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Abstract

Local Computation Algorithms (LCA), as introduced by Rubinfeld,
Tamir, Vardi, and Xie (2011), are a type of ultra-efficient algorithms
which, given access to a (large) input for a given computational task,
are required to provide fast query access to a consistent output solu-
tion, without maintaining a state between queries. This paradigm of
computation in particular allows for hugely distributed algorithms,
where independent instances of a given LCA provide consistent ac-
cess to a common output solution. We study the Knapsack Problem
under LCA model. We first establish strong impossibility results,
ruling out the existence of any non-trivial LCA for Knapsack as
several of its relaxations. We then show how equipping the LCA
with additional access to the Knapsack instance, namely, weighted
item sampling, allows one to circumvent these impossibility results,
and obtain sublinear-time and query LCAs. Our positive result
draws on a connection to the recent notion of reproducibility for
learning algorithms (Impagliazzo, Lei, Pitassi, and Sorrell, 2022), a
connection we believe to be of independent interest for the design
of LCAs.
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» Theory of computation — Distributed algorithms; Parallel algo-
rithms; Streaming, sublinear and near linear time algorithms;
Packing and covering problems.
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1 Introduction

Local Computation Algorithms (LCAs) are sublinear time and space
algorithms for search problems first introduced by [9]. The LCA
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model seeks to capture settings where both input and output are
massive, so even efficient algorithms are too time-consuming, as
both the time required to fully read the input and describe the out-
put are too large. LCAs implement efficient query access to a small
portion of a valid solution of the underlying problem without com-
puting the whole output, while maintaining no state between the
various queries it is asked to answer. Due to this last requirement,
LCAs are particularly well-suited for the distributed and parallel
settings, as they allow for many instances of the algorithm to be
run independently, each providing local query access to the same
solution to the computational problem at hand.

Most of the work on LCAs, since their introduction, has focused
on graph problems, such as Hypergraph Coloring, Independent Set
Cover, Maximal Independent Set [1, 5, 9], and Maximum Match-
ing [2, 8], to name a few. Yet, far fewer works have considered other
computational tasks in the context of LCAs, and in particular com-
binatorial optimization questions. In this work, we revisit this state
of affairs, focusing on one of the most fundamental combinatorial
optimization problems: Knapsack. In this setting, the algorithm is
provided with a (read-only) random seed, and given query access
to an instance I of Knapsack: upon receiving query asking whether
item i is part of an optimal solution, the algorithm is allowed to
make a small (sublinear in the instance size) number of queries to
I, and must answer according to some feasible solution S = S(I) to
Knapsack (with high probability). The algorithm must be able to
answer as many such queries as desired, in arbitrary order and with-
out maintaining a state between queries, while providing consistent
access to the same solution S.

2 Preliminaries

We first recall the definitions of approximation algorithms and
local computation algorithms, as well as some key notions our
work relies upon.

Definition 2.1 ((a, p)-approximation algorithm). For any a €
[0,1] and B > 0, an (a, f)-approximation algorithm for an op-
timization problem that for all instances of the problems produces
a solution whose value is

(1) atleast (« - OPT —p) for a maximization problem;
(2) at most (a - OPT +p) for a minimization problem;

where OPT is the value of the optimal solution.
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We now formally define Local Computation Algorithms. This
definition is the standard definition of [9], tailored to the Knapsack
problem.!

Definition 2.2 (LCA for Knapsack Problem). A (t(n),5(n))-LCAA
for Knapsack is a (randomized) algorithm which is given access to a
read-only random seed r € {0, 1}*, and query access to a Knapsack
Instance I = (S, K) on n = || items, where the total profit of items
in S is normalized to 1, and the (integer) weight of any item in S
is at most K. The algorithm must support the following type of
queries: on input i € [n], after making queries to the instance I
and running in time at most t(n), A outputs whether item i is part
of a feasible solution C, and must be correct with probability at
least 1 — §(n). Importantly, C only depends on the input instance I
and random bits r used during computation. Additionally, each run
has no access to previous computation results. The quantity ¢(n) is
referred to as the time complexity, and 5(n) the failure probability.?

We will also require the definition of reproducible algorithm, as
introduced in [6]. A reproducible algorithm returns the same output
on two distinct runs with high probability, provided that (1) the
input samples it takes in both runs come from the same distribution,
and (2) it uses the same internal randomness on both runs:

Definition 2.3 (Reproducibility, [6]). Let D be a probability dis-
tribution over a universe X, and let A be a randomized algorithm
with sample access to D. An algorithm A is p-reproducible if

JPr [AGKr) = AGur)] 2 1-p,

S$1,82,7
where 57 and 53 denote sequences of samples drawn i.i.d. from D,
and r denotes a random binary string representing the internal
randomness used by A.

In their work, Impagliazzo et al. provide a reproducible algorithm
to compute an approximate median, defined as follows:

Definition 2.4 (t-approximate median). Let D be a distribution
over a well-ordered domain X. For 7 € [0, 1/2], an element x € X
is a T-approximate median of D if Prx.p[X < x] > 1/2 — 7 and
Prx.p[X=>x]>1/2-1.

3 Results and Contributions

Our first set of results investigates the very possibility of obtaining
an efficient local computation algorithm for Knapsack. Our first
theorem rules out any sublinear-time® LCA who provides query
access to an optimal solution:

THEOREM 3.1. Any (t(n), 1/3)-LCA for Knapsack which provides
query access to an optimal solution must satisfy t(n) = Q(n).

The usual definition of LCAs includes a first parameter, s (n), for the space complexity
of the LCA; we omit it for simplicity, as it is not the focus our of work (neither lower
nor upper bounds), which is the query complexity.

ZNote that one would want to set §(n) to be 1/poly(n), or at most O(1/q) when the
LCA is expected to answer g queries (so that all queries are answered successfully with
high probability, by a union bound). Our lower bounds hold even for §(n) = Q(1),
making them even stronger.

3In what follows, and in particular our lower bounds, we ignore the computational
complexity aspects of the algorithms and focus on their query complexity, that is, the
worst-case number of queries to the input it needs to perform in order to answer
an LCA query about the output. The query complexity clearly lower bounds time
complexity; but this distinction is important to avoid vacuous conditional results
(assuming P # NP), as the search version of Knapsack is NP-Hard.
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This hardness result, however, only rules out algorithms for
the exact version of Knapsack: one could still hope for non-trivial
approximation algorithms in the local computation model. Our
second result closes this door as well:

THEOREM 3.2. Fix any a € (0,1]. Any (¢(n), 1/3)-LCA for Knap-
sack which provides query access to an a-approximate feasible solution
must satisfy t(n) = Q(n).

One could still relax the goal in another direction: instead of
requiring optimality or near-optimality of the solution provided
by the LCAs, one could ask for access to any maximal feasible
solution, regardless of its value — that is, any solution which cannot
be improved by adding further items. Unfortunately, we show that
even this somewhat modest goal is impossible:

THEOREM 3.3. Any (t(n),4/5)-LCA for Knapsack which provides
query access to an maximal feasible solution must satisfy t(n) =
Q(n).

These strong impossibility results, at first glance, seem to close
our line of inquiry: any LCA providing access to a reasonable solu-
tion of Knapsack must essentially query the whole input. But this
relies on the fact that the algorithm has only very limited access
to the instance of the problem: also random query access to the
instance I might seem powerful, this also does not allow it to easily
leverage any feature of the instance, as the weights and profits
across items are essentially independent. One avenue to circum-
vent these impossibility results is to equip the algorithms with a
stronger and natural type of query access to I: following [7] (in the
classical setting), we consider a weighted sampling model, where
the LCA can randomly sample items from the instance I propor-
tionally to their profit. Intuitively, this should enable the algorithm
to focus on the most relevant items, which are more likely to be
sampled. We show that this is indeed the case, and are able to ob-
tain a query-efficient LCA for Knapsack in this weighted sampling
model:

THEOREM 3.4 (MAIN THEOREM). There exists an LCA which, given
weighted sampling access to the Knapsack instance, provides consis-
tent query access to a (1/2 + €)-approximation, for any fixed ¢ > 0.
The LCA has query complexity

(l/E)O(IOg* n) ,
where log” denotes the iterated logarithm.

We elaborate on the techniques, and provide an outline of the proofs
for our positive result, below.

The starting point for our positive result, Theorem 3.4, is the
work of Ito, Kiyoshima, and Yoshida [7], which provides a constant-
time randomized algorithm for approximating the optimal value of
a solution to a Knapsack instance. At a high level, given a parameter
¢ their algorithm works by first (implicitly) partitioning the n items,
each given by a profit p; and weight w;, in 3 sets: (1) the set L of
large items, with profit p; > €%; (2) the set S of small items, with
profit p; < ¢? but large “efficiency ratio” p;/w; > £%; and (3) the set
G of garbage items, with low profit and low efficiency. (To interpret
the notion of efficiency, recall the greedy algorithm for Fractional
Knapsack, which first sorts items by non-increasing efficiency ratio
before selecting as many as possible in this order.) The algorithm
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of [7] then samples O(1/&*) items proportionally to their profit,
discarding all items from G: by a coupon collector argument, with
high probability all items from L will be sampled, and further the
algorithm will obtain a good approximation of the frequency dis-
tribution of items in S: a set of efficiency thresholds ey, . . ., e, for
k = O(1/¢), with the guarantee that for each ¢ there is approxi-
mately an ¢ fraction of the total profit on items with efficiency ratio
~ ep. Using these two facts, the algorithm can build a new constant-
size (i.e., O¢(1)-size) instance I’ to Knapsack by including all large
items and a suitable number of “representatives” for each efficiency
from the small items, whose optimal value e-approximates that
of the original instance, and solve this new instance optimally (in
exponential time in the size of the new instance) before returning
its value.

To adapt this approach to the LCA setting, we must overcome
several obstacles. The first is that the above algorithm does not
actually solve the original instance of Knapsack (which would be
a hard problem), nor an approximation of it: it solves a different,
constructed instance, which just happens to have approximately
the same optimal value. But our LCA needs to answer very specific
queries on the original instance: “is item i in the approximately
optimal solution?” While running the algorithm of Ito, Kiyoshima,
and Yoshida to obtain an optimal solution to I” would let us answer
this type of queries for “large” items (as these are included verbatim
in the constructed instance I’) and “garbage” items (as these are
discarded, and not part of any solution), it does not readily let us
get this information for any of the “small” items. To address this,
we leverage the structure of the standard 1/2-approximation algo-
rithm for Knapsack (which takes the best of two solutions: that
returned by the greedy algorithm mentioned above, and the sin-
gleton solution obtained by including the first item left out by this
greedy algorithm). By running this 1/2-approximation algorithm
on the constructed instance I’, we end up with a threshold 7 and
very simple rule to decide whether a (constructed) item i’ is in
the approximate solution to the (constructed) solution I’: check
its efficiency ratio against this threshold 7. But this threshold, by
construction, also allows us (after carefully handling some corner
cases) to decide whether an item i of the original instance is in
a good feasible solution of the original instance I: check if it is
a large item (then we can decide easily if it is in the solution), a
garbage item (then it is not), and otherwise it is a small item: check
its efficiency ratio against 7.

The above outline almost gets us where we want, and would lead
(if correct) to a poly(1/¢)-query LCA for (2 + ¢)-approximate Knap-
sack. Unfortunately, it has one major issue, leading to our second
obstacle: the sampling step used to approximate the distribution of
efficiency profiles of the small items needs to be performed for each
query, as the LCA is not allowed to maintain state between queries,
this random sampling will lead to inconsistent answers. Indeed, even
small variations in the efficiency thresholds ey, ..., e, computed
from this sampling step may lead to a different threshold 7, and as a
result to our LCA failing to answer consistently to a single feasible
solution. The solution would be to somehow have our sampling
step give the same results across repetitions, which is of course not
possible: one can easily design examples where randomly sampling
items gives different outcomes with high probability, even across
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only a few repetitions; and naive attempts at rounding the sampled
values suffer the same issue.

To solve this second major hurdle, we take recourse in the recent
framework of reproducible learning (Impagliazzo, Lei, Pitassi, and
Sorrell [6]), originally proposed to ensure that learning algorithms
output (with high probability) the same answer when run on a
fresh sample of training data. Making this connection between
the LCA consistency requirement and the reproducible learning
definition, we are able to leverage the reproducible median algorithm
of [6] (suitably generalized to quantiles instead of simply median)
to perform the frequency estimation step of our algorithm in a
consistent fashion. Combining these building blocks together then
yields our final algorithm: the log* n dependence stemming from
the use of the reproducible median, which provably requires this
dependence on the domain size.

4 Discussion and Future Work

The obvious question left open is whether the exp(O(log* n)) de-
pendence on the instance size can be improved, or removed alto-
gether. Doing so would require an entirely different approach to
deal with the consistency issue, as the reproducible median algo-
rithm does require a dependence (albeit very mild) on the domain
size.

The connection we made between LCAs and to reproducible
algorithms was key to our main algorithmic result. We believe that
exploring further this interplay, and how insights and techniques
from reproducible learning algorithms can be used to design new or
better LCAs for a variety of tasks, or more generally for distributed
computation problems, would be an fruitful direction of study.

Finally, it would be interesting to see if the relaxation to average-
case local computation, as introduced in [3], would lead to either
faster LCAs for Knapsack with weighted sampling access, or help
circumvent our impossibility results absent this type of access.
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