them via a special form of inverse distance weighting (a single interpolation or regression model is expected to
work well locally, but it may not provide required performance in a considered semi-global domain of the state space). This in
particular guarantees suitable approximations of the value functions (CLFs) and their gradients (costates) on the entire terminal
set of cardinality continuum, in addition to desired values at a finite number of sample grid points outside that set, which is
substantial for exit-time optimal control problems. Our framework also allows for convenient incorporation of new data in order
to improve created interpolants (e. g., within an offline machine learning process). Moreover, other data-driven models, such as
neural networks [7, 21, 22], polynomial regression [8], and support vector regression [17], can potentially be used in our general
composite model structure instead of Kriging.
The paper is arranged as follows. Section 2 proposes an auxiliary linearization based method to find a quadratic local CLF and

discusses how to determine its suitable sublevel set that can then appear as the terminal (target) set in the exit-time optimal control
problem leading to a global or semi-global CLF. In Section 3, we construct the aforementioned composite model approach to
scattered grid interpolation and describe its use for MPC. Section 4 presents supporting numerical simulation results. The first
numerical example is purely illustrative and does not involve MPC. Its purpose is to practically test the theoretical results of
the first part [1] as applied to a simple nonlinear control system with two-dimensional state space. This system can be treated
analytically to some extent, so that the exact and numerical solutions can be easily compared with each other. The characteristics
based numerical method we use in the first example is also illustrative and requires further development for more complex
systems, so its description is put in Appendix. The second example is essentially more complicated and considers a nonlinear
aircraft dynamic model with six-dimensional state space. We use the numerical frameworks of Sections 2 and 3 to implement
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MPC and attenuate the curse of dimensionality with the curse of complexity in this example. Finally, concluding remarks are
given in Section 5.
In this paper, we use the same notation and definitions as indicated in [1, Introduction and Subsection 2.1].

2 CONSTRUCTION OF A LOCAL CLF VIA LINEARIZATION

The theoretical results of [1, Section 2] were obtained in the presence of a local CLF. A typical perspective on local CLF
construction is to consider first the ideal case of unconstrained control inputs and search for a related CLF using, e. g., the
analytical frameworks of [23, §9.4] or [24, Chapter 5], so that it could then serve as a local CLF in case of pointwise control
constraints. This may in general be a challenging task. Moreover, the local or global asymptotic stabilization properties of
certain feedbacks for a number of well-recognized mechanical systems are established via nonstrict Lyapunov functions, such
that the right-hand sides in the associated infinitesimal decrease conditions vanish not only at the origin [25–30]. However,
the strictness appears in the original CLF concept (recall [1, Definition 2.5]) as well as in the sufficient conditions for local
asymptotic null-controllability given in [31, Section 2] and used in [1, Remark 2.10].
In this section, we adopt [1, Assumption 2.1] for the system

⎧

⎪

⎨

⎪

⎩

ẋ(t) = f (x(t), u(t)), t ⩾ 0,
x(0) = x0 ∈ G,

u(⋅) ∈ 
def
= L∞loc([0,+∞), U ),

(1)

and propose a linearization based numerical technique to build quadratic local CLFs under some additional conditions, with the
considerations of [3, Section 3] serving as an important motivation. Those considerations can also be employed to construct
quadratic local CLFs under the same assumptions. Although the technique presented in the current section is less elegant, it is
more straightforward to use and does not restrict the right-hand sides in the decrease conditions for the resulting local CLFs
necessarily to quadratic functions (in contrast to the approach of [3, Section 3]).

Assumption 2.1. In addition to [1, Assumption 2.1], suppose that 0m ∈ int U , f (0n, 0m) = 0n, the function f (⋅, ⋅) is
continuously differentiable, and the linearization

⎧

⎪

⎪

⎨

⎪

⎪

⎩

ẋ(t) = Ax(t) + B u(t), t ⩾ 0,
x(0) = x0 ∈ G,

u(⋅) ∈ 
def
= L∞loc([0,+∞), U ),

A
def
= Dxf (0n, 0m) ∈ ℝn×n, B

def
= Duf (0n, 0m) ∈ ℝn×m,

(2)

of the system 1 is asymptotically null-controllable.

A particular case of asymptotic null-controllability is exact null-controllability with the criterion

rank
[

B, AB, A2B, … , An−1B
]

= n (3)

(see, e. g., [32, §3.2, Theorem 3]).
Due to [32, §5.8, Theorem 19], Assumption 2.1 ensures the existence of a positive definite matrix P ∈ ℝn×n and a matrix S ∈

ℝm×n such that the functions
V̆ (x) = ⟨Px, x⟩ , ŭ(x) = Sx ∀x ∈ ℝn (4)

are respectively a local quadratic CLF and a locally stabilizing linear feedback for (1) in some neighborhood of the origin 0n.
One can search for such a neighborhood in the form of a sublevel set of V̆ (⋅).
In line with [32, §5.8, Proof of Theorem 19], the control matrix S is selected so that A + BS ∈ ℝn×n is Hurwitz, and P is

a unique positive definite solution of the (continuous Lyapunov) matrix equation

(A + BS)⊤ P + P (A + BS) = −In×n. (5)

Note that −In×n in the right-hand side of (5) can be replaced with any negative definite matrix of the same size.
The gradient of V̆ (⋅) is given by

DV̆ (x) = 2Px ∀x ∈ ℝn,
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and the sublevel sets
Ω̆r

def
= {x ∈ ℝn ∶ V̆ (x) ⩽ r} ∀r > 0 (6)

are closed ellipsoidal domains in ℝn. Since V̆ (⋅) is a local CLF for (1), there exists a level c′ > 0 satisfying

Ω̆c′ ⊂ G,

min
w∈U

⟨

DV̆ (x), f (x,w)
⟩

< 0 ∀ x ∈ Ω̆c′ ⧵ {0n}.
(7)

Then one can take
Ω = int Ω̆c′ , c ∈ (0, c′), Ωc = Ω̆c (8)

and select a local CLF and a locally stabilizing feedback as

Vloc(x) = V̆ (x),
uloc(0n) = 0m,
uloc(x) = ŭ(x) = Sx if Sx ∈ U and ⟨DVloc(x), f (x, Sx)⟩ < 0,
uloc(x) ∈ Arg min

w∈U
⟨DVloc(x), f (x,w)⟩ otherwise,

∀x ∈ Ω,

(9)

so that [1, Assumption 2.8] is satisfied. The greater such a level c, the wider the target setΩc , and, hence, the easier to numerically
solve the exit-time optimal control problem [1, (23)]. This leads to the problem of finding the supremum csup of all suitable levels,
which can be practically treated by testing the nodes of a uniform grid on the interval [0, c̃] with a sufficiently small stepsize
and a sufficiently large right endpoint c̃ > 0. For each node, an appropriate finite-dimensional optimization problem should be
numerically solved. Finally, it is reasonable to select c somewhat lower than csup, so that minw∈U ⟨DVloc(x), f (x,w)⟩ is not
very close to zero at states x near the boundary lc = )Ωc .
Note also that the lengths of the principal axes of the ellipsoid (6) with matrix P and level r are equal to

√

r∕�i(P ), i = 1, n,
where �i(P ), i = 1, n, are the eigenvalues of P (which are all real and positive due to the positive definiteness of P ). This can
be verified via the principal axis theorem (see, e. g., [34, p. 120] and [35, §3.2]).

Remark 2.2. The matrix P ∈ ℝn×n in (4) can be chosen as a unique positive definite solution of the algebraic Riccati equation

A⊤P + PA − PBR−1B⊤P + Q = 0n×n (10)

with arbitrary positive definite matrices Q ∈ ℝn×n, R ∈ ℝm×m, and (4) with S = −R−1B⊤P gives the value function and
optimal feedback strategy for the infinite-horizon linear-quadratic optimal control problem

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

ẋ(t) = Ax(t) + B u(t), t ⩾ 0,
x(0) = x0 ∈ ℝn,
u(⋅) ∈ L∞loc([0,+∞), ℝ

m),
+∞

∫
0

(⟨Qx(t), x(t)⟩ + ⟨Ru(t), u(t)⟩) dt ←→ min,

(11)

with unconstrained control inputs. In order to verify the existence and uniqueness of such a nonnegative definite matrix P , it
suffices to use [33, Part III, Theorem 1.4] and to note that the conditions of both items of [33, Part III, Theorem 1.5] are satisfied
(indeed, the pair (A,B) is stabilizable, Q is positive definite, Q1∕2 is nondegenerate, and the pair

(

A,Q1∕2) is observable). The
positive definiteness of P immediately follows from [32, §5.7, Theorem 18] if one rewrites the algebraic Riccati equation (10) as

(

A − BR−1B⊤P
)⊤ P + P

(

A − BR−1B⊤P
)

= −Q − PBR−1B⊤P

and uses the fact that A + BS = A − BR−1B⊤P is Hurwitz, Q,R are positive definite, and PBR−1B⊤P is nonnegative
definite.
It is typical to choose the matrices Q,R in the diagonal form Q = z1In×n, R = z2Im×m, z1 > 0, z2 > 0. Each pair

(z1,z2) ∈ (0,+∞)2 then determines a unique positive definite solution Pz1,z2 of (10). A certain pair (z1,z2) can be selected as
follows:

• first, take a finite number (grid) of sample pairs (z1,z2);
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• out of this collection, pick the pair that maximizes the minimal principal axis
√

√

√

√


sup,z1,z2
max

i∈{1,2,…,n}
�i(Pz1,z2)

(12)

of the ellipsoid with matrix Pz1,z2 and level


sup,z1,z2 = sup
{


 > 0 ∶ the ellipsoid with matrix Pz1,z2 and level 
 is contained in G, and

min
w∈U

⟨

Pz1,z2x, f (x,w)
⟩

< 0 for all x ≠ 0n lying in this ellipsoid
} (13)

(this is the supremum of all acceptable levels in terms of the CLF decrease condition).

Maximization of the minimal principal axis means that one wants to increase the closest distance from the boundary of the target
ellipsoid to the origin. Other selection criteria may also be used. For example, one can maximize the ellipsoidal volume which
is proportional to the product of the principal axes lengths [35, §3.2].

3 COMPOSITE MODEL APPROACH TO SCATTERED GRID INTERPOLATION AND ITS
USE FOR MPC

This section develops a composite model approach to scattered grid interpolation with the aim of attenuating the curse of
dimensionality as well as the curse of complexity for MPC application to exit-time problems that characterize CLFs.
Consider an exit-time optimal control problem that is stated either as in [1, Section 2] (with a local CLF involved) or as in [1,

Section 3] (without using any local CLF). We adopt also the following notation:

• V (⋅) is the value function;

• Φ = {x ∈ ℝn ∶ '(x) ⩽ 
} is the terminal (target) set;

• )Φ = {x ∈ ℝn ∶ '(x) = 
} is the boundary of Φ;

• V)Φ is the constant value of V (⋅) on )Φ.

In the setting of [1, Section 2], V (⋅) has the same meaning, Φ = Ωc , '(⋅) = Vloc(⋅), and 
 = V)Φ = c. In the setting of [1,
Section 3], one has V (⋅) = V�(⋅), Φ = B�(0n), '(x) = ‖x‖2, 
 = �2, and V)Φ = 0.
The goal is to design a method that reasonably approximates the value function and its gradient (costate) in a relatively

large bounded domain containing the terminal set and works substantially faster (though less accurately) in real-time MPC
implementations than online solution of direct or characteristics based nonlinear programming problems. The latter then have
to be treated in real time only when a current state leaves this bounded domain (which is in general not invariant with respect to
an implemented MPC strategy).
We suppose that the conditions of [1, Theorems 2.21, 2.29] or [1, Theorems 3.9, 3.13] are satisfied (in the second case, the

Petrov condition in [1, Item 4 of Theorem 3.9] is also assumed to hold). This in particular ensures that the value function is
locally Lipschitz continuous in 0 and hence differentiable almost everywhere in 0 (with respect to the Lebesgue measure in
ℝn). For instance, the value function is typically not differentiable at states on the boundary of the terminal set. Some manifolds
of nondifferentiability with Lebesgue measure zero may also appear outside the terminal set.
Furthermore, let '(⋅) be a continuously differentiable and convex function. Then its sublevel set Φ is convex. One also has

D'(x) ≠ 0n for any x ∈ )Φ, and )Φ is therefore a connected regular hypersurface in ℝn (recall the properties of a local CLF in
[1, Assumption 2.8] as well as the choice of the equivalents of Φ, '(⋅) and 
 in the setting of [1, Section 3]).
If the value function V (⋅) grows rather fast when moving away from the terminal set, the corresponding approximation

(interpolation) errors may also rise dramatically. In order to mitigate this negative effect, it may be reasonable to consider a
transformation Ṽ (⋅) of V (⋅) with limited growth. A possible choice is Ṽ (⋅) = ln(1 + V (⋅)) (recall that V (⋅) is nonnegative by
definition, since the associated running cost and V)Φ are nonnegative).
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3.1 Model generation and implementation
Kriging can in general be understood as a form of Gaussian process regression, and it can perform interpolation using data on
scattered grids [17–20]. In particular, the gradient enhanced Kriging method of [18, 19] incorporates the gradient as a covariable
and uses a Bayesian framework so that variograms (i. e., spatial covariance models) and relations between values and gradients
are incorporated in the prior, while observation errors are contained in the likelihood.
For Kriging models of scattered grid interpolation, it is often recommended to take quasi–Monte Carlo grids that reduce

the clumping (discrepancy) present in standard Monte Carlo grids and can be based on Halton, Sobol, or Faure quasi-random
number sequences [20]. Since a single Kriging model may not be enough to give an acceptable performance, and it is also
relevant to incorporate gradient (costate) data, we propose to generate multiple gradient enhanced Kriging models [17–19] and
combine them via inverse distance weighting. Moreover, the resulting model should properly estimate the value function and
costate on the boundary of the terminal set.
Our composite model is constructed as follows.
First, generate a number of mutually disjoint quasi–Monte Carlo grids Σi, i = 1, N, in subregions of a certain bounded domain

of the state space. The grids have to lie outside the terminal setΦ; if one generates a grid node inΦ, it has to be excluded. For each
remaining grid node, compute the value function V (⋅) and its gradient (costate) using, e. g., a direct collocation method [36–41].
When solving related nonlinear programming problems, it may be reasonable to approximate a suitable transformation Ṽ (⋅) =
� (V (⋅)) of V (⋅) as noted above. The function � (⋅) is supposed to have a positive and continuous derivative on [0,+∞); � (�) =
ln(1 + �) is a possible transformation with limited growth. In this case, the costate is accordingly transformed:

Ṽ (⋅) = � (V (⋅)), DṼ (⋅) = � ′(V (⋅)) DV (⋅),

V (⋅) = �−1
(

Ṽ (⋅)
)

, DV (⋅) = 1
� ′
(

�−1
(

Ṽ (⋅)
)) DṼ (⋅);

for example, if Ṽ (⋅) = ln(1+V (⋅)), thenDṼ (⋅) = (1∕(1+V (⋅))) DV (⋅), V (⋅) = exp
(

Ṽ (⋅)
)

−1, andDV (⋅) = exp
(

Ṽ (⋅)
)

DṼ (⋅).
If such a transformation of V (⋅) is not needed, we simply set � (⋅) ≡ 1 and Ṽ (⋅) = V (⋅). One also has to remove the grid nodes
for which the output of the numerical optimization process (i. e., estimation of the value function and costate) does not satisfy
specified tolerance requirements. For convenience, adopt the same notation Σi, i = 1, N, for the resulting quasi–Monte Carlo
grids and let

Σi =
{

x(ij) ∶ j = 1, Ni

}

, i = 1, N. (14)

Next, for every i = 1, N , construct a smooth and gradient enhanced Kriging modelKi(⋅) such thatKi(x) and DKi(x) interpo-
late respectively Ṽ (x) and DṼ (x) at all nodes x ∈ Σi; interpolation error tolerances can be specified for both Ki(⋅) and DKi(⋅)
when using a gradient enhanced Kriging software package such as [19].
The sparse grids Σi, i = 1, N, and Kriging models Ki(⋅), i = 1, N, can be built in offline mode, i. e., before a real-time MPC

implementation. For the further use of a certain form of inverse distance weighting [17, §5], some more data has to be generated
in offline mode. Namely, fix a parameter � ∈ ℕ and determine an influence radiusRij for the j-th node x(ij) of the grid Σi so that
the closed ball with center at x(ij) and radius Rij contains exactly � + 1 nodes (including the center) from the union

⋃N
k=1 Σk

of all considered grids, j = 1, Ni, i = 1, N . Obtain also an influence radius R0 around the entire terminal set Φ: the closed
R0–neighborhood of Φ should contain exactly � nodes from

⋃N
k=1 Σk. One can select Rij , j = 1, Ni, i = 1, N, and R0 as the

minimal influence radii that satisfy the mentioned conditions.
It is also reasonable to specify the minimal and maximal allowed radii Rmin and Rmax, so that a radius of influence is reset to

Rmin if it is less than Rmin and to Rmax if it exceeds Rmax.
Let us now describe how online (real-time) estimation of Ṽ (⋅) and DṼ (⋅) can be performed.
In addition to the Kriging models Ki(⋅), i = 1, N, one requires a separate model to compute the value function and costate on

the boundary )Φ = {x ∈ ℝn ∶ '(x) = 
} of the terminal set. Due to the terminal costate and Hamiltonian vanishing conditions
in Pontryagin’s principle (see [1, Theorem 2.26 and Remark 3.12]), one can estimate the costate at x ∈ )Φ as �∗(x) D'(x),
where �∗(x) ∈ (0,+∞) is the minimal root of the Hamiltonian based function

[0,+∞) ∈ � ←→ (x, �D'(x), 1) = min
u∈U

{� ⟨D'(x), f (x, u)⟩ + g(x, u)}, x ∈ )Φ.

This function is positive at � = 0 (in line with [1, Item 4 of Assumption 2.16 and Item 2 of Assumption 3.5]) and tends to −∞
as � → +∞ (by virtue of the Petrov condition in [1, Proposition 2.12 and Item 4 of Theorem 3.9] as well as the boundedness
of g(⋅, ⋅) on the bounded set Φ × U ), so at least one root exists. There may be multiple roots, but we select only the minimal
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one from a heuristic and practical perspective. An open theoretical problem is to derive easily verifiable sufficient conditions
for the root uniqueness or, more generally, for the property that the minimal root indeed corresponds to the optimal costate on
)Φ. Furthermore, we assume that �∗(⋅) is Lipschitz continuous on )Φ, even though rigorous verification of this property also
remains an open problem.
Consider the boundary conditions

Vappr(x) = V)Φ,
)Vappr(x; �) = ⟨�∗(x) D'(x), �⟩
∀ � ∈ ℝn ⧵ (int T(x; Φ)) ∀x ∈ )Φ

(15)

for a value function approximation. The second relation in (15) means that �∗(x) D'(x) is the outer gradient of Vappr(⋅) at a
boundary point x ∈ )Φ ofΦ. Here )Vappr(x; �) is the directional derivative of Vappr(⋅) along a vector � ∈ ℝn at a point x ∈ )Φ,
and T(x; Φ) is the tangent cone to Φ at x. Since Φ is a closed convex set with a connected regular boundary, it admits a tangent
supporting hyperplane at any x ∈ )Φ, and this hyperplane is the boundary of T(x; Φ), i. e., T(x; Φ) is a closed half-space. Hence,
ℝn ⧵ (int T(x; Φ)) is the set of all vectors that do not point strictly inside Φ when starting at x ∈ )Φ.
Based on (15), we introduce the local model

Vappr, loc(x) = V)Φ + �∗(projΦ x) ('(x) − 
),
Ṽappr, loc(x) = � (Vappr, loc(x))
∀ x ∈ G ⧵ (int Φ),

(16)

where projΦ x is an orthogonal projection of x onto Φ. Since Φ is a closed convex set, projΦ x is unique for any x ∈ ℝn. For
example, if '(⋅) is a positive definite quadratic function, thenΦ is an ellipsoid and one can therefore use the algorithm of [42] to
compute the projection projΦ x and distance dist(x,Φ) for any selected state x. It is not difficult to show that (15) holds when
written with Vappr, loc(⋅) instead of Vappr(⋅) (using the continuity of the orthogonal projection onto Φ, the continuity of �∗(⋅) on
)Φ, and the fact that '(x) = 
 for all x ∈ )Φ).
The following boundary conditions should thus be fulfilled for a sought-after approximation Ṽappr(⋅) of Ṽ (⋅):

Ṽappr(x) = Ṽappr, loc(x) = � (V)Φ),
)Ṽappr(x; �) = )Ṽappr, loc(x; �)

= � ′(V)Φ) )Vappr, loc(x; �) = � ′(V)Φ) ⟨�∗(x) D'(x), �⟩
∀ � ∈ ℝn ⧵ (int T(x; Φ)) ∀x ∈ )Φ.

(17)

The constructed models Ki(⋅), i = 1, N, and Ṽappr, loc(⋅) can then be combined according to

Ṽappr(x) = Ŵ0(x) Ṽappr, loc(x) +
N
∑

j=1
Ŵj(x)Kj(x),

Ŵi(x) = lim
�→ x, � ∈ G ⧵ (int Φ)

Wi(�)
∑N
j=0Wj(�)

, i = 0, N,

∀ x ∈ G ⧵ (int Φ),

(18)

where the functions Wi(⋅), i = 0, N, are selected in line with an inverse distance weighting methodology [17, §5] to ensure the
relations (17) and

Ṽappr(x) = Ki(x), DṼappr(x) = DKi(x)

∀x ∈ Σi, i = 1, N,
(19)

while Ŵi(⋅), i = 0, N, are the normalized weights. The definition of the latter involves limits to account for the situation when
W0(x) tends to +∞ as dist(x,Φ) → 0 and when Wi(x) tends to +∞ as x → x(ij) ∈ Σi, j = 1, Ni, i = 1, N . The exact
interpolation requirement may be relaxed by incorporating appropriate tolerances for the relations (19).
We specify the weightW0(⋅) as

W0(x) =
(

max
{

0, 1
dist(x,Φ)

− 1
R0

})2

∀x ∈ G ⧵Φ. (20)
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This function tends to +∞ as dist(x,Φ) → 0 and vanishes outside the open R0–neighborhood of Φ. Then the normalized
weight Ŵ0(⋅) is continuously differentiable on G ⧵ Φ and equals 1 on )Φ (since Σi, i = 1, N, do not contain any points from
Φ and the weights Wi(⋅), i = 1, N, should hence be bounded near Φ), and the conditions (17) are satisfied.
Next, let us list several options to determine the weights Wi(⋅), i = 1, N :

1) fix a small constant " > 0 and take

Wi(x) =
Ni
∑

j=1

(

(

max
{

0, 1
‖

‖

x − x(ij)‖
‖

− 1
Rij

})2

+ "

)

∀ x ∈ G ⧵ ((int Φ) ∪ Σi), i = 1, N

(21)

(see [17, §5] and note that " is added to prevent vanishing of the denominators in the representations of the normalized
weights in (18)), so that Wi(x) tends to +∞ as x approaches a node of Σi and equals " when x lies outside all of the
influence neighborhoods for the nodes of Σi, i = 1, N ;

2) fix a parameter z > 0 and modify the previous relations according to

Wi(x) =
Ni
∑

j=1

1
‖

‖

x − x(ij)‖
‖

2 exp
(

z ‖

‖

x − x(ij)‖
‖

2
)

∀ x ∈ G ⧵ ((int Φ) ∪ Σi), i = 1, N,

(22)

with no radii of influence involved (the presence of the exponent accelerates the decay of the weights when moving away
from the grids);

3) introduce a smooth minimum function approximation, such as

Fsmooth min(�1, �2,… , �l) =
∑l
i=1 �i exp(−��i)
∑l
i=1 exp(−��i)

=
∑l
i=1 �i exp

(

−�
(

�i − min {�1, �2,… , �l}
))

∑l
i=1 exp

(

−�
(

�i − min {�1, �2,… , �l}
))

∀ (�1, �2,… , �l) ∈ ℝl ∀l ∈ ℕ

(23)

with a parameter � > 0 [43], and take

Wi(x) =
1

�i(x) exp(z �i(x))
,

�i(x) = Fsmooth min

{

‖

‖

‖

x − x(ij)‖‖
‖

2
∶ j = 1, Ni

}

∀ x ∈ G ⧵ (int Φ), i = 1, N,

(24)

with a parameter z > 0 (here �i(x) is a smooth approximation of the minimal distance from x to Σi).

In all of the three options, the normalized weights Ŵi(⋅), i = 1, N, are continuously differentiable on G ⧵ (int Φ). In options 1
and 2, Ŵi(x) is equal to 1 for x ∈ Σi, i = 1, N, and the conditions (19) are fulfilled exactly. In option 3, the conditions (19) do
not hold exactly, but one would expect a reasonable accuracy if � is large enough; however, large �make the minimum function
approximation rather sharp, so there is a trade-off in the choice of �.
A noticeable issue is that the gradients of the generated Kriging models may practically vanish when the distance from each

of the corresponding grid nodes is relatively large (for example, this is a constructive feature of the gradient enhanced Kriging
implementation of [19]). To avoid the vanishing of the gradient of the resulting extrapolant outside a certain compact domainD1
of the state space (D1 is supposed to satisfy D1 ⊂ G, Φ ⊂ intD1,

⋃N
i=1 Σi ⊂ D1) and therefore to expand the practical

region of asymptotic null-controllability, it may be reasonable to use a proper and locally Lipschitz continuous extrapolation
Ṽappr, extrapol ∶ G → [0,+∞) outside D1. Namely, the resulting model can then be specified as

Ṽappr, updated(x) = Ṽappr(x) + !(x)
(

Ṽappr, extrapol(x) − Ṽappr(x)
)

∀x ∈ G, (25)



I. Yegorov ET AL. 9

where !∶ G → [0, 1] is a continuously differentiable function satisfying

!(x) = 0 ∀x ∈ D2,
D2 is a compact domain such that D2 ⊂ intD1 and Φ ⊂ intD2,

!(x) = 1 ∀ x ∈ G ⧵D1,
D!(x) = 0n ∀ x ∈ )D1 ∪ )D2;

(26)

hence, Ṽappr, updated(⋅),DṼappr, updated(⋅) coincide respectivelywith Ṽappr(⋅),DṼappr(⋅) inD2 andwith Ṽappr, extrapol(⋅),DṼappr, extrapol(⋅)
in G ⧵D1. For instance, if

D1 = Br1(0n), D2 = Br2(0n), 0 < r2 < r1, (27)
one can take

!(x) = −2
(

‖x‖ − r2
r1 − r2

)3

+ 3
(

‖x‖ − r2
r1 − r2

)2

∀ x ∈ D1 ⧵D2 (28)

(in D2 and G ⧵D1, !(⋅) is defined according to (26)). In Subsection 4.2, the extrapolant is selected as

Ṽappr, extrapol(x) = ln
(

1 +
⟨

Pextrapol x, x
⟩)

∀x ∈ ℝn, (29)

where Pextrapol ∈ ℝn×n is a positive definite matrix that is obtained by solving an auxiliary nonlinear programming problem in
offline mode. Amore accurate but more computationally expensive approach is to use direct collocation based estimates [36–41]
for control or costate extrapolation in online mode.
In order to estimate a current costate in an online MPC implementation, one can exploit the proposed model (18) and per-

form numerical differentiation. Typically, gradient enhanced Kriging software, such as [19], allows for fast evaluation of the
gradient of an interpolant, and it is worth taking this into account so as to differentiate the weighted combination (18) in a semi-
analytical fashion. The costate estimate can then serve to retrieve control actions within a sampling time interval. Each sampling
time interval should start with updating the costate estimate. Associated delays in a real-time physical control process may be
attenuated if the state x(tk+1) at the end of a current sampling time interval [tk, tk+1] is predicted in the beginning of this inter-
val using a measurement based estimate of x(tk) and numerical MPC simulations with the previously evaluated costate p(tk),
and if the costate p(tk+1) is then obtained from the simulation based estimate of x(tk+1) via our interpolation model. If the inter-
polation is fast enough, an estimate of p(tk+1) should be ready before t = tk+1. However, if a current state leaves an a priori
selected bounded domain that contains the sparse grids, it may be required to significantly increase the sampling time interval
and compute the control or costate in real time via, e. g., direct collocation.

3.2 Model training
In contrast to online (real-time) MPC evaluation, much more time and computational resources are typically available for
preparatory offline model training (machine learning). This training can be iterative and based on solving a large number of
nonlinear programming problems for a model such as that built in the previous subsection. The purpose is to improve the grids
iteratively. Each iteration has to return a point in the state space that will be involved on the next iteration either as a new node
in an existing grid or as the center of a new grid to be included in the model.
One possible approach to the arrangement of model training iterations is to search for the minimal level of a current CLF

approximation at which one of the following two properties holds: 1) the infinitesimal decrease condition starts to be violated
at a point in a certain compact domain E of the state space; 2) E is left by the related state trajectories while the infinitesimal
decrease condition is fulfilled. Here E is assumed to satisfy E ⊂ G and Φ ⊂ int E. Namely, the goal is to find

min (
1, 
2),


1 = inf
{

Ṽappr(x) ∶ x ∈ E ⧵Φ,
|

|

|

|

inf
u∈U

)−Ṽappr(x; f (x, u))
|

|

|

|

⩽ "̃
}

,


2 = inf
{

Ṽappr(x) ∶ x ∈ )E, inf
u∈U

)−Ṽappr(x; f (x, u)) ⩽ −"̃,

f (x, ũappr(x)) does not point strictly inside E when starting at x
}

,

(30)

where "̃ > 0 is a small tolerance parameter, and ũappr(⋅) is a feedback control strategy that is associated with Ṽappr(⋅) and can be
determined by

ũappr(x) ∈ Arg min
u∈U

)−Ṽappr(x; f (x, u)) (31)
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or by some regularized modification of this inclusion. We suppose ũappr(⋅) to be defined on E ⧵Φ so that the corresponding state
trajectories are correctly determined until reachingΦ or exiting from E. For x ∈ Φ, ũappr(x) relates to a local CLF in the setting
of [1, Section 2] and can be arbitrarily chosen from U in the setting of [1, Section 3]. Note also the representation

)−Ṽappr(x; �) =
⟨

DṼappr(x), �
⟩

∀ x ∈
{

x′ ∈ ℝn ∶ Ṽappr(⋅) is differentiable at x′
}

∀� ∈ ℝn,
(32)

which can be practically used in computations for any considered x, since Ṽappr(⋅) is locally Lipschitz continuous in G ⧵ (int Φ)
(according to the assumptions adopted in the previous subsection) and consequently differentiable almost everywhere in this
region (with respect to the Lebesgue measure in ℝn).
A state obtained by solving the problem (30) should then be used to update the model for the next iteration (e. g., in one of

the two ways mentioned in the first paragraph of this subsection). This problem is in general essentially multi-extremal, and one
therefore has to run a numerical optimization algorithm multiple times with different initial guesses. The latter can be randomly
generated in E ⧵Φ for the 
1–subproblem and on )E for the 
2–subproblem. One has to select only the initial guesses that fulfill
the constraints. Moreover, computations for different initial guesses can be parallelized.
Due to the statement of the problem (30), the set

{

x ∈ E ∶ Ṽappr(x) < min (
1, 
2), inf
u∈U

)−Ṽappr(x; f (x, u)) < −"̃
}

(33)

gives an inner estimate of the region of attraction to the target set Φ when using the feedback control law ũappr(⋅). However, this
estimate is likely to be rather conservative. Indeed, a state trajectory governed by ũappr(⋅) may eventually reach the target set
even if the infinitesimal decrease condition for Ṽappr(⋅) does not hold on some subarcs.
It may hence be reasonable to replace the nonlinear programming problem (30) with the following one (although its numerical

solution is much more computationally expensive as compared to (30)):


3 = inf
{

Ṽappr(x0) ∶ x0 ∈ E ⧵Φ,
the state trajectory with x(0) = x0 constructed via the MPC simulation scheme
with costate updates from the current CLF interpolation model (18) every Δ time units
does not reach the target set Φ during the whole time interval

[

0, Tmax
]}

.

(34)

Here Δ > 0 is a fixed sampling time, Tmax > 0 is a fixed upper bound for terminal times, and, for training purposes, only the
current CLF interpolation model (18) is used to update the costate, without the modifications indicated in the end of the previous
subsection (it is nonetheless worth incorporating one of these modifications in real-time MPC with the resulting interpolation
model). An inner estimate for the region of attraction to Φ for ũappr(⋅) is then taken as

{

x ∈ E ∶ Ṽappr(x) < 
3
}

. (35)

Even though this estimate seems less conservative than (33), the actual region of attraction toΦ for an implementedMPC strategy
is still expected to be markedly larger, especially if one uses a modified model (25), (26) or incorporates direct collocation (as
mentioned in the end of the previous subsection).

3.3 Summary
Let us briefly list the key stages of the numerical approach described in the previous two subsections.
The offline (preparatory) computation involves the following steps:

1) select a function '(⋅) and a level 
 that determine the terminal (target) set Φ in the studied exit-time optimal control
problem (as indicated in the beginning of Section 3, this is rather straightforward for the setting of [1, Section 3], while
the setting of [1, Section 2] requires a local CLF to be constructed, and the considerations of Section 2 may help in that
regard);

2) generate initial sparse grids together with value function and costate data on them, and build the corresponding Kriging
models (as described in the beginning of Subsection 3.1);

3) train and update the composite interpolation model (18) (as discussed in Subsection 3.2);
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4) construct an appropriate extrapolation (25), (26) if necessary (in the numerical example of Subsection 4.2, a special form
of this extrapolation model with (27)–(29) is used, and the matrix Pextrapol in (29) is obtained by solving the nonlinear
programming problem (66) with a certain collection of initial guesses).

The online (real-time) control process can be arranged as outlined in the last paragraph of Subsection 3.1; see Subsection 4.2
for more specific details.
Furthermore, a typical scheme to obtain an online control action from a current state and a transformed costate estimate is

also indicated in Subsection 4.2 (see the end of the first paragraph that starts after (62)).

4 NUMERICAL SIMULATIONS

The aim of the first example in this section is to numerically test the theoretical results of the previous study [1] with regard
to a simple nonlinear control system that has two state coordinates and can be handled analytically to some extent. The second
example exploits the developments of Sections 2 and 3 to design, train, and simulate a stabilizing MPC controller for a nonlinear
system with six-dimensional state space.
The numerical simulations were conducted on a desktopmachine with Intel CORE i7 vPro processor, and no parallel program-

ming tools were used. The runtimes can be significantly shorter for more powerful machines, especially when parallelization is
done.

4.1 Two-dimensional system
Consider the control system (1) with x = (x1, x2)⊤ ∈ ℝ2, x(0) = x0 ∈ ℝ2, G = ℝ2, U ⊆ ℝ, and

f (x, u) =
(

x1 + 2x2 + u
−x2 − 2x31

)

∀x ∈ ℝ2 ∀u ∈ U (36)

(see [44, Example 1.1]).
First, let U = ℝ. The proper, positive definite, and infinitely differentiable function

V̆ (x) = 1
4
x41 +

1
2
x22 ∀x ∈ ℝ2 (37)

is a global CLF for this system in the whole state space. Indeed,
⟨

DV̆ (x), f (x, u)
⟩

= x31 (x1 + 2x2 + u) + x2
(

−x2 − 2x31
)

= x31 (x1 + u) − x22
∀x ∈ ℝ2 ∀u ∈ ℝ,

so that, for any constant b > 0 and for any bounded continuous function � ∶ ℝ → ℝ satisfying

�(x1) ⩾ b ∀x1 ∈ ℝ, (38)

the feedback control strategy
ŭ(x) = −(1 + �(x1)) x1 ∀x ∈ ℝ2 (39)

is globally stabilizing due to
⟨

DV̆ (x), f (x, ŭ(x))
⟩

= −�(x1) x41 − x22 ⩽ −bx41 − x22 ∀x ∈ ℝ2.

Introduce also the running cost

g(x, u) = 2x41 + x22 +
1
256

u4 ∀x ∈ ℝ2 ∀u ∈ ℝ. (40)

With the help of the classical verification result [45, Chapter VII, Theorem 2.2], one can show that (37) is the value function in
the infinite-horizon optimal control problem

V̆
(

x0
)

= min
u(⋅) ∈ L∞loc([0,+∞),ℝ)

⎧

⎪

⎨

⎪

⎩

+∞

∫
0

g
(

x
(

t; x0, u(⋅)
)

, u(t)
)

dt

⎫

⎪

⎬

⎪

⎭

∀x0 ∈ ℝ2 (41)
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for the considered system and running cost, and that

ŭ∗(x) = −4x1 (42)

is the corresponding optimal feedback control strategy.
Next, take the set of pointwise control constraints as the bounded line segment

U = [−a, a] (43)

with a constant a > 0. Furthermore, fix a constant b > 0 and a bounded continuous function � ∶ ℝ → ℝ satisfying (38), and
choose a constant c > 0 such that the feedback strategy (39) fulfills

ŭ(x) ∈ U = [−a, a] ∀x ∈ Ωc (44)

in the sublevel set
Ωc =

{

x ∈ ℝ2 ∶ V̆ (x) ⩽ c
}

(45)

of V̆ (⋅). Hence, the restrictions of V̆ (⋅) and ŭ(⋅) to Ωc are a local CLF and a locally stabilizing feedback, respectively. Besides,
there exists a constant c∗ > 0 such that the restriction of ŭ∗(⋅) to Ωc∗ is also a locally stabilizing feedback. For convenience,
denote

Vloc(x) = V̆ (x), uloc(x) = ŭ(x), u∗loc(x) = ŭ∗(x) ∀x ∈ ℝ2. (46)

Now it is not difficult to check that [1, Theorems 2.21, 2.25, 2.26, 2.28 and 2.29] can be used with the specified local CLF Vloc(⋅),
sublevel set Ωc , and running cost (40). Recall that a CLF V (⋅) in the domain of asymptotic null-controllability0 is determined
by [1, (23), (28)], and its Kruzhkov transform is given by [1, (40)]. Introduce also the Kruzhkov transform of Vloc(⋅):

vloc
(

x0
) def
= 1 − e−Vloc(x0) ∀x0 ∈ ℝ2. (47)

In order to approximate the CLF and stabilizing feedback, as well as to construct a reasonable inner estimate for the domain
of asymptotic null-controllability, we have used the framework that is described in Appendix and explicitly relies on the char-
acteristics based representation of the value function given by [1, Theorem 2.29]. It is not difficult to verify the fulfillment of
Assumptions A.2–A.4 from Appendix.
We take

a = 1.2, b = 1.4, c = 0.015, c1 = 0.01, Tmax = 10,

" = 10−15, "1 = 0.005, �1 = 0.005, �2 = 0.005
(48)

(the parameters Tmax, ", "1 are introduced in Section A.1, while c1 and �1, �2 are described respectively in Sections A.2 and A.3),

�(x1) =

⎧

⎪

⎨

⎪

⎩

3, −4x1 ∈ [−a, a],

max
{

a
|x1|

− 1, b
}

, −4x1 ∉ [−a, a],
(49)

so that �(⋅) is bounded and continuous, (38) holds,
a

|x1|
> 1 + b at all points x ∈ Ωc for which x1 ≠ 0, (50)

and (39), (46), (49), (50) imply the following relations:

uloc(x) = ŭ(x) =

⎧

⎪

⎨

⎪

⎩

u∗loc(x) = ŭ∗(x) = −4x1, −4x1 ∈ [−a, a],

−x1 max
{

a
|x1|

, 1 + b
}

, −4x1 ∉ [−a, a],

uloc(x) = −a sign x1 at all points x ∈ Ωc for which −4x1 ∉ [−a, a].

(51)

For a stabilizing feedback u∗ ∶ 0 → U associated with the CLF V (⋅), we put

u∗(x) = uloc(x) ∀x ∈ Ωc . (52)

The characteristic Cauchy problems (A.5) and (A.11) were numerically solved via the Dormand–Prince fifth-order Runge–
Kutta algorithm from [46, Chapter 17]. When launching the related routine, the initial guess for the stepsize was specified as
2⋅10−4, and the absolute and relative tolerances were selected as 10−6. The output data was obtained for the uniform time grid on
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[0, Tmax] with the stepsize 2 ⋅ 10−4. In particular, the shooting costs were approximated from the state trajectory discretizations
on this time grid.
The initial states were chosen from the grid on the rectangle [−2, 2] × [−2.5, 2.5] with the spatial steps 0.0625 and 0.1 along

x1-axis and x2-axis, respectively. For solving the main and auxiliary finite-dimensional optimization problems formulated in
Theorem A.1 and Section A.2, we used the Powell algorithm from [46, §10.7] (which does not require evaluation of derivatives),
and the corresponding tolerances were set to 10−6 and 10−8, respectively. For each state x0 on the selected rectangular grid, the
Powell iterative process for the auxiliary shooting problemwas run from Nopt. init. guess = 4 initial guesses that were randomly
generated according to the uniform distribution with respect to the angles in the unit sphere parametrization (A.21). The unique
point (A.15) and the roots of the function (A.18) were computed via the bisection algorithm from [46, §9.1], and the tolerance
was taken as 10−13. An upper bound for the sought-after root � in (A.15) was chosen as 0.5 (since Ωc1 ⊂ B0.5(02)). Possible
multiple roots of the function (A.18) on (0, 1) were bracketed by using the zbrak routine from [46, §9.1]. The bracketing pairs
were searched for after dividing the interval [0, 1] into 100 equally spaced segments.
The tolerance for the practical verification of equalities and non-strict inequalities via strict inequalities was set to 10−15.
In the case when we could not find a characteristic reaching the target set Ωc and generating a cost less than 1 − " for some

initial state x0 (this might be not only a node on the specified rectangular grid, but also a shooting estimate x̂0 as described in
Section A.3), the computation was rerun with the increased parameter values Tmax = Tmax, recomp. = 20 and Nopt. init. guess =
Nopt. init. guess, recomp. = 5. In such situations, the resulting data was taken from the second attempt (v

(

x0
)

might again be
estimated as 1 − ", which would indeed be reasonable if x0 ∉ 0).
The related numerical simulation results are illustrated in Figs. 1–3.
Fig. 1 indicates the Kruzhkov transformed functions v(⋅), vloc(⋅) and their difference. Fig. 2 shows the corresponding feedback

strategies u∗(⋅), u∗loc(⋅) and their difference (note that the values of u
∗(⋅) at the grid nodes outsideΩc were computed as described

in Section A.3 of Appendix). In Fig. 1, some approximated level sets of v(⋅) are depicted as well. In particular, the level v(x) =
1 − e−c (or, equivalently, V (x) = c) describes the boundary lc = )Ωc , while the level v(x) = 1 − "1 = 0.995 is selected
to represent an inner estimate of the domain of asymptotic null-controllability 0. The illustrations agree with the reasonable
expectation that v(⋅) and vloc(⋅) should coincide in some region strictly containing Ωc , and that u∗(x) = u∗loc(x) for all x lying
in this region and satisfying u∗loc(x) ∈ U = [−a, a] (due to (51) and (52), one also has u∗(x) = uloc(x) for all such x and
everywhere in Ωc).
Fig. 3 shows the graphs of the following functions:

• the shooting state error defined as the square root of the numerical estimate of the minimum quadratic shooting cost (see
Section A.2 and note that, even when the exact minimum value of the lowest deviation (A.20) is zero, its approximation
does not vanish for x0 ∉ Ωc);

• the shooting time defined as an approximate minimizer in (A.20) for an optimal shooting reverse-time characteristic;
• the shooting value replacement indicator defined as zero if one arrives at a value less than 1 − " after one or two attempts
to compute v

(

x0
)

, and as the absolute difference |

|

|

v1
(

x0
)

− v
(

x̂0
)

|

|

|

in the other case when one uses the first-order
estimation technique proposed in Section A.3.

The shooting state error and the shooting value replacement indicator on the considered grid are small enough to conjecture that
the whole rectangle is contained in the domain of asymptotic null-controllability 0. However, rigorous verification of that for
the selected bounded control constraint set U = [−1.2, 1.2] remains an open problem. Another open question is whether 0 is
bounded as a whole for a bounded U or not (the obtained inner estimate of 0 is bounded as seen in Fig. 1).
In order to practically check the obvious fact that, for a sufficiently large a andU = [−a, a], the functions v(⋅) and u∗(⋅) should

coincide in the considered bounded rectangle with vloc(⋅) and u∗loc(⋅), respectively, we performed numerical simulations for the
increased parameter value a = 20. We also reduced Tmax from 10 to 5. Moreover, the spatial steps along x1-axis and x2-axis for
the grid on the rectangle [−2, 2] × [−2.5, 2.5] were increased to 0.1 and 0.15625, respectively. All other parameters kept their
values (in particular, Tmax, recomp. = 20 remained the same). The results are illustrated in Fig. 4.
The average runtime per one initial state was around 5 seconds, which appeared to be about 10 times longer than in case

of using GPOPS–II direct collocation software [36, 37]. The choice of the numerical method for this illustrative example was
motivated by the clear connection with our characteristics based value function representation. However, GPOPS–II was used in
numerical simulations for the next example, because the dynamics of the related high-dimensional characteristic system turned
out to be very complicated and sensitive to initial data, which made our characteristics based algorithm hardly applicable. Note
that similar algorithms with optimization over solutions of characteristic Cauchy problems nevertheless worked well and fast
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FIGURE 1 The Kruzhkov transformed functions v(⋅), vloc(⋅) and their difference for U = [−1.2, 1.2] in the example of Subsec-
tion 4.1. Some approximated level sets of v(⋅) are shown as well. In order to see the graph of the difference between v(⋅) and
vloc(⋅) clearer, the scale of the vertical axis in the third subfigure is modified as compared to that in the first two subfigures.
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FIGURE 2 The feedback control strategies u∗(⋅), u∗loc(⋅) (corresponding to v(⋅), vloc(⋅), respectively) and their difference for
U = [−1.2, 1.2] in the example of Subsection 4.1. In order to see the graphs clearer, we do not fix the same scale for the vertical
axes in the subfigures.

for a number of fixed-horizon high-dimensional optimal control problems [47, 48]. An interesting direction of possible future
research is the development of more computationally efficient modifications of our characteristics based framework for exit-time
problems, e. g., via incorporation of multiple shooting or indirect collocation [49, 50].
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FIGURE 4 The Kruzhkov transformed function v(⋅), the difference between v(⋅) and vloc(⋅), the feedback control strategy u∗(⋅),
and the difference between u∗loc(⋅) and u

∗(⋅) forU = [−20, 20] in the example of Subsection 4.1. In order to see the graphs clearer,
we do not fix the same scale for the vertical axes in the subfigures.

4.2 Six-dimensional system
The dynamics of a planar vertical takeoff and landing (PVTOL) aircraft can be described by the control system [25, 51–54]

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Ẋ1(t) = X2(t),
Ẋ2(t) = −(1 + u1(t)) sin

(

X5(t)
)

+ � u2(t) cos
(

X5(t)
)

,
Ẋ3(t) = X4(t),
Ẋ4(t) = (1 + u1(t)) cos

(

X5(t)
)

+ � u2(t) sin
(

X5(t)
)

− 1,
Ẋ5(t) = X6(t),
Ẋ6(t) = u2(t),
t ⩾ 0,
X = (X1, X2, X3, X4, X5, X6)⊤, u = (u1, u2)⊤, n = 6, m = 2,
X(0) = X0 ∈ G = ℝ6, u(⋅) ∈  = L∞loc([0,+∞), U ), U ⊆ ℝ2,

(53)
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FIGURE 5 The PVTOL aircraft model in the example of Subsection 4.2.

where the following notation is used (see Fig. 5):

• t is a time variable;

• X1 and X3 are normalized quantities that correspond to the horizontal and vertical coordinates of the center of mass of
the aircraft in a fixed inertial frame;

• X5 is the roll angle that the aircraft makes with the positive horizontal axis;

• X2, X4, and X6 are the rates of change of X1, X3, and X5, respectively;

• u1 and u2 are normalized control inputs such that 1+ u1 corresponds to the thrust (directed out the bottom of the aircraft),
u2 is related to the angular acceleration (rolling moment), and the origin X = 06 is a steady state for u = 02;

• the term −1 in the fourth dynamical equation represents the normalized gravitational acceleration;

• � > 0 is a constant coefficient that characterizes the coupling between the rolling moment and the lateral acceleration of
the aircraft.

As in [51, 52], introduce the new state variables

x1 = X1 − � sin(X5), x2 = X2 − �X6 cos(X5),
x3 = X3 + � (cos(X5) − 1), x4 = X4 − �X6 sin(X5),
x5 = X5, x6 = X6.

(54)

Then the system (53) transforms to

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

ẋ1(t) = x2(t),
ẋ2(t) = −

(

1 + u1(t) − � x26(t)
)

sin(x5(t)),
ẋ3(t) = x4(t),
ẋ4(t) =

(

1 + u1(t) − � x26(t)
)

cos(x5(t)) − 1,
ẋ5(t) = x6(t),
ẋ6(t) = u2(t),
t ⩾ 0,
x = (x1, x2, x3, x4, x5, x6)⊤, u = (u1, u2)⊤,
x(0) = x0 ∈ G = ℝ6, u(⋅) ∈  = L∞loc([0,+∞), U ).

(55)

According to (54), x = 06 if and only if X = 06.
Let a1, a2 be positive constants and consider the compact convex control constraint set

U = [−a1, a1] × [−a2, a2]. (56)

Note that the forward completeness property (see [1, Item 5 of Assumption 2.1 and Remark 2.2]) is satisfied for (55) despite
the terms with x26. This follows from the fact that the forward completeness property holds for the system obtained from (55) by
including one more state variable x7 = x26 (with ẋ7(t) = 2 x6(t) u2(t)) and thereby ensuring sublinear growth estimates for
the right-hand sides of the dynamical equations.
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Introduce also the running cost

g(x, u) =
�1
2
‖x‖2 +

�2
2
‖u‖2 + �3 ∀x ∈ ℝ6 ∀u ∈ ℝ2 (57)

with constants �1 > 0, �2 > 0, �3 ⩾ 0.
It is not difficult to verify that a quadratic local CLF Vloc(⋅) can be constructed via linearization as described in Section 2, with

Remark 2.2 involved due to exact null-controllability, and that [1, Theorems 2.21, 2.25, 2.26, 2.28 and 2.29] can be used with
the running cost (57) and with the mentioned local CLF.
A positive constant term �3 in the running cost (57) may be useful if the terminal set Ωc is relatively small and the first two

terms in (57) are rather small on some optimal trajectories near Ωc .
We took

� = 0.1, a1 = a2 = 5, �1 = 0.2, �2 = 0.04, �3 = 0.05. (58)

The algebraic Riccati equation (10) was numerically solved via the care routine in the MATLAB environment. The
corresponding parameters z1,z2 (see Remark 2.2) were chosen as

z1 = �1 = 0.2, z2 = 5�2 = 0.2. (59)

The range of appropriate levels c was approximated with the help of the related recommendations in Remark 2.2: csup was
estimated to lie between 0.096 and 0.097. In order to handle possible multi-extremality, 100 initial guesses were randomly
generated for each of the associated nonlinear programming problems, and the sequential quadratic programming algorithm of
the fmincon routine was used in MATLAB. One might first think that it would be more reasonable to set (z1,z2) = (�1, �2),
but the minimal principal axis (12) appears to be markedly smaller in this case as compared to (59) ((12) was estimated as 0.1431
in this case and 0.2113 for (59)). We finally selected

c = 0.092. (60)

In order to approximate the transformation Ṽ (⋅) = � (V (⋅)) = ln(1+V (⋅)) of the value function as well as the corresponding
gradient p̃(⋅) = (1∕(1 + V (⋅))) DV (⋅) (the original costate is then given by p(⋅) = DV (⋅) = exp

(

Ṽ (⋅)
)

p̃(⋅)) in a certain
bounded domain of the state space, we used the approach of Section 3.
The initial interpolation model was built as follows.
First, we constructed three sparse grids with 200, 400, and 600 nodes in B2(0n), B4(0n), and B6(0n), respectively. Halton

quasi-random point set objects of MATLAB were involved. Originally, the quasi-random points were generated in the unit
hypercube [0, 1]6, but they were then transformed to points in the minimal parallelepipeds enclosing the mentioned balls, and
we eventually selected the desired numbers of points lying inside these balls and outside the target set Ωc .
For each remaining grid node, we approximated the values of Ṽ (⋅) and p̃(⋅) via the GPOPS–II direct collocation software [36,

37] in MATLAB (which allows for costate estimation in addition to optimal control computation). The following configurations
and parameters were in particular chosen in GPOPS–II:

• the tolerance 10−6 and at most 2000 iterations for the IPOPT nonlinear programming solver;

• the Patterson–Rao mesh refinement algorithm by default (but the gpops2 function was rerun with the Liu–Rao–Legendre
mesh refinement algorithm in case of any internal error);

• the tolerance 10−3, at least 5 and at most 50 collocation points per mesh interval, and at most 100 iterations for the mesh
refinement process;

• the maximal allowed time horizon 50.

For the output of the direct collocation process for each sparse grid node, we checked the fulfillment of the aforementioned
tolerances as well as some other requirements:

• the obtained terminal state xT should satisfy |

|

Vloc(xT ) − c|| ⩽ 10−4 (i. e., xT should be close enough to lc = )Ωc);

• the obtained initial costate estimate p̃0 and the related original costate estimate p0 (which is given by p0 = exp
(

Ṽ0
)

p̃0,
where Ṽ0 is the obtained approximation of Ṽ (x0) at the initial state x0) should satisfy the infinitesimal decrease condition
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and the Hamiltonian vanishing condition with certain tolerances, that is,
min
u∈U

⟨p̃0, f (x0, u)⟩ ⩽ −10−2,
|

|

|

|

min
u∈U

{

⟨p0, f (x0, u)⟩ + g(x0, u)
}|

|

|

|

⩽ 0.5

(the initial state x0 is a sparse grid node).

When at least one of the imposed tolerances was not satisfied in the direct collocation process for a considered initial state, it
was removed from the corresponding sparse grid.
Next, we built three gradient enhanced Kriging models from the obtained data on the three sparse grids via the MATLAB

based toolbox [19]. The step tolerance, function tolerance, and maximal number of iterations for the fminsearch function used
in this toolbox were taken as 10−3, 10−5, and 103, respectively. The weights in the composite interpolation model (18) were
specified according to (20) and (21). The parameter " in (21) and the parameter � for determining the influence radii around the
terminal set and grid nodes were chosen as

" = 10−6, � = 15. (61)
The minimal and maximal allowed radii of influence were set to

Rmin = 0.5, Rmax = 5. (62)

Orthogonal projections onto the terminal ellipsoid Ωc were computed via the MATLAB based toolbox [42].
The subsequent model training consisted of 7 iterations, including the zeroth one. On each iteration, we numerically solved

the nonlinear programming problem (34) with E = B4(06), Δ = 0.03, and Tmax = 12. Regarding the number of initial
guesses randomly generated in E ⧵ Ωc (note that the problem is essentially multi-extremal), it was set to 50 for the zeroth and
last iterations (initial and final estimation), and 10 for all other iterations. The sequential quadratic programming algorithm of
the fmincon function in MATLAB was run for each initial guess with the step, function, and constraint tolerances all taken as
10−3, and with at most 103 objective function evaluations per single run. The condition of reaching the target set was specified as
Vloc(x) − c + 10−3 ⩽ 0. The dynamical system was numerically integrated by means of the second-order predictor–corrector
scheme (also known as the modified Euler method) with time step 5⋅10−4. The control actions u∗ were obtained from the states x
and transformed costate estimates p̃appr as follows: u∗ was selected as the unique minimizer of

⟨

p̃appr , f (x, u)
⟩

+ 0.01 ‖u‖2

over all u ∈ U when it satisfied
⟨

p̃appr , f (x, u∗)
⟩

< −10−6 (some regularization was involved to reduce the control sharpness),
and we took u∗ ∈ Argminu∈U

⟨

p̃appr , f (x, u)
⟩

otherwise (one can easily establish analytical representations for the control
components in each of the two cases).
The average optimization time per one initial guess was around 21 minutes, and the total processing time was around 52.48

hours. We did not use parallel programming tools, but they could significantly reduce the total processing time (since different
initial guesses could be independently handled at each training iteration).
In the beginning of each iteration except for the zeroth one, our model was modified by incorporating a new Kriging model

for a new sparse grid around the state that was obtained by solving the aforementioned nonlinear programming problem on the
previous iteration (the model data was computed at this center state and at 50 quasi-random points in the corresponding open
ball of radius 1.5).
In the model training process, the level (34) was approximated as 0.3271 on the zeroth iteration and 0.4965 on the last iteration.

However, as was already pointed out in the end of Subsection 3.2, the related estimate (35) seems rather conservative, and it has
served mainly for the model training purposes.
A number of numerical tests were further performed for the resulting interpolation model (18).
First, we generated 104 states in line with the uniform distribution in B5(06) ⧵Ωc and estimated Ṽappr(⋅) and DṼappr(⋅) at these

states via our trained model. We had
Ṽappr(x) > �

(

Vlc
)

= ln (1 + c) (63)
for all of the selected states x, and

min
u∈U

⟨

DṼappr(x), f (x, u)
⟩

< −10−6 (64)

for 92.95% of those states. A similar experiment was conducted with 104 states randomly generated in the smaller
region [−1, 1]6 ⧵Ωc : (63) was satisfied for all of these states, and (64) held for 97.37% of them. Thus, the infinitesimal decrease
condition was fulfilled for the vast majority of the selected states.
Next, we evaluated the interpolation errors of Ṽappr(⋅) and DṼappr(⋅) with respect to the direct collocation estimates of Ṽ (⋅)

and p̃(⋅) at 103 states that were selected according to the uniform distribution in B5(06)⧵Ωc . Only states with a successful direct
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collocation output were taken for this test. The corresponding mean values of ||
|

Ṽappr(x) − Ṽ (x)||
|

and |

|

|

DṼappr(x) − p̃(x)||
|

were
estimated as 0.1758 and 0.3352, respectively, and the standard deviations were computed as 0.1711 and 0.2152, respectively. A
similar experiment was conducted with 103 states randomly generated in [−1, 1]6 ⧵Ωc , which led to the following estimates of
the mentioned mean values and standard deviations: 0.0714, 0.3681, 0.058, and 0.1749 (the respective order of these quantities
is the same as in the previous sentence). The obtained interpolation errors are certainly not negligible but seem acceptable
due to a relatively small number of sparse grid nodes in the six-dimensional state space. There are totally 1383 nodes in the
resulting grids, which is substantially smaller than, e. g., 44689 nodes in the six-dimensional Smolyak type sparse grids used in
[6, Examples I and II].
The average time to evaluate the CLF and costate at a single state via our interpolation model was around 0.01725 sec-

onds, which appeared to be essentially smaller than 0.7092 seconds that were on average required to do this via the GPOPS–II
direct collocation software [36, 37] with the aforementioned configurations and parameters, although direct collocation based
estimates were more accurate. Even when reducing the maximal number of mesh refinement iterations in GPOPS–II to 1, the
average direct collocation time per single initial state decreased only slightly, from 0.7092 to 0.6629 seconds. Note also that
we used the MATLAB toolbox [19] for fast evaluation of the gradients of the Kriging models and differentiated the weighted
combination (18) in a semi-analytical fashion. For convenience, the numerical simulations for this subsection were performed
in MATLAB. One can expect even smaller processing times for an implementation of our interpolation model (18) (together
with the gradient enhanced Kriging tools of [19]) in a compiled programming language such as C++.
As was discussed in Subsection 3.1, an updated model (25), (26) may help to expand the practical region of asymptotic null-

controllability. A numerical test was also conducted for such a modification with (27)–(29). We took r1 = 6, r2 = 5, and
Pextrapol was obtained in offline mode as follows. We first generated N ′ = 700 quasi-random states

{

x[i]0
}N ′

i=1 ⊂ B7(06), chose
the time horizon T ′ = 20, and constructed 20 positive definite matrices

Pz1,z2 , z1 = 0.2, z2 = 0.01, 0.02, … , 0.19, 0.2; (65)

recall that, for any z1 > 0 and z2 > 0, Pz1,z2 denotes a unique positive definite solution of the algebraic Riccati equation (10)
for the linearized system (11) with diagonal matrices Q = z1In×n, R = z2Im×m. The nonlinear programming problem


 ′ = inf
P ∈ ℝn×n is positive definite,

‖P‖ = 1

⎧

⎪

⎨

⎪

⎩

1
N ′

N ′
∑

i=1

1
T ′

T ′

∫
0

‖

‖

‖

x
(

t; x[i]0 , P
)

‖

‖

‖

2
dt ∶

x
(

⋅; x[i]0 , P
)

is a state trajectory with x(0) = x[i]0 and feedback control taken from

Arg min
w∈U

⟨D (⟨Px, x⟩) , f (x,w)⟩ = Arg min
w∈U

⟨2Px, f (x,w)⟩ , i = 1, N ′

⎫

⎪

⎬

⎪

⎭

(66)

(here the matrix norm ‖P‖ is induced by the Euclidean vector norm) was then solved via the sequential quadratic programming
algorithm of the fmincon function in MATLAB for each of the 20 initial guesses (65), and Pextrapol was selected as the resulting
minimizer for the 20 runs. The dynamical system was numerically integrated using the second-order predictor–corrector scheme
with time step 2 ⋅ 10−3, and the integral over [0, T ′] divided by T ′ was approximated by the mean of the integrand on the time
grid. Regarding the sequential quadratic programming algorithm, the step, function, and constraint tolerances were all chosen
as 10−3, and the number of objective function evaluations per single run was limited by 103. The total processing time for this
auxiliary problem was around 21.32 hours.
When performing numerical simulations with the updated model (25)–(29), time sampling for costate recomputation needs

to be done only if x ∈ D1 (for x ∉ D1, one has Ṽappr, updated(x) = Ṽappr, extrapol(x), and the extrapolation (29) allows for a
very fast evaluation together with its gradient). Our first computational test for this model involved trajectory simulations for
103 initial states that were randomly generated in B5(06) ⧵ Ωc . The dynamical system was numerically integrated on the time
interval [0, 60] via the second-order predictor–corrector method with time step 5 ⋅ 10−4, and the sampling time Δ = 0.03 was
used for x ∈ D1. Each of the approximated state trajectories eventually reached the target set Ωc .
A similar numerical experiment was conducted for the other MPC scheme using the trained interpolation model (18) with

sampling time Δ = 0.03 in case x ∈ B5(06) and direct collocation based open-loop control subarcs with significantly longer
sampling time Δdir. colloc. = 0.6 in case x ∉ B5(06) (recall the last paragraph in Subsection 3.1). In order to accelerate the online
solution of the exit-time optimal open-loop control problems via the GPOPS–II software [36, 37] (though by losing in accuracy),
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the maximal number of mesh refinement iterations was reduced to 1, as compared to our previous use of GPOPS–II for building
the model data on the sparse grids. In this test, all simulated state trajectories with 103 initial states (randomly generated in
B5(06) ⧵ Ωc) reached the target set Ωc within the time interval [0, 40] (the numerical integration algorithm and time step were
selected as mentioned in the previous paragraph).
Although such MPC schemes with direct discretization techniques are expected to show better performance in simulations

for deterministic systems, admissible sampling times may often not be enough for online solution of exit-time optimal control
problems, and less accurate but faster models, such as that given by (25)–(29), may therefore seem more feasible from the
practical point of view.
For testing the stabilization performance and robustness of the feedback control law based on the model (25)–(29), we also

introduced a stochastic perturbation of the system (55)with noise in the second, fourth, and sixth dynamical equations (describing
the accelerations for the three degrees of freedom):

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

ẋ1(t) = x2(t),
dx2(t) = −

(

1 + u1(t) − � x26(t)
)

sin(x5(t)) dt + �2 dw2(t),
ẋ3(t) = x4(t),
dx4(t) =

((

1 + u1(t) − � x26(t)
)

cos(x5(t)) − 1
)

dt + �4 dw4(t),
ẋ5(t) = x6(t),
dx6(t) = u2(t) dt + �6 dw6(t),
t ⩾ 0,
x(0) = x0 ∈ ℝ6.

(67)

Here x0 is a deterministic initial state, �2, �4, and �6 are nonnegative constants (noise intensity parameters), (w2(⋅), w4(⋅), w6(⋅))
is a three-dimensional standard Brownian motion (Wiener process) on the time interval [0,+∞), and the stochastic ordinary
differential equations are understood in the Itô sense. An open-loop control strategy can also represent a stochastic process if it
is obtained from a closed-loop map.
Two initial conditions were considered:

X0 =
(

2, 3, 4, 1, �
3
, 1

)⊤
, (68)

X0 =
(

2, 3, 4, 1, 3�
5
, 1

)⊤
; (69)

x0 was determined from X0 in line with (54). Note that (68) is the same initial state as was taken in [52, Section 5], and (69) is
obtained from (68) just by increasing the roll angle X0

5 to 3�∕5. We also selected

�2 = �4 = �6 = � (70)

and studied the two cases
� = 0 (deterministic case), � = 0.1. (71)

The MPC strategy was constructed from the model (25)–(29) with sampling time Δ = 0.03 for x ∈ D1 (in simulations with
this model, no time sampling is needed for x ∉ D1 as discussed above); r1, r2, and Pextrapol were also taken as indicated above.
The Itô stochastic differential equations were numerically integrated on the time interval [0, 40] via the Euler–Maruyama

scheme that coincides with theMilstein scheme if the noise intensitymatrix is constant and diagonal [55, 56]. The latter condition
obviously holds for the system (67). The corresponding time step was chosen as 10−4. Recall that, under certain smoothness and
Lipschitz continuity conditions on the drift vector function and noise intensity matrix function, the Milstein scheme has strong
convergence order one, while the order of the Euler–Maruyama scheme in general equals 1∕2 if the noise intensity matrix is not
constant. In case � = 0.1, 103 Monte Carlo iterations were performed for each of the two initial conditions (68), (69).
The black solid curves in Figs. 6 and 7 illustrate estimates of the mean values E ‖x(t)‖ and standard deviations

√

Var ‖x(t)‖
on the time interval [0, 40] for our MPC implementation based on the model (25)–(29). Figs. 6 and 7 relate to the initial
conditions (68) and (69), respectively.
For comparison, we also integrated the system (67) with the feedback control strategy that was developed and tested on real

experiments by Fantoni et al. [52, 53]. This strategy is unconstrained, allows for an explicit analytical representation (which can
be handled very fast, so no MPC has to be arranged in simulations), and stabilizes the deterministic PVTOL system if the initial
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FIGURE 6 Estimates of the mean values E ‖x(t)‖ and standard deviations
√

Var ‖x(t)‖ for the original and constrained
versions of the feedback control law of Fantoni et al. [52, 53] as well as for the MPC implementation based on the model (25)–
(29) in the example of Subsection 4.2. The initial condition is (68). For the noise intensity parameter �2 = �4 = �6 = �, the two
cases (71) are considered. In order to see the graphs clearer, we do not fix the same scale for the vertical axes in the subfigures.

roll angle satisfies |X5(0)| < �∕2 (see [52, Theorem 3.1] or [53, Theorem 1]). It has to be noted that the expressions for the first
and second time derivatives of the auxiliary variable r1 in [53, (16) and (17) on page 414] are incorrectly written (2 ∕ cos(�) in
the formula for ṙ1 should be replaced with 2 tan(�), and the formula for r̈1 should be accordingly modified). However, there is
evidence that the correct relations were used in the further theoretical and practical investigation of [53]. In Figs. 6 and 7, the
solid gray curves correspond to the original unconstrained strategy of Fantoni et al., while the dashed gray curves indicate its
constrained (saturating) version defined as the orthogonal projection to the compact convex control constraint set (56). The latter
control law was not considered by Fantoni et al., but we tested it to see how the saturation would reduce the control performance
and robustness. The Euler–Maruyama scheme was used with the same time step 10−4, and 103 Monte Carlo iterations were
again implemented for each of the two initial conditions (68), (69) in case � = 0.1.
Figs. 6 and 7 show that the MPC strategy based on the model (25)–(29) successfully mitigates state trajectory deflections

from the origin in both cases (71) and for both initial conditions (68), (69), whereas the feedback control law of Fantoni et al.
and its constrained modification fail to do so when the initial roll angle X5(0) exceeds �∕2 (X5(0) = �∕3 < �∕2 in (68), and
X5(0) = 3�∕5 > �∕2 in (69)).
Regarding the graphs of the mean deflections E‖x(⋅)‖ in Fig. 6 (in the deterministic case � = 0, one obviously has

E‖x(⋅)‖ = ‖x(⋅)‖), our MPC strategy leads to a somewhat slower stabilization, but also to almost the same first moment
(1∕40) ∫ 40

0 E‖x(t)‖ dt and the second moment (1∕40) ∫ 40
0 (E‖x(t)‖)2 dt reduced by nearly half, as compared to the original

control law of Fantoni et al. Besides, increasing the control bounds a1, a2 in (56) can in general improve the performance of
the constrained MPC strategy. However, the original control law of Fantoni et al. is a priori unconstrained (which may limit
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FIGURE 7 Estimates of the mean values E ‖x(t)‖ and standard deviations
√

Var ‖x(t)‖ for the original and constrained
versions of the feedback control law of Fantoni et al. [52, 53] as well as for the MPC implementation based on the model (25)–
(29) in the example of Subsection 4.2. The initial condition is (69). For the noise intensity parameter �2 = �4 = �6 = �, the two
cases (71) are considered. In order to see the graphs clearer, we do not fix the same scale for the vertical axes in the subfigures.

its practical use), and its constrained modification may not be robust enough (as follows from the corresponding graphs of the
mean and standard deviation in Figs. 6 and 7).

5 CONCLUSION

This paper has developed a curse-of-dimensionality-free numerical approach to feedback stabilization using the theoretical
results of the previous study [1] on CLF characterization via exit-time optimal control. To attenuate also the curse of complexity
for global or semi-global solution approximation in a high-dimensional region as well as for fast MPC implementation, we
have combined gradient enhanced versions of the Kriging and inverse distance weighting methodologies for scattered grid
interpolation. Let us list a number of important features of our approach:

• the interpolation model is composite, i. e., it involves multiple gradient enhanced Kriging models for separate grids,
connected by a specific inverse distance weighting model (this is more flexible compared to using a single Kriging model);

• desired values of a CLF and its gradient are obtained not only at a finite number of sparse grid nodes, but also on the
whole terminal (target) set in the related exit-time optimal control problem;

• incorporation of the gradient (costate) information often allows smaller sparse grids to be considered;



I. Yegorov ET AL. 23

• new data can be conveniently taken into account within an offline training process (which can be significantly accelerated
via parallel computing);

• online control estimation via sparse grid interpolation is typically much faster (though less accurate) than solving direct
or characteristics based nonlinear programming problems for each sampling instant;

• in an onlineMPC implementation, sparse grid interpolation is performed if a current state lies in a certain bounded domain
(the control actions are retrieved from the state and costate by means of the Hamiltonian minimum or CLF decrease
condition), otherwise one may have to markedly increase the sampling time interval and approximate the corresponding
control or costate via direct collocation or a characteristics based optimal control solver (an extrapolation of the form (25),
(26) may also be used).

Note that Kriging in our composite model structure may in principle be replaced with other data-driven models, including
neural networks [7, 21, 22], polynomial regression [8], and support vector regression [17]. This is a possible subject of future
research. It also seems promising to combine our approach with scalable sum-of-squares based methods for stabilization of
polynomial dynamical systems [57].
Moreover, the range of practical applicability of characteristics based frameworks to exit-time optimal control problems

arising in stabilization problems with relatively high state space dimensions is worth studying further. In particular, an efficient
modification of the framework proposed in Appendix may involve multiple shooting or indirect collocation [49, 50].
It is also relevant to design data-driven curse-of-dimensionality-free approaches for more general classes of Hamilton–Jacobi

(HJ) equations arising in differential games and stochastic optimal control problems. As was already noted in the introduction,
the work [21] has developed a neural network framework for a particular type of HJ equations with possibly nonconvex and
nonconcave Hamiltonians depending only on the costate. This may help to treat some feedback differential games with state-
independent Hamiltonians. Regarding stochastic optimal control problems [14, 22, 58], curse-of-dimensionality-free techniques
to separately estimate the related value function gradients at different states are worth investigating, because their incorporation
in scattered grid interpolation schemes or other data-driven models can attenuate also the curse of complexity. A significant
challenge is that the complexity of Pontryagin’s principle for stochastic optimal control problems [14] makes it more difficult
to combine necessary and sufficient optimality conditions (i. e., to connect stochastically evolving costates with value function
gradients) compared to the deterministic case.
Finally, one has to note the curse-of-dimensionality-free framework of [59] that uses deep neural networks to approximate

compositional Lyapunov functions for systems of nonlinear ordinary differential equations, and another prospective research
direction is to extend this framework to CLFs and optimal feedback stabilization problems.
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APPENDIX

SUPPLEMENTARY NUMERICAL METHOD USING A CHARACTERISTICS BASED
REPRESENTATION OF THE VALUE FUNCTION

Here we design a supplementary characteristics based method to approximate the value function and costate with the help
of [1, Theorem 2.29]. It is used in Subsection 4.1 due to explicit connection with the characteristics based representation of
the value function. For the considered exit-time optimal control problems, this method appears to work markedly slower than
direct collocation (utilized in Subsection 4.2) and hence requires further development for wider application (which is a possible
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subject of future research). Similar algorithms have nonetheless shown sufficiently fast and accurate performance for a number
of fixed-horizon high-dimensional optimal control problems [47, 48].
First, recall the following notation from [1, Section 2]:

TΩc (x0, u(⋅))
def
= inf {T ∈ [0,+∞) ∶ x(T ; x0, u(⋅)) ∈ Ωc} ∀x0 ∈ G ∀u(⋅) ∈  , (A.1)

H(x, u, p, p̃)
def
= ⟨p, f (x, u)⟩ + p̃ g(x, u),

(x, p, p̃)
def
= min

u′ ∈U
H(x, u′, p, p̃)

∀ (x, u, p, p̃) ∈ G × U ×ℝn ×ℝ,

(A.2)

U ∗(x, p, p̃)
def
= Arg min

u∈U
H(x, u, p, p̃) ∀ (x, p, p̃) ∈ G ×ℝn ×ℝ. (A.3)

The formulation of [1, Theorem 2.29] is repeated here for convenience.

Theorem A.1. [1, Theorem 2.29] Let Assumptions [1, 2.1, 2.8, 2.16, 2.22 and 2.24] hold. For any initial state x0 ∈ 0 ⧵Ωc ,
the Kruzhkov transformed value v(x0) defined by [1, (22), (23), (40)] is the minimum of

1 − exp

⎧

⎪

⎨

⎪

⎩

−

TΩc (x0, u
∗(⋅))

∫
0

g(x∗(t), u∗(t)) dt − c

⎫

⎪

⎬

⎪

⎭

(A.4)

over the solutions of the characteristic Cauchy problems

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

ẋ∗(t) = DpH(x∗(t), u∗(t), p∗(t), p̃∗) = f (x∗(t), u∗(t)),
ṗ∗(t) = −DxH(x∗(t), u∗(t), p∗(t), p̃∗)

= −(Dxf (x∗(t), u∗(t)))⊤ p∗(t) − p̃∗ Dxg(x∗(t), u∗(t)),
u∗(t) ∈ U ∗(x∗(t), p∗(t), p̃∗),

t ∈ I(x0, u∗(⋅))
def
=

{

[0, TΩc (x0, u
∗(⋅))], TΩc (x0, u

∗(⋅)) < +∞,
[0,+∞), TΩc (x0, u

∗(⋅)) = +∞,

x∗(0) = x0, p∗(0) = p0,

(A.5)

for all extended initial costates
(p0, p̃∗) ∈ {(p, p̃) ∶ p ∈ ℝn, p̃ ∈ {0, 1}}. (A.6)

Moreover, the same value is obtained when minimizing over the bounded set

(p0, p̃∗) ∈ {(p, p̃) ∈ ℝn ×ℝ ∶ ‖(p, p̃)‖ = 1, p̃ ⩾ 0}, (A.7)

or even over its subset

(p0, p̃∗) ∈ {(p, p̃) ∈ ℝn ×ℝ ∶ ‖(p, p̃)‖ = 1, p̃ ⩾ 0, (x0, p, p̃) = 0}. (A.8)

In order to ensure the uniqueness of the solutions of the characteristic Cauchy problems (A.5) in the normal case p̃∗ > 0, the
following conditions are imposed.

Assumption A.2. The extremal control map (A.3) is a singleton for p̃ > 0, and the corresponding function defined on G ×
ℝn × (0,+∞) and taking values in U is locally Lipschitz continuous.

This often holds if, for instance, the running cost is regularized by adding a suitable control-dependent term. In the abnormal
case p̃∗ = 0, there typically exist states and costates for which the extremal control map is nonsingleton, regardless of the running
cost. However, one can expect that abnormal characteristics would rarely be optimal, since they do not take the running cost into
account. If the extremal control map on a characteristic trajectory becomes nonsingleton at some time during computations, one
can select any extremal control action at this time. Note also that, for some particular classes of optimal control problems, an
additional analysis via Pontryagin’s principle may allow characteristics based methods to be modified so that singular regimes
are explicitly handled and the nonuniqueness in the choice of extremal control actions is avoided (see [47, Examples 3.14 and
3.15] related to the case of a fixed finite horizon).
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A.1 Practical specification of exit times and the domain of asymptotic null-controllability
Next, recall the representation of the domain of asymptotic null-controllability 0 in [47, Theorem 2.27]:

0 = {x0 ∈ G ∶ V (x0) < +∞} = {x0 ∈ G ∶ v(x0) < 1}. (A.9)

Before evaluating the CLF at a particular state x0 ∈ G, one usually does not know if x0 ∈ 0 or not. Even if the initial state lies
in 0, there may still exist extended initial costates (p0, p̃∗) that generate characteristic trajectories with infinite exit time and
with the cost (A.4) equal to 1.
Let us provide a practical rule to determine costs and exit (terminal) times during numerical integration of the characteristic

Cauchy problems (A.5). A priori, it is reasonable to fix a sufficiently large finite upper bound Tmax > 0 for exit times, even
though this is in general a heuristic choice. Take also a sufficiently small parameter " ∈ (0, 1). It is proposed to stop integrating
the characteristic system when at least one of the following conditions starts to hold:

1) the a priori selected upper bound for terminal times is reached, i. e., t = Tmax;

2) the target set is entered, i. e., x∗(t) ∈ Ωc ;

3) the accumulated cost becomes very close to the maximum value 1, i. e.,

1 − exp

⎧

⎪

⎨

⎪

⎩

−

t

∫
0

g(x∗(s), u∗(s)) ds − c

⎫

⎪

⎬

⎪

⎭

⩾ 1 − ".

These three cases accordingly define practical exit times. In Case 2, the cost is specified as (A.4), while, in Cases 1 and 3, it is
set to 1 − ".
Let v̂∶ G⧵Ωc → [0, 1−"] be the approximation of v(⋅) inG⧵Ωc obtained by incorporating the aforementioned arguments

in a numerical method building on Theorem A.1. Select one more parameter "1 ∈ (0, 1), which is sufficiently small but not less
than ". Then the domain 0 can be approximated by its inner estimate

̂0
def
= Ωc ∪ {x0 ∈ G ⧵Ωc ∶ v̂(x0) < 1 − "1}. (A.10)

A.2 Shooting problem for reverse-time characteristics
Let us refer to the finite-dimensional optimization problem formulated in Theorem A.1 as the main problem. The cost function
in this problem may be essentially multi-extremal for some initial states x0 ∈ G. There may in particular exist a relatively large
subset of (A.7) consisting of the extended initial costates (p0, p̃∗) for which the state trajectories of (A.5) do not reach the target
setΩc and the approximate cost defined above equals 1−". It is hence reasonable first to introduce an auxiliary problem, whose
solution can then serve as an initial guess for an iterative algorithm applied to the main problem.
Consider the characteristic system rewritten in reverse time �, that is,

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

dx̂∗(�)
d�

= −DpH(x̂∗(�), û∗(�), p̂∗(�), p̃∗) = −f (x̂∗(�), û∗(�)),

dp̂∗(�)
d�

= DxH(x̂∗(�), û∗(�), p̂∗(�), p̃∗)

= (Dxf (x̂∗(�), û∗(�)))⊤ p̂∗(�) + p̃∗ Dxg(x̂∗(�), û∗(�)),
û∗(�) ∈ U ∗(x̂∗(�), p̂∗(�), p̃∗),
� ∈ I(x̂∗(0), p̂∗(0), p̃∗),

(A.11)

where I(x̂∗(0), p̂∗(0), p̃∗) is the maximum extendability time interval with zero left endpoint during which the related solutions
emanating from (x̂∗(0), p̂∗(0)) satisfy x̂∗(�) ∈ G, and take also

x̂∗(0) ∈ Ωc1 , p̂∗(0) ∈ N
(

x̂∗(0); Ωc1
)

(A.12)

for some parameter c1 ∈ (0, c]. The conditions (A.12) come fromPontryagin’s principle for the exit-time optimal control problem
with the target set

Ωc1
def
=

{

x ∈ Ω ∶ Vloc(x) ⩽ c1
}

⊆ Ωc (A.13)



I. Yegorov ET AL. 29

instead ofΩc . The aim is to get to a selected state x0 ∈ G as close as possible, which leads to a shooting problem. The level c1 is
allowed to be less than c in order to make the shooting more robust, i. e., to increase the possibility that the resulting initial guess
for the main optimization problem with x0 ∈ 0 generates a forward-time characteristic state trajectory reaching the original
target set Ωc within the fixed time interval [0, Tmax]. Note also that a similar reduction of a terminal sublevel set is used in [2]
for increasing the robustness of a receding horizon stabilization algorithm.
Additional properties need to be imposed.

Assumption A.3. c1 ∈ (0, c] is a constant. [1, Item 4 of Assumption 2.8] holds when c is replaced with c1 and C3 remains the
same. [1, Item 4 of Assumption 2.16] holds when c is replaced with c1 and C6 is replaced with C ′6 ∈ (0, C6].

Denote also
lc1

def
=

{

x ∈ Ω ∶ Vloc(x) = c1
}

= )Ωc1 . (A.14)

Assumption A.4. The local CLF Vloc(⋅) is continuously differentiable in Ω, and, for any direction � ∈ ℝn with ‖�‖ = 1, there
exists a unique state

x∗term(�) ∈ lc1 ∩ {�� ∶ � > 0}. (A.15)

Remark A.5. Let [1, Assumptions 2.1, 2.8] and Assumption A.3 hold. It is not difficult to verify that Assumption A.4 also
holds if, for example, the following conditions are fulfilled:

• Ω is convex;

• Vloc(⋅) is continuously differentiable and convex in Ω (the convexity of Vloc(⋅) implies the convexity of its sublevel sets,
such as Ωc and Ωc1);

• Vloc(⋅) satisfies
⟨x, DVloc(x)⟩ > 0 ∀x ∈ lc1

(this holds in particular for quadratic local CLFs).

In line with Assumptions A.3, A.4 and the Hamiltonian vanishing condition in Pontryagin’s principle, the initial data (A.12)
for the reverse-time characteristic system (A.11) is taken as

x̂∗(0) = x∗term(�) ∈ lc1 , � ∈ ℝn, ‖�‖ = 1,

p̂∗(0) = z DVloc(x̂∗(0)), z ⩾ 0,

(x̂∗(0), p̂∗(0), p̃∗) = 0, p̃∗ ⩾ 0.

(A.16)

By adopting the normalization condition ‖(p̂∗(0), p̃∗)‖ = 1, one obtains

p̃∗ ∈ [0, 1], z =

√

1 − (p̃∗)2

‖DVloc(x̂∗(0))‖
, (A.17)

and DVloc(x̂∗(0)) ≠ 0n due to the infinitesimal decrease condition on the local CLF and inf {g(x, u) ∶ x ∈ lc1 , u ∈ U} > 0
(recall [1, Assumptions 2.8, 2.16] and Assumption A.3). The latter properties also yield that, for any � ∈ ℝn with ‖�‖ = 1, the
function

[0, 1] ∋ p̃ ←→ 

(

x∗term(�),

√

1 − p̃2

‖DVloc(x∗term(�))‖
DVloc(x∗term(�)), p̃

)

(A.18)

is negative at p̃ = 0 and positive at p̃ = 1, i. e., at least one root p̃∗ exists and satisfies

0 < p̃∗ < 1 (A.19)

(which in particular excludes the abnormal case p̃∗ = 0). Possible multiple roots on (0, 1) can be numerically bracketed, e. g.,
by using the zbrak routine from [46, §9.1]. Each of them is further handled, and a root with the best shooting performance is
finally selected.
The shooting goal is to minimize the lowest deviation

min
� ∈ [0, Tmax] ∩ I(x̂∗(0), p̂∗(0), p̃∗)

‖

‖

x̂∗(�) − x0‖‖
2 (A.20)
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from a state x0 ∈ G over the solutions of the reverse-time characteristic Cauchy problems (A.11), (A.16), (A.17). One therefore
arrives at optimizing over the vectors � on the unit sphere in ℝn, which can be parametrized as follows:

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

�1 =
n−1
∏

i=1
sin �i,

�j = cos �j−1
n−1
∏

i=j
sin �i, j = 2, n − 1,

�n = cos �n−1,

0 ⩽ �1 < 2�, 0 ⩽ �j ⩽ �, j = 2, n − 1.

(A.21)

The periodicity in the angles �i, i = 1, n, allows for performing unconstrained optimization over them. Possible multi-
extremality in the auxiliary problem can be treated by applying an iterative optimization method to a fixed number of random
initial guesses generated according to the uniform angles distribution.

A.3 Main problem for forward-time characteristics and first-order approximation of the value
function
If (x̂∗(⋅), p̂∗(⋅), p̃∗) is an optimal shooting characteristic and �′ is a minimizer in (A.20), then the extended costate

(

p̂∗(�′)
p̃∗

, 1
)

(A.22)

(normalized so as to make the last coordinate equal to 1) can specify the initial guess for an iterative optimization method applied
to the main problem for forward-time characteristics. The normalization in (A.22) allows for optimizing with respect to p0 ∈ ℝn

in the main problem, as well as for representing the gradient DV (⋅) of the original value function along optimal characteristics
in case x0 ∈ 0 (V (x0) < +∞) directly via the costate.
If p0 is an optimal initial costate in the main problem (with p̃∗ = 1) for an initial state x0, the optimal control action at this

state is chosen from U ∗(x0, p0, 1).
Even if x0 ∈ 0 and the optimal cost (A.20) in the auxiliary shooting problem is rather small, the related initial guess (A.22)

for the main problem and also some neighboring costates might still lead to a forward-time characteristic state trajectory that
emanates from x0 but does not reach the target set Ωc within the time interval [0, Tmax]. In this situation, the shooting is not
accurate enough, but the following technique for evaluating v(x0) may be helpful. Select two sufficiently small positive param-
eters �1, �2. If the square root of the optimal shooting cost (A.20) is less than �1 and x̂0 = x̂∗(�′) is the closest state to x0 on the
optimal shooting characteristic, then one can solve the main optimization problem (with p̃∗ = 1) for the initial state x̂0 and use
the corresponding value v(x̂0) and optimal initial costate p̂0 in order to approximate v(x0). More precisely, if ‖x̂0 − x0‖ < �1
and v(x̂0) = 1 − e−V (x̂0) < 1 − ", consider the first-order estimate

V1(x0)
def
= V (x̂0) + ⟨p̂0, x0 − x̂0⟩ , V (x̂0) = − ln (1 − v(x̂0)),

v1(x0)
def
= 1 − e−V1(x0),

(A.23)

and, if also 0 ⩽ v1(x0) < 1− " and |v1(x0) − v(x̂0)| < �2, take v(x0) ≈ v1(x0). If at least one of the tested conditions does
not hold, put v(x0) ≈ 1 − ". Moreover, the sought-after control action at the state x0 is selected from U ∗(x0, p̂0, 1).
According to [1, Theorem 2.21], v(⋅) is differentiable almost everywhere in 0. If it is differentiable at x̂0 and some convex

open neighborhood of x̂0 containing x0 lies in 0, then (A.23) indeed gives a first-order approximation of v(x0), because the
costate p̂0 (for which p̃∗ = 1) represents DV (x̂0).
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