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Abstract

A class of discrete-time random processes arising in engineering and econometrics
applications consists of a linear state-space model whose parameters are modulated
by the state of a finite-stateMarkov chain. Typical filtering approaches are collapsing
methods, which approximate filtered distributions by mixtures of Gaussians, each
Gaussian corresponding to one possibility of the recent history of the Markov chain,
and particle methods. This paper presents an alternative approach to filtering these
processes based on keeping track of the values of the underlying filtered density
and its characteristic function on grids. We prove that it has favourable convergence
properties under certain assumptions. On the other hand, as a grid method, it suffers
from the curse of dimensionality, and so is only suitable for low-dimensional systems.
We compare our method to collapsing filters and a particle filter with examples, and
find that it can outperform them on 1- and 2-dimensional problems, but loses its
speed advantage on 3-dimensional systems. Meanwhile, our method has a proven
theoretical convergence rate that is probably not achieved by collapsing and particle
methods.
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1 INTRODUCTION

In filtering problems, optimal filters sometimes cannot be computed exactly or are too computationally expensive and it becomes
necessary to approximate the filtered distribution in some way. This paper is concerned with a variant of the linear state-space
model where the parameters are modulated by the state of a finite-state Markov chain. A common approach is to use a sum of
a small number of Gaussians. In recent years, particle filters have also been applied to this class of problems. In this paper we
present an alternative approach, and provide theory and examples to demonstrate the benefits.
The following simple example will help explain the goals. Let S(k), k ∈ ℕ, be a Markov chain on the set {0, 1}with transition

matrix
(

0.95 0.05
0.1 0.9

)

(1)

and initial distribution (i.e., distribution of S(0)) the discrete uniform distribution on {0, 1}. Let Z(k), k ∈ ℕ be iid N(0, 1)
random variables. LetX(0) ∼ N(0, 1) and letX(k) = 0.9X(k−1)+0.25+0.1Z(k) when S(k) = 0 andX(k) = 0.8X(k−1)−
0.5 + 0.1Z(k) when S(k) = 1. How can we approximate the distribution of X(100)? One idea is to use a “collapsing” method:

†Research supported by ARC Linkage Project LP140100473. A preliminary report of the work in this paper previously appeared in [1].
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FIGURE 1 Example for Section 1. Solid blue curves: approximation of the density of X(100) using sums of Gaussians, for
depth parameter varying from 1 to 8. Dashed black curve: a much closer approximation of the density, using the method of our
paper. Grey bars: histogram of the result from 2000 simulations. The exact density has too many terms to realistically compute.

choose a positive integerD and approximate the distribution ofX(k) conditional on S(k−D+1),⋯ , S(k) by a Gaussian. The
distribution of X(k) is then approximated by a sum of 2D Gaussians. The prediction step of a Kalman filter can then be used to
approximate the distribution ofX(k+1) as a sum of 2D+1 Gaussians which can then be approximated by a sum of 2D Gaussians.
Repeating this procedure we can approximate the distribution of X(100). The result of this procedure is shown for the example
above in the blue curves of Fig. 1 for values of D ranging from 1 to 8. Increasing D results in a better approximation, but at
exponentially increasing cost. The exact density has too many terms to compute in a reasonable amount of time, but a much
closer approximation is given by the dashed black curve of Fig. 1 which is computed using the prediction step of the filtering
method described in this paper. Computation times for the sum of Gaussians vary from 0.006s (D=1) to 0.292s (D=8) while the
computation time for our method is 0.052s. (It should be noted that our implementations of both methods were not designed for
speed.)
In general, this paper looks at a class of probabilistic models described as follows. Let ℕ denote the non-negative integers. Let

S(k), k ∈ ℕ, be a Markov chain on a finite set  of states having transition matrixM ∶  ×  → ℝ. Let X and Y be random
processes on ℕ, taking values in ℝd and ℝn respectively, satisfying the equations

X(k) = AS(k)X(k − 1) + BS(k)U (k) + C
proc
S(k)Zproc(k), k ≥ 1

Y (k) = FS(k)X(k) + GS(k)U (k) + CobsS(k)Zobs(k), k ≥ 0
(2)

where Zproc(k) ∈ ℝc and Zobs(k) ∈ ℝm are iid N(0, I), the U (k) take values in ℝb that are known by time k,1 and, for each
s ∈  , As is a d × d matrix, Bs is a d × b matrix, Cprocs is a d × c matrix, Fs is an n × d matrix, Gs is an n × b matrix and
Cobss is an n ×m matrix. An extreme case of (2) occurs when the Cobss and Cprocs are all zero; then the distribution of X(k) given
Y (0),⋯ , Y (k), is discrete. In this paper we are interested in the opposite extreme, where the parameters are such that the filtered
distribution always has a density. In Section 2 we give the details of our assumptions regarding the parameters.
Equation (2) does not describe the distributions of the initial values S(0) andX(0). There are several options. One is to choose

an arbitrary distribution for S(0) and an arbitrary nondegenerate Gaussian for X(0). Another option, available under certain
conditions on the parameters and U , is to assume that the model is in steady state. Equation (2) is a Hidden Markov Model3,
in which (S(k), X(k)) is the hidden part of the state and Y (k) is the observation. This model unifies several notions of linear
models modulated by a Markov chain.
Equation (2) includes vanilla finite-state Markov chains and vanilla linear state space equations as degenerate cases. The

optimal filters for these models can be written down exactly3 Chapter 5. There do exist other special cases of (2) that still have

1In this paper we take U (k) to be deterministic. For likelihood calculations one could more generally assume that the U (k) are weakly exogenous for the parameters
of interest. 2
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exact optimal filters. These include regime-switching models in econometrics4,5, which have been pointed out to be special cases
of (2).6 However, in many other cases of (2) of practical interest, efficient exact methods are unlikely to be found, so suboptimal
filters, i.e., numerical approximations, become useful.
Models of the form (2) have been applied in the following scenarios.

• Machines with failures. The parameters for one state describe the state dynamics of a machine in normal operation. One or
more other states describe the dynamics with failed components. The probability of failure per time step can be encoded
in the transition matrix of S. Filtering can then be used to infer when failure has occurred.7

• Economic regime switching. In this application the observations are economic data such as GDP, and the model can be
used to classify time periods as either recession or boom.6

• Approximation of nonlinear models or models with non-Gaussian observation noise.A nonlinear model might be approx-
imated by a piecewise linear model which in turn can be approximated by the Markov switching model. The dynamics
then have a “coarse” component S and a “fine” component X. Non-Gaussian observation noise can be approximated by
a mixture of Gaussian components and the Markov-switching model can be used to choose between the components.8,7

A timeline of the suboptimal filtering methods for this model and special cases is given in [9, Section 13.3.5]. A common theme
of many filters is collapsing:8 choose a depth D and approximate the filtered density of X(k − 1) by a mixture of Gaussians
indexed by the ||D tuples (s1,⋯ , sD) of states. The mixture weighting for a given tuple is interpreted as an approximation of
P (S(k − 1) = s1,⋯ , S(k − D) = sD|Y (0),⋯ , Y (k)) and the corresponding Gaussian is interpreted as an approximation of
the probability density of X(k − 1) conditional on S(k − 1) = s1,⋯ , S(k −D) = sD, Y (0),⋯ , Y (k). Applying the prediction
step exactly to this approximation multiplies the number of terms by ||. To prevent an explosion in the number of terms, the
Gaussians are later merged together so that the filtered density of X(k) is again approximated by a mixture of ||D terms. A
collapsingmethod for (2) in its full generality was described in [7, Section 3.1] in an engineering context (building on older results
for special cases), and in [6] in econometrics (also building on older results, and only for a depth of 1). As the depth increases,
the estimates produced by collapsing methods converge to the true filtered density, but the computational cost is exponential
in the depth. Other filtering algorithms build on the collapsing idea by adaptively both merging and pruning histories.10 An
alternative to these collapsing methods is to use particle filters, which have been proposed for Markov modulated linear and
non-linear systems.11,12,13,14,15
The main contribution of the present paper is an alternative numerical method for filtering for a large class of the models

given by (2). A central question in suboptimal filtering is how to numerically represent a distribution. The aim is to represent the
sorts of distributions that can arise in the particular filtering problem, with a high degree of accuracy. The collapsing answer to
this question is to represent distributions as a mixture of Gaussians. Our representation is a tuple (, ̃, ℎ, ℎ̃) where  and ̃ are
grids of points in ℝd , ℎ ∶  ×  → ℝ is a discretisation of the filtered probability density function (PDF), and ℎ̃ ∶  × ̃ → ℝ
is a discretisation of the corresponding characteristic function (CF). The advantage of our approach is that the error between
this discretisation and the true filtered density converges to zero exponentially as the number of grid points in each dimension
increases. This convergence property is stated precisely in Theorem 2. In a quite different way, [16] has previously shown the
usefulness of considering the CF in a suboptimal filter.
General-purpose grid-based methods have been developed for other nonlinear filtering problems17,18,19. The model (2) is

different from the usual nonlinear model. Firstly, the state has a discrete component, which needs to be accounted for by keeping
track of several “layers” of the grid. Secondly, conditional on the discrete part of the state, the continuous part behaves according
to the linear state-space model; it should be possible to take advantage of this simple behaviour.
Our approach is similar in concept to [20] which also filters this class of models using grid representations of the PDF and CF.

The present paper has several significant new aspects: firstly, we provide conditions under which the method works in higher
dimensions, and prove asymptotic properties of the approximation errors as the grid size increases to infinity. Next, at one point
it is necessary to approximate the CF at non-grid points. The authors of [20] use a Fast Fourier Transform and grid interpolation.
We point out how in certain circumstances (including the 1-dimensional case) a Chirp Z-Transform can be used.When this option
is not available we use a (non-fast) approximation of the Fourier Transform. Either way we can prove asymptotic properties of
the errors as the grid size increases; it is not clear whether these properties can be achieved with a Fast Fourier Transform and
grid interpolation.
Outline. Section 2 describes the class of problems we consider. We give an example that shows how a grid-based approximation
can fail for some choices of the parameters in (2). After this we place additional constraints on the problem. In Section 3 we

This article is protected by copyright. All rights reserved.
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describe our method in detail and give Theorem 2 which describes the asymptotics of the error introduced by this method. In
Section 4 we provide demonstrations of our method including a comparison to a collapsing method. We also investigate our
method’s ability to approximate a steady state distribution, and make some comments on efficiency of implementations.
There are two significant weaknesses to our method. The first is that the assumptions we make in Section 2 restrict the models

to those that behave stably. The second is the requirement to do non-fast Fourier Transform calculations. Section 5 discusses
a possible direction for alleviating these weaknesses. By keeping track of transformed versions of the random variables (or
equivalently: allowing for moving grids), we can weaken the assumptions about the system parameters, and also ensure that a
Chirp Z-Transform can be used in all circumstances. However, this comes with additional overheads, and it seems that further
innovations are necessary to achieve useful performance with this extension.
In Section 6 we discuss the advantages and disadvantages of our approach and the outlook. The appendices give experimen-

tal parameters, and proofs of asymptotic properties of the filtered distribution that are required for the proof of Theorem 2.
Appendix A provides the experimental parameters for our numerical results. Appendix B proves the asymptotic properties of
the distributions needed for our error bounds.

2 ASSUMPTIONS AND JUSTIFICATION

The filtering method we describe later in the paper is not designed for all possible parameters in (2). The assumptions (Assump-
tions 1 to 4 below) on the parameters of (2) are designed so that the distribution of X(k) does not spread out too much over
time (Assumption 1);2 the filtered distribution of X(k) stays absolutely continuous with respect to the Lebesgue measure
(Assumption 2); the filtered characteristic function of X(k) does not spread out too much over time (Assumption 3); and the
distribution ofX(0) is well localised in space as well as frequency (Assumption 4). Appendix B shows how Assumptions 1 to 4
lead to these useful features.
The class of models satisfying the assumptions is quite large, but does not include models where the process noise and

observation noise do not “fill all the dimensions” in a certain way. Thus we exclude, for example, models of [4, 5]. Let us see

an example where our method is unsuitable. Suppose S can take the states 0 and 1 and its transition matrix is
(

1∕2 1∕2
1∕2 1∕2

)

. Let

� ∈ (0, 1) and in (2) with X(k), Y (k) being one-dimensional let As = �, Bs = 2s − 1, C
proc
s = 0, Fs = 1, Gs = 0, Cobss = 1 for

all s and U (k) = 1 for all k, so that X(k) = �X(k − 1) + (2S(k) − 1).3 Suppose we take X to have a known (deterministic)
initial value X(0), and Y (k) = X(k) + Z(k) where the Z(k) are iid N(0, 1). Now the probability distribution of (S(k), X(k))
conditional on Y (0),⋯ , Y (T ) is a mixture of up to 2T delta distributions, so that treating it as a continuous distribution and
recording the values on a grid will be ineffective. The assumptions below avoid this problem. It is not enough to assume that
Cobss and Cprocs are nonzero: one could construct an example of (2) with Cobss ≠ 0 ≠ Cprocs , that decomposes into an “orthogonal
sum” of the above model and some other model; our grid representation would again be ineffective.
On the other hand, Assumptions 1 to 4 below ensure that, for all k, the probability distribution of X(k) conditional on S(k)

and Y (0),⋯ , Y (k) has a PDF, and this PDF can be approximated well by a structure with a small amount of data.

2.1 Model description and assumptions
Model description.

1. S is a Markov chain on ℕ, taking values in a finite set  and having transition matrixM ∶  ×  → ℝ.

2. X, Y are random processes on ℕ, taking values in ℝd ,ℝn respectively, and satisfying (2). The Zproc(k) and Zobs(k) are
all independent, distributed as N(0, I) and independent of (S(0), S(1),⋯). We interpret (S(k), X(k)) as the underlying,
unknown state at time k and Y (k) as the observation.

3. The matrix parameters As, Bs, C
proc
s , Fs, Gs, Cobss are specified in advance for each s ∈  . The U (k) are taken to be

deterministic and known.

2Assumption 1 is somewhat severe; in Section 5 we discuss a possible extension to our method that avoids requiring it.
3The steady state distribution of X(k) is the Bernoulli convolution distribution. For � ∈

(

0, 1
2

)

the distribution is singular and fractal in nature. For � ∈
(

1
2
, 1
)

it is
difficult to know whether the distribution is absolutely continuous or not; the problem has been investigated by many, yet a complete answer is unknown. 21
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4. The distribution ofX(0), conditional onS(0) is specified in advance.X(0) is conditionally independent of (S(1), S(2),⋯)
given S(0).

Additional assumptions.

1. for every s ∈  , for all nonzero x ∈ ℝd , ‖Asx‖ < ‖x‖.

2. Cobss is an invertible (hence square) matrix;

3. There is a positive integer � such that for any sequence s1,⋯ , s� of states of the Markov chain, the matrix
(

Cprocs� As�C
proc
s�−1 ⋯ As� ⋯As2C

proc
s1

)

(3)

has rank equal to d, the number of rows.

4. the distribution of X(0) is absolutely continuous and there are �0, 
0 > 0 such that for every s ∈  the PDF fX(0)|S(0)=s
satisfies

fX(0)|S(0)=s(x) = O(exp(−�0‖x‖2)) as ‖x‖ →∞. (4)

and the CF f̃X(0)|S(0)=s satisfies

f̃X(0)|S(0)=s(x̃) = O(exp(−
0‖x̃‖2)) as ‖x̃‖ →∞. (5)

2.2 Comments and consequences
No assumptions are made about the transition matrix M . We mention that two of the above assumptions can be considered
generic, in that they hold for an open dense subset of the parameters:

• If Cobss is square then Assumption 2 is generic. This is because det ∶ ℝd×d → ℝ is a nonzero polynomial, so {Cobss ∶
det(Cobss ) ≠ 0} is a non-empty Zariski open set, which is automatically open and dense in the Euclidean topology.

• Assumption 3 is also generic. If we define a map � that maps (As1 ,⋯ , As� , C
proc
s1 ,⋯ , Cprocs� ) to the matrix consisting of

the first d columns of (3) then det ◦� is a nonzero polynomial map, so the set of parameters for which det ◦� is non-zero
is non-empty and Zariski open, so it is is open and dense in the Euclidean topology. There are ||d <∞ possible choices
of s1,⋯ , sd , and taking the intersection of the corresponding open dense sets gives an open dense set.

However, we should note that the accuracy/computation time tradeoff gets worse as the parameters approach the non-generic
points.
Some intuitive explanation for Assumption 3 is necessary. Let us write, for now, C(s1,⋯ , s�) for the matrix given in (3). By

repeated application of the first part of (2), we find that X(k + �) contains — among other items — the terms

CprocS(k+�)Zproc(k + �) + AS(k+�)C
proc
S(k+�−1)Zproc(k + � − 1) +⋯ + AS(k+�)⋯AS(k+2)C

proc
S(k+1)Zproc(k + 1). (6)

This sum can be rewritten as

C(S(k + �),⋯ , S(k + 1))Z, (7)

where Z is the vector formed by stacking Zproc(k + �),⋯ , Zproc(k + 1) on top of each other. The entries of Z are iid N(0, 1)
random variables. So the job of Assumption 3 is to ensure that the noise contribution to X(k + �) has nonsingular covariance.
The effect is to stop the characteristic function of X(k) from spreading out too much over time.
Note that if all Cprocs are invertible then Assumption 3 holds. We also note a consequence of Assumption 3. Write col(L) for

the column space of a matrix L, i.e., the range of its corresponding linear transformation.

Proposition 1
If Assumption 3 holds, then for each s, col

((

Cprocs As
))

= ℝd .

Proof. Choose s1 =⋯ = s� = s and use the fact that col(AB) ⊆ col(A) for any matrices A,B.

This article is protected by copyright. All rights reserved.
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3 NUMERICAL METHOD

3.1 Notation
Throughout this section we write fW for the PDF of a random variableW and fW |W ′=w′ for the conditional distribution ofW
on another random variable W ′ at W ′ = w′. For each k suppose y(k) ∈ ℝ is a realisation of the random variable Y (k). We
use the common shorthand fW |l for the PDF ofW conditional on the observations up to time l, that is, fW |Y (0)=y(0),⋯,Y (l)=y(l).
Similarly, write fW |W ′=w,l as shorthand for fW |W ′=w,Y (0)=y(0),⋯,Y (l)=y(l).
If f is the distribution of an ℝd-valued random variableW , then we write f̃ for the characteristic function:

f̃ (w̃) = E(exp({W Tw̃)). (8)

That is, f̃ is the Inverse Fourier Transform (IFT) of f , if we take the convention that the IFT of f is

w̃ → ∫
ℝd

exp({wTw̃)f (w) dw. (9)

Under this notation, the Fourier Transform (FT) of f̃ is

w →
1

(2�)d ∫
ℝd

exp(−{w̃Tw)f̃ (w̃) dw̃. (10)

3.2 Description of the method
Our method is based on the observation that the distribution ofX(k) conditional on S(k), Y (0),⋯ , Y (l) (where l is k−1 or k)
is well localised in space as well as frequency. The Poisson Summation Formula then implies that the function can be accurately
described by its values on a finite grid,4 and that its (continuous) Fourier Transform can be well approximated by a discrete
Fourier Transform.
For the model described in Section 2.1 we can define a map fk|l ∶  × ℝd → ℝ that describes the (theoretical) filtered

distribution:

(s, x) →P (S(k) = s|Y (0) = y(0),⋯ , Y (l) = y(l)) fX(k)|S(k)=s,Y (0)=y(0),⋯,Y (l)=y(l)(x). (11)

The goal of the filter is to describe these maps accurately. Let us also define a corresponding “characteristic function” f̃k|l ∶
 ×ℝd → ℂ:

(s, x̃) →P (S(k) = s|Y (0) = y(0),⋯ , Y (l))E
(

exp({X(k)Tx̃)|S(k) = s, Y (0) = y(0),⋯ , Y (l) = y(l)
)

. (12)

We first explain an ideal version of the filter. The (continuous) Fourier Transform can be used to map between fk|l(s, x) and
f̃k|l(s, x̃).
Updating takes fk|k−1(s, x) and an observation y(k) and produces fk|k(s, x). Using the nature of an HMM,

fk|k(s, x) =
fS(k),X(k),Y (k)|k−1(s, x, y(k))

fY (k)|k−1(y(k))
, (13)

where

fS(k),X(k),Y (k)|k−1(s, x, y) = fk|k−1(s, x)fY (k)|S(k)=s,X(k)=x(y), (14)

fY (k)|k−1(y) =
∑

s∈
∫
ℝd

fS(k),X(k),Y (k)|k−1(s, x, y) dx, (15)

and using (2),

fY (k)|S(k)=s,X(k)=x(y) =
1

det(Cobss )
g
(

(Cobss )−1
(

y − Fsx − GsU (k)
))

. (16)

where g is the PDF of a standard multivariate normal random variable.

4One can also relate this fact to the Sampling Theorem (which is itself related to the Poisson Summation Formula): If a PDF is approximately band-limited then it
can be approximately reconstructed from its samples on an infinite grid; if it is also approximately compactly supported then it can be approximately reconstructed from
the values on a finite grid.

This article is protected by copyright. All rights reserved.



7

The prediction step takes fk−1|k−1 and produces fk|k−1. If C
proc
s and theAs are all invertible we can write this out: takingMs1,s

to be the transition probability from state s1 to state s, then fk|k−1(s, x) becomes
(

1
det As

∑

s1∈
Ms1,sfk−1|k−1(s, A

−1
s (x − BsU (t)))

)

∗
(

1
det(Cprocs )

g
(

(Cprocs ))−1x
)

)

, (17)

where the convolution is taken over x. The prediction step can be easily described in the Fourier domain, even if Cprocs and As
are not invertible:

f̃k|k−1(s, x̃) =

(

∑

s1∈
Ms1,sf̃k−1|k−1(s, A

T
s x̃)

)

exp
(

{(BsU (k))Tx̃
)

g̃
(

Cprocs
Tx̃
)

, (18)

where g̃ is the CF of a standard multivariate normal random variable.
We now describe how fk|l and f̃k|l are discretised and how (13)–(15) and (18) can be computed from these discretisations.

Let x0 ∈ ℝd and let e1,⋯ , ed denote the standard basis vectors of ℝd . Let q1,⋯ , qd be positive integers, �1,⋯ , �d be positive
real numbers and let

 =
{

x0 + r1�1e1 + r2�2e2 +⋯ + rd�ded ∶ each rp,⋯ ∈ {1,⋯ , qp}
}

. (19)

Let V =
∏d

p=1 �p. Let

̃ =
{

(

r1 −
q1 + 1
2

)

2�
q1�1

e1 +⋯ +
(

rd −
qd + 1
2

)

2�
qd�d

ed ∶ each rp ∈ {1,⋯ , qp}
}

.

Let Ṽ =
∏d

p=1
2�
qp�p

. Define the following boxes:

 =
{

x0 +
(

x1 ⋯ xd
)T ∶ −qp�p < xp < qp�p for p = 1,⋯ , d

}

, (20)

̃ =
{

(

x̃1 ⋯ x̃d
)T ∶ − �

�p
< x̃p <

�
�p

for p = 1,⋯ , d
}

. (21)

Now fk|l(s, x) can be approximated by a discretisation ℎk|l ∶  ×  → ℝ and, if ̃ is some other grid, f̃k|l(s, x) can be
approximated by a corresponding discretisation ℎ̃k|l ∶  × ̃ → ℝ. We can convert between a discretisation of fk|l using  and
a discretisation of f̃k|l using ̃ with a discrete Fourier Transform, as follows. If we have ℎ̃k|l and want to know ℎk|l we can set

ℎk|l(s, x) = Ṽ
∑

x̃∈̃

exp(−{x̃Tx)ℎ̃k|l(s, x̃). (22)

A similar computation applies if we know ℎk|l and want to know ℎ̃k|l (using V instead of Ṽ ). Thanks to the choice of , ̃, these
sums can be computed simply by performing a Fast Fourier Transform (or its inverse) in each dimension. These transformations
are straightforward approximations of certain Riemann integrals for the (inverse) Fourier Transform. But they are very accurate
as we will see in Theorem 2. Given the number qp of grid points in dimension p, we choose the grid so that �p is of the form
�p,0q

−1∕2
p for some constant �p,0; under this choice, Theorem 2 describes the error asymptotically as a function of the qp.

The integral of (15) now becomes a summation (scaled by V ). Since the summation is equivalent to evaluating the Fourier
Transform at zero frequency, the fact that discretising the Fourier Transform is accurate applies also to discretisation of (15).
Equations (13), (14) and (18) are now just componentwise calculations, except for the slightly tricky expression

f̃k|k(s, ATs x̃) (23)

in (18). This expression requires resampling f̃k|k. To this end, at the end of the preceding update step we have access to an
approximation of fk|k, so evaluating (23) is simply a matter of computing the Fourier Transform on a different grid; i.e., As̃
instead of ̃. Thus, even though we have chosen , ̃ so that an FFT efficiently transforms between f and f̃ , we now have to
use a more expensive technique to compute (23). If the dimension d of the underlying process X is 1, the Chirp Z-Transform
(CZT)22 can be applied. For higher dimensions, the CZT could be used to evaluate a Discrete Fourier Transform on a grid As̃,
but only when As is symmetric.23 When As is not symmetric, slower procedures are necessary.5

5We can use the Chirp Z-Transform in general, if we first decompose the necessary transformations as a product of symmetric transformations; see Section 5.
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A comment on the choice of grids: they should at least be large enough and fine enough to be able to well approximate (i) the
PDF and CF of the initial distribution; (ii) the PDF and CF of the process noise; (iii) the multiplying factor corresponding to the
observation noise.
We now summarise the steps of the filter. We assume that the initial distribution f0|−1 is known exactly. For a given grid ,

we let ℎ0|−1 be equal to f0|−1 on the points of  × .
Update step. Given an observation y(k), for (s, x) ∈ S × , compute

ℎS(k),X(k),Y (k)|k−1(⋅, ⋅, y(k)) ∶ S ×  → ℝ (24)
(s, x) → fY (k)|S(k)=s,X(k)=x(y(k))ℎk|k−1(s, x) (25)

where fY (k)|S(k)=s,X(k)=x(y) is computed as in (16). The values of ℎS(k),X(k),Y (k)|k−1 give a discretisation of
fS(k),X(k),Y (k)|k−1(s, x, y).
Approximate the integral of fS(k),X(k),Y (k)|k−1 by summing the components of ℎS(k),X(k),Y (k)|k−1 and scaling by V . This gives

the contribution of the observation Y (k) = y(k) to the likelihood computation. Finally, ℎk|k is computed by normalising (25),
i.e., dividing by the integral just computed.
Prediction step. The prediction step computes ℎk|k−1 from ℎk−1|k−1. It can be broken down into 3 parts: mixing, conversion to
resampled CF and applying translation and noise.

• (Mixing.) Compute the map ℎ∗ ∶ S ×  → ℝ defined by

ℎ∗(s, x) =
∑

s1

Ms1,sℎk−1|k−1(s1, x). (26)

This is a discretisation of P (S(k) = s|k − 1)fX(k)|k−1(x).

• (Conversion to resampled CF.) From the result of the mixing step we can compute the map ℎ̃∗ ∶ S × ̃ → ℂ defined by

ℎ̃∗(s, x̃) =
{

V
∑

x∈ exp({xTATs x̃)ℎ
∗(s, x) Asx̃ ∈ ̃

0 Asx̃ ∉ ̃ (27)

This is a discretisation of P (S(k) = s|k − 1)f̃AsX|k−1(x̃). Note the ATs in this expression; it essentially means that the
Discrete Fourier Transform is being computed on the points of the grid ATs ̃ but the result is considered as a function on
S × ̃.

• (Applying translation and noise.) Finally we evaluate the map ℎ̃k|k−1 ∶ S × ̃ → ℂ defined by

ℎ̃k|k−1(s, x̃) = exp({(BsU (k))Tx̃)g̃(C
proc
S(k)

Tx̃). (28)

Given ℎ̃k|k−1 we can compute ℎk|k−1 by performing a Fast Fourier Transform. Since ℎk|k−1 is an approximation of a
real-valued function, we can replace the imaginary parts of the computed values by 0.

The following lemma will be used to show that if the values of ℎk|l approximate the filtered density well, then the filtered
characteristic function can be well approximated at any point of ̃.

Lemma 1. Let q = q1q2⋯ qd . Assume that each �p is of the form �p,0q
−1∕2
p . Suppose f ∶ ℝd → ℝ. Let f̃ ∶ ℝd → ℂ be the

Fourier Transform of f and suppose that there are constants �, �, 
, � > 0 such that

f (x) ≤ � exp
(

−�
2
‖x‖2

)

for all x ∈ ℝd , (29)

|f̃ (x̃)| ≤ � exp
(

−


2
‖x̃‖2

)

for all x̃ ∈ ℝd . (30)

Then there are �, �, � > 0, independent of q1,⋯ , qd , such that whenever ℎ ∶  → ℝ satisfies

|ℎ(x) − f (x)| < �, (31)

then for x̃ ∈ ̃
|

|

|

|

|

|

V
∑

x∈
exp({xTx̃)ℎ(x) − f̃ (x̃)

|

|

|

|

|

|

≤ �q1∕2� + � exp
(

−�
d
min
p=1

qp

)

, (32)
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for all sufficiently large q1,⋯ , qd , while for x̃ ∉ ̃

|

|

f̃ (x̃)|
|

≤ � exp
(

−�
d
min
p=1

qp

)

. (33)

An analogous result applies for the reverse procedure, i.e., approximating f (x) from ℎ̃.

Proof. If x̃ ∉ ̃ then

|f̃ (x̃)| ≤ � exp(−
‖x̃‖2∕2) ≤ � exp
(

−

d
min
p=1
(�∕�p)2∕2

)

≤ � exp
(

−
�2
d
min
p=1
(�−2p,0)

d
min
p=1
(qp)∕2

)

.

Otherwise, define the infinite grids

′ = {x0 + r1
�p,0
√

q1
e1 +⋯ + rd

�p,0
√

qd
ed , r1,⋯ , rd ∈ ℤ}, (34)

̃′ = {x̃ + 2�r1

√

q1
�1,0

e1 +⋯ + 2�rd

√

qd
�d,0

ed , r1,⋯ rd ∈ ℤ}. (35)

By the Poisson Summation Formula and standard properties of the Fourier Transform,
∑

z̃∈̃′
exp({xT0 (z̃ − x̃))f̃ (z̃) = V

∑

z∈′
exp({x̃Tz)f (z). (36)

All points in ̃′∖{z̃} are outside ̃ and so there are some � ′, �′ > 0 such that
|

|

|

|

|

|

∑

z̃∈̃′
exp({xT0 (z̃ − x̃))f̃ (z̃) − f̃ (x̃)

|

|

|

|

|

|

≤ � ′ exp(−�′
d
min
p=1

qp) (37)

for all sufficiently large q1,⋯ , qd , because all the terms of the sum except f̃ (x̃) are so small.6 Meanwhile there are � ′′, �′′ such
that

|

|

|

|

|

|

∑

z∈′
exp({x̃Tz)f (z) −

∑

z∈
exp({x̃Tz)f (z)

|

|

|

|

|

|

≤ � ′′ exp(−�′′
d
min
p=1

qp) (38)

for all sufficiently large q1,⋯ , qd . Combining (31) and (36)–(38), and since V =
(

∏d
p=1 �p,0

)

q−1∕2, we get (32). A similar proof
applies for the reverse procedure.

Theorem 2. There exists �′ > 0 such that for any sequence y0,⋯ , yk of observations, if the above procedure is used—with the
above mentioned method to choose the grid spacing based on the number of grid points — to estimate the likelihood fY (k)|k−1,
then the resulting estimated likelihood ℎY (k)|k−1 satisfies

ℎY (k)|k−1(yk|y0,⋯ , yk−1) − fY (k)|k−1(yk|y0,⋯ , yk−1) = O
(

exp(−�′
d
min
j=1

qj)
)

as q1,⋯ , qd →∞.

The proof relies on Theorem 3, which basically states that the filtered and predicted PDF and CF always have Gaussian
tails. Theorem 2 describes the error between a density function and its approximation. It implies that, for a fixed sequence of
observations, to achieve a specified error E in the approximate calculation of fY (k)|k−1, the number of grid points per dimension
should be proportional to log(1∕E). Thus, the total number of grid points should be proportional to log(1∕E)d . The weakness
of Theorem 2 is that it does not provide the constant factor in the asymptotic description, and does not preclude the possibility
that this factor could grow as k increases. It seems plausible to us that the constant factor might be described in a way that does
not grow as k increases (but could still depend on the observations themselves).

Proof. First we prove that there is �′′ > 0 such that

�k ∶= max
s∈ ,x∈

(

ℎk|k−1(s, x) − fk|k−1(s, x)
)

= O
(

exp(−�′′
d
min
j=1

qj)
)

(39)

6The left hand side of (37) is bounded above by �
∑

z̃∈̃′−{x̃}
exp

(

− 

2
‖z̃‖2

)

. Write ̃′ as the union of sets of the form {x ∈ ̃ ∶ |xp| ≠ (x0)p} for p = 1,⋯ , d. Then

show that for sufficiently large qp, the sum on each of these sets is bounded above by � ′p exp(−�
′
pqp) for some � ′p, �

′
p.
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as q1,⋯ , qd → ∞. Certainly this is true for k = 0 since we know ℎ0|−1 = f0|−1. We now proceed by induction: suppose (39)
holds for �k. Since the update step simply involves multiplication by a bounded function, we see immediately that there is some
a1 > 0 such that

max
s∈ ,x∈

(

ℎk|k(s, x) − fk|k(s, x)
)

≤ a1�k. (40)

For fixed s ∈  let

f (x) = P (S(k) = s|k)fX(k)|S(k)=s,k(x)
f̃ (x) = P (S(k) = s|k)f̃X(k)|S(k)=s,k(x).

Then, after the mixing step (26), we see that

|ℎ∗(s, x) − f (x)| ≤ a1�k for x ∈ . (41)

Theorem 3 implies that there are a, � > 0 such that

f (x) ≤ a exp
(

−1
2
�‖x‖2

)

, f̃ (x̃) ≤ a exp
(

−1
2
�‖x̃‖2

)

. (42)

But f̃ is the Fourier Transform of f . Take �p to be �p,0∕
√

qp. We now compute an upper bound on the error in the approximation
of f̃k|k−1 at a point x̃ ∈ ℝd .

• When ATs x̃ ∈ ̃, use (27) and (32) to see

|ℎ̃∗(s, x̃) − f̃ (ATs x̃)| ≤ V qa1�k + � exp
(

−�
d
min
j=1

qj

)

. (43)

• When ATs x̃ ∉ ̃, Equation (27) gives ℎ̃∗(s, x̃) = 0 while from (33) we get |f̃ (ATs x̃)| ≤ � exp
(

−�mindj=1 qj
)

. So (43)
holds in this case also.

Applying (28), we see that there are some �, � > 0 such that

|

|

|

ℎ̃k+1|k(s, x̃) − f̃k+1|s,k(x̃)
|

|

|

≤ V qa1�k + � exp
(

−�
d
min
j=1

qj

)

.

Using Lemma 1 in the other direction, we then see that there are some � ′, �′ > 0 (depending only on the parameters of the
model) such that

|

|

|

ℎk+1|k(s, x) − fk+1|k(s, x)
|

|

|

≤ Ṽ V q2a1�k + � ′ exp
(

−�′
d
min
j=1

qj

)

. (44)

Since �, �′ do not depend on k, we can assume without loss of generality that � = �′ = �′′ and now (39) holds for �k+1.
A final application of the Poisson Summation Formula then shows that the approximation of fY (k)|k−1 by a summation as

explained in the Update step above also only has an error of O
(

exp
(

−�′mindj=1 qj
))

.

4 DEMONSTRATIONS AND DISCUSSION

4.1 Comparison to a collapsing method for computing likelihood
In this section we numerically compare our grid-based method against several other methods in the literature:

4.1.1 Generalised Pseudo-Bayes Algorithm (GPBA)
A class of collapsing methods is described in [7, Section 3.1]. For a given depth D (a parameter to the filter), we approximate

fk−1|k−1,S(k−1)=s1,S(k−2)=s2,⋯,s(k−D)=sD (x) (45)

by a Gaussian. We keep track of the parameters of this Gaussian as well as our approximation of P (S(k − 1) = s1, S(k − 2) =
s2,⋯ , S(k −D) = sD|Y (0),⋯ , Y (k − 1)). Under this approximation we can use Kalman filters to compute

fk|k,S(k)=s1,S(k−2)=s2,⋯,S(k−D)=sD+1 (46)
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FIGURE 2 Results for 1-dimensional example. Left: mean squared error of the state estimate, plotted against the run time, for
several different filters including our own (Grid). Right: log-likelihood computed from the observation sequence, plotted against
the run time.

(and the corresponding probability) for each tuple (s1,⋯ , sD+1). After each update step we approximate the distribution
fk|k,S(k)=s1,S(k−2)=s2,⋯,S(k−D+1)=sD by performing a collapsing step, which merges all the Gaussians with this common history
into one, with mean and variance matching the mean and variance of the mixture.

4.1.2 Interacting Multiple Models (IMM)
The Interacting Multiple Models algorithm can be interpreted as a variant of the depth 1 GPBAwhere the collapsing step occurs
after the “mixing” part of the predicton step but before the prediction of the continuous part of the state.24

4.1.3 Rao-Blackwellised Particle Filter (RBPF)
In the implementation of a particle filter it is possible to marginalise the discrete part of the state.25 Section G A filter of this
sort is described in [15] for nonlinear Markov-modulated systems; we apply it to our linear case for comparison to our method.
For the proposal kernel, as suggested in [15, Remark 1], we use the state transition kernel.

4.1.4 Results and discussion.
We conducted numerical experiments for 2-state examples of 1–3 dimensions. The experimental parameters for these examples
are given in Appendix A. The results for these examples are in Figs. 2 to 4. Run times include the time to perform all burn steps
and filtering steps, but not the time to initialise the data structures.
In terms of the mean squared error of the state estimate, the grid-based filter does not significantly outperform the other filters

in these examples. This is because all the filters come within a few percent of the ideal filter without much effort. The real
advantage of the grid-based filter, at least in 1–2 dimensions, is that it has an accurate numerical representation of the filtered
density, which is helpful for computing any function of this density. For example, it converges more quickly to the log-likelihood
computed from the observation sequence. For the 1-dimensional example, the filter requires very little time to get an accurate
approximation of this value. The benefit is less pronounced in 2 dimensions, and by 3 dimensions the favourable asymptotics
are neutralised by the large constant factor. Only the collapsing filters (GPBA and IMM) get close to the optimal MSE state
estimate and the correct log-likelihood calculation in a reasonable amount of time. (It should be noted that the RBPF, being a
randomised method, would not produce the same performance curve from run to run with different random number seeds.)
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FIGURE 3 Results for 2-dimensional example. Left: mean squared error of the state estimate. Right: log-likelihood.

10 1 100

Run Time

0.160

0.165

0.170

0.175

0.180

0.185

0.190

M
ea

n 
Sq

ua
re

d 
Er

ro
r

GPBA
RBPF
Grid
IMM

10 1 100

Run Time

109

108

107

106

105

104

Co
m

pu
te

d 
Lo

g-
Lik

el
ih

oo
d

GPBA
RBPF
Grid
IMM

FIGURE 4 Results for 3-dimensional example. Left: mean squared error of the state estimate. Right: log-likelihood.

4.2 Comparison to a method with piecewise linear interpolation
The filtering method described in [20] is similar to ours although an FFT is conducted to convert from the PDF values to the CF
values. Following this, it is necessary to resample the CF to implement (23). It is not made explicit in [20] how to compute the
resampled values. In a sense, the slow Fourier Transform calculation (or Chirp Z-Transform when it is available) is one option
for resampling. A tempting alternative is to perform piecewise linear interpolation. This is faster for the same number of grid
points, but we lose the ability to prove a fast convergence rate. In fact, in Fig. 5 we show that for the example from Section 1,
linear interpolation leads to larger approximation errors. We use q ∈ [64, 8192] points in the grid; the grid size is set to

√

q. A
moderate improvement might be made by tuning the grid size; nevertheless it appears that the fast convergence is lost.

4.3 Approximation of the computed steady state
If the steady state PDF of X(t) exists, it can be approximated by repeating the prediction step without any observation steps,
for long enough for the convergence to the fixed point to take effect. After each prediction step, we normalise to ensure that the
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FIGURE 5What happens if the resampling Fourier Transform step is replaced by a FFT followed by linear interpolation? The
model parameters are the same as in the example in Section 1. Solid grey curves: approximation of the density ofX(100) using
FFT and linear interpolation (Section 4.2). The number of grid points ranges from 64 to 8192 in powers of 2. Dashed black
curve: approximation using the method of our paper, using 64 grid points.

integral is 1 (which is not automatically guaranteed due to the approximation errors). The initial choice of ℎ, ℎ̃ is not particularly
important; we assume in our implementation that the state of the Markov chain has a discrete uniform distribution and the
conditional PDF is an arbitrary nondegenerate Gaussian independent of the state. Since our prediction step is an approximation
of the true prediction step, the limit we will actually arrive at will not in general be the best possible approximation of the steady
state PDF. We do not have a theory for how big the difference is but we will numerically demonstrate that it can be very small
if the discretisation is reasonably fine.
By using a Markov chain with only 1 state, we end up with a system that can be filtered exactly with a Kalman filter. The true

steady state can be computed symbolically, which we can use for comparison to our result. We used the following parameters:
A0 = 0.5, B0 = 0, C

proc
0 = 1. Since we are only concerned with the steady state, the other parameters do not matter. For q = 20

and q = 200, we set both  and ̃ to be symmetric around 0 with spacing
√

2�∕q. We show the computed steady state after 100
iterations for these choices of q in Fig. 6 (top) against a plot of the symbolically computed steady state.
We next conducted an experiment aiming to get an idea of how the error depends on the number of iterations used. For m = 1

through to m = 40 iterations we compute the steady state using q = 20 and q = 200 grid points. We then evaluate the error
between the approximate steady state and the true steady state at the grid points and find the maximum such error. Figure 6
(bottom) shows the result. For q = 20 the maximum error does not go below around 10−6 regardless of how many iterations are
used. But for q = 200 the error swiftly decreases until it is comparable to the errors expected as a result of the machine precision.

4.4 Notes on efficiency
We mention various options that are available for implementing the algorithm efficiently. (We did not aim for efficiency in our
experimental implementation.)

• The grid operations of the algorithm is well-suited to modern computational architectures such as GPGPU, being highly
parallelisable. Consider the steps of the filter, described in Section 3.2. The update step consists of pointwise calculations,
and a summation. The prediction step consists of pointwise calculations, a (slow) Discrete Fourier Transform, and a Fast
Fourier Transform. Summation and Fast Fourier Transform are well known to have efficient parallel implementations.
The pointwise calculations, and the slow Discrete Fourier Transform, can be parallelised by computing each grid value
in a separate thread.
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FIGURE 6 Left: a dashed curve shows the steady state PDF, as computed with 100 iterations of our prediction step, of a model
whose steady state PDF is exactly the Gaussian shown by the solid curve. We used 20 points in the PDF and CF grids. Also
shown (with a second dotted curve) is the PDF computed with 100 iterations on a grid with 200 points, but it is barely any
different from the solid curve at this scale. Right: convergence of the error in the steady state PDF, as the number of iterations
of the update step increases. We use the model described in Section 4.3. We use our method with 20 grid points (dashed curve)
and 200 grid points (solid curve), and measure the maximum error — over all the grid points — between our approximation
and the true (Gaussian) steady state. Note that with 200 grid points, the error reduces to a few machine epsilons after a small
number of iterations.

• If the number of states of the Markov chain is very large, it may also be useful to use a parallel and/or cache-optimised
matrix multiplication in the mixing part of the prediction step. (In our examples, the number of states does not warrant
this).

• Since PDFs are real valued, it is not necessary to store or compute the imaginary part of the PDF at each step. Also, if the
grid points for the CF are chosen to be symmetric around 0, then the values of the CF only need to be computed at half of
the points.

5 EXTENDED METHOD

Our main method has two significant limitations. Firstly, it requires all the matrices to have operator norm less than 1
(Assumption 1), which implies that it generally does not work for processes that do not have a steady state. Secondly, due to the
possibility that As is not symmetric, it is unable to use a Fast Fourier Transform or Chirp Z-Transform to compute the resam-
pled characteristic function (23). In this section we briefly explore a possibility to extend the method in two ways to alleviate
the above issues.

• We associate with each state s and time step k an affine transformation x → Ls(k)x + cs(k), and write X(k) as

X(k) = Ls(k)Ws(k) + cs(k), (47)

and store the conditional distribution ofWS(k)(k) instead of X(k). This is equivalent to allowing the grids to “float”. By
choosing Ls(k) and cs(k) so that WS(k)(k) is concentrated near zero, we remove the need for Assumption 1. The cost is
that we can no longer mix the PDFs together at the start of the prediction step, because they are represented on different
grids. As a consequence, a larger number of Fourier transforms have to be computed in each prediction step.

• The linear transformations of the grids required to perform the prediction steps are not generally symmetric. This precludes
using fast Fourier transforms in both directions. However, it is possible to decompose a linear transformation as a product
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of two symmetric transformations.23,26 Thus, if we choose an appropriate grid in Fourier space, the Chirp Z-Transform
can be used in both directions.

For k ≥ 1 and for any states s, s′, using (2) together with (47), we see that

Ws′(k) = Ls′(k)−1(X(k) − cs′(k))

= Ls′(k)−1
(

AS(k)X(k − 1) + BS(k)U (k) + C
proc
S(k)Zproc(k) − cs′(k)

)

= Ls′(k)−1
(

AS(k)(Ls(k − 1)Ws(k − 1) + cs(k − 1)) + BS(k)U (k) + C
proc
S(k)Zproc(k) − cs′(k)

)

= Ls′(k)−1AS(k)Ls(k − 1)Ws(k − 1) + Ls′(k)−1
(

AS(k)cs(k − 1) + BS(k)U (k) − cs′(k)
)

+ Ls′(k)−1C
proc
S(k)Zproc(k). (48)

Suppose that for each s, we know the conditional distribution ofWs(k− 1) given S(k− 1) = s. Based on the above calculation,
we can design a method to compute the conditional distribution of Ws′(k) given S(k) = s′. Let P ,Q be symmetric matrices
such that PQ = Ls′(k)−1AsLs(k − 1). Let

V = QWs(k − 1) + P −1Ls′(k)−1
(

AS(k)cs(k − 1) + BS(k)U (k) − cs′(k)
)

+ P −1Ls′(k)−1C
proc
S(k)Zproc(k). (49)

If S(k − 1) = s and S(k) = s′ then (48) and (49) giveWs′(k) = PV . This means that

fWs′ (k)|S(k−1)=s,S(k)=s′ = fPV |S(k−1)=s,S(k)=s′ .

Therefore, we can replace the old prediction step with the following:

• For each s, s′, compute the values of f̃V |S(k−1)=s,S(k)=s′ on a grid;

• For each s, s′, compute the values of fPV |S(k−1)=s,S(k)=s′ on a grid;

• Apply mixing to compute the values of fPV |S(k)=s′ on a grid.

The first two steps require conversion between ordinary space and Fourier space and back, but since P and Q are symmetric,
both steps can be done with Chirp Z-Transforms.
We are free to choose Ls(k) and cs(k). For example, the IMM can be used (Section 4.1.2) to get initial estimates �, V of the

conditional mean and variance of X(k) given S(k) = s and the observations so far. We can set cs(k) = X(k) and choose Ls(k)
such that Ls(k)Ls(k)T = V .
In our experience, the inability to mix the PDFs at the start of the prediction step makes this method too slow. As such, without

further innovations, it seems to us that this approach is not competitive.

6 CONCLUSION AND OUTLOOK

Linear state-space models with Markov switching have been found useful for a variety of problems in engineering and econo-
metrics. The general set of equations stated in Section 1 includes a multitude of well-known special cases. Traditional filtering
methods in the literature are based on the notion of collapsing. More recent solutions for this problem and its generalisations
are based on particle methods.
In contrast, our method is based on the idea that the underlying distributions are always well localised in space as well as

frequency, so that they can be approximated with high accuracy by recording the values of the PDF and CF on a grid. The
error in these representations decreases exponentially with the number of grid points in each dimension, while the cost only
increases polynomiallywith the total number of grid points. As such, for low dimensions, thismethod has favourable convergence
properties. The method is supported with a theory proving that the true filtered density has the required asymptotic conditions
for the method to be efficient.
For the examples we considered, all the filters we tried arrived close (within a few percent) to the optimal mean squared error

without much computation time. The grid-based filter, however, achieves an accurate approximation of the filtered PDF with
lower computational cost, and this makes it capable of computing functions of the filtered PDF such as the log-probability of
the observation sequence.
The cost, however, increases exponentially with the dimension of the system.Wemention one possible direction for alleviating

this. In our algorithm we have covered two cubes (one in PDF-space and one in CF-space) by grids. If the dimension is large, we
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expect that the fraction of these cubes where the PDF and CF have large enough values to matter is small. For example, suppose
the filtered PDF is approximately supported on a ball of radius 1. As the dimension d increases, the d-dimensional volume of a
ball of radius 1 tends to zero, while the volume of its bounding cube grows exponentially.7 Therefore,it is reasonable to predict
that in high dimensions a much smaller number of grid points is needed, if we only use the grid points that are contained in the
inscribed ball.8 (This probably precludes using fast Fourier Transforms for both the PDF to CF and CF to PDF conversions.)
Since we have not investigated the dependence of the required grid sizes on the dimension, it remains to be seen to what extent
this resolves the curse of dimensionality.
Another limitation of the present method is that the error achieved with a given grid depends on the observations themselves

– to the extent that it can possibly return non-positive likelihoods if the grid is not large enough to handle the observations. It
would be ideal to have a way to temporarily upgrade the grid whenever rare enough observations are received to demand it.
Failing that, it would be helpful to automatically select a grid based on the observations. We have not investigated these ideas.
We lastly remark on the potential for generalisation to parameters that we excluded in Assumptions 1 to 3. If Assumption 1

fails then the bulk of the filtered distribution might not stay close to the origin. We suggested in Section 5 a possible direction for
alleviating this assumption, as well as allowing the use of Chirp Z-Transforms in both directions of the calculations. However,
this comes with other computational costs. As for the other assumptions, the analysis in Appendix B hints that, at least in some
situations, a filter could represent the filtered density as a mixture of absolutely continuous distributions on subspaces. At each
filter step, || copies of each of these subspaces are made and deformed by affine transformations. We suspect that the efficiency
of such a method depends on whether the number of resulting subspaces grows quickly, slowly or stays finite over time.

APPENDIX

A EXPERIMENTAL PARAMETERS

A.1 Common parameters
Burn time for the simulation and all filters: 50 samples. Number of observations: 50.
Common filter parameters are as follows:

• GPBA: depths: 1, 2, 3,⋯ , 9. We assume that at time 0 all “histories” are equally likely.

• RBPF: number of particles: 100, 200, 400,⋯ , 51200. Resampling criterion:Neff <
1
3
× (number of particles).

• Grid: PDF grid width:
√

q where q is the grid points per dimension.

A.2 1-dimensional example
Model parameters for the 2-state, 1-dimensional example are as follows, with U (t) ≡ 1.

Distribution vector of S(0) ∶
(

0.5 0.5
)

,
Distribution of X(0) ∶ N(0, I),

Transition matrix of S ∶ M =
(

0.95 0.05
0.1 0.9

)

,

A0 = 0.9, A1 = 0.8,
B0 = 0.25, B1 = −0.5,

Cproc0 = Cproc1 = 0.1, F0 = F1 = 1,
G0 = G1 = 0, Cobs0 = Cobs1 = 0.3,

7The volume of a ball of radius 1 is 27 Section 5.19 �d∕2

Γ
(

d
2
+1

) while the volume of its bounding cube is 2d .
8This mirrors an argument for why particle filters may be capable of avoiding the curse of dimensionality. 28
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Grid filter points per dimension: 32, 64, 128,⋯ , 4096.

A.3 2-dimensional example
Parameters for the 2-state, 2-dimensional example are as follows, with U (t) ≡ 1.

Distribution vector of S(0) ∶
(

0.5 0.5
)

,
Distribution of X(0) ∶ N(0, I),

Transition matrix of S ∶ M =
(

0.98 0.02
0.06 0.94

)

,

A0 =
(

0.9 0
0 0.9

)

, A1 =
(

0.8 0.2
0.2 0.8

)

,

B0 =
(

0.25
−0.25

)

, B1 =
(

−0.5
0

)

,

Cproc0 = Cproc1 = 0.1I, F0 = F1 = I,
G0 = G1 = 0, Cobs0 = Cobs1 = 0.1I,

where I is the 2 × 2 identity matrix.
Grid filter points per dimension: 32, 40, 48,⋯ , 80.

A.4 3-dimensional example
Parameters for the 2-state, 3-dimensional example are as follows, with U (t) ≡ 1.

Distribution vector of S(0) ∶
(

0.5 0.5
)

,
Distribution of X(0) ∶ N(0, I),

Transition matrix of S ∶ M =
(

0.9 0.1
0.2 0.8

)

,

A0 =
⎛

⎜

⎜

⎝

0.9 0 0
0 0.8 0.1
0 −0.1 0.8

⎞

⎟

⎟

⎠

, A1 =
⎛

⎜

⎜

⎝

0.8 0.2 0
−0.2 0.8 0
0 0.1 0.8

⎞

⎟

⎟

⎠

,

B0 =
⎛

⎜

⎜

⎝

0
0.2
0

⎞

⎟

⎟

⎠

, B1 =
⎛

⎜

⎜

⎝

0
−0.2
0

⎞

⎟

⎟

⎠

,

Cproc0 = Cproc1 = 0.3I, F0 = F1 = I,
G0 = G1 = 0, Cobs0 = Cobs1 = 0.3I,

where I is the 3 × 3 identity matrix.
Grid filter points per dimension: 8, 10, 12,⋯ , 18.

B ASYMPTOTICS OF THE DISTRIBUTIONS

Here we prove that the (theoretical) filtered distribution satisfies at every point in time the asymptotic conditions required for
our method to be efficient.
Let (Ω, ,) be a probability space underlying the model. We could, for example, let (Ω, ,) be the product of the proba-

bility spaces for (i) the finite-state Markov chain S, (ii) the distribution ofX(0), (iii) the iid processZproc and (iv) the iid process
Zobs. It can then be seen that all of the quantities referred to in (2) are random variables in this probability space. However, we
will actually assume that (Ω, ,) is larger than this so that there is room to construct auxiliary random variables, independent
from S(k), Zproc(k), Zobs(k), as we need them.
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In Appendix B.1 we prove lemmas related to the comparison of conditional densities of random variables. If V is an arbitrary
random variable, c is a �(V )-measurable random vector inℝd andK is a �(V )-measurable random positive semidefinite matrix,
we define (V , c, K)which is the set of random variables that, conditional on V , have bounded density relative to the probability
measure of an N(c, K) random variable. This definition, made precise in Appendix B.1, allows us to compare the random
variables of interest with the random variables in a (non-Markov) linear state-space model. The equations for a Kalman Filter
then become equations describing the asymptotics of the conditional densities of our random variables. Appendix B.2 proves
analogous lemmas for comparing the characteristic functions. Appendix B.3 puts these lemmas to use, giving for all k an
asymptotic description of the conditional density and characteristic function of X(k) given the observations up to time k.
For some measurable spaces we save notation by not stating the �-algebra. Specifically for U ⊆ ℝd or U ⊆ ℝm×n (the space

of m × n matrices) we implicitly use the Borel �-algebra (U ). We use  ×  for the Cartesian product of sets  , ; when
 and  are measurable spaces (resp. measure spaces), the expression  ×  refers to the product measurables spaces (resp.
measure spaces).
Writeℝd×d

≥0 (resp.ℝd×d
>0 ) for the set of positive semidefinite symmetric d ×d matrices (resp. positive definite symmetric d ×d

matrices). These sets inherit the Lebesgue measure fromℝd×d . For matricesA,B, writeA ≥ B ifA−B ∈ ℝd×d
≥0 ; writeA > B if

A−B ∈ ℝd×d
>0 . We assume that the reader is familiar with well-known properties of positive semidefinite matrices. In particular,

if K ∈ ℝd×d
≥0 then there is a nonempty set  (K) of d × r matrices L satisfying rank(L) = r and LLT = K . For all such L

the column spaces col(L) and col(K) are equal. If K ∶ Ω → ℝd×d
>0 is a random variable then it is possible to choose a random

variable L ∶ Ω → ℝd×d such that LLT = K: for example, L(!) can be computed by applying the Gram-Schmidt procedure to
ℝd with the inner product defined by ⟨x, y⟩ ∶= xTK(!)−1y.

B.1 Asymptotic classes for density
Our approach to proving asymptotics of conditional probability densities is to compare the random variables to simpler random
variables whose densities provide asymptotic bounds. It is frequently easier to workwith the language of conditional expectations
rather than conditional densities. The following lemma shows how two randomvariables, conditioned on a third, can be compared
in equivalent ways: in terms of (1) their probabilities, (2, 3) their effects on expectations and (4) their densities.
Let (Ω, ,) be a probability space. LetΘ be the set of bounded measurable mapsℝd → [0,∞). LetΘV be the set of bounded

measurable maps  ×ℝd → [0,∞).

Lemma 2. Let  be an arbitrary measurable space and let V ∶ Ω →  and X,W ∶ Ω → ℝd be random variables. Suppose
a ∶  → [0,∞) is measurable. The following are equivalent:

1. For each each E ∈ (ℝd),

(X ∈ E|V ) ≤ a(V )(W ∈ E|V ),  − a.s.; (B1)

2. For each � ∈ Θ,

E(�(X)|V ) ≤ a(V )E(�(W )|V ),  − a.s.; (B2)

3. For each �′ ∈ ΘV ,

E(�′(V ,X)|V ) ≤ a(V )E(�′(V ,W )|V ),  − a.s.; (B3)

4. For any version of �W |V it is possible to choose a version of �X|V such that for each y ∈  , �X|V (⋅|v) is absolutely
continuous with respect to �W |V (⋅|v) and a version of the density fX|V of �X|V relative to �W |V can be chosen so that
fX|V (x|v) ≤ a(v), for all x, v.

Proof. (2) ⇐⇒ (1). In (B2), set �(x) = �E(x), the indicator function for E.
(1) ⇐⇒ (4). Let E be a measurable subset of ℝd × . Write d�V for the probability measure of V on  . If ((W ,V ) ∈ E) = 0
then ((X, V ) ∈ E) = ∫ E(�E(X, v)|V = v) d�V (v) ≤ ∫ a(v)E(�E(W , v)|V = v) d�V (v) = 0, showing that the joint
density �X,V is absolutely continuous relative to the joint density �W ,V . Let fX,V ∶ ℝd ×  → ℝ be the density. A standard
argument shows that fX,V (x, v) ≤ a(v), �W ,V −a.s.9 In fact we may take fX,V (x, v) ≤ a(v) everywhere, since changing a density

9Prove that �W ,V ({(x, v) ∶ fX,V (x, v) > a(v) + 1∕n}) = 0 for each integer n > 0 and take a countable union.
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on a set of probability 0 does not stop it from being a density. We can choose the density fV of �V relative to �V to be 1. The
conditional density fX|V is related to the joint density via the following formula29 Theorem B.52:

fX|V (x|v) =
fX,V (x, v)
fV (v)

, (B4)

So fX|V (x|v) = fX,V (x, v) ≤ a(v).
(4) ⇐⇒ (3). With fX|V as in Item 4,

E(�′(V ,X)|V = v) = ∫
ℝd

�′(v, x) d�X|V (x|v) = ∫
ℝd

�′(v, x)fX|V (x|v) d�W |V (x)

≤ ∫
ℝd

�′(v, x)a(v) d�W |V (x) = a(v)E(�′(V ,W )|V = v).

(3) ⇐⇒ (2). If � ∈ Θ, let �′(v, x) ∶= �(x); then �′ ∈ ΘV and (B3) implies (B2).

Let 1 be the �-algebra generated by the random variables X(0) as well as S(k), Zproc(k), Zobs(k) for k ∈ ℕ. That is, 1
is the smallest �-algebra with respect to which all of the random variables in (2) are measurable. Suppose V ∶ Ω →  is a
random variable measurable with respect to 1 (the measurable space  is arbitrary). Let c ∶ Ω → ℝd and K ∶ Ω → ℝd×d

≥0 be
�(V )-measurable maps. LetWc,K ∶ Ω→ ℝd be such that the conditional distribution ofWc,K on 1 isN(c, K). (The existence
of such Wc,K can be ensured by replacing Ω by an appropriate product probability space). Define (V , c, K) to be the set of
random variables X ∶ Ω→ ℝd such that there is measurable a ∶  → [0,∞) such that, for any E ∈ (ℝd),

(X ∈ E|V ) ≤ a(V )(Wc,K ∈ E|V ). (B5)

This is the condition of Lemma 2 Item 1 applied toX andWc,K ; any of the other conditions of Lemma 2 can be used equivalently.

Lemma 3. Let K,K1, K2 ∶ Ω→ ℝd×d
≥0 and c, c1 ∶ Ω→ ℝ be �(V )-measurable.

1. If V = (V1, V2) where the codomain of V1 is finite and c, K are �(V2)-measurable, then (V , c, K) ⊆ (V2, c, K).

2. If 0 < K1(!) ≤ K2(!) for all ! then (V , c, K1) ⊆ (V , c, K2).

3. If 0 < K(!) for all ! then for any � > 0, we have (V , c, K) ⊆ (V , c1, (1 + �)K).

Proof. 1. Let 1 be the codomain of V1. Suppose X ∈ (V , c, K). Let a be the coefficient in (B5). For E ∈ (ℝd),

(X ∈ E|V2 = y2) =
∑

y1∈1

(V1 = y1|V2 = y2)(X ∈ E|V1 = y1, V2 = y2)

≤

(

∑

y1∈
(V1 = y1|V2 = y2)a(y1, y2)

)

(Wc,K ∈ E|V2 = y2).

2. Let L1, L2 ∶ Ω → ℝd×d be �(V )-measurable such that LiLTi = Ki, i = 1, 2. Let J = L−11 L2. Since K1 ≤ K2, for any
z ∈ ℝd , ‖z‖ ≤ ‖Jz‖.10 Let Z ∶ Ω→ ℝd be an auxiliary random variable, independent of V , such that Z ∼ N(0, I). Then, for
any E ∈ (ℝd),

(Z ∈ E|V = y) = 1
√

2�
d ∫
E

exp
(

−1
2
‖z‖2

)

dz

≤ det(J )
√

2�
d ∫
J−1E

exp
(

−1
2
‖u‖2

)

du = det(J )(JZ ∈ E|V = y). (B6)

Suppose X ∈ (V , c, K1); let a be the corresponding coefficient in (B5). By (B6), for E ∈ (ℝd),

(X ∈ E|V ) ≤ a(V )(Wc,K1 ∈ E|V ) = a(V )(Z ∈ L−11 (E − c)|V )
≤ det(J )a(V )(JZ ∈ L−11 (E − c)|V ) = det(J )a(V )(Wc,K2 ∈ E|V ).

Therefore X ∈ (V , c, K).

10Since ‖LT1z‖ ≤ ‖JTLT1z‖ and L1 is invertible, for any z ∈ ℝd we have ‖z‖ ≤ ‖JTz‖. So the operator norm of J−T, and hence J−1, is less than 1.
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3. Let Z ∶ Ω→ ℝd be independent of V such that Z ∼ N(0, I). For � > 0 there is Borel-measurable � ∶ (ℝd)2 → ℝ such that
for b, b1, z ∈ ℝd ,

1
(1 + �)

‖z − b1‖2 − ‖z − b‖2 ≤ � (b, b1), (B7)

implying

exp
(

−1
2
‖z − b‖2

)

≤ exp
(

� (b, b1)
2

)

exp
(

− 1
2(1 + �)

‖z − b1‖2
)

, (B8)

so that scaling and integrating over any E ∈ (ℝd) gives

(Z ∈ E − b|V = y) ≤ �(b, b1)(
√

1 + �Z ∈ E − b1|V = y), (B9)

where �(b, b1) = exp
(

� (b,b1)
2

)

(1 + �)d∕2.
Suppose X ∈ (V , c, K); let a be the coefficient in (B5). Let L ∶ Ω → ℝd×d be �(V )-measurable such that LLT = K . Let

b = L−1c and b1 = L−1c1. Then for E ∈ (ℝd),

(X ∈ E|V ) ≤ a(V )(Wc,K ∈ E|V ) = a(V )(Z ∈ L−1(E − c)|V )

≤ a(V )�(L−1c, L−1c1)(
√

1 + �Z ∈ L−1(E − c1))
= a(V )�(L−1c, L−1c1)(Wc1,(1+�)K ∈ E), (B10)

showing that x ∈ (V , c1, (1 + �)K1).

Suppose Γ is a finite subset of ℕ. Then the elements of Γ can be indexed so that Γ1 < Γ2 < ⋯ < Γ
|Γ|. For l0,l1 ∈ ℕ let

V l0∶l1
Γ denote the tuple

(

S(l0), S(l0 + 1),⋯ , S(l1), Y (Γ1), Y (Γ2),⋯ , Y (Γ
|Γ|)

)

. (B11)

That is, V l0∶l1
Γ is a random variable which consists of all the observations at times Γ1,Γ2,⋯ ,Γ

|Γ|, together with the states of
the Markov chain between times l0,l1. Suppose K ∶ Ω→ ℝd×d

≥0 is �(V l0∶l1
Γ )-measurable. For s ∈  let

Rs(K) = AsKATs + C
proc
s Cprocs

T, (B12)

Hs(K) = KF Ts (FsKF
T
s + C

obs
s Cobss

T)−1, (B13)
Qs(K) = (I −Hs(K)Fs)K. (B14)

These definitions come from the equations for a Kalman Filter30: Rs(K) computes the predicted covariance from the previous
a posteriori covariance,Hs(K) gives the Kalman gain and Qs(K) gives the updated a posteriori covariance from the predicted
covariance. For each ! choose some L(!) ∈  (K(!)). Then11

Qs(K) = L(!)
(

I + L(!)TF Ts (C
obs
s Cobss

T)−1FsL(!)
)−1

L(!)T. (B15)

If K(!) is invertible, then so is L(!) and (B15) simplifies to

Qs(K) =
(

K−1 + F Ts (C
obs
s Cobss

T)−1Fs
)−1

. (B16)

Lemma 4. Let k,l ∈ ℕ. Suppose Γ is a subset of {0, 1,⋯ , k−1}. Let c, K be �(V l∶k−1
Γ )-measurable and supposeX(k−1) ∈


(

V l∶k−1
Γ , c, K

)

. Then:

1. X(k − 1) ∈ 
(

V l∶k
Γ , c, K

)

.

2. AS(k)X(k − 1) ∈ 
(

V l∶k
Γ , AS(k)c, AS(k)KATS(k)

)

.

3. X(k) ∈ 
(

V l∶k
Γ , c1, RS(k)(K)

)

where

c1 = AS(k)c + BS(k)U (k) (B17)

with Rs as defined in (B12).

11To see that (B13) and (B14) give the same value forQs(K) as (B15), show that I −LTF Ts (FsKF
T
s +C

obs
s Cobss

T)−1FsL is the inverse of I +LTF Ts (C
obs
s Cobss

T)−1FsL.
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Proof. Let a be the coefficient in (B5), i.e., for measurable E ⊆ ℝd ,

(X(k − 1) ∈ E|V l∶k−1
Γ ) ≤ a(V l∶k−1

Γ )(Wc,K ∈ E|V l∶k−1
Γ ). (B18)

1. The random variables S(k) and X(k − 1) are conditionally independent given V l∶k−1
Γ . Therefore (X(k − 1) ∈ E|V l∶k

Γ ) =
(X(k − 1) ∈ E|V l∶k−1


 ). By the definition of Wc,K we have (Wc,K ∈ E|V l∶k−1
Γ = (Wc,K ∈ E|V l∶k

Γ ). Let a1(V l∶k
Γ ) =

a(V l∶k−1
Γ ). For measurable E ⊆ ℝd ,

(X(k − 1) ∈ E|V l∶k
Γ ) ≤ a1(V l∶k

Γ )(Wc,K ∈ E|V l∶k
Γ ). (B19)

2. First note thatAS(k)c andAS(k)KATS(k) are both �(V
l∶k
Γ )-measurable. Now, it follows from (B19) that ifE ⊆ ℝd is measurable,

(AS(k)X(k − 1) ∈ E|V l∶k
Γ ) ≤ a1(V l∶k

Γ )(AS(k)Wc,K ∈ E|V l∶k
Γ ) (B20)

and the conditional distribution of AS(k)Wc,K given Y isN(AS(k)c, As(k)KATS(k)).
3. Note that Zproc(k) is independent of V l∶k

Γ . Let �′(v, x) = E(�(x+BS(K)U (k) +C
proc
S(k)Z(k))|V

l∶k
Γ = v). Then �′ ∈ ΘV l∶k

Γ
, and

by Lemma 2 (1 ⇐⇒ 3) and (B20),

E(�(AS(k)X(k − 1) + BS(k)U (k) + C
proc
S(k)Zproc(k))|V

l∶k
Γ = v)

= E(�′(v, AS(k)X(k − 1))|V l∶k
Γ = v)

≤ a(v)E(�′(v,WAS(k)c,AS(k)KATS(k)
)|V l∶k

Γ = v)

= a(v)E(�(WAS(k)c,AS(k)KATS(k)
+ BS(k)U (k) + C

proc
S(k)Z(k))|V

l∶k
Γ = v)

= a(v)E(�(WAS(k)c+BS(k)U (k),RS(k)(K))|V
l∶k
Γ = v), (B21)

sinceWc,K and Zproc(k) are conditionally independent given V l∶k
Γ . So Lemma 2 (2 ⇐⇒ 1) gives the result.

Lemma 5. Let k,l ∈ ℕ. Suppose Γ ⊆ {0, 1,⋯ , k − 1}. Let c, K be �(V l∶k
Γ )-measurable. Suppose X(k) ∈ 

(

V l∶k
Γ , c, K

)

.
Then X(k) ∈ 

(

V l∶k
Γ∪{k}, c1, QS(k)(K)

)

where

c1 = c +HS(k)(Y (k) − FS(k)c − GS(k)US(k)) (B22)

withHs, Qs as defined in (B13) and (B14).

Proof. Write V as a shorthand for V l∶k
Γ . Note that, from its definition, V l∶k

Γ∪{k} can be identified with the pair (V , Y (k)). Let
Y ′ = FS(k)Wc,K+GS(k)U (k)+CobsS(k)Zobs(k), so that the distribution of Y

′ conditional on (Wc,K , V ) is the same as the distribution
of Y (k) conditional on (X(k), V ). Choose a measure � with respect to which the probability measure of Wc,K conditional on
V is absolutely continuous. Let �1 be the product measure of � with Lebesgue measure on ℝn. Writing all densities relative to
these measures,

fX(k)|V =
fX(k)|V (x|v)fY (k)|X(k),V (y|x, v)

fY (k)|V (y|v)

≤
a(v)fWc,K |V (x|v)fY ′|Wc,K ,V (x|v)

fY ′|V (y|v)
fY ′|V (y|v)
fY (k)|V (y|v)

. (B23)

Choosing a1(v, y) =
a(v)fY ′ |V (y|v)
fY (k)|V (y|v)

, we get

fX(k)|V ,Y (k)(x|v, y) ≤ a1(v, y)fWc,K |V ,Y ′(x|v, y). (B24)

Finally, the operation of the update step of a Kalman filter describes the distribution of Wc,K conditional on (V , Y ′); it is the
distribution ofWc1,QS(k)(K).

B.2 Asymptotic classes for the characteristic function
Suppose Y ∶ Ω →  is a random variable and K ∶ Ω → ℝd×d

≥0 is �(Y )-measurable. Define ̃(Y ,K) to be the set of �(Y )-
measurable random variables X such that there is �(Y )-measurable a ∶ Ω→ ℝ satisfying

|

|

E(exp({XTx̃)|Y )|
|

≤ a exp
(

−1
2
x̃TKx̃

)

. (B25)
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Lemma 6. Let K,K1, K2 ∶ Ω→ ℝd×d
≥0 be �(Y )-measurable.

1. If Y = (Y1, Y2) where Y1 has finitely many states and K is �(Y2)-measurable, then ̃(Y ,K) ⊆ ̃(Y2, K).

2. 12 If K1(!) ≤ K2(!) for all ! then ̃(Y ,K2) ⊆ ̃(Y ,K1).

Proof. 1. Suppose i is the codomain of Yi. Suppose X ∈ ̃(Y ,K). Let a be the coefficient of (B25);
|

|

E(exp({XTx̃)|Y2 = y2)||
≤

∑

y1∈
(Y1 = y1|Y2 = y2) ||E(exp({X

Tx̃)|Y1 = y1, Y2 = y2)||

≤

(

∑

y1∈
(Y1 = y1|Y2 = y2)a(y1, y2)

)

exp
(

−1
2
x̃TKx̃

)

.

2. This follows from (B25) and the fact that x̃TK1x̃ ≤ x̃TK2x̃.

Lemma 7. Let Γ ⊆ {0, 1,⋯ , k − 1}. Suppose X(k − 1) ∈ ̃
(

V l∶k−1
Γ , K

)

. Then:

1. X(k − 1) ∈ ̃(V l∶k
Γ , K).

2. AS(k)(X(k − 1)) ∈ ̃(V l∶k
Γ , AS(k)KATS(k)).

3. X(k) ∈ ̃(V l∶k
Γ , RS(k)(K)).

Proof. 1. This follows from the fact that S(k) and X(k − 1) are conditionally independent given S(k − 1).
2. This follows from the fact that

E(exp({(AS(k)X(k − 1))Tx̃)|V l∶k
Γ ) = E(exp({X(k − 1)T(ATS(k)x̃))|V

l∶k
Γ ). (B26)

3.

E(exp({X(k)Tx̃)|V l∶k
0∶k−1)

= E
(

exp
(

{
(

AS(k)X(k − 1) + BS(k)U (k) + C
proc
S(k)Z(k)

)

x̃
)

|

|

|

V l∶k
0∶k−1

)

= E
(

exp
(

{
(

AS(k)X(k − 1)
)T x̃

)

|

|

|

V l∶k
0∶k−1

)

exp
(

{BS(k)U (k)x̃ −
1
2
x̃TCprocS(k)C

proc
S(k)x̃

)

.

So

|E(exp({X(k)Tx̃)|V l∶k
0∶k−1)| ≤ exp

(

−1
2

(

x̃TAS(k)KA
T
S(k)x̃ + x̃

TCprocS(k)C
proc
S(k)x̃

))

(B27)

leading to the result.

Lemma 8. Let Γ ⊆ {0, 1,⋯ , k − 1}. Suppose X(k) ∈ ̃(V l∶k
Γ , K). Then

X(k) ∈ ̃(V l∶k
Γ∪{k}, QS(k)(K)). (B28)

Proof. 4.BecauseCobs is invertible, it follows from (2) that �Y (k)|V l∶k
Γ

is absolutely continuous with respect to Lebesguemeasure,
and that a version of the density q(⋅|v) ∶ ℝn → ℝ is nonzero for all y, v.
For fixed x̃, v define a map ℎ ∶ ℝn → ℝ by

ℎ(y) = E
(

exp({X(k)Tx̃|V l∶k
Γ = v, Y (k) = y)

)

q(y). (B29)

12Note that the inclusion is reversed compared to the corresponding item in Lemma 3, and the condition that K1 > 0 is not required here.
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Then, performing an inverse Fourier Transform,

∫
y∈ℝn

exp({yTỹ)ℎ(y) dy

= ∫
y∈ℝn

E
(

exp({(X(k)Tx̃ + yTỹ)|V l∶k
Γ = v, Y = y)

)

q(y) dy

= E

(

exp

(

{
(

X(k)
Y (k)

)T(x̃
ỹ

)

)

|

|

|

|

|

V l∶k
Γ = v

)

. (B30)

By the Fourier Inversion Theorem,

ℎ(y) = 1
2� ∫

ℝd

exp
(

�ỹTy
)

E

(

exp

(

−{
(

X(k)
Y (k)

)T(x̃
ỹ

)

)

|

|

|

|

|

V l∶k
Γ = v

)

dỹ. (B31)

Let a be the coefficient in (B25) for X(k). Using (2),
|

|

|

|

|

|

E

(

exp

(

{
(

X(k)
Y (k)

)T(x̃
ỹ

)

)

|

|

|

|

|

V l∶k
Γ

)

|

|

|

|

|

|

=
|

|

|

|

E
(

exp
(

{
(

X(k)Tx̃ + (FS(k)X(k) + GS(k)U (k) + CobsS(k)Z
obs(k))Tỹ

))

|

|

|

V l∶k
Γ

)

|

|

|

|

≤ a exp
(

−1
2

(

(x̃ + F TS(k)ỹ)
TK(x̃ + F TS(k)ỹ) + ỹ

TCobsS(k)C
obs
S(k)

Tỹ
))

. (B32)

Using (B29), (B31) and (B32), letting E = (FS(k)KF TS(k) + C
obs
S(k)C

obs
S(k)

T) and making the subsitution ỹ = ũ −T E−1FS(k)Kx̃,

|

|

|

E
(

exp({X(k)Tx̃
)

|V l∶k
Γ , Y (k))||

|

≤ a1 exp
(

−1
2
(

x̃TK1x̃
)

)

,

where K1 = QS(k)(K) and

a1(v, y) =
a(v)

(2�)dq(v, y) ∫
ℝn

exp
(

−1
2
ũTEũ

)

dũ. (B33)

B.3 Asymptotic result
Lemma 9. Let K1, K2 ∈ ℝd×d

≥0 .

1. If K1 ≤ K2 then Rs(K1) ≤ Rs(K2).

2. If K1 ≤ K2 then Qs(K1) ≤ Qs(K2).

Proof. 1. Assume K1 ≤ K2. Then Rs(K2) − Rs(K1) = As(K2 −K1)ATs ≥ 0. So Rs(K1) ≤ Rs(K2).
2. If 0 < K1 ≤ K2 then (B16) givesQs(K1) ≤ Qs(K2). ButQs is continuous onℝd×d

≥0 , so the inequality holds for allK1 ≤ K2.

For K ∈ ℝd×d
≥0 , any tuple of states s = (s1,⋯ , s

|s|) ∈ � , and any set of numbers Γ ⊆ {1,⋯ , s
|s|}, define a matrix �(K, s,Γ)

as follows. Let �0 = K and for 1 ≤ l ≤ |s| let

�l =

{

Qsl (Rsl (�l)) l ∈ Γ
Rsl (�l) otherwise.

(B34)

Then let �(K, s,Γ) = �
|s|. The value �(K, s,Γ) is the computed covariancematrix after |s| steps of theKalman filter, assuming the

states are s1,⋯ , s
|s|. We can similarly define c(x, s,Γ) to be the corresponding mean vector after |s| steps. Let s′ = (s1,⋯ , s

|s|−1)
and let Γ′ = Γ − {|s|}.

Lemma 10. 1. If K1 ≤ K2 then �(K1, s,Γ) ≤ �(K2, s,Γ).

2. For any K > 0, there is �′ > 0 such that for any s,Γ, �(K, s,Γ) ≤ �′I .
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3. There is real 
 ′ such that for any s with |s| = �, �(0, s,Γ) ≥ 
 ′I .

4. There is real 
 such that for any K ≥ 0 and any s, �(K, s,Γ) ≥ 
I .

Proof. 1. Apply Lemma 9 inductively.
2. Let p ∈ (0, 1), r ∈ (0,∞) be such that for all s ∈  and for all x ∈ ℝd , ‖ATs x‖ ≤ p‖x‖ and ‖Cprocs

Tx‖ ≤ r‖x‖. The existence
of r is immediate; p can be chosen in (0, 1) because of Assumption 1 and the fact that As and ATs have equal operator norms.
Let �1 > 0 be such that K ≤ �1I . Choose some �′ > 0 and then choose any �′ ≥ �1 satisfying �′p2 + r2 < �′ − �′.13 We will

prove the following two steps, which applied inductively give the result: (i) if �(K, s′,Γ′) ≤ �′I then �(K, s,Γ′) ≤ �′I ; (ii) if
�(K, s,Γ′) ≤ �′I then �(K, s,Γ′ ∪ {|s|}) ≤ �′I .
For Step (i), if �(K, s′,Γ′) ≤ �I , then using Lemma 9 Item 1, �(K, s,Γ′) = Rs

|s|
(�(K, s,Γ′)) ≤ Rs

|s|
(�I) = �As

|s|
ATs

|s|
+

Cprocs
|s|
Cprocs

|s|

T ≤ (�p2 + r2)I ≤ �I .
For Step (ii), suppose �(K, s,Γ′) ≤ �I . Then by Lemma 9 Item 2, �(K, s,Γ) = Q

|s|(�(K, s,Γ′)) ≤ Q
|s|(�I). From (B16) we

see that Q
|s|(�I) ≤ �I .

3. From (B15) we see that col(Qs(Rs(�l−1))) = col(Rs(�l−1)) and from (B12) we see that col(Rs(�l−1)) = Aslcol(�l−1) +
col(Cprocsl ). Therefore, col(�l) = Aslcol(�l−1) + col(C

proc
sl ). So all of

col(Cprocs�
), col(As�C

proc
s�−1

),⋯ , col(As�As�−1 ⋯As2C
proc
s1

) (B35)

are in col(�(0, s,Γ)). By Assumption 3, �(0, s,Γ) is invertible. Since there are only finitely many pairs of the form (s,Γ), there
is some � > 0 such that for all s,Γ, we have �(0, s,Γ) ≥ �I .
4.We split this into 3 cases; since a choice of 
 can be given for each of the 3 cases, the problem is solved by taking the smallest
of them:

• |s| = �: this is answered by Items 1 and 3.

• |s| > �: decompose the tuple of states s into the tuples s1 = (s1,⋯ , s
|s|−�) and s2 = (s|s|−�+1,⋯ , s�). Also decompose Γ

into Γ1 = Γ ∩ {1, 2,⋯ , |s| − �} and Γ2 = Γ ∩ {|s| − � + 1, |s| − � + 2,⋯ , |s|}. Then

�(K, s,Γ) = �(�(K, s1,Γ1), s2,Γ2) ≥ 
 ′I, (B36)

by Items 1 and 3.

• |s| < �: From (B16) we see that Qs preserves invertibility. From (B12) and Proposition 1, we see that Rs also preserves
invertibility. Since K > 0, we therefore have �(K, s,Γ) > 0 for any s,Γ. Since there are only finitely many possibilities
for s,Γ with |s| < � and Γ ⊆ {1, 2,⋯ , |s|}, there is some 
 > 0 such that �(K, s,Γ) > 
I .

Theorem 3. There exist constants �, 
 such that for each k, and for Γ ⊆ {0, 1,⋯ , k − 1},

X(k) ∈ (V k∶k
Γ , 0, �I) ∩ ̃(V k∶k

Γ , 
I). (B37)

Proof. From Assumption 4 we know that there are �′0, �
′
0, r0 such that the initial PDF f = fX(0)|S(0)=s and the initial CF f̃ =

f̃X(0)|S(0)=s satisfy

∀x, ‖x‖ > r0 ⇐⇒ f (x) ≤ �′0 exp
(

−1
2
�0‖x‖

2
)

(B38)

∀x̃, ‖x̃‖ > r0 ⇐⇒ |f̃ (x̃)| ≤ �′0 exp
(

−1
2

0‖x̃‖

2
)

. (B39)

By the definition of the CF, we also know that f̃ is bounded. Combining this fact with (B39), we see that there is �0 such that
|f̃ (x̃)| ≤ �0 exp(−
0‖x̃‖2) for all x̃. It follows that there is K̃ such that

X(0) ∈ ̃(V 0∶0
∅ , K̃). (B40)

13Since 0 < p < 1 this is true for all sufficiently large �′.

This article is protected by copyright. All rights reserved.



25

We also see for any x that |f (x)| ≤ 1
(2�)d

∫ℝd |f̃ (x̃)| dx. So f is bounded and a similar procedure, using Lemma 2 Item 4 implies
that there is K > 0 such that

X(0) ∈ (V 0∶0
∅ , 0, K). (B41)

Proof that there is � such that X(k) ∈ (V k∶k
Γ , 0, �I): Let s = (s1,⋯ , sk) and let Γ ⊆ {0,⋯ , k}. First we prove that

X(k) ∈ (V 0∶k
Γ , c(0, s,Γ), �(K, s,Γ)). (B42)

The base case is given by (B41). Suppose

X(k − 1) ∈ (V 0∶k−1
Γ′ , c(0, s′,Γ′), �(K, s′,Γ′)). (B43)

Lemma 4 Item 3 and Lemma 5 giveX(k) ∈ (V 0∶k
Γ , c(0, s,Γ), �(K, s,Γ). This proves the inductive step, so (B42) holds. Choose

any � > 0. Let �′ be as in Lemma 10 Item 2 for K . From Lemma 3 Items 1 and 3, X(k) ∈ (V 0∶k
Γ , 0, (1 + �)�′I). Choosing

� = (1 + �)�′ gives X(k) ∈ (V k∶k
Γ , 0, �I).

Proof that there is 
 such that X(k) ∈ ̃(V k∶k
Γ , 
I): First we prove that

X(k) ∈ ̃(V 0∶k
Γ , �(K̃, s,Γ). (B44)

Equation (B40) gives the base case. Suppose X(k − 1) ∈ ̃(V 0∶k−1
Γ′ , �(K̃, s′,Γ′). Lemma 7 Item 3 and Lemma 8 give X(k) ∈

̃(V 0∶k
Γ , �(K̃, s,Γ)). This proves the inductive step. Let 
 be as in Lemma 10 Item 4. From Lemma 6, X(k) ∈ ̃(V k∶k

Γ , 
I).
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