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We introduce several probabilistic quantum algorithms that overcome the normal unitary restrictions
in quantum machine learning by leveraging the linear combination of unitaries (LCU) method. We cover
three distinct topics, beginning with quantum native implementations of residual networks (ResNets).
We demonstrate that while residual connections between layers of a variational Ansatz can prevent bar-
ren plateaus in models, this approach is accompanied by a trade-off in success probability. Second, we
implement a quantum analogue of average-pooling layers from convolutional networks using single-qubit-
controlled basic arithmetic operators and show that the LCU success probability remains stable for the
Modified National Institute of Standards and Technology (MNIST) database. This method can be further
generalized to convolutional filters, while using exponentially fewer controlled unitaries than previous
approaches. Finally, we propose a general framework for applying a linear combination of irreducible-
subspace projections on quantum encoded data for any finite group. This enables a quantum state to
remain within an exponentially large space, while selectively amplifying specific subspaces relative to
others, alleviating simulability concerns that arise when fully projecting to a polynomially sized sub-
space. We demonstrate improved classification performance for partially amplified permutation-invariant
encoded point-cloud data when compared to noninvariant or fully permutation-invariant encodings. We
also demonstrate a novel rotationally invariant encoding for point-cloud data via Schur-Weyl duality.
These quantum computing frameworks are all constructed using the LCU method, suggesting that further

novel quantum machine-learning (QML) algorithms could be created by utilizing the LCU technique.

DOI: 10.1103/PhysRevApplied.23.044046

I. INTRODUCTION

Quantum computing is an emerging technology with
the potential to solve certain problems far more efficiently
than classical techniques [1-3]. The search for useful
applications of quantum computers within the domain of
machine learning is of particular importance given the sig-
nificant impact that classical machine learning has had
on many fields and industries in recent years [4—6]. Var-
ious quantum machine-learning (QML) algorithms have
been proposed, with some of the most common examples
attempting to recreate a quantum analogue of the classi-
cal neural network [7,8]. However, the inherently unitary
operations of quantum algorithms impose significant limi-
tations, as they restrict the implementation of nonunitary
operations that are essential in many classical machine-
learning models. To address this issue, we explore the
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linear combination of unitaries (LCU) method [9,10], a
technique that employs ancilla qubits to probabilistically
implement a linear combination of unitary operations,
which therefore permits the implementation of nonunitary
operations in quantum circuits. This unlocks the possibil-
ity of implementing nonunitary operations within QML
applications. We utilize this to present several novel appli-
cations of the LCU method with various advantages in the
field of QML.

In Sec. II, we adapt the classical residual-learning
framework to quantum variational circuits, facilitating
a quantum native implementation of residual networks
(ResNets) [11]. By partially skipping layers of the net-
work, classical residual networks are able to avoid the
vanishing-gradient problem by allowing the gradients to
flow through shallower sections of the network [11,12].
We show that a quantum ResNet may similarly provide a
method of avoiding barren plateaus in variational quantum
circuit (VQC) models, by maintaining shallow-depth con-
tributions in the final loss function. Furthermore, we show
that by including terms that parametrize the strength of the
residual connections, it is possible to increase the lower
bound of the probability of success of the LCU procedure,
helping to alleviate one of the principal issues of the LCU
method.

Published by the American Physical Society
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In Sec. III, we implement a quantum analogue of
average-pooling operations from convolutional neural net-
works (CNNs) [13—15] by using the LCU method. This
provides an efficient implementation of average pooling
for amplitude-encoded image data which we demonstrate
for any size pooling window. This may further be gen-
eralized to convolutional filters, leading to an exponen-
tial improvement in the number of controlled unitaries
required compared to previous techniques [16,17]. We
demonstrate that the LCU probability of success will
equal 1 in the case in which all pixels are of the same
color and will decrease when pixels in the local pool-
ing window of dimension D x D become more diverse.
For real-world images, we provide the intuition that the
probability remains relatively stable since most pixels are
similar locally, except at the edges of subjects in the
image. This intuition is supported by empirical evidence on
N x N pixel images in the Modified National Institute of
Standards and Technology (MNIST) [18] database, which
shows that the probability decreases but levels off to a finite
value as D increases and shows no discernible trend when
increasing the image size N.

In Sec. IV, we present a method for projecting quan-
tum encoded data to any combination of irreducible-
representation subspaces of a finite group, presenting a
general framework for implementing full or partial sym-
metries in the encoding step of QML models. These
techniques are intended to reduce the effective dimen-
sion of quantum encoded data in an effort to improve
generalization performance, which has been reported to
decline as the number of qubits and hence the dimen-
sion of the encoded quantum states increases [19]. We
show that this technique can recreate previous work on
permutation-invariant encodings for point-cloud data [20]
as a special case. Furthermore, we implement a novel
rotationally invariant encoding for point-cloud data using
the new technique by leveraging Schur-Weyl duality. This
results in an encoded quantum state for point-cloud data
that is invariant if classical input point-cloud data are
rotated in three-dimensional (3D) space, hence strongly
enforcing rotation invariance on any model that subse-
quently uses this rotationally invariant input state. We
further show that any combination of projections can be
implemented at once, allowing certain symmetric sub-
spaces of the data to be amplified or contracted to give
increased flexibility over the amount of symmetry in the
encoding. We demonstrate that intermediate levels of per-
mutation symmetry for point-cloud encoded data leads
to an improved classification performance when com-
pared to a nonsymmetric or a fully permutation-symmetric
encoding.

These implementations illustrate the ability of the LCU
method to benefit the field of QML and a summary of these
contributions is provided in Table I. This work covers three
different algorithmic frameworks that all utilize the same

LCU method in their construction, which are located in
self-contained sections that may be read in any order:

(1) Quantum native ResNet is detailed in Sec. I1.

(2) Quantum native average pooling is detailed in
Sec. II1.

(3) Irreducible-representation projections are detailed
in Sec. IV.

The remainder of this introductory section will introduce
these three frameworks, followed by a summary of the
LCU method used in their constructions.

A. Quantum native ResNets

A common issue in the training of variational quantum
circuit (VQC) models is the issue of barren plateaus lead-
ing to vanishing gradients. Classical ResNets have pro-
foundly impacted deep learning by enabling the training of
extremely deep neural networks through the introduction
of skip connections that mitigate the vanishing-gradient
problem [11,12]. This suggests that the implementation
of residual networks within a quantum variational model
could provide a significant advancement in QML if they
could similarly be utilized to avoid the problem of bar-
ren plateaus inherent in many VQC models. This line
of reasoning has been suggested in a recent review of
barren plateaus [21], with the caveat that the no-cloning
theorem may make residual and skipped connections diffi-
cult to achieve in quantum circuits. In this work, we shall
show a probabilistic implementation of a quantum native
ResNet that does not require cloning states and could show
promise against barren plateaus in VQC models.

There has been active interest in building quantum
ResNet inspired algorithms in the literature, with a pri-
mary focus being on quantum-classical hybrid models that
use the powerful modern architecture of classical ResNet
models, while including QML subroutines to produce a
hybrid algorithm [22—24]. There have also been propos-
als to implement quantum residual connections by utilizing
several quantum neural network models in series with
residual connections between them [25]. A native VQC
implementation of a quantum ResNet algorithm has previ-
ously been introduced in Refs. [26,27], in which skipped
connections are possible in a VQC model if the imple-
mented variational layers are restricted to be of the form
of a unitary circuit followed by a product Pauli encoding,
followed by the unitary-circuit conjugate. This implements
the quantum ResNet natively on a quantum device; how-
ever, as the authors note, this does not cover any general
unitary variational layer W;(6,), since implementing resid-
ual connections for a general W;(6;) would not be a unitary
process overall and has therefore not been considered in
this approach. A common theme explored in these previ-
ous works has been utilizing the effectiveness of classical
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TABLE I.

A summary of the algorithms introduced in this work using the LCU framework. G is a finite group. |,) is the portion of a

state 1) that occupies the subspace of the irreducible representation r, with |;) meaning the portion of |i) that is in the rotationally
invariant subspace. Note that (1|, is not necessarily equal to 1, as the condition is (¥ |¥) = Y_ (,|{,) = 1. The parameters a, can
be chosen by the user subject to normalization constraints. In average pooling, we use a pooling window of dimension D x D pixels. L
is the number of layers in the quantum ResNet. §; € [0, 1], 8; € R parametrize the strength of the skipped connections in the quantum
ResNet. Throughout this work, log = log, is the logarithmic function for base 2.

Algorithm Result

Ancilla qubits Success probability Section

Residual connections can
avoid barren plateaus
Exponentially fewer
controlled unitaries in
averaging or convolutional
step than previous
techniques [16,17]

Can freely enforce and
parametrize symmetry of a
quantum encoded state
Encoding respects
rotational invariance of
point-cloud data

Quantum ResNet residual layers

Average pooling

Irreducible-subspace projections

Rotationally invariant encoding

ow [T, A =480 = ), 1] Sec. 1T

Shown for MNIST in Figs.

O(log(D)) 14 and 15 Sec. III

Olog(IG1)) > larl (el ) Sec. IV

O(log(IGl)) (Vrot | ¥rot) Sec. IVC?2

ResNet models in tackling the vanishing-gradients prob-
lem of deep neural networks and applying this reasoning
in a quantum setting to the problem of barren plateaus.
Applying residual connections in a quantum setting
corresponds to operating on a state |1;_1) to produce

V1) = WiOD Y1) + Y1), (1

whereby a portion of the previous state |i;_;) is able
to skip the variational operator W;(6;) in that layer. This
allows the overall model cost function to retain terms
that have only passed through one variational layer, cor-
responding to very shallow circuits, while still providing
terms that have been passed through all layers and hence
potentially very deep circuits. The operator that would
result in this would be of the form

A= Wi6) +1, (2)

which in general is not a unitary operator. The key
challenge therefore in implementing a quantum native
ResNet analogue is that it would require implementation
of nonunitary operators, something that becomes possible
with the LCU framework. In this work, we translate the
ResNet architecture to a quantum setting by applying resid-
ual connection with the LCU framework to facilitate the
flow of quantum information across deeper or more com-
plex quantum circuits, while allowing the strength of the
residual connection to be chosen freely. This introduces a
potential new class of VQC ResNet models that could pro-
vide possible protection against barren plateaus in complex
VQC models.

The use of ancilla qubits to implement ResNet-like
architectures in QML models has previously been explored

[28], revealing that residual connections within the data-
encoding segment of a circuit can expand the frequency
spectrum of the resulting model, leading to more expres-
sive encodings. In contrast, our work introduces a frame-
work for quantum ResNets exclusively within the vari-
ational portion of a VQC model. We provide a detailed
proof of the probability of success of the LCU procedure,
demonstrating that the lower bound of this probability can
be adjusted by varying the residual-connection strength.
Additionally, we illustrate that applying quantum residual
layers to a model can mitigate the occurrence of barren
plateaus in circuits that would otherwise contain them.
We also demonstrate that quantum ResNets can be viewed
as equivalent to ensembles of unitary VQC models with
additional nonunitary terms. While we show that quantum
ResNets can avoid barren plateaus, we also discuss how
they may likely be classically simulatable in many cases, at
least in the case in which the connection between absence
of barren plateaus and classical simulatability [29] is valid
for the constituent components. We propose that the solu-
tion to this quantum ResNet simulatability issue may lie
in the nonunitary terms and suggest a characterization of
these terms as a topic for further research.

B. Average-pooling layers

Classical CNNs are of significant importance to machine
learning, mainly due to their structured manner of han-
dling image and video data [13—15,30]. Inspiration from
these models has led to the development of quantum ana-
logues. Quantum CNNs have been previously proposed
[31,32] to classify quantum states with certain symmetry-
protected topological phases and to classify image data sets
[33,34]. In these models, variational circuits are used dur-
ing convolutional layers, followed by further variational
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circuits and measurements in the pooling layer to per-
form dimensionality reduction such that the operations
are performed in a manner that respects certain symme-
tries of the data. Significant benefits of these models,
such as avoiding barren plateaus [35], have been identi-
fied. Quantum-classical hybrid techniques have also been
developed that utilize classical CNN architectures along-
side quantum models [36].

The implementation that we present here differs in that
we focus entirely on implementing a subroutine of classi-
cal CNN models, the average-pooling layer, for amplitude-
encoded image data. We consider the subroutine in which
a pooling window of size D x D passes over the image
and outputs the average of all pixels found within the
pooling window. We show that this can be implemented
natively on a quantum circuit by utilizing the LCU method,
which could lead to an improvement over performing the
subroutine classically, as quantum parallelism allows the
averaging operation to apply to all pixel simultaneously.
This demonstrates the possible utility of the LCU method,
while providing a potentially advantageous subroutine for
future quantum CNN models.

Previous work has investigated the LCU technique for
creating convolutional-layer filters [16] based on spatial
filtering [37], which can recover average pooling as a spe-
cial case. This work has not generalized to any size D,
restricting instead to D = 3, but has stated that the method
would require D?> multicontrolled operators in general. In
contrast, we show a valid proof for any D and an effi-
cient circuit implementation that requires only O(log(D))
single-qubit controlled unitaries, leading to an exponen-
tial improvement in D over previous work [16]. We also
show that our construction can be generalized by adjust-
ing the ancilla-qubit state initialization in order to imple-
ment a general convolutional-layer filter, recovering the
main result of Ref. [16] while maintaining an exponential
improvement in D.

C. Irreducible-representation-subspace symmetry
projections

A known issue in QML is that as the number of qubits
increases, there is a decrease in the generalization perfor-
mance of algorithms [19]. A common empirical explana-
tion of this is that the exponentially large Hilbert space
leads to an overly expressive feature encoding where over-
training on the data becomes commonplace. Without an
accompanied exponential increase in the training data, this
leads to an overall reduction in the performance in the
validation data set. A possible solution to the issue of
overtraining is to reduce the expressibility of the encod-
ing. Examples of techniques that have attempted this range
from projecting kernels to a lower-dimensional space [38]
to approaches that are capable of encoding inductive biases
directly into quantum states [39]. Furthermore, geometric

QML techniques have been used to study methods for cre-
ating variational circuits that are equivariant with respect to
data symmetries [40—44], in similar attempts to reduce the
expressibility of QML models. We instead focus on imple-
menting symmetries directly into the quantum encoded
data, which is a stricter implementation of symmetry,
meaning that our procedure is agnostic to the trainable
classification procedure.

In previous work, a quantum encoding has been pro-
posed using permutation symmetry, which has led to
a reduction in the dimensionality of the encoding and
improved classification performance [20]. This has been
discussed in the context of point-cloud data (unordered
collection of points in three dimensions that collectively
represent an image), where each point cloud X consists of
n points and each point p, is a 3D vector. As points do
not have intrinsic ordering, the ordering of the points as
they are input into a classification algorithm should ideally
have no effect on the outcome. Therefore, the point-cloud
data naturally has point-ordering permutation invariance.
In general, a machine-learning classifier f could return
a different result depending on the order of the points,
ie, f (p;,P2) #/ (P, P;), unless it has been specifically
constructed to respect the permutation symmetry. The
permutation-invariant encoding [20] acts by creating an
equal quantum superposition of all permutations of the
data. In the two-state case, given two points, p; and p,,
encoded into the quantum state |p,) ® |p,), this would
correspond to preparing the permutation-invariant state

1
|Xy) = Eﬂplﬂpz) + [p2) Ip)- 3)

However, it has been shown that the permutation-invariant
state preparation procedure

1
[p)Ipy) = ﬁ(lpnlpz) + P2} Ip1) “4)

cannot be implemented via a unitary operation [45]. How-
ever, this process can be implemented in a probabilistic
manner using ancilla qubits [46]. This has been shown
to lead to improved classification performance for point-
cloud image classification [20].

In this work, we demonstrate a generalization of this
technique that allows projections to any irreducible-
representation subspace of a finite group. Unlike previous
works [20], this means that we are no longer restricted to
the symmetric subspace or the permutation group S;,. Fur-
thermore, our technique allows for linear combinations of
projections to any irreducible-representation subspaces.

Utilizing this framework, we demonstrate a rotationally
invariant encoding for point-cloud data as an example use
case. This encoding produces the same quantum encoded
state each time, even if the data-input point cloud is rotated
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by any amount in three dimensions. We show that this
is achieved both theoretically and numerically. This is a
highly desirable property of the model, as point-cloud data
naturally have rotational symmetry. Especially in applica-
tions such as computer vision for autonomous vehicles,
it is of the utmost importance that subjects in the image,
such as pedestrians, are correctly identified regardless of
the angle from which they are being viewed. Previous work
has focused on implementing rotational and permutation
symmetry in models for point-cloud data [47], which did
so by implementing an equivariant variational model. We
highlight that our work does not use equivariant variational
models but projects quantum input states to a rotation-
ally invariant subspace, hence strictly enforcing rotational
invariance into any model for which this input encoded
state is passed, as we effectively delete all information of
the state that is not rotationally invariant.

The permutation and rotationally invariant encodings
mentioned previously succeed in reducing the dimension
of the encoding but we note that this reduction may indeed
be too drastic, which could lead to classically simulatable
approaches or could simply delete too much information
about the input state, hindering the model performance.
We therefore show how our new framework allows for
linear combinations of projections that can be utilized
to introduce parametrized symmetry subspace amplifica-
tion. In this setting, the dimension of the quantum state
can remain exponentially large, while subspaces associated
with certain symmetries can have their relative weightings
adjusted. We focus on the weighting of the permutation-
symmetric subspace relative to all other subspaces, which
can be continuously adjusted using a hyperparameter «.
We show that by implementing an intermediate amount of
permutation symmetry for point-cloud data classification,
it is possible to gain higher accuracy scores than using
either noninvariant encodings or the fully permutation-
invariant encodings suggested in previous work [20]. A
visualization of these applications is shown in Fig. 1.

D. Linear combination of unitaries method

All results in this paper are specific cases of the LCU
method described in this section. Let us define the general
framework of how the LCU method works in a quantum
circuit as detailed in Refs. [9,10]. An insightful tutorial
on the LCU method can also be found in Ref. [48]. The
LCU procedure allows the implementation of any operator
A that is itself a linear combination of N unitary opera-
tors U; € SU(2"). The operator 4 acts on a target state that
is contained in an n-qubit target register. The target state is
denoted [y) € (C*)®". We can define the operator 4 acting

on |{) as

AY) = o Za]U ), 5)

where for simplicity o; > 0,«; € R and any negative sign
or complex phase can be absorbed into the unitary U; €
SU(2") and ' is a normalization constant for the final
target state.

In order to implement this, we need to define an ancilla
preparation operator P prgp that prepares the k£ ancilla
qubits, which are initially in a basis state |b;), into the
following state:

Z VG 1b;), (6)

Pypreplbi) =

N . o
where Q =}, o; is a normalization constant for the

ancilla state and {|5;)} € (C*)®* are basis states of the 2*-
dimensional Hilbert space for the k-qubit ancilla register
denoted by H = (C?)®*, which can be taken to be the com-
putational basis states. The operator itself can be explicitly
written as

2k ok

(b1| + Zzui,j|bj><bt
i=2 =1

P prep = \/— Zﬁlb
(7)

where any terms (...)(b;| for i > 2 will not be used and
hence can be ignored.

After the ancilla qubits are prepared, we then apply a
selection operator SsgrpcT- The selection operator applies
the unitary operation U; € SU(2") to the target register
state |y) on the condition that the ancilla qubit is in the
state |b; ), which can be defined as

SSELECTIb) |[¥) = 1) Us ). (®)
If we now combine the preparation and selection operators,

we have

SseLecTP PREPIO) 1Y) =

N
Zﬁw»ww. ©)

The final step consists of applylng prEp> Which is defined
as

ok ok
Phorpp= J—Zﬁ|b Y|+ D uiylby)
i=2j=1
(10)
Applying this to the circuit results in
P TPREPSSELECTP PREP|0)|¥)
Z b)) U 1Y) +Z( by, (1)

j=1 i=2

where Ziz;(. .)]biY|¥r) collects terms that will be dis-
carded and can therefore be ignored. We now need to
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( N\ ( )
(a) Partial Permutation (b) Rotationally
Input State Amplification Ty Lyt e Invariant
W=t} [9e=2) o) Wrmi)  [rm2)
o) = - V=2l I$r=1) o) =
[r=4) I 4y — 4) [tr =)
L J \. J
FIG. 1. A visual representation of the irreducible-subspace projection of a quantum state. The input state |1) has components in

each irreducible-representation subspace denoted by |1,). (a) The component of |¢/) in the subspaces can be partially amplified to
any desired ratio between the subspace components. Controlling the amplification of the permutation-symmetric subspace |v,—;) for
point-cloud data is the focus of Sec. IV D. The state can also be fully projected to |v/,—;), which for the permutation group S, would
correspond to a fully permutation-invariant state. Permutation-invariant encodings have been the subject of previous work [20] and
are reviewed within our new framework in Sec. IV C 1. (b) The input state |} is fully projected to |,—3) within the » = 3 irreducible
subspace. In Sec. IV C 2, we show that this corresponds to creating rotationally invariant encodings of point-cloud data.

measure the ancilla register and discard any results when
the ancilla is not measured in the |;) state. The probabil-
ity of measuring the |b,) state will equal the probability of
success of the LCU method g, which can be written as

2

1 N
ms = |5 2 Uil (12)
j=1

Discarding any results in which the ancilla is not measured
in the |b;) state, we see that the remaining state will be
projected to

N
1
(01 priplSSELECTIP BREPIONIY) = = D "oy Ujl)),
j=1

(13)

where Q' = /75 is the normalization constant for the
final state, which can then be written as

1 N
o Uiy =41y). (14)
j=1

Hence, the operator 4, which is an LCU and hence may
itself be nonunitary, has been applied to the state |y) [49].

The goal of this work is to demonstrate how the LCU
method described above can be used in QML tasks to
achieve desirable traits in the model architecture that are
not possible in a strict unitary setting. The main results
of this work rely on specifying preparation and selection
operators, showing that they can be implemented on a
quantum device, and then repeating the LCU framework
detailed here to prove that they result in the desired nonuni-
tary operation. An example LCU circuit for the implemen-
tation of A|Y) = 1/Q (1 U1 + o1 Uz + a1 Us + a1 Uy) | )
is shown in Fig. 2.

II. QUANTUM NATIVE ResNet

A. Variational quantum circuit model preliminaries

For a vector of classical input data x € RY, a standard
quantum variational circuit model consists of an n-qubit
encoding circuit V(x) € SU(2") that encodes the classical
data into a quantum state |yo) = |¢ (X)) = V(x)|0)®". This
encoded state can also be represented as a density matrix,
defined by

p(x) = V(X)10)2" (0" V(). (15)
Alternatively, |v) and p = |¥o) (Y| could be quantum
data in which no encoding process needs to be considered.

The input state |1) is then passed through L layers of
variational quantum circuits W;(6;) € SU(2"), where 6; =
(On,0n,...0p,) is a vector of variational parameters that

e &
&
D

- PREP

52
<]

FIG. 2. A visual representation of the LCU procedure
to implement A|y) = 1/Q (o1 Uy + o1 Us + o1 Us + a1 Us) |Yr).
The upper two qubits are the ancilla qubits initially pre-
pared by the P prgp operator to be in the state P prgp|bi) =
1/\/5 Z;;l /9 1b; ). Note that in this case [b;) = |00) and will
implement U. |b;) = |01) and will implement U,. |b3) = |10)
and will implement Us. |by) = |11) and will implement Uy.
The inverse preparation PTPREP is then applied and the ancil-
las are measured. If the ancillas are measured to be in the state
|b1) = |00) then A4 is successfully implemented on the target state
|). This example demonstrates how multicontrol unitary gates
that are controlled by the ancilla qubits and applied to the target
register containing |y) can be implemented in practice.
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can be adjusted as the model is trained. We can therefore
represent the overall variational circuit as

L
w©) = [ [ wien. (16)

=1

where 0 is a vector containing all variational parameters
for all layers such that 6 = {6;},/ € [1,L]. Finally, mea-
surement is made of some Hermitian observable O. For
simplicity, we will consider a loss function for the model,
defined as

Lo(p,0) = (0) 0 = Tr(W(0)pW(6)"0), (17)
where any insights from this loss function with regard
to barren plateaus can often be extended to other, more
general, loss functions. Training a model consists of vari-
ationally adjusting the parameters 6 until the cost func-
tion matches some known data labels y to within some
acceptable error.

B. Quantum ResNet implementation

The key concept of the ResNet [11] is the introduction
of residual blocks. Instead of learning a mapping H (a) on
some data, the model instead learns some residual function
W(a) such that

H(a) = a+ W(a), (18)

where a is the input to the block, W(a) is the learned resid-
ual mapping, and H(a) is the output of the block. This
means that the output a; of each layer / can be defined by

ar = a1 + Wiai-1,6)), (19)

where ay is the initial data input. In order to create a quan-
tum version of this framework, we consider the quantum
ResNet [26,27] that can be defined as

Vi) = [Wi—1) + Wi Y1), (20)

where W;(6)) is the variational unitary for layer /, [1;) is the
output of the layer, |1;_) is the input of the layer, and |1)
corresponds to the initial input state. This initial data-input
state could be quantum data |y) or it could be a quantum
state that encodes classical data |vy) = |¢(x)), where x €
R? is a d-dimensional classical input data vector encoded
into a quantum state through a data-encoding circuit V(x)
such that |¢ (x)) = V(x)]|0)®". Implementation of quantum
ResNet of this form involves applying an operator

Args = (I + Wi(6) (21)

to the state |y;_;). This presents a problem, as the oper-
ator is not necessarily unitary in general for all W;(6)) €

SU2"). Therefore, we proceed with implementing it via
the LCU method.

To maintain the most general case, we shall consider
adding some additional control into the magnitude of the
skipped connections parametrized for each layer by some
amount B; € R. Therefore, the definition of a quantum
residual connection that we shall use is

1
(Y1) = o (A =B r—) + BWiODIi—1)),  (22)

where €’ is a normalization constant.

This can be encoded with the LCU framework in a quan-
tum circuit by applying the P(PREP single-qubit operator to
the /th ancilla qubit denoted by |0)), defined by

Porep = VT =10 + /B )01 + (1,
(23)

where terms involving (...)(1|*) do not have an effect on
the circuit and can be ignored. Hence we can write the
action of preparing the /th ancilla qubit as

Porepl0)” = (V1= 100D +VBIND), 24

such that P prgp|0)® ®, P(]l,)REP|O)(1 ) and hence
P prep|0)® ®(\/1—ﬁz|0 O +VBIN®), (25

=1

where for simplicity §; € R. The selection operator is
defined to be controlled by the /th ancilla qubit as

SSeLect!0 1) = 10) 1), (26)
SO e DOl = YOm@lY).  @27)

We can then define the overall selection operator by
specifying the ordering

_ (L-1+1) )
SseLect = | | Sserecr = Ssreer
=1

0
’ SSELECT’ (28)

such that S(SELECT is applied first.

Theorem 1 (Quantum ResNet). It is possible to proba-
bilistically implement a quantum ResNet architecture on a
quantum circuit where each layer of the variational circuit
permits a residual connection, defined as

1
Vi) = o (A= Bdli-n) + BIWIOD1Yi1-1)

where W;(6;) is the /th layer of the variational circuit,
the constants 8; € R, 8; € [0, 1] can be freely chosen, the
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input to the layer is the state |y;_;), and the output of the
layer is the state |1/;). The term Q' is a normalization con-
stant. The algorithm can be applied for all layers / € [1, L]
simultaneously with a fixed probability of success

L
ms =[] =281 = B) (1 = Re((Wr1 | WO 1¥1-1)))) ,

=1

where [1/) is an initial input state given to the algorithm,
which can be quantum data or a quantum state encoded by
classical data via an encoding circuit V(x) such that |y) =

¢ (%)) = V(x)]0)*".

Proof. We use the preparation and selection operators
defined in Eqgs. (25) and (28), respectively, with the LCU
framework as outlined in Sec. I D.

The P prep operator corresponds to performing single-
qubit initialization on L qubits and is clearly imple-
mentable on a quantum device. Likewise, Ssgp gt corre-
sponds to a controlled W;(6;) gate, where W;(6;) is defined
to be unitary, which is controlled by the /th qubit. As W;(6))
is unitary, the Sggp goT operation can also be implemented
on a quantum device.

We consider applying the LCU procedure to the first
ancilla qubit only, starting with the first-qubit preparation
operator:

Plorepl0® ¥0) = /T A1) + /B D)D)

L
x )10)©[1).
=2

Subsequently, the selection operator that is controlled by
the first qubit is applied:

29

(1) 1) ®L
SseLect? prep!0) 1¥0)

L
= S8 eer /T = B0 + VB D) R0 )
=2
L
= V1= 81100V Q10" 1y0) + B ID)P
=2

L
x R)10) w101 10).

=2

(30)

Consider the conjugate preparation operator,

(Porep) =100 D (/T = B1(0|D + /B (1) + 1)V ),
(31

where |1)(D(. . .) collects terms that will not be used, as we
will require the ancilla to be in the |0)! state. Applying

this conjugate operator, we can write the state as
Q) t o) Q)] ®L
(Pprep) SseLect? prepl0) [V0)

L
= [0)® ((1 — B (X10) 3

=2

L
+ 81 I, (91>|wo>) +1DPC), (2

=2

where [1)(V(...) collects terms that will be discarded and
can therefore be ignored. The first ancilla qubit is now
measured and the result is discarded unless it is found to be
in the |0)(! state. The probability of measuring the ancilla
in the |0)) state will be equal to

w1 = (1 = BDIYo) + B0 |¥o)
=1-=281(1 - B1) (1 = Re((¥ol W1(61)[¥0))), (33)

which will depend on the strength of the residual con-
nection parametrized by 8, as well as the real compo-
nent of (yo|W1(61)|¥o), which will depend on the quan-
tum encoded state |1y) and the variational operator used
Wy (61).

If we succeed in finding the first ancilla in the |0)(!) state,
then the target state will now be

(01 (PoRep) SSELECTP PRERIO)® 1¥0)

1 L L
== ((1 — 81 @10) Iy} + 81 Q)10) Wy <91>|wo>>
=2 =2

(34)

and hence ignoring the extra ancilla qubits, we have

1
V) = o (A= Bolo) + B OD)),  (35)
1

where Q| = /@ is the required normalization constant.
Hence, for layer / = 1, we have shown that the quantum
residual connection defined in Eq. (22) is implemented for
the original input state |).

Now assume that [, _1) is correctly implemented by the
procedure and consider the subsequent implementation of
[,). We prepare the pth ancilla using

P |0V Py, 1)

L
= (V=107 + VB I1)P) & 1001,-1).

I=p+1

(36)
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Through the same procedure as previously, we see that

(p) (p) ®L—
SseLect? prEPIO)” 7 1¥p-1)

L
=/T=8,10% &) 10)V1v,_1)

I=p+1
L
+ VB 1P Q) 10)OW, @)l -1).  (37)
I=p+1

Applying the conjugate preparation operator for the pth
qubit, which may be written as

(Prep)| = 1007 (/T = B, (01 +/B, (1]7)
+ )P, (38)

to the ancillas, we see that
(p) top) (p) ®L—
(Pprep) SseLect? prEPIO) |y

L
=1 =810 Q) 10)[v;,1)

I=p+1

L
+ 8,100 Q) 100 W, @) [Wp—1) + 1) P(.),
I=p+1
(39)

where [1)(P)(...) collects terms that will end up being dis-
carded and hence can be ignored. Measuring the ancilla
qubit, we can see that the probability of measuring the pth
qubit in the |0)(?) state is given by

7 = (1 = B Wp1) + B Wy O 1Y)

=1-28,(1=8,) (1 = Re((Y,11W,(6,)1¥,-1))) -
(40)

Ensuring that the process is only continued if the ancilla is
in the |0)(?) state, we find

(p) p(P) T olp) (p) ®L—
(U (PPREP)fSSELECTPPREP|0> Plo)

1 L
= (=8 Q)10 1y-1)

\/ﬁ I=p+1
L
+ 8, Q) 100V W, @)l 1) |- (41)
I=p+1

Ignoring the unused ancillas, we can therefore write the
output of layer / = p as

1
|wp> = 5 ((1 - ;Bp)h/fp—l) + ﬂpVVp(ep)hbp—])) 5 (42)

D

where Q;) = /7, is a normalization constant. Hence,
assuming that the state |1, _1) is correctly implemented by
the procedure, we have shown that the output state [vr,)
will be correctly implemented according to the quantum
residual connection defined in Eq. (22). As we have shown
that 1)) can be implemented correctly from the data-input
state |1), then by inductive reasoning, |v;) is correctly
implemented for all / € [L].

The overall probability of success mg will rely on all L
qubits being successfully measured in the |0)) state such
that g = []J_, 77 and hence

L
ms =[] =281 = B) (1 = Re((¥i- 1| Wi @) ¥1-1)))),
=1

(43)
as required. |

We therefore show that the most general form of ResNet,
in which connections can be skipped at every layer in
a variational quantum circuit, is probabilistically imple-
mentable. An example circuit architecture that demon-
strates the process in the first two layers is shown in Fig. 3.
This implementation requires the number of ancilla qubits
to equal L. For a more qubit-efficient but less general ver-
sion, see Appendix G, in which the number of ancilla used
scales as O(log(L)).

C. Probabilistic scaling

During the proof in the previous section, we found in
Eq. (40) that the probability 7; of measuring the /th qubit
in the |0)(") state, which is required for implementing the
LCU method, is

m=1=28(1— ) (1 = Re((Y1-1|Wi(0)|¥1-1))) -
(44)

This depends on the strength of the residual connection
Bi, the quantum state of the previous step |;_1), and the
variational circuit W;(6;).

Note that, in general, Re({yr;,_1|W;(0))|;_1)) lies in the
range [—1, 1]. Therefore, the probability of success lies
in the range [1 — 48;(1 — B;), 1]. The worst-case scenario
therefore occurs when §; = %, as in this case the proba-
bility of success is within the range [0, 1] and therefore
there is a chance that the algorithm cannot be implemented.
However, as §; is varied to be closer to 0 or 1, this gives
an increasing lower bound of 1 — 48;(1 — B;) for the prob-
ability of success. (If ; = 1, the probability of success is
equal to 1, but this would trivially mean that the skip con-
nection is simply not performed. Likewise, if 8; = 0, then
the success probability is equal to 1 but corresponds to
not implementing the variational circuit W;(6;) at all.) This
means that the lower bound of the probability of success
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varies with the strength of the residual connection for the
layer, as shown in Fig. 4.

The term Re({y;_1|Wi(0))|¥;_1)) determines whether
we will be close to the lower-bound probability 1 —
4B,(1 — B;) or the upper bound of 1. We see that if
Wi(0;) = I, then we reach the upper bound and if W;(6;) =
—I, we reach the lower bound. If restrictions were placed
on the form that W;(6;) can take, there would be potential
to increase the lower-bound probability even further.

|6 (x))HW1 (0| |¥1) AW (02) = [ha) -
| e[S

2 2)f
1P Py,
u 1 ° 1)F

T P

Wl(ol) | W2(02)

FIG. 3. (a) A conceptual illustration of classical ResNet, in
which residual information can be skipped over each layer. (b)
A quantum ResNet implementation using LCU methods, show-
ing the first two layers only. In this case, a quantum analogue
of ResNet can be probabilistically implemented using ancilla
qubits. The P(fl,}{EP prepares the first ancilla qubit into the state
WT=F1100D + /B11)D); when this ancilla is measured at
the end in the |0)(" state, it corresponds to applying the oper-
ator (1 — BT+ B1W1(6)) to the initial input state |¢(x)) =
V(x)|0)®". The process is repeated for future layers, allowing a
portion of the quantum state to skip each layer and be added to
the output of the layer.

Lower Bound of Success m;
e e < o -
[N 1= (@) [0e) o

=
o
!

00 02 04 06 08 10
Strength of Residual Connection 3

FIG. 4. The lower bound of the success probability 7; for layer
[ in the LCU quantum native ResNet, as the strength of residual-
connection parameter f; varies. The lower bound is equal to 1 —

4p,(1 — By).

As shown previously, the overall probability of success
ms will rely on all L qubits being successfully measured in
the |0) state such that g = ]_[[L=1 7r; and hence

L

g = l_[ (I =281 = B) (1 = Re((Yi—1 1 W1 (O [¥1-1)))) -
=1

(45)

Therefore, the lower bound of the overall probability of
success is given by ]_[lL (1 —48,(1 — B;)), which can be
adjusted to be between 0 and 1 by varying the strength
of the residual layers through the variables ;. Although
we highlight that this cannot be arbitrarily adjusted, as if
B reaches 0 or 1, this would trivially correspond to no
residual connection at all and, more generally, the value
of B; may be decided by alternative factors for a particular
model or data set.

If, for a given architecture, the probability of success
for any layer is bounded in the range [7ow, Thign], then the
probability of overall success must be bounded in the range
[k ”rﬁgh]- In the case of Tiow, Thigh < 1, this means that
the probability will decay exponentially with L, which is
a key drawback of this method. However, if the number
of layers used is chosen to scale logarithmically with the
number of qubits L = O(log(n)), then the algorithm can
still run in time O(poly(n)) in general, where n is the
number of qubits for the target state register that initially
contains |1). Note that when L = 1, we have a purely
unitary model. Therefore, for L > 1, we will have access
to models that are at least as expressive as a standard
unitary VQC model, with the potential to be even more
expressive. Hence, even setting L = O(1),L > 1 would
still allow a greater variation in expressivity of the mod-
els compared to the standard unitary case. Furthermore, as
discussed previously, the lower bounds can be adjusted by
varying the strength of the residual connections for a given
architecture.

D. Avoiding barren plateaus with residual connections

Several works have been undertaken to characterize
the conditions under which VQC models exhibit barren
plateaus [21]. A model is said to contain barren plateaus
if V6, € 0 the following condition holds [50]:

Var (8;(2:’9) <F@m), Fn) =0 (%) bh>1,
(46)

where Vary is the variance calculated over a uniform
distribution of parameters 6. If the model exhibits expo-
nential gradient concentration, then this makes training
models difficult. The structure of the variational Ansatz
plays an important role in determining this value, as for
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a wide range of cases the loss-function gradient vari-
ance will decay exponentially if the dynamical Lie algebra
(DLA) of the variational circuit generators is exponential
in dimension [51,52]. Note that an important assumption
in these characterizations is usually that the circuits are
sufficiently deep to form approximate designs, meaning
that the depth of the circuit is also an important con-
sideration regarding the presence of barren plateaus [52].
Previous work has shown that using an ensemble of several
shallow-depth models can avoid loss-function concentra-
tion [53]. We show that the quantum ResNet provides a
method of creating exponentially large ensembles of uni-
tary VQC models, in which shallower-depth components
can help avoid barren plateaus, while also providing addi-
tional nonunitary contributions to the variance. However,
if these shallower layers can be efficiently simulated classi-
cally and the nonunitary terms exponentially vanish, then
the entire model may be at risk of being classically sim-
ulated. This finding suggests the importance of further
exploring the nonunitary components of quantum ResNet
models.

1. Avoiding barren plateaus

By introducing residual connections between layers of
the Ansatz, it is possible to effectively mitigate barren
plateaus in the model. This is similar to the classical role of
ResNet in which vanishing gradients are mitigated in deep
networks by allowing the gradients to skip over portions of
the overall network [11,12]. For example, take the case in
which a variational Ansatz can be separated into two sep-
arate sections, W (0;) followed by W,(6,). Furthermore,
assume that when combined in series, the overall operator
W, (6,) W1(6,) exhibits barren plateaus. Consider a residual
connection introduced between the input and the output of
the first layer W, (6,) with residual-connection strength S,
and no residual connection over the second layer W;(6,).
Starting with an initial state |1), we see that the states
produced in this circuit are given by

1
V) = o (L= B)lo) + W1 EDIY)).  (47)

[Vr2) = Wa(6)|¥1), (48)

where ' is a normalization constant. It follows that the
final state can be written as

1
[Vr2) = 5((1 = BYW2(02) o) + BW2(02) W1(01)1v0)).
(49)

This corresponds to applying the operator

A@)rgs = (1 = BYW(02) + BWL () W1(61))  (50)

and normalizing the resultant state by a factor 1/Q’'. We
now consider some quantum encoded density matrix state
p, where p = |¥) (Y|, which is evolved by this varia-
tional operator 4(0)rgs. The resulting loss function for the
model with respect to a measurement operator O is defined
by

(0) 6 = Tr(A(O)RES PAO) 55 O)- (51)

While 4(0)Rrgs is not in general unitary, we can decompose
its corresponding loss function into unitary evolution-type
terms and nonunitary evolution terms by considering the
following expansion:

1 2 i
= o5 (1= By’ Te(W2(6:)pW2(62)' 0)

+ BATr(W2(02) W1 (61) p W1(01) W2(6,)TO)
+ B(1 — B)Tr(Wa(62) pW1(61) W2 (62)TO)

+B(1 = BYTr(W2 () W1 (61) pW2(62)70))
(52)

<0>p,6

where we can collect the nonunitary terms together by
representing the expression as

1
(0)p = o5 (1= B Tr(Wa(62) pW>(62)70)

+ B2Tr(Wa(02) W (81 p W1 (61)  W2(6,)T0)
+ B(1 — B)Tr(Wa(62) oo, W2(62)T0),  (53)

where pg, = pW) @) + W (6)p. Tt is now possible to
identify three distinct terms in the loss function.

Deep—Lgp = Tr(W>(02) W1 (01) p W1 (61)TW2(6,)TO). This
component is identical to the unitary VQC loss function
if no residual component had been implemented. It cor-
responds to a deep circuit consisting of W;(6,) followed
by W,(6,) in series, which we will assume exhibits barren
plateaus.

Shallow—Lne.gp = Tr(W»(62) pW>(6,)T0). This compo-
nent is identical to the unitary VQC loss function if
the variational circuit consisted of W,(6,) only. We will
assume that this model does not exhibit barren plateaus, as
has been shown to be the case for many variational circuits
[42,43,54,55], but may be vulnerable to being classically
simulated [29].

Nonunitary—L; = Tr(W»(62) ps, W2 (6,)10). This compo-
nent contains the nonunitary element of the loss function.
It appears similar to the Lyopgp term, with the key dif-
ference that instead of p being unitary evolved, we have
P, = pWy @D+ Wi (0)p. While Pg, is Hermitian, it
does not necessarily have a trace equal to 1; nor is it
positive semidefinite in general.
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FIG. 5.

Visualization of the single residual connection L = 1 quantum ResNet loss function (O),s when decomposed into the

individual terms corresponding to (a) the shallow component Ly, gp, (b) the deep component Lgp, and (c) the nonunitary component
Lj;. In (c), the arrow corresponds to the transformation p — p = ijl' + Wip.

Setting 8 = % and absorbing this factor along with the
normalization constant into the loss definition, we can
write

(0)p,6 = Lno-Bp + Lpp + Lj. (54)
A visual interpretation of this resulting quantum ResNet
model is shown in Fig. 5. We can therefore find the gradi-
ent of this loss function with respect to parameters 6, € 6
as

dlnoBp  OLpp = JL;

%90 _ =4 £ (55)
20, 96, | 90, @ 90,

The resulting gradient-variance term can then be written as

a(0
Varg —< >p,9
30,

dLnonsp AL dLnosp OLj
+ COV@ No-BP , BP COV@ No-BP , 19
20, 96, 30, 30,
dLpp IL;
+ Covy [ 22,22 (56)
36, * 06,

By construction, we know that Ly, gp does not lead to bar-
ren plateaus and we can assume that Varg (0 Lno-gp/06,) ~
1/poly(n) does not decay exponentially. Hence the
overall quantum ResNet model has gradient variance
Vary (3(0),9/06,) ~ 1/poly(n) and therefore does not
exhibit barren plateaus. The shallow-depth component has
mitigated barren plateaus in the overall model. This is
demonstrated experimentally in Fig. 6, which shows that
the gradient variance Vary (9(0),0/36,) for the overall
quantum ResNet model decays subexponentially.

2. Classical simulation

It has recently been reported that a broad class of
VQC models that avoid barren plateaus are also classically

simulatable [29], limiting their potential for quantum
advantage. While quantum residual connections offer a
means to circumvent barren plateaus, they may still lead
to scenarios in which the model is well approximated by
the shallow component of the loss function Ly,.gp, Which

|
N

\
e~

log (Gradient Variance)

|
=

—o— Quantum ResNet

No Residual Connections

4 6 8 0 12
Number of Qubits

FIG. 6. The logarithm of the gradient variance as the number
of qubits is increased. (Quantum ResNet) The model in which
one residual layer is implemented between the input and output
of the W, portion of the BP Ansatz, which consists of W, .
(No Residual Connections) The model with no residual con-
nections is an Ansatz that is known to exhibit barren plateaus
and corresponds to the operator W, W,. In this example, W, has
been generated by [XY, YX, YZ], leading to an exponential DLA
dimension [54], while ¥, has been generated by [XY], leading to
a polynomial DLA dimension [54]. Both 7| and W, consist of 25
repeated sublayers of parametrized gates. Each sublayer consists
of parametrized two-qubit gates that act on all adjacent qubits of
ok o 1 ®
the form [T,_y (®); _aa €17+ (R asen @7 11741)), where

Hi(,ki) 41 1s the kth element in the specified set of generators that
acts on the qubits indexed by j andj + 1. The variational param-
eters 6 € 0 have been sampled over the range 6 € [0,27] and
1000 samples have been taken in total. The initial state py =

|0)®7(0|®" and the final observableis O = Y ® Y @ I"2.
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may be classically simulatable [29]. By construction, we
expect the Lgp to exponentially vanish and if the same
happens to the L; term, then this implies that the entire
quantum ResNet model could be approximated efficiently
on a classical computer within a given error. This raises the
question: Are quantum ResNet models that avoid barren
plateaus classically simulatable in general? If we take the
assumption that Lgp exponentially vanishes and Lyo.gp is
classically simulatable, this means that the answer depends
on the characteristics of the nonunitary term L;. If the L;
term does not decay exponentially and cannot be classi-
cally simulated, then this condition could lead to a situation
in which a model with at least one residual connection
could be difficult to simulate and simultaneously avoid
barren plateaus. This nonunitary term has not yet been
characterized in general and therefore highlights a possible
search space for future research; however, we note that this
may not necessarily be a common situation. We show in
Fig. 7 that for the particular quantum ResNet architecture
that we consider in our numerics, L; exponentially decays
with an increasing number of qubits, which suggests that
this specific architecture may be vulnerable to classical
simulation. However, we only consider a limited example
and note that there is a large space that remains unknown
and is open to further work. Generalized quantum opera-
tions of the form ) . o;U;, which are implemented by the
LCU procedure, have been shown to form a convex set and
the extreme points of this set are the unitary operations

log(| L)

4 6 8 10 12
Number of Qubits

FIG. 7. The logarithm of the average magnitude of the nonuni-
tary term L;. The average has been performed over 1000 ini-
tializations. The data are from the same experiment as specified
in Fig. 6. In this particular setting, the nonunitary contribution
vanishes exponentially, suggesting that it may be possible to
approximate the model by Lgp + Lno-gp. If the Lyo.gp loss also
vanishes exponentially, then the entire quantum ResNet could be
approximated by Lgp.

[56]. This means that the space of operators that can be
considered is much larger than that which has previously
been studied in the literature, and a full characterization of
this general space is beyond the scope of this current work.

3. Quantum ResNet as an ensemble

In the following subsection, we use the term “layer” to
refer to quantum ResNet layers, such that L corresponds to
the number of residual connections and hence the number
of controlled unitaries in the model. Each individual con-
trolled unitary W, is a variational Ansatz, which in many
cases is composed of repeated layers of a certain gate archi-
tecture; to avoid confusion, we will refer to the repeated
layers within these unitary W; terms as sublayers. We will
now denote the unitary in the /th residual network layer as
W}A), where A specifies the number of repeated sublayers
in the Ansatz corresponding to that particular unitary.

Previous work on the characterization of barren plateaus
makes assumptions that the circuits involved are suffi-
ciently deep [51,52]. As the quantum ResNet allows layer
skipping, this means that there may always be shallow-
depth circuit components in the final loss function, which
will not satisfy this assumption. We now consider a deep
circuit composed of many repeated sublayers of the same
structure of variational gates. We show that it is possible
with L layers of quantum ResNet to effectively implement
an ensemble of 27 different Anscitze in which the number
of sublayers of the individual Ansatz terms in the ensemble
ranges from 1 to 2L,

The uniform-ensemble quantum ResNet architecture is
created using L quantum residual layers by ensuring that
the number of repeated sublayers A in the /th unitary Wf'\)
is given by A = 27! for 1 </ < L. To prevent a constant
term in the loss function arising from the identity, we also
initially apply a unitary operator consisting of a single sub-
layer A = 1, without using a residual connection, which we
denote as Wf)l). This corresponds to applying the operator

A+ WD) @+ T+ WA+ Oy ws)
(57)

and normalizing the resultant state by a factor 1/€'. This
term expands out to give an operation consisting of a linear
combination of 2¢ terms. When unitaries multiply to cre-
ate these terms, the number of sublayers add together. It is
therefore clear that this procedure results in an operator

oL

> v, (58)

A=l
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where V) is a unitary corresponding to

V(A,) — 1_[ chzkil) Wf)l), (59)

k€S,

k—1
and where S;; C [L, 1] is the set that indexes the Wff )
terms that multiply together to give a total number of sub-
layers A" =1+ ZkeS)L/ 2k=1. The state is also normalized

by a factor 1/Q" after the operation is applied. In total, we
have 2 terms where the number of sublayers in each term
is in the range A’ € [1,2%]. This will lead to a loss function
with 2% unitary VQC model loss functions, covering sub-
layer depths from 1 to 27, in addition to nonunitary cross
terms.

Many investigations into barren plateaus specifically
require circuits to be of a certain depth, e.g., requiring suffi-
cient depth to form an approximate design over a Lie group
[52]. While bounds have been found for this depth for cer-
tain circuits, the quantum ResNet would allow an agnostic
approach in which many different layers can be trialed in
the same model run and in which shallow-circuit com-
ponents could guarantee that the overall model does not
exhibit barren plateaus. We see that for L quantum ResNet
layers, one can implement 2” different unitary terms in an
ensemble, in addition to further nonunitary cross terms.

Loss-function concentration implies loss-function gra-
dient concentration and hence this metric can be similarly
used to discuss the presence of barren plateaus [57]. An
ensemble sum of all terms with differing numbers of sub-
layers may be able to avoid barren plateaus due to the
presence of shallower-depth components within the aver-
age ensemble, as shown in Fig. 8. This reaffirms previ-
ous results showing that quantum ensemble methods can
avoid barren plateaus [53]. However, the quantum ResNet
will also provide additional sources of variance from the
nonunitary terms in the loss function, although a detailed
characterization of these terms is beyond the scope of this
work.

Note that as the number of quantum ResNet layers L
increases, the number of terms grows exponentially, mean-
ing that any individual term will have a weighting that
decays exponentially due to the normalization of the state
after the operation is applied. Therefore, if L is increased,
one would need to ensure that a sufficient amount of non-
exponentially concentrating terms survive to still avoid
barren plateaus. By initializing the ancilla qubits, one can
vary the weightings of particular terms in the ensemble.
This flexibility could allow the creation of models that can
be pushed close to the boundary of barren plateaus but
still remain in the trainable region. Similarly to the argu-
ments made for the previous model, if the nonunitary terms
vanish, then we would expect the loss function to be on
average well approximated by the shallow nonvanishing

—— Sublayers = 1
—— Sublayers = 2
—— Sublayers = 3
—— Sublayers = 4
—— Sublayers = 5
—— Sublayers = 6
—— Sublayers = 7
—— Sublayers = 8
—— Sublayers = 9
—— Sublayers = 10
—— Sublayers = 11
Sublayers = 12
Sublayers = 13
Sublayers = 14
Sublayers = 15
Sublayers = 16

log (Loss Function Variance)

—8
| | | ---- Equal Ensemble
5.0 7.5 10.0
Number of Qubits
FIG. 8. The logarithm of the variance of the loss function for

differing numbers of sublayers of the same Ansatz architecture as
the number of qubits increases. The variance has been calculated
over 500 random initializations of the variational parameters.
The Ansatz has been created using the generators [XY, YX, YZ]
as specified in Fig. 6. The dashed red line corresponds to the
variance of a normalized average of all the loss functions.

terms, which do not exhibit barren plateaus individually
(excluding rare potential configurations in which deep
terms still provide nonzero contributions). If these shallow
terms turn out to be classically simulatable [29], then this
means that the overall quantum ResNet will be classically
simulatable to within some given error. Efforts to avoid
this situation should focus on finding settings in which the
nonunitary terms do not exponentially vanish; it remains
an open question whether this is possible.

Previously, we have shown in Eq. (40) that the strength
of the residual connection determines a lower bound of the
probability of success of a given layer. We have also noted
that the probability of overall success decays exponentially
in the number of residual connections L. In Fig. 9, we
show the impact of these effects on the expected number
of repeated attempts required to achieve a successful LCU
procedure. While the success probability decays exponen-
tially in L, it allows the construction of ensembles of size
2L which therefore leads to a linear relationship between
expected attempts and ensemble size.

We also note that in the case in which a given residual
layer provides an exponentially vanishing contribution to
the overall loss, from both its unitary and nonunitary con-
tributions, then this could potentially be used to improve
the probability of success scaling of the algorithm by
allowing failed implementations of that particular layer to

044046-14



NONUNITARY QUANTUM MACHINE LEARNING

PHYS. REV. APPLIED 23, 044046 (2025)

70
- e (=05 »
é 60 A B=06
m% o (=07 ,,"
= 07 e =08
= o =09
2N . p=o0mw
2 o
2 301
2 20 1 /'/ ,,»”/’
2 ! o ,//’/
g // //,
& 101 ,;r' % el oo °
M S e -
0 [: By o ===22222@oIDIIIfiiITiIIT o
0 20 40 60

Amount of Unitary VQC Terms in Ensemble

FIG. 9. The expected repeated attempts to implement one suc-
cessful LCU procedure (equal to the reciprocal of the overall
success probability 1/mg) plotted against the total number of
unitary VQC terms in the ensemble for various fixed residual-
connection strengths 8. The ensemble will contain 2° terms,
where each term corresponds to a unitary VQC model loss func-
tion and where the number of sublayers ranges in increments
of 1 from A =1 to A =2.. In these numerics, we start with
an initial state p = |0)(0|. At each residual-connection layer /,
we calculate the probability of success of that layer 7; and then
evolve the state by the operator (I + W}M), where W}M consists
of x =2/ sublayers. In this case, we have chosen each individual
sublayer to be a Haar-random unitary. The 8 terms correspond
to fixing B; = B, VI such that every residual connection has the
same strength parameter. Due to the symmetry around g = 0.5,
we have restricted to plotting 0.5 < 8 < 1 for readability.

be accepted as successes. In a scenario in which multiple
Ansdtze are being tested simultaneously, in which one may
not know which contain or do not contain barren plateaus,
it would be possible to ignore any failures for Ansdtze that
do not contribute meaningfully to the loss. This means that
the probability of successful implementation would decay
exponentially with the number of useful quantum ResNet
layers implemented, L', that provide nonvanishing contri-
butions to the loss, rather than the total number of layers,
L. The implication of this, however, is that one could sim-
ply discard these unused terms completely from the model
and restrict to L’. In this case, an ensemble of 2L models
could then be manually constructed, which may be able
to approximate the quantum ResNet results. Therefore,
any benefit from future research in this direction would
be focused on the ability to search through a wide range
of Ansdtze at the same time and find those that provide
meaningful contributions, rather than any quantum advan-
tage inherent in the model performance itself, although in
the worst-case settings the cost related to the probabilis-
tic nature of the LCU procedure may render the quantum
ResNet infeasible.

Although we show that quantum ResNet frameworks
can avoid barren plateaus, it is possible that many common
architectures may approach a solution that is vulnerable to
classical simulation. This would occur when the quantum
ResNet is well approximated by an ensemble of classically
simulatable shallow-depth terms. Perhaps this situation
should be expected, as it has previously been observed that
classical deep ResNets can behave as ensembles of shal-
low networks, where a previous study has reported that the
gradient of a 110 layer ResNet was dominated by contri-
butions from paths of depth between 10 and 34 layers [58].
We again highlight that the key to further advancements
in the quantum ResNet implementation will likely rest on
constructing models in which the nonunitary terms do not
exponentially vanish and remain hard to simulate classi-
cally. This provides an expanded search space compared to
strictly unitary models, which could be subject to a more in
depth characterization in future work. Overall, the question
of whether this ensemble-creating property of the quantum
ResNet can be used effectively therefore remains a ques-
tion for further research, although the reported success of
VQC ensemble models [53] may motivate further inves-
tigation into the efficient creation of ensembles within a
single quantum device.

I1II. AVERAGE-POOLING LAYERS

A. Quantum average-pooling implementation

In a CNN, it is common to find a pooling layer. This
layer acts to reduce the dimension of the data by con-
sidering a tile of fixed size that passes over the data and
performs some operation, such as averaging, on all the data
points in the tile.

A classical average-pooling layer consists of a pooling
window of size D x D pixels that passes over an image
consisting of N x N pixels, with a certain stride K STRIDE
[13—15]. We shall focus on the case in which the pooling
window moves across the image one pixel at a time, corre-
sponding to a stride value K gTripg = 1. For each position
of the pooling window, all pixels within the pooling win-
dow are averaged together and this average is output as the
value of a pixel in a new image. In classical techniques
depending on the size of K sTripg and D, the number of
output pixels will be some number less than N2 and hence
the pooling corresponds to reducing the dimension of the
image. In the quantum technique, there is no penalty for
calculating all N? terms, as the operations are done in par-
allel on the quantum state; hence we shall consider this
case and leave the dimensionality reduction as a subroutine
that can be implemented after the averaging.

We consider an image of N x N pixels where each pixel
is indexed by i and j and the pixel color value corresponds
to v;;. If we focus on the average-pooling window that is
D x D in dimension, then classically we wish to redefine
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each pixel label by
D—-1 D-1
:/ - 2 Z Z TAX Ay(vt,/) (60)
Ax=0 Ay=0

where T'a, A, is a pixel translation action that acts on the
i and j indices of v;; to retrieve the values of other pixels
through

Tax,ay(Vij) = Vitaxj+Ays (61)

so that they can be added to the average. The pixels
accessed by T'ay a, define the pooling tile. For occasions
on which the pooling window covers pixels outside the
image, it is common to include some padding of the image
[59], e.g., any pixels outside the N x N region can be
padded by zeros, giving a padded image of dimension
(N +2D) x (N +2D).

There have been many investigations focused on finding
quantum parallels to CNN models, whereby measurements
are taken of certain qubits such that the dimensionality
of the data is reduced. For example, in some setups the
pooling layer corresponds to a variational Ansatz followed
by a measurement of a qubit [33]. In Ref. [31], an effec-
tive measurement has been chosen corresponding to the
symmetry and details of their specific problem concern-
ing quantum phase estimation. Although these popularized
methods achieve the goal of pooling through reducing the
dimensionality of the quantum state, they have not focused
on giving a replication of an averaging pooling layer from
classical CNN models for image data. In this section, we
shall therefore demonstrate how LCU methods can be used
to perform average pooling on quantum encoded image
data. We shall utilize amplitude encoding with distinct
coordinates x and y for the image, although any encod-
ing for the data could be used, as long as the correct
transformations are implemented with the LCU method.

Take an N x N image sample (x;,);, v;;), where v rep-
resents the pixel color value and x; and y; are the index
coordinates of the pixel, with i,j € [1, N]. We shall utilize
real-amplitude encoding by defining a quantum state with
two registers as

§|x,»> i) (62)

Wy =Y %

Xiyj

where Q? = Y v? ; 1s a normalization constant and v;;

R. Once we have an image encoded into a quantum state
in this manner, we can consider the type of operation
required by average pooling. In a simple case, we can
consider only the x register for D = 2. We will need to
apply an operation that takes |x) — 1/Q'(|x) + |x © 1))
for some normalization constant ', to perform an averag-
ing over pixel amplitudes. This will result in the state |x)

having its amplitude transformed to the sum of the ampli-
tudes of the |x) and |x & 1) states before being normalized
(and therefore averaged). This operation is implemented
by ApooL = %(1 + SUBTRACT;), where SUBTRACT]|x) =
|x © 1) and ADD; |x) = |x @ 1). These operators are imple-
mented by decrement and increment gates. We can see, by
taking

1
A;OOLAPOOL = Z(ZH + ADD| + SUBTRACT;) # I, (63)

that it is not a unitary operation. Hence, to implement
average pooling on a quantum device, we utilize LCU
methods.

Theorem 2 (Quantum Average Pooling). 1t is possible to
probabilistically implement an averaging pooling layer on
an image that has been amplitude encoded into a quantum
state as specified in Eq. (62), such that the average-pooling
operation Apoor. has the effect

/

v v;
ApooL )~ hdly) = 3 b)),

Xj.Yj Xi:Vj

where
D—

D—1
1
i _—2 E E Vit-Ax,j+Ay>

=0 Ay=0
by using the LCU framework from Sec. I D. The terms €2

and Q' are the normalization constants for the initial and
final states, respectively.

Proof. For simplicity, we consider the ancilla qubits to
be composed of two registers. We initialize these registers
to the following:

1 D—-1 D—-1
P prep|0)°10) = — (Z|Ax>) > 1Ay |- (64)

Ax=0 Ay=0

In this setting, |Ax) and |Ay) correspond to the compu-
tational basis states of a Hilbert space of & qubits H =
(C?*)®k, which are labeled by Ax and Ay. In this basis,
0) = |0)®, 1) = [0)®*![1) and [2) = [0)®*2|1)|0),
continuing for all values until [2% — 1) = |1)®*. The prepa-
ration operator therefore takes the form

D—-1
1
Pprep = (Z|Ax>) Zmy (01 (0] ®*
Ax=0 Ay=0
2k_12k—1 2k
+Y Y z|<1|+2( (il(0l, (65)
i=0 j=I

where (...) collects terms with (i|(j| such that i +j > 1
and will therefore not be used in the algorithm and can
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FIG. 10. An example circuit architecture to perform binary
addition increasing all binary values by one. This takes
ADD| |x) = |x @ 1) [60].

be ignored. This can be clearly implemented by a unitary
operation. It can also be shown that Tz, A, can be real-
ized with a unitary operator. It is possible to implement
binary addition on a quantum circuit [60], as demonstrated
in Fig. 10, which shows ADD;|x) = |x & 1). In general,
we shall define a £ adding operator as ADD;|x) = |x & k),
which may be formed by applying ADD; in series k times or
through a more optimized gate specific for that value of .
The inverse of this operator, found by taking the Hermitian
conjugate, will subsequently be the subtraction operator
SUBTRACT|x) = |x © k).

In order for Tay ay(v;;) to recover the correct ampli-
tude, we can utilize the ADD; and SUBTRACT} operators.
We can therefore define 7 Ax,ay through the action of these
operators as

%Ax,Ay|Xi>|yj) = |x; © Ax)y; © Ay);  Ax,Ay >0,
(66)

Tacay ) = @|Ax) |y, @lAY]);  Ax, Ay < 0.
(67)

Now consider the action of T Ax,Ay On the amplitude-
encoded image as

A A Vjj
Tavasl¥) = Taxar | D2 badly)
Xi 2y
o
=) o e Ay © Ay)
Xinyj
o
=D o adly-a). (68)
Xpyj

Relabeling the indices in the sum as (i — i + Ax) and
(G — j + Ay), this can be written as

A Vit Ax,j+Ay
Taxayl¥) = Z %Wiﬂyﬁ- (69)
i)

We can now define the selection operator as
SSELECTIAX) | AV)[¥) = |Ax)| Ap) Tav.ay|¥)

Vit Axj+A
= |Ax)|Ay) Y | == ), (70)
XiVj

which corresponds to implementing controlled T Ax, Ay
operators, which are, respectively, applied when the ancilla
is in the state |Ax)|Ay). The selection operator is therefore
unitary and can be applied on a quantum circuit.

Following the LCU procedure by first preparing the
ancilla qubits gives

1 D—1 D—1
PPREP|0>®"|0>®’f|w>=5(Z|Ax>) > lay) | v,

Ax=0 Ay=0
(71)
while applying the selection operator results in
SseLecTP prEP|0)#¥[0)% )
D-1 D-1
== Z D AN A Tavaplr). (72)
D = 0 Ay=0

Applying the inverse preparation operator, defined as

1 D—1 D—1
Plopep = 5510)%10)%* (Z (Ax| ) > (ayl

Ax=0 Ay=0

2k_12k—1 2k_1

+ DY DG )+ YD), (73)
i=1

i=0 j=1
we can therefore see the state can be written as

Pl e epSSELECTP PREP|0)2¥(0) =¥ |1)
1 D—1 D-1

= 100 Y 0 Y Tacarlv)

Ax=0 Ay=0

2k_12k_1 2k_1

+ Y DNC D+ YN0, (T4
i=1

i=0 j=I

We now wish to measure the ancilla qubits, discarding
any states when |0)®¥|0)® is not measured; hence we can
ignore the (...) terms. The probability g of measuring the
|0)®¥|0)®* state will therefore be

2

1 D—1 D—
= —QZ Z ey V)] (75)

After selecting only the cases in which the ancillas are
measured in the |0)®%|0)®% state, the final state will be
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projected to

(01%* (01 P’ ppSSELECTP PREP|0)®X10) ¥ [)
D—1 D-1

= JrsD2 DO Taeayl¥), (76)

Ax=0 Ay=0

where the ./mg term is required such that the state is

normalized. Expanding out the operation of T Ax,Ay» 1t 18
possible to see that

D—1 D-1
= 2= 2 Tyl
Ax=0 Ay=0
D=1 D=1
_ H—Ax,/ +Ay
wiZZ )
X;.yj Ax=0 Ay=0
= Z x)ly;). (77
XiVj
The term Q' = /7sQ is the overall normalization factor

of the final state. Hence, the average-pooling operation

1 D—1 D-1
= —2 Z Z Vit Ax,j+Ay (78)
x=0 Ay=0

has been implemented on a quantum circuit. |

Through this framework, the average-pooling operation
can be implemented as is visualized for a 2 x 2 pooling
window in Fig. 11.

In terms of the image boundaries, it would be possible to
apply null padding to the image by introducing extra qubits
in the |0) states. Without any padding, the quantum pooling
window will treat the image as periodic and could include
pixels from opposite sides of the image when located close
to the image edge. It is worth mentioning that classical
CNNs perform this averaging as a means of dimension-
ality reduction, as the total number of averages taken is
usually less than the total number of pixels in the image.
In the quantum case, however, it takes no additional time
to average every single pixel in the image and therefore we
have presented this as the most general case. Subsequently,
to truly perform the quantum analogue of pooling, certain
values would be discarded to reduce the dimensionality
of the problem. The exact method will depend on exactly
what kind of dimensionality reduction is desired, although
we discuss how this could be performed in Appendix D.

B. Algorithm scaling

The advantage of average-pooling layers is well docu-
mented in classical neural networks [61—63]. The method

(a)

Image pixels

|z) lz®1)
ly ® 1)

Basis-state transformation
2 ® 1y ®1) — 51z ® 1)y & 1+ © 1))
+2)y © D+z)y)

State |2)|y) inherits amplitudes =3

Uzy = (Uzy+Vo+1y+Vzy+1+Vor1y+1)

{H————{A,
-] +—{H-

[ .
:z:{k Tor

f A
o T

FIG. 11. (a) Anexample ofa?2 x 2 pooling window ona4 x 4
pixel image, indicating the desired transformation to perform
average pooling. (b) The circuit that implements the average
pooling in this example through application of controlled 7%,
operators to both registers.

suggested in our work would allow this feature to be imple-
mented on quantum encoded images in QML models.
The utility of this in the context of a quantum advan-
tage will therefore be dependent on whether other quantum
operations within the model can achieve some advan-
tage over classical models. For example, recent empirical
studies for amplitude-encoded image data suggest that
quantum models may in some circumstances display an
improved robustness against adversarial attacks compared
to classical methods [64,65]. Indeed, theoretical guaran-
tees on quantum robustness have recently been reported
[66]. While this is not the focus of our work, the quantum
average-pooling layers that we introduce may be of use
in further studies regarding quantum encoded image data.
We will therefore focus instead on examining the circuit
complexity and probabilistic scaling of the method.
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1. Circuit scaling

In order to implement an average-pooling layer with a
pooling window size of D x D, one needs to implement
a linear combination of D? unitaries via the LCU method,
whereby these unitaries correspond to selecting all pixels
within the average-pooling window. This means that in a
given x/y register, one needs to create a linear combina-
tion of D unitaries. A general technique for doing this using
only log(D) ancillas for any LCU circuit would be to use D
multicontrolled operators, whereby each ancilla basis state
activates exactly one of the multicontrolled operators and
no others; i.e., SSgLECTI) 1Y) = |i>AT,-|1/f). Previous related
work on implementing general filter masks for quantum
convolutional layers have used this approach, in which
they state that the number of multicontrolled unitaries that
must be implemented is equal to the size of the filter
mask D? [16,17]. However, we show that by focusing on
average pooling and considering that subtraction operators
form a closed set, a more efficient circuit implementa-
tion is possible that uses O(log(D)) single-qubit controlled
operators.

Without loss of generality, consider only the x register.
We need to ensure that this has an equal superposition
of T Ay terms such that Ax runs from 0 to D — 1. This
can be achieved using O(log(D)) qubits and single-qubit
controlled applications of 7} operators. In this case, 7}
is implemented by the kth ancilla qubit and corresponds
to the 7 = SUBTRACT,«—1 operation. This operation sub-
tracts 25~! from the binary register and can be formed by
the SUBTRACT; operation applied to the n — k 4+ 1 most
significant qubits and the identity operator applied to the
k — 1 least significant qubits. If £ € [1, L], where L is the
total number of ancilla qubits and controlled operations,
then we have a set of operators 7 = [7"1, Tz, T4, ey 7’2&1 ],
where the kth element is applied if the kth ancilla is in
the 1 state. As we have an equal superposition of all 2¢
basis states in the ancillas, this means that we will find an
equal superposition of 2L terms that consist of all possi-
ble combinations of the operators in 7. The ancilla basis
states can be thought of as selecting subsets of 7T, with
the resultant operation found by multiplying all opera-
tors together in that subset such that the indices decrease
from left to right. As we have chosen the scaling of these
elements to be 7y = SUBTRACT,-1, we can see that con-
sidering all possible combinations of these terms will result
in an equal sum of Tax operators, where Ax runs from
0to2f — 1.

We can then set D = 27 to see that the number of ancil-
las and controlled operators must scale as L = O(log(D)).
Therefore, the procedure requires O(log(D)) unitaries
that correspond to subtraction operators, which act on
the separate x and y target registers and are controlled
by O(log(D)) ancilla registers. An example circuit that
involves four ancilla qubits and four controlled unitaries
is shown in Fig. 12, in which 16 total combinations of

s as] e [a

EHEE

T€2- T€4 1 TGS
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FIG. 12. An example of an efficient LCU circuit that imple-
ments a linear combination of 16 operators in the range
[L, Vi 1, T Dy enns T 15]. Each operator is controlled by a single qubit
and corresponds to a subtraction operator, where the amount sub-
tracted is doubled for each successive qubit. This approach is
more efficient than the most general possible implementation and
is possible due to the fact that subtraction operators applied in
sequence form a closed set.

operators are implemented. Note that if D is less than 27,
then the final layer could be adjusted to be 7}, ,z—1, but we
may require multicontrol qubits in order to prevent degen-
eracy and maintain and an equally weighted combination
of operators (see Appendix F).

To perform the averaging classically for a stride size
K would require finding the average of D? values for N2
pixels, giving a scaling of O(D?N?) in general. Therefore
classical averaging requires (O(D>N?) arithmetic opera-
tions, while the quantum average pooling that we sug-
gest requires O(log(D)) controlled-subtraction operations.
The exact scaling of the controlled-subtraction opera-
tions depends on whether ancilla qubits can be utilized;
however, we show that this uses at worst O((log(N))?)
basic operations (see Appendix E), giving a total of
O(log(D)(log(N))?) basic operations in the overall LCU
method while using O (log(N)) target qubits for the image
encodings and O(log(D)) ancilla qubits.

Previous work has built an LCU-based quantum convo-
lutional layer using a 3 x 3 filter of the form

woo W1 W02
wip w11 W2
wy) w21 @2

(79)

such that the filter passes over the image and calculates
D WaxApVitAx,i+ay for the pixel value in the window [16].
The authors show that average pooling can be obtained
as a special case in which w; = 1;Vi,j. We note that
this work has not explicitly shown a proof for a gen-
eral D x D window, instead considering only D = 3. The
authors have used multicontrolled operators in which each
ancilla-qubit state only implements exactly one unitary,
meaning that their technique requires D* multicontrolled
operators. They report their unitary operations as consist-
ing of O((log(N))®) basic operators, which would corre-
spond to an overall scaling of O(D?(log(N))®). Hence,
the circuit implementation that we present, which scales as
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Oog(D)(log(N))?), corresponds to a polynomial advan-
tage in N and an exponential advantage in D over this
previous technique when considering average pooling
specifically.

Furthermore, although we started with the more spe-
cific case of average pooling, our entire algorithm can be
generalized to recreate the quantum convolutional filters
as presented in Ref. [16]. This is achieved by introduc-
ing amplitudes into the ancilla qubits instead of using an
equal superposition. We see this by considering a new
preparation operator in which all ancillas (for both x and
y registers) are entangled such that

P prep|0)®410) % |yr)

1 D—1 D-1
=5 | 22 2 Vomaaniay) | ). (80)
Ax=0 Ay=0

where for simplicity we say that  /@aya, € R is a real
amplitude of the ancilla basis state |Ax)|Ay). This will
mean that the terms in the linear combination of 7' Ax, Ay
operators will have an associated weighting equal to
wax,ay- Therefore, the transformation on the pixel-value
amplitudes in the image will be

| D—1 D-1

/

Vi = ﬁ E E WAx,Ay Vit Ax,j+Ay- (81)
Ax=0 Ay=0

We can therefore identify that this performs a general
quantum convolutional filter as originally described in Ref.
[16], while utilizing exponentially fewer unitary operators
in terms of D. A comparison of this reduction in circuit
complexity is shown in Fig. 13 when applying a 4 x 4
convolutional filter, defined as

Wop @1 W2 @3
Wi @11 W2 W13
Wy @1 W @3
w3 @31 W32 W33

(82)

This general-convolution case reduces to the previously
discussed averaging case when the ancilla qubits are in an
equal superposition. We highlight that in this section we
do not discuss the actual pooling step itself and hence any
improvement is confined to the averaging or convolutional
subroutine of the circuit. Further details on the practical
implementation of the pooling step and the quantum CNN
framework can be found in Ref. [16].

We also note that our implementation is easily gener-
alized to data types with dimension greater than two by
adding additional registers for extra dimensions. For Q-
dimensional data, we require Qlog(N) qubits to encode

y{ : Ten||Teo
FIG. 13. (a) The circuit used to implement quantum convolu-
tional filters in previous work [16]. For an equal comparison,
we show the generalization of the authors’ method to allow
the implementation of a 4 x 4 size convolutional window, using
16 multicontrolled unitaries. (b) White circles correspond to
controls that activate if the control qubit is in the |0) state.
The t-labeled controlled gates apply the unitary operator Q;,
which when combined using the LCU technique reconstruct the
desired convolutional filter, as outlined in Ref. [16]. A complete
definition of the O, unitaries within the authors’ framework is
extensive and is omitted here. For both circuits, S is the unitary
used to initialize the ancilla-qubit amplitudes corresponding to
the desired filter, which is then achieved when the ancillas are all
measured in the |0000) state at the end of the circuit. (c) The cir-
cuit implementation of the same 4 x 4 convolutional filter using
our framework as described in the text. Only a single qubit con-
trols each 7%, which acts to subtract 7 in binary on the x or y
register. This arithmetic interpretation simplifies the circuit con-
siderably as we can see that each ancilla basis state applies one of
16 different transformations 7 Ax,ay ON the pixel registers, which
provides all the transformations required to apply a 4 x 4 size
convolutional window, using only four controlled unitary gates
in total, rather than having to implement 16 terms individually
as multicontrolled unitary gates. For example, [1111) will be
responsible for Ax = 3, Ay = 3 and hence the ancilla amplitude
a1111 should control the relative weight of the top-right pixel of
the convolution filter [wy3 in Eq. (82)], while wgggo corresponds
to the identity and would control the bottom-left pixel weighting
[w30 in Eq. (82)].

the image into Q different registers. In this case, the win-
dow has a total O-dimensional volume of D¢ and hence
using the implementation from previous work [16] would
require DC unitaries. In contrast, our technique requires
Qlog(D) operators in total, with Qlog(D) ancilla qubits,
when considering all registers and would therefore use
exponentially fewer unitaries in both data dimension Q and
window size D.
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2. Probabilistic scaling

When considering the fact that this is a probabilistic
algorithm with a chance of failure, the situation becomes
slightly more complicated, as the probability will depend
on the image itself. As shown previously, the probability
of success is equal to

2

1D D—
= _ZZ Z AXAV“”

If we have an image in which every pixel has the exact
same color value, we can effectively set T Ax,ay = 1 and
therefore wg = 1. We expect real-world images to have
pixels that are close in color value to other local pixels
nearby, on average, with the exceptions occurring at the
edges of subjects within the image. We therefore expect
the probability to remain relatively stable overall, although
one could construct adversarial example images that result
in low probabilities. To gain a practical understanding of
this probability scaling, we have considered the MNIST
fashion data set [18]; we empirically show the scaling
of the probability of success with respect to D and N in
Figs. 14 and 15, respectively. These results indicate that
the probability of success decreases but levels off after
a certain point as D increases and that there is no dis-
cernible trend when increasing N. These results align with
our intuition for real-world images. The general structure
and content of real-world images (and their local pixel sim-
ilarities) remain consistent as NV increases; therefore, there
should be no discernible decrease in ;s from increasing N.
On the other hand, increasing D means considering a larger
neighborhood of pixels. Initially, as D increases, the proba-
bility of encountering edges within this neighborhood also

e e e =
=~ = o) =

I
e

Average Success Probability

=
o
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Pooling Window Length D

FIG. 14. The average success probability of the LCU proce-
dure for implementing an average-pooling layer as the pooling
window dimension D is increased, while the image size is set
to N = 28. The average is taken over 100 image samples from
the MNIST database [18], with the shaded area indicating the
standard deviation of the samples.
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FIG. 15. The average success probability of the LCU proce-

dure for implementing an average-pooling layer as the image size
N is increased, while the pooling window size is kept constant
at D = 3. The average is taken over 100 image samples from
the MNIST database [18], with the shaded area indicating the
standard deviation of the samples.

increases, causing g to decrease. However, beyond a cer-
tain point, further increasing D adds less new information,
because most of the image regions are already accounted
for and edges are covered, so g levels off. The exact prob-
ability will be very image dependent; there may also exist
techniques to prepare images such that the probabilities
are improved, which we leave as an open question for fur-
ther research. In cases in which the probability of success
remains high, it corresponds to pixels being similar to each
other locally; this in turn means that the average-pooling
action on those qubits locally will be well approximated
by the identity operation. It is important to note, there-
fore, that these conditions could be more prone to classical
simulation techniques, and further work should be carried
out on this possibility before any concrete advantages are
claimed.

IV. IRREDUCIBLE-SUBSPACE PROJECTIONS

In order to discuss the irreducible-subspace-projections
circuit, we first give a brief overview of representation-
theory definitions.

A. Representation-theory preliminaries

Following standard texts on group and representation
theory [67,68], we provide a brief summary and introduc-
tion to the underlying mathematical framework utilized in
this section.

The definition of a representation of a group G can be
given as follows.

Definition 1 (Representation). A representation of a
group G refers to a pair (U, V), where V is a vector space
and U is a group homomorphism U : G — GL(V), where
GL(V) is the general linear group of invertible matrices
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that acts on the vector space V' of the representation. The
homomorphism maps group elements g € G to matrices
Uy, € GL(D).

Often, the homomorphism U, the vector space V, or the
image subgroup Ug € GL(V) can be referred to as the
“representation,” depending on the context.

Definition 2 (Subrepresentation). For a given represen-
tation (U, V), a subrepresentation is a vector subspace
W C V for which any vector w € W remains within W
when acted on by any representation of the group, i.e.,
Ugwe W,Vg € G.

Definition 3 (Irreducible Representation). If a repre-
sentation does not contain any nontrivial subrepresenta-
tions (the trivial spaces being the empty subspace {0} and
the entire space V), then it is said to be an irreducible
representation.

If a representation does contains a nontrivial subrep-
resentation, then it is called a reducible representation.
Representations can often be decomposed into a direct
sum of their irreducible representations, in which case
they are called completely reducible. Maschke’s theorem
[69] states that any finite-dimensional representation of a
finite group G over a field F will be completely reducible
(so long as the field characteristic does not divide the
order of the group). It is also the case that every finite-
dimensional representation of compact Lie groups is com-
pletely reducible [70]. If a representation (U, V) is com-
pletely reducible, then there exists a basis in which we can
write U, as

R my R
U QO =D ot ®
r=1

r=1 j=l1

where (1", V,.) are the irreducible representations indexed
by 7 € [1,R], where R is the total number of irreducible
representations. In this work, we will often refer to »
as the irreducible representation for simplicity, although
strictly it is the label that indexes the irreducible represen-
tations (u”, V). The quantity m, is called the multiplicity
of the irreducible representation. We can also define the
degree of a representation as n, = dim(¥,). In this basis,
U, is in a block-diagonal form. This change of basis also
decomposes the representation vector space V as

R
V> EB v, ® Cm.

r=1

(84)

The conjugacy class of a group and the character of a rep-
resentation for a given group element can be defined as
follows.

Definition 4 (Conjugacy Class). For a group G, two
given elements g, 4 € G are said to be conjugate if Ix € G
such that

g = xhx™!

and hence the conjugacy class can be defined as
Co = {xg)f1 | x € G},

corresponding to the set of all elements that are conjugate
to g.

Definition 5 (Character). For a representation (U, V) of
the group G, the character can be defined as

xu(@) =Tr (Ug) >

which is the trace of the representation of g on V. For the
irreducible representations (1, V,.) indexed by r, we shall

define ¥, (g) = x,(g) for simplicity.

In particular, as the trace permits cyclic permutation, this
means that x,.(xgx~!) = x,(g) and therefore x,(g) is con-
stant on the conjugacy classes of G; i.e., if g1, € Cg)),
then x,(g;) = x,(g2). It is also worth noting that as the
identity element corresponds to an identity matrix, tak-
ing the trace of an identity matrix will result in the fact
that x,.(/) = dim(V,). Hence, the degree of an irreducible
representation can be found by n, = dim(V,) = x,. ().

We will now introduce a key result of this work regard-
ing projecting quantum encoded states to any linear com-
bination of irreducible subspaces of a given finite group.

B. Subspace projection circuit

We start by observing a result from the representation
theory of finite groups, which states the following [71].

Theorem 3 (Irreducible-Subspace Projection). Let U :
G — GL(V) be a representation of G. The canoni-
cal decomposition into an irreducible representation is
given by V=V, @V, @ ... Vg, where the irreducible
representations have charactersA X1,---, Xg and degrees

ni,...,ng. Then, the projection P, of V' onto the space V,
is given by
N n,
P =G D (&) U, (85)
gi€G

where ,(g;) is the character of group element g, € G
for irreducible representation 7 and U, is the matrix
representation of group element g; € G acting on the
space V.

This is a known result in representation theory; for more
details, see reference texts such as Refs. [67,71]. In this
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section, we explore a method for implementing this pro-
jection on a quantum circuit using the LCU technique.
Specifically, we demonstrate the practicality of realiz-
ing the projection described in Theorem 3 on a quantum
device. In the most comprehensive scenario, we establish
that a quantum circuit can execute combinations of such P,
projections at the same time via the LCU method.

Theorem 4 (Quantum Generic Irreducible-Subspace
Projection). Let |¢) € V= (C*)®" be a quantum state
encoded on n qubits. Let U : G — SU(2") be a unitary
representation of a finite group G, where the representa-
tives for group elements g; € G are denoted Uy, € SU(2")
and are unitary operators that act on |¢) and can be
implemented in a quantum device. Utilizing the LCU
framework on a quantum circuit, one can probabilistically
apply a linear combination of irreducible-representation
projections

R 1 Xk
;arprhﬂ) = o ;a” |G| Zxr(gl Ual¥) | >

gicG

(86)

such that P, projects |¥) € V to the subspace V, cor-
responding to the irreducible-representation subspace
indexed by » with degree »,. The constants a, can be freely
chosen, €’ is the normalization constant for the final state
after projection, and R is the total number of irreducible
representations.

Proof. As we intend to implement a linear combination
of projections, we shall consider a slightly more general
form of the LCU method. We first perform a preinitializa-
tion step on the k£ ancilla qubits, initially in the basis state
|b1), using an operator 7 to prepare the state |¢) = y|by)
defined as

R
1
= 5 Zarnr|br): (87)
r=1

where a, can be chosen to adjust the relative amounts of a
given representatlon n, is the degree of the representation,
and Q = Zr_l la,n,|? is a normalization constant for the
quantum state. The states {|bj)}j€[1’2k] € (C?)®* are basis
states of the 2f-dimensional Hilbert space for the k-qubit
ancilla register denoted by H = (C?)®*. They can be taken
to be computational basis states. We highlight that after
this preinitialization, the ancilla register is in a combination
up to R basis states, which are indexed by the irreducible
representations 7. The inclusion of the #, term here ensures
that the representation weightings are correct later on. At
this point, every state |b,) corresponds to a different irre-
ducible representation of the group G. We define » = 1 to
correspond to the trivial representation.

The next step corresponds to applying an operator that
takes each representation labeled state |b,) into a sum of
basis states |b;), i € [1,|G]|], which are now labeled by the
elements of the group g; € G, where each basis state |b;)
inherits a weighting according to the character x,(g;)* cor-
responding to the representation r and the relevant group
element g;. To help improve readability, we define |g;) =
|b;). These correspond to the same basis states in the ancilla
register but they emphasize the fact that they are labeled by
the group elements g;.

As we consider a combination of multiple projections
at the same time, then, in order to maintain generality
of our framework, instead of requiring P prep,- to be a
different operator for each individual irreducible represen-
tation (indexed by r), as would be the standard case in
LCU methods, we will consider a generalized prepara-
tion operator corresponding to the unitary x, which has
the effect of applying the correct character for every irre-
ducible representation » and every group element g; € G
such that

Abr r\&i i 88
Al mgx (2)*1g), (88)

where in the most general form,

= FZZm(g» g} (bi] + Z (. )b, (89)
r=1 gieG r=R+1
where the terms grouped together as Zfi g1 G- (by ] will

not be used in the algorithm and can hence be ignored.
Implementing this corresponds to constructing a matrix
that contains the character of every group element for
every irreducible representation. This matrix will have the
form

1 o .
mx, (g), ifie[l,|G]],j €[1,R],
[x1i; =10, ifi € (|G|,2%],j € [1,R], (90)
1
—u;;, ifi e [1,2%],/ € (R,2M],
VG

where the u;; will never affect the algorithm but are
required as the matrices involved must be of size 2. The
first R columns correspond to the vectors that contain the
characters for each element in a given representation. Con-
sidering the character orthogonality theorem [72], which
states that

Z Xj (gt)Xk(gz = Ojk, 1)

g,eG

this means that the character vectors of irreducible repre-
sentations form an orthonormal basis. The u;, terms can be
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chosen utilizing the Gram-Schmidt procedure or otherwise
to ensure that all column vectors of x form an orthonor-
mal basis. A matrix the column vectors of which form an
orthonormal basis is unitary. Hence, our generalized prepa-
ration step Pprgp = X can be implemented on a quantum
circuit.

The SspLgcT operator can be implemented by apply-
ing the unitary quantum gate representation U, € SU(2")
to the n-qubit target state |¢) € V= (C?*)®" for each
corresponding group element |g;) in the ancilla register

SSELECTIg)N V) = |g1) Ug, |¥). (92)
As long as G is a compact group, there will be unitary
irreducible representations Uy, via the Peter-Weyl theorem
[73]. Hence Ug, can be implemented in a quantum circuit
for compact groups G. Using controlled gates U,, in which
the operation Uy, is applied only when the ancilla qubit is
in the state |g;), then the operator Ssgy gt is successfully
implemented.

We have shown that the preparation and selection oper-
ators can be implemented on a quantum circuit. Now all
that remains is to combine the operators together to view
the full action of the LCU procedure. Preinitializing the
ancillas

1 R
=5 2 :a,n,|b,)|w>, 93)
r=1

followed by applying preparation operator x on the ancil-
las, gives

b AL Zarnr mZxxg,) 20 1¥). (94)

gieG

The selection operator applied to the circuit can then be
written

SSELECTX Y |b1) 1Y)

D x (@) 1g Uglr).  (95)

gieG

1
J— an,———
IR

The conjugate x term can be written as

ZZxxgmb Mgl + Zw -, (%)

r—l gieG r=R+1

where Zfi re116:) (.. .) represents terms that will not end
up contributing and hence can be ignored. Applying the

conjugate X' term and separating out terms that will not
be used further, we find that

2T SSELECTR 7 1D1) 1Y)

zk
=—Z el T b xi (€0 x() " U 1) +Z|b
gi€G
97
where we can ignore all terms Z,z,iR+1|br>(- ..), as they

will be discarded if ever measured. Note that since » =
1 is defined as the trivial representation, it follows that
x1(g:) = 1,Yg; € G. We now measure the ancilla qubits
and find that they will be found in the state |5;) with a
probability s given by

Z |G|Zxr<g,> v)| . (98)
gieG

By only retaining states in which the ancilla was measured
in the |b;) state, we will have prepared the state

(D11 X T SSELECTR P 1) %)

1
= (g, 99
@ 2iG] T 0@ Uglh),  99)
gi€G
where Q' = ,/msQ is the normalization constant of the
final state, as required. |

A simple corollary follows, regarding the special case
in which during the preinitialization stage a,,—, = 1 and
ay 4 = 0, such that only one irreducible representation is
selected.

Corollary IV.1 (Quantum Individual Subspace Projec-
tion). The projection given in Theorem 3 can be proba-
bilistically implemented on an n-qubit quantum state ) €
V = (C*®" by utilizing an LCU in a quantum circuit
where

Ply) =

D xe(@) Ugl),  (100)

/
Q |G| =
such that P, projects |) from the space V'to an irreducible-
representation subspace V.

This shows that the LCU method can be adapted through
careful selection of the preparation and selection opera-
tors to reproduce the projection onto any combination of
irreducible representations. An overall schematic of the
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FIG. 16. The general irreducible-representation projection cir-
cuit. The upper register consisting of & qubits is prepared into a
superposition state |c), where the basis states |b,) are labeled by
the irreducible representations . The operator x then takes each
irreducible-representation labeled basis state to its corresponding
group-element labeled basis state multiplied by the correct char-
acter. Each group-element labeled basis state |g;) = |b;), where
g € G, then controls the application of its corresponding repre-
sentation on the quantum states in the lower register, represented
by U,, € SU(2"). This is achieved by using multiqubit control
gates, such that if the ancilla is in the state |g;), the operator Uy,
is applied and nothing else. This is demonstrated in the graphic
using yellow boxes for these conditional control gates, which are
controlled by specific multiqubit basis states |g;). These can be
constructed as multiqubit control gates along with the correct
implementation of X gates to ensure that the controlled action
Uy, is only applied when the ancilla register is in the correct
basis state |g;). We apply ¥ on the upper register and then mea-
sure and postselect for the |b;) = |0)®* state. We demonstrate
that this will create the appropriate combinations of projections
onto the desired subspaces, with the proportion of each projector
determined by the initialization of the state |c).

representation projection circuit is shown in Fig. 16. Note
that after the projection, the state may no longer be a pure
state.

1. Circuit scaling

In order for k£ ancilla qubits to have a basis state for
each group-element representation of G, it would require
2% >|G|. Hence, the number of qubits required scales as
k ~ O(log(]G|)). However, the character-implementation
unitary x, which is used in the ancilla preparation stage,
has a dimension that scales with O(|G|), which may be
prohibitive in certain cases. For example, if G is taken to
be the permutation group G = S, where the representation
operators U,,,0; € S, correspond to permuting n qubits
in the target state, then we require k&~ O(log(n!)) ~
O(nlog(n)) ancilla qubits; however, we are required to ini-
tialize a unitary of size O(n!), which may be difficult. A
proposed solution outlined in Appendix A is to utilize a
smaller version of x corresponding to the character table,
where each ancilla-qubit state represents a conjugacy class
rather than individual group elements. In this case, the size
of the unitary required could be significantly reduced, as it
would scale only with the number of conjugacy classes,
denoted by |C|. Hence, this alternative implementation

would require ancilla qubits of order O(log(|C|)) to encode
the character-table state, but then it would also require
|C| extra registers, one per conjugacy class, with sufficient
qubits to produce a superposition of states for every ele-
ment in the conjugacy class. This means more qubits are
required in total but the unitary is easier to implement. For
example, the number of conjugacy classes in S, which is
approximately approached in the asymptotic limit, is

C,| 1 2n
| & exp|m./—);
4n/3 P 3

which is superpolynomial but subexponential [67]. This
would be a significant improvement in scaling compared
to O(n!). This allows a trade-off between total qubits
and the ease of unitary preparation. Note that in this
section, we have introduced a very general framework and
improvements in circuit efficiency to implement ¥ may
well be possible for specific groups, representations, and
data types.

n— oo,

(101)

2. Probabilistic scaling

The probability of success mg is shown in Eq. (98) and
is equal to the probability of measuring the ancillas in the
|b1) state. This can be simplified by utilizing the result of
Theorem 4 to observe that

(102)

Any quantum state can be written as a decomposition in
terms of its components on the irreducible subspaces

R my
lv) =P Pl

r=1 j=1

(103)

where m;, is the multiplicity of representation ». We define
I,y = @jm;] |¥,); and see that it denotes the component of
[1) that occupies the subspaces of the irreducible represen-
tation 7. After |) is projected by P, onto the irreducible
subspace of r, it will equal |,). Noting that |v,) will be

orthogonal for different » values, we can therefore write

1 R
75 = = D lalWnly). (104)
r=1

Therefore, the probability of success depends on the
extent to which the initial state |{) occupies the relevant
irreducible subspaces in the projection. The normaliza-
tion condition in the general state means that (¥ |¢) =
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> (¥r|¥,) = 1. In the case in which we project fully to
one specific space a, = 1, a4 = 0, then

s = (¢r|1/fr), (105)

which will depend on how much of the state |i) lies
in the subspace of irreducible representation r. If |y)
lies fully within the space, then wg = (v, |¥,) = 1. Con-
versely, if [{) has no components in the subspace for
irreducible representation r, then wg = (¥,|¢,) = 0 and
the algorithm is impossible to run. An advantage of the
additional control introduced by the a, parameters is that
we can freely choose the weightings to potentially improve
the probability of success. In general, the probability of
success will depend greatly on data encoding and choice
of representations.

C. Symmetry-invariant encodings for point-cloud data

In this subsection, we discuss projections to a single
irreducible subspace in order to highlight how these sub-
spaces can correspond to symmetries of the input data.
However, it should be noted that these projections could
take the quantum state to a polynomially sized space that
may be classically simulatable, as has previously been
shown to be the case with equivariant variational models
[74,75]. The following subsection will address this issue
by instead considering all subspaces, and hence main-
taining an exponentially large space overall, but allowing
certain subspaces to be amplified relative to the others.
Investigating single subspace projections remains useful
in this context, as it allows the identification of which
irreducible-representation subspaces correspond to spe-
cific symmetries of the underlying data. We therefore
proceed to highlight how certain irreducible-representation
subspaces correspond to symmetries of the underlying data
when it has been encoded into a quantum state. In par-
ticular, we focus on point-cloud data due to its inherent
permutation and rotation symmetry.

A point cloud is a collection of 3D vectors (the points)
that when viewed as a collective, represent an image.
Amongst other applications, they are often associated with
computer-vision algorithms, as a primary method for per-
forming 3D imaging is the use of the Light Detection and
Ranging (LiDAR) system, which produces point clouds as
its data output [76]. We can consider a point cloud P as
a set of 3D vectors P = {p1, p2,. .., P»} that overall forms
an image. We can consider a form of quantum encoding
in which each individual point p; is encoded into a quan-
tum state |p;), leading to a separable quantum state for the
overall point cloud as

1P) =1p1) ®[p2) ® - Q |pn). (106)

The states |p;) could be single qubits, in which case the
total number of qubits in this target register would be 7.

However, in general, each |p;) could be a state encoded on
¢ qubits, in which case we can consider each |p;) as a 2'-
dimensional qudit and » would denote the number of qudits
in the system that encodes |P).

1. Permutation invariance

The ordering of the points within the set P does not affect
the overall image; however, in general, a machine-learning
algorithm may output different results depending on the
ordering of the points in the data-input array. A solution
to prevent this by utilizing permutation-symmetric encod-
ings for point clouds has been suggested in previous work
[20], where a quantum superposition of all possible permu-
tations has been used, leading to a permutation-invariant
quantum encoding such that

1
IP)perm = o le(r_l(])> ® [Ps-12)) ® @ [Py-1(n))-
€S,

(107)

This previous work can be viewed as a special case of the
LCU method described previously, in which the group is S,
and the state |P) is projected to the symmetric irreducible-
representation subspace (in which the character for all
group elements is equal to 1). The representations of the
group elements o € §, that act on |P) are denoted by U,
and correspond to SWAP gates that permute the constituent
states |p;) accordingly. This projection would correspond
to applying the projector

1
D UolP) = D IPe1) @ ® Poiy), (108)

oeSy, oeSy,

providing the result proposed in Eq. (107) and recreating
the work of Ref. [20] as a special case of a more general
framework.

2. Rotational invariance

The novelty of the projection technique that we pro-
pose in the LCU framework is that it allows expansion
to many other possible symmetries beyond permutation
invariance. Here, we shall outline another example, rota-
tionally invariant encodings of point clouds that contain
four points utilizing an SU(2)®* invariant encoding. This
is motivated by the fact that SU(2) is the double cover of
SO(3), which is the group that corresponds to rotations in
three dimensions, which means that each element of SO(3)
corresponds to exactly two elements in SU(2).

In this framework, we consider point clouds in which
the points p; are represented in spherical coordinates p; =
(r,6;, ¢:). We shall ignore the radial component r; for the
sake of simplicity, although this could be included in any
practical implementation in an appropriate manner.
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We propose an encoding in which for each point p; =
(71, 0;, @;) 1s encoded into the following quantum state,

Ip:) %Y 10) + ¢ sin (2 ) 1)
;) =cos| — e’sin| — S
P 2 2

such that the 6; and ¢; angle of the point is encoded into
the respective angles of a single qubit in the Bloch-sphere
representation.

Rotation of a point cloud corresponds to rotating
every individual point by the same amount and in the
same direction such that (r;,6;,¢;) — (r;,6; + A6, ¢p; +
A@)Vi € [1,n]. Considering this in terms of the quantum
encoded state above, it would correspond to the applica-
tion of the same rotation Usyzy € SU(2) on each qubit |p;),
rotating every qubit state about the Bloch sphere by the
same amount. In order to have a quantum encoded point
cloud that is invariant to rotations of the point cloud, it
would require the following invariance,

(109)

[p1)Ip2) p3)|pa)

= Usu)|p1) Usu) IP2) Usu) 1p3) Usuy [ps),  (110)
which would be invariance under the action SU(2)®* .

We consider irreducible representations of the group Sy,
where the representations of group elements o € Sy cor-
respond to the SWAP gates U, = SWAP,, that permute the
constituent points |p;) accordingly. We are able to use
this because Schur-Weyl duality (for a detailed discussion,
see Appendix B) provides a relation between irreducible
finite-dimensional representations between the symmetric
group and general linear group. This means that for the
one-dimensional trivial representation of SU(2)®" of mul-
tiplicity m, there will correspond an m-dimensional repre-
sentation of S, covering the same subspace [68,77,78]. The
character table for S4 is shown in Table II.

If we utilize the irreducible-representation projection
procedure to project the state |p;) ® |p2) ® |p3) ® [p4) to
the subspace of irreducible representation » = 3, with char-
acters x3, then this corresponds to projecting to the basis
states [68,77,78]

3
|dy) = %_
— [1010) — [0110) — [1001))

(210011) + 21100y — [0101)

(111)
and
|dy) = %(|0101) +(1010) — |0110) —|1001)). (112)

When writing the action of (U® U ® U ® U) in the Schur
basis, as shown in Fig. 21, it can be seen that the above
basis states, |d;) and |d,), are invariant under the action

TABLE II. The character table for the group Sy, which corre-
sponds to the group of all permutations of the set {1, 2, 3,4}. Each
conjugacy class is characterized by the cycle structure of its per-
mutations, where a cycle of length k corresponds to a sequence of
k elements being permuted cyclically. The identity is represented
by (1), 2-cycles are represented by (12) and correspond to swap-
ping any two elements. 3-cycles and 4-cycles are represented
by (123) and (1234), respectively. Disjoint cycles are those that
affect different sets of elements and can be represented together,
such as (12)(34). There are five irreducible representations, with
their characters denoted by x1, x2, X3, X4, and xs.

Conjugacy class

Ch Cay Canssy Cuzy Cans
Number of elements 1 6 3 8 6
X1 1 1 1 1 1
X2 1 -1 1 1 -1
X3 2 0 2 -1
X4 3 -1 -1 0 1
X5 3 1 -1 0 -1

of (U U® U® U), as they are in the subspace asso-
ciated with the trivial representation of SU(2)®* [77,78].
We are able to reach this space through projecting in Sy
due to Schur-Weyl duality, since the irreducible subspaces
of S; and SU(2)®* are simultaneously block diagonalized.
This means that we have effectively projected the quantum
encoded point-cloud state to a subspace that is invariant
with respect to 3D rotations of the point cloud. This is a
desirable symmetry for point clouds, as they are naturally
invariant to 3D rotations.

In order to demonstrate this numerically, we show in
Fig. 17 that the rotationally invariant encoding introduced
by this projection gives a constant overlap equal to unity
when comparing two identical but rotated point clouds.
This constant overlap of unity is maintained as the degree
of rotation is increased, demonstrating that the encoding
is producing rotationally invariant encoded states. It is
also demonstrated that without applying this symmetry
projection, a noninvariant encoding produces an overlap
between identical but rotated point clouds that decreases
as the magnitude of the rotation is increased. This is sig-
nificant, as it means that without a rotationally invariant
encoding, the exact same point cloud, rotated by 7 radians,
would produce a quantum state that appears to be com-
pletely different and will give zero overlap with the original
orientation of the point cloud.

D. Symmetric subspace amplification

The rotationally invariant encoding discussed previ-
ously, as well as previous work on permutation-invariant
encodings [20], have been implemented in a binary fash-
ion: the initial quantum state is either projected to a fully
permutation-invariant state or remains unchanged. Such
an implementation significantly reduces the dimensionality
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FIG. 17. The overlap between two identical point clouds that

have been rotated about a random direction in three dimensions
as the amount of rotation is increased, for the rotational invari-
ant encoding and generic noninvariant encoding. To generate
this plot, we have randomly generated » = 4 points on a sphere
of radius 1 to act as the point cloud. We have then encoded
the (@, ¢) radial coordinates of each point into a qubit using
the specification of Eq. (109). This results in an initial state
[PYinit = |P1)Ip2)|P3)|psa). We have then repeated the procedure
after the point-cloud data have been transformed by a 3D rotation
in a random direction by some angle ® to produce noninvari-
ant state |P)e. To generate rotationally invariant states |Pyo), We
have applied the result in Theorem 3 to project |P)e states to
the irreducible representation denoted by » = 3 as specified in
Table 11, which via Schur-Weyl duality lie in the trivial represen-
tation subspace of SU(2)®* and are hence rotationally invariant
under our data-encoding setup. This means that we now have
rotationally invariant encoded states |P)e for all ® values. The
blue line plots the overlap (Piit|Prot) e and the red line plots the
overlap (Ppit|P)e as the point-cloud data rotation angle © is
varied over [0,]. As the overlap (Piit|Prot)e 1S constant, we
therefore numerically confirm that projection to the irreducible
representation denoted by » = 3 creates rotationally invariant
states.

of the encoding, yielding benefits in certain scenar-
ios through improved generalization of the model. This
section explores the potential advantages of introducing a
continuous spectrum of invariance with respect to some
symmetry, rather than adhering to binary extremes, and
investigates whether optimizing this aspect as a hyper-
parameter could enhance classification performance in
quantum machine-learning (QML) models.

Recent studies suggest that permutation-equivariant
variational circuits may be classically tractable under spe-
cific conditions [74,75], indicating that a drastic reduction
in dimensionality might increase the likelihood of classi-
cal simulatability. This raises concerns that fully project-
ing to a polynomially sized subspace could render algo-
rithms susceptible to classical simulation. To address these
issues, we propose a novel approach that involves partially
amplifying the portion of the quantum state into a given

invariant space. Specifically, we will consider amplify-
ing the permutation-invariant subspace, although any irre-
ducible subspace could be chosen. Apart from edge cases,
the quantum state will still, in general, be exponential in
dimension but the permutation-symmetric subspace will
have a higher weighting compared to all other subspaces;
the amount of permutation-symmetry amplification is gov-
erned by a hyperparameter « that will therefore also affect
the expressivity of the encoding. This method provides
enhanced control over training performance and facilitates
the tuning of the model to achieve optimal results. For
data types with inherent permutation symmetry, such as
point-cloud data, the optimal global-classification func-
tion must also exhibit permutation invariance. However,
the specific outcome of a QML model depends on the
circuit architecture, classification protocol, and inherent
limitations of QML models, suggesting that a purely
permutation-invariant QML algorithm may not necessar-
ily be the closest to the global solution. We hypothesize
that by incrementally adjusting the degree of permuta-
tion invariance in the model, we can converge toward
a value that is closer to the true global optimum per-
formance than is possible with an noninvariant, or fully
permutation invariant, model. This concept is illustrated
in Fig. 18.

The framework introduced previously allows the imple-
mentation of any linear combination of projections to an
irreducible-representation subspace, with full control of
the ratios of these projections. One can consider decom-
posing a state into its irreducible-representation compo-
nents, as shown in Fig. 19, and gaining control over the rel-
ative ratios between the amplitude components, allowing
them to be adjusted to suit the model and data.

Via the LCU framework, we have previously shown in
Theorem 4 that it is possible to implement a projection onto
a quantum state in the following form:

Y ably),

where the a, parameters can be controlled via the initial
state of the ancilla qubits as

(113)

R
& = & D anlb). (114)

r=1

In order to implement the symmetric-subspace-
amplification algorithm, one can define a parameter « that
parametrizes the amount of symmetry in the encoding.
Then we can assign the following a, values:
a =1, forr=1,
a, =
a = (1 —a),

forr #£ 1. (15)
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FIG. 18. A diagram providing a conceptual overview of the
symmetric-subspace-amplification motivation. We start at« = 0
with a state encoding |Psar) = Q)_,|p:) corresponding to an
initial state without symmetry amplification, which is input to
some classification model f (-). As « increases, the state moves
through the solution space until finally we have a fully symmet-
ric state at « = 1 where the input state will be equal to |Penq) =
1/ s, 1P, ) [Py, ) - - - Py, ) as initially proposed in Ref. [20].
If we are dealing with data that are known to be permutation sym-
metric, then the global optimal model for the input data f (X)global
(which could be classical or quantum) must be within the fully
permutation-symmetric subspace of models. However, the pre-
cise model that yields the global optimum remains unknown and
may not correspond to the function f (-) used in this particular
case, suggesting that an intermediate value of @ might align more
closely with the global optimum than the fully symmetric pro-
jection at « = 1. In the figure depicted, the red line illustrates
the deviation between the global model solution and the near-
est solution obtained at an intermediate value of «, in which the
input state is denoted [Pop).

Hence, the initial ancilla state will be of the form

1 R
|C> = 5 <n1|b1> + (1 - O[) ;nrwr)) . (116)

The o term can be varied to adjust the amount of per-
mutation symmetry. When o = 0, this corresponds to an
equal projection on all irreducible representations, since
the resulting operation is an equal projection onto all sub-
spaces (weighted by the dimension of the subspace) and
hence will leave the state unchanged. In contrast, the case
in which @ = 1 will result in projection onto the symmetric

p) = b [mmm)& c [FF)
®d|E)

FIG. 19. A state can be viewed as a linear combination of
its projection onto its irreducible representations. Utilizing this
projection algorithm, we are able to change the relative weight-
ings of b, ¢, and d, effectively amplifying and reducing the
portion of the original state that lies in the respective irreducible-
representation subspace.
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FIG. 20. The test accuracy and effective dimension as the
degree of permutation symmetry is varied. The result is the aver-
age over ten repeated experiments, each with 100 data points
each of the sphere and torus classification data set using quantum
kernel estimation followed by a support vector machine (SVM)
classification [20,80,81]. The effective dimension is found by
explicitly calculating the higher-dimensional encoding, perform-
ing principal-component analysis, and calculating the number of
dimensions required to explain 95% of the variance of the data
set. We show that an intermediate value of the permutation sym-
metry around o = 0.7 results in the best performance for this
classification.

subspace only. As « increases, this corresponds to contin-
uously amplifying the portion of the state that lies in the
symmetric subspace.

In order to investigate the potential of symmetric sub-
space amplification, we have implemented the model pro-
posed here utilizing the aforementioned technique along-
side QISKIT STATEVECTOR_SIMULATOR [79]. This has been
used to encode point-cloud data and perform classification
on the sphere and torus point-cloud data set as specified in
Ref. [20]. More details can be found in Appendix C.

We record the average test accuracy over ten exper-
iments for a given « and then vary o to see which
value is optimal for the data. The results presented in
Fig. 20 illustrate that increasing the degree of symmetry
yields the highest test accuracy at an intermediate value,
demonstrating the potential advantage of this technique.
Moreover, it is observed that while a fully symmetric
projection (« = 1) surpasses the performance of the non-
symmetrized configuration (o« = 0), there is a significant
reduction in dimensionality as we approach a fully sym-
metric state. This reduction corresponds to projecting onto
a polynomial-size space for the case of symmetric sub-
spaces [20]. The o parameter is the ratio of the symmetric
subspace to all other subspaces. In general, one could
select any relative weighting for all the irreducible sub-
spaces, at the cost of having more parameters to optimize.
We envisage that in practice, a grid search would be used
to find these hyperparameter values and that they would be
optimized using a cross-validation set, allowing the final
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classification performance to be assessed on an unseen
testing set.

A key concern with fully symmetric states is their
potential for efficient classical simulation due to this poly-
nomially sized space. In contrast, the technique of partial
symmetrization not only achieves higher accuracy but also
resides in a higher-dimensional space, possibly making it
more challenging to simulate classically. While computer-
vision data can consist of thousands of points, there are
example data sets that may be more suitable in the near
term, such as particle-physics collision-classification tasks
in which there may be fewer than ten particles (points)
in a given event [80]. This would likely be a nearer-
term goal for the application of point-cloud-specific algo-
rithms, although the method described in this paper could
be applied to many symmetries across various different
data types.

V. CONCLUSIONS

In this study, we have demonstrated the applicability
and flexibility of the LCU method in enhancing QML
architectures. Our work provides several implementations
of classical machine-learning structures within the quan-
tum domain, not only achieving a foundational translation
of these concepts but also demonstrating potential for
computational advantages.

The implementation of quantum ResNet demonstrates
a procedure that can avoid the trainability issues asso-
ciated with barren plateaus by allowing shallow-depth
components to survive in the final loss function. Under-
standing the exact dynamics of the nonunitary terms is
still a question for further research. We have demonstrated
that by parametrizing the strength of the residual connec-
tions through B; terms, one can increase the lower-bound
probability of success of the LCU method. This provides a
possible avenue to tackling the key problem of the LCU
method, which is that the implementations can only be
performed probabilistically.

We have also demonstrated an implementation of quan-
tum native average-pooling layers commonly applied in
CNNs. These layers have demonstrated success in classi-
cal techniques and therefore have the potential to improve
quantum CNNs. While classically one would need to cal-
culate O(N?) averages, the quantum parallelism inherent
in our technique applies the averaging to all pixels (which
are amplitude encoded into a quantum state) simultane-
ously. By generalizing our work further, we can recreate
quantum convolutional filters as has been previously pro-
posed [16], while utilizing exponentially fewer controlled
unitary operations.

Finally, we have demonstrated an integration of
irreducible-representation projections into a quantum
framework, allowing for the encoding of data symmetries
directly into the quantum state, which has the potential to

enhance the generalization capabilities of the model across
various data structures. This general irreducible-subspace-
projection framework includes previous work regarding
permutation-invariant encodings for point clouds [20] as
a special case, while in Sec. IV C2 we have introduced a
novel rotationally invariant encoding for point-cloud data
using the S; group. We have further introduced, in Sec.
IV D, a method for parametrizing the amount of sym-
metry in an encoding as a tunable hyperparameter. This
allows the quantum state to remain in an exponentially
large space, while certain subspaces are amplified relative
to each other, helping to mitigate some of the simultability
concerns associated with fully projecting to a polynomi-
ally sized subspace. This added flexibility has resulted
in an improved performance for point-cloud data when
encoding an intermediate amount of permutation symme-
try as compared to either a fully permutation-invariant
or noninvariant encoding. These have been illustrative
examples of how the framework could be utilized, and
there could be many possible symmetries and data sets
for which this framework could be similarly adapted and
optimized.

As the field of quantum computing continues to mature,
the methods and frameworks presented here offer promis-
ing avenues for developing more sophisticated quantum
algorithms that leverage both the computational benefits
of quantum mechanics and the established successes of
classical machine learning architectures. By utilizing LCU
methods, we have shown that nonunitary operations can be
applied in a QML setting; this research not only extends
the theoretical possibilities and flexibility of QML algo-
rithms but also provides practical frameworks for their
application, setting the stage for further evolution of QML
models.
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APPENDIX A: CONJUGACY-CLASS
IMPLEMENTATION

In the implementation of irreducible-subspace projec-
tions detailed in Sec. IV, an operator ¥ was required that
contained the character of every element in the group G.
This meant that the dimension of the matrix scaled with
|G|, which can be problematic for some groups, such as
the permutation group S,, where |S,| = n!. To tackle this,
in this appendix we will consider a unitary operator x
that contains the character for each conjugacy class in the
group, with additional ancilla-qubit registers per conju-
gacy class prepared in an equal superposition that then acts
to distribute these characters to the corresponding group
elements. This effectively only requires encoding the char-
acter table of the group into a unitary operator and hence
X scales with the number of conjugacy classes of G. This
has the potential to drastically reduce the size of the unitary
that must be applied, at the expense of requiring additional
ancilla qubits. We show that utilizing this circuit structure
recreates the result of Theorem 4 and is therefore a valid
alternative approach.

The character orthogonality theorem [72] stated previ-
ously in Eq. (91) relates to a sum over all the elements of
the group. As the character is the same for all elements in a
conjugacy class, this can be adjusted to a sum over all con-
jugacy classes v; € C by introducing a term d,, =|v;| that
represents the number of group elements in the conjugacy
class v;. Therefore, the character orthogonality theorem
can be written as

dy, x; (V) X (V)™ = 8. (AD)

|G| v;eC

Therefore, to create a matrix with orthonormal columns (to
ensure that x is unitary), the characters for a conjugacy
class v must be weighted by the square root of the number
of elements in the conjugacy class /d,,. Hence, we require
that

x1by) (A2)

\/lﬁ Z \/Ter(Vt ) i),

v;eC

where in this case the conjugacy classes v; € C are label-
ing the basis states |v;) = [b;), defined as {|b;)}; 104 €
(C?)®* the basis states of the 2¢-dimensional Hilbert space
for the k-qubit ancilla register denoted by H = (C?)®*.
These can be taken to be the computational basis states.

TABLE III. The character table for the group S;. There are
three irreducible representations, with their characters denoted
by x1, x2, and x3. The conjugacy classes of S; are C(;y = {I},
Caz) = {012,013, 023}, and C123) = {0231, 0312}

Conjugacy class v;

Cu) Cuy Cu23)
Number of elements d,, 1 3 2
X1 1 1 1
% 2 0 -1
X3 1 -1 1

If we consider S; with its character table given in
Table III, then we see that in this case the appropriate
unitary matrix to be constructed would be

(A3)

H
gl_
W
S N
|
_
S

—_o O O

This successfully allows for the construction of a unitary
matrix x that scales in size with the number of conjugacy
classes as opposed to the number of group elements. We
have therefore satisfied the constraint that x is unitary and
can be implemented on a quantum device. In general, ¥
can be written

= FZZﬁxr(vl) i) (b,| + Z(

r=1 v;e r=R+1

(A4)

where (...) collects terms associated with |b,),» > R that
will not be used in the construction.

Similarly to the main text, the first step is the preinitial-
ization of the ancilla qubits to some combination of states
that index the different irreducible representations

Zaﬂmb W),

where |by) is the initial state of the ancilla-qubit regis-
ter, usually assumed to be |0)®*. By applying ¥ to this
preinitialized ancilla state, one can write

yibly) = (A5)

. 1 &
AP0 =X garmbmw

dv,'Xr(vi)*lvi>|w>a (A6)

1 R
= Q—\/@;arnrz

v;eC

where, as previously stated, |v;) = |b;) are the same basis
states, usually taken to be the computational basis states,
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but we have switched from |b,) being indexed by the irre-
ducible representation 7 to the basis states being labeled
by the conjugacy class v;. This contrasts with x in the
main text, where the group elements label the ancilla
states. After application of x, the ancilla qubits now have
basis states corresponding to the conjugacy classes |v;).
The selection operator requires the creation of additional
ancilla-qubit registers, denoted by |w,,), for each conju-
gacy class, which are encoded into an equal superposition
of d,; =|v;| states

dy;
|y,) = Z 1L,

Vl ;=1

(A7)

where |/,,) are basis states {|/,,)} € (C?)®kvi of the 2%vi-
dimensional Hilbert space for the k,, -qubit ancilla register
|wy,), which can be taken to be the computational basis
states. The group elements /,, that are contained in the con-
jugacy class v; now label the basis states in register |w,,).

Each register has the requirement k,, > log(d,,) to ensure
that there are sufficient qubits in the register such that each
element in v; has a corresponding basis state |/,,). The |w,,)
are prepared on a k,, qubit register that is initially in a basis
state |b|") through the operation

(A8)

Zuv, b”’|+Z< I

dy, Iy =1

where (...) summarizes terms associated with (b;i l,j =2
that will not be present in any calculations.

Overall, the operations up to this point can be
written as

Qo) @ X71b) @ 1¥)

v/

d,
1 1 .

= lU'/

QVIG| @ dyy ,éll /

03 an ¥

v;eC

u,Xr(Ui)*wi)lw) (A9)

The controlled operations are performed similarly to those
in the main text, except that in this case the group ele-
ment g € G is indexed by both v;, which determines the
conjugacy class, and /,,, which indexes the element within
the given conjugacy class. In this case, SSgLEcT = S will
be controlled by both the conjugacy-class state |v;) and
the element selector within the conjugacy class |/,,) of the
register |w,;) associated with the conjugacy class v;. The

action of this selection operator can be defined as

SI v ) = [1,) ;) Uy, 19, (A10)

which is implemented by each unitary U,,;, being con-
trolled by both the |/,,) and |v;) states. Applymg this
operator, one can see that the effect is

Q) @ X7 1b1) @ 1¥)

\)l',

- |2 ®

Vi v/ #v;

Z L)

l/l

R dv,'
®Y Y amx(v) L) i) Usa, [¥)

r=1 lv.=l
apn X (vi)*
_vzlv§|a)vl ;lz_l Q\/F v,>|vi)
® Usa, 19), (A11)

where we are being flexible with the precise positioning
in the tensor product of the unused registers |, ,,) for
each v/ term for the sake of readability. The notation we
are using is that for a given v; element in the sum over all
conjugacy classes, all |wy) registers that will not affect the
SSELECT operator because v/ # v; are written first, with
the case v/ = v; written to the right of this. In reality,
the register position will be different for each v; but this
becomes difficult to denote in the notation.
We can now uncompute all @,, registers by noting that

ZW lul|+2( JIB}").

“t Iy;=1

(A12)

This means that if we require these registers to be measured
in the |b}'), then we can ignore the terms summarized by

(...) associated with |b;"), j > 2. Application of c?)zl. to all
such registers gives

®(zﬁs Xlewwy) ® 371b1) © 1)

vi!

=> Qpy) Z Z aQnr);(ré; Vi) ® Uy, 1¥)
Vi v r=1 1 Vi
+ 3 CIb). (A13)
j=2
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We measure the registers that previously contained o,
states and discard unless we measure all |b¥" ) states Vv;.
This discards the terms collected by the (...) in the
previous equation.

The final steps consist of applying 3 and measuring
the conjugacy class |v;) ancillas to be in the initial state
|b1). Due to the fact that the state |b;), which is com-
monly assumed to be |0)®*, is used to index the first
representation, we can write

X'W€Zf&@wu (A14)

v;eC

where, noticeably, x;(v;) = 1,Vv; due to the fact that we
are free to define » = 1 to always correspond to the trivial
representation when constructing x. Applying this oper-
ator to the conjugacy-class ancilla qubits in the circuit
therefore results in

(Br11z") - | Q by 1a] S | Rlwy) @ X7161) @ [¥)

vi v’

ZZZ@»

v r=I1 lv =1

(A15)

Xr(vz v,-,lvl. h//),

where Q' = Q,/7s is the normalization constant of the
final state. Due to the fact that conjugacy classes partition
the group G, the labels of the conjugacy class v; along with
the labels of the elements within each conjugacy class /,,
will uniquely index each group element. In addition, all
elements in the same conjugacy class have the same char-
acter, i.e., x,(g1) = x.(g») for g1,22 € v;. Hence, we can
relabel the above expression in terms of group elements
g, rather than v; and /,;, to explicitly see that it can be
written as

(A16)

—Z|G2m@UW

geCG

This is the precise form of Eq. (86) in Theorem 4. Hence,
we have provided another framework that satisfies the
theorem in the main text. As the final step only consisted
of reordering the indexing, it follows that the probability
of success g will be the same as in the main text.

The dimension of x scales with the number of con-
jugacy classes of the group G as opposed to x in the
main text, which scales with the number of elements in
the group. This means that ¥ could potentially be much
easier to implement than x. However, a caveat is that an
additional ancilla-qubit register |w,,) is required for each
conjugacy class v;, where each register will contain a num-
ber of qubits of the order O(log(d,,)). This presents a

trade-off between unitary implementation difficulty and the
number of ancilla qubits required. The true difficulty in
implementing either unitary will ultimately depend on the
group, but we provide both of these general techniques as
possible starting points for future implementations.

APPENDIX B: ROTATIONAL INVARIANCE VIA
SCHUR-WEYL

In this appendix, we demonstrate how certain irre-
ducible representations of S, could correspond to rotation-
ally invariant encoding states when using the encoding
specified in Sec. IV C2. Following the work and expla-
nations of Refs. [68,77] and, in particular, Ref. [78], we
reproduce an overview of Schur-Weyl duality and the con-
cept of the Schur basis and add discussion at points linking
this to how certain irreducible-representation subspaces
would correspond to rotationally invariant point-cloud
encodings in the case considered in Eq. (109).

1. Introduction to Schur transforms

The rotational invariant point-cloud encoding that we
propose in Sec. [V C2 relies on a property of the prob-
abilistic irreducible-subspace-projection circuit when con-
sidering the group S,,, which in effect performs a projection
to basis states of the Schur basis. Circuits that implement
quantum Schur transforms have previously been intro-
duced, such as those that implement them through the
unitary group by iteratively applying the Clebsch-Gordan
transforms [82] and alternative methods that implement it
by considering the action of the symmetric group using
quantum Fourier transforms [83]. Indeed, further inves-
tigation on whether the use of these existing algorithms
could be adapted to more efficiently refine our procedure
would be an interesting further research direction, as our
implementation derives from the most general case of
Theorem 4, which applies to any group G and therefore
may not be the most efficient in practice.

The Schur transform is related to the concept of Schur-
Weyl duality. In general, we can consider n qudits of
dimension d inside a vector space (C?)®”, with a compu-
tational basis written as |i}) ® |i2) ® ... & |i,). There are
two representations on this space that are related to each
other by Schur-Weyl duality. One of the representations
is that of the symmetric group S,, the elements of which
consist of all possible permutations of # objects. The rep-
resentation of S, on this vector space would simply consist
of permuting the qudits. For a given group element o € §,,,
one can write the action of the representation P(o') on this
vector space as

P0)]i1) ®@...® |in) = lig-11)) ® ... ® liz-1,). (Bl)
Hence, each o €S, simply corresponds to a different
permutation of the » qudits.
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The second group to consider is the group of all d x
d unitary operators U € U,. As each qudit forms a d-
dimensional vector, we see that the natural representation
Q(U) of the group U, acting on the vector space (C%)®”
would correspond to the n-fold product action, where the
same U is applied to each qudit. This can be written as
The two actions Q(U) and P(o) are fully reducible and
hence can be written as a direct sum of their irreducible
representations:

P(0) - @1, ® pu(o), (B3)

QW) - P I, ® qp(). (B4)
Note that the actions P(o) and Q(U) commute with each
other. The Schur-Weyl duality therefore states that there
exists a basis that simultaneously decomposes the action
of P(0) and Q(U) into irreducible representations as

Q(WU)P(0) > @D ¢:(U)ps (o). (BS)
A

We can write this Schur basis as [A)|g;)|pa)sch, Which
decomposes the action of P(c) and Q(U) as

O Mga) pi)seh = I D) Ipa)sen,  (BO6)

P(@) Mg [pa)sen = [A)1g2) (Pr(0)Ipa))seh-  (BT)

This action will decompose the vector space (C4)®” as
CH*" - P o &P (B8)

AEA

Note that since these subspaces Q‘f and P;, are irreducible,
the action of the representation Q(U) or P(c) on a vector
in spaces will keep the vector in that space. We will focus
on building the Schur basis through considering the action
of P(o0) for Vo € §,.

2. Rotational invariance for two points is trivial

If we wish to find states that are rotationally invariant
as we rotate points in a 3D point cloud, we should first
consider what this means on the point-cloud data. Each
point can be represented by a vector in R>. If the entire
point cloud is rotated, this amounts to every point being
transformed by the same rotation, which is equivalent to
applying a rotation matrix from the group SO(3) to each
point.

A natural way in which we choose to represent rota-
tions of points in a quantum encoding is as rotations on
the Bloch-sphere representation of a qubit, as has been
detailed in Sec. IV C 2. This is further motivated by the fact
that SU(2) is the double cover of SO(3), which means that
every point in SO(3) corresponds to two points in SU(2),
which means that we can use SU(2) to model rotations in
3D space classified by SO(3). To produce an encoding like
this, we simply need to apply the parametrized rotation
gates R, (0) and R,(¢) to an initial |0) state, where (0, ¢)
are the angle coordinates of a point in radial coordinates.
We are now left with the angular direction of the point rep-
resented in the Bloch sphere of a single qubit. If we do this
for all » points in the point cloud, we will have n qubits. A
rotation of the entire point cloud can now be represented by
the application of any SU(2) unitary to every qubit simulta-
neously. This is a tensor representation of the SU(2) group
and can be written explicitly as ®’_, U for U € SU(2).

To further study this, we shall resort to the case consist-
ing of only two points n = 2. We again follow standard
explanations from reference texts [68,77,78] while relat-
ing these points back to the rotationally invariant encoding
that we propose throughout the discussion. In this case,
rotation of the point cloud corresponds to applying the
representation U ® U; U € SU(2) to the two qubits. Note
that this construction commutes with the SWAP operator
[U® U, SWAP] = 0, where SWAP corresponds to permut-
ing the two qubits. This fact means that U ® U and SWAP
can be simultaneously diagonalized in a common basis.

If we consider two qubits such that ¥ = (C?)®? and the
group S, then a natural representation on two qubits would
be {I, swWAP}. If we change from the computational basis
to the Schur basis {|00), - (|01) +[10)),[11), 7(|01) —
[10))}, then we can see that this is a basis of eigenvectors
for the SWAP operator that is completely diagonalized in
this basis. We can show this explicitly as

SWAP|00) = |00),

SWAP%(IOI) +110)) = %(IOU +110)),
SWAP|11) = [11),
SWAP%QOI) —10)) = —%001) —110). (B9)

As both {1, SWAP} have the same action when applied to the
basis states {|00), [11), %(lOl) +|10))}, this means that it
corresponds to the trivial representation 1 of S,. The action
on this subspace leaves states unchanged and hence they
have an eigenvalue of 1. The action of SWAP when applied
to the basis state {|01) — |10)}, leads to a sign flip (an
eigenvalue of —1) that is therefore denoted as the sign rep-
resentation of S,, where the sign of the state gets flipped by
SWAP and remains unchanged under I.
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We can simultaneously block diagonalize U ® U and
SWAP, as they both commute: [U ® U, SWAP] = 0. Hence
U ® U is block diagonalized in this basis. This means that
if we have a state in the space spanned by {]|00), \%(lOl) +

[10)),|11)} that it will remain in this space under the
operation of U® U. It is possible to identify for U® U
a symmetric eigenspace, denoted Sym?(C?), with eigen-
value Agm = 1, along with an antisymmetric eigenspace,
denoted A(C?), with an eigenvalue Agy = —1.

If we want to find a state that is invariant under S5,
which in this case corresponds to permuting the order of
the qubits, then the state needs to be in the eigenspace
of the trivial representation of S,. This corresponds to the
state formed with the basis {|00), |01) + |10),|11)}, as in
this basis both I and SWAP both leave the state unchanged
and hence the state is permutation invariant. Projections to
this subspace are how permutation-invariant encodings are
performed, as initially suggested in Ref. [20].

However, while the symmetric space is closed under
the action U ® U, the application of the unitaries will still
change the state. Consider a unitary matrix given by

(B10)

where |a|?+|b|? = 1. If one applies a Schur transform to
U ® U, this will take it to the basis discussed previously.
It has been shown that in this basis U /otimes U takes the
following block-diagonal form [77,78]

@ —2ab* (b*)? 0
V2ab |aP—|b]? —2a*b* 0
Sch(U ® U)Schf=
ch(U® U)Se ® o Vah @)? 0
0 0 0 1
(B11)

The SWAP operator in the same basis can be written as

1 0 0 O

+ 10 1 .0 0
Sch(swAP)Sch'= 00 1 0 (B12)

0 0 0 -1

The symmetric subspace consists of the upper-left block.
U® U will transform the state but keep it within the
symmetric subspace. This also means that any variational
circuit of the form U® U will similarly keep the state
symmetric. This is the intuition behind geometric QML
techniques in which variational layers can be constructed,
such as U® U in this case, that preserve the symmetry
of the state they act on while still allowing variational
parameters to be adjusted [40]. In this work, we do not
consider creating variational circuits that preserve sym-
metry; instead, we focus on projecting quantum encoded

states to irreducible subspaces, which strictly enforces the
symmetry invariance in the model, as all information in the
quantum state is deleted except for the portion lying in the
chosen irreducible subspace before the training and clas-
sification step are considered. It is important to note that
the multiplicity of the subspace of S, corresponds to the
dimension of the representation of U ® U in that subspace
and vice versa.

If we require a state to be rotationally invariant using
the encoding previously described, we require that the
state lies in the subspace corresponding to the trivial rep-
resentation of SU(2), as under the trivial representation
the state will be unchanged by the action U® U. In the
case n = 2, this would correspond to the basis consist-
ing of a single eigenvector \%(lOl) — 110)). This is now
the trivial representation for SU(2) but corresponds to the
sign representation in S,. This means that the state is
invariant under SU(2) but the SWAP operator changes its
sign; hence it is not invariant under permutation. As the
dimension and multiplicity of the space is 1, the only nor-
malized state that can exist in this space would be the
state %fz(|01) — |10)). Therefore, any projection onto the

antisymmetric space for n = 2 would correspond to pro-
jection to the state %(lOl) — 110)), which would provide

rotational invariance but result in a trivial encoding, as all
information about the data would be lost. Hence we show
that as U® U and S, can be simultaneously block diag-
onalized, we can perform projections for S, that take the
state to a space that is the trivial representation of U Q@ U
and is therefore a rotationally invariant state. Note that it
would not be possible in this setup to have a state that
is both permutation invariant and rotationally invariant, as
they correspond to orthogonal irreducible subspaces.

We also note that if we consider the case in which one
attempts to create a equivariant variational quantum model
that is rotationally invariant in a similar manner to how
permutation-equivariant models are created in this context,
then the variational layer would have to be composed of
SWAP gates. These clearly do not have the ability to be
parametrized by any variational parameters and therefore it
is not possible to create such a variational circuit if strictly
following the line of reasoning presented here, although
they could be implemented with a different encoding and
approach. This highlights a further difference between the
rotationally invariant projections proposed here, which
enforce symmetry in the state itself, and equivariant VQC
models.

3. Rotationally invariant encoding for Sy

The case presented for n = 2 has demonstrated that a
rotationally invariant projection is possible, but it always
corresponds to the state \%(lOl) — [10)) and hence is
deleting all information about the encoded state. The space
is technically one-dimensional but when considering the
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normalization condition of quantum states, the projection
is effectively to a zero-dimensional space in terms of the
information that is retained. Although the motivation for
performing these projections is to reduce the dimension-
ality of the encoding to aid the generalization ability of
the overall model, this is a trivially large reduction in
dimensionality that has no use in practice. We should now
investigate the irreducible representations of S, for n > 2
to find a less trivial example. We would like to find a
subspace where, for S,, the dimension of the irreducible
representation is d and the multiplicity is 1. This means
that the corresponding subspace of U®" will have dimen-
sion 1 and multiplicity d. This would mean that U®" is
still in the trivial representation, meaning that the state is
unchanged under the action U®"; however, it gives a wider
range of possible states within this subspace and hence
some information about the encoded state is preserved.

Using the work of Refs. [77,78], we consider the group
S4. In this case, the action of U® U ® U ® U when writ-
ten in the Schur basis is shown in Fig. 21. Within this
decomposition, we can identify that there are two basis ele-
ments in the Schur basis that are invariant under the action
of (U® U® U® U). This is the trivial representation of
SU(2)®*, which has dimension equal to 1 but a multiplicity
equal to 2. This corresponds to the basis states

V3
6
—1010) — [0110) — [1001))

) = ~2(2]0011) + 2|1100) — [0101)

(B13)

and
1
|dr) = §(|0101> 4+ |1010) — |0110) — |1001)). (B14)

Due to the Schur-Weyl duality, we know that one of the
irreducible subspaces of S, will correspond to the same
basis states. However, in this case, the multiplicity of the
irreducible representation of S, will be 1 and the dimen-
sion will equal 2. One can find that by projecting onto
the » = 3 representation of Ss (as specified in Table II)
using the projection circuit proposed in Sec. [V, the quan-
tum input state |¢) will be projected onto some state
[Vrot) = A1ld1) + Az]d3). In this case, there are now two
basis states that can be used. However, due to the normal-
ization constraint |A;|?>+|A2|* = 1, the effective dimension
is reduced to be equal to 1 overall. This means that at
least some information from the original input state is
retained when the projection is performed and it is there-
fore a nontrivial example, although effective projection to
a one-dimensional space may be too great a dimensionality
reduction in practice.

In general, if it is possible to calculate the multiplicity
of the trivial representation of dimension 1 of SU(2)®"
to be mgy, then by Schur-Weyl duality there exists an
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FIG. 21. The action (U® U® U ® U) written in the Schur
basis [77,78]. The blocks correspond to irreducible subspaces of
SU(2)®*. The dimension of a block is the dimension of the irre-
ducible subspace and the number of repeats is the multiplicity.
The trivial representation of SU(2)®* corresponds to blocks of
[1], with multiplicity 2. This corresponds to a two-dimensional
subspace in S, with multiplicity 1.

irreducible subspace of S, of dimension mgy and multi-
plicity 1. Projecting to this subspace will therefore result
in reducing the dimensionality of the encoded data to
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mgsy — 1, after considering the normalization condition.
We provide this rotationally invariant encoding as an
example to demonstrate how the irreducible-subspace-
projection circuit could be utilized for point-cloud data,
complementing previous work on permutation-invariant
encodings of point-cloud data [20]. It may be the case
that this is not feasible or useful for » > 4 and that such
investigations could be subject to further research. How-
ever, the main motivation has been to provide an additional
example of how the projection framework could be used to
encode symmetry in a model. In general, the irreducible-
subspace-projection framework that we have introduced
can be used for any representation of any finite group
G along with any encoding procedure for |i) and hence
there exists ample flexibility for application to a wide array
of problems beyond those mentioned as examples in this
work.

APPENDIX C: POINT-CLOUD NUMERIC
DETAILS

This appendix specifies the details of the numeri-
cal results reported in Sec. IVD. To generate the data,
n =3 points have been sampled from the surface of a
shape—either a sphere or a torus, as originally used in
Ref. [20]—to create point clouds. The process is repeated
with an equal number of point clouds from each shape until
the desired number of total samples is reached. These are
split into training sets (80%) and testing sets (20%). We
have evaluated the performance of the model on the test set
and averaged the accuracy in ten experiments, in which a
newly generated data set is used each time. Both the sphere
and torus are centered at the origin, with the torus scaled to
match the average point magnitude of the sphere. All data
are normalized between —m/2 and /2 to be encoded as
rotation angles.

To encode a point cloud, each point p; = (x;,y:,2z;) is
first encoded into a two-qubit quantum state |p;) using two
repeated layers of the encoding circuit shown in Fig. 22.
Then, the corresponding state vector is found using QISKIT
STATEVECTOR_SIMULATOR [79]. From here, we can write
the entire point cloud as |P) = |p1) ® |p2) ® |p3). In order

RZ(y)
rz)H RX(:,)}& RZ(¢(x:, ir 1)) }-g

FIG. 22. One layer of the encoding circuit used to encode
an individual point p; = (x;,);,z;) in the symmetric-subspace-
amplification model. The function ¢ (x;,v;,z) =2/7%(w —
x;)(m — y;)(w — z;) means that the entanglement of the state is
dependent on some polynomial of all input variables. To gener-
ate the encoded state |p;), two repeated layers of this circuit are
used [80,81].

to perform the simulations, we have then found the pro-
jection of |P) onto each irreducible subspace classically
utilizing the result specified in Theorem 3 and the char-
acter table for S3. From here, the a, parameters specified
in Eq. (115) are used to produce the correct linear combi-
nation of projections and arrive at the partially symmetric
subspace amplified state |P),, with the amount of sym-
metry parametrized by «. We then implement a quantum
support vector machine (SVM) classification by calculat-
ing the inner product between the data points to form a
kernel matrix, which is then input to a classical SVM for
the final classification [20,81]. We have recorded the aver-
age test accuracy over ten experiments for a given « and
then repeated with different « values and plotted the results
to see which value of « is optimal for the data.

APPENDIX D: DIMENSIONALITY REDUCTION
IN POOLING LAYERS

Regarding the average-pooling layers implemented in
this work in Sec. III, it is crucial to understand that we
have confined our operations to averaging quantum states
across image translations. Notably, binary addition oper-
ates cyclically, where adding 1 to the highest value loops
back to the lowest value, meaning that our tiling would
wrap around the edges of the image to perform the aver-
aging. This may be an undesirable effect, unless the image
has some periodic feature. It is also the case that the aver-
age pooling described does not provide any dimensionality
reduction, as we can calculate the pooling-window average
for every pixel at no additional computational cost.

To perform the dimensionality reduction, and to pre-
vent the image being treated as periodic, one method could
involve deleting any states in which x; > N — L or y; >
N — L after the averaging part of the pooling layer is
implemented by implementing

[x;)|y;) — DELETEif x;ory; > N — L. (D1)
To perform this without any a priori information on
the data or architecture, one can define the FpaG, and
FrLAG, operators alongside two ancilla flag qubits, one
for the x and y flags, respectively:

FFLAGx[Xi)135)10)+0),

_ | ) i)10)10)y, %ij <N-1L, D2)
X)) 11)x10),, ifx; >N —L,
and
FrLAG, %) [17)10):(0),
_ ) i)10)10)y, ?fyj <N-1L, (D3)
[xXi) [y )10)x]1),, ify; > N — L.
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One can now effectively remove unwanted states to reduce
the dimensionality by measuring the ancilla warning
qubits and disregarding results unless [0),]0), is mea-
sured. This will delete any states in which the average
pooling layer will have wrapped around the sides of
the image.

Clearly, as this is a probabilistic procedure, we expect
that significantly more efficient implementations are pos-
sible depending on the exact specifics of the problem.
For example, if it is known that some of the most sig-
nificant qubits correspond to pixels that should not be
used, then they can simply be discarded without need-
ing to implement flag operators and extra ancilla qubits.
Implementation of the discarding part of the pooling pro-
cess will therefore be dependent on the exact require-
ments of the model, although in the worst-case scenario
resorting to using Fppag operators, as described above,
to remove specific states would succeed in reducing the
image dimensionality (for more details on implement-
ing pooling within a full quantum CNN framework, see
Ref. [16]).

APPENDIX E: SUBTRACTION-CIRCUIT
SCALING

The subtraction or decrement operator that we consider
is controlled by a single ancilla qubit, meaning that over-
all we consider n 4 1 qubits consisting of a total of »
multicontrolled Toffolli gates, with the largest being con-
trolled by n qubits, and the number of controlling qubits
decreasing by 1 each time such that the final gate is a
controlled-NOT (CNOT) gate. For n + 1 total qubits, the n-
qubit multicontrolled Toffoli can be decomposed into at
worst O (n?) basic operations [84], which may be improved
if ancillas are used [85]. The m-qubit controlled Toffoli
with m < n — 1 can be created by O(m) basic operations
[84]. As there are n — 1 gates of this type in total, their
overall contribution will be bounded by O(#n?). Hence,
overall, we can upper bound the required number of
basic operations at O(n?) to create the basic controlled-
subtraction gate (although it has also been suggested linear
scaling may be possible for increment or decrement gates
using extra ancillas [86—88]). Note that as we consider sub-
traction operators where the subtraction amount doubles
each time, this means that subsequent subtraction operators
can be implemented by ignoring an additional least signif-
icant qubit as the subtraction amount doubles. This means
that in practice, subsequent subtraction operators will use
even fewer gates, although we will not include this in our
complexity calculation. As n = log(N) and as we require
O(log(D)) operators in total, then, overall, we require
O(log(D)(log(N))?) basic operations to implement the
average pooling.

APPENDIX F: DEGENERACY AVOIDANCE IN
AVERAGE POOLING

If window length D < 2L, where L is the number of
ancilla qubits and controlled operators, then we need to
change the final subtraction operator value. For exam-
ple, if D = 8, then we would generate all eight operators
I+ 7 + T 2+...+ T by using only three controlled uni-
taries, 71, 1>, and T5. However, if we had D=1, then we
could attempt to implement this using T 1, T 5, and T 3, but
writing this out in full, one will see that this implements

I+ T+ D42+ Tu+Ts + T, (F1)
which correctly has only D = 7 terms but there is a degen-
eracy for 73, meaning that it has double weighting and that
we do not have an equal superposition. This may, however,
be preferable if one wishes to create a general convolu-
tional filter, where in this case the pixel corresponding to
T5 in the convolutional filter is supposed to be given a
weighting double that of all others.

If one wishes to avoid this degeneracy, though, then
this can be achieved by avoiding an equal superposition
of all ancilla qubits and instead initializing them to avoid
repeating terms. In the above example, both the ancilla
states |100) and |110) result in an implementation of Ts.
Setting the amplitude of either of these states to zero
would remove the degeneracy and correctly implement the
average-pooling layer again.

APPENDIX G:
INPUT-SKIP-CONNECTIONS-ONLY ResNet

In this appendix, we shall discuss a less general but
more qubit-efficient implementation of quantum ResNet in
which the skipped connection is not between each layer but
only between the input and every other layer in the circuit
(until immediately before the final layer).

Theorem 5 (Input-Skip-Only Quantum ResNet). It is
possible to probabilistically implement a quantum ResNet
that only includes skipped connections between the input
and every other layer by utilizing the LCU method within a
quantum variational model. In this context, the implemen-
tation of a quantum native ResNet for L layers is defined
as the implementation of the operator

1 L L
Reescle () = = 3 [l PW@nle),
f=11=f

where W;(6;) corresponds to a unitary variational gate
implemented in layer / and ' is a normalization constant.
The coefficients y,; correspond to the desired weighting
contribution for each layer and can be freely adjusted
subject to the requirement that 3 [yy > =1
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Proof. The preparation operator can be implemented on
k ancilla qubits as a unitary operator

PPREP—Zmbf b1|+22u,f|b,>< 1, (GD)
j=2f=1

where the states {[by )}, (124 € (C?)®F are basis states of
the 2F-dimensional Hilbert space for the k-qubit ancilla
register denoted by H = (C?)®*. This is usually taken
to be the computational basis with |b;) = |0)®*. We are
only concerned with the (b;| term, as that operator is only
applied to |b;) such that

L

Z 1Br),

P prepl|b1) (G2)

subject to the condition that Zf l771* = 1. Subsequently,
the selection operator can be applied as

L
=) [ [[ W@l |, (G3)
I=f

SSELECT b7 ) @ (X))

where ]_[,L:f W1(6y) is a product of unitary operators W;(6;)
and hence clearly implementable on a quantum circuit.
Applying the LCU framework, we can see that

SseLECTP PREP|D1) |6 (X))

L
=y lby)
f=1

L
[ [m@nig)
I=f

(G4)

We can apply the conjugate preparation operator, which in
general can be written as

(PPREPﬁ—ny |b1) bf|+ZZuf|b Ybrl, (GS)
j=2f=1

to find that

PlorEpSSELECTP PREPID1) ¢ (X))

L L L
=Y Iy PIbn [T Wi@nlg0) + D Ib)(..). (G6)
r=1 I=f Jj=2

The next step is to measure the ancilla qubits and dis-
card results when the ancilla is not in the |b;) state; hence
we can ignore terms |b;) for j > 2. The probability g of

measuring the ancillas in the |b;) state corresponds to

L L
s = |y P T]wi@nle )1 (G7)
f=l I=f

and will hence be dependent on the architecture and initial
data encoding. Requiring the ancillas to be in the |b;) state,
we see that

(b1|1P g epSSELECTP PREP 1) |9 (X))

I o -
= o LI P [menig),

S=1 I=f

(G8)

where Q' = /75, as required. [ |

This LCU method will successfully prepare the desired
residual network. Hence we have shown that VQC models
can be built with skipped connections under the quan-
tum ResNet framework by utilizing the LCU method to
implement these nonunitary operations. An example cir-
cuit implementation for the four-layer case L = 4 is shown
in Fig. 23. Notably, this method is more qubit efficient,
requiring O(log(L)) qubits for L layers, as opposed to
O(L) qubits in the previous case.

o) 1|w1> W 1 |2) W 1 |3 )Wl ¥a)

Va Y
A\ %

PREP PREP

.
U
)
T

FIG. 23. (a) A ResNet conceptual illustration in which residual
connections are only performed from the input layer to all sub-
sequent layers (stopping before the final layer). (b) The circuit
implementation of this ResNet using the LCU method, showing
that the four-gate case can be implemented with only two ancilla
qubits.
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In terms of the probabilistic scaling, we see that

L L

s =1 v P Wu@nlg )
f=1 I=f

L
= Iy P <<¢>(x)|<]"[ Wiien(On)")
Sk

I=h

L
< ([Twuon1e ) (G9)

I=f

Hence the probability of success depends on the encod-
ing state |¢(x))) and the variational layers, but can also
be adjusted through the strength of the residual connection
using the y parameters.

1. Two-gate-input worked example

In this section, we give a brief worked example for the
two-layer case of our LCU quantum ResNet with equal
weightings.

Consider the encoded quantum state as |¢(x)), which
will be evolved by the first layer of a variational circuit
W1(6,), resulting in the state |y (x, 6;)) = W1(0))|¢ (X)).

If we wish to introduce a quantum ResNet-type skipped
connection from the input layer to the output of the first
layer, then one realization of this would be to implement
the evolution

W2(62) (16(0) + %1 (x,01))) . (G10)
In general, this is not a unitary operation. However, the
desired ResNet skipped connection can indeed be written
as a linear combination of unitary operations:

[V2(x,01,02)) = (W2(62) + Wa(62)W1(61)) |9 (X)).
(G11)

This can be implemented using the LCU method by defin-
ing P prep equal to the Hadamard gate such that

1

P 0) = 0 1 G12
preP|0) ﬁ(l )+ 11)) (G12)

and
SSeLECT|0) @ (X)) = [0) 72(602) |9 (X)), (G13)
SseLECTI ) @ (X)) = [1) W2 (6) W1 (0)]¢(x)).  (G14)

After applying the P prgp and Ssgr gcT operators and mea-
suring the ancilla qubit to be in the |0) state, then the
appropriate |Y,(x,6;,6,)) can be prepared. We show this

explicitly through each step. Starting with the preparation
operator applied to the initial state we have

1
V2

Applying the selection operator then results in

Pprep|0)[¢ (X)) = —=(10) + [1))[¢ (x)). (G15)

SseLecTP PREP|0) |9 (X))
1
= 7 (10YW2(62) | (x)) + 1) W2 (62) W1 (61 |9 (X)) .
(G16)

Applying the inverse preparation operator, which is a
Hadamard gate, results in

Pl epSSELECTP PREP|0) |6 (X))
1
=3 (10)y (W1(62) + Wr(02) W1(61)) |9 (X))

+I1) (W2(02) — W2 (02) W1(01)) [ (X)) -

Finally, measuring the ancilla and requiring it to be in the
|0) state gives

(G17)

(01P brEpSSELECTP PREP|0) |6 (X))

1
= 7= @) + @M E) 19), - (G18)

which is probabilistically prepared with a probability equal
to
(@01 + W1(61) + W] (01)]p (X))

g =

N — A=

(1 +Re (@)W1 (0119 (x)))) - (G19)
Note that the important part of the probability scaling is the
real component of Re ({¢ (x)|W1(61)]¢(x))). In the case in
which W;(0;) =1, success is guaranteed, and in the case
W1(61) = =1, success is impossible. For general W;(6;)
matrices and states |¢ (X)), the success will vary. There-
fore, in practice, it may be worth placing restrictions on
W1(01) to ensure that Re ({¢p (x)|W1(01)|¢(x))) does not
approach too close to —1, resulting in extremely low suc-
cess probabilities. However, as mentioned in the main text,
if the strength of the residual connections are adjusted, it
can be possible to increase the lower bound. This exam-
ple has used equal strength in the residual connections
for simplicity, which corresponds to the worst-case lower
bound.
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