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Simplification techniques for PDE-based Li-Ion battery models

Chris Manzie, Changfu Zou, Dragan Nesic

Abstract— Battery systems are becoming increasingly preva-
lent as a source of power for applications across domains
from consumer electronics to automotive, due to a range of
factors such as portability and environmental considerations.
The relatively high cost of batteries leads to a natural tradeoff
in their use to ensure the lifetime of the battery is not unduly
compromised while still delivering good performance.

Similar tradeoffs have been successfully dealt with in other
systems using model based control and estimation techniques,
and this motivates their use for battery systems. Complicating
this process is the complex nature of the physics-based models
describing the operation of a battery cell, as these consist
of a large number of partial differential equations spanning
multiple, coupled domains.

This second paper of the tutorial session will briefly review
the existing physics-based battery models, and introduce recent
approaches that have been used to develop simplified models
based on the original high-fidelity model. The assumptions
underpinning the model simplification will be presented and
discussed.

I. PDE MODEL EXTENSIONS

The complete one dimensional battery model encompasses
several coupled domains. There are electrical, electrochemi-
cal, thermal and ageing dynamics each of which has been
studied extensively, and often in isolation, by numerous
researchers.

The high fidelity model introduced in [1] is extended
in two ways for completeness of the model and to enable
the different model simplification strategies introduced to be
fully illustrated. The end point of the model simplification
in this work is chosen to be the various single particle
models available in the literature, although the specific model
resulting from the simplification steps is naturally dependent
on the number of assumptions applied during the model
reductions. The efficacy of these assumptions is reliant on
multiple factors, including the battery parameters but also
the way in which the battery is used during charging and
discharging.

In the first extension considered here, the electrical dy-
namics are included in preference to assuming outright they
are negligible. This is as much for completeness of the
starting point, as it is to demonstrate the model simplifi-
cation methodology and requirements based around singular
perturbation strategies for the battery model.

The second modification is based around the modelling of
battery ageing. While capacity fade associated with active
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Li-ion loss in the positive electrode and solid-electrolyte-
interface (SEI) film increase in the negative electrode is
one common approach of quantifying battery ageing, it is
typically modelled using a hybrid-domain approach whereby
the level of degradation in the electrodes is kept constant
through the charging process and adjusted at the completion
of the charge cycle. This is modified here using a continuous
time approach.

The full model used as the starting point is now described
in the following sections.

A. Electrical dynamics

Previous cell models have typically neglected the dynam-
ics of local potentials and currents in the solid particles and
electrolyte, instead focusing on their steady-state behaviour.
Here, for completeness and to help establish the first stages
of the simplification methodology to be used, dynamics
that explicitly describe the transient behaviour of the state
variables of potentials of both the solid electrodes; potentials
of the electrolyte in the two electrodes and separator; and
finally current in the electrolyte in each of the three regions,
thereby leading to seven dynamic equations.

To maintain a concise presentation from this point on-
wards, a shorthand notation is adopted where the superscripts
+ represent either positive or negative electrode and j
represents either of the electrodes or the separator, meaning
the eight electrical dynamic equations are represented by the
following three:
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The parameters a and J in (1)-(3) are the specific interfacial
area and total Li-ion flux at the surface of solid particles;
o, k are the effective electronic and ionic conductivity; and
R is the universal gas constant. The parameter €; is a small
positive constant inversely related to the transmission speeds
of electric potential, ionic potential, and electrolyte current.

Algebraic equations are used to populate the dynamics
in (1)-(3) starting with two constraint equations. The first
applies to the on the current through solid 75 and electrolyte
i phases, while the second links the total Li-ion flux to the
normal intercalation flux, J; and a side reaction flux, Jg,



NOMENCLATURE

an,ap Anodic and cathodic charge transfer coefficients

Qsr Charge transfer coefficient of side reaction

Qsr Exchange current density of side reaction

ds Entropy change

€1 Electrical time constant

n Overpotential

Nsr Overpotential of side reaction

0 Transference number of the anion with respect to the solvent
velocity

K Effective ionic conductivity

A Heat conductivity

Le Volume fraction of electrolyte in the electrode

oF, d. Electric potential in the electrolyte at the positive/negative
electrodes

®F, &7 Electric potential in the solid particle at the positive/negative
electrodes

P Mass density

of Average density of SEI film

o Effective electronic conductivity

of Conductivity of SEI film

A Equivalent cross sectional area of the cell

a Specific interfacial area at the surface of the solid particles

c Specific heat

Csmax Maximum Li-ion concentration in solid particles

Css Li Ion concentration at surface of solid particles

D§f s Effective diffusion coefficient in solid particles

F Faraday’s constant

I Applied current at terminal

id,ic  Current in the electrolyte at the positive/negative terminals
is ,i5  Current in the solid particles at the positive/negative terminals
0 Exchange current density

J Total Li-ion flux at the surface of the solid particles
Jr Normal intercalation flux

Jsr Side reaction flux

k Reaction rate constant

L Length of electrode in x-dimension

My Average molecular weight of SEI film

R Universal gas constant

r Distance within spherical particle

Ry SEI film resistance

SoC' State of charge

SoH State of health

T Temperature

U Open circuit voltage

Usgy Side reaction voltage

|4 Terminal voltage

T Distance along cell

Cioss  lon concentration lost

Cs Ton concentration in solid particles without loss

Cs Ion concentration in solid particles with loss

Qmaz Maximum capacity

Qsr Capacity fade

indicative of battery ageing.

I(t) = if(z,t) + i (x,t) 4)

S

J(@,t) = Jf(z,t) + JE(z,t) (5)

By denoting k the reaction rate constant; ay, o, the
anodic and cathodic charge-transfer coefficients of the main
intercalation reaction; Clp,x the maximum possible Li-ion
concentration in the solid particles; Iz, the radius of the solid
particles; and C', is the Li-ion concentration at the surface
of these particles, i.e.

CE (z,t) := CE(2,r=R,,1). (6)

The exchange current density, 79, and the overpotential, 7,
in each electrode are given by:

id(x,t) =kFOF (2,0)"" (CF, 0 — CE (2, 1) CE (2,1) ™

sSmax (7)
(2, t) =0F (x,t) — 0z, t) ~UH(x, t) —F Ry (2, 1) T (2,)
(®)

Finally the intercalation flux from (5) may be represented
in terms of these defined variables by the algebraic equation
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B. Electrochemical dynamics

In the absence of battery ageing, the diffusion equation
for ion concentrations in the solid particles is represented by

Ak off, & Ak
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where D represents the effective diffusion coefficient in
the solid particles.

To reflect the degradation of the battery capacity , Qs,
caused by the accumulated effect of a side reaction in the
positive electrode only, the total ion concentration lost is
modelled as the following relationship when Q. is the
maximum nominal capacity of a battery:

_ er (xvt)
Qmax
Consequently, the dynamic equation describing the re-
maining concentration of ions at the positive electrode, C7,
follows from conservation constraint and satisfies

Cris (@7, 1) Ct (x,m,t), (11)

oCT (x,r,t) aCt (z,7,t) B Qsr(x,t) 0CF (2,7,

CT (z,7,t) 0Qs, (2, 1)
- = 12

Inside the negative electrode, the active Li-ion loss is
typically ignored [2], [3], allowing the dynamic behaviour
of Li-ion concentration to be given completely by (10), i.e.

oC; (z,r,t) D= 9 [ ,0CT (z,1,1)
s _ s |, s )
ot r2 Or or

In the electrolyte of the electrodes and separator, the
change of Li-ion concentration is related to its gradient-
induced diffusive flow and the local electrolyte current and
is governed by [4], [1]

9Ci (0,t) DM 9 (0CH (u,t)
ot ul O Ox

13)

7! 0

(14)



C. Thermal dynamics

The heat sources inside a cell include the reaction heat
generation, reversible heat generation, and ohmic heat gen-
eration. The generated heat is transported through the battery
internal conductivity and convection between battery surface
and the surrounding environment. To capture temperature
distribution and evolution in a Li-ion battery cell, the thermal
balance equation is provided as [5]

O (a,t) _ ;0T (x,1) 0D (x,1)
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where dg is the entropy change, and p,c, A are the mass
density, specific heat, and heat conductivity.

On the right-hand side of (15), the second and third
terms represent the reaction heat, and the last two terms are
separately the ohmic heat and reversible heat. From the above
equation, it follows that the electrical states, ®,, ®., 7., are
directly involved in heat generation. The elevated tempera-
ture in turn affects the main intercalation reaction through
(2) and accelerates the dynamics of battery ageing via (18).

D. Ageing dynamics

While there are many complex mechanisms associated
with battery ageing and degradation, the underlying effect is
a loss in ion concentration at the positive electrode, as given
by (11). The model adopted here is the lost ions contribute
to the growth of a resistive and insoluble SEI film at the
negative electrode as in [2], [3]. As battery operating cycles
increase, the film grows and leads to both capacity fade and
a rise in the internal resistance.

A lumped capacity fade has been formulated in the initial
State of Health (SoH) model of [2]. However, physically,
the side reaction as well as its resulting parasitic flux and
SEI film may exhibit strong spatial variations. To model this
process, a spatially distributed aged capacity, Qs (z,t), is
proposed here and introduced in the dynamic equations of
capacity fade and internal resistance as:

862#?,15) =—Fa” AL Jg(x,t), (16)
OR(z,1t) _ My Jor(z, 1) 17
ot prog

where o, My, py are respectively the conductivity, average
molecular weight, and average density of the constituent
compounds of the SEI film; and A is the equivalent cross-
sectional area along z direction of the electrode. Note: L7
represents the length of the electrode and separator, and
L := Lt + L™ + L*¢P is the total length of the battery
cell.

In (16)-(17), by assuming the side reaction to be irre-
versible, the side reaction flux J,. can be modelled by Tafel
equation [2], [6]

—Fasrnsr(z,t)

—1
ﬂe RT— (z,t)

Jor(z, 1) = o

(18)

where o, sy, 205 are the charge-transfer coefficient, over-
potential, and exchange current density of the side reaction,
respectively. The overpotential that determines the rate of
side reaction is provided by

O (2,t)—D, (z,t)—

E. Complete integrated cell model

Ner (T, 1) = Usr —FRy(z,t)J (z,1).

With the dynamic equations describing each domain now
described, scalar quantities used as the outputs of the cell
can be defined. The terminal voltage, V' (¢) is presented as
the difference between the positive and negative electrical
potentials at the terminals, and is the only directly measur-
able output.

V(t) =07 (L,t) - (19)

The scalar quantities defined as State of Health (SoH)
and State of Charge (SoC), while not directly measurable,
are typically used to quantify the state of the battery in a
concise manner. The SOC in each electrode is defined as the
ratio between the averaged available Li-ion concentration and
maximum possible concentration [1]

Ci (x,r, t)

3
SoH represents the spatlally averaged capacity fade due
to the side reaction in the anode electrode, and normalised
relative to the initial maximum available capacity [7]. As
discussed in Section I-D, no degradation is assumed to take
er (IL‘ t)

place in the cathode.
L~
-
0 Qmax

Coupled with boundary conditions that maintain continuity
across the interface boundaries, the entire system of 17 PDEs
and associated algebraic equations may be represented in
block diagram form as illustrated in Figure 1. This highlights
the coupling between the domains in the system equations
and helps to motivate the approach of the following sections.

P(0,1),

SOC*(t) = drdz, (20)

SOH(t) = RAIASALIN 1)

II. MODEL REPRESENTATION IN HILBERT SPACE

While a complete dynamic cell model has now been
described across equations (1)-(21), it is not immediately
obvious where model simplification should begin. To fa-
cilitate a structured and systematic approach to the model
simplification, it is helpful to abstract away some of the
specific detail. In doing so, the first step is to introduce the
system input defined as u := I(t) and the 17th order state
vector, X:

=[C;,C0 0., @, i, T, Qs Ry|" (22)
)—( — [CSEP q)sep TSEP] (23)
%t [C+ cr,of ot it Tt (24)
X = [x xt, xser]” (25)

Meanwhile the measurable and unmeasurable outputs may
be denoted y. = [SOC~(t), SOC*(t), SOH ()T := g(x),
and y,, = V(¢) := q(X).
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Fig. 1. Full model

The domain of definition for all the state variables is
D(z,r) = {(x,r)|z € [0,L],r € [0,R,]}. With the states
within D(z,r), we now introduce the following matrices, :

0
0
(I —i;)(epso®™7) "

i (€pert™™) 71
Fa~J~ e
Fa=J~(n~ +T 65)(p~c )t
—Fa A" L J,,
7Mstr(prf)71

0

jsep
7l'€56peq>e

sep 7sep(, sep sep gsep

Fa®P J*P (n*P4+TPsLP)

psepcsep

—Fa~A"L~J,,C+Q;1

0
(I —if)(easo™ )1
i (€pert )~
FatJgte!
Fa+J+(77+ +T+5g:)(,0+c+)_l
H(%,u) = diag(H~, H**? ,H™")

HSer —

Ht =

And,
0 0 0 0 0 0 0 0
0 0 0 0 ;l 00 0

He

0 0 L 0 0 0 0 0

_ —2Ry" T~ 1

so= |0 et 0 L 0 000
0o 0 0 0 g 000
0 0 —J+i; —i; 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

0 0 0
sep _ 2RySPTEP
Slp_ _?707561’ €pc 0
0 -1 0
0 0 0 0 0 0 0 0
0 0 0 0 FVMZ 00 0
o 0 0 o~ 0 0 000
1 = —2RyTTT 1
0 m 0 €Ede 0 0 0 0
0 0 0 0 &~ 000
0 0 L i g g 0 0

pF¥ct  pFct

S1 = diag(sl_v Sfepv Si‘r)
Similarly,

F[ = diag(2D%"~ /r,0,0,0,0,0,0,0),

FPP = F3P = zeros(3, 3),

Fif = diag(2D™ (1 — Q41 /Qmax), 0,0, 0,0,0),
Fy = diag(F;, F{°P, F}")

Fy = diag(D™~,0,0,0,0,0,0,0),

) = diag(D (1 — Qs /Qmax), 0,0,0,0,0),
Fy = diag(Fy , F5P, Fy1)

Sy = diag(0, D"~ /p;,0,0,0, A7 /(p~¢™),0,0),
S5 = diag(DP /g, 0, NP [ (p°PesP)),
S5 = diag(0, DS /ut,0,0,0,AT/(pT ™)),

Sy = diag(S;, S5, S5)

Subsequently, the complete cell model given in the previ-
ous section can be written in the compact notation:

ox ox ox %%
o Do T T
0%x _
+ SQ@ + ];I(X7 U), (26)
Ye = g()_()a (27)
ym = q(X), (28)

subject to appropriate boundary conditions on the states at the
interfaces between each of the electrodes and the separator.

To present the PDE system precisely and also simplify
the notation, the infinite dimensional system (26)-(28) is
reformulated within the Hilbert space 7’ (D, R™). Define the
state function x on 7 as:

x(t) = x(z, 1 t), YVt > 0,Y(z,r) € D(z,71),

the operator F in (D, R") as:
ox ox

’x *=

= =4+ 8 -+ 1§,
Fx 18r+ 18x+ 23r2+ 25,3

x € D(F)={x € 2(D,R"); Boundary conds.},

and the output operators as:

Gx=g, 9x=q.

Then, the battery system dynamics may be represented
compactly in the form given below (and henceforth denoted



as ¥1):

x =Fx+ H(x,u), x(0) = xoq, (29)
Ye = gx, (30)
ym = QX, (3D

where H (x(t),u(t))=H (X(z,r,t),u(t)) and xg=Xq.

The principle reason for reformulating the model in Hilbert
space is to expose the natural singular perturbation style
that exists, and to therefore consider the use of time scale
separation ideas in model simplification. This is complicated
by the lack of formal results for the use of singular pertur-
bation techniques with systems of PDEs, however it is not
without precedent - for example [8] use singular perturbation
techniques for model simplification of several PDE-based
processes, albeit with a different underlying structure to those
encountered in modelling a battery cell.

III. PDE SIMPLIFICATION THROUGH SINGULAR
PERTURBATION TECHNIQUES

This section takes the Hilbert space representation, 1
defined in the the previous section and introduces assump-
tions under which model simplications in Hilbert space
reminiscent of the singular perturbation approaches of [9],
[10] for ordinary differential equations might be applicable.
A. Model Simplification Step 1: Models Z; & 32

To investigate the time scale separation, the >i;-system
can be rewritten in the standard form of singularly perturbed
systems

(32)
axy=Frxs + Hy(xs,xp,u),%x7(0) = x50, (33)
Ye=Glxs,x5]" (34)
Y =Q[xs, %], (35)

X =FsXs + HS(XS,Xf, U),XS(O) = X50,

where in the negative electrode, the state function x
can be expressed more explicitly to include x; :=
[Cs,C T, Qsry Ry]" and x5 :=[®7, @, ,i;]". Similar
cases can be done for the positive electrode and separator.
The functions H,, Hy are continuous and bounded in their
arguments for (X, X s, u)€I x5 x U, where J¢, and ¢}
are subspaces of 7.

The following two Assumptions are now made about the
model.

Assumption 1: € <<'1

Assumption 2: |i(t)| << 1/e; for almost all ¢.

In essence, these Assumptions are implicitly assumed in
prior battery modelling work and reflect the natural time
scales present in the system - i.e. the electrical dynamics are
significantly faster than all others present (Assumption 1) and
the system input is not changing at the same rate as these
electrical dynamics (Assumption 2). The latter assumption is
necessary for decoupling of the equations and consistent with
requirements for a similarly structured system of ordinary
differential equations.

Continuing with the analogy with systems of ODEs,
under Assumptions 1 and 2 it appears sensible to decouple

the system into boundary layer and reduced systems. For
approximation of the slow states, the fast dynamic states may
be replaced by the solution to

OZ.Ffo+Hf(XS,Xf,u) (36)
The real root of (36) is known to exist in the arguments
Vt >0 and V(z,7) € D(z,r) and may be defined as x} :=
h(xs,w). This leads to the reduced system representation for
the “slow” states of X1, denoted as .2, given by:

).(S:]:SXS+HS(XS,h(XS,U),U),XS(O) = Xs0, (37)
Ye=G[xs, hixs, u)]", (38)
Y= Qxs, h(xs,u)]T, (39)

For completeness, and in keeping with the singular per-
turbation analogy, the fast state dynamics of X! could be
approximated by keeping the slow states and input constant
thereby resulting in the boundary layer (fast) system, Z?-:

dx
exf Frxp + Hf(XsO,Xf,U/O)’ Xf(()) = Xy0.

dr “0)

To shift the quasi-steady state of Xy to the origin, define
z¢ =Xy — h(x50,u0) so (40) can be reformulated as

d
L — Fr(zp+h(xs0,u0))

dr
+H (%50, 2+ (x50, u0), Up)- 41)

Assumption 3: The boundary layer battery system given
in (41) is uniformly globally exponentially stable (UGES).

This Assumption is readily validated numerically, and is
used here to ensure the boundary layer system has a similar
structure to that required in classical singular perturbation
theory. For systems of ODEs such as those covered by
Tikhonov, satisfaction of this Assumption ensures the trajec-
tories of the fast state variables converge to the quasi-steady
states of (36).

Up to this point in the model simplification, the typical
battery model has been recovered, and the results are perhaps
unsurprising. However, having recaptured the expected result
using an adaption of singular perturbation techniques, there
is some degree of confidence in reapplying it for further
model reduction. Consequently, we now continue to apply
the singular perturbation philosophy to the non-electrical
dynamics remaining in the model 2.

B. Model Simplification Step 2: Models ¥3, & %3

The model of the slower dynamics following the first
simplification step, X2 is now considered in isolation for
further model simplification. Intuitively, one might reason-
ably expect that the dynamics associated with cell degrada-
tion are significantly slower than the other cell dynamics,
and this serves as a motivating factor in the next model
decomposition. By defining i, as a representative value of ¢,
and explicitly exposing the non-dimensional parameter “Z—OT



dependence in Y2, the system of (35) may be rewritten as:

).(S/ = %Fs/xs/ + %Hs’ (Xs/7 Xm» h(xs’ s Xy ’LL), u)a
X’ (0) = Xg’0,
)-(m :]:me+Hm(Xsl,Xm,h(Xsl,Xm,’U/)7U)7
Xm(o) = Xm0,
Ye = g[Xs/, Xm, h(XS/, Xm u)]Ta
Ym = Q[Xs’7 Xm, h(Xs/7 Xm, u)]Tv
(42)

where the state functions xg:=[Css,Qsr, Rf]T and
X =[Cs m, Ce, T |7, Within this set of equations, the solid-
phase Li-ion concentration, Cj, is couples the normal dif-
fusion and SEI film growth dynamics, and thus it may be
represented as two states after decomposition, Cj ,, and
Cs,s. Note that the functions H/, H,, are continuous and
bounded in their arguments for (Xy, X, u) EHar X H#;7, XU
and 4,7, CIH .

The following assumption is now introduced.
Assumption 4: The non-dimensional parameter ?—r < 1

Assumption 4 may be justified intuitively by considering
that during the charge and discharge process, the electro-
chemical and thermal states in a battery cell have significant
change within a couple of minutes or hours. By comparison,
the degree of battery degradation parameterised by igs, is
several orders of magnitude slower than the normal inter-
calation reaction. Furthermore, previous studies have shown
1psr 18 @ positive parameter on the order of 1e—6, in contrast
the value of i is as large as 1 [2].

With a time scale separation structure identified for 23,
under Assumption 4 the boundary layer and reduced sys-
tems can again be identified using a singular perturbation
approach, leading to the following boundary layer system
%33, which corresponds to the medium time scale of the

original ¥! model:

X =0, x4(0) = xy0,
Xm = FnXm + Hp (Xsry Xy M(Xsry Xomy 1), 1),
Xm(()) = Xm0,

Ve = GXor, X, h(Xgr, Xpm, u)] 7,

Ym = Q[Xs/y Xm, h(xs/yxnu U)} )

(43)

!

In (43), the differential equations in terms of x, from (42)
are approximated by an algebraic equation through which
the slow time scale state x,/ is fixed to be a constant, i.e.
X40. After elimination of the dynamics of x4/, the state x,,
is decoupled from the full-order battery system.

To remove the abstraction of the Hilbert space representa-
tions, the medium time scale battery model, 3 , following
the use of singular perturbation steps can now be expressed
in terms of the original (physical) states as:

GC;m (x,7,t) _Dgﬁ?‘|r b QGC:m(x,r, t)
ot 2 o or ’
oC; (z,r,t) _Diﬁc’_g 2 oC; (x,r,t)
ot 2 or or ’
oCI (z,t) 0 (DI 9CI (x,t) o %
ot ox ug Oz Ful 0x’
jOT (z,t) 52 T/ (z,t) y 0P (x,t)
ple En 922 —(I(¢) Ze(m7t))T
— il (x,t) %—O—Fa]ﬂ(a: )y’ (z,t)

+ Fa? J} (z,t) TV (z, t) 0%,

where, JE(x,t),iE(x,t),nF(x,t) are formulated by the
following algebraic equations

i+ anFn¥ (z,t) apFni(a,t)
J;t (l‘,t) :ZO (;715) (6 RTJZ(:n,t)t —e %T;(m’t) ) ’
ii(aj,t) :k;iC (gj t)(’n (C;Ena,x C;tm(l‘,t))a”cgt (x’t)ap7

0
Wi(xat) :(I)fs-t($7t) - (I)ei(xﬂt) - Ui(ci($7t))
— FRy(z,t0)JE (,t).

In this medium time scale battery model, the slow states,
namely C s, Qr, Ry, are all replaced by constants.

To individually investigate the behaviour of the slow state
x4 governed by (42), further model simplification is needed
as the medium and slow time scales are still coupled through
the input, u(t), appearing. In the usual practice of singular
perturbation approaches, the slow system is derived by
approximating the fast dynamics with their quasi-steady state
values. However, since charging and discharging represents
a cyclical process the dynamics in the medium time scale
do not approach a constant steady state, and this requires an
alternative approach of analysis.

From Assumption 2, the system input u(t) is known to be
in the medium time scale for almost all time. Consideration
of this and the smallness of “’*f imposed by Assumption 4
motivates the use of averaging theory [11], [12] to simplify
the process of deriving the slow battery model with the state,
X/

The solution of x4 in the battery model (42) is obtained by
averaging the steady-state behaviour of the medium battery
system (43). Define a static, average mapping X (t) —
Haw(xs (1)) as:

Ts
Haw(Xsr) ::lenoof ; FmXp,
+ H, (X500, X0, R(Xgr0, X5, u™), u™)dt. (44)

where u*(t) is the specified system input, xX (¢) is the
solution of the battery model (43) under the specified
system input w*(t). In this general average mapping, it
is worth mentioning that #,, is independent of igs. and
(% (0),u(0)) € A7, x U/{0}.

Therefore, in the slow time scale o = 10 Tt the dynamics
of xy from (42) are approximated by the following slow



(average) battery system, denoted Y3

% = Ha(x07), %0 (0) = xu10, (45)
Ye = Q[xs/,x:l,h(xsz,xfn,u*)]T. (46)

To enable averaging theory to be utilised in this manner
for battery model simplification, an assumption is posed on
the medium time scale dynamics. Define a manifold X,,, =
h' (x50, u) representing the quasi-steady state of the medium
state variables x,, of (43). Then X,, is the solution of:

K (t) = FnZn (t) + Hp (X (1), u(t)),

where u(t) = u(t + kT), Vk =0,1--- N.

Assumption 5: There exists an integral manifold z,, :=
X — Xm, Where X, is defined in (47), and a class-KCL
function [}, such that, for all initial conditions in the domain
D, the solutions of x,,, in an exist and satisfy

(47)

|Zm| < Bh(lzm(0)|’t)7Vt > 0. (48)

The validity of Assumption 5 may be intuitively obvious
for periodic inputs, as it states the medium time scale states
will approach a periodic trajectory irrespective of their initial
conditions at ¢ = 0. The validity of this assumption can be
quantitatively investigated via simulation.

If Assumption 5 is valid, only the behaviour of x,,
governed by the battery system X3, is required to find the
developed mapping x5 — Hqy(Xs). Once such a mapping
Hav 1s obtained (and this can be done offline with a priori
knowledge of the periodic input u(t)), the slow battery
system becomes straightforward from (45)-(46).

To this point, PDE models of the battery dynamics have
been established over three time scales using approaches
based on singular perturbation theory from ordinary differen-
tial equations. The models %', X%, 322, 2%, and 3, serve as
starting points for further model reducnon depending on the
characteristics required in the model and its subsequent use.
In the following, it is assumed that state of charge estimation
and control over relatively short durations is the principal
objectives, and hence X3 is considered as the base model
for further reduction in the following sections. Note however,
that the order of these further reductions, and indeed the base
model they are applied to, is not unique.

IV. MODEL SIMPLIFICATION THROUGH SPATIAL
DIMENSION REDUCTION

The model Ef’n retains two spatial dimensions, x and
r, and yet for state of charge estimation only the average
concentration in the solid particles, C_’s(x, t), and the surface
concentration given in (6) are required. This motivates the
removal of the r-dependence in the model.

The first step in this regard utilises an exact analytical
solution of (13) provided by [13] as

Jr(z,t)- R 1 /b5r
ZCs()—I(DZP{?)T-l- 0(1‘1’2_3)]

2J;(x,t) — sin(A,7/R)p) —\2
n 1(x, Z sin(A,r/Ry) exp (—A27)
A2 sin(Ay,)

Cs(z,m,t)

(49)

where, 7 = Dyt/R%, and \;(j =
eigenvalues of \; = tan(\;).

The infinite series of (49) motivates finding an approxi-
mation of Cs. An n-th order polynomial approximation was
expressed in [14] as:

2,...) are the positive

2

R2

2n

C, n(z,rt) =ai(z,t) + az(z, t)

.
+an(z,t) = 2

By substituting (50) into (13) and employing volume-
average integration of r, the 2D second-order PDE in each
electrode can be decoupled to a first-order PDE and an
algebraic equation, Cy(z,t) and Cy,(x,t):

(50)

9C, (x,t) /0t = —3J; (x,t) /Rp (51)
Css (z,t) = Cso — ¥z, t) (37 + 0.2)
S _\2
+ () 2o (CNT) (s

A2
n=1 n

where for compactness ¥(x,t) = Jr(x,t)Rp/Ds. By
choosing the second, fourth, and sixth-order polynomials for
(50), equation (52) can be respectively represented as [14]:

Css1(z,t) = Cyo — V(1) (37 +0.2) (53)
Ciso(z,t) = Cyo — V(z,t) (37 + 0.2 — 26—357/35) (54)
Cys3(x,t) = Cso — I(x,t) (37 + 0.2 — 0.1135¢~100-1257)

+9(,t) (0.0864e13577T) (55)

Removal of the r-dimension from the X3, model in this
fashion leads to the reduced model denoted X,;. The re-
quired order of the approximation n to attain a given level of
accuracy is dependant on the variation of concentration in the
spatial dimension, which in turn is affected by the magnitude
of the input current, u(t). This will be explored for different
charging rates in the following section concurrently with
other model reduction approaches.

V. MODEL SIMPLIFICATION THROUGH SPATIAL
DISCRETIZATION

With a few notable exceptions, most controllers and es-
timators are designed around ODE representations of the
system rather than PDEs. Here we explore the necessary
dimensionality of lumped parameter approximations to the
model, 3,1, arising from the previous section.

The PDEs in the reduced order model can be approximated
by the well-established process of finite element approxima-
tion. This can be realized through discretizing each domain
in the cell to N lumped elements with grid resolution
Ax;. In this way, by letting ¢ denote the i-th element in
each electrode or separator, a discretized battery model with
uniform resolution is:

dC, (i) fdt = —3J; (i) /Rp (56)
Cssn (i) : = Cs(i,Rp) (57)
dC. (i) Co(i+1)—2C. (i) +C.(i—1)

He dt = D, (Ax)Q
+ lie (i +1) —ic (i) /(FAz) (58)



(@5 (i + 1) = @, (i) / Az = —is (i) /o (i) (59)
(Pe (i 4+ 1) = e (i) / Az = —ie (i) /5 (1)
2 1};(2)'71](10 (Z+1) InC, ()’60)
(i 1) — ze< 0 /A= aFI () (61)
s = B0 (R _ ) e
dT (i) T(i+1)—2T @) +T(i—1)
P e T (Az)’
FaFJT (i) (1) + T (i) 6s)
P (i +1) =D (1) . P+ 1) — P, (0)
e (0) Az s (0) Az
(63)

This reduced system, X0 is a spatially discretized model
that includes 8N ODEs and 11NV algebraic equations asso-
ciated with 19NV states in the entire battery region. However,
typical battery parameters like those observed in [15], [16]
lead to separation of length scales between some states of
Y.

To capture this effect, the 19N state equations will be
considered with different level of discretization, particularly
focusing on the temperature and electric potential states,
which will have independent resolutions represented by Np
and Ng states respectively. This leads to 14N+2Ng+Np
total equations, with the size on each of the three variables
dependant on the desired model accuracy (relative to the
original system) and the applied charge rates.

These are now explored via numerical simulation to de-
termine the minimum modelling requirements to maintain a
predictive error capability in terminal voltage estimation of
at most 1% RMS for a typical cell using constant currents
in a range 0.5-10C. From Table 1, it is apparent that a single
lumped approximation for each of the states will result in
good approximation of the %2, system outputs at low charge
rates. This particular model represents the well known single
particle model, albeit with the presence of temperature and
electrolyte states (the removal of which is a further model
reduction as discussed in the following section).

Naturally, the requirement of 1%-accuracy in the terminal
voltage estimation is somewhat arbitrary, and the use of the
model in closed loop estimation and control applications may
mean that feedback leads to higher degrees of error being
tolerable while delivering satisfactory closed loop perfor-
mance. What is appreciable however, is that for high current
applications, the single particle model will not adequately
capture the true model outputs well and higher degrees of
resolution are required, as previously reported by [17].

Furthermore, while these tabulated results focus on the
terminal voltage, the use of a reduced order model that
is derived from X3 is likely to focus on state of charge
requirements. Consequently, the ability of the model to
reproduce the relevant states of X3, is illustrated in Figure 2
at low and high charge operation for the resolutions presented
in Table I. It is evident that these internal states are also well
captured.

TABLE I
MODEL REQUIREMENTS FOR 1% RMS ACCURACY OF MODEL OUTPUTS
AT DIFFERENT CHARGE RATES.

Rate | n | N | Np | Ny | % error
0.5C | 1 1 1 1 0.39
1C 1 1 1 1 0.87
2C 1 3 1 1 0.73
3C 2| 2 1 1 0.83
4C 2| 5 1 1 0.94
5C 3 5 1 1 0.93
6C 3 6 1 1 0.99
7C 3 7 1 1 1.00
3C 3 8 1 1 0.96
9C 3 9 1 1 0.98
10C | 3 [ 10 1 1 0.99

(a) Solid phase Li concentration at 0.5C  (b) Soli(} phase Li concentration at 10C
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Fig. 2. Comparison of the reduced model (RM) and PDE model in terms
of Css, Cs, Ce, and 7 (at current collector) during 0.5C and 10C charge
operations. For 0.5C, n=N=1; for 10C, n=3 and N=10.

VI. FURTHER MODEL SIMPLIFICATIONS

There exist further possibilities for model reduction based
on elimination of states due to their insensitivity on the
model output. If the starting point for further model reduction
is considered to be X,.o operating at low currents (i.e. the
single particle model with both temperature and electrolyte
contained).

Assumption 6: The temperature at the surface of the cell
is measurable.

As only a single temperature state is required even at
high input currents, measurement of the current anywhere
on the cell is likely to lead to a reasonable approximation
of the internal lumped state. Use of this assumption, and
the subsequent removal of the temperature states leads to a
single particle model with liquid diffusion.

Assumption 7: The net flow of ions between the elec-
trolyte and the solid particles is sufficiently small for all
time.

This allows a conservation equation to be used to solve
for the electrolyte concentrations, and their states can be
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Fig. 3. Simplification steps in generating single particle model

removed form the model. There is motivation to remove
the electrolyte equations following this assumption, rather
than the solid particles as all output calculations are stated in
terms of the latter states. This assumption leads to the single
particle model representation without either liquid diffusion
or thermal states.

The full process of model simplification starting from the
full order model ¥, is illustrated in Figure 3.

VII. CONCLUSIONS

Model simplification and reduction procedures based
around time and length scale separation have been used to
derive the single particle model from the original PDE-based
battery model. The steps highlighted can be used in differ-
ent ways to generate alternative models depending on the
estimation and control requirements of a given application
(for example, ageing dynamics may be maintained if state of
health is a part of the problem solution). The approaches have
been demonstrated on one particular version of the battery
model, but can be utilised by other models if more accurate
models become available (for example the ageing process
has no universally accepted dynamic model at this stage).
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