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A note on robustness of Linear Spatially Distributed Parameter
Systems and Their Numerical Approximations

Ying Tan and Dragan N&c
The Department of Electrical and Electronics Engineering,
The University of Melbourne, Parkville, VIC 3010

Abstract—In this paper, we investigate a relationship be- context is to establish a relationship between the robustness
tween robust stability properties of linear spatially distributed properties of the system model and the robustness properties
parameter systems (LSDPS) with disturbances and robust o jis numerical approximations. Indeed, since numerical
stability properties of their numerical approximations. Since L L . - L -
it is hard to analytically find solutions of a partial differential methods are ubiquitous in simulation studlgs, Itis 9FUC'3'
equation, numerical methods, such as finite-difference methods, t0 understand to what extend and under which conditions a
are always used to approximately find the solutions. Moreover, it numerical scheme can reproduce robust stability properties
is crucial the the numerical method reproduces (approximately) of the system itself. It is worthwhile to note that there
the behaviour of the actual system model. For instance, if the 516 many numerical methods available in numerical analysis
actual system is stable in some sense, then the numerical method . .
should possess (approximately) the same stability property and of LS_DPS’ for example, finite-difference me'Fh_od [_13]’ (21,
vice versa. Our results show that input-to-state exponential [14], finite element methods [14] and so on. Finite-difference
stability (ISES) properties of the numerical approximation with  methods are discussed in this paper for two reasons. On one
respect to disturbances imply practical ISES of the LSDPS  hand, finite-difference methods are quite simple to imple-
provided that: (i) the finite-difference approximation is consis- ment in practice. On the other hand, the well-known Lax-

tent with the model; (ii) an appropriate uniform boundedness - . .
condition holds for the numerical method. A similar result Richtmyer Equivalence theorem [13] provides a powerful

can be stated under the same sufficient conditions where ISES tool for characterizing the approximating properties of finite
of the actual system implies practical ISES of the numerical difference methods. In this paper, we revisit the Lax theorem
scheme. Our results can be regarded as an extension of the for systems with disturbances and we use the result to

celebrated Lax theorem to systems with disturbances, as well ggiap|ish a link between the robust stability properties of the
as its application to analysis of ISES. This question is typically LSDPS and thei ical imati

not considered in the numerical analysis literature and yet it .an .elr numerical approximations. .

often arises in control applications. Our first main result shows that when a numerical approx-

imation of LSDPS is ISES, then LSDPSpsactically-ISES
. INTRODUCTION if the solutions of LSDPS and its numerical approximation
Linear spatially distributed parameter systems (LSDPSJ)an be made arbitrarily (weakly) close on the compact time
arise in a range of different control applications in opticalntervals. Furthermore, when a stronger type of closeness
telecommunications, fluid flows, thermal processes, biobf solutions is ensured, the solution of LSDPS will recover
ogy, chemistry, environmental sciences, mechanical systentise same ISES properties when the numerical approxima-
and so on [2], [3]. LSDPS are modelled by linear partiation is ISES. The second main result discusses how to
differential equations (PDE) (or abstract linear differentiabnsure the weak or strong closeness of solution. It is shown
equations), as opposed to linear lumped parameter systethat when the finite-difference approximation is consistent
(LLPS) that are modelled by linear ordinary differentialwith the model of LSDPS and it is uniformly bounded
equations (ODE). As disturbances are inevitable in mo&t an appropriate sense, then the solutions of LSDPS and
control applications, robustness of LSDPS with respect tile finite-difference approximation can be made arbitrarily
disturbances is one of the central issues in stability analysigeakly/strongly close on compact time intervals. This last
of these systems. result can be viewed as a version of the celebrated Lax
For systems with disturbances, there are many differetiteorem whose form is useful in stability robustness analysis.
ways to analyze stability robustness of the system. One of theThis paper is organized as follows. In Section 2, we
most popular methods is thes/H., stability framework. present the preliminaries. Section 3 contains the main results
H results have been extended from LLPS to LSDP$%llowed by conclusions in Section 4. Proofs of Theorems 2
(see [15]). Input-to-state (ISS) stability notion provides amand 1 are provided in the Appendix.
alternative framework for robust stability analysis, see for
instance [4], [5], [6], [7]. Il. PRELIMINARIES
Providing results and tools for analyzing different forms In this paper, the set of real numbers is denote® athe
of robust stability is one of the central themes in controset of complex numbers is denoted@sX andW are both
theory. An important (but often neglected) question in thi®anach spaces with their respective norms denotelfl|as



and ||-||;,. A functiony : R>g — R>¢ is of classg if itis  whereM > 1 andw > 0 are positive constants.
zero at zero, continuous and nondecreasing. The continuoudJsually the solutions of system (1) is hard to find analyti-
function p : R>g — R>¢ is of classK if p(0) =0, p(z) cally. The numerical methods are widely used to approximate
is strictly increasing and tends to infinity as— oo. Given the solutions of the system (1). There are many numerical
a measurable functiom : R>, — W, we define its infinity methods available in literature, for example, finite difference
norm ||wl| ., := esssup,>g ||w(t)|y, . If we have|w| , < methods, finite element methods and so on. In this paper, we
oo, then we writew € L.. We denotef(X,Y) as the space focus on a finite difference method, whose form is taken as
of all linear bounded operator frolX to Y where bothX  follows:
andY are Banach spaces afdX) := £(X, X). n n n

We consider syste?ns govelfged) by pa(rtial di)fferential equa = B(At Ax)u” + (AL AxJu”, u = (6)
tions with appropriate initial and boundary conditions thajyherew, € X, w™ € W. Here E(At, Ax) and F(At, Ax)
can be represented using the following abstract differentiglenote linear finite difference operators which depend on the
equation (for more details on how to carry out such transize of the time increment and on the sizes of the space

formations see [15], [14], [13]): incrementsAx. Followed the same concepts [13], we assume
that £ is a bounded linear transformations whose domain is
du — Au+Bw t>0 the whole spgc?( and F' is also a bounded linear operator
dt whose domain is the whole spaBé. Moreover, there exists
u(0) = o, (1) a continuous map;, i = 1,...,n with ¢;(0) = 0 such that
where A : D(A) — X is the infinitesimal generator of Az, = gi(At)

a continuous o) semigroupS(¢) in X and D(A) is the

domain of A, which is a subset inX (by considering the which tells how the space increments approache zero as the
domainsY C D(A), we can incorporate homogeneoudime increment geos to zero along the sequence. Denote
boundary conditions, see [14]w € W is disturbance. C(At) := E(At,g(At)) and D(At) := F(At, g(At)),
B:W — X_;, whereX_; denotes the closure of inthe whereg(:) = [gi(cot), ga(-), ... ,gn(-)]T. Therefore (6) can

norm ||z | = H()\I — A)"'z|| . Here)is any element be re-written as

of p(A) and p(A) denotes the resolvent set df, i.e., the u"tt = C(AHU" + D(AH)W",  u® =g (7
set of alls € C such thats] — A : D(A) — X is bijective

and(sI — A)~! € £(X). SinceX_; is a closure ofx, itis WhereC(At) € £L(X) and D(At) € L(W, X).

clear thatZ(W, X) c L(W, X_;). The control operatoB In what follows, we will denote the solutions of (1) at
is called bounded if it maps boundedly into the state spadéne ¢ = nAt starting at an initial condition,, and with

X, that is, there exists a positive constadf; such that a disturbancew(t),t € [0,nAt] asu(nAt). Similarly, the
solution of (7) at timen starting at an initial condition:

1Bl cw,x) < M- (@) and with a disturbance*, k € [0,n] asu™. Moreover, we
OtherwiseB is called “unbounded” (with respect to the stateassume that” = w(kAt) for all k.
spaceX). We consider the weak solution of (1) in the space
X_1, i.e., S(t) extends to a strongly continuous semigroup
on X_;. The generator ofS(¢) on X_; is an extension In [13], it was shown that uniform boundedness and
of A to X (which is bounded as an operator froii to consistency of a numerical method is necessary and sufficient
X_,,i.e., D(A) = X). We shall use the same notatisigt) for closeness of solutions of the actual system and the
(respectively, A) for the original semigroup (respectively, it§lumerical method on arbitrary compact time intervalhe

IIl. CLOSENESS OF SOLUTIONS

generator) and the associated extensions. results in [13] apply to systems without disturbances and
First of all, we assume that the system (1) is well-posedhe notion of closeness of solutions that is used in [13] is
The well-poseness is defined as follows slightly weaker than the notion that we need. It is the purpose

Definition 1: Then abstract differential equation (1) isof this section to revisit results in [13] for systems with
well-posed, if the operatad generates &),-semigroupS(-) disturbances and prove an appropriate closeness of solutions
and B is a bounded operator so that the solution of (1) igesult that can be used in the next section to analyze how

given by ISES properties of the actual system are related to the ISES
' properties of the numerical method. Our results will be stated
u(t) = S(t)ug +/ S(t — T7)Bw(r)dr € X, (3) for a set of disturbances satisfying the following:
0 Assumption 1. The disturbancesw(-) are continuously
and (1) holds onX_, for any¢ > 0. differentiable functions (their derivative is denotedias)),
Remark 1:Note thatS(¢) is a Cyo-semigroup, which has
the following properties [15, Theorem 2.16] IWe note that we use a different terminology from [13]. What we
¢ call “uniform boundedness” is referred to as “stability” of the numerical
1 IS d 0+ .V X 4 method in [13] and what we call “closeness of solutions” is referred to as
n . (T)udr — u, ast — 07, Vu € 4 “convergence” in [13]. The reason for this change of terminology comes

wi from the fact that we prefer to reserve the term “stability” (that is ISES) for
[SOllgx) < Me*",  VO<t<oo. (5)  dynamical properties of solutions of the system on infinite time intervals.



such thatw, W € L (in particular, we assume tht|| < and K come from Definition 3. Next we define
r for somer > 0). We denote the set of all such disturbances

asF.
A direct consequence of Assumption 1 and the Lebourg’s T; == p;" (KJvfwt> , (12)
Mean Value Theorem [1, Theorem 2.4, pg. 75] is the et
following
. where M andw come from (5);
() = w(r)ly < [l I = 7ol ®) v ©)
wherer,, 5 are arbitrary. 5
Condition (8) is can be relaxed but we use it to simplify T = (13)

wt ’
our presentation. It means that the disturbances are glob- tMetMp

ally Lipschitz and bounded functions (in thé,, sense).
The following definitions, which are widely encountered inwhere Mz comes from (2). Lef? > 0 be such that for all
numerical analysis [13] are employed in this paper. At € (0,77) we have that

Definition 2: The numerical method (7) is said to be a
consistent finite-difference scheme (with the system (1)) if
there existpy, po € G and T* > 0 such that for allAt € |S(nAt —7) — S((n — j)A)|| <
(0,T%), u(t) € X andw(t) € W we have 3tMp

I{C(AL) = S(AD)}u(t)]| x < Atpy(AL) [[u()lly - (9)

(14)

for all j : jAt € [0,t] andT € [jAt, (j + 1)A¢] (this T¢
always exists because of (4)). Finally, we introduce

{282 s}uco] < stmsototon . o

At
Remark 2: The con5|stency conditions (9) and (10) are T e =1 1) 15
stronger than those in [13] and [2]. We need these stronger 6 U\ 3K Mg Mevtt (15)

notions of consistency in order to obtain a stronger closeness
of solutions property that is needed in our results given in
the next section.

Definition 3: The numerical method (7) is said to be
uniformly boundedin small A¢) if for any ¢ > 0 there exist Ty = py ! (‘5) (16)
T* > 0 and K > 0 such that for allA¢t € (0,7*) and alln
such thatnAt € [0,¢] we have thét

|C(AD)"| < K . (11) and, finally, we define
Definition 4: We say that the solutions of (1) and the
solutions of the numerical method (7) can be made arbitrarily T —  min T (17)
close on compact time intervals if the following holds. For e,
anyt > 0 and any positive constant there exists a positive
constant7™* > 0, such that for allAt € (0,7*), up € X,
w € F andn : nAt € [0,t] we havé In the sequel, we assume thatt € (0,7*) and we

n . consider arbitraryn such thatnAt € [0,¢]. Hence, we can
[u(nA) —u"|[x < 6(luollx + l[wlloo + [|td]]oo) write:

Theorem 1:Suppose that Assumption 1 and the following
conditions hold:

(i) the numerical method (7) is consistent with (1); lu(nAt) —u™|| y
(i) the numerical method (7) is uniformly bounded.

Then, the solutions of (1) and the solutions of the numerical =

nAt
S(nAt)ug + / S(nAt — 7)Bw(r)dr
method (7) can be made arbitrarily close on compact time 0

intervals. . n—1 - ;
Proof of Theorem 1: Let arbitraryt > 0 andd > 0 be —C"(At)ug — Z ¢ (At)D(At)w’|| (18)
given. LetT; and p;, p, come from Definition 2. Letl 3=0 X

2This condition is typically referred to as “stability” of the numerical . .
method in the numeylF(;aI a);\alygs literature. As th):a term “stability” isBY addmlgA and SUbtraCtmg‘ the following terms
reserved in our paper for characterizing the dynamical properties of thE f(H' ) t At — T)Bw]d'r At Z’_L:Ol S’((n —
system and the numerical method, we adopted this new terminology. J n—1 ~p—1—j j 7= .

SWe assume the same initial conditiafy for the solutions of (1) and J)At) w’ and AtZ C (At) w’dr to the ”ght
). hand side of (18), we can write:



[u(nAt) —u"| x

< |IS(nAt)ug — C™ (At)uol|x
n—1 L.(j+1)At )

+ Z/ S(nAt — 7)B(w(t) — w’)dr
j=0 Jint .
n—1 .(j+1)At )

+ Z/ S(nAt — 7)Bu’
j=0Jint

n—1
—At Y S((n— j)At)Bu
3=0 <
n—1
+[At> " S((n - j)At)Bu’
3=0
n—1
—AtY " C" I (At) B (19)
j=0 X
n—1
1 D(At)\
n—1—j _ Vi
- AtZC (At) (B A >w
j=0 x

We complete the proof by bounding separately each of tHE
terms on the right hand side of (19). First note that (see [12

pg. 92)])
{S(nAt) — C™(At)} ug

n—1
= S (AN [0(AY) - S(A] S((n — 1 — ) Ab)u,
j=0

Denotev,; = [C(At) — S(At)] S((n — 1 — j)At)ug. Then,
from item (i) of the theorem and (5) we have that

lvill < Atpr(At)Me*! fJuo] x -

Next, we bound the third term in (19). Using (4), (2) and
our choice (14), we can bound the third term in (19) by

) 0
—— - Mpt = - .
san Metlvle =5 vl
We bound now the fourth term in (19). In this case, we use
the calculations similar to the ones we used to obtain (20),
(2) and our choice of (15) to obtain that this term can be
bounded by

(23)

1)
KMe i (AnAMg lull o = 5wl - (24

Finally, we use items (i) and (ii) of the theorem and our
choice of (16) to bound the fifth term in (19) by

0
Kpx(At)Atn w]o = 3wl - (25)

The proof is completed by combining the bounds obtained
in (20), (22), (23), (24), (25) to write:

lu(nAt) —u"|x <

(lluollx + lwllee + llwllo0) -

IV. INPUT-TO-STATE EXPONENTIAL STABILITY

Now we define the stability properties of the system (1)
Definition 5: Let L,A\,v > 0. The solutions of well-
osed initial value problem (1) are said to lieput-to-state
xponentially stable (ISES)ith the disturbance gaif if for
anyu(tp) = up € X, and anyw(-) the solutions of (1) exist
and satisfy
lu()llx < Le ) |lug|| x + 7 [[wpeg 4]

< ~» (26)
vVt > to > 0, wherewy, , denotes the values of disturbance
on the time intervalto, t].

Definition 6: Let v > 0 be given. The solutions of (7)
are said to be practicallynput-to-state exponentially stable
(ISES)with disturbance gainy if for any § > 0 there exist
L,\, T* > 0 such that for allAt € (0,7%), u(ng) = up € X

Moreover, because of our choice in (12) and using the ite@ndw the solutions of (7) exist and satisfy

(i) of the theorem, we can bound the first term in (19) a

follows:

n—1
> (At
j=0

X

IN

n—1

ZK 5l x

j=0

nAtpy (At)Me“" ||uol|

6 [Juollx -

IN A

(20)

Turllx < Le 2078 Jug|| -+ (74 6) [[wpng [, + (27)

Vn Z no > 0 o
Theorem 2:Suppose that Assumption 1 and the following

conditions hold:

(i) the numerical method (7) is consistent with (1);

(iiy the numerical method (7) is uniformly bounded.

Then, (1) is ISES with disturbance gainif and only if (7)

is practically ISES with disturbance gain o
Remark 3:We note that while the gains in ISES properties

in Theorem 2 are the same for the systems (1) and (7), we do

Now we bound the second term in (19). Note that we canot show in our proof that the exponentially decaying terms

write the second term as follows:

n—1 (j4+1)At ,
Z/ S(nAt —7)B (w(t) —w’) dr

JAt

(21)

X

=0

Using Assumption 1, the inequalities (5) and (2), as well a&

our choice (13), we can bound (21) by

A Mp AL [, < 5[], - (22)

that involve initial conditions are the same.
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VII. APPENDIX

Logemann, H., R. Rebarber and S.Townley, “Stability of infinite-

A. Pazy, Semigroups of Linear Operator and Applications to PartiafV

show that the following holds for alt € [k2, k3]:

T.-J.Tarn, J.R.Zavgren Jr. and Z. Zeng, “Stabilization of infinite di-
mensional systems with periodic feedback gains and sampled outpu

, 0 0.
Tt < o bl + (v 5 ) sl + 3 il

Using the induction, we conclude that the following holds
foralli=1,2,... and allk € [k;, ki+1]

+ 2 ol + 2 eigeos]
v 9 [ko,k] 2 [ko,k] || 0o

exe_x%(k_k”) HUOHX + (v + 1) ||w[ko,k]H + 0

where A = In (5). Moreover, from (29) we have that for

k € [ko, k1], we have:
k]|

whereL; := L + ¢*$. Combining the last two inequalities
we obtain that

|

], < eMonX+(

<

< Lye Atk ol x + (v +01) Hw[ko,k] ||oo +01,

IN

B Le 240 llug|| o + (v + 61) [|wieg ag || + 61

hereL := max{e*, L} and X = min{}\, 2 }.

<= The proof follows almost the same steps as the proof
of sufficiency. However, note that the system (1) does not
depend omAt and we obtain that for arbitray > 0 we can

adjustAt in (7) so that we conclude that the solutions of (1)

Proof of Theorem 2—> Note that conditions of Theorem satisfy
2 imply that all conditions of Theorem 1 hold. Hence, the = N(t—to)
solutions of (1) and (7) can be made arbitrarily close on lu(®)llx < Le [uollx + (v + ) lwllo +6 -
compact time intervals. Moreover, since (1) is ISES, we cagince the above bound holds for eath- 0, we conclude
write that for arbitraryt > 0 andd > 0 there existsI™ >0  that it holds for§ = 0.
such that for allA¢ € (0,7*) and all k > ko such that
(k — ko)At € [0, t] then:

[ukll e < Le A0ERo) Jlug|| o 4 avgy i

(28)
+8[luoll x + [|wimon || o + [ @0rko.m ] ]

Il

Let arbitraryd; > 0 be given. Leth = min{d;, 4, /r}, where

r comes from Assumption 1 (i.¢la|| . < r. Lett be such
that for all s > ¢ we have thatLe™* < 2. Let (2t,9)
generateT™ and letAt € (0,7*). Introducek; such that
(kix1 — ki)At = t (we assume without loss of generality
thatt/At is an integer - this assumption can be relaxed but
it would complicate slightly the presentation). Then, we have



