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ABSTRACT
Non-linear turbulence closures were developed that improve

the prediction accuracy of wake mixing in low-pressure turbine
(LPT) flows. First, Reynolds-averaged Navier–Stokes (RANS) cal-
culations using five linear turbulence closures were performed for
the T106A LPT profile at exit Mach number 0.4 and isentropic exit
Reynolds numbers 60,000 and 100,000. None of these RANS mod-
els were able to accurately reproduce wake loss profiles, a crucial
parameter in LPT design, from direct numerical simulation (DNS)
reference data. However, the recently proposed kv2ω transition
model was found to produce the best agreement with DNS data
in terms of blade loading and boundary layer behavior and thus
was selected as baseline model for turbulence closure development.
Analysis of the DNS data revealed that the linear stress-strain cou-
pling constitutes one of the main model form errors. Hence, a gene-
expression programming (GEP) based machine-learning technique
was applied to the high-fidelity DNS data to train non-linear explicit
algebraic Reynolds stress models (EARSM). In particular, the GEP
algorithm was tasked to minimize the weighted difference between
the DNS and RANS anisotropy tensors, using different training re-
gions. The trained models were first assessed in an a priori sense
(without running any CFD) and showed much improved alignment
of the trained models in the region of training. Additional RANS
calculations were then performed using the trained models. Im-
portantly, to assess their robustness, the trained models were tested
both on the cases they were trained for and on testing, i.e. pre-
viously not seen, cases with different flow features. The developed
models improved prediction of the Reynolds stress, TKE production,
wake-loss profiles and wake maturity, across all cases, in particular
those trained on just the wake region.

∗Address all correspondence to this author.

INTRODUCTION
Designing the blades of low-pressure turbines (LPTs) is a chal-

lenging task due to the large variation in the flow physics as the
aircraft takes off and enters cruise conditions. At cruise conditions
the turbine inlet chord Reynolds number is 2-5 times less than at
sea-level take-off conditions which can cause the flow regimes to
change from turbulent to transitional [1]. The prediction of such
flows in LPTs is challenging as the inflow disturbance level is quite
high and the blade boundary layers are subject to strong pressure
gradients. The LPT has favorable pressure gradients up to mid-
chord on the suction side and the flow switches over to an adverse-
pressure gradient on the latter half of the suction side [2].

The flow over LPTs, at low isentropic exit Reynolds num-
bers (50,000-150,000), is characterized by laminar boundary lay-
ers which undergo separation-induced transition that leads to the
formation of turbulent wakes [3]. Accurate prediction of the sep-
aration onset region and reattachment, turbulent-wake mixing and
wake loss-profiles (which are crucial for engine blade designers)
is a great challenge for existing Reynolds Averaged Navier–Stokes
(RANS) based turbulence models. While some RANS-based tur-
bulence models with transitional capabilities offer good prediction
of the boundary layer states on the blade, and hence achieve rea-
sonably accurate loading predictions, there still remains plenty of
scope for improvement of wake mixing and wake-loss profile pre-
diction [4,5]. It is crucial to bring about improvements in the RANS
modeling for wake mixing in LPTs, as Praisner et. al [6], who con-
ducted a study on engine performance impacts due to wake mixing
in LPTs, suggested that losses due to wake-mixing can contribute
up to 1.5 percentage point of lost efficiency in LPTs.

One of the reasons that RANS closures fail at predicting the
turbulent mixing with the required accuracy is the use of the
Boussinesq approximation [7, 8] for the stress-strain relationship.
A computationally efficient approach to address the deficiencies
of the Boussinesq approximation are explicit algebraic Reynolds
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stress models (EARSM) [9–11], which target the Reynolds stress
anisotropy; and their development is the main focus of this work.
Instead of using a conventional analytical approach, this work fo-
cuses on machine-learning based techniques to generate non-linear
explicit algebraic stress models (EARSM)s.

Data-driven techniques have been applied to turbulence mod-
eling in numerous contexts. Wang et. al [12] proposed a high-
fidelity data-driven, physics informed machine learning approach to
improve discrepancies in RANS modeled Reynolds stresses. They
developed models on particular training regions and tested them on
different geometries for each of the two cases - square duct and pe-
riodic hills, and brought about improvements in the Reynolds stress
distribution. They, however, were unable to propagate the improve-
ment of the Reynolds stresses through the RANS equations to the
mean velocity field. Duraisamy et. al [13] modified the SA model
using neural networks and inverse modeling. However, this method
is quite expensive as there is an optimization parameter for each
of the grid points. The improved model was tested on the same
case as it was developed. Therefore, the robustness or the ability of
this model to generalize different flows is yet to be demonstrated.
Tracey et. al [14] used a neural network to train an SA turbulence
model and explored the potential of these networks to reproduce re-
sults over different simple flow configurations. This work depicted
that the trained models can be used on flows different from the ones
they were trained on.

Ferreira [15] introduced gene expression programming (GEP),
which was a new adaptive algorithm for solving regression based
problems. Weatheritt & Sandberg [16] developed the GEP for tur-
bulence modeling, which generates new EARSM closures. The al-
gorithm not only improved the Reynolds stress prediction but also
was shown to improve the mean flow prediction for a few canoni-
cal cases [17]. GEP is relatively inexpensive as compared to other
machine learning techniques used for previous turbulence model
studies. The EARSMs developed using GEP also have the added
advantage that they do not require any high-fidelity data or sup-
porting machine-learning based framework for their implementa-
tion into and use in CFD codes. GEP was used to conduct a priori
analysis for a high pressure turbine vane, which showed significant
improvement as compared to the baseline cases [18]. However, no a
posteriori analysis (RANS calculation) was conducted in that work.

In this study, an extensive analysis of five RANS-based tur-
bulence and transition models has been conducted on a LPT blade
for isentropic exit Reynolds numbers of 60,000 and 100,000, with
the aim at identifying the potential for model improvement. The
kv2ω transition model [19] was, to our knowledge, used for the first
time for flow over LPTs. Further, EARSMs have been developed
using the kv2ω transition model as the baseline turbulence trans-
port equations, with the aim to improve the predictive accuracy of
the overall turbulent wake mixing and wake-loss profiles. The GEP
approach [16] was applied to high-fidelity data obtained from previ-
ously conducted direct numerical simulations (DNS) [20]. The de-
veloped EARSMs were tested both in an a priori (without running
any CFD) manner, and have been executed successfully as RANS
calculations for LPTs.

RANS MODELING

The most prevalent RANS models use the Boussinesq approxi-
mation to relate stress to strain which can be broken up into the sum

of isotropic and anisotropic contributions

τi j =
2
3

ρkδi j︸ ︷︷ ︸
isotropic

−2µt

(
Si j−

1
3

∂uk

∂xk
δi j

)
︸ ︷︷ ︸

anisotropic

. (1)

Beginning from the weak equilibrium hypothesis [9], a class of tur-
bulence closures, known as EARSMs [21] were developed to ex-
press a tensor basis V k

i j and scalar invariants Ik for ai j; which will
address the shortcomings of the linear stress-strain relation. Equa-
tion (2) defines ai j, which is normalized by 2ρk, for both Boussi-
nesq and EARSM approximations

ai j ≡
τi j

2ρk
− 1

3
δi j (Boussinesq)

= ai j(V 1
i j,V

2
i j,V

3
i j, ..., I1, I2, ...) (EARSM).

(2)

This tensor basis and set of scalar invariants are functions of the
non-dimensional strain and rotation rate tensors, denoted by si j =
τS′i j and wi j = τΩi j; where τ is the time scale denoted by 1/ω For
two-dimensional flow, the basis and invariants are:

V 1
i j = si j, V 2

i j = sikwk j−wiksk j,

V 3
i j = siksk j−

1
3

δi jsmnsnm,

I1 = smnsnm, I2 = wmnwnm.

(3)

FLOW CONFIGURATION
Figure 1 depicts the T106A LPT blade geometry and computa-

tional domain (used for both the RANS and DNS) along with the in-
flow and outflow angles, inlet and outlet boundaries, and upstream
and downstream measurement locations. The simulation employs

FIGURE 1: SKETCH OF THE T106A BLADE GEOMETRY AND
DOMAIN BOUNDARIES.

a pitch-wise periodic boundary condition. The chord length (C)
is 0.1m, the pitch to chord ratio 0.799 and the inflow angle is
46.1◦, which represents design conditions. The simulations in this
study are 2D-URANS with compressible flow and have steady in-
flow conditions, i.e no incoming wakes and have been conducted in
OpenFOAM with bounded second-order implicit schemes for spa-
tial and temporal discretization. The grid used has 270,000 points
in plane and 860 points around the blade, and is the same one used
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for the DNS studies, for which a thorough grid refinement study
was performed. Using the same grid as the DNS [22] ensures that
any errors in the RANS calculations are only due to the turbulence
models and not due to the grid. There are 25-30 points across
the boundary layer and y+ < 0.4 for the first-off-the-wall points
on both sides of the blade. The DNS results [20], used for com-
paring the RANS against and for EARSM development have been
generated from a highly-optimized code HiPSTAR (High Perfor-
mance Solver for Turbulence and Aeroacoustics Research) [22] and
have been shown to compare very well with experiments [23]. The
wake-loss and wall-shear stress profiles of the DNS are in excellent
agreement with the experiments at different inlet turbulence intensi-
ties and isentropic exit Reynold numbers (Re2is=60,000 & 100,000)
based on the real chord. Table 1 depicts the operating conditions for
both the RANS and DNS cases. Analyses for two isentropic exit
Reynolds numbers have been conducted.

TABLE 1: OPERATING CONDITIONS FOR RANS & DNS

Parameter Value

Exit isentropic Reynolds Number (Re2is) 60,000 & 100,000

Cascade Exit Mach number (M2) 0.404

Cascade Inlet Mach number (M1) 0.24

Inlet Turbulence Intensity 4%

Inlet Length scale 5% Cax

URANS FOR LPTS
In order to assess the effectiveness of RANS-based turbulence

and transition models to predict the blade loading, boundary-layer
flow and turbulent wake-mixing for LPTs, five RANS models have
been used. The kω-SST model [24] and the SA [25] model are
the turbulence models used. One of the transition models used is
the γ − Reθ model of Langtry & Menter [26] which models the
intermittency and transition momentum thickness Reynolds num-
ber. The LKE model [27] determines the laminar, transition and
turbulent flow regimes with the help of a concept known as lam-
inar kinetic energy. LKE or laminar fluctuations are the fluctua-
tions created by Tollmien-Schlichting waves in the pre-transitional
boundary-layers [28]. The kv2ω model [19] describes the transi-
tion process with the v2 variable. In the pre-transitional boundary
layer v2 corresponds to energy of the fluctuating velocity compo-
nents normal to the streamlines. In fully turbulent flow, it corre-
sponds to the energy of fully turbulent fluctuations [29]. At the in-
let, k and v2 have the same boundary condition and value based on
the inlet turbulence intensity as shown in Table 1. The kv2ω model
has been used for EARSM development. The transport equations
for the three scalars k,v2 and ω have been given as [19]

D(ρk)
Dt

= ρ(νtS2−min(ωk,ωv2)−Dk)+
∂

∂x j

[(
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)
∂k
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]
,

(4)
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)
∂ω
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·

(6)
A plot of the pressure coefficient versus the fraction of ax-

FIGURE 2: PRESSURE COEFFICIENT DISTRIBUTION
ACROSS THE BLADE AT Re2is=60,000. INSET SHOWED
ZOOMED VIEW OF SUCTION SIDE (0.69≤ x/Cax ≤ 1).

FIGURE 3: WALL SHEAR STRESS ON THE SUCTION SIDE
AT Re2is=60,000. INSET SHOWS ZOOMED VIEW OF (0.78≤
x/Cax ≤ 1).

ial chord, obtained from all models tested, is shown in Fig. 2 for
Re2is=60,000. Due to the leading edge acceleration of the flow,
there is a peak in the pressure coefficient on the suction side. All
the models capture this peak quite well at both Reynolds numbers.
Towards the trailing edge of the blade, a plateau is observed in the
DNS which is a result of a separation-bubble. Only the LKE and
kv2ω models capture this plateau; more accurately at Re2is=60,000
than at Re2is=100,000 (not shown here). The other models exhibit
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no separation at the trailing edge. The γ−Reθ model, even though
expected to, does not capture this separation region. All the models
predict the pressure coefficient quite accurately on the pressure side
as the flow remains laminar.

Figure 3 depicts the normalized wall shear stress profile on
the suction side of the blade at Re2is=60,000. There is a small-

FIGURE 4: DISPLACEMENT THICKNESS, MOMENTUM
THICKNESS AND SHAPE FACTOR ON THE SUCTION SIDE
AT Re2is=60,000.

FIGURE 5: MAGNITUDE OF VELOCITY CONTOURS DE-
PICTING OPEN AND CLOSED SEPARATION BUBBLES AT: a)
Re2is=60,000; b) Re2is=100,000, GENERATED USING THE kv2ω

MODEL.

scale separation bubble near the leading edge, shown by negative
τw, at x/Cax ≈ 0.02 which is larger in the Re2is=100,000 case (not
shown here) as compared to the Re2is=60,000 case. All the mod-
els, except the SA model, capture this bubble; more precisely in
the Re2is=60,000 case than the Re2is=100,000 case. The trend of
the flow reattachment at Re2is=60,000 is predicted quite well by all
transition models. At about x/Cax ≈ 0.6, an adverse pressure gradi-
ent starts to form due to flow deceleration. There is thus a drop in
the wall-shear stress and a laminar separation is formed at x/Cax ≈

0.85 in the DNS results for both cases; which is not predicted by
the kω-SST, SA or the γ −Reθ models. The LKE and kv2ω mod-
els do predict a separation bubble which is longer and thicker than
the DNS, and a summary of the lengths of the bubbles is shown in
Table 2.

TABLE 2: LENGTH OF TRAILING EDGE SEPARATION BUB-
BLES AS A FRACTION OF Cax.

Re2is 60,000 100,000

DNS 0.17 0.13

kv2ω 0.19 0.12

LKE 0.20 0.15

Boundary layer properties such as displacement and momen-
tum thicknesses and shape factor are shown in Fig. 4 for the suction
side at Re2is=60,000. The momentum thickness predicted by the
kv2ω model very closely matches the DNS data. The kv2ω model
also outperforms other models in the areas of displacement thick-
ness and shape factor. The most important difference between the
Re2is=60,000 and Re2is=100,000 cases is that the separation bubble
reattaches (closed-separation) in the Re2is=100,000 case at x/Cax ≈
0.98, while there is an open-separation in the Re2is=60,000 case.
Figure 5 displays the open and closed separation bubbles of the
two different Reynolds number cases as obtained using the kv2ω

model. Both these phenomena are predicted by the LKE and kv2ω

models in the respective cases. The separation bubble is thinner
at Re2is=100,000 as compared to Re2is=60,000. These phenomena
greatly affect the nature and magnitude of the mixed-out wake loss.

Figure 6 shows the wake loss profiles at 40% chord
downstream of the blade trailing edge for Re2is=60,000 and
Re2is=100,000; plotted against a pitch-wise normalized coordinate,
from the suction to the pressure side, defined as y∗ = y−ymax

ymax−ymin
, from

0 to 1. The wake loss is defined below

Ω =
pt,1− pt,2(y∗)

pt,1− p2
. (7)

Some of the RANS models (kω-SST, SA & γ −Reθ ) cannot
predict comparable wake loss profiles and either depict very little
smearing of the wake (kω-SST & γ −Reθ ) or incorrect smearing
(SA). This is the expected behavior of non-transitional RANS mod-
els as per previous studies [4]. The LKE model produces quite a
good prediction of the overall diffusion but fails to capture the peak
magnitude, more prominently for Re2is=100,000. At Re2is=60,000,
the kv2ω model offers a good comparison of the wake-loss, espe-
cially at the peak. This model has an inbuilt cross-diffusion func-
tion, similar to the kω-SST, and therefore it has a larger peak as
compared to the LKE model. However, in the Re2is=100,000 case,
the kv2ω model does not capture the location of the peak in the
wake loss profile correctly and slightly over-predicts the maximum
loss value. The shift in the location can be attributed to the inac-
curate prediction of the separated flow coming off the trailing edge
and also due to a change of outlet angle; which are better captured
by the LKE model.

Out of all the RANS models, the LKE and kv2ω model offer
the best performance as compared to the DNS in all the four aspects
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FIGURE 6: WAKE LOSS PROFILES FOR: a) Re2is=60,000;
b) Re2is=100,000; AT 40% CHORD DOWNSTREAM OF THE
TRAILING EDGE.

shown above. One of these models has to be selected for EARSM
development using GEP. It has been found in this study and in [30]
that the LKE model produces non-physical laminar kinetic energy
in the wake region - a region that is to be dominated by turbulent
flow. This study also found that the kv2ω model offered a more
accurate prediction of Reynolds stresses in the wake as compared
to the LKE model. Moreover, the kv2ω model [19] was developed
in order to address the shortcomings of the LKE model. It has also
been shown that the kv2ω model offers better boundary layer pre-
diction over the LKE model. Finally, the ω equation (Eq. (6)) of
the kv2ω model has a cross-diffusion term which is activated in the
wake region to enhance the prediction of wake-mixing. Therefore,
the kv2ω model has been chosen for the development of EARSMs
to enhance wake mixing and wake-loss prediction for LPTs.

GENE EXPRESSION PROGRAMMING (GEP) & MODEL
DEVELOPMENT

The EARSM development is carried out with GEP [15, 16],
which is a method based on symbolic regression. High-fidelity
DNS data [20] for the Re2is=60,000 and Re2is=100,000 cases has

FIGURE 7: GEP ALGORITHM FLOW DEPICTING INPUTS
AND OUTPUT.

been used for regression. The model development or training pro-
cess is outlined in Fig. 7. The high-fidelity (DNS) data of interest
are the Reynolds stresses, velocity, temperature, TKE and density.
This data is used to solve the transport equations for v2 (Eq. (5))
and ω (Eq. (6)) of the kv2ω turbulence model using the ‘frozen’
methodology [31]. With the ‘frozen’ methodology only the v2 and
ω equations are solved, while keeping pressure, velocity, temper-
ature, density and TKE fixed throughout the entire calculation, set
equal to the converged DNS values. A RANS calculation is then
performed solving only the v2 and ω transport equations in order
to obtain the time scale (1/ω) most consistent with the DNS data,
but based on the RANS equations to be used in subsequent CFD
runs. The time scale is used to calculate the normalized tensor ba-
sis and scalar invariants (Eq. (3)). The strain-rate (Si j) and rotation
rate (Ωi j) tensors are calculated from the DNS quantities as shown
in Fig. 7. The Reynolds stress tensor (τi j) obtained from the DNS
solution is used to calculated the anisotropy tensor (aDNS

i j ). The
GEP algorithm then attempts to fit (model regression in Fig. 7)
the anisotropy tensor (aDNS

i j ) with a linear combination of the tensor
basis functions, in order to derive an EARSM (aRANS

i j ). The GEP
algorithm achieves this by minimizing the cost function (a form of
normalized mean-square error), based on the DNS anisotropy ten-
sor (aDNS

i j )

J(aRANS
i j ) =

1
N

N

∑
n=1

3

∑
i=1

∑
j≤i

(wi j|aDNS
i j −aRANS

i j |)2, (8)

where wi j is the weighting function for the individual components
of the anisotropy tensor and N is the total number of points in the
training region. In this case w11 = w12 = w22 = w33 = 0.25 and N≈
2000 (for the wake region - Fig. 8). The other two components
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of the anisotropy tensor are zero as it is 2D flow. After a fixed
number of iterations, the GEP returns an anisotropy tensor (aRANS

i j )
as a linearly independent function of the tensor basis (Eq. (2)).
The Reynolds stress term (or anisotropy tensor) appears both in the
momentum diffusion term in the RANS equation and in the TKE
production term. Regressing for this term will lead to improved
wake diffusion and TKE production, which will lead to enhanced
prediction of wake-mixing.

FIGURE 8: TRAINING REGIONS FOR MODEL DEVELOP-
MENT.

Selecting the training region (the data used in the calculation
of the cost function) is important to capture the relevant flow fea-
tures for turbomachinery. Since this study focuses on improving the
wake mixing, the region of training will be downstream of the blade
trailing edge. It has been shown by Weatheritt et. al [18], that if the
training region is too close to the trailing edge, i.e. the near-wake
region, the nature of the solution is drastically affected. Due to high
shear, there is a propagation of error from this region downstream
and the trained model produced will not be able to fit the data in
the far wake. Therefore, the training region selected begins at a dis-
tance 9% chord downstream of the blade trailing edge. Two possi-
ble regions have been considered in addition to the above constraint.
One is a rectangular-like (Rect) training region from x/C=0.95 to
x/C=1.76. The other is a region which is meant to capture the data
in the wake region (Wake) only and not the passage (Fig. 8). The
wake region has been chosen based on a normalized TKE threshold,
and hence the width of this region reduces towards the end of the
domain. Models trained on the wake region are expected to yield
a better prediction of the wake profiles, and are best used with the
presence of a wake detection function [32]. A switching function
based on the same TKE threshold as the one chosen to define the
training region (i.e. Wake region in Fig. 8) was implemented in
OpenFOAM to ensure that a model trained on the wake region is
activated only in the wake region and not in the passage. Models
trained on the rectangular-like region were applied in a similar do-
main during run-time. In the absence of a wake detection function it
may be possible that the models trained on a rectangular-like region
may offer a good solution as they have been trained to ensure there
is no over-fitting to the wake region. Models trained on both these
regions are presented below.

DEVELOPED MODELS
A number of EARSMs, which can modify the Boussinesq approx-
imation (Eq. (2)) for the kv2ω model, have been developed based

on the Reynolds number, training region and whether the model has
been ensemble-averaged or not (Eqs. 9 - 15). Each complete run
of the GEP algorithm produces models which are likely to have dif-
ferent coefficients and slightly different levels of fitness given the
non-deterministic nature of this algorithm. To allow for statistical
evaluation of model fitness and ensemble averaging, the GEP al-
gorithm was run 50 times and the average of all the models was
taken to represent the ensemble averaged model. Table 3 represents
the training parameters and the codes to denote each of the trained
models. A model which includes data from the wake region of both
the 60k and 100k cases has also been developed in order to assess
the performance of a model which includes data from more than
one DNS set.

TABLE 3: MODEL TRAINING PARAMETERS AND CODES.

Reynolds No. Training Reg. Ens. Av. Code

60,000 Rect No 60k-Rect

100,000 Rect No 100k-Rect

60,000 Wake No 60k-Wake

100,000 Wake No 100k-Wake

60,000 & 100,000 Wake No 60k-100k-Wake

60,000 Wake Yes 60k-Wake-E

100,000 Wake Yes 100k-Wake-E

60k-Rect:

aRANS
i j =−νt

k
S
′
i j− (0.41−2.23I1)V 1

i j +(30.23−2.86I1

+2.86I2)V 2
i j +(19.44−8I1 +8I2)V 3

i j

(9)

100k-Rect:

aRANS
i j =−νt

k
S
′
i j +(0.8−2.23I1 +19I2)V 1

i j +(7−32I1

+22I2)V 2
i j +(11.28−41.84I1 +19.28I2)V 3

i j

(10)

60k-Wake:

aRANS
i j =−νt

k
S
′
i j− (1.91− I1−14I2)V 1

i j +(21.2−2.36I1

+16.07I2)V 2
i j +(13.28+ I2)V 3

i j

(11)

100k-Wake:

aRANS
i j =−νt

k
S
′
i j− (0.81+2.58I1−7.16I2)V 1

i j +(4.41

−8.21I1)V 2
i j +(16−20I1 +4I2)V 3

i j

(12)

60k-100k-Wake:

aRANS
i j =−νt

k
S
′
i j− (1.15−2I1−8I2)V 1

i j +(6+ I2)V 2
i j

+(24+42I2)V 3
i j

(13)
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60k-Wake-E:

aRANS
i j =−νt

k
S
′
i j− (1.89−2.92I2)V 1

i j +(20.61−6.28I1

+2.5I2)V 2
i j +(17.49+0.8I1 +0.67I2)V 3

i j

(14)

100k-Wake-E:

aRANS
i j =−νt

k
S
′
i j− (0.83+1.33I1−3.26I2)V 1

i j +(4.26

−3.24I1 +4.27I2)V 2
i j +(12.12−0.77I1 +1.26I2)V 3

i j

(15)

The values of the normalized mean square error or the GEP
cost function (J) for each of the 50 models trained on the 60k-Wake
and 100k-Wake regions have been represented in a histogram (Fig.
9). The vertical axis denotes the number of models that have a value
of J lying in the respective interval. The values of J derived from
the Boussinesq approximation and 60k-Wake, 60k-Wake-E, 100k-
Wake & 100k-Wake-E models have also been symbolically repre-
sented (the amplitudes of these quantities have no correlation with
the frequency) in Fig. 9. It is clear that all the models trained in the
60k-Wake and 100k-Wake regions have yielded an improved fitness
(i.e reducing the value of J) as compared to the linear Boussinesq
approximation. This shows that any run of the GEP will return a
model which has greatly enhanced the fitness as compared to the
linear model. The ensemble averaged results offer an improvement
of 47.75% and 45.56% in fitness over the linear model for the 60k-
Wake-E and 100k-Wake-E cases respectively. It has been observed
that if the normalized mean square error of a model lies within one
standard deviation of the normalized mean square error of the en-
semble averaged model, there is only a variability of less than 1%
in the wake-loss profiles and Reynolds stress profiles. Therefore,
for further analysis, arbitrary models that have a normalized mean
square error slightly better than the ensemble averaged cases have
been chosen for presentation and the results obtained from the en-
semble averaged models have not been further discussed. The fit-
ness of the 60k-Rect, 100k-Rect and 60k-100k-Wake models also
lie within one standard deviation of the their respective ensemble
averages. It is to be noted that the coefficients of the 60k-Wake
and 60k-Wake-E cases differ even though they have a similar fit-
ness. This can be attributed to the non-deterministic nature of the
GEP algorithm that can produce two models with entirely different
coefficients, yet with the same fitness. It has been found that the
majority (> 90%) of error reduction has been brought about by the
coefficients of the V 1

i j and V 2
i j tensor basis functions. The magni-

tudes of I1 and I2 are mostly of the order of 0.01 in the regions of
training and I1 always is positive whereas I2 is negative. Therefore,
the coefficients of the tensor basis functions are dominated by the
respective constant terms. Hence, the constant coefficients of the
V 1

i j and V 2
i j bring about the largest influence in error reduction. It

can therefore be noted that the constant coefficients of the V 1
i j and

V 2
i j tensor basis functions for the ensemble averaged cases (60k-

Wake-E, 100k-Wake-E) differ by only up to 3% with respect to the
corresponding constant coefficients of the non-ensemble averaged
cases (60k-Wake & 100k-Wake).

The aim of the trained models is to increase the overall diffu-
sion in the region downstream of the blade. It has been observed
that the largest improvement in the fitness of the model (≈60%) has
been brought about by the coefficient of the V 1

i j tensor basis term.

FIGURE 9: HISTOGRAM OF THE GEP COST FUNCTION (J)
AT: a) Re2is=60,000; b) Re2is=100,000.

This shows that the flow in the wake is strain dominated, and in or-
der to increase the turbulent diffusion and enhance wake-mixing it
is anticipated that the coefficient of the V 1

i j basis function should be
negative. All of the models exhibit this trend except for the 100k-
Rect model. The models trained on the wake region only focus
on the improvement of capturing the wake physics which is strain
dominated and not the physics in between the passage which has
a higher rotation rate. A positive constant coefficient for the V 1

i j
basis function implies that the diffusion within the wake-passage or
Rect region (wake+wake-passage) will be reduced; which is against
the expected result. The wake at Re2is=100,000 is thinner and ex-
hibits less diffusion or spreading rate than the wake that is formed
at Re2is=60,000. The wake at Re2is=60,000 occupies a larger por-
tion in the Rect-region and therefore, the model that is trained on
the 60k-Rect case still exhibits a negative constant coefficient for
the V 1

i j term. In contrast, the Rect region for the Re2is=100,000 has
a larger contribution from the wake-passage area than the wake re-
gion which leads to a positive constant coefficient for the V 1

i j term.
This trend is clearly visible from the constant coefficients of the
models trained on the wake. The 60k-Wake model has the largest
magnitude of the constant term in the V 1

i j basis function at 1.911,
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which reduces to 1.15 for the 60k-100k-Wake model and further
reduces to 0.81 for the 100k-Wake model.

A PRIORI RESULTS
In order to assess the effectiveness of the linear Boussinesq

approximation and the stress-strain relationship of trained RANS
models in an a priori sense, an extensive linear regression or error-
analysis has been conducted, similar to what was conducted by
Weatheritt et. al for [18] a high pressure turbine vane, part of which
has been presented here.

One of the methods for a priori analysis has been explained
below using the 60k-Wake model. Consider the quantity below

γ =
aDNS

i j aRANS
i j√

aDNS
mn aDNS

nm aRANS
pq aRANS

qp

, (16)

which is known as alignment ( −1 ≤ γ ≤ 1). It measures the or-
thogonality of the DNS and modeled anisotropy tensors. In order
to determine the alignment when the Boussinesq approximation is
used, aRANS

i j is to be replaced with the negative strain (−Si j). γ is

FIGURE 10: a) ALIGNMENT OF ANISOTROPY AND NEG-
ATIVE STRAIN FOR THE LINEAR BOUSSINESQ APPROX-
IMATION. b) ALIGNMENT CONTOUR WITH THE LINEAR
BOUSSINESQ APPROXIMATION AND 60K-WAKE MODEL
APPLIED IN THE REGIONS x/C <0.95 AND x/C ≥0.95 RE-
SPECTIVELY, AT Re2is=60,000.

a useful indicator of the validity of the linear stress-strain relation-
ship [7]. Values close to one imply strong validity of the linear
Boussinesq approximation. Values close to minus one imply that
Eq. (1) predicts the anisotropy oriented in the wrong direction;
while values approximately zero indicate there is zero correlation
between the linear model and actual anisotropy (complete orthog-
onality). Figure 10-a shows γ for Re2is=60,000 with an additional

contour at γ=0.75. In Fig. 10-a the Boussinesq approximation per-
forms well on the pressure side as the flow is laminar and there are
no large changes in the velocity gradients. However, the flow is ei-
ther orthogonal or negatively aligned in the boundary layers as the
linear-eddy viscosity hypothesis breaks down in this region. Most
of the near wake and far wake are positively aligned, although only
a small portion of the wake has a region with γ ≥0.75; which shows
there is immense scope for improvement with trained RANS mod-
els.

Figure 10-b depicts the alignment between the aDNS
i j & aRANS

i j
anisotropy tensors from the 60k-Wake model (Eq. 11). The trained
model has been applied in the far-wake region (x/C ≥ 0.95, 9%
chord downstream), and the Boussinesq approximation is still be-
ing used upstream of x/C = 0.95. The training process has suc-
cessfully improved the alignment in the far-wake by increasing the
area of the wake which has γ ≥0.75. This shows that the trained
models, in the context of turbomachinery flows, have to be applied
in the region which they were regressed for, in order to improve
the alignment. The alignment in the wake-passage cannot be sig-
nificantly improved with a model trained on the wake region due
to the different nature of the flow between the two regions. There
are a number of other methods such as mean square error analysis
to assess the model improvement in an a priori manner, and such
analyses have been conducted extensively in the past. However,
such a priori metrics do not always offer a reliable prediction of
actual CFD performance. Therefore, the next section will discuss
the implementation of these trained models into CFD simulations.

IMPLEMENTATION OF DEVELOPED MODELS INTO CFD
SIMULATIONS

In order to assess the improvement in the wake mixing result-
ing from the trained models (Eqs. 9 - 15), they have been imple-
mented as 2D-URANS simulations for LPTs. Five of these mod-
els (excluding the ensemble-averaged models) have been applied
from 9% chord downstream of the trailing edge in conjunction with
the kv2ω model for each of the simulations with Re2is=60,000 and
Re2is=100,000. This not only will highlight the performance of the
trained models on the training regions and Reynolds numbers that
they were developed on, but also will assess their capability of gen-
eralizing different flow conditions (in this case open and closed sep-
arations on the LPT suction side); which will be a measure of the
robustness of the developed models.

The baseline case results have been generated using the kv2ω

model in conjunction with the Boussinesq approximation. The
models which have been trained on in the wake region are active
only in the wake region, while the Boussinesq approximation is
used for the flow between the wakes.

A direct outcome of the model development process is the im-
provement in the anisotropy or Reynolds stress prediction in the re-
gion 9% chord downstream of the trailing edge and beyond. Since
the physics of the wake is governed by shear-induced turbulent mix-
ing, the most important component to observe an improvement in is
τxy, which is shown in Fig. 11 for both Reynolds numbers at a dis-
tance of 40% chord downstream of the trailing edge (see Fig. 1). At
Re2is=60,000, the amplitude of the positive peak shear stress in the
baseline case is 90% less than the DNS. The 60k-Wake and 60-Rect
models reduce this error to approximately 45%. The 100k-Wake
and 100k-Rect models also reduce the error in the amplitude of peak
stress to 75% and 68% respectively. The 60k-100k-Wake model sits
in between the stress predictions of the 60k-Wake and 100k-Wake
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FIGURE 11: SHEAR COMPONENT OF REYNOLDS STRESS
AT 40% CHORD DOWNSTREAM FOR: a) Re2is=60,000; b)
Re2is=100,000.

models and reduces the error to 64%. At Re2is=100,000, the models
trained on the wake region predict the peak and overall-spreading of
the shear stress profile better than the ones trained on the rectangular
region. The 60k-Wake model produces a higher τxy peak value than
the other models trained on the wake region due to having a larger
constant coefficient in the -V 1

i j term. In the region from 0≤ y∗ ≤ 0.4
all of the models predict an almost vanishing value of τxy whereas
the DNS predicts a positive stress. This can be explained by the fact
that in the case of the RANS simulations, the freestream turbulence
is not transported into the wake passage, while it is captured by the
DNS.

The anisotropy tensor also appears in the TKE production term.
Figure 12 represents the TKE production at 40% chord downstream
of the trailing edge for the two Reynolds numbers. At Re2is =
60,000, the amplitude of the peak TKE production for the base-
line case is 70% less than the DNS. The models trained on the wake
region reduce this error to a range of 12%-30%; whereas the models
trained on the Rect region bring about no significant change or even

FIGURE 12: PRODUCTION OF TKE AT 40% CHORD DOWN-
STREAM FOR: a) Re2is=60,000; b) Re2is=100,000.

reduce the TKE production (100k-Rect). Even though the mod-
els were not regressed for TKE production, some of the models
have brought about significant improvements in the TKE produc-
tion. At Re2is = 100,000, due to a thinner wake and higher mean
velocity gradients as compared to Re2is = 60,000, there are higher
mean shear and Reynold stresses. This causes the baseline RANS
model to overpredict the TKE production at its peak (≈ y∗ = 0.55).
The models trained on the wake region seem to have reduced the
peak TKE production which shows that the GEP algorithm is able
to adapt itself (increase or decrease) to the desired quantity. The
TKE profiles from RANS simulations are offset by a small amount
as compared to the DNS. It has been observed that although the
normal Reynolds stress components have shown improvements in
the magnitude of the peak values over the baseline case at both
Reynolds numbers, the peak locations are slightly shifted in the
pitchwise direction which results in profiles that have a constant
offset. Nevertheless, as the flow is shear dominated, this pitchwise
shift in the peaks of the normal Reynolds stress components does
not significantly affect the mean flow profile predictions.
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FIGURE 13: WAKE LOSS PROFILES AT 40% CHORD DOWN-
STREAM FOR: a) Re2is=60,000; b) Re2is=100,000.

It is not only important to improve the stress predictions but
also translate that to the improvement in the mean flow quantities,
which are ultimately of interest for blade designers. Most of the
trained models have enhanced the prediction of pressure and ve-
locity profiles as compared to the baselines cases at both Reynolds
numbers, which is reflected in the wake loss profiles (Fig. 13) at
40% chord downstream. At Re2is=60,000, the 60k-Wake model of-
fers the best performance at the peak. The prediction of the outlet
angle has also been improved as the y∗ location of the peak matches
the DNS. Outside of the wake region, for which it was not trained
and a linear model was used, there is scope for improvement, es-
pecially between 0.1 ≤ y∗ ≤ 0.4. The 60k-Rect model improves
the prediction of the wake loss profile to a good degree in regions
other than the wake. The model trained on the 100k-Wake and 60k-
100k-Wake also perform better than the baseline case in all parts
of the wake-loss profile. The 100k-Rect model, due to a positive
constant coefficient in the V 1

i j tensor basis function reduces the dif-
fusion and the result is a narrower wake loss profile, which worsens
the prediction of the wake loss profile in all areas over the base-
line case. At Re2is=100,000, all the trained models, except the

100k-Rect model improve the overall diffusion (shape of profile)
and outlet angle prediction. The 100k-Wake model offers the best
prediction of the wake loss profile while the 60k-100k-Wake model
offers an intermediate prediction between the 60k-Wake and 100k-
Wake models. The 60k-Wake model appears to create higher levels
of diffusion over other models due to it having being trained on a
thicker wake. It is also important to note that there are similar im-
provements in the τxy , TKE production, wake loss profiles and thus
overall wake-mixing prediction at all locations between 10%C to
60%C downstream of the blade trailing edge.

TABLE 4: MIXED-OUT LOSS.

Model Re2is=60,000 Re2is=100,000

DNS 0.0561 0.0458

% Error

Baseline 11.89 -6.79

60k-Rect 8.68 3.47

100k-Rect 12.12 -3.38

60k-Wake 9.48 -5.52

100k-Wake 5.03 -7.14

60k-100k-Wake 6.29 -9.39

Table 4 shows the mixed out loss (ΩM) for the DNS defined as
ΩM = (pM

t,1− pM
t,2)/(pM

t,1− pM
2 ). The table also shows the percent-

age error of mixed out loss obtained from the RANS simulations
with respect to the DNS. Due to an open separation there is greater
mixed out loss at Re2is=60,000. At Re2is=60,000, all the models ex-
cept the 100k-Rect model, improve the integral mixed-out loss pre-
diction over the baseline. This follows the trend shown in Fig. 13-a.
At Re2is=100,000, the models that show the greatest improvements
in the wake-loss profiles (Fig. 13-b), apparently show the highest
absolute errors in the mixed-out loss values and show greater error
as compared to the baseline case. However, the baseline case and
the 100k-Rect model (which gives the smallest absolute percentage
error as compared to the DNS) do not show a correct wake loss
profile shape. Therefore, Fig. 13-b has to be assessed in conjunc-
tion with Table 4 in order to draw a conclusion about their overall
performance.

Another parameter to quantify the improvement of wake mix-
ing is the wake maturity, which is the difference between the mixed-
out loss and the mass-averaged losses (∆Ω = ΩM −Ωmass). The
wake maturity, normalized with the mixed out loss (ΩM), for the
baseline case, trained models and the DNS is shown at various lo-
cations downstream of the trailing edge for the two Reynolds num-
bers in Fig. 14, starting from 10% chord (x/C = 0.96) to 60%
chord (x/C=1.46) encompassing the model training region. If a
wake were perfectly mixed out, the difference between the mixed
out and mass-averaged losses would be zero and it is at a maximum
immediately downstream of the trailing edge, where the mixed-out
loss remains unchanged but the mass-averaged loss is minimum.
The wake maturity evolves from large values, in the proximity of
the trailing edge, and levels off towards zero further downstream.
At both the Reynolds number all the models, except the 100k-Rect
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FIGURE 14: NON-DIMENSIONALIZED WAKE MATURITY
FOR: a) Re2is=60,000; b) Re2is=100,000.

model improve the wake mixing beyond a downstream distance of
20% chord as compared to the baseline case. For the models trained
on the wake at both Reynolds numbers, the wake maturity is closer
to the DNS as one moves further downstream. An improved wake-
maturity prediction also has important implications for the wake
which is to be incident on the next stator-blade row. It minimizes
the error that is being propagated downstream and thus improves
the LPT efficiency.

The models that were trained on a particular Reynolds num-
ber and region, performed the best when they were used for a
RANS calculation at the same Reynolds number and region (e.g.
the 60k-Wake model applied in the wake region performed the best
at Re2is=60,000, as did the 100k-Wake model in the Re2is=100,000
case). This shows that the training accuracy of these models is
higher than the test accuracy (e.g. models are tested at a different
conditions than they were developed for). Even though the above
holds at this stage of EARSM development for LPTs, it is impor-
tant to note that this is not a simple regression problem. The mod-
els which have been trained on high-fidelity data-sets are inserted
into partial differential equations; which in turn leads to improved
results. Some of the models developed here have performed well

even for flow conditions quite different from the training case (i.e.
open vs closed separation on the blade) and this shows that some
of these models are quite robust and possibly can be applied to dif-
ferent flows, with due consideration. However, the robustness of
these models can be enhanced so that they can generalize well over
various configurations (different regions, flow conditions, Reynolds
numbers, etc.), which can possibly achieved by considering a larger
variety of data sets. It has also been observed that there is a negli-
gible change in the computation time of the trained models as com-
pared to the baseline case, which demonstrates that it is possible to
get significantly improved RANS results at hardly any additional
computational cost. There are also no numerical stability issues
with the trained models.

CONCLUSIONS
In this study five turbulence models were applied to the T106A

LPT configuration at M2 = 0.4 and Re2is=60,000 and 100,000. To
our knowledge, it was the first use of the kv2ω model to LPT flows
and it captured the LPT suction side separation and offered the best
overall prediction of boundary layer flows of all models assessed.
However, it was found that there was scope for improvement of the
wake-loss profile prediction with the kv2ω model. A priori anal-
ysis showed that use of the linear Boussinesq stress-strain relation
is one of the significant contributors for inaccurate prediction of
the wake loss-profiles. A machine-learning based technique, GEP,
was therefore applied to DNS data to develop models that specifi-
cally enhance the wake-mixing and wake-loss profiles. The result
of the GEP algorithm was a series of non-linear closures (EARSMs)
whose performance is found to depend on a number of impor-
tant factors such as cost functions, training region and ensemble-
averaging. The largest contribution to the reduction in normalized
mean square error is brought about by the V 1

i j tensor basis, and thus
analyzing its coefficient gave insights into trends of diffusion pre-
diction. The trained models were successfully implemented into
OpenFOAM using the kv2ω model as the baseline RANS model
at hardly any additional computational cost and with no numerical
stability issues. Some of these trained models have significantly
improved the τxy profiles, which is the dominant Reynolds stress
component in the wake. Slight improvements in the normal compo-
nents of the Reynolds stress were also observed. Even though the
TKE production data from the DNS was not used for model devel-
opment, the production profiles also improved significantly. Most
importantly, the improvement in the prediction of the anisotropy
tensor translated to improved mean flow quantities. This resulted
in enhanced wake-loss profiles and wake maturity predictions, both
of which are important parameters for blade designers. The train-
ing region is an important parameter for model development and it
was found that the models trained on the wake region offer better
performance than the ones trained on a region which encompasses
the wake and wake passage. Some of the trained models show abil-
ity to generalize different kinds of wake flows (wakes being gener-
ated from open and closed separation bubbles on the LPT suction
side) which is an indication of the robustness of these models. On
the whole, the wake-mixing prediction has been enhanced with the
CFD (a posteriori) implementation of certain trained models, which
demonstrates that GEP for turbulence modeling is a promising av-
enue for RANS model development for turbomachinery applica-
tions.

It is also possible to sensitize models to flow regions with
strong pressure gradients, such as along the blade or in the sepa-
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ration bubble area. However, the models trained there will have
different coefficients for the tensor basis functions as compared to
the ones developed in this paper. This work serves as a build-
ing block for more practical scenarios for LPTs; where incoming
wakes are considered. Since this methodology has been shown to
bring about improvement in prediction of wakes downstream of the
trailing edge, there is a very high possibility that the accurate pre-
diction of incoming wakes and their evolution through the turbine
passage can be improved to a good degree with the development of
EARSMs based on the GEP algorithm.
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NOMENCLATURE
ai j Normalized anisotropy tensor
C Blade chord length
Dk Dissipation of TKE
H Shape factor
Ik Scalar invariant
J GEP cost function
k Turbulent kinetic energy
Ma Mach number
p Pressure
P TKE production
RBP Bypass transition
RNAT Natural transition
Re Reynolds number
Si j Strain rate: 1

2 (∂x jUi +∂xiU j)

S′i j Deviatoric component of strain rate: Si j− 1
3 δi jSkk

T Temperature
Ui Velocities
v2 Wall-normal turbulent velocity fluctuations
V k

i j Tensor basis function
y∗ Non-dimensional pitchwise coordinate
αT Diffusivity
γ Tensor alignment
δ Displacement thickness
θ Momentum thickness
µt Eddy viscosity
τ Turbulent time scale (1/ω)
τi j Reynolds stress tensor: ρu′iu

′
j

ω Specific dissipation rate
Ω Loss coefficient
Ωi j Rotation rate tensor: 1

2 (∂x jUi−∂xiU j)

SUBSCRIPTS / SUPERSCRIPTS
1 Inlet measurement line
2 Exit measurement line

ax Axial
is Isentropic
t Stagnation quantity
M Mixed-out quantity

ACRONYMS
DNS Direct numerical simulation
EARSM Explicit algebraic Reynolds stress model
GEP Gene expression programming
LKE Laminar kinetic energy
LPT Low pressure turbine
RANS Reynolds averaged Navier–Stokes
SA Spalart Allmaras
SST Shear stress transport
TKE Turbulent kinetic energy
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