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Abstract

We consider an exponentially stable closed loop interconnection between a continuous-time linear plant and a continuous-
time linear controller, and we study the problem of interconnecting the plant output to the controller input through a digital
channel. We propose an event-triggered transmission policy whose goal is to transmit the measured plant output information
as little as possible while preserving closed-loop stability. Global asymptotic stability is guaranteed when the plant state is
available or when an estimate of the state is available (provided by a classical continuous-time linear observer). Under further

assumptions, the transmission policy guarantees global exponential stability of the origin.
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1 Introduction

The study of event-triggered and self-triggered systems
[2,3,4,11,12,18,20,21,14] led to a significant amount of
research results where the core problem under consid-
eration is that of two nodes (the sensing node and the
actuating one) communicating through a (low capacity)
digital channel where the transmission policy is deter-
mined based on suitable Lyapunov-like conditions in-
volving some (more or less coarse) measurement of the
plant state. A natural way to represent and suitably
write the dynamics of this specific two-nodes configu-

! This paper presents research results of the Belgian Net-
work DYSCO (Dynamical Systems, Control, and Optimiza-
tion), funded by the Interuniversity Attraction Poles Pro-
gramme, initiated by the Belgian State, Science Policy Of-
fice. The scientific responsibility rests with its authors. Work
supported by FNRS. fforni@ulg.ac.be

2 Work supported by ENEA-Euratom and MIUR.
galeani@disp.uniroma2.it

3 Work supported by the Australian Research Council under
the Future Fellowship. d.nesic@ee.unimelb.edu.au

4 Work supported by HYCON2 Network of Excellence
“Highly-Complex and Networked Control Systems”, grant
agreement 257462 and by the ANR project LimICoS, con-
tract number 12 BS03 005 01.

Preprint submitted to Automatica

ration is to use the hybrid systems notation, namely a
state-space description wherein the state flows accord-
ing to some continuous-time rules and, at some spe-
cific times, called jump times, it jumps following some
discrete-time jump rule. A framework for the represen-
tation of hybrid systems that has been recently proposed
and is surveyed in [7,8] allows for a quite natural de-
scription of these phenomena with useful Lyapunov like
results that have been proven to apply to large classes
of systems described using this framework. This frame-
work was used in connection with event-triggered con-
trol in [5], which is a preliminary version of the results
of this paper. Then, in [14], Lyapunov tools are used
to model ISS properties of networked control systems
and the MATT (maximum allowable transfer interval),
to preserve asymptotic stability. Later, in [16] a similar
approach to the one of this paper (and [5]) has been de-
veloped for the nonlinear case.

Here, we consider a closed-loop system that consists of
a linear controller driving a linear plant to guarantee
closed-loop asymptotic stability, as shown in Figure 1,
and we break the continuity of the transmission of the
measured plant output y to the controller input u by in-
troducing transmission devices/sensors which measure
the output y and decide whether or not sending this
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measurement to the controller input u through a trans-
mission channel, based on non-periodic Lyapunov-based
policies. The ideal scenario where this approach is rel-
evant corresponds to cases where due to some techno-
logical constraint, there is a transmission line between a
location where all the sensors are installed and a second
location where the actuators are placed with a transmis-
sion channel inbetween (see Figure 1). An example of an
industrial control problem where this type of constraints
appear is described in [10] and corresponds to oil well
drilling operations where the stick-slip self excited oscil-
lations happening at the bit need to be measured locally
and then suppressed by the action of an actuator which
is located at the top of the drill string.

P P

CLF P

_E?ra .

information

V | Transmission £
channel

Figure 1. Nominal closed-loop & and event-triggered
closed-loop system S¢.

Our paper is a constructive solution along the general
lines of [3,12,14], where Lyapunov tools and the hybrid
framework are used in similar contexts. Our approach
pairs with many interesting results on event-triggered
control ([11,18,20,14] and references therein). Additional
work sharing the scenario of Figure 1 is that of [17,13]
and references therein, where the feedback signal is af-
fected by an undesired quantization effect, rather than
the presence of the communication channel. We show in
the paper how restricting the attention to linear systems
(whereas [18,20] considers nonlinear systems) allows us
to design transmission policies which lead to improved
results, both in terms of architectures and of achievable
performance, as compared to those in [18,20,14] where,
since a much more general nonlinear scenario is consid-
ered, the results obtained are more conservative. Finally,
this work extends the results proposed in [5] by enforc-
ing a dwell-time between transmissions and by intro-
ducing exponential bounds on the asymptotic stability
guaranteed by the transmission policies. Then, the prac-
tical stability results of the output feedback case in [5]
are here strengthened to asymptotic (and exponential)
stability results.

The paper is organized as follows. We introduce nomi-
nal and event-triggered closed-loop systems in Section 2.
The state-feedback transmission policy is illustrated in
Section 3. The output-feedback case and robustness of
the policy are considered in Sections 4 and 5. Simulation
examples are given in Section 6.

Notation: Given a vector v, vT denotes the transpose vector
. T .
of v. Given two vectors w and v, (v,w) = w” v. Given a set

a={ai,...,an} where a; € R for each ¢ =1 ..., n, diag(a)
denotes a diagonal matrix having the entries of a on the
main diagonal. Both the Euclidean norm of a vector and the
corresponding induced matrix norm are denoted by |-|. For a
vector v € R™ and aset A C R"™ |v]4 := infyea |y—v|. Given
aset A € R", the set A+eB, e > 0, is the set of vectors v such
that |[v|4 < e. A continuous function o : R>¢ — R> is said
to belong to class K if it is strictly increasing and «(0) = 0;
it belongs to class Ko if, moreover, lim, o a(r) = +oo.
For any s € R, consider the function f : R — R defined by
f(s) = 0if |s| < 1, and f(s) = sgn(s)(|s| — 1) if |s| > 1.
Then, for any s = [s1 - sn]7 € R", the deadzone function
dz : R™ — R" is given by dz(s) = diag(f(s1),.-., f(sn)).

2 The event-triggered closed-loop system

2.1 The hybrid system framework

The modeling tools adopted in the paper are based on
the hybrid system framework [9,15] well summarized
in [7,8]. In a nutshell, a hybrid system H is a tuple
(C,D,F,G), where C C R" and D C R™ are, respec-
tively, the flow set and the jump set, while F' : R™ = R"™
and G : R™ = R" are set-valued mappings, called flow
map and jump map. A hybrid system is usually repre-
sented by

:{x'EF(:E) zeC Q)

zte G(x) =x2€D,

and its behavior can be roughly summarized as follows:
the state flows (continuos-time evolution) through C, by
following the dynamics given by F, or it jumps (discrete-
time evolution) from D, according to G. The reader is
referred to [7,8] for a detailed characterization of several
fundamental concepts on hybrid systems, like the no-
tions of hybrid time and solution, the crucial role of the
so-called basic conditions, and the standard definitions
of stability and related concepts.

2.2 The nominal closed-loop system

Consider a nominal closed-loop system, S, defined by the
plant-controller cascade P, given by

-~ { & = Az + Bu @)
y = Cu,

(A, B, C matrices, z € R", and u,y € R?), and by the

interconnection relation u = y between the controller

input u and the plant measured output y. The nominal

closed-loop system reads

s {z = (A+BC)z

y=Cx. ®)

We consider the following standing assumption.
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Assumption 1 The nominal closed-loop system S in
(3) is exponentially stable.

2.3 The event-triggered closed-loop system

The event-triggered policy is realized through the in-
troduction of transmission sensors £ within the feed-
back interconnection, as shown in Figure 1. These intel-
ligent sensors monitor the measured output y and de-
cide autonomously when transmitting a new sample of
the output, denoted by v, to the control input u, with
the twofold goal of preserving the stability of the closed-
loop system while breaking the continuity on the trans-
mission of the measured plant output. Looking at Fig-
ure 1, the arising event-triggered closed-loop system Sr,
namely the closed-loop system of (2) through the inter-
connection u = v, is a hybrid system which combines
together the continuous dynamics of the plant-controller
cascade P and the discrete dynamics of the transmission
sensors L. Its continuous dynamics can be modeled by

{x':Ax—l—BV

y—0, (4)

where x takes into account the plant-controller cascade
dynamics while v € RY denotes the state of the trans-
mission sensors, (each element v; of v is related to the
ith-input/output channel), which replaces the intercon-
nection u = y of § with u = v. v is kept constant during
flows by 7 = 0. The discrete dynamics is given by

2t =z
{V+ - ®)

where x does not change during jumps while v is updated
to the current value of the output y.

Finally, we equip the transmission sensors with a
bounded timer to guarantee a non-zero dwell-time be-
tween updates.

T 1—dz(¥) 72>0
p
™ =0 T> A

where 0 < A < p are design parameters. Combined with
the use of the deadzone function in the flow map of (6),
they guarantee that 7 is bounded by 2p, it has rate 1 for
7 < p, and it may be reset to zero only if 7 > A.

(6)

The hybrid dynamics of the event-triggered closed-loop
system can be summarized as follows:

t = Ax + Bv
=0 (x,v,7) €Ca
SL : 7T =1 —dZ(;) (7)
zt =2
vt =y =Cx (x,v,7) €Da
Tt =0

Within the model proposed in (7), the event-triggered
transmission policy is defined by the sets Ca and Da
and by the parameters A and p. These quantities char-
acterize the event that triggers the transmission.

Remark 1 The proposed sample transmission model is
an abstraction disregarding transmission delays, noise
corruption of the samples, packet drop, and many other
features of digital transmission. While these phenomena
concur to the evaluation of the closed-loop performance,
within a certain bounded magnitude they will not affect
the main stability results established below. In partic-
ular, relying on the robustness to small perturbations
guaranteed by the hybrid framework [8], the stability
of our closed loop still holds in the presence of (small)
transmission noise and delays, as shown in Section 5. J

3 State-feedback transmission policy
3.1 The error dynamics

The exposition of the transmission policy is simplified
by the adoption of error coordinates given by (z,e) :=
(z,v — y). In those coordinates (7) reads

T = Fiix + Fise
¢ = Fopz+ Fase (z,e)€Cor0<7<A
7 =1-dz(3)
at =z (8)
et =0 (r,e) €Dand 7> A
Tt =
y=Cx

where Fj; := (A + BC) is Hurwitz by Assumption 1,
F12 = B, Fgl = 7C(A + BC), F22 = 7CB, and the
relation between flow sets and jump sets before and after
the coordinate transformation is given by Ca 1=

{(z,v,7) ER"XRIXR|(z,v—y) €Cor 0 < 7 < A},

(9)
and by Da :=

{(z,v,7) € R"XRIXR | (z,v—y) € D and 7 > A}. (10)

In what follows we use F' := [;; 22 }

By coordinate transformation, the closed-loop state is
now directly related to the error e between the current
value of the output y and the latest sample v transmitted
to the controller. Moreover, from (8), the behavior of the
event-triggered closed loop is to transmit a new sample
only if the pair (z,e) satisfies the criterion (x,e) € D
and if at least A units of time have elapsed from the last
transmission.
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3.2 The transmission policy

The transmission policy is characterized by the defini-
tion of the quantities (C,D, A, p) and is based on two
main parameters 7. > 0 and 7, > 0, and on a suitably
defined (Lyapunov) function V.

e 7. > 0 guarantees a proportionality between the norm
of the error e and the current state z, to avoid an
asymptotic growth to infinity of the error e while x
remains bounded. The conditions on 7. > 0 for the
stability of the closed loop are very mild: every ., > 0
guarantees stability;

e 7, > 0 specifies a bound on the decay rate of a given
Lyapunov function V. This bound is directly con-
nected to the frequency of the sample transmissions,
since a transmission is required when the desired de-
crease on the Lyapunov function is not guaranteed
anymore.

e The Lyapunov function V is provided in condition
(S1) below, and is used in condition (S2) below to
characterize C and D.

(S1) Take v, > 0,Q = QT > 0,and V : R"xRY— Ry,

T

P10 €z

2 e 0 P

(&

V(z,e):= ! lw

] ; (11)

such that

o P:= [131 192] is symmetric and positive definite,
o FiP + PiFy; < —Q,
o .1 <Q.

(S2) For any 7. > 0, define

{(@,e)[(VV(z,e), F [£]) < —70|a|* and [e] <ve|x|}
{(z,e) (VV(2,e), F [2]) = —yalz[* or |e] > 7e[a]} .
(12)

D A

We can now state the main result of the section, whose
proof is provided in Section 3.4.

Theorem 1 Under Assumption 1, consider a transmis-
sion policy (C,D, A, p) which satisfies (S1) and (S2).
Then, there exists A > 0 and p > A (sufficiently small)
such that the compact set

A:={0} x {0} x [0,2p] CR" xR? x R (13)
is globally asymptotically stable for the event-triggered

closed-loop system (8). Moreover, if B in (2) is full col-
umn rank, then A is globally exponentially stable.

The reader will notice that the asymptotic stability of
the set A4 in (13) guarantees asymptotic convergence of

x to zero (by construction C UD = R"™ x R? x Rxy,
therefore every maximal solution to (8) is complete). If B
is full column rank the convergence is exponential. In this
sense, the exponential stability of the nominal closed-
loop system is preserved by the transmission policy.

Under Assumption 1, it is straightforward to see that the
inequalities in (S1) are always feasible under Assump-
tion 1. In fact, for any given -, , there exists a matrix
Q = Q7 > 0 such that v,/ < @Q. Then, by Assump-
tion 1, there exists a matrix P, = P’ > 0 which satisfies
condition F{i P, + PiF;; < —Q. Note that inequality
v.I < @ guarantees that C # (). To see this, take e = 0,
then (VV (z,e), F [Z]) < —21Qx < —,|z|2.

Since the average sample transmission frequency is con-
nected to the decay rate of the function V, this frequency
can be partially regulated by suitably choosing P, P,
Yo, and e. In the typical scenario, the transmission of
one sample resets the error e, which typically increases
during the flow interval after the sample transmission,
weighted by P». Then, possibly, the boundary of the set
C is reached and a new sample is transmitted. In par-
ticular, from the definition of C, for an initial condition
e =0 and x # 0, smaller values for P, guarantee longer
flow intervals. In fact, for smaller values of Py, (x, €) sat-
isfies (VV (x,e), F [£]) > —z|z|? for larger values of e.
In the limit, that is, for P = 0 and v, = oo (i.e. no
bound on €), e may grow unbounded and A is not nec-
essarily stable. But this is forbidden by condition (S1).

3.8  Comparison with selected literature

The proposed transmission policy is closely related to
the event-triggered control approaches [1,2,16,18,20,14]
(which consider a more general class of nonlinear control
systems) and [4,11], which propose transmission policies
based on inequalities on the measured output and on the
state of the plant. In particular, the transmission pol-
icy in [18, Section IV] is similar to our policy, as shown
by [18, Equation (13)] which also highlights some differ-
ences between our approach and the one in [18]. Specif-
ically, for any choice of the event-triggering conditions
used in [18] (which are expressed simply as inequalities
involving the norms |z| and |e|), there always exist an
equivalent choice of the sets C and D in (12) and of A
in (6) (with A < 7 and 7 given by [18, Corollary IV.1])
yielding exactly the same events; the converse is not true,
in general, due to the restricted dependence from |z| and
le| (instead of x, e) in [18] (the same comment applies
to [14] which once again treat the nonlinear case using
input-to-state stability from |e|). See also the simula-
tion results of Section 6 where we compare these two ap-
proaches. The work in [16] proposes two event-triggering
strategies and generalizes the assumptions in [1,2,18,20].
In particular, the proposed strategies are based on the
relaxation of the input-to-state stability assumptions on
the underlying (not triggered) system to global asymp-
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totic stability assumptions. Unfortunately, these gener-
alizations do not provide improvements on the transmis-
sion rate for LTI systems since on LTI systems the two
properties are equivalent. Both [4] and [11] focus on more
transmission-related implementation issues, thus being
less related to the basic stabilization problem consid-
ered here. In [4] the optimization of a stochastic perfor-
mance index measuring the state variance is considered
for a network of simple dynamical systems, whereas in
[11] the issue of balancing energy consumption in differ-
ent nodes is tackled. Finally, alternative approaches are
simpler to implement but require more bandwidth, like
[3], which guarantees transmissions to happen before the
expiration of the maximum allowable delay compatible
with stability preservation.

In comparison, the transmission policy proposed in the
paper provides some advantages and novelties. First, in
general, global exponential stability is guaranteed with
less conservative bounds with respect to the current lit-
erature (see e.g. the above discussion about [18]). Then,
the formulation within the hybrid systems framework
of [7,8] automatically provides some levels of robustness
which are guaranteed by the framework itself, as well
as several analysis tools that make it easier to establish
some relevant properties and additional results (see e.g.
the output feedback results in Section 4). Finally, an ad-
ditional novelty is the introduction of a timer (the state
7) within the sensors; while simple to implement, such
modification enforces a minimum interval between con-
secutive transmissions of samples, meanwhile preserving
stability (more recently, the same idea was used in [16]).
Finally, our transmission policy forces a synchronous up-
date on each channel. This specific feature can be re-
laxed, as shown in [5]. See also [6]

3.4 Proof of Theorem 1

The proof technique is inspired by [7, Example 27]. From
the assumptions of the theorem, we provide a Lyapunov
function W in (14), we show that W is non-increasing
at each sample transmission (at jumps) in (15), and we
show that W is non-increasing during flows, by decom-
posing the analysis in two parts: (i) for 7 € [0, A], and
(ii) for 7 > A and (x,e) € C. Combining these results
with the invariance principle for hybrid systems in [7,
Theorem 23] and [15], we prove global asymptotic sta-
bility. Finally, based on a recent result in [19, Theorem
2], we strengthen the asymptotic convergence to an ex-
ponential one, by using the hypothesis that B is full col-
umn rank.

Lyapunov function: using X for the aggregate state

[.7 o7 +]7, consider the following Lyapunov function
W(X) = 2T Piz + exp((2p — 7)\)el Pye (14)

where A > 0 is selected later. Using the definitions o :=
Amin(P) and @ := max{Amax(P1), exp(2pA) Amax (P2)}

we get a| X% < W(X) <@|X | (radially unbounded).

Lyapunov function at jumps: we have that

W(XT) = W(X) = —exp((2p — T)N)el Pre < —eT Pre
(15)
for each X such that (x,e) € D and 7 > A.

Lyapunov function on flows: the analysis is developed
by considering two cases: (i) 7 € [0, A], and (ii) 7 > A.

For (i), using ¢(p, A\, 7) := exp((2p — 7)A), consider-
ing that 1 — dz(3) = 1, and defining Ao := Amin(Q),
Y1 = 2|P1F12|, Yo = 2|P2F21| Y3 = 2|P2F22|, and
Y4 := Amin(P2), we get

W < —2TQx + 227 P Froe

+20(p, A, 7)el Py(Farx + Fage)

—Ap(p, A\, 7)el Pre (16)
—Xolz]? + yilzllel +v20(p, A, 7)lel ||
+y30(p A )lel* — Aag(p, A, 7)lef*.

IN

Exploiting the inequality ab < %a2 + eb?, where € > 0,
and a,b € R, from (16) we get

W< =l + o Slal? +m 2 e
tysela]? 4 o LA )2
+y30(p, A, 7)lel* = Myap(p, A, 7)lef?
< (Ao 4+ M+ 72e) |zl
oo A (L IR e
=:\1
< —;)\0|z|2 —o(p, N, T)A1le|? v €0, Al

(17)
where the first term of the last inequality follows from

the selection of € := m, while A\; > 0 is achieved

by picking A, p such that A > 23 4 2 4 226220 yhich
can always be satisfied by picking A > 0 sufficiently
large and p > A > 0 sufficiently small (i.e. for the de-
sign parameter A sufficiently small). For instance, define
c1:= 2 + 2 and ¢y := 2, the inequality above reads
Y4 Y4€ Ya€

A > ¢1 + cop(p, A\, 0), which holds for A := ¢; + 2¢2 and
p sufficiently small, since ¢(p, A\,0) — 1 as p — 0.

For (ii), 7 > A implies (x,e) € C. Thus, considering
1 —dz(3) = 0, and using ¢(p, A, 7) := exp((2p — 7)A),
we get

WS—.Z‘T(Fﬂpl+P1F11).Z‘+2£ETP1F12€ (18)
+2p(p, A, Vel Py (Fo1x + Fhoe)
=(VV(ze), F[E])
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+2(p(p, A\, 7) — 1)eT Po(Fo1x + Fage)

< —yalz? +2(p(p, A, 7) — 1)e” Py(Forx + Fage)

< —elz|® 4 2(0(p, A, 7) — 1)(v2lel |z + yslel?)

< —elz)® 4 2(0(p, A, A) — 1) (y27e| 2] + 7372 |2]?)
Yz |2

*§|$| ;

IN

where the last inequality holds for p > A sufficiently

small. For example, take p = 2A, then ¢(p,\,A) =
V(2A, N, A) = exp(3AN) — 1, as A — 0. As in (17),
the decreasing of W in (18) is achieved by selecting the
design parameter A sufficiently small.

GAS of the set A by invariance principle: since the
event-triggered closed-loop system in (8) satisfies the
basic conditions of [7], from the inequalities above,
following [7, Theorem 23] or [15], A is stable. More-
over, for any given p > 0, consider the level curve
given by () = {X | W(X) = u}. Suppose now that
X(0,0) € ¢(u) N'D with €(0,0) # 0. Then, from (15)
W(X) decreases. Thus, suppose X (0,0) € ¢(u) N D
with e(0,0) = 0. From the definition of D in (12), nec-
essarily @ = 0, thus W(X) = 0 (in fact, for e = 0 and
r # 0, X ¢ D). During flows each solution X such
that X (0,0) € £(1) NC and x(0,0) # 0 guarantees that
W(X) decreases (by (17) and (18)). For X € £(u) NC
and x(0,0) = 0, considering 7 < A, we have that W
decreases (by (17)), while considering 7 > A we have
(z,e) € C which implies |e| < 7.|z| < 0, thus W (X) = 0.
Thus, using the fact that W (X) is radially unbounded
and no complete solutions remain within £(u), by [7,
Theorem 23], the set A is globally asymptotically stable.

Exponential stability of the set A: it follows from the
application of [19, Theorem 2]. For instance, decompose
the state of the event-triggered closed-loop system in
& = (z,e) and & = 7. Then, conditions 1)-3) of [19,
Assumption 1] are satisfied. Moreover, B full column
rank implies the observability of the pair ([I. 0], F).

In fact, using the linear transformation 7" := [_IC (H,
we have T = [ £ 9] from which [§ B] = T'FT and
[1. 0] = [1. 0]T. Thus, the observability of the pair

([1. 0], F) can be established via observability PBH
test on the pair ([1. 0],[§ B]), that is,

A—-sI| B
rank 0 |-sI|=n+q V¥seC, (19)
I, 0

which holds when B is full column rank. Therefore, com-
bining the observability of ([ 7. 0], F') with (15)-(18) and
with the bound on W given after (14), condition 4) of
[19, Assumption 1] is satisfied. Finally, the jumps of
the event-triggered closed-loop system satisfy a dwell-
time constraint, since for each solution X we have that

(t,j) € dom X implies j < %, which satisfies condition
5) of [19, Assumption 1]. Thus, from [19, Theorem 2], A
is globally exponentially stable. O

4 Output-feedback transmission policy
4.1 The transmission policy

The state information used by the transmission policy
can be replaced by an estimation provided by a classical
linear continuous-time observer, which can always be
designed because Assumption 1 implies detectability of
the pair (C, A).

From the even-triggered closed-loop system in (7), the
introduction of an observer dynamics & leads to the fol-
lowing formulation.

T = Ax + Br
t = A2+ Bv+ L(y — C
:.C T+ Bv+Ly-Ci) (Z,v,7) €Ca (20a)
vr=20
’f'Zlde(%)
zt ==z
= ; DA (20b
T,V,T) €
S — Ch ( ) € Da (20b)
Tt =0
y = Cx. (20c)

where the flow dynamics is enriched by the observer dy-
namics with gain L € R"*? and where g := CZ replaces
y = Cz in the transmission updates. Thus, looking at
the definition of flow and jump sets in (20), transmis-
sions depend now on the state v of the sensors and the
estimate Z of the controller-plant cascade state.

The following stability results extend the result of Theo-
rem 1 to the output feedback case under the assumption
that A + LC is Hurwitz (it is always possible to find an
L sastisfying this, under Assumption 1).

Theorem 2 Suppose that the hypotheses of Theorem 1
are satisfied and that A + LC' is Hurwitz. Then, there
exists 0 < A < p (sufficiently small) such that the set

A= {0} x{0} x {0} x[0,2p] C R" xR"xRIxR (21)

is globally asymptotically stable for the closed-loop system
(20). Moreover, if B in (2) is full column rank, then A
in (21) is globally exponentially stable.

The key point of Theorem 2 is in showing that the trans-
mission policy does not need any modification when im-
plemented in feedback from the estimated state. Since
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now ¢y := CZ replaces y = Cz, the transmission event
is now based on &, through a comparison between the
quantities v — C'Z and . Thus, for example, the jump
dynamics of the event-triggered closed loop is now given
by vT = C% which allows for a mismatch dynamics at
jumps given by vt — CiT = C3 — C& = 0, paralleling
the jumps dynamics of the state-feedback case in which
vt =y = Cx guarantees that v™ — Co™ =y — Cz = 0.
Following this approach, the transmission policy oper-
ates on the subsystem (Z,r), whose state is available,
and the stability of the whole closed-loop system follows
from the convergence of & to x, which is guaranteed by
the property of A+ LC and by the dwell-time between
jumps enforced by the timers dynamics.

4.2 Proof of Theorem 2

Error dynamics and Lyapunov function: using the coor-
dinate transformation (Z,e,n) = (&,v — C%,x — &) we
can rewrite (20) as follows

Zi' = Fllii' + F12€ + LCT}
& = 17+ Fose — CLC?]
= (A=LC)
7 =1 da(2)
2T =2, et =
nt=mn,7"=0
(22)
Using the aggregate state X := [iT,eT,T]T and Y :=
(7" 7.y]", consider W (X) defined in (14), and define
P, = PT > 0 such that (A + LC)T'P, + P,(A+ LC) <
—1, from which we can define the Lyapunov function
V:R" x R? x R x R" = R>( given by
V(Y) = W(X)+n" Pon, (23)
where v > 0. From the definition of V', using the bounds

on W, there exists a,@ > 0 such that Y|4 <V(Y) <
alY|?.

(#,e)eCor 0<T<A

(&,e)€D and 7> A

Lyapunov function at jumps: using (16), we have
VYT —V(Y) < —e"Pe (24)
for each Y such that (2,e) € D and 7 > A.

Lyapunov function on flows: (i) for 0 < 7 < A, using
(17) and Ag, Ay given in the last inequality of (17),
pick A and p as in the proof of Theorem 1 and define
Yo = %, 7 = Aexp((2p — A)N), 72 = 2|PLC|,
v := 2exp(2pA)|P,CLC|. Then, we get
V(Y) < —y0l|2|? — 7ile|? + 22T P LCy
—2exp((2p — 7)) P,CLCn — ~|nf?

—0l2[* — v1lel® + v2|&||n| + ~3lelln| — vInl?

—R2? = Fel* = 3Inl?

IN

IN

(25)

where the last inequality is established by using sa? +
%bQ >aba,b € Rxp,e > 0, for v > 0 sufficiently large.

(ii) For 7 > A, (2,€) € C, using (18) with p sufficiently
small, we get

V(Y) < =22 + y|2||n] + yslelln] — vInl?

< =L |22 + (2 +y37%e) [ n] —vlnl> (26)
< %P - 3nl?

where, as before, the last inequality holds for v > 0
sufficiently large.

GAS of A by invariance principle: from the inequalities
above we can establish global asymptotic stability of the
set A following the argument of the proof of Theorem 1.
For instance, define ¢(u) := {Z | W(Z) = u}. For each
solution Y := (Z,n, e, 7) such that Y'(0,0) € ¢,,, we have
that (i) on flows, when &, # 0, V decreases; (ii) on
flows, when & = 0 and n = 0, either V' decreases or
(%,e) € C, from which e = 0, that is, V(YY) = 0; (iii) on
jumps, V does not increase but after each jump the sys-
tem must flow for a A interval of time thus, necessarily,
£(u) is not an invariant set. global asymptotic stability
follows from [7, Theorem 23].

Exponential stability of the set A: exponential stability
of the set A in (21) can be established by using [19,
Theorem 2], as in the proof of Theorem 1. In fact, the
pair

Fi11 Fho LC

( [Ion 8 I(H , [FSI FSQ ACLLCC} ) (27)
is observable when B is full column rank (by linear trans-
formation and PBH-test). Thus, decomposing the state
in& = (&,e,n) and & = 7, using (24)-(26), and observ-
ing that (t,j) € dom X implies j < %, every condition
of [19, Assumption 1] is satisfied. Therefore, A is glob-
ally exponentially stable from [19, Theorem 2].

5 Robustness of the transmission policies

A fundamental feature of the proposed hybrid model (7)
or (20) is that asymptotic stability is robust. These two
models satisfy the so-called basic conditions [7], which
guarantee several regularity properties of the space of so-
lutions to the hybrid system. This regularity is exploited
to establish several robustness results for hybrid systems
stability. Based on these results, we show in this section
that the stability proven in Theorems 1 and 2 is indeed
robust. This is one of the main advantages of model-
ing the transmission policies within the hybrid systems
framework proposed of [9],[7].

We will not enter into the details of robustness theory for
hybrid systems. The interested reader is referred to [8].
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Instead, we will show how to characterize parameter per-
turbations, measurements noise, and transmission de-
lays as a perturbed hybrid model H;s where 6 represents
a perturbation radius with respect to the original system
‘H. Then, for example, we may invoke [7, Theorem 17] to
establish that the asymptotic stability guaranteed by the
transmission policy on the unperturbed system turns to
practical stability when parameters perturbations, mea-
surement noise, and delays are sufficiently small. We do
not propose any formal statement here. We will keep the
exposition at the level of a discussion.

Robustness to measurement noise, parameter uncertain-
ties and transmission delays can be characterized as
shown in [7, p.57]. Using the error model of the state-
feedback policy for simplicity, let us rewrite (8) in the
following simplified form

:.E fite.e) (r,e)eC
¢ = falwe) or 0<7<A
T = f3(7) (28)
xt =z (5.¢)€D
T, e)e
et =0 and 7> A
=0

where the definitions of f1, fo and f3 follow from the
comparison to (8). Different kinds of perturbations can
be addressed by looking at the following perturbed hy-
brid model.

T € fl(:c,e) —+ 51B _
($ +d2,€+d3)EC + 04B

or 0<7T7<A
T € fg(T+d1)+5318
T =a ( \eD
+ds, e +dg)€D.
+ d x )
¢ 0+da and 7> A
Tt =0
(29)
where d;, i € {1,...,6} are disturbance signals, and

d; > 0 are constants. Note that f;(z,e) + §;B is now a
set-valued mapping for each ¢ € {1,2,3}.

We can identify the following three cases of interest.

e Consider 1 = 05 = 63 = 64 = 0 and suppose that The
signals dy,...,ds are typically small, thus bounded
within a ball of radius §pBB, dg > 0. They characterize
possible measurement noise that perturbs the system.
Respectively, d; enforces a drift on the internal timer
of the transmission sensors, ds, ds, ds, dg introduce a
perturbation on the transmission decision, e = 0+ dy,
that is, v = y + d4 corrupts the transmitted sample.

e Suppose d; = 0 for each i € {1,...,6}, 4 = 0, and
0; > 0 for each i € {1,2,3}. Then f;(z,e) + §;B is

a (outer semicontinuous, convex and not-empty) set
valued mapping of radius d;, centered at f;(x,e). The
use of set-valued mappings is a possible approach to
the characterization of parameters uncertainty on the
model.

e Suppose d; =0 for eachi € {1,...,6},d; = 0 for each
i € {1,2,3}, and §;, > 0. Since the flow set is now
larger, also the space of solutions to the perturbed sys-
tem is larger than the space of solutions to the original
hybrid model (8). The new solutions have an “excess”
of flow which exactly characterizes transmission de-
lays. In fact, the excess of flow represents a scenario
in which a sample transmission should be performed
but the system continues to flow for a given (small)
amount of time.

Using the fact that the original model (8) satisfies the
basic conditions (see e.g. [7,8]), the continuity of the flow
map in (8), and the fact that each signal d; is bounded
by doB, we invoke [7, Theorem 17] (as done in [7, p.57])
to establish that for any given compact set of initial con-
ditions K and any € > 0, there exist sufficiently small
values of 6; > 0,7 € {0,1,2,3,4}, such that all the so-
lutions to (28) asymptotically (and uniformly) converge
to the set A + eB. It follows that the transmission pol-
icy is robust to (small) measurement noise, parameters
uncertainty and transmission delays. This property cor-
responds to semiglobal practical stability, where practi-
cal refers to the fact that solutions converge to a neigh-
borhood of A given by A + B, while semiglobal refers
to the fact that the initial compact set I can be taken
arbitrarily large.

Remark 2 While this section illustrates the robustness
of our scheme for small disturbances and/or perturba-
tions, it is also of interest to characterize some level of
robustness in the presence of large seldom events, such
as packet corruption or loss within the transmission net-
work. This phenomenon can be captured by adding an
extra state to (4), (5), which acts like an input matched
disturbance to the right hand side of the first equation
in (4) and remains constant between jumps. Robustness
to this (non-small) disturbance can then be addressed
by making assumptions on its persistency (for example
one may use dwell-time or average dwell-time assump-
tions between packet losses, that is nonzero occurrences
of this disturbance) and exploiting the strict decrease
given by our Lyapunov functions to dominate the effect
of this large but not persistent disturbance. Developing
this analysis is beyond the scope of this paper. J

6 Simulation examples

Consider an unstable plant given by the transfer func-
tion (s_‘_f)*ﬁ, which can be stabilized by negative static
output feedback, for example by using the gain & = 9.
The controller-plant cascade is represented by the fol-
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lowing state space equations

{i HRAE (30)
yp = [0505]

and the nominal closed-loop system is given by (30)
through the interconnection u. = y,,.

For P; = [J091897] 0 < 7, < 1,7 > 1, and P, €
{0.1,10}, conditions (S1) of Section 3 are satisfied and
the effect of the transmission sensors on the trajectories
of the system in the state-feedback case is summarized in
Figures 2 and 3. In all the simulations the state v is ini-
tialized at zero for simplicity, A := 0.01 and p := 0.02.
The transmission instants are identified by the verti-
cal lines within the input signal traces in the rightmost
graphs.

The top row of Figure 2 represents the time evolution of
the event-triggered system (z and v) with state informa-
tion available and without corruption of the transmitted
samples for P, = 0.1 (black curve) and P> = 10 (gray
curve). Note that the solid curve, corresponding to a
smaller value of P, results in a significantly reduced data
rate, as compared to the other selection (gray) whose
trace is almost coincident with the nominal closed-loop
(thin red curve), namely the closed loop with no trans-
mission channel. The bottom row of Figure 2 shows the
same simulations with the addition of a uniform random
number between -0.1 and 0.1 added to each transmit-
ted sample, representing transmission noise affecting the
communication channel. Comparing the solid traces in
the upper and bottom rows it appears that the channel
noise negatively affects the transmission rate but, as in-
dicated in Section 5, closed-loop (practical) stability is
preserved.

Figure 3 proposes a comparison between the case P, =
0.1 (solid curves in all traces of Figures 2 and 3) and
the state-feedback policy in [18]. To apply the results
of [18] to this example, we consider V = 2T Pz with
the same P; used by our algorithm (defined above).
From (8) we have that V < —alz|?> + y|z||e| where
o = 1 and v = 4.046. Thus, following the notation in
[18, Equation (8)], we enforce a transmission of a sam-
ple when ~le| > oa|z|, for 0 = 0.9 < 1 (which pre-
serves the decrease of V' along the solutions). The plots
clearly illustrate the reduced transmission rate of our ap-
proach as compared to the policy based on [18, Equation
(8)]. In particular, when the initial condition is balanced
2(0,0) = [1 1] in the top row of Figure 3), a reduced
transmission rate is already visible. However, the great-
est advantage is experienced with the unbalanced initial
condition #(0,0) = [10 1] of the bottom row. It should
be also recalled that the reduced transmission rate that
we achieve is due to the fact that we restrict our atten-
tion to linear control systems, while the work in [18] ad-

_ state feedback P2 =0.1
state feedback P2 =10 1

state feedback P, =0.1
state feedback P, = 10

— Nominal 08 Nominal

0.5 1 15 2

state feedback P,=01
state feedback P, = 10 1

state feedback P,=01
state feedback P,=10

—— Nominal

Nominal

0 0.5 1 15 2 o 05 1 15 2
t t

Figure 2. State-feedback transmission policy: time evolution
of state x and input u. for P» € {0.1,10}. TOP - no sam-
ple corruption. BOTTOM - sample corruption by uniform
distributed noise between —0.1 and 0.1.

state feedback P2 =01

Tabuada, TAC 2007 08 \

—— Nominal |
06|

_ state feedback F‘2 =01

Tabuada, TAC 2007
—— Nominal

041\

-0.2

-0.4

-0.6
0 05 1 15 2
t t

—state feedback P, =0.1 —state feedback P, =0.1

8 Tabuada, TAC 2007 5
—— Nominal

Tabuada, TAC 2007
—— Nominal

Figure 3. Comparison between the state-feedback transmis-
sion policy for P, = 0.1 and the policy of [18]. TOP - compar-
ison from the (balanced) initial condition z(0,0) = [1 1].
BOTTOM - comparison from the (unbalanced) initial con-
dition x(0,0) = [10 1]7.

dresses nonlinear systems for which more conservative
bounds need to be used in general.

Finally Figure 4 represents the time evolution of the
transmission policy from the estimated state £ and with-
out any noise. The observer gain is L = [*_164.'6787]. For a
fixed value of P, = 0.1, the convergence to zero depends
on the initial mismatch between & and .

Preprint submitted to Automatica
Received October 6, 2013 11:06:07 PST



CONFIDENTIAL. Limited circulation. For review only

output‘feedback HO:[O.l OA:I.‘], PZ:O.l
output feedback n0=[1 1], P,=0.1

Nominal

2 I I I I I I I
0 0.5 1 15 2 25 3 35 4

| " output feedback 1 =[0.1 0.1], P,=0.1
| _____output feedback noz[l 1], P,=0.1

Nominal

Figure 4. Output-feedback transmission policy: time evolu-
tion of state z and input u.. P> = 0.1. Initial conditions:
2(0,0) = [1 1]7, and 7(0,0) = [0.1 0.1]F - small estimation
error (gray line), or 1(0,0) = [1 1]¥ - large estimation error
(black line).

7 Conclusions

We proposed an event-triggered transmission policy that
preserves the asymptotic stability of the original closed-
loop system. Global exponential stability is guaranteed
if the input matrix of the plant-controller cascade is full
column rank. The transmission policy is based on the
knowledge of the state, but the information on the state
can be replaced by the state-estimation provided by a
linear continuous-time observer (the exponential stabil-
ity bounds are preserved). Robustness to small perturba-
tions is guaranteed by classical results on hybrid systems.
Simulations illustrate the effectiveness of the transmis-
sion policy and improved performance with respect to
earlier event-triggered transmission policies.
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