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A note on robustness of Linear Spatially Distributed Parameter
Systems and Their Numerical Approximations

Ying Tan and Dragan Nešić
The Department of Electrical and Electronics Engineering,

The University of Melbourne, Parkville, VIC 3010

Abstract— In this paper, we investigate a relationship be-
tween robust stability properties of linear spatially distributed
parameter systems (LSDPS) with disturbances and robust
stability properties of their numerical approximations. Since
it is hard to analytically find solutions of a partial differential
equation, numerical methods, such as finite-difference methods,
are always used to approximately find the solutions. Moreover, it
is crucial the the numerical method reproduces (approximately)
the behaviour of the actual system model. For instance, if the
actual system is stable in some sense, then the numerical method
should possess (approximately) the same stability property and
vice versa. Our results show that input-to-state exponential
stability (ISES) properties of the numerical approximation with
respect to disturbances imply practical ISES of the LSDPS
provided that: (i) the finite-difference approximation is consis-
tent with the model; (ii) an appropriate uniform boundedness
condition holds for the numerical method. A similar result
can be stated under the same sufficient conditions where ISES
of the actual system implies practical ISES of the numerical
scheme. Our results can be regarded as an extension of the
celebrated Lax theorem to systems with disturbances, as well
as its application to analysis of ISES. This question is typically
not considered in the numerical analysis literature and yet it
often arises in control applications.

I. I NTRODUCTION

Linear spatially distributed parameter systems (LSDPS)
arise in a range of different control applications in optical
telecommunications, fluid flows, thermal processes, biol-
ogy, chemistry, environmental sciences, mechanical systems,
and so on [2], [3]. LSDPS are modelled by linear partial
differential equations (PDE) (or abstract linear differential
equations), as opposed to linear lumped parameter systems
(LLPS) that are modelled by linear ordinary differential
equations (ODE). As disturbances are inevitable in most
control applications, robustness of LSDPS with respect to
disturbances is one of the central issues in stability analysis
of these systems.

For systems with disturbances, there are many different
ways to analyze stability robustness of the system. One of the
most popular methods is theH2/H∞ stability framework.
H∞ results have been extended from LLPS to LSDPS
(see [15]). Input-to-state (ISS) stability notion provides an
alternative framework for robust stability analysis, see for
instance [4], [5], [6], [7].

Providing results and tools for analyzing different forms
of robust stability is one of the central themes in control
theory. An important (but often neglected) question in this

context is to establish a relationship between the robustness
properties of the system model and the robustness properties
of its numerical approximations. Indeed, since numerical
methods are ubiquitous in simulation studies, it is crucial
to understand to what extend and under which conditions a
numerical scheme can reproduce robust stability properties
of the system itself. It is worthwhile to note that there
are many numerical methods available in numerical analysis
of LSDPS, for example, finite-difference method [13], [2],
[14], finite element methods [14] and so on. Finite-difference
methods are discussed in this paper for two reasons. On one
hand, finite-difference methods are quite simple to imple-
ment in practice. On the other hand, the well-known Lax-
Richtmyer Equivalence theorem [13] provides a powerful
tool for characterizing the approximating properties of finite
difference methods. In this paper, we revisit the Lax theorem
for systems with disturbances and we use the result to
establish a link between the robust stability properties of the
LSDPS and their numerical approximations.

Our first main result shows that when a numerical approx-
imation of LSDPS is ISES, then LSDPS ispractically-ISES
if the solutions of LSDPS and its numerical approximation
can be made arbitrarily (weakly) close on the compact time
intervals. Furthermore, when a stronger type of closeness
of solutions is ensured, the solution of LSDPS will recover
the same ISES properties when the numerical approxima-
tion is ISES. The second main result discusses how to
ensure the weak or strong closeness of solution. It is shown
that when the finite-difference approximation is consistent
with the model of LSDPS and it is uniformly bounded
in an appropriate sense, then the solutions of LSDPS and
the finite-difference approximation can be made arbitrarily
weakly/strongly close on compact time intervals. This last
result can be viewed as a version of the celebrated Lax
theorem whose form is useful in stability robustness analysis.

This paper is organized as follows. In Section 2, we
present the preliminaries. Section 3 contains the main results
followed by conclusions in Section 4. Proofs of Theorems 2
and 1 are provided in the Appendix.

II. PRELIMINARIES

In this paper, the set of real numbers is denoted asR, the
set of complex numbers is denoted asC. X andW are both
Banach spaces with their respective norms denoted as‖·‖X



and‖·‖W . A function γ : R≥0 → R≥0 is of class-G if it is
zero at zero, continuous and nondecreasing. The continuous
function ρ : R≥0 → R≥0 is of classK∞ if ρ(0) = 0, ρ(z)
is strictly increasing and tends to infinity asz →∞. Given
a measurable functionw : R≥0 → W , we define its infinity
norm ‖w‖∞ := ess supt≥0 ‖w(t)‖W . If we have‖w‖∞ <
∞, then we writew ∈ L∞. We denoteL(X, Y ) as the space
of all linear bounded operator fromX to Y where bothX
andY are Banach spaces andL(X) := L(X, X).

We consider systems governed by partial differential equa-
tions with appropriate initial and boundary conditions that
can be represented using the following abstract differential
equation (for more details on how to carry out such trans-
formations see [15], [14], [13]):

du

dt
= Au + Bw t ≥ 0

u(0) = u0, (1)

where A : D(A) → X is the infinitesimal generator of
a continuous (C0) semigroupS(t) in X and D(A) is the
domain of A, which is a subset inX (by considering the
domains Y ⊂ D(A), we can incorporate homogeneous
boundary conditions, see [14]).w ∈ W is disturbance.
B : W → X−1, whereX−1 denotes the closure ofX in the
norm ‖x‖X−1

:=
∥∥∥(λI −A)−1

x
∥∥∥

X
. Hereλ is any element

of ρ(A) and ρ(A) denotes the resolvent set ofA, i.e., the
set of all s ∈ C such thatsI − A : D(A) → X is bijective
and(sI −A)−1 ∈ L(X). SinceX−1 is a closure ofX, it is
clear thatL(W,X) ⊂ L(W,X−1). The control operatorB
is called bounded if it maps boundedly into the state space
X, that is, there exists a positive constantMB such that

‖B‖L(W,X) ≤ MB . (2)

OtherwiseB is called “unbounded” (with respect to the state
spaceX). We consider the weak solution of (1) in the space
X−1, i.e., S(t) extends to a strongly continuous semigroup
on X−1. The generator ofS(t) on X−1 is an extension
of A to X (which is bounded as an operator fromX to
X−1, i.e.,D(A) = X). We shall use the same notationS(t)
(respectively, A) for the original semigroup (respectively, its
generator) and the associated extensions.

First of all, we assume that the system (1) is well-posed.
The well-poseness is defined as follows

Definition 1: Then abstract differential equation (1) is
well-posed, if the operatorA generates aC0-semigroupS(·)
and B is a bounded operator so that the solution of (1) is
given by

u(t) = S(t)u0 +
∫ t

0

S(t− τ)Bw(τ)dτ ∈ X, (3)

and (1) holds onX−1 for any t ≥ 0.
Remark 1:Note thatS(t) is a C0-semigroup, which has

the following properties [15, Theorem 2.16]

1
t

∫ t

0

S(τ)udτ → u, as t → 0+, ∀u ∈ X (4)

‖S(t)‖L(X) ≤ Meωt, ∀0 ≤ t < ∞. (5)

whereM > 1 andω > 0 are positive constants.
Usually the solutions of system (1) is hard to find analyti-

cally. The numerical methods are widely used to approximate
the solutions of the system (1). There are many numerical
methods available in literature, for example, finite difference
methods, finite element methods and so on. In this paper, we
focus on a finite difference method, whose form is taken as
follows:

un+1 = E(∆t, ∆x)un + F (∆t,∆x)wn, u0 = u0 (6)

whereu0 ∈ X, wn ∈ W . HereE(∆t,∆x) andF (∆t, ∆x)
denote linear finite difference operators which depend on the
size of the time increment∆t and on the sizes of the space
increments∆x. Followed the same concepts [13], we assume
that E is a bounded linear transformations whose domain is
the whole spaceX andF is also a bounded linear operator
whose domain is the whole spaceW . Moreover, there exists
a continuous mapgi, i = 1, . . . , n with gi(0) = 0 such that

∆xi = gi(∆t)

which tells how the space increments approache zero as the
time increment geos to zero along the sequence. Denote
C(∆t) := E(∆t,g(∆t)) and D(∆t) := F (∆t,g(∆t)),
whereg(·) = [g1(cot), g2(·), . . . , gn(·)]T . Therefore (6) can
be re-written as

un+1 = C(∆t)un + D(∆t)wn, u0 = u0 (7)

whereC(∆t) ∈ L(X) andD(∆t) ∈ L(W,X).
In what follows, we will denote the solutions of (1) at

time t = n∆t starting at an initial conditionu0 and with
a disturbancew(t), t ∈ [0, n∆t] as u(n∆t). Similarly, the
solution of (7) at timen starting at an initial conditionu0

and with a disturbancewk, k ∈ [0, n] as un. Moreover, we
assume thatwk = w(k∆t) for all k.

III. C LOSENESS OF SOLUTIONS

In [13], it was shown that uniform boundedness and
consistency of a numerical method is necessary and sufficient
for closeness of solutions of the actual system and the
numerical method on arbitrary compact time intervals1. The
results in [13] apply to systems without disturbances and
the notion of closeness of solutions that is used in [13] is
slightly weaker than the notion that we need. It is the purpose
of this section to revisit results in [13] for systems with
disturbances and prove an appropriate closeness of solutions
result that can be used in the next section to analyze how
ISES properties of the actual system are related to the ISES
properties of the numerical method. Our results will be stated
for a set of disturbances satisfying the following:

Assumption 1:The disturbancesw(·) are continuously
differentiable functions (their derivative is denoted asẇ(·)),

1We note that we use a different terminology from [13]. What we
call “uniform boundedness” is referred to as “stability” of the numerical
method in [13] and what we call “closeness of solutions” is referred to as
“convergence” in [13]. The reason for this change of terminology comes
from the fact that we prefer to reserve the term “stability” (that is ISES) for
dynamical properties of solutions of the system on infinite time intervals.



such thatw, ẇ ∈ L∞ (in particular, we assume that‖ẇ‖∞ ≤
r for somer > 0). We denote the set of all such disturbances
asF .
A direct consequence of Assumption 1 and the Lebourg’s
Mean Value Theorem [1, Theorem 2.4, pg. 75] is the
following

‖w(τ1)− w(τ2)‖W ≤ ‖ẇ‖∞ |τ1 − τ2|, (8)

whereτ1, τ2 are arbitrary.
Condition (8) is can be relaxed but we use it to simplify

our presentation. It means that the disturbances are glob-
ally Lipschitz and bounded functions (in theL∞ sense).
The following definitions, which are widely encountered in
numerical analysis [13] are employed in this paper.

Definition 2: The numerical method (7) is said to be a
consistent finite-difference scheme (with the system (1)) if
there existρ1, ρ2 ∈ G and T ∗ > 0 such that for all∆t ∈
(0, T ∗), u(t) ∈ X andw(t) ∈ W we have

‖{C(∆t)− S(∆t)}u(t)‖X ≤ ∆tρ1(∆t) ‖u(t)‖X . (9)

∥∥∥∥
{

D(∆t)
∆t

−B

}
w(t)

∥∥∥∥
X

≤ ∆tρ2(∆t) ‖w(t)‖W . (10)

Remark 2:The consistency conditions (9) and (10) are
stronger than those in [13] and [2]. We need these stronger
notions of consistency in order to obtain a stronger closeness
of solutions property that is needed in our results given in
the next section.

Definition 3: The numerical method (7) is said to be
uniformly bounded(in small∆t) if for any t > 0 there exist
T ∗ > 0 andK > 0 such that for all∆t ∈ (0, T ∗) and alln
such thatn∆t ∈ [0, t] we have that2

‖C(∆t)n‖ ≤ K . (11)
Definition 4: We say that the solutions of (1) and the

solutions of the numerical method (7) can be made arbitrarily
close on compact time intervals if the following holds. For
any t ≥ 0 and any positive constantδ, there exists a positive
constantT ∗ > 0, such that for all∆t ∈ (0, T ∗), u0 ∈ X,
w ∈ F andn : n∆t ∈ [0, t] we have3

‖u(n∆)− un‖X ≤ δ(‖u0‖X + ‖w‖∞ + ‖ẇ‖∞)
Theorem 1:Suppose that Assumption 1 and the following

conditions hold:

(i) the numerical method (7) is consistent with (1);
(ii) the numerical method (7) is uniformly bounded.

Then, the solutions of (1) and the solutions of the numerical
method (7) can be made arbitrarily close on compact time
intervals.

Proof of Theorem 1: Let arbitrary t ≥ 0 and δ > 0 be
given. Let T ∗1 and ρ1, ρ2 come from Definition 2. LetT ∗2

2This condition is typically referred to as “stability” of the numerical
method in the numerical analysis literature. As the term “stability” is
reserved in our paper for characterizing the dynamical properties of the
system and the numerical method, we adopted this new terminology.

3We assume the same initial conditionu0 for the solutions of (1) and
(7).

andK come from Definition 3. Next we define

T ∗3 := ρ−1
1

(
δ

KMeωtt

)
, (12)

whereM andω come from (5);

T ∗4 :=
δ

tMeωtMB
, (13)

whereMB comes from (2). LetT ∗5 > 0 be such that for all
∆t ∈ (0, T ∗5 ) we have that

‖S(n∆t− τ)− S((n− j)∆)‖ ≤ δ

3tMB
(14)

for all j : j∆t ∈ [0, t] and τ ∈ [j∆t, (j + 1)∆t] (this T ∗5
always exists because of (4)). Finally, we introduce

T ∗6 := ρ−1
1

(
δ

3KMBMeωtt

)
(15)

T ∗7 := ρ−1
2

(
δ

3Kt

)
(16)

and, finally, we define

T ∗ := min
i∈{1,...,7}

T ∗i (17)

In the sequel, we assume that∆t ∈ (0, T ∗) and we
consider arbitraryn such thatn∆t ∈ [0, t]. Hence, we can
write:

‖u(n∆t)− un‖X

=

∥∥∥∥∥S(n∆t)u0 +
∫ n∆t

0

S(n∆t− τ)Bw(τ)dτ

−Cn(∆t)u0 −
n−1∑

j=0

Cn−1−j(∆t)D(∆t)wj

∥∥∥∥∥∥
X

(18)

By adding and subtracting the following terms∑n−1
j=0

∫ (j+1)∆t

j∆t
S(n∆t − τ)Bwjdτ , ∆t

∑n−1
j=0 S((n −

j)∆t)Bwj and ∆t
∑n−1

j=0 Cn−1−j(∆t)Bwjdτ to the right
hand side of (18), we can write:



‖u(n∆t)− un‖X

≤ ‖S(n∆t)u0 − Cn(∆t)u0‖X

+

∥∥∥∥∥∥

n−1∑

j=0

∫ (j+1)∆t

j∆t

S(n∆t− τ)B(w(τ)− wj)dτ

∥∥∥∥∥∥
X

+

∥∥∥∥∥∥

n−1∑

j=0

∫ (j+1)∆t

j∆t

S(n∆t− τ)Bwj

−∆t

n−1∑

j=0

S((n− j)∆t)Bwj

∥∥∥∥∥∥
X

+

∥∥∥∥∥∥
∆t

n−1∑

j=0

S((n− j)∆t)Bwj

−∆t

n−1∑

j=0

Cn−1−j(∆t)Bwj

∥∥∥∥∥∥
X

(19)

+

∥∥∥∥∥∥
∆t

n−1∑

j=0

Cn−1−j(∆t)
(

B − D(∆t)
∆t

)
wj

∥∥∥∥∥∥
X

.

We complete the proof by bounding separately each of the
terms on the right hand side of (19). First note that (see [14,
pg. 92])

{S(n∆t)− Cn(∆t)}u0

=
n−1∑

j=0

Cj(∆t) [C(∆t)− S(∆t)] S((n− 1− j)∆t)u0,

Denotevj = [C(∆t)− S(∆t)] S((n − 1 − j)∆t)u0. Then,
from item (i) of the theorem and (5) we have that

‖vj‖X ≤ ∆tρ1(∆t)Meωt ‖u0‖X .

Moreover, because of our choice in (12) and using the item
(ii) of the theorem, we can bound the first term in (19) as
follows: ∥∥∥∥∥∥

n−1∑

j=0

Cj(∆t)vj

∥∥∥∥∥∥
X

≤
n−1∑

j=0

K ‖vj‖X

≤ n∆tρ1(∆t)Meωt ‖u0‖X

≤ δ ‖u0‖X . (20)

Now we bound the second term in (19). Note that we can
write the second term as follows:∥∥∥∥∥∥

n−1∑

j=0

∫ (j+1)∆t

j∆t

S(n∆t− τ)B
(
w(τ)− wj

)
dτ

∥∥∥∥∥∥
X

(21)

Using Assumption 1, the inequalities (5) and (2), as well as
our choice (13), we can bound (21) by

n∆tMeωtMB∆t ‖ẇ‖∞ ≤ δ ‖ẇ‖∞ . (22)

Next, we bound the third term in (19). Using (4), (2) and
our choice (14), we can bound the third term in (19) by

δ

3tMB
·MBt ‖w‖∞ =

δ

3
‖w‖∞ . (23)

We bound now the fourth term in (19). In this case, we use
the calculations similar to the ones we used to obtain (20),
(2) and our choice of (15) to obtain that this term can be
bounded by

KMeωtρ1(∆t)n∆tMB ‖w‖∞ =
δ

3
‖w‖∞ . (24)

Finally, we use items (i) and (ii) of the theorem and our
choice of (16) to bound the fifth term in (19) by

Kρ2(∆t)∆tn ‖w‖∞ =
δ

3
‖w‖∞ . (25)

The proof is completed by combining the bounds obtained
in (20), (22), (23), (24), (25) to write:

‖u(n∆t)− un‖X ≤ δ(‖u0‖X + ‖w‖∞ + ‖ẇ‖∞) .

IV. I NPUT-TO-STATE EXPONENTIAL STABILITY

Now we define the stability properties of the system (1)
Definition 5: Let L, λ, γ > 0. The solutions of well-

posed initial value problem (1) are said to beinput-to-state
exponentially stable (ISES)with the disturbance gainγ if for
anyu(t0) = u0 ∈ X, and anyw(·) the solutions of (1) exist
and satisfy

‖u(t)‖X ≤ Le−λ(t−t0) ‖u0‖X + γ
∥∥w[t0,t]

∥∥
∞ , (26)

∀t ≥ t0 ≥ 0, wherew[t0,t] denotes the values of disturbance
on the time interval[t0, t].

Definition 6: Let γ > 0 be given. The solutions of (7)
are said to be practicallyinput-to-state exponentially stable
(ISES)with disturbance gainγ if for any δ > 0 there exist
L, λ, T ∗ > 0 such that for all∆t ∈ (0, T ∗), u(n0) = u0 ∈ X
andw the solutions of (7) exist and satisfy

‖un‖X ≤ Le−λ(n−n0)∆t ‖u0‖X + (γ + δ)
∥∥w[n0,n]

∥∥
∞ + δ (27)

∀n ≥ n0 ≥ 0 ◦
Theorem 2:Suppose that Assumption 1 and the following

conditions hold:

(i) the numerical method (7) is consistent with (1);
(ii) the numerical method (7) is uniformly bounded.

Then, (1) is ISES with disturbance gainγ if and only if (7)
is practically ISES with disturbance gainγ. ◦

Remark 3:We note that while the gains in ISES properties
in Theorem 2 are the same for the systems (1) and (7), we do
not show in our proof that the exponentially decaying terms
that involve initial conditions are the same.

V. CONCLUSIONS
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VII. A PPENDIX

Proof of Theorem 2: =⇒ Note that conditions of Theorem
2 imply that all conditions of Theorem 1 hold. Hence, the
solutions of (1) and (7) can be made arbitrarily close on
compact time intervals. Moreover, since (1) is ISES, we can
write that for arbitraryt > 0 andδ > 0 there existsT ∗ > 0
such that for all∆t ∈ (0, T ∗) and all k ≥ k0 such that
(k − k0)∆t ∈ [0, t] then:

∥∥uk
∥∥

X
≤ Le−λ∆t(k−k0) ‖u0‖X + γ ‖wk0,k‖ (28)

+δ[‖u0‖X +
∥∥w[k0,k]

∥∥
∞ +

∥∥ẇ[k0,k]

∥∥
∞]

Let arbitraryδ1 > 0 be given. Letδ = min{δ1, δ1/r}, where
r comes from Assumption 1 (i.e.‖ẇ‖∞ ≤ r. Let t be such
that for all s ≥ t we have thatLe−λs ≤ δ

2 . Let
(
2t, δ

2

)
generateT ∗ and let ∆t ∈ (0, T ∗). Introduceki such that
(ki+1 − ki)∆t = t (we assume without loss of generality
that t/∆t is an integer - this assumption can be relaxed but
it would complicate slightly the presentation). Then, we have

that for all k ∈ [k0, k2] that
∥∥uk

∥∥
X

≤ Le−λ∆t(k−k0) ‖u0‖X + γ ‖wk0,k‖ (29)

+
δ

2
[‖u0‖X +

∥∥w[k0,k]

∥∥
∞ +

∥∥ẇ[k0,k]

∥∥
∞]

and, moreover, fork ∈ [k1, k2] we have:

∥∥uk
∥∥

X
≤ δ ‖u0‖X +

(
γ +

δ

2

) ∥∥w[k0,k]

∥∥ +
δ

2

∥∥ẇ[k0,k]

∥∥
∞

In particular, we have that

∥∥uk1
∥∥

X
≤ δ ‖u0‖X +

(
γ +

δ

2

) ∥∥w[k0,k1]

∥∥ +
δ

2

∥∥ẇ[k0,k1]

∥∥
∞

Note that we can reinitialize the two systems atuk1 and
using similar arguments and closeness of solutions we can
show that the following holds for allk ∈ [k2, k3]:

∥∥uk
∥∥

X
≤ δ2 ‖u0‖X +

(
γ +

δ

2

) ∥∥w[k0,k]

∥∥ +
δ

2

∥∥ẇ[k0,k]

∥∥
∞

Using the induction, we conclude that the following holds
for all i = 1, 2, . . . and allk ∈ [ki, ki+1]

∥∥uk
∥∥

X
≤ e−λ̄i ‖u0‖X +

(
γ +

δ

2

) ∥∥w[k0,k]

∥∥ +
δ

2

∥∥ẇ[k0,k]

∥∥
∞

≤ eλ̄e−λ̄ ∆t
t (k−k0) ‖u0‖X + (γ + δ1)

∥∥w[k0,k]

∥∥ + δ1

where λ̄ = ln
(

1
δ

)
. Moreover, from (29) we have that for

k ∈ [k0, k1], we have:
∥∥uk

∥∥
X

≤ L1e
−λ∆t(k−k0) ‖u0‖X + (γ + δ1)

∥∥w[k0,k]

∥∥
∞ + δ1 ,

whereL1 := L + eλt δ
2 . Combining the last two inequalities

we obtain that
∥∥uk

∥∥
X

≤ L̃e−λ̃∆t(k−k0) ‖u0‖X + (γ + δ1)
∥∥w[k0,k]

∥∥
∞ + δ1 ,

whereL̃ := max{eλ̄, L1} and λ̃ = min{λ, λ̄
t }.

⇐= The proof follows almost the same steps as the proof
of sufficiency. However, note that the system (1) does not
depend on∆t and we obtain that for arbitraryδ > 0 we can
adjust∆t in (7) so that we conclude that the solutions of (1)
satisfy

‖u(t)‖X ≤ L̃e−λ̃(t−t0) ‖u0‖X + (γ + δ) ‖w‖∞ + δ .

Since the above bound holds for eachδ > 0, we conclude
that it holds forδ = 0.


