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Abstract We study how kinematic information propagates in plandrstampression tests
for two granular samples, one comprising glass beads, tiex @&t sand. Of interest are the
structures of directed networks constructed from statiedr relationships amongst grain-
scale kinematical measurements obtained using Digitagé@orrelation (DIC). The exact
form and kinematical information used in each linear relaghip is selected using a data
modelling algorithm which appeals to the information thedescription length philosophy
encapsulated by the principle of Occam’s Razor. For botts,tege find that the observa-
tion sites with the most complicated relationships (i.eqse which require th&— and
y—coordinates of the displacements of both neighbouring éstdrt sites to best represent
their own kinematics) are located in that region where thsigtent shear band develops.
The static linear relationships for these sites involveratle scale that is around 7 — 15
times the mean particle diameter, consistent with the ebsethickness of the shear band
in each sample. Our findings corroborate earlier eviderara the extant literature that the
kinematics inside shear bands are necessarily nonlocafuatier highlights the crucial
importance of incorporating shear band kinematics in é¢anise modelling. We shed new
insights not only for constitutive modelling but also in thee of sensors to detect motion in
deforming granular systems: that sensors with local sgresiid monitoring capabilities are
sufficient for distilling information on kinematic transssion — except in the shear band
where nonlocal information, or information from spatiadligtant sensors, is a necessity.
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1 Introduction

A continuum constitutive model that can adequately desdtie physics of granular media
remains elusive. Continuum mechanics formulations fohstiscrete materials are built
from kinematical relationships derived using two main agghes: (i) direct considera-
tion of individual grain kinematics (e.g., grain motion incanfined buckling of a force
chain [32, 33]), or, (ii) prescription of an assumed relasioip among grain kinematics
in a representative volume element (e.g., affine [5] or Mor@af{29, 21] deformation). If
we know how the collections of grains move in a given granalssembly, then we can
feed their displacements into formalisms which return iinfation on the forces between
grains and, in turn, the stresses and strains that develihe irepresentative continuum. In
some respects, the kinematics provides the link from therelie to the continuum. Here
we demonstrate that directed complex networks, built frioiedr relationships among grain
properties (i.e., their displacements), can be used tadatechow properties of the discrete
medium can be more effectively mapped to its continuum sepration. By distinguishing
the essential from the nonessential relationships in theegy, this study may yield valuable
clues towards constitutive models which are simple enoadietanalytically tractable and
yet robust enough to capture and predict observed behaviour

To illustrate the key idea, suppose a continuum model doiss tlat can robustly rep-
resent and predict how a granular material behaves undepgie@ load. Depending on
the relevant spatial scale of resolution, i.e., represeetaolume element, such a model
should be capable of describing how collections of graieshaoving in a particular region
of the sample at a given time. Presumably a useful continuaaehwvould take the form
of a system of partial differential equations which may bpragimated and decomposed to
a system of ordinary differential equations. In either ¢ésepractical computational pur-
poses, the differential equations would be converted td afsdifference equations which
would then be used to compute the displacement at mesh gwets the displacements at
other mesh points at the current and previous times. Fumihrer, if we want to know the
displacements at non-mesh points, then it is conceivabdg@pooximate this as a function
of the motions computed at nearby mesh points. Such a furatielationship may be sta-
tic, i.e., only involve information at the current time. Tinplify matters even further, we
could assume the functional relationship is linear — thaif ime know the kinematics of
the system at specific points in time, then we can predict thigom of all the other points
in the sample using “static linear relationships” or SLRcH2gs the best example of such
linear relationships among grain kinematics is the affin@mform strain assumption of
continuum theory. The affine relationship, and the depamfiobserved granular deforma-
tion from this relationship (i.e., nonaffine deformatiomstreceived significant attention in
many areas of granular mechanics and physics, with recediestincluding [21, 11, 13]
from simulations to [24, 38] from experiments.

Before proceeding, it is useful to consider how informatioay be obtained for stud-
ies of SLR among various system properties, kinematicsheratise, from either physical
measurements or model predictions, e.g., discrete elesiendations (DEM). Consider,
for instance, the possibility of extracting information properties of individual grains or
clusters of grains of various mesoscopic sizes (e.g., katies) contact forces etc.) scattered
in different parts of the sample, from a network or collestaf smart sensors located inside
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the material — instead of using, say, a continuum modeldrbfiitial equations) to predict
such information. This sensor network would have the samenmhproperties as any ma-
terial grain or cluster in the sample. Thus, except for thaigue capacity to record system
properties (e.g., position, displacement, rotation, @oinforces etc.) and transmit them to
an observer, they are otherwise indistinguishable froma@mstituent grain or cluster of
grains. Armed with these sensor measurements and a suitioflmear relationships, the
observer can then approximate the motion or property of asip@r cluster in the material.
In this study, we are interested in discovering $treicture of such linear relationships from
grain-scale measurements of displacements.

A twofold question of relevance to this study concerns homekiatical information
propagates through the material: (i) what sites within ttatemal require the most compli-
cated relationships (i.e., nonlocal relations descrihbitigraction with distant sites or sen-
sors, as opposed to local relations which is that with im@aedneighbours) to track rhe-
ological behaviour, and (ii) where in the material shoule #ensor network reside so that
optimal approximations of grain motions at distant locagian the sample can be obtained.
The answer to this second question has great practical trmpojust for basic research
in geoengineering (e.g., constitutive modelling), bubdisr the applied area of wireless
sensor networks for remote sensing and real-time mongafmonlocal phenomena (i.e.,
geomaterial failure such as landslides and earthquakdigigeological and geophysical
communities, e.g., [15, 22, 6, 41].

In this study, we attempt to partially answer both questimpstroducing and demon-
strating our techniques using data from experimental @igitage correlation (DIC) mea-
surements of grain-scale kinematics of assemblies of dgleads and a masonry-concrete
sand mixture. We treat each grain-scale measurement site fixed in space) as a sensor,
and derive static linear relationships between the serispesgiven loading history. Infor-
mation theory is utilized to determine which set of sensoeslae optimal or best selection
of sensors to predict the behaviour of another sensor. Mfosmation can be conveniently
summarized within a directed network. Of specific interesthis study are structure and
properties of these directed networks and the insights phayide into the rheological be-
haviour of granular materials.

We take advantage of current, local-scale experimenthahigoes (DIC) that enable ac-
curate, non-destructive measurement of deformation atsitale of interest (grain cluster
scale) to deliver complete records of kinematics at all olz®n sites for the entire du-
ration of the loading program [25, 1]. The method of DIC ygloverlapping grain-scale
displacements, with consecutive measurement points abgrdin apart. In this study, we
consider grain-scale DIC measurements of two plane st@impeession tests of disparate
materials whose difference stems largely from differennagain shape, i.e., an assembly
of glass beads and a masonry-concrete sand mixture. Asssgatén [4], rarely in a dense
granular system will you see a single grain moving in a cotepfedifferent manner from
its neighbours (e.g., spinning uncontrollably, slippimgraving in a dramatically contrary
manner to its neighbours). Due to frictional resistancegarticle interlocking, a grain’s ro-
tation invariably entails the rotation of its immediategtgiours. Consequently, measuring
movements of small clusters of grains across experimgntlizable strain intervals with
DIC is a valid way of quantifying the essential kinematicatiwty, including that inside
shear bands, as recently demonstrated in [25] and [1].

It is appropriate to make clear that the method of analysiprepose in this paper is not
restricted to solely processing grain-scale DIC data. kanmple, recent advances irCT
x-ray technology warrant mention since measurements ftaset techniques can also be
treated in a similar fashion. In contrast to the measuresiezg of DIC the moving individ-
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ual grains would serve as the sensors, simg€T x-ray technology now enable individual
grain kinematics to be tracked across a deformation hidgtmqugh a method called ID-
track [3]. This gives the experimentalist the ability touret kinematic information in real
sand tests akin to the information typically delivered froMaM simulations [9]. However,
despite the successful progress of ID-track, it is not p#sfeefined and individual grains
can be “lost” to the tracking [3]. This causes difficulty ftwetmethods we propose in this
study, where a complete record of grain information is reggfor the analysis. The method
of DIC does not suffer from this loss of tracking and as mergtabove DIC still delivers
grain-scale kinematical information and so we use DIC datatroduce and develop our
methods.

The remainder of this paper is organized as follows. In Sege 2lescribe the exper-
imental tests and DIC data collection. The computationaghods proposed are described
in Sec. 3 with results presented in Sec. 4. Finally, a sumroftiye techniques and further
implications for constitutive theory are discussed in $ec.

2 Experiment & Data

We subject low porosity, prismatic-shaped specimens (p40 by 40 by 80 mm) of
sand and glass beads to plane strain compression. We emlaree strain conditions by
rigid glass walls, which enable image-based capture ofangospecimen deformation. The
specimens sit on a translatable base which is kinematifraéyto slide only in the in-plane
direction, thus allowing for unconstrained translatioargj an inclined shear band. A pli-
able and translucent latex membrane encases each speuihiieh,is saturated to enable
measurement of volumetric strain by measuring pore watehnange into and out of the
specimen. A large-diameter Plexiglas cell houses the serassembly. Pressurized sili-
con oil within the cell provides the medium for confining ssepplication. Axial deforma-
tion rates are small, about 0.05 mm/min., to avoid effec{soné water over-pressurization.
Every 0.025% global axial strain, or every 45 sec througlsbegr, digital images are col-
lected, as well as readings of macroscopic axial and optafe forces and axial and in
plane displacements.

The digital imaging technique used here (described beleggires the subject material
to possess local material colour variations at the scaletefést. To achieve the required
variation in our granular samples, we mixed together maltedf different colour. The sand
material is a 90/10% mixture by mass of sieved masonry (M)camdrete (C) sands, herein
called MC sand. Prior to mixing, we sieved each sand betweemb. 16 (1.18 mm) and
No. 30 (0.6 mm) sieves to create a fairly uniform grain sizribution. The median grain
size (by mass) is 0.84 mm. The glass bead material is a bédispmixture of 1.0-mm
opague orange (40% by mass) and 1.5-mm (60% by mass) oparple, gween and yellow
beads. The median grain size is roughly 1.25 mm. All specénaea prepared by raining dry
material into a forming mould from a consistent height thgloout filling: a filling height
of about 12 cm consistently produced high bulk density spens, which are prone to
shear band formation. Typical macroscopic stress-stiatia are given in Fig. 1 for the glass
beads and sand specimens. The highlighted data points @uthe indicate image points
referenced in the discussions below.

DIC is used to compute in-plane displacements across thefequline specimen sur-
face. DIC mathematically tracks pixel gray level value @ats manifested within small
subsets of pixels (e.g., [30]). The subset sizes used henprize about three to four grains
across. As is typical in DIC, the subsets are overlapped éttlya spatially intense dis-
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placement mapping: here, our centre-to-centre subseihgpaequivalent to about a grain,
yielding grain-scale displacement data point spacing. Sidfevare VIC-2D, by Correlated
Solutions, Inc. is used to conduct the DIC analyses. We us&éno Normalized Sum of
Squared Differences (ZNSSD) matching criterion, cubiingpsub-pixel interpolation, and
affine subset shape functions. Incremental DIC analysepafermed every 0.15% axial
strain, representing about 4% gross shear strain acros=aa lsind. For these small strain
increments, and for the subset sizes used here, the asenropéffine subset deformation is
fairly well maintained [25]. Local kinematic behaviour andnaffine deformation, then, are
assessed by evaluating the relative kinematics amongeadjB¢C data points [7]. Figures 2
and 3 show the observed displacement fields at four strarerments corresponding to the
image numbers shown in Fig. 1. A single persistent shear Bavelops in each sample, the
measured thickness of which is around 7 mean grain dianfetettse glass beads assembly
and 9 mean grain diameters for the masonry-concrete sangk tiail about the testing
and DIC techniques can be found in [25] and [1].

3 Computations

We adapt methods previously used to characterize dynarhiasserved time series from
noisy experimental observations. Specifically, we builaistlinear relationships (SLR)
valid for all stages, or timeg in the loading history, from consideration of the time se-
ries of thex— and they—coordinates of the displacement field at every observaiterirs
the sample, and for the entire loading history for which D$Cdeally suited to provide.
The static linear relationships or SLR among grain-scatetkiatics can then be used to
predict an observation site’s kinematics at a fixed tirae using knowledge of other sites’
kinematics at. Thus the predictive capability of these static relatiopshs with respect
to space only and not time. Furthermore the relationshipscanceived from knowledge
(i.e., time series) of grain-scale kinematics at many olagi&ms sites in the sampfer all

of itsloading history. More general models incorporating time structure andaaetation-
ships could be considered. One such class of models is Hiddekov Models [12]. These
models can be regarded as consisting of two parts: a stabetiemomodel capturing the
underlying dynamics and a measurement model describingdmaaprojects the (hidden)
states to the observations. It is a difficult and open quesi®to what constitutes, or is
suitably representative of, the state of a granular systehsa, in this study, we restrict our-
selves to identifying dependences between instantandmsas\@ations of a granular material
throughout loading by reconstructing SLR’s.

The technique used to construct the SLR for a given site &ttisma modification of the
reduced autoregressive (RAR) model fitting methods deeeldpr detecting periodicity in
(possibly) nonlinear data [28]. The RAR method involvesube of an information criterion,
namely description length, to select which linear combarapf past values of a time series,
or lags, is best able to fit the current value of the time sevidsout overfitting the data. The
use of description length in this way has been extended téneam combinations of past
values of the time series with success [14]. The descrifiogth of a model of a time series
can be thought of as the information required to reconsthecbriginal data. If one was to
transmit the information needed to reconstruct the origiaga, then the description length
is the compression gained from transmitting the infornratieeded to build the SLBnd
transmitting its prediction errors — rather than simplynsmaitting the original data [27]. A
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formula for approximating the description length of a maaéks the form

description length~ (number of data ...
In (prediction errors)-...
(penalty for number and.
accuracy of model parameters)

The approach by Judd & Mees [14], inspired by the work of Rissa[26], provides a
formula for description length which involves solving a finaar optimization problem
for the parameter accuracy. Space limits prohibit a fulllasation here, but to solidify
the concept, we will introduce the Schwarz Information €iin (SIC), which is a simpler
information criterion to the description length used in][tdt can still match its success and
description length is asymptotic to SIC in the limit of langember of data. In time series
modelling applications the difference in formula for déstion length and SIC often do not
lead to significant differences in “optimal” model struador small number of data — the
case here with 30 time points for each site, however, DIC jmbbe of delivering a finer
temporal resolution. Indeed for the studies here it is fbsgD extract up to 10 times the
number of data. Typically SIC models contain more terms heiteissential core features of
these larger models encompass the smaller “optimal” detgumilength built models [18].
For a static linear relationship witaterms (or parameters), the SIC formula is

SIC(k) = NIn(e"e/N) +kInN 1)

whereN is the length of the time series to be fitted aake the fitting errors.

In [28, 17, 31], RAR models are reconstructed using a scata series. In our case,
however, we reconstruct, for each coordinate of an obdervaite, a predictive SLR. This
SLR is a linear combination of the coordinate time seriehefdbserved displacement at
a subset of other sites. Specifically, the SLRdgdt) andv;(t), which predicts thex— and
y—coordinates, respectively, of the observed displacentesited at timet, is

Ui(t) = Ao+ Y cesuu(i) dele(t) + Teesy i) BeVe(t) + &y )

Vi(t) = Ao+ Tees(i) VeUe(t) + Yees, i) dVe(t) +&v
where thelg, 5\0, ac, Bc, Ye @andd; are parameters estimated using least squares to minimize
e, ande,. The setsSy(i), Sy(i), S(i) andSy(i) are the subsets of observation sites, not
including sitei itself, which have been selected as having the richest létieimformation
throughout the time history to predict the evolving dispi@ents observed at sitewith
respect to the description length information criteriolih For exampleS(i) is the set of
sites whose—coordinate displacement information is required to prigitie x—coordinate
displacement information of siteThese subsets are determined in an iterative growing and
culling algorithm established in [14].

Briefly, the growing and culling algorithm results from a siivity analysis in La-
grangian theory [42] to select candidate sites to add to angrhove from the subsets.
Equation (2) can be rewritten as a matrix equatien X p+ e wherer is the response vari-
able (i.e., the observed displacements of siterough time),p are the parameterX is
a design matrix whose columns correspond to the observethd&ments of the currently
selected sites in the subsets. The quartigpresents the fitting errors for the given parame-
ters. The information (displacements) of sites not culyenthe subsets also form their own
design matrix, say. We grow the model subsets by adding a new sites informati@ol¢
umn ofV) by selecting the one which has the maximum valu@/dfe|. Lagrangian theory
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says that adding this site to form an extendegives the maximum payoff given the current
makeup of the subsets and those available for selection Th4] culling component of the
selection algorithm again appeals to Lagrangian theorydaradi variables by selecting the
site (or column oX) which has the smallest absolute value of fitted parametesragval of
this information provides the least damage to the fit [L4}eAthe addition and deletion of

a sites information the SIC (equation (1)) of the resultimape is calculated and compared
to the current “best” model. Recall, by “best” we mean the with lowest SIC seen so far.
For a model of fixed sizk once iterative growing and culling fails to reduce SIC fertive
increase the model size kot 1 and repeat the growing and culling steps. Early on, inereas
ing model size will continue to lower SIC because the modetsree reduce. Eventually,
however, the payoff in reducingis outweighed by the increasikgnd SIC will start to rise
defining a minimum of SIC for somle Once we have a well-defined minimum,lot i for
i=1,...,K for a givenK has failed to reduce SIC further we stop and consider the mode
with lowest SIC we have found so far as the “best” model. Ofrsepthere is no guarantee
that we have found the optimal model but the heuristic oetliabove has proven successful
in capturing the essential underlying behaviour in oth@liaptions [14, 28, 18]. A different

or stricter description length criterion to SIC often letmlsmaller models (selected subsets)
than SIC, however, the core features of the underlying m®t=also captured by SIC [18].

The parameterd, andAg are also considered part of the subset for selection, anégo m
or may not be present in the modelp(t) andv;(t) for sitei. The membership of each model
(i.e., the subsetSy(i), Sy(i), Sx(i) andSy(i)) can be usefully summarized in a directed
network in a manner similar to and inspired by [17, 31]. SiBt€ models capture the core
features of a process the resulting core structure of thregponding directed networks are
also captured. Any extra terms in SIC models above “optimadtels constructed using
the more complicated description length typically manigesbranches and leafs around the
network core [17].

In [17, 31], weighted directed networks embodying the tirtrecture of scalar time
series were constructed. Those networks were developedsbysisigning a node to each
scalar value of the time series, and then adding weightettdid links if earlier values of
the time series (nodes) appeared in the best RAR model. ke Were assigned weights
based on a transformation of the coefficients of the fitted Ridrlels. Our approach using
the above predictive SLR (equation (2)) and multivariateetiseries differs in a novel way
which we now explain. In particular, in our new approachweek nodes represent the
spatial location of measurement sites and the type of irdition each site records.

The nodes of our network represent each measurement sitircai® (i.e., each of the
multivariate kinematic time series). Thus fof measurement sites, we havis! 2irected
network nodes since we build the SLR for both displacemen&ndv;. We connect a
directed linkinto nodei from other nodes, if and only if site| is selected in the relationship
for i using equations (1) and (2). If the kinematic informatiorsité j is selected by (1) in
(2), then clearly nod¢ has arout link. We ignore theg term, regardless of it being included
in the best relationships as it does not represent a sitetlirén future work, it might be
interesting to create nodes representing this constamt téurthermore, at this stage of
development, we do not include the transformation of thefiients to obtain weights for
the links as in [17, 31]. A weighted graph would allow diffat@spects of the network to be
interrogated. For example, in [17, 31] a weighted repregemt allowed a minimal weighted
spanning tree to be extracted which bore important impboatfor causal relationships and
model redundancy. We are unsure at this stage how such a atigpanning tree and its
properties translates to the spatial status of nodes areksict the scope here to a study of
the less complicated unweighted network topology of SLR/s.reserve the addition of the
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weights to a future investigation which will also considesmgeneral feedback predictive
relationships than the SLR described in (2).

Of most interest then are the in-degree of a site’s kinengiti, or the number of other
measurement locations deemed best to predict its kinetbekiaviour. The out-degree of
a site’s SLR is also key and is the number of times a givensskisematical information
appears in the SLR of other sites. Similarly informative toe types of information that
are used in the SLR of a given site. That is, for a given isitehat information from the
other sitesj is selected to best predict its displacement coordinatesdv;? Would the
prediction ofu;, thex—coordinate of the displacement at siteeed only thex—coordinate
of the displacements of the other site@.e., non-emptyS(i) but Sy (i) = 0), or only the
y—coordinate §x(i) = 0, Sy(i) # 0), or both (i) # 0, Syy(i) # 0)? Similar questions
apply for predictingy;, they—coordinate of the displacement at site

4 Results

One may expect that each SLR, being a linear model of a prdfguronlinear process,
would perform poorly especially since each SLR tries to & thhserved behaviour across
the entire loading history. To the contrary, the SLR (tnagyifits of a site’s observed behav-
iour using the information of a subset of other sites’ dataraasonably good. We demon-
strate this in Figs. 5 and 7, wherein we show the observedattatdhe quality of the SLR
(training) fit for four sites in each sample correspondinth®locations indicated in Figs. 4
and 6 respectively. In both samples, we selected three(Siites 1 — 3) in the region where
the persistent shear band develops and where the statir lielationships have relatively
complex structures (i.eSu(i) # 0, Sy(i) # 0). We chose the fourth site (Site 4) to lie out-
side the shear band, where the SLR structure was less conipleleft hand plots in Figs. 5
and 7 show the—coordinate information and the right hand plots showytheoordinate
information. The Sites 1-4 correspond to each row in thesedy The SLR fits (symbols
in the plots) to the measurement site training data (safid in the plots) produce fitting
errors with zero mean, and a standard deviation that is sttéeeorder of magnitude smaller
than the range of the observed displacement data. We alsdhmitthe worst training fits
are for those sites situated in the eventual shear bandragidoccur at strains where each
material fails. This is best exemplified in the MC sand sangbl8ite 3 fory—coordinate
information (Fig. 7, third row right).

Of central interest to this study is teucture of the static linear kinematic relationships
uncovered for the glass beads and MC sand samples. Thisus&us the same for the
entire loading history: the fitted parameters are constadtiaformation from the entire
loading history is used to fit the model parameters in eqoatfd) and (2). In what follows,
we will examine this structure from multiple perspectivéée begin with the standard and
highly informative first step in complex network analysisigthis the representation of
a complex network through its adjacency matrix. This maikypically a square matrix
whosei j!" element is equal to 1 if a link exist between nodesd |, otherwise it is 0. In an
undirected network, thgt" entry equals thgit" entry: the adjacency matrix is symmetric.
For a directed network, this is not always the case. If weofolthe convention whereby
a nonzerd j'" entry represents a link from nodeto nodei, or the link is an in-link toi,
it does not necessarily mean that the out-link from nottenodej exists, i.e, a nonzero
jith entry. In Fig. 8, the adjacency matrices for the directedvogis for both samples are
presented such that the first half of the rows represenktfmordinate information of
the displacements while the remaining half of the rows regmethey—coordinate of the
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displacements. In both cases, a prominent diagonal can $Ena@a highlighting that, for
the majority of the sample, the best linear relationshipsufaandyv; are those which use
the same type of kinematical information at nearby sites,u; (v;) is expressed in terms
of the x—coordinate y—coordinate) of displacement at nearby sites. However,rtaiao
be seen from the off-diagonal entries that some sites’ SlgRire bothnonlocal as well as
mixed information, where nonlocal means information from neaasbywell as distant sites
are needed and mixed means that information from ketlindy—coordinates are needed.

In a directed network, a fundamental summary of the netwieskih the in-degree and
out-degree distributions. Using our convention, the emogirn-degree distribution (out-
degree distribution) corresponds to the row sum (column)safrthe adjacency matrix en-
tries. We show these empirical in-degree and out-degréghdiSons for both samples in
Fig. 9 plotted on a log-log scale. In both systems, the tytaic linear relationships only
involves a few terms as evident in the low in-degree (typycao higher than 3 — 5): in
other words, only a few other sites contribute to a giverisilesplacement. The average
out-degree is only marginally higher compared to the aweiaglegree but the empirical
out-degree distributions have longer tails than theiregrée counterpart (Fig. 9): this im-
plies that a typical site contributes to the displacemenndf a few other sites in the sample,
with some sites (those in shear bands) contributing moelgratore so than others. There-
fore, overall, we find no evidence of “minority influence” Witespect to the transmission
of information on kinematics: that is, there are not spedfies whose kinematic history
are selected in the majority of the observation sites’ SLiRe [bg-log scale plots of the em-
pirical degree distributions in Fig. 9 are suggestive of wgrdaw relationship. Indeed, for
each distribution one can find a best fit parameter for theesbbphis straight line, however,
such a fit does not pass a rigorous statistical Kolmogorou+#m test of significance [8].
We are thus unable to say with any certainty that the form efithdegree and out-degree
distributions are best explained by a power law.

We next examined the spatial length scales associated Ratistatic linear relation-
ships with respect to the average Euclidean distance froite dcsits selected SLR sen-
sors, as expressed in terms of the mean particle diarBetéle compute each length scale
according to the type of the selected SLR for transmissiokiredmatic information, cat-
egorized as follows: Type 1 &= L(u),v=L(v); Type 2 —u = L(u,v),v = L(v); Type
3 —u=L(u),v=_L(u,v); and Type 4 —u = L(u,v),v=L(u,v). Category 1 implies that
the reconstructed static linear relations to predictulfe) displacement only use (v) dis-
placement information, while the latter three categorie® e 4 all use mixed information.
We find that the SLR in these latter mixed categories invotvawerage length scale in the
range(7 — 12)D for the glass beads sample af&- 15)D for the MC sand (see, Fig. 10).
The length scales for the mixed SLR are consistent with tiseied thickness of the shear
band for both samples: as mentioned in Sec. 2, the measuokddhs was 7 and 9 mean
grain diameters for the glass beads and MC sand specimspsgitively. That the SLR pre-
dicts an upper bound thickness likely results from the matirthe DIC data upon which
the SLR are based. Recall that DIC captures the averagetslifigacements. As discussed
in [25], this leads to DIC data reflecting an over-estimatiishear band thickness. While
the experimental measurements reported in [25] qualégtimccount for this overestima-
tion, applying the quantitative procedures discussectheo compensate for the DIC bias
results in a shear band thickness of around 5 mean grain thesrfer the glass beads and
7 mean grain diameters for the MC sand. These latter valueslate with actual grain dis-
placements analyzed from the digital images themselves.larger thickness for the MC
sand is likely a consequence of heightened grain intent@c&imong the irregularly shaped
grains [25, 1].
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Finally, we present the structure of the kinematic transiais according to the four
aforementioned categories of reconstructed static linelationships — now mapped to
their respective sample domain. In Figs. 11 and 12 reprieggthie glass beads and MC sand
samples respectively, the symbols marking the observattea of the samples correspond
to the structure, or type, of the SLR. The dotted sites remeSLR which belong to the one
category (Type 1) that is not mixed, ite= L(u),v=L(v). The filled squares represent SLR
of the formu = L(u,v),v=L(v), the cross marked sites are of the farm L(u),v=L(u,v)
and the unfilled circle sites consist of SLR of the fous= L(u,v),v= L(u,v). Sites 1 —
3, selected in the earlier analysis in Figs. 4 and 6 belonbese latter categories. What is
intriguing is that despite the tests involving vastly diffet materials with respect to particle
shape, those sites requiring more complicated kinemattationships reside in the shear
band for both systems (see the displacement fields for theesfirzan increment in Figs. 2
and 3 as a guide on the location of the strain localizatioforgg The region in which sites
have SLR’s with mixed and nonlocal information is more shagemarcated in the MC
sand test, i.e., Fig. 12. This distinction in kinematic seaission between the nodes inside
versus outside of the shear band being more sharply podiaythe MC sand, compared to
the assembly of idealized spherical glass beads, can baireglby the greater interlocking
among constituent grains in the MC sand. A qualitative asialgf the glass beads specimen
corroborates this: constituent glass beads more readiipigintergranular slip, both within
the shear band and at the shear band boundary. In partithdag continual grain motions
across the band boundaries in the glass beads specimegr@ies constantly going into
and out of the shear band) result in constant fluctuationeénobserved band thickness.
We note that the structure of these simple SLR’s shown in.Biggand 12 have captured the
very essence of the considerable “noisy” characterisfigsamular material behaviour. That
is, our use of an information criterion (i.e., SIC) to “filterut nonessential relationships has
resulted in SLR structures which reflect the complexity nené to the phenomena we are
seeking to understand.

The above trends are in distinct contrast to our findingsadisee for force transmis-
sion [40]: there we discovered that certain grain sensaefbistories were always favoured
in the static linear relationships of other grain sensotesk favoured grains or sensors
were found to reside in the shear band. Thus, with respeatgoription length, the force
histories of grains inside the shear band were of use in tie@Igrains outside of the shear
band. Thus, the prediction of forces on a grain involved ocall as well as local informa-
tion. This makes intuitive sense if one considers forcesm@asion in a granular material.
Consider, for example, the forces on a constituent grainfofee chain, the average length
of which typically lies in the range 5 — 20 particles [16]. Thoeces this grain experiences is
much the same as the other grains in the chain, over the coliisat force chain’s history
(i.e., all are above global average and in the same geneeatidin of the maximum or most
compressive principal stress). Hence, the forces on angfihe member grains predict the
forces of any other grain in the chain, no matter how dista@fgrains are from each other.
When the force chain fails, however, the richest informat®contained in the immediate
vicinity of the chain. Hence, from the perspective of for@nsmission — local as well as
nonlocal information is necessary for reliable predicsio®n the other hand, as discussed
above, with respect to the measure of description length) information is generally more
important and sufficient in the transmission of kinematinédrmation. Thus, sensors with
local sensing and monitoring capabilities are sufficiemtdistilling information on grain
kinematics — except in the shear band where nonlocal infoomés still a necessity.
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5 Conclusion

A directed network has been used to characterize how kinenmdbrmation propagates
in two granular assemblies comprising of different matsriae., glass beads and mixed
masonry-concrete sand. Static linear relationships arkiorgnatical information, obtained
at different observational sites (or sensor network) inséample using DIC measurements,
has been summarized as a directed complex network. Thegmeel@and out-degree distri-
butions give information on how much kinematic informatioom other sites are needed
for good predictions. Only a few other sites, typically ldssn 5 (approximately.Q% of all
sample sites), govern a given site’s displacement and éc&yv

We also found that the sites in the shear band hold the mogil iiseormation, as well
as requiring the most information from all the other siteshie sample. In particular, we
showed that those sites having the most complicated siiadiarirelationships — i.e., those
requiring information on botlx— andy—coordinates of both nearby and distant sites to
predict its owrnx— or y—displacement component — existed in areas of the materiatevh
the persistent shear band eventually formed. Kinematitstréssion in these areas of the
sample exhibited a spatial length scale that is in the rangel% times the mean particle
diameter, consistent with the observed shear band thisknes

The regions outside a fully developed band are essentiatlgid-body motion, whereas
experiments and simulations have shown that the shear legiohrexhibits a range of
highly interdependent processes spanning multiple dpatides, including: relative sliding
and relative rolling of particles [2], continual formatiand collapse of force chains [32, 20,
35] and contact cycles [36], interlacing contractant ardtait regions [10, 23] and vor-
tices [25, 34]. Moreover, force balance must apply acrosvtiundaries of the shear band,
thus these dynamical processes also depend on the regisideqi@.g. when the shear band
undergoes a slip event, the regions outside unload elliglidaeatures of this interaction
between the shear band and the regions outside can be foJigé]iwhere relationships
between grains with respect to their force history showed ginoups of grains predomi-
nately in the shear band shared similar response behavitdus@me grains residing in the
rigid-body-like areas.

Our findings provide partial answers to the two questionsaugt to answer (i) shear
band sites require the most complicated relationshipsigritig majority of sensors should
ideally be placed in the likely shear band region, e.g., i Gmuge, but some sensors placed
outside of this area are also required. Overall our resolioborate previous findings that
shear band kinematics is nonlocal and encompass thoses gvdinthe richest kinematic
history (e.g., see [32, 33, 21, 3, 4, 1, 23, 19] and refereaited therein).

Our results also suggest that the development of robusincmm models of granular
systems depend crucially on capturing the kinematics cfelgrains in shear bands. Ac-
cordingly, ongoing studies are focussed on the fine dethilseointerdependencies among
grain motions with respect to key mesoscopic events indiéarsbands (e.g., birth-death
evolution of force chains [19, 37] and vortices [21, 1]). $hare designed to elucidate the
root causes of nonlocality and mixing in kinematical infation transfer in discrete me-
dia and, in turn, the most essential kinematical relatiggssheeded to construct robust yet
tractable continuum models.
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MC sand experiments.
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Glass beads observation sites
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Fig. 4 Site locations for three sensors in the shear band and os&ledor the glass beads sample. These
sites reference traces shown in Fig. 5.
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Fig. 5 The data (solid line) and the fitted SLR predictions (symbfaskhe x— (left) andy— (right) com-
ponents of the sensor sites shown in Fig. 4. In all fits, thimitvg errors are of zero mean and a standard
deviation an order of magnitude less than the data range,thétipoorest predictions occurring for sensor
sites in the eventual shear band location.
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MC sand observation sites
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Fig. 6 Site locations for three sensors in the shear band and osiletior the MC sand sample. These sites
reference the traces shown in Fig. 7.
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Fig. 7 The data (solid line) and the fitted SLR predictions (symbfas}he x— (left) andy— (right) com-
ponents of the sensor sites shown in Fig. 6. In all fits, thiaitrg errors are of zero mean and a standard
deviation an order of magnitude less than the data range,thétipoorest predictions occurring for sensor
sites in the eventual shear band location.
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Glass beads displacement network
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Fig. 8 Adjacency matrix of the directed networks: glass beads Sibd$C sand SLRs. The filled dots show
the “nz” nonzero entries in each adjacency matrix. Row sunestf)e in-degree values whereas column sums
give the out-degree. The first 3478758 rows and columns represent tke coordinate information and
the remaining rows and columns representytheoordinate information of the glass bead (MC sand) SLRs.
Observe most SLRs use local information of the same type (oeijrthnt diagonal); however there are some
sites whose SLR require mixed- andy—displacement information.
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Fig. 10 Average distance from a site to its selected SLR sensorg@sfiect td — the size of an observation
site (Euclidean distance of grid diagonal). Upper (foufass beads SLR. Lower (four): MC sand SLR. SLR
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Glass beads displacement network
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Fig. 11 Visualizing the broad features of the glass beads SLR motigbes represent the following: sites
whose SLRs can be summarized as Type Li=L(u),v=L(v), Type 2 —u=L(u,v),v=L(v), Type 3
—- u=L(u),v=L(u,v) and Type 4 —u = L(u,v),v=L(u,v). Observe that SLR’s with mixed and nonlocal
information appear to delineate the shear band.
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Fig. 12 Visualizing the broad features of the MC sand SLR models. 3yperesent the following: sites
whose SLRs can be summarized as Type L=L(u),v=L(v), Type 2 —u=L(u,v),v=L(v), Type 3
—- u=L(u),v=L(u,v) and Type 4 —u = L(u,v),v=L(u,v). Observe that SLR’s with mixed and nonlocal
information appear to delineate the shear band.



