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Abstract Wavelet analysis is employed to examine
amplitude- and frequency-modulations in broadband

signals. Of particular interest are the streamwise ve-

locity fluctuations encountered in wall-bounded turbu-

lent flows. Recent studies have shown that an impor-

tant feature of the near-wall dynamics is the modula-
tion of small-scales by large-scale motions. Small- and

large-scale components of the velocity time series are

constructed by employing a spectral separation scale.

Wavelet analysis of the small-scale component decom-
poses the energy in joint time-frequency space. The con-

cept is to construct a low-dimensional representation

of the small-scale time-varying spectrum via two new

time series: the instantaneous amplitude of the small-

scale energy, and the instantaneous frequency. Having
the latter in a time-continuous representation allows a

more thorough analysis of frequency modulation. By

correlating the large-scale velocity with the concurrent

small-scale amplitude and frequency realizations, both
amplitude- and frequency-modulations are studied. In

addition, conditional averages of the small-scale amplitude-

and frequency-realizations depict unique features of the

scale-interaction. For both modulation phenomena, the

much studied time shifts, associated with peak corre-
lations between the large-scale velocity and small-scale

amplitude and frequency traces, are addressed. We con-

firm that the small-scale amplitude signal leads the

large-scale fluctuation close to the wall. It is revealed
that the time shift in frequency modulation is smaller
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than that in amplitude modulation. The current find-
ings are described in the context of a conceptual mech-

anism of the near-wall modulation phenomena.

1 Introduction

Continuing research on scale-interactions in turbulent

boundary layers (TBLs) has revealed the modulation

of small-scales by large-scale motions. These large-scale

structures encompass regions of negative and positive
fluctuating velocity and are extensively described in

the literature (Favre et al, 1967; Blackwelder and Ko-

vasznay, 1972; Brown and Thomas, 1977; Wark and

Nagib, 1991; Ganapathisubramani et al, 2003; Tomkins
and Adrian, 2003; Hutchins and Marusic, 2007a, among

others). The way by which the amplitude of the large

scales influences the small-scale intensity can be consid-

ered an amplitude modulation (AM) and was initially

identified by Brown and Thomas (1977) and Bandy-
opadhyay and Hussain (1984). Over the past decade,

there has been a considerable refocus on modulation

and the underlying scale-interactions. It was shown by

Hutchins and Marusic (2007a,b) that large-scale mod-
ulation is an important feature of high Reynolds num-

ber wall-bounded flows. Many studies followed in an

attempt to fully quantify the modulation (Mathis et al,

2009; Chung and McKeon, 2010; Guala et al, 2011;

Ganapathisubramani et al, 2012; Duvvuri and McK-
eon, 2015). Generally, in both recent and more dated

studies on scale-interactions, the turbulent velocity sig-

nal has been decomposed into two sets of scales, being

the large- and small-scale components; this is conceptu-
ally visualized in Fig. 1a for single-point time-resolved

data. A single inner-normalized separation scale is typi-

cally taken as λ+
x = λxUτ/ν = 7000 and the local mean
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Fig. 1 a Decomposing the fluctuating velocity into large-
(uL) and small-scale (uS) components. b Shift in amplitude
modulation and c frequency modulation (time increases from
left-to-right); valid for the inner-region

velocity, U
+

= U/Uτ , is used in determining the sep-

aration frequency f+ = U
+
/λ+

x (Hutchins and Maru-

sic, 2007b; Mathis et al, 2009). Superscript ‘+’ denotes

the inner-scaling with friction velocity, Uτ , and kine-
matic viscosity, ν. The impact of large-scales on the

amplitude of small-scales has been explored using aver-

ages of the small-scale intensity conditioned on positive

or negative fluctuations of large-scale events (Hutchins

and Marusic, 2007a; Hutchins et al, 2011). Mathis et al
(2009) employed a scheme in an attempt to quantify

the degree of AM, which relied on a correlation of the

large-scale component with an envelope of the small-

scale fluctuations, found via a Hilbert transform. The
normalized correlation coefficient for a zero-time-shift,

at a single location, was denoted as the AM coeffi-

cient, Ra. Bernardini and Pirozzoli (2011) considered

a two-point alternative by capturing the modulating

influence of an off-wall location on another location,
using DNS data. Such a two-point investigation follows

Marusic et al (2010), where the two-point correlation

and modulation characteristics, relative to a fixed po-

sition in the logarithmic region, are determined for a
predictive model of near-wall velocity fluctuations. Fi-

nally, Schlatter and Örlü (2010) showed that the AM

coefficient may not be a metric to unambiguously quan-

tify the large-scale modulation phenomenon in a time

series. Nonetheless, a variety of studies provide strong
evidence for the scale-interaction between large- and

small-scales near the wall, dubbed as modulation.

In the 1980s, Bandyopadhyay and Hussain (1984)

showed results from an almost identical AM coefficient,

computed as the normalized correlation between the

large-scale velocity and a pseudo-low-frequency signal

created from the high-frequency component of veloc-

ity. They observed a scale-interaction that was charac-

terized by positive correlations between large-scale ve-
locity and small-scale intensity in the near-wall region;

this occurred for a phase lead of the small-scales rela-

tive to the large-scales. Such a shift within one signal

is illustrated in Fig. 1b, where the large-scale velocity
is shown alongside an envelope of the small-scale fluc-

tuations; the time shift between the solid line (large-

scale velocity, uL) and dashed line (small-scale enve-

lope, σSL) is denoted as τa. Additionally, Bandyopad-

hyay and Hussain (1984) noticed a phase reversal within
the log-region, meaning that an anti-correlation of ap-

proximately the same magnitude became dominant at

an equal but opposite shift (phase lag). Others have

built upon those views in an attempt to physically ex-
plain these time shifts (Chung and McKeon, 2010; Gana-

pathisubramani et al, 2012; Jacobi and McKeon, 2013).

In contrast to AM, a less robust scheme exists for

quantifying frequency modulation (FM), which was no-

tably addressed for wall turbulence by Ganapathisub-
ramani et al (2012). This work relied on a discrete tech-

nique where a count of the local extrema in the small-

scale signal was representative of the dominant small-

scale frequency (Rao et al, 1971; Sreenivasan et al, 1983).
The number count was performed over short-time win-

dows of the time series and their characteristics were

binned according to the amplitude and sign of the large-

scale fluctuations. Large-scale conditional views of small-

scale frequency revealed that FM was absent for wall-
normal locations above ≈ 100 wall units at Reτ =

Uτδ/ν = 14150, where δ is the boundary layer thick-

ness. Additionally, Ganapathisubramani et al (2012)

showed that FM encompasses a time shift between large-
and small-scale fluctuations that is qualitatively similar

to that in AM near the wall; this shift is denoted here

as τf and illustrated in Fig. 1c. Their discrete technique

was shown to work well for exploring how the strength of

large-scales affects the modulation, however, the short-
time windowing technique is less applicable when time

shifts in AM (τa) and FM (τf ) are to be investigated.

The aim of the present work is to employ a scheme

that quantifies magnitude and phase information of AM

and FM embedded in broadband time series acquired in
a TBL (Sect. 2). The scheme is suitable for investigating

how a range of low frequencies modulate—or interact

with—a range of higher frequencies. We apply wavelet

analysis in Sect. 3.1 to construct two new time series, in
what is conceptually a low-dimensional approach. That

is, two time series will reflect the time-varying small-

scale energy in terms of its instantaneous amplitude and
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Fig. 2 Experimental arrangement of the two-probe hotwire
measurements in Melbourne’s boundary layer facility

mean frequency. Modulation-type interactions between

large- and small-scales are then investigated in Sect. 4.

The type of modulations that could be analyzed are
not limited to turbulent flows and are present in many

research areas, such as seismology (Neuberg, 2000) and

wind turbine acoustics (Larsson and Öhlund, 2014)

2 Experiments

2.1 Hardware and instrumentation

Experiments were carried out in the high Reynolds num-
ber boundary layer facility at the University of Mel-

bourne (Nickels et al, 2005). The tunnel has a test

section length of 27m, which ensures that high spa-

tial and temporal resolution can be obtained within a
high Reynolds number boundary layer using existing

instrumentation under moderate free stream velocities.

The pressure coefficient Cp was maintained constant to

within ±0.87% (Kulandaivelu, 2011). Free-stream tur-

bulence intensities are nominally less than 0.05% at the
test section inlet.

The data employed in the current study corresponds

to two hotwire probes with an arrangement shown in
Fig. 2. The near-wall probe is a boundary layer Dan-

tec 55P30 probe with a Platinum-Wollaston wire of

d = 5µm diameter, while the traversing hotwire con-

sists of a Dantec 55P15 probe with a d = 2.5µm Pt
wire. The near-wall and traversing sensors are etched

to a length of l = 1.0mm and l = 0.5mm, respec-

tively, to maintain a l/d ratio of 200, as recommended

by Ligrani and Bradshaw (1987). The near wall probe is

positioned at 0.105mm from the wall while the travers-
ing probe is moved to 40 logarithmically spaced points

in the range 0.25mm ≤ z ≤ 525mm. The wall at this

measurement location is made of glass to reduce heat

conduction from the hotwire to the wall.

Both hotwire probes are operated in constant tem-

perature mode, with an overheat ratio of 1.8, using an

in-house built anemometer (MUCTA). For each mea-

surement point, time series from both probes were ac-

quired simultaneously for a duration of 300 seconds at a

sampling rate of 20 kHz using a 16-bit Speedgoat IO106

module embedded in a Speedgoat Performance real-
time target machine. Before A/D conversion, the sig-

nals were filtered using a 4th-order Butterworth filter

with a cut-off at 10 kHz. The traversing hotwire probe

was calibrated against a Pitot-static tube before and
after the experiment at 12 different free stream veloci-

ties, U∞, ranging from 0 m/s to 23m/s. In addition, the

traversing probe was moved to the free stream location

after every five measurement points in the boundary

layer and the voltage of the hotwire in the free stream
flow was logged to correct for hotwire drift, see Talluru

et al (2014b) for a full description of the method. An

indirect method of calibration (Chauhan et al, 2009)

was used for the inner hotwire probe which was si-
multaneously calibrated. At each of the 12 calibration

speeds, corresponding mean voltages were recorded for

the inner-probe that was situated within the linear re-

gion (U+ = z+) of the mean velocity profile (Sect. 2.2).

Note that the inner-normalized position of the probe
changes with free stream velocity, as z+ = zUτ/ν, and

Uτ is a function of U∞. Here, we adopted an empirical

fit between Uτ and U∞ as provided by Chauhan et al

(2009).

2.2 Flow conditions and bounday layer statistics

Measurements were made at a streamwise distance of

x = 21.65m from the trip at the test section inlet
(x = 0), with a free stream velocity of nominally 20m/s.

The boundary layer at this location has a thickness of

0.361m and the friction velocity is Uτ = 0.626m/s.

These parameters were obtained by fitting the mean

velocity profile to the composite profile of Chauhan
et al (2009) with log-law constants κ = 0.384 and A

= 4.17. On the basis of these values, the Kármán num-

ber is Reτ = 14 750 and the Reynolds number based

on momentum thickness is Reθ = U∞θ/ν = 41 100.
The boundary layer characteristics are listed in Ta-

ble 1. Given these conditions, the sensing element of the

traversing hotwire has a viscous scaled length of l+ =

lUτ/ν ≈ 22 and is of an acceptable length for TBL mea-

surements. The near-wall hotwire has a length of l+ ≈
41, which causes an attenuation of the energy levels at

wavelengths smaller than the separation scale employed

in our study (λ+
x = 7 000, following Hutchins et al,

2009). Nevertheless, the attenuation does not adversely
affect our results since only the large-scale content of

the near-wall wire is utilized. The non-dimensional ac-

quisition rate was ∆T+ ≈ 1.3 and guaranteed the ab-
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Table 1 Experimental parameters of the two-point hotwire
study at Melbourne’s boundary layer facility

boundary layer hotwire acquisition
near-wall traversing

(d = 5µm) (d = 2.5µm)

x 21.65 m l+ 40.8 21.6
U∞ 19.95 m/s l/d 200 212
δ 0.361 m ∆T+ 1.28
θ 0.0316 m
Uτ 0.626 m/s TU∞/δ 20 000

ν/Uτ 24.49 µm z+
min 4.33 10.5

Reτ 14 750 zmax/δ – 1.45
Reθ 41 100

sence of temporal attenuation (Hutchins et al, 2009). At
each location, a long acquisition time of approximately

TU∞/δ = 20 000 was chosen for obtaining converged

spectral statistics at the longest energetic wavelengths

(Mathis et al, 2009). Parameters for the hotwire acqui-
sition are listed in Table 1.

Figure 3a shows the boundary layer profiles of the

mean velocity and turbulence intensity. The position of

the near-wall wire is shown with the dash-dot line. One

can notice a peak in the turbulence intensity profile at
z+ ≈ 12, which relates to the inner-spectral peak in the

contour map of the pre-multiplied energy spectra shown

in Fig. 3b. Note that the local mean velocity, U , is used

when transforming frequency to wavelength, λx = U/f .
The inner-spectral peak resides at a wavelength of λ+

x ≈

1 000 while an outer-spectral peak appears in the log-

region (z+ ≈ 3.9Re
1/2
τ = 474); this is consistent with

earlier work in the same facility (Mathis et al, 2009).

The two-probe data allows us to investigate the cor-
relation of the large-scale structures relative to the near-

wall probe location. The coherence aspect is often vi-

sualized using conditional averages or two-point corre-

lation maps (e.g. Hutchins et al, 2011, and the refer-
ences therein). The two-point correlation map is shown

here in Fig. 4, and is computed for the long-wavelength

pass-filtered fluctuating velocity signals of the near-

wall and traversing probes, and are denoted as uL and

ũL, respectively; a spectral filter with a pass-band of
λ+
x > 7 000 was used. The normalized cross-correlation

coefficient, given by Eq. (1), is the inverse Fourier trans-

form of cross-spectrum GuLũL (f) = F [uL] (F [ũL])
∗
.

Here, F denotes the Fourier transform and superscript
∗ indicates the complex conjugate.

ρuLũL (τ, z) =
F−1 [GuLũL (λx; z)]

√

u2
√

ũ2
, (1)

The two-point correlation map seemingly illustrates the
inclination of large scales as ρuLũL (τ, z) includes cou-

pled amplitude and phase information. The time shift

associated with the peak correlation, at each wall-normal
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Fig. 3 a Profile of mean velocity and turbulence intensity
of the streamwise velocity component at Reτ = 14 750. b
Pre-multiplied energy spectra of the streamwise velocity fluc-
tuations kxφuu/U2

τ (level range 0.2–1.8, level step 0.2); the
position of the near-wall wire is shown with the dash-dot line

position, is identified as τL and visualized by the circles.

The convention is that a negative shift (τ < 0) implies
a lag of the wall-wire signal relative to the time series of

the traversing probe. Time shifts are often encountered

in terms of a physical inclination angle (Marusic and

Heuer, 2007), which can be obtained by the transfor-
mation θ = tan−1 [D/(ucτ)], where D is the separation

distance between the wires and uc is a convective speed,

often chosen as the mean velocity at the location of

the outer-spectral peak. Note that we will present time

shifts in this work, as opposed to inclination angles,
since this avoids the burden of having to choose a con-

vective speed. Additionally, any small streamwise mis-

alignment of the two wires can significantly impact the

value of θL for small wire-separation distances, while
an inaccurate placement (within 0.5mm) results in er-

rors less than five viscous time scales when the mean

velocity of the wall-probe is employed.
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3 Extracting modulation phenomena

As reviewed in Sect. 1, it continues to be a challenge

to uniquely quantify AM and FM embedded within

a broadband signal. Hence, we tackle this by apply-

ing the wavelet analysis (Sect. 3.1), followed by a low-
dimensional representation of small-scale energy (Sect. 3.2).

The concept is to generate two new time series that con-

stitute the large-scale, time-varying, small-scale energy

in terms of its instantaneous magnitude and mean fre-
quency.

3.1 Wavelet analysis

The general aim of joint time-frequency analysis is to

preserve the temporal information embedded in a time

series, while simultaneously assessing its spectral prop-

erties (Cohen, 1989; Farge, 1992). We consider the class
of wavelet analyses for computing the spectral energy

density of the fluctuating streamwise velocity signal, u,

as a function of time, in a similar fashion as presented

by Baars and Tinney (2013). Wavelet transforms consti-
tute convolutions of a mother wavelet, ψ, with velocity

signal u. The wavelet forms the basis function of the

transform and is analogous to harmonic functions em-

ployed in Fourier analysis. Two wavelets are used, the

Morlet and Mexican hat wavelets, which are given by
the following two expressions, respectively.

ψ (t/ts) = ejωψt/tse−|t/ts|
2/2, (2a)

ψ (t/ts) =
(

1 − |t/ts|
2
)

e−|t/ts|
2/2. (2b)

The complex-valued Morlet wavelet is a harmonic wave

(non-dimensional frequency taken as |ωψ| = 6) modu-

lated by a Gaussian function, whereas the Mexican hat

wavelet is the 2nd derivative of a Gaussian. The argu-

ments in Eq. (2) are the temporal coordinate, t, and
the wavelet time scale, denoted as ts. From the math-

ematical intricacies of wavelet transforms (e.g. Farge,

1992; Addison, 2002) it follows that an inherent trade-

off between the spectral and temporal resolutions of the
transform outcome is inevitable, which is illustrated at

the end of this section. Regarding the transform, com-

plex wavelet coefficients are generated by the convolu-

tion

ũ
(

z+; ts, t
)

=

∫

u
(

z+, t′
)

ψ∗

(

t′ − t

ts

)

dt′, (3)

where superscript ∗ indicates the complex conjugate.

The convolution is performed in the frequency domain

and is repeated for various wavelet time scales ts, so

that the signal is decomposed in time-frequency space.
The energy density, in the form of a time-varying fre-

quency spectrum, is now obtained by taking the squared

modulus of the coefficients, via

E
(

z+; ts, t
)

=
|ũ (z+; ts, t) |2

ts
, (4)

and scale argument ts is transformed to an equivalent
frequency, f . Time-varying spectra are presented in the

current work in the form of the one-sided Wavelet Power

Spectrum (WPS), given by E (z+; f, t), and defined for

positive frequencies only (f > 0). The wavelet trans-
forms comprise 105 logarithmically spaced scales to re-

solve frequencies ranging from 5Hz to fs/2 and ensures

that all small-scales (λ+
x < 7 000) are well-captured.

The WPS is illustrated by considering a short snap-

shot of the velocity time series (Fig. 5b) acquired by
the traversing wire at z+ = 10.5. The associated WPS

is shown in Fig. 5a and is computed using the Mexi-

can hat wavelet; the contour reflects the pre-multiplied

energy spectrum kxφuu/U2 and equals Ef/U2.

We now accentuate a few characteristics of the WPS.

Since wavelets are mutually similar among scales, the
temporal resolution of the WPS is lower at larger scales.

This is illustrated in Fig. 5a by a so-called cone-of-

influence (COI) shown at the arbitrary time instant

t+c = 10 000. The COI indicates the temporal span of

the time series that influences the local WPS at time
tc, as a function of scale. In practice, we transform a

time series partition of N = 214 samples to obtain its

WPS. The finite time spanned by wavelets inherently

causes the WPS to be affected at the start and end of
the signal, for a duration equal to the half-width of the

COI. We therefore extract the unaffected region, for the

resolved frequency range (5 Hz < f < fs/2), and repeat
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the transform for overlapping partitions of the time se-

ries to obtain a continuous WPS. The resulting WPS

is invalid at just the start and end of the time series;

those parts are discarded in our analysis and consti-
tute a total of less than 0.6 s of data (note that t = 0

in Fig. 5 does not correspond to the start of the ac-

quisition). Time-averaging the WPS returns the global

one-sided WPS according to E = 1/T
∫ T

0
Edt, where T

is the time span of the WPS. In Fig. 5e we compare the

global WPS to the unfiltered (Guu) and filtered (G̃uu)
one-sided Fourier spectra. Visual inspection of Fig. 5a

reveals that joint time-frequency representations of en-

ergy reveal instants of high energy at certain scales,

e.g. the signal is strongly correlated with the wavelet.

The energy magnitude associated with such intermit-
tent events (Farge, 1992) can exceed 1.0 on this scale,

which is more than four times the maximum (0.23) in

the global spectrum. For the remainder of Fig. 5, sub-

figures c and d, we consider the scale decomposition.
Here we decompose the spectral energy in two sets of

scales, driven by the physical knowledge of having an

inner- and outer-spectral peak in the boundary layer

spectogram at this high Reynolds number (Hutchins

and Marusic, 2007b). We employ the regularly chosen
separation scale of λ+

x = 7 000 (thus frequency scale

f+ = U
+
/λ+

x ) which is indicated by the horizontal

dashed line in Figs. 5a and 5e; note that a smooth

roll-off—using half the span of a hanning window—is

employed over five discrete frequency scales in prac-

tice. The large- (uL) and small-scale (uS) components
of velocity are shown in Figs. 5c and 5d, respectively.

Mathis et al (2009) showed that their results for AM

were only weakly dependent on the chosen separation

scale. Similarly, our principal conclusions made later on
are unaffected by the choice of separation scale, which

was confirmed by investigating separation wavelengths

in the range 3 500 < λ+
x < 14 000.

The resolution trade-off in the joint time-frequency

distribution, as affected by the choice of wavelet, is now

discussed. Each wavelet is characterized by a normal-
ized time scale, t/ts, and frequency scale, tsω. The for-

mer governs the finite time spanned by the wavelet,

while the energetic spectral scales of the Fourier trans-

form of the wavelet span a finite domain in tsω space.

A high temporal resolution is achieved when the time
scale is short. Consequentially, this results in a broader

frequency content centered around the characteristic

frequency of the wavelet. Therefore, a high temporal

resolution is associated with an intrinsic low frequency
resolution; this is known as the natural scale filtering

of wavelet transforms (Daubechies, 1992; Farge, 1992).

For the Mexican hat wavelet, a relatively high temporal
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resolution (narrow COI) is achieved with a lower reso-

lution in frequency as compared to other wavelets; this

is evident from the vertically elongated features in the

contour (Fig. 5a). In practice, different mother wavelets

are employed to gain a high resolution in either time or
frequency, depending on the application. In compari-

son to the Mexican hat wavelet, the Morlet wavelet has

an improved frequency resolution, while the multitude

of temporal wavelet oscillations results in a lower reso-
lution in time. This becomes evident when comparing

the Morlet WPS (Fig. 6a), for the same snapshot of the

velocity signal, to the Mexican hat WPS (Fig. 5a).

3.2 Constructing small-scale amplitude and frequency

Concerning the amplitude of small-scale fluctuations,
a well-accepted procedure in the field of wall-bounded

flows (Mathis et al, 2009) is to take a Hilbert transform

of the small-scale velocity, uS , to construct an envelope

of the fluctuations, E(uS). Subsequently, the envelope
is pass-filtered at λ+

x > 7 000 to obtain large-scale am-

plitude variations of small-scales, known as EL(uS). We

employ the WPS to construct a similar signal for the

large-scale variation of small-scale amplitude; the pro-

cedure is visualized in Fig. 6. Here, Figs. 6a-d and 6g,
are identical to Fig. 5, except that the Morlet WPS is

shown as opposed to the Mexican hat WPS. When ex-

tracting the local spectrum at random time instant ti,

we retrieve Fig. 6h. Moving forward in this diagram,
we only consider the small-scale energy of the WPS

and compute the energy contained in these scales via

Parseval’s theorem, according to

σS (ti) =







fN
∫

fc

E (f, ti) df







1/2

. (5)

Here, lower bound fc corresponds to the separation

scale and upper bound, fN = fs/2, is the Nyquist fre-
quency. The square root of the integral reflects an in-

stantaneous standard deviation, hence, we denote this

quantity as σS(ti). The instantaneous standard devi-

ation, for all time instants, has a non-zero-mean, and
can therefore be written in terms of a fluctuating com-

ponent, following σS (ti) =

√

u2
S + σ′

S (ti). The mag-

nitude of σS at instant ti is visualized by the hori-
zontal rectangle in Fig. 6h. To obtain the large-scale

variation of small-scale amplitude we compute Eq. (5)

for all times, followed by a long-wavelength pass-filter

(λ+
x > 7 000) to obtain σSL (t); Fig. 6e presents both

time series, σ′
S (t) and σ′

SL (t), normalized by friction

velocity Uτ . Long-wavelength pass-filtering ensures that

we focus on the large-scale variation of the small-scale

amplitude fluctuations so that linear correlations with

the large-scale velocity, uL, are meaningful (Sect. 4).

The new time series of small-scale amplitude varia-

tions, σSL (t), could have been established using other

procedures. Nevertheless, the strength of our scheme

becomes evident when the local frequency content is

considered. For that, a second time trace is constructed
of the time-varying small-scale frequency, which is more

widely known in the signal processing literature as the

instantaneous frequency (IF); see reviews of Boashash

(1992) and Cohen (1995). We compute the IF as the
first spectral moment of the instantaneous WPS,

fS (ti) = 10f
∗(ti), where (6a)

f∗ (ti) =
1

[σS (ti)]
1/2

fN
∫

fc

E (f, ti) f log10 f d log10 f. (6b)

The IF has a non-zero mean and is presented in terms

of the decomposition, fS (ti) = fS + f ′
S with units of

s−1; the prime notation denotes the zero-mean IF fluc-
tuation. The IF, illustrated by the vertical rectangle

in Fig. 6h, visualizes the geometric center of the local

small-scale WPS, e.g. half the small-scale energy resides

at f < f ′
S . Analogous to computing amplitude signal

σSL (t), Eq. (6) is evaluated for all time instants and
long-wavelength pass-filtered to obtain f ′

SL (t), shown

in Fig. 6f. For instants when f ′
SL > 0, the resultant

spectral energy of the small-scales resides at higher fre-

quencies than their mean frequency; vice versa for f ′
SL <

0. It is important to realize how our study of FM is dif-

ferent than that of Ganapathisubramani et al (2012).

They considered the local number of extrema in the

small-scale velocity signal to construct a representa-

tive frequency. This procedure is known to produce
a representative frequency in terms of the Taylor mi-

croscale, U/λT (t) (Sreenivasan et al, 1983). The Tay-

lor microscale, λT is physically interpreted as the inter-

nal viscous shear-layer thickness (Dimotakis, 2005). We
consider FM in terms of the IF, fS (t), which is phys-

ically interpreted as the local mean frequency of the

small-scales; thus half of the small-scale energy resides

at frequencies above and below this IF.

Before continuing we will comment on how the choice

of the wavelet affects the procedure of extracting the

instantaneous frequency signal, f ′
SL (t). It became clear

in Sect. 3.1 that the Morlet wavelet-based WPS consti-

tutes a higher resolution along the frequency dimension.

This is re-illustrated in Fig. 7, where the local Morlet

WPS (duplicated from Fig. 6h) is compared with the
local Mexican hat WPS at the same time instant. It

is clear that the Mexican hat wavelet has a higher de-

gree of natural scale filtering. Since we compute the
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Fig. 6 a,b,c,d,g Identical to Fig. 5, but sub-figures a,b exhibit the pre-multiplied Morlet WPS. h Local Morlet WPS at
time-instant ti; the horizontal and vertical rectangles illustrate the instantaneous energy and mean frequency of the small-
scales, respectively. e,f Time series of fluctuating small-scale amplitude σ′

SL (t) and instantaneous frequency f ′

SL (ti); grey
lines are unfiltered signals, while black lines are the long-wavelength pass-filtered signals. Regarding the IF signal, its mean
(fS , magenta line) is superposed on sub-figures a and g, and the time series of IF (sub-figure f) is re-shown in sub-figure a

first spectral moment of the instantaneous WPS for
determining the instantaneous frequency (Eq. 6), and

given that a better resolved frequency spectrum aids

in a more accurate determination of the moment, it

may be argued that the Morlet wavelet is more suit-
able in this regard. On the contrary, its different (lower)

resolution in time does induce a limit in resolving all

temporal fluctuations. However, the effect of a lower

temporal resolution may not propagate in the results

given our interest in the large-scale variation of the in-
stantaneous small-scale amplitude and frequency con-

tent. Nevertheless, because of the inevitable trade-off

in time/frequency resolution, we present results of our

modulation analysis (Sect. 4) by using both Morlet and
Mexican hat wavelets.

The procedure described above resulted in two new

time series for each original time trace of streamwise

velocity, u (t). That is, we obtained σ′
SL (t) with units
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of m/s and f ′
SL (t) in terms of Hz, which govern time-

continuous large-scale variations of amplitude and mean
frequency of the small-scales, uS, respectively. Linear

correlation analyses of these time traces with the large-

scale velocity, uL, are performed in Sect. 4 to study the

modulation-type scale-interactions.

3.3 A note on the instantaneous dissipation

For turbulent flows we can relate the instantaneous

small-scale amplitude and frequency to the rate of tur-
bulent dissipation, ǫ̂0 (t). We here employ a one-dimensional

surrogate, based on the streamwise velocity u, following

ǫ̂0 (t) = 15ν

(

∂u

∂x

)2

. (7)

An estimate of the mean dissipation scalar is related

to the velocity energy spectrum (Pope, 2000). In an

instantaneous fashion, for time instant ti, an estimate

of the instantaneous dissipation, could be obtained in
a similar way as σS (ti) and fS (ti), via

ǫ̂0 (ti) = ǫ̂+ ǫ̂′ (ti) =
1

U
2

fN
∫

0

2νE (f, ti) f
2df. (8)

After long-wavelength pass-filtering ǫ̂0 (t), constructed
via Eq. (8), we obtain the large-scale variation of the in-

stantaneous dissipation of all scales: ǫ̂0L (ti). The large-

scale modulation of dissipation can be gleaned from cor-

relating ǫ̂0L (ti) with the concurrent large-scale veloc-
ity uL. It is worthwhile mentioning that the large-scale

variation of dissipation is related to AM and FM (Gana-

pathisubramani et al, 2012). The reader is referred to

Guala et al (2011) for a set of observations on the mod-

ulation of dissipation, computed following Eq. (7).

4 Modulation results

The procedure of Sect. 3 resulted in a low-dimensional

representation of the time-varying energy spectrum of

the small-scales. Here we correlate the constructed time
series of large-scale varying amplitude, σ′

SL, and mean

frequency, f ′
SL, with large-scale velocity uL to study

AM and FM, respectively.

4.1 Modulation coefficients

We compute the AM coefficient from the small-scale

amplitude signal σ′
SL, according to

Ra =
uLσ′

SL
√

u2
L

√

σ′2
SL

, (9)

as opposed to using a large-scale pass-filtered enve-

lope, EL (us), of the small-scale u fluctuations, that
was employed by Mathis et al (2009) and Talluru et al

(2014a). Figure 8a shows a comparison of the coeffi-

cients throughout the TBL, computed using EL (de-

noted as Ra) and σ′
SL employing the Morlet (Ra1) and

Mexican hat wavelet (Ra2). The agreement of the three
profiles indicate the robustness of the different tech-

niques to represent the small-scale amplitude fluctua-

tions. CoefficientsRa1 andRa2 exhibit a slightly stronger

zero-time-shift correlation than Ra, with the Morlet
wavelet-based coefficient being the largest (Ra1). The

black solid line indicates an error function profile rep-

resenting the intermittency γ, which is defined as the

fraction of time that the boundary layer flow is in a tur-

bulent state (Chauhan et al, 2014). Since the boundary
layer becomes intermittent for z/δ & 0.4, the AM coef-

ficients become strongly negative. This is an inherent

effect of the non-turbulent zones that posses a near

free stream velocity—and thus a positive large-scale
fluctuation—with a low turbulence intensity. Simulta-

neously, the turbulent bulges in the intermittent region

are characterized by a negative large-scale fluctuation

with higher small-scale intensity due to the present tur-

bulence. Consequentially, the AM coefficients do not
physically represent modulation phenomena in the in-

termittent region of TBLs, but more likely indicate

preferential arrangement (Hutchins, 2014).

We can conveniently extend the definition of the AM

coefficient to one that governs FM using the available

time-continuous IF signal. And so, we dub this the FM
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coefficient, following

Rf =
uLf ′

SL
√

u2
L

√

f ′2
SL

. (10)

Profiles of Rf are shown in Fig. 8b and indicate that the

Morlet wavelet-based coefficient, Rf1, returns a slightly

stronger modulation at zero-time-shift. Furthermore,
an absence of FM beyond z+ ≈ 400 is expected, since

Rf remains zero. However, since the coefficients only

provide an insight into the zero-time-shift correlation,

this is inconclusive at this stage. Furthermore, no knowl-
edge on temporal shifts within the AM and FM are

captured by these coefficients. For these reasons, we

consider the isocorrelation maps presented next.

4.2 Isocorrelation maps of modulation

Time shifts associated with the AM and FM, at a single
position, refer to the relative shift between the large-

scale velocity and the representative small-scale ampli-

tude or frequency signal, associated with a peak cor-

relation (Fig. 1). Since the shifts vary throughout the

TBL (Bandyopadhyay and Hussain, 1984) it is sensi-
ble to compute modulation coefficients as a function of

time shift, τ , for all wall-normal positions. For AM, the

coefficient is given by the inverse Fourier transform of

the cross-spectrum GuLσ′

SL
(f), via

Ra (τ) =
F−1

[

GuLσ′

SL
(f)

]

√

u2
L

√

σ′2
SL

. (11)

The cross-correlation coefficient for FM, Rf (τ), can be
obtained in a similar manner when f ′

SL is utilized in-

stead of σ′
SL. We exclusively consider the temporal cor-

relation coefficient in the current work as this aids in de-

termining a single time shift. In contrast, the complex-

valued cross-spectra, GuLσ′

SL
(f) and GuLf ′

SL
(f), in-

clude coupled magnitude and phase information, as func-

tion of all coherent scales. The magnitude of a similar

cross-spectrum for AM was presented by Jacobi and
McKeon (2013) who show that most coherence—in the

log-region and beyond—is associated with the spectral

content of very large scale motions (VLSMs).

Figure 9a shows contours of the cross-correlation co-

efficient, Ra (τ). Following the notation of Fig. 8a, Ra
is computed using the large-scale envelope of the small-

scales via the scheme of Mathis et al (2009), while Ra1
and Ra2 are generated via our wavelet-based time se-

ries. Note that a negative shift (τ < 0) implies a lag of

the large-scales relative to the small-scales. The trend
illustrated by the isocorrelation map agrees with previ-

ous studies (Bandyopadhyay and Hussain, 1984; Chung

and McKeon, 2010, among others). In close vicinity to

the wall, the small-scale amplitude signal leads rela-
tive to the large-scales (τ < 0) with a positive cor-

relation. A phase reversal resides in the logarithmic

region, meaning that an anti-correlation occurs at an

equal but opposite shift. Thus, the small-scale signa-

ture lags the large-scales with which they are negatively
correlated. Figure 9b shows contours of the FM coeffi-

cient Rf (τ). FM is only present in close proximity to

the wall (z+ < 200) and is modulated in-phase with

the AM (Ganapathisubramani et al, 2012). Before dis-
cussing the physics embedded in these correlation maps

we will consider an accompanying result obtained via

conditional averaging.
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4.3 Conditionally avarged view of modulation

Previously, Hutchins et al (2011), Talluru et al (2014a),

and others, have conditionally averaged large-scale ve-

locity fluctuations, uL, alongside the fluctuating small-

scale variance, u2
S . Their condition governed all instants

of a negative fluctuation of the large-scale wall-shear

stress signal. One of their many findings confirmed that

the modulation of the small-scale variance is associ-

ated with the large-scale superstructure events. To as-
sist in the physical interpretation of Figs. 9a and 9b

we compute conditionally averaged views of the small-

scale amplitude and frequency fluctuations. Here we

condition the ensemble average on zero-crossings of the

large-scale velocity fluctuations at each respective lo-
cation. This aids in preserving a sufficient temporal

resolution in the conditional average, which is other-

wise delocalized in time when successive instants of

the time series are averaged. In doing so, a variable
window averaging technique (as used by Baars et al,

2015) ensured that only the section of the time series

between the two zero-crossings, surrounding the condi-

tioning zero-crossing-point, was utilized. Additionally,

zero-crossings occurring within t = 2δ/U of each other
were excluded from the ensemble to better reveal the

dominant features of the scale-interaction; this crite-

rion does not influence our principal conclusions derived

from the qualitative magnitude of these conditional av-
erages. Figures 10a and 10b visualize the conditional

averages of the large-scale fluctuations of small-scale

amplitude, σ′
SL, and frequency, f ′

SL, respectively. We

conditioned on the negative-to-positive zero-crossings

of uL (τ+
np = 0 when uL = 0 & duL/dt > 0), shown

on the left-hand-side of Figs. 10a and 10b, and the

positive-to-negative zero-crossings (τ+
pn = 0 when uL =

0 & duL/dt < 0); any potential breakdown in point-

symmetry (around uL = 0) could be inferred from

these results. Finally, the conditional averages employ
the Morlet wavelet-based σ′

SL and f ′
SL signals; qualita-

tively similar results are obtained when averaging the

Mexican hat wavelet-based signals.

4.4 Modulation phenomena and their time shifts

Hutchins (2014) mentioned that a “fine line” exists be-

tween amplitude modulation (near-wall phenomenon)

and other features in the TBL that may be better clas-

sified as “preferred arrangements” of scales. We here
start by describing our conditional views of Figs. 10a

and 10b, and the associated isocorrelation maps (Figs. 9a

and 9b) in the context of the modulation and preferred

arrangement terminology. When concentrating on the

domain below the log-region, conservatively z+ < 200,
we know that the dynamics near the wall are governed

by inner-scaling. The magnitude of the dynamic time

scale is t+ = λ+
x /U

+
≈ 100 (the inner-spectral peak

of the TBL spectogram, Fig. 3b). Moreover, the time

scale and fluctuating velocity are fixed in inner units:

t+ = tU2
τ /ν and u+ = u/Uτ . When we preserve time

according to a quasi-steady description (Mathis et al,

2013), large-scale motions affect the inner-velocity-scale

(Uτ ≡
√

τw/ρ) following τ ′
w (t) ∝ uL (t) when first-
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order terms are retained in the analysis; here, τ ′
w is

the fluctuating wall-shear stress. For the inner-scaled

small-scale velocity, u+
S , this implies that any fluctua-

tions increase on an absolute scale when the large-scale

velocity exhibits a positive fluctuation (σ′
SL > 0 when

uL > 0 and vice versa); this drives the positive correla-
tion for the AM observed in Figs. 9a and 10a. Similarly,

physical time t decreases for a positive fluctuation of the

friction velocity, since t+ of the near-wall cycle is frozen.

Hence, the small-scale energy resides at higher frequen-
cies, interpreted as an in-phase FM; this is evidenced

by Figs. 9b and 10b (for z+ . 200). When we now fo-

cus on the intermittent region (z/δ & 0.4) we observe

a reversed effect. That is, the amplitude of the small-

scales, σ′
SL, as well as its representative frequency, f ′

SL,
exhibit positive fluctuations when the large-scale veloc-

ity fluctuations are negative, and vice versa. This is di-

rectly caused by an intermittent exposure of the hotwire

to turbulent (captured as uL < 0) and non-turbulent
fluid (uL > 0). Finally, the arrangement of scales in the

log- and wake regions is less well understood, despite

over 30 years of compelling research progress on this

topic. Bandyopadhyay and Hussain (1984) and Chung

and McKeon (2010) describe this region as one compris-
ing a “phase reversal”. Hutchins et al (2011) found that

the largest fluctuations of the small-scale amplitude, in

the log-region, are aligned with the internal shear layers

along the inclined back of the low momentum regions
(thus around τ+

np = 0). Fig. 10 provides evidence for

the latter in the form of the dark shaded region cen-

tered around τ+
np = 0 and the center of the log-region

(z+ ≈ 474).

We now elaborate on the time shifts embedded in

the modulation phenomena, which may be contemplated

as the relative shifts between uL and the concurrent
small-scale representations, σ′

SL and f ′
SL, for which peak

correlations occur (see the markings in Figs. 9a and 9b).

Time shifts are shown in Fig. 11a in our conventional

reference frame τ , relative to the large-scales. Note that

the time shifts identified from the isocorrelation map
of the original AM coefficient (Mathis et al, 2009) are

omitted but follow the Morlet wavelet-based shifts; for

FM we could only rely on our wavelet-based approach.

Since the large-scale structures are inclined relative

to the wall (Fig. 4) we can make a simple coordinate

transformation from τ to a global reference frame τ ′,

relative to the stationary wall. We employ the peak lo-
cations, τL, of the two-point correlation map (Fig. 4),

which identified the wall-normal evolution of the time

shift associated with the physical inclination of these

large-scales; note that τL becomes more negative away
from the wall (a forward leaning structure). The global

view of the time shifts after our coordinate transforma-

tion, τ ′ = τ + τL, is presented in Fig. 11b. For time
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Fig. 11 a Time shifts associated with the extrema in the isocorrelation maps of Figs. 9a and 9b. Here, τa and τf refer to the
time shifts in the AM and FM, respectively. Subscript ‘1’ indicates use of the Morlet wavelet, and ‘2’ refers to the procedure
utilizing the Mexican hat wavelet. The temporal reference frame τ can be interpreted as being relative to large-scale structures.
b Similar to sub-figure a but for the transformation τ → τ ′; reference frame τ ′ is the global frame (Fig. 12)

shifts in AM (τa) the results for the Morlet (τa1) and

Mexican hat (τa2) wavelet-based procedure agree rea-

sonably well, particularly when correlations are above

0.2. A larger discrepancy is observed for the FM shift
(τf1 versus τf2). In Sects. 3.1 and 3.2 it was shown how

the choice of wavelet could eventually affect our con-

structed signal f ′
SL. By employing our chosen wavelets

with different temporal and spectral resolutions, it can
be argued that the time shift (in a statistical sense)

will closely follow the range spanned by τf1 and τf2. In

addition, FM exhibits a lower normalized correlation

than AM, which could be a factor in the larger discrep-

ancy, given that peak representation of the broad cor-
relation curve is a crude simplification. Moreover, the

magnitude of the time shifts is |τ+| = O (100), which

is small relative to the typical time scale at which the

large-scale energy resides; the outer-spectral peak in the
spectogram (Fig. 3b) exists at t+ ≈ 3 000.

We can make several observations from Fig. 11b, al-

though a full explanation of the physics is warranted;

this is beyond the current scope as here we focus on an

efficient, and time-continuous, procedure to study FM.
We have identified three wall-parallel layers in Fig. 11b,

denoted as I to III. Layer III encompasses the top part

of the log-region (ending at z+ = 0.15Reτ ≈ 2 200)

and the wake-region above. Only a negative correlation

exists between uL and σ′
SL or f ′

SL for the reasons pro-
vided earlier. For this preferential scale-arrangement,

the small-scale signatures are lagging with respect to

the large-scale velocity and blend in with the prefer-

ential scale-arrangement in layer II (majority of the
log-region), where the phase reversal reflects the ar-

rangement captured in Fig. 10a. Layer I encompasses

the wall-normal range below the log-region (z+ . 200,

where AM and FM were shown to be present. The

magnitude of the AM shift, |τa|, increases progressively

with distance from the wall to a near-constant value

of τ+
a ≈ −200 in the range 50 . z+ . 200, while

the FM shift τf is less than half of that. In terms of

the normalized modulation strength (Fig. 9a), we ob-

serve that the AM is strongest near the wall. In addi-

tion, a local maximum in strength is centered around
z+ ≈ 80 and coincides with the region where the time

shift becomes constant. Interestingly, from the value of

τL in Fig. 11b we observe that the large-scales remain

centered around τ ′ = 0 (non-inclined) over this wall-

normal range. A summarizing schematic for z+ . 200
is depicted in Fig. 12. Imprints of large-scale regions of

positive (uL > 0) and negative (uL < 0) fluctuations in

close proximity to the wall are indicated in grey-scale.

Superposed is a binary signal that represents the large-
scale structures in space or time, at the wall-normal lo-

cation of the dashed line. Spatial coordinate x increases

to the right, whereas time increases from right-to-left.

The modulation physics are visualized in Fig. 12 by a

small-scale velocity time series superposed on the large-
scale binary signal. It is important to note that the

envelope of the small scale fluctuations and frequency

content are visualized with the crude simplification of

having a signature that is periodically similar to the
large-scales. Pending research at a range of Reynolds

number should address how confined these modulation

physics are, in relation to the internal shear layers, and

how they scale. Note that Fig. 10, and any other re-

sults, are strictly speaking only valid for Reτ = 14 750.
Guala et al (2011) considered a high Reynolds number

of Reτ ≈ 5 × 105 and suggested that the interaction
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Fig. 12 Conceptual schematic of the AM and FM phenomena in the near-wall buffer layer, relative to the large-scale motions
in a turbulent boundary layer with a friction Reynolds number of Reτ = 14 750

of scales near the wall —and the time shifts— are gov-
erned by inner scaling.

Now, we know that in the near-wall region, τa is

negative and |τa| > |τf | > 0, meaning that from a sta-

tionary observer perspective, an increase in the mag-

nitude of the small-scale fluctuations (at τ ′ = τa) is
noticed first, at least when exclusively considering the

streamwise velocity fluctuations. A finite time later, the

IF of the small-scales increases (at τ ′ = τf ). Finally,

the negative-to-positive zero-crossing of the large-scale

streamwise velocity fluctuation passes at τ ′ = 0. Hence,
the modulated fluctuations in amplitude and frequency

lead the large-scale motion (Bandyopadhyay and Hus-

sain, 1984; Guala et al, 2011). Physical mechanisms for

this lead demand further research as this could be re-
lated to several factors. Our current work is limited

to single-point data of the streamwise velocity compo-

nent alone. Hence, any effects imposed by the three-

dimensional nature of the large-scale events (Talluru

et al, 2014a) and their more complicated footprint can-
not be addressed. Dimensions of the regions separat-

ing large-scale structures, with positive and negative

large-scale velocity fluctuations, are also believed to

play an integral role in the explanation of the time
shifts we have quantified. These regions are ideally cap-

tured by a measure of vorticity, since high-intensity vor-

ticity (larger than the mean vorticity) is concentrated

in between the large-scale motions (Klewicki, 2013).

Our results, based on the streamwise velocity compo-
nent, show that the most energetic small-scale fluctu-

ations, in the log-region, are aligned with the internal

shear layers along the back of large-scale structures with

negative velocity fluctuations. Hypothetically, the time
shifts may be the result of a smooth transition between

this scale-alignment and its bounding phenomena, be-

ing the modulation near the wall and the intermittent

behavior near the boundary layer edge, and affiliated
bottom-up and top-down influences. This is however

speculative and demands further research.

5 Summary and conclusions

Investigating amplitude- and frequency-modulations em-

bedded within a broadband signal, such as encountered
in the near-wall region of wall-bounded turbulent flows,

remains challenging. In this work, we employed a tech-

nique to compute amplitude and frequency modulation

based on wavelet transforms.

We applied the technique to streamwise velocity fluc-

tuations in a turbulent boundary layer to assess the

large-scale modulation of small-scales. The signal’s en-
ergy was decomposed in time-frequency space to pre-

serve the temporal variations of the spectral energy con-

tent, and thereby obtaining its wavelet power spectrum

(WPS). Both the Morlet and Mexican hat wavelets are

compared for the current application. An inner-scaled
separation wavelength of λ+

x = 7 000 was employed

to exclusively consider small-scales. A low-dimensional

representation of the small-scale part of the WPS was

captured by two new time series. The first one com-
prises the local standard deviation, obtained by inte-

grating the local WPS in spectral space, while the sec-

ond signal consists of the instantaneous frequency, com-

puted via the first spectral moment of the local pre-

multiplied spectrum. Large-scale AM and FM were sub-
sequently studied through conventional correlations be-

tween the large-scale component of the velocity and

the small-scale amplitude and frequency signals, respec-

tively. The advantage of the current procedure is the
preservation of time. Statistics of the IF signal could

provide new insights into the dynamics occurring in the

near-wall region of turbulent boundary layers. It was
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confirmed that the small-scale amplitude signal leads

the large-scale signature, while it was found that the

lead in frequency modulation is more than a factor of

two less. The time shifts were furthermore addressed

in the context of the existence of modulation phenom-
ena near the wall, while a preferential arrangement, or

alignment of the small-scales relative to the large-scales

so to speak, prevails in the log-region and beyond.
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