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Abstract

In this paper we consider a company whose assets and liabilities evolve according to a correlated bivariate
geometric Brownian motion, such as in Gerber and Shiu (2003). We determine what dividend strategy
maximises the expected present value of dividends until ruin in two cases: (i) when shareholders won’t cover
surplus shortfalls and a solvency constraint (as in Paulsen, 2003) is consequently imposed, and (ii) when
shareholders are always to fund any capital deficiency with capital (asset) injections. In the latter case, ruin
will never occur and the objective is to maximise the difference between dividends and capital injections.

Developing and using appropriate verification lemmas, we show that the optimal dividend strategy is,
in both cases, of barrier type. Both value functions are derived in closed form. Furthermore, the barrier is
defined on the ratio of assets to liabilities, which mimics some of the dividend strategies that can be observed
in practice by insurance companies. Existence and uniqueness of the optimal strategies are shown. Results
are illustrated.

Keywords: Optimal dividends, Capital injections, Stochastic Control, Regulation, Funding ratio, Solvency
JEL codes: C44, C61, G24, G32, G35
MSC classes: 93E20, 91G70, 62P05, 91B30

1. Introduction

1.1. Motivation and main contributions

The optimisation problem that is described in many modern definitions of Enterprise Risk Management
(“ERM”, see, e.g., Taylor, 2015) is one that is closely related to the so-called stability problem in actuarial
risk theory (see, e.g., Bühlmann, 1970). How to distribute dividends is one consideration (see, e.g. Albrecher
and Thonhauser, 2009; Avanzi, 2009, for reviews of the literature in actuarial risk theory). For instance, the
Australian Actuaries Institute (2016) write:

An insurer’s target capital policy is an integral part of its risk and capital management plans,
and is likely to be used to inform dividend policy and to determine capital management triggers
and mitigating actions required such as capital raising or distributions.

In this paper, we consider a risky company, whose assets and liabilities follow a bivariate geometric
Brownian motion with dependence. Such a model was considered by Gerber and Shiu (2003), who con-
jectured that a barrier strategy formulated on the funding ratio of assets to liabilities was the optimal
strategy. Sometimes, insurance companies use such a funding ratio based method to set their target capital;
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see for example Australian Actuaries Institute (2016); International Actuarial Association (IAA) (2016).
The conjecture of Gerber and Shiu (2003) was subsequently proven by Decamps, Schepper, and Goovaerts
(2009). Other relevant references are Decamps, Schepper, and Goovaerts (2006, without optimality, but
with finite horizon), Chen and Yang (2010, without optimality, but with regime-switching dynamics), and
Avanzi, Henriksen, and Wong (2018, without optimality, but with recovery requirements).

In this paper the company is underfunded, and ruined, if its funding ratio decreases below a certain level
α0. This level would typically be 1, but it only needs to be positive in this paper. For instance, a higher
level than 1 could reflect the higher liquidation value of liabilities (as opposed to going-concern value).

In this paper, we are interested in determining the optimal dividend strategy in the presence of solvency
considerations. Specifically, we consider two cases. In the first case, shareholders won’t be held liable further
than the value of the company. In this case, a solvency constraint α1 > α0 on the surplus level is introduced,
below which no dividends are allowed to be paid. Note that our formulation differs from Decamps, Schepper,
and Goovaerts (2009), where the authors also propose to model the assets and liabilities of a company by
means of correlated geometric Brownian motion and where they also formulate an optimal control problem
based on the funding ratio, but without a solvency constraint. In our paper, a dividend payment cannot
bring the surplus level below a given solvency constraint. In the second case, shareholders will always inject
capital if needed. Consequently, ruin does not occur, and shareholders will maximise the difference between
dividends and capital injections. Lest the problem becomes trivial, capital injections attract transaction
costs. With proportional transaction costs, it turns out (unsurprisingly) that if such measures are warranted
(have positive expected value), these will be made only at level α0 to avoid bankruptcy. A recent treatment
of optimal dividends and capital injections with transaction costs is Lindensjö and Lindskog (2020), although
they considered a pure diffusion rather than a ratio of two correlated geometric Brownian motions as in this
paper.

Both cases described above make sense in a practical setting. Trigger points are routinely used to
define different stress situations (e.g., exceeding target vs below target). Furthermore, resulting actions
from management may include the injection of capital, or the reduction of dividends (see, e.g., Australian
Actuaries Institute, 2016); see also Avanzi, Henriksen, and Wong (2018).

The paper is structured as follows. Section 2 establishes the optimal dividend strategy, if ruin occurs as
soon as liabilities are worth less than α0 assets and in presence of a solvency constraint α1 > α0. Section 3
considers the case where capital injections are always made at α0 to prevent ruin. Numerical illustrations
are presented in Section 4.

Remark 1.1. Note that we do not consider a solvency constraint α1 when capital injections are forced. This
is mainly because the shareholders bear the entire responsibility of a shortfall, and then there is no point in
restricting the amount of dividends they can distribute from a regulatory point of view.

That being said, the company could decide to self-inflict this constraint, as it can significantly improve
the stability of the outcomes for minor cost in expectation, as discussed in Section 4.1 (see also Avanzi
and Wong, 2012; Avanzi, Henriksen, and Wong, 2018). One could even imagine optimising this parameter,
subject to a maximum coefficient of variation of the present value of dividends (when considered as a random
variable). We conjecture that the optimal dividend strategy would remain of barrier type.

1.2. The bivariate asset and liability process

Let (Ω, {Ft; t ≥ 0},P) be a filtrated probability space as usually defined. We consider a risky company,
whose assets X1 := {X1(t) : t ≥ 0} and liabilities X2 := {X2(t) : t ≥ 0}, respectively, follow a bivariate
geometric Brownian motion with correlation ρ ∈ (−1, 1). That is, the uncontrolled processes (X1, X2) follow
the dynamics

d

(
X1(t)

X2(t)

)
=

(
µA 0

0 µL

)(
X1(t)

X2(t)

)
dt+

(
σAX1(t) 0

ρσLX2(t)
√

1− ρ2σLX2(t)

)
d

(
W1(t)

W2(t)

)
, (1.1)

where X1(0) = A0 > 0, X2(0) = L0 > 0, σA > 0, σL > 0, and where W1 := {W1(t) : t ≥ 0} and
W2 := {W2(t) : t ≥ 0} are standard Brownian motions. Furthermore, we define the funding ratio process
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Y := {Y (t) : t ≥ 0} with

Y (t) =
X1(t)

X2(t)
, t ≥ 0.

This is the same model as in Gerber and Shiu (2003).

2. The optimal dividend strategy under a solvency constraint

2.1. Model formulation

In this section, we discuss the case where we are allowed to distribute assets according to a strategy π,
i.e.

Xπ
1 (t) = X1(t)−Dπ(t), (2.1)

where Dπ := {Dπ(t) : t ≥ 0}, the aggregate dividend process, is a càdlàg, non-decreasing process which is
adapted to {Ft; t ≥ 0}, the filtration generated by the bivariate process (X1, X2). The modified funding
ratio (for a strategy π) is then defined as Y π := {Y π(t) : t ≥ 0} given by

Y π(t) =
Xπ

1 (t)

X2(t)
. (2.2)

We now introduce the ruin level α0 such that the company is ruined whenever its funding ratio (asset
divided by liability) downcrosses α0. In this case, the time of ruin, τπα0

, is defined as the first time the
modified funding ratio Y π reaches α0, i.e.

τπα0
:= inf {t ≥ 0 : Y π(t) ≤ α0} (2.3)

with the convention that inf{∅} = ∞. For convenience, we define (the funding ratio set) L : 2R+ → 2R
2
+

with

L(B) =

{
(x, y) :

x

y
∈ B

}
. (2.4)

For a set B, we use the notation 2B for its power set (the set of all subsets of B), i.e. 2B := {X : X ⊆ B}).
In this sense, we can see that ruin occurs at the first time the process (Xπ

1 , X2) is outside L((α0,∞)).
We require that

A0

L0
≥ α0, (2.5)

or equivalently (X1(0), X2(0)) ∈ L([α0,∞)). While we need to consider A0/L0 = α0 as a boundary case, it
would not make sense to start at a lower level.

In this sense, the bivariate process after payments of dividends is given by

d

(
Xπ

1 (t)

X2(t)

)
=

(
µA 0

0 µL

)(
Xπ

1 (t)

X2(t)

)
dt+

(
σAX

π
1 (t) 0

ρσLX2(t)
√

1− ρ2σLX2(t)

)
d

(
W1(t)

W2(t)

)
− d

(
Dπ(t)

0

)
.

A sample path of (Xπ
1 , X2) is illustrated in Figure 1. Note that the subscript “R” indicates that we consider

a model with solvency constraint where ruin is possible. Likewise, we will throughout the paper use the
subscript “CI” in Section 3 where ruin is prevented by capital injections.

For a given (dividend) strategy π, we measure its performance by its expected present value. That is, if
we denote the discount rate δ > 0 and the shifted operator Ex1,x2 [·] := E[·|X1(0) = x1, X2(0) = x2], then
the performance function is given by

JR(x1, x2;π) = Ex1,x2

[∫ τπα0

0

e−δsdDπ(s)

]
. (2.6)
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Figure 1: Figures illustrating the model. The uncontrolled processes are in black and the controlled processes are in grey. The
dotted lines depict the undiscounted, aggregate payment process.

In this section we consider a solvency constraint level α1 > α0 such that after paying the dividend, the
surplus level can never be less than α1. This is equivalent to the constraint introduced in Paulsen (2003, in
a univariate, pure diffusion setting). In mathematical terms, this constraint translates into the condition∫ τπα0

0

1{Y π(s)<α1}dD
π(s) = 0. (2.7)

In this sense, a strategy π is said to be admissible if Dπ is a non-decreasing, càdlàg, {Ft; t ≥ 0}-adapted
process with Dπ(0−) = 0, and (2.7) satisfied. We denote ΠR as the set of admissible strategies.

Denote the optimal value function

J∗R(x1, x2) := sup
π∈ΠR

JR(x1, x2;π). (2.8)

We are interested in finding an optimal strategy π∗ such that

JR(x1, x2;π∗) = J∗R(x1, x2). (2.9)

Finally, for the model to make sense, we impose the profitable condition

µA > µL (2.10)

4



and require (as in Gerber and Shiu, 2003)

δ > µA (2.11)

such that the optimal value function J∗R is finite.

2.2. Verification lemma

We define the extended generator A for the bivariate process (X1, X2) as

A f(x1, x2) =µAx1
∂

∂x1
f(x1, x2) + µLx2

∂

∂x2
f(x1, x2) +

1

2
σ2
Ax

2
1

∂2

∂x2
1

f(x1, x2)

+
1

2
σ2
Lx

2
2

∂2

∂x2
2

f(x1, x2) + ρσAσLx1x2
∂2

∂x1∂x2
f(x1, x2),

(2.12)

for a function f and (x1, x2) such that the above is well-defined. Now, under the model described in Section
2.1, one sufficient condition for a strategy π ∈ ΠR to be optimal is given by the following lemma.

Throughout the paper, we use C 1 to denote the class of continuously differentiable functions, and C 2

for the class with the first and second derivative of the function both existing and continuous.

Lemma 2.1. For a strategy π̃ ∈ ΠR, denote its value function H(x1, x2) := JR(x1, x2; π̃). Suppose H
satisfies the following six conditions

1. H(x1, x2) ≥ 0 on L([α0,∞)),

2. H(x1, x2) ∈ C 1(L([α0,∞)) ∩ C 2(L([α0,∞)\L({α1})),
3. For each n ∈ N, the following holds: On L([α0 + 1

n , α0 + n)), all partial derivatives of H are bounded,
i.e. there is a positive number K such that

max
( ∣∣∣∣ ∂∂x1

H(x1, x2)

∣∣∣∣ , ∣∣∣∣ ∂∂x2
H(x1, x2)

∣∣∣∣ ) ≤ K for all (x1, x2) ∈ L([α0,∞)),

4. On L([α1,∞)), H satisfies
∂

∂x1
H(x1, x2) ≥ 1, (2.13)

5. On L((α0, α1)), H satisfies
(A − δ)H(x1, x2) = 0, (2.14)

6. On L((α1,∞)), H satisfies
(A − δ)H(x1, x2) ≤ 0. (2.15)

Then π̃ is optimal, that is, π̃ = π∗, and JR(x1, x2;π∗) = J∗R(x1, x2) for all (x1, x2) ∈ L([α0,∞)).

Proof. According to the definition of optimal value function in (2.8), we have H(x1, x2) ≤ J∗R(x1, x2). Then
it suffices to show that

H(x1, x2) ≥ JR(x1, x2;π)

for any strategy π ∈ ΠR.
For any π ∈ ΠR, we denote the family of sequential stopping times {Tn, n ∈ N} when the funding ratio

of the modified process is outside the interval [α0 + 1
n , α0 + n), i.e.

Tn := inf{t ≥ 0 : Y π(t) /∈ [α0 +
1

n
, α0 + n)}.

First, from (2.13), for any (x1, x2) ∈ L([α1,∞)) and d ≥ 0, we have

H(x1 + d, x2)−H(x1, x2) =

∫ x1+d

x1

∂

∂x
H(x, x2)dx ≥

∫ x1+d

x1

dx = d,
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which gives
H(x1 + d, x2) ≥ H(x1, x2) + d. (2.16)

For (x1, x2) ∈ L([α1,∞)), it is obvious to have (x1 + d, x2) ∈ L([α1,∞)). For any dividend strategy π with
Dπ(0) = d > 0, we revise π by removing its dividend distribution at t = 0 without changing its distributions
at other time points, then as revealed by (2.16), the resulting value function associated with (x1 + d, x2) is
non-decreasing. Or, equivalently, for any (x1 − d, x2) ∈ L([α1,∞)), we obtain

H(x1 − d, x2) + d ≤ H(x1, x2).

Then it suffices to consider the case with the dividend distribution at time 0 is Dπ(0) = 0. Now, we shall
note that H is not C 2 over the entire range [α0,∞) and therefore we shall use the generalization of Itô’s
formula, the so-called Meyer-Itô Formula (e.g. Theorem 70 in Chaper IV in Protter, 2005). As pointed out
by Peskir (2005), H(x1, x2) ∈ C 1 is enough to exclude the local time at L({α1}) so that with Condition 2
in Lemma 2.1, we can proceed with the Itô’s lemma in its standard form.

On the event {X1(0) = x1, X2(0) = x2}, by using Itô’s lemma for the stopped jump diffusion processes
{e−δ(t∧Tn)H(Xπ

1 (t ∧ Tn), X2(t ∧ Tn))}, we get that

e−δ(t∧Tn)H(Xπ
1 (t ∧ Tn), X2(t ∧ Tn))

= H(x1, x2)−
∫ t∧Tn

0−
δe−δsH(Xπ

1 (s−), X2(s−))ds

+

∫ t∧Tn

0−
e−δs

∂

∂x1
H(Xπ

1 (s−), X2(s−))dXπ,c
1 (s)

+

∫ t∧Tn

0−
e−δs

∂

∂x2
H(Xπ

1 (s−), X2(s−))dX2(s)

+

∫ t∧Tn

0−
e−δs

σ2
A(Xπ

1 (s−))
2

2

∂2

∂x2
1

H(Xπ
1 (s−), X2(s−))1{(Xπ1 (s−),X2(s−))/∈L({α1})}ds

+

∫ t∧Tn

0−
e−δs

σ2
L(X2(s−))

2

2

∂2

∂x2
2

H(Xπ
1 (s−), X2(s−))1{(Xπ1 (s−),X2(s−))/∈L({α1})}ds

+

∫ t∧Tn

0−
e−δsρσAσLX

π
1 (s−)X2(s−)

∂2

∂x1∂x2
H(Xπ

1 (s−), X2(s−))1{(Xπ1 (s−),X2(s−))/∈L({α1})}ds

+
∑

s≤t∧Tn

e−δs
[
H(Xπ

1 (s), X2(s))−H(Xπ
1 (s−), X2(s−))

]
,

where Xπ,c
1 is the continuous part of Xπ

1 and we have used the fact that the discontinuity comes from the
dividends (−∆Xπ

1 ).
Furthermore, using dXπ,c

1 (s) = µAX
π,c
1 (s)ds+σAX

π,c
1 (s)dW1(s)−dDπ,c(s) where Dπ,c is the continuous
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part of Dπ, and similarly for X2(s), by collecting terms, we have

e−δ(t∧Tn)H(Xπ
1 (t ∧ Tn), X2(t ∧ Tn))

= H(x1, x2) +

∫ t∧Tn

0−
e−δs(A − δ)H(Xπ

1 (s−), X2(s−))1{(Xπ1 (s−),X2(s−))/∈L({α1})}ds

+

∫ t∧Tn

0−
e−δsσAX

π
1 (s−)

∂

∂x1
H(Xπ

1 (s−), X2(s−))dW1(s)

+

∫ t∧Tn

0−
e−δsρσLX2(s−)

∂

∂x2
H(Xπ

1 (s−), X2(s−))dW1(s)

+

∫ t∧Tn

0−
e−δs

√
1− ρ2σLX2(s−)

∂

∂x2
H(Xπ

1 (s−), X2(s−))dW2(s)

−
∫ t∧Tn

0−
e−δs

∂

∂x1
H(Xπ

1 (s−), X2(s−))dDπ,c(s)

+
∑

s≤t∧Tn

e−δs
[
H(Xπ

1 (s), X2(s))−H(Xπ
1 (s−), X2(s−))

]
.

(2.17)

We denote the sum of the integrals in the second, the third and the fourth line of the right-hand side of
(2.17) by M(t ∧ Tn). After adding and subtracting some terms, we have that

e−δ(t∧Tn)H(Xπ
1 (t ∧ Tn), X2(t ∧ Tn))

= H(x1, x2) +

∫ t∧Tn

0−
e−δs(A − δ)H(Xπ

1 (s−), X2(s−))1{(Xπ1 (s−),X2(s−))/∈L({α1})}ds

+M(t ∧ Tn)

−
∫ t∧Tn

0−
e−δs

[
∂

∂x1
H(Xπ

1 (s), X2(s))− 1

]
dDπ,c(s)

+
∑

s≤t∧Tn

e−δs
[
H(Xπ

1 (s−) + ∆Xπ
1 (s), X2(s))−H(Xπ

1 (s−), X2(s−))−∆Xπ
1 (s)

]

−

∫ t∧Tn

0−
e−δsdDπ,c(s)−

∑
s≤t∧Tn

e−δs∆Xπ
1 (s)

 .
Using the fact that (Xπ

1 , X2) are continuous except at time t when dividends is paid, which changes the Xπ
1

by the amount of −∆Xπ
1 (t), we deduce that

e−δ(t∧Tn)H(Xπ
1 (t ∧ Tn), X2(t ∧ Tn))

= H(x1, x2) +

∫ t∧Tn

0−
e−δs(A − δ)H(Xπ

1 (s−), X2(s−))1{(Xπ1 (s−),X2(s−))/∈L({α1})}ds

+M(t ∧ Tn)

−
∫ t∧Tn

0−
e−δs

[
∂

∂x1
H(Xπ

1 (s), X2(s))− 1

]
dDπ,c(s)

+
∑

s≤t∧Tn

e−δs
[
H(Xπ

1 (s−)−∆Dπ(s), X2(s−))−H(Xπ
1 (s−), X2(s−)) + ∆Dπ(s)

]

−

∫ t∧Tn

0−
e−δsdDπ,c(s) +

∑
s≤t∧Tn

e−δs∆Dπ(s)

 .
7



By rearranging, we get∫ t∧Tn

0−
e−δsdDπ,c(s) +

∑
s≤t∧Tn

e−δs∆Dπ(s)

−M(t ∧ Tn)

= H(x1, x2)

− e−δ(t∧Tn)H(Xπ
1 (t ∧ Tn), X2(t ∧ Tn))

+

∫ t∧Tn

0−
e−δs(A − δ)H(Xπ

1 (s−), X2(s−))1{((Xπ1 (s−),X2(s−))/∈L({α1}))}ds

−
∫ t∧Tn

0−
e−δs

[
∂

∂x1
H(Xπ

1 (s), X2(s))− 1

]
dDπ,c(s)

+
∑

s≤t∧Tn

e−δs
[
H(Xπ

1 (s−)−∆Dπ(s), X2(s−))−H(Xπ
1 (s−), X2(s−)) + ∆Dπ(s)

]
.

(2.18)

Now, by hypothesis (Conditions 1,4,5,6), (2.16) and recall the solvency constraint, we have∫ t∧Tn

0−
e−δsdDπ,c(s) +

∑
s≤t∧Tn

e−δs∆Dπ(s)

−M(t ∧ Tn) ≤ H(x1, x2).

By taking expectation, we have

Ex1,x2

[∫ t∧Tn

0−
e−δsdDπ(s)

]
− Ex1,x2 [M(t ∧ Tn)] ≤ H(x1, x2).

Note that {M(t ∧ Tn) : t ≥ 0} is a zero-mean martingale by Condition 3, we have

Ex1,x2

[∫ t∧Tn

0−
e−δsdDπ(s)

]
≤ H(x1, x2).

Finally, we note that Tn ↑ τπα0
and hence by Fatou’s Lemma, we get

H(x1, x2) ≥ lim inf
t,n→∞

Ex1,x2

(∫ t∧Tn

0−
e−δsdDπ(s)

)
≥ Ex1,x2

(
lim inf
t,n→∞

∫ t∧Tn

0−
e−δsdDπ(s)

)
= Ex1,x2

(∫ τπα0

0−
e−δsdDπ(s)

)
= JR(x1, x2;π).

2.3. The value of dividends under a barrier strategy

In this section, we derive the value function of a barrier strategy with an arbitrary barrier level β
(disregarding any solvency constraint). The corresponding value function is denoted by

Gβ(x1, x2) = Ex1,x2

∫ τπ
β

α0

0−
e−δtdDπβ (t)

 ,
8



where τπ
β

α0
is the time of ruin defined in the previous section, when a barrier strategy with barrier level β, πβ ,

is applied. Note that using a martingale argument, Gerber and Shiu (2003) deduced that the value function
Gβ satisfies the second condition in Lemma 2.1, i.e. Gβ ∈ C 1(L([α0,∞)) ∩ C 2(L([α0,∞)\L({α1})).

Clearly, the value function of Gβ is given by

Gβ(x1, x2) =

{
G(x1, x2;β), (x1, x2) ∈ L([α0, β]),

x1 − βx2 +G(βx2, x2;β), (x1, x2) ∈ L((β,∞)).
(2.19)

with G(x1, x2;β) given by

(A − δ)G(x1, x2;β) = 0 for (x1, x2) ∈ L([α0, β]), G(α0x2, x2;β) = 0. (2.20)

The differential equation (2.20) can be obtained by the following heuristic reasoning. Let x1

x2
< β ⇔ x1 <

βx2. Consider an infinitesimal time interval of length dt such that no dividend is paid during dt. We get
that

G(x1, x2;β) =e−δdtE
[
G
(
x1 + µAx1dt+ σAx1W1(dt),

x2 + µLx2dt+ ρσLx2W1(dt) +
√

1− ρ2σLx2W2(dt);β
)]
.

(2.21)

Developing the expectation using Taylor series, subtracting G(x1, x2;β) and dividing by dt on both sides
yields

G(x1, x2;β)

(
eδdt − 1

dt

)
= AG(x1, x2;β).

We let dt→ 0 and using l’Hôpital’s rule we obtain (2.20).
The boundary conditions for the value function, which hold for all levels of barrier β, are given by

G (α0x2, x2;β) = 0, (2.22)

∂

∂x1
G (x1, x2;β) |x1=βx2− = 1. (2.23)

Condition (2.22) follows directly from the definition of ruin. Condition (2.23) is similar to Gerber and Shiu
(2003, Equation (6.4)) which can be obtained using the same heuristic argument.

To find the solution to equation (2.20), we take advantage of the fact that Gβ (and G) are homoge-
neous functions of degree 1, which follows since the dynamics of both assets and liabilities are progress-
ing proportionally to the assets and liabilities, respectively. That is, for a given constant % it holds that
Gβ(%x1, %x2) = %Gβ(x1, x2) so that the important quantity (up to a scaling factor) is the ratio x1/x2. The
solution to the system of equations is given in the following lemma:

Lemma 2.2. The solution to differential equation (2.20) with boundary conditions (2.22) and (2.23) is
given by

G(x1, x2;β) = α0x2

(
x1/x2

α0

)ζ1
−
(
x1/x2

α0

)ζ2
ζ1

(
β
α0

)ζ1−1

− ζ2
(
β
α0

)ζ2−1
, (2.24)

where

σ̃2 = σ2
A + σ2

L − 2ρσAσL,

ζ1 =

1
2 σ̃

2 − (µA − µL)−
√

1
4 σ̃

4 + (µA − µL)
2 − σ̃2 (µA + µL − 2δ)

σ̃2
< 0,

ζ2 =

1
2 σ̃

2 − (µA − µL) +
√

1
4 σ̃

4 + (µA − µL)
2 − σ̃2 (µA + µL − 2δ)

σ̃2
> 1.

(2.25)

Proof: See Appendix A.

Remark 2.1. Note that for x2 = 1 this result of Lemma 2.2 is also given by Gerber and Shiu (2003,
Equation (9.6)).

9



2.4. The optimal barrier

We see from (2.24), that only the denominator depends on β and that both the numerator and the
denominator are negative. Furthermore, it is interesting to note that, apart from a scaling factor of x2, the
function is only expressed in terms of ratios of x1 to x2. Hence, the shape of the value function is unaffected
by the scale of the two processes.

Note that both numerator and denominator in (2.24) are negative. We now take the derivative of the
denominator and set the derivative equal to 0 to find the maximum of the denominator (and hence the
maximum of G(·;β)). The resulting optimal barrier level is

β∗0 = α0

(
ζ2(ζ2 − 1)

ζ1(ζ1 − 1)

) 1
ζ1−ζ2

= α0

(
ζ1(ζ1 − 1)

ζ2(ζ2 − 1)

) 1
ζ2−ζ1

. (2.26)

Because of the assumption that µA > µL, we have that β∗0 > α0. We obtain this result by using the
representation given by (A.5) for both the numerator and the denominator of (2.26),

ζ1(ζ1 − 1)

ζ2(ζ2 − 1)
=
δ − µL − (µA − µL) ζ1
δ − µL − (µA − µL) ζ2

> 1, (2.27)

and using the fact that 1
ζ2−ζ1 > 0; see (2.25).

Hence, the optimal barrier level β∗0 exists and is unique. Let f denote the denominator of (2.24) as a
function of β. Using the assumptions (2.11) and (2.10) and the result (2.27), we get that f ′(α0) > 0. Then
because f(∞) = −∞ we know that β∗0 maximises (2.24).

Also, note that for δ = µA we get that ζ2 = 1 which implies that β∗0 →∞ for µA → δ (if we become very
patient (δ is getting closer to µA) it is optimal to wait more before distributing profits) and for µA ≤ µL we
get β∗0 = α0 (if the company is not profitable we should liquidate it immediately).

Remark 2.2. At the optimal barrier β∗0 , we have

∂2

∂x2
1

G (x1, x2;β∗0) |x1=β∗
0x2− = 0. (2.28)

Condition (2.28) is obtained by taking the derivative of (2.23) with respect to β. This gives us that (using
the chain rule for partial derivatives)

∂

∂β

(
∂

∂x1
G (x1, x2;β) |x1=βx2−

)
=x2

∂2

∂x2
1

G (x1, x2;β) |x1=βx2− +
∂2

∂x1∂β
G (x1, x2;β) |x1=βx2− =

∂

∂β
1 = 0.

(2.29)

The term ∂2

∂x1∂β
G (x1, x2;β) |x1=βx2− in (2.29) is claimed to be 0 at the optimal barrier. Specifically, we see

from (2.24) that G(x1, x2;β) and ∂
∂x1

G(x1, x2;β) share the same denominator with respect to β. Since the

optimal barrier β∗0 is obtained by setting ∂
∂βG(x1, x2;β) = 0, then ∂2

∂x1β
G(x1, x2;β) is also 0 at β∗0 . We get

(2.28) by inserting β∗0 and dividing the equation by x2.

Finally, we denote the optimal barrier in the model with (simple) solvency constraint by β∗1 . We conjec-
ture that the optimal barrier for the assets is given by β∗1 , where

β∗1 =

{
β∗0 , β∗0 ≥ α1,

α1, β∗0 < α1.

With techniques similar to the ones in Decamps, Schepper, and Goovaerts (2009) (who also derived β∗0 but
had no solvency constraint) we will show that β∗1 is the optimal barrier. To make the paper self contained,
we also give a proof for the case β∗0 ≥ α1.
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2.5. Verification of all the conditions of verification lemma

Next, we show that the barrier strategy with level β∗1 = max {α1, β
∗
0} satisfies all the conditions in the

verification lemma. First, we need the following lemma.

Lemma 2.3. For α ≥ β∗0 , we have

G(αx2, x2;α) ≥ α

β∗0
G(β∗0x2, x2;β∗0), (2.30)

where G(x1, x2;β) is the value function of the barrier strategy of barrier level β ≥ α0 (i.e. without solvency
constrain) with initial asset and liability values x1 and x2, respectively.

Proof. First, we show that

G(β∗0x2, x2;β∗0) = β∗0x2
µA − µL
δ − µL

. (2.31)

By definition of β∗0 and using that ∂2

∂x2
1
G(x1, x2;β∗0)| x1

x2
↗β∗

0
= 0, we have

ζ1(ζ1 − 1)

(
β∗0
α0

)ζ1
= ζ2(ζ2 − 1)

(
β∗0
α0

)ζ2
⇐⇒

(
β∗0
α0

)ζ2−ζ1
=
ζ1(ζ1 − 1)

ζ2(ζ2 − 1)
. (2.32)

Therefore, using (2.24) we have that

G(β∗0x2, x2;β∗0) = β∗0x2

(
β∗
0

α0

)ζ1
−
(
β∗
0

α0

)ζ2
ζ1

(
β∗
0

α0

)ζ1
− ζ2

(
β∗
0

α0

)ζ2
= β∗0x2

1−
(
β∗
0

α0

)ζ2−ζ1
ζ1 − ζ2

(
β∗
0

α0

)ζ2−ζ1
= β∗0x2

ζ2(ζ2 − 1)− ζ1(ζ1 − 1)

ζ1ζ2[(ζ2 − 1)− (ζ1 − 1)]

= β∗0x2
ζ2
2 − ζ2

1 − (ζ2 − ζ1)

ζ1ζ2(ζ2 − ζ1)

= β∗0x2
ζ2 + ζ1 − 1

ζ1ζ2
. (2.33)

Using the definition of ζ1 and ζ2, we have ζ1 + ζ2 − 1 = 2(µL−µA)
σ̃2 and ζ1ζ2 = 2(µL−δ)

σ̃2 , we get (2.31).
To complete the proof, we need to show that G(αx2;x2;α) ≥ α

β∗
0
G(β∗0x2, x2;β∗0) for α ≥ β∗0 . This can be
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done by direct computation with help from (2.31), that is

G(αx2, x2;α) =αx2

(
α
α0

)ζ1
−
(
α
α0

)ζ2
ζ1

(
α
α0

)ζ1
− ζ2

(
α
α0

)ζ2
=αx2

(
α
α0

)ζ2
−
(
α
α0

)ζ1
ζ2

(
α
α0

)ζ2
− ζ1

(
α
α0

)ζ1
=αx2

(
α
α0

)ζ2−ζ1
− 1

ζ2

(
α
α0

)ζ2−ζ1
− ζ1

=αx2

( αβ∗
0

)
ζ2−ζ1

(
β∗
0

α0

)ζ2−ζ1
− 1

( αβ∗
0

)
ζ2−ζ1ζ2

(
β∗
0

α0

)ζ2−ζ1
− ζ1

.

By noticing that f(x) = x−1
x+d is an increasing function for x ≥ 1, we have

G(αx2, x2;α) = αx2

( αβ∗
0

)
ζ2−ζ1

(
β∗
0

α0

)ζ2−ζ1
− 1

( αβ∗
0

)
ζ2−ζ1ζ2

(
β∗
0

α0

)ζ2−ζ1
− ζ1

≥ αx2

(
β∗
0

α0

)ζ2−ζ1
− 1

ζ2

(
β∗
0

α0

)ζ2−ζ1
− ζ1

=
α

β∗0
β∗0x2

(
β∗
0

α0

)ζ2−ζ1
− 1

ζ2

(
β∗
0

α0

)ζ2−ζ1
− ζ1

=
α

β∗0
G(β∗0x2, x2;β∗0).

Next, we show that the value function of the barrier strategy with barrier level β∗0 is concave in the first
argument, i.e.

∂2

∂x2
1

Gβ
∗
0 (x1, x2) ≤ 0. (2.34)

12



Specifically, when x1

x2
≤ β∗0 , we have

∂2

∂x2
1

Gβ
∗
0 (x1, x2) =

∂2

∂x2
1

G(x1, x2;β∗0)

= β∗0x2

ζ2(ζ2 − 1)
(
x1

α0x2

)ζ2
x−2

1 − ζ1(ζ1 − 1)
(
x1

α0x2

)ζ1
x−2

1

ζ2
(β∗

0

α0

)ζ2 − ζ1(β∗
0

α0

)ζ1
=

β∗0x
−2
1 x2

(
x1

α0x2

)ζ1
ζ2
(β∗

0

α0

)ζ2 − ζ1(β∗
0

α0

)ζ1 (ζ2(ζ2 − 1)
( x1

α0x2

)ζ2−ζ1
− ζ1(ζ1 − 1)

)

≤
β∗0x

−2
1 x2

(
x1

α0x2

)ζ1
ζ2
(β∗

0

α0

)ζ2 − ζ1(β∗
0

α0

)ζ1 (ζ2(ζ2 − 1)
(β∗0
α0

)ζ2−ζ1
− ζ1(ζ1 − 1)

)
= 0 (2.35)

by equation (2.32). That is, by (2.19) and (2.35), (2.34) holds.
Now we are ready to show that our candidate strategy, a barrier strategy with barrier level β∗1 =

max {β∗0 , α1}, is the optimal strategy. We proceed by showing that the value function associated to the
barrier strategy satisfies all the conditions in the verification lemma. This is shown by the next lemma.

Lemma 2.4. The barrier strategy with barrier level β∗1 is admissible and its value function Gβ
∗
1 satisfies all

the conditions in the verification lemma, Lemma 2.1.

Proof. The barrier strategy is admissible because it only brings down the asset level when the ratio is above
β∗1 = max {β∗0 , α1} ≥ α1 and it does nothing when the ratio is below α1. By the definition of the strategy,
there is never a negative contribution and therefore Condition 1 in Lemma 2.1 is automatically satisfied.
For the other conditions, we separate the cases into β∗0 ≥ α1 and β∗0 < α1.

Case 1: β∗0 ≥ α1. The strategy is simply the barrier strategy with barrier level β∗0 . By (2.19) and (2.24),
Condition 2 is obvious for Gβ

∗
1 except for the second order differentiability at the barrier point β∗0 . In

view of this and by the definition of β∗0 , we have

∂2

∂x2
1

Gβ
∗
1 (x1, x2)| x1

x2
↗β∗

0
=

∂2

∂x2
1

G(x1, x2;β∗0)| x1
x2
↗β∗

0
= 0.

Hence, we also have

∂2

∂x2
2

Gβ
∗
1 (x1, x2)| x1

x2
↗β∗

0
= β∗0

2 ∂
2

∂x2
1

Gβ
∗
1 (x1, x2)| x1

x2
↗β∗

0
= 0,

and
∂2

∂x1∂x2
Gβ

∗
1 (x1, x2)| x1

x2
↗β∗

0
= β∗0

∂2

∂x2
1

Gβ
∗
1 (x1, x2)| x1

x2
↗β∗

0
= 0.

Therefore, Gβ
∗
1 ∈ C 2(L((α0,∞))) and Condition 2 is established. For x1

x2
≤ β∗0 , by the definition of

the strategy, we have (A − δ)Gβ∗
1 (x1, x2) = 0. For x1

x2
≥ β∗0 ,

(A − δ)Gβ
∗
1 (x1, x2) = − δ(x1 − β∗0x2) + (A − δ)Gβ

∗
0 (β∗0x2, x2)

≤ 0.

This proves (2.14) and (2.15) (Conditions 5 and 6).
By using (2.34), ∂

∂x1
Gβ

∗
1 (x1, x2)| x1

x2
≥β∗

0
= 1 and Gβ

∗
1 ∈ C 2, we have ∂

∂x1
Gβ

∗
1 (x1, x2) ≥ 1, which leads

to (2.13) (Condition 4).
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Since Gβ
∗
1 is concave in the first argument, we have ∂

∂x1
Gβ

∗
1 (x1, x2) ≤ ∂

∂x1
Gβ

∗
1 (x1, x2)| x1

x2
=α0

=

β∗
0

α0

ζ1−ζ2

ζ1

(
β∗0
α0

)ζ1
−ζ2

(
β∗0
α0

)ζ2 . Combining with ∂
∂x1

Gβ
∗
1 (x1, x2) ≥ 1, we have shown that ∂

∂x1
Gβ

∗
1 (x1, x2)

is bounded.
Lastly, we show that ∂

∂x2
Gβ

∗
1 (x1, x2) is bounded (and therefore establish Condition 3) by direct com-

putation combining the two branches, i.e.∣∣∣∣ ∂∂x2
Gβ

∗
1 (x1, x2)

∣∣∣∣ ≤max

{
| − β∗0 |,

∣∣∣∣∣(1− ζ1)K1

(
x1

x2

)ζ1
+ (1− ζ2)K2

(
x1

x2

)ζ2∣∣∣∣∣
}

≤max

{
β∗0 , |(1− ζ1)K1|

(
x1

x2

)ζ1
+ |(1− ζ2)K2|

(
x1

x2

)ζ2}
≤max

{
β∗0 , |(1− ζ1)K1|α0

ζ1 + |(1− ζ2)K2|β∗0
ζ2
}
,

where the maximum is taken over the two branches and K1 and K2 are pre-determined constants given
by (2.24). All conditions are established.

Case 2: α1 > β∗0 . Since the barrier level is α1, Conditions 2,4 and 5 are satisfied automatically.
Using similar arguments as above, i.e. separating the value function into 2 branches and making use
of the properties that the value function (and its derivatives) is continuous and therefore bounded on
one branch, equal to a constant on the other branch, we can show that Condition 3 is satisfied.
For Condition 6, with the help of the second branch of (2.19), (2.30) and (2.31), for x1

x2
≥ α1, we have

(A − δ)Gβ
∗
1 (x1, x2) = µAx1 + µLx2(−α1 +

∂

∂x2
G(α1x2, x2;α1))− δ(x1 − α1x2 +G(α1x2, x2;α1))

= µAx1 + µLx2(−α1 +
G(α1x2, x2;α1)

x2
)− δ(x1 − α1x2 +G(α1x2, x2;α1))

= (µA − δ)x1 + (δ − µL)α1x2 + (µL − δ)G(α1x2, x2;α1)

≤ (µA − δ)α1x2 + (δ − µL)α1x2 + (µL − δ)
(
α1

β∗0

)
G(β∗0x2, x2;β∗0)

= (µA − µL)α1x2 + (µL − δ)
(
α1

β∗0

)
β∗0x2

µL − µA
µL − δ

= (µA − µL)α1x2 + α1x2(µL − µA)

= 0.

All conditions are established.

As all conditions in the verification lemma (Lemma 2.1) are satisfied, we can conclude that πβ
∗
1 is optimal

in our formulation. This is restated in the following.

Theorem 2.5. With β∗0 defined by (2.25) and (2.26), the barrier strategy with barrier level β∗1 = max(β∗0 , α1)
is optimal in the presence of solvency constraint at level α1 > α0.

Proof. The result follows from Lemmas 2.1 and 2.4.

3. When capital is injected to prevent ruin

3.1. The model with capital injections

In this section, we assume that capital injections are made in order to prevent ruin. In this case, a
strategy π consists of two parts: (1) Dπ(t) to pay dividends to shareholders, and (2) Eπ(t) to rescue the

14



company when the asset is too low. In this sense, we have

Xπ
1 (t) = X1(t)−Dπ(t) + Eπ(t), (3.1)

where both Dπ and Eπ are non-decreasing, càdlàg and {Ft; t ≥ 0}-adapted processes such that

Xπ
1 (t)

X2(t)
≥ α0, t ≥ 0. (3.2)

The set of admissible strategies is denoted as ΠCI . The dynamics of the bivariate process (Xπ
1 , X2) become

d

(
Xπ

1 (t)

X2(t)

)
=

(
µA 0

0 µL

)(
Xπ

1 (t)

X2(t)

)
dt+

(
σAX

π
1 (t) 0

ρσLX2(t)
√

1− ρ2σLX2(t)

)
d

(
W1(t)

W2(t)

)
− d

(
Dπ(t)− Eπ(t)

0

)
.

Similar to the case in Section 2, the value function of a strategy π ∈ ΠCI is given by

JCI(x1, x2;π) = lim sup
t→∞

Ex1,x2

[∫ t

0

e−δsdDπ(s)−
∫ t

0

κe−δsdEπ(s)

]
, (3.3)

where κ is a constant strictly greater than 1 which recognises that there is a price of raising capital.
We also denote the optimal value function as

J∗CI(x1, x2) = sup
π∈ΠCI

JCI(x1, x2;π) (3.4)

and we are interested in finding a strategy π∗ ∈ ΠCI such that

JCI(x1, x2;π∗) = J∗CI(x1, x2),
x1

x2
≥ α0. (3.5)

In addition to the above, because κ > 1 we restrict the set of admissible strategies so that

∆Dπ(t)∆Eπ(t) = 0, (3.6)

that is, the company does not raise money to pay dividends, which would not be optimal in view of (3.3).
Conditions (2.10) and (2.11) are also assumed to be true here.

The model is illustrated in Figure 2, where the funding ratios are depicted by solid lines and net distri-
butions (distributions, minus rescue measures, in absence of transaction costs) by dotted lines for a given
sample path of the two-dimensional Brownian motion. The plot also contains the optimal upper barrier,
which we find in the following sections.

Remark 3.1. In this section, capital is always injected to prevent ruin. Such capital injections are not
always desirable, in that the expected present value of future dividends gained from the rescue may not
compensate for the cost of the capital injection. But in some cases it could indeed be profitable. This idea
goes back to Borch (1974, Chapter 20) and Porteus (1977).

Determining the optimal unconstrained dividend and capital injection strategy in our context is outside
the scope of this paper. It makes sense that capital injections would be warranted if, and only if, the associated
value function JCI(γx2, x2;β, γ) was greater than or equal to zero. This conjecture is supported by previous
results in the literature (see, for instance Løkka and Zervos, 2008; Avanzi, Shen, and Wong, 2011). This is
explored in Section 4.2.3.

3.2. Verification lemma

Under the model formulation described in Section 3.1, one sufficient condition for a strategy π ∈ ΠCI to
be optimal is given by the following lemma.
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Figure 2: Simulation of the controlled funding ratio in the model where ruin must be prevented. The dotted lines are the net
distributions.

Lemma 3.1. For a strategy π̂ ∈ ΠCI , denote its value function H(x1, x2) := JCI(x1, x2; π̂). Suppose on
L(α0,∞), H satisfies the following 5 conditions

H(x1, x2) ∈ C 2(L(α0,∞)), (3.7)

H(x1, x2) ≥ 0, (3.8)

(A − δ)H(x1, x2) ≤ 0, (3.9)

1 ≤ ∂

∂x1
H(x1, x2) ≤ κ, (3.10)∣∣∣∣ ∂∂x2
H(x1, x2)

∣∣∣∣ ≤ K0, (3.11)

where K0 is a positive number. Then π̂ is optimal, that is, π̂ = π∗, and JCI(x1, x2;π∗) = J∗CI(x1, x2) for
all (x1, x2) ∈ L([α0,∞)).

Proof. According to the definition of value function in (3.4), it is obvious to have H(x1, x2) ≤ J∗CI(x1, x2).
Then it is suffices to show that

H(x1, x2) ≥ JCI(x1, x2;π)

for any strategy π ∈ ΠCI . First, from (3.10), using the mean value theorem, we can show that for any
(x1, x2) ∈ L([α0,∞) and d ≥ 0 we have

H(x1, x2) + d ≤ H(x1 + d, x2). (3.12)

On the other hand, (3.10) also implies that for ε ≥ 0 we have

H(x1 − ε, x2) ≥ H(x1, x2)− κε. (3.13)
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Similar to Lemma 2.1, thanks to (3.12) and (3.13) it suffices to consider the case when Dπ(0) = Eπ(0) = 0.
Condition on the event {(X1(0), X2(0)) = (x1, x2)}, by using Itô’s lemma for the process {e−δtH(Xπ

1 (t), X2(t)) :
t ≥ 0} and the continuity property of X2, we get

e−δtH(Xπ
1 (t), X2(t))

= H(x1, x2)−
∫ t

0−
δe−δsH(Xπ

1 (s−), X2(s−))ds

+

∫ t

0−
e−δs

∂

∂x1
H(Xπ

1 (s−), X2(s−))dXπ,c
1 (s) +

∫ t

0−
e−δs

∂

∂x2
H(Xπ

1 (s−), X2(s−))dX2(s)

+

∫ t

0−
e−δs

σ2
A(Xπ

1 (s−))
2

2

∂2

∂x1
2
H(Xπ

1 (s−), X2(s−))ds+

∫ t

0−
e−δs

σ2
L(X2(s−))

2

2

∂2

∂x2
2
H(Xπ

1 (s−), X2(s−))ds

+

∫ t

0−
e−δsρσAσLX

π
1 (s−)X2(s−)

∂2

∂x1∂x2
H(Xπ

1 (s−), X2(s−))ds

+
∑
s≤t

e−δs
[
H(Xπ

1 (s−) + ∆Xπ
1 (s), X2(s))−H(Xπ

1 (s−), X2(s−))
]
. (3.14)

Rearranging the terms in (3.14), using dXπ,c
1 (s) = µAds+ σAdW (s)−Dπ,c(s) + Eπ,c(s) (and similarly for

dX2(s)), we obtain

e−δtH(Xπ
1 (t), X2(t)) = H(x1, x2) +

∫ t

0−
e−δs(A − δ)H(Xπ

1 (s−), X2(s−))ds

+

∫ t

0−
e−δs

∂

∂x1
H(Xπ

1 (s−), X2(s−))σAX
π
1 (s−)dW1(s)

+

∫ t

0−
e−δs

∂

∂x2
H(Xπ

1 (s−), X2(s−))ρσLX2(s−)dW1(s)

+

∫ t

0−
e−δs

∂

∂x2
H(Xπ

1 (s−), X2(s−))
√

1− ρ2σLX2(s−)dW2(s)

+
∑
s≤t

e−δs
[
H(Xπ

1 (s−) + ∆Xπ
1 (s), X2(s))−H(Xπ

1 (s−), X2(s−))
]

−
∫ t

0−
e−δs

∂

∂x1
H(Xπ

1 (s), X2(s))dDπ,c(s)

+

∫ t

0−
e−δs

∂

∂x1
H(Xπ

1 (s), X2(s))dEπ,c(s).

(3.15)

Denote the sum of the second, third and fourth integral as M(t). After adding and subtracting some terms,
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(3.15) becomes

e−δtH(Xπ
1 (t), X2(t))

= H(x1, x2) +

∫ t

0−
e−δs(A − δ)H(Xπ

1 (s−), X2(s−))ds

+M(t)

+
∑

s<t,∆Xπ1 (t)>0

e−δs
[
H(Xπ

1 (s−) + ∆Xπ
1 (s), X2(s−))− κ∆Xπ

1 (s)−H(Xπ
1 (s−), X2(s))

]
+

∑
s<t,∆Xπ1 (t)<0

e−δs
[
H(Xπ

1 (s−) + ∆Xπ
1 (s), X2(s−))−∆Xπ

1 (s)−H(Xπ
1 (s−), X2(s))

]
+

∫ t

0−
e−δs

(
1− ∂

∂x1
H(Xπ

1 (s), X2(s))
)
dDπ,c(s)

+

∫ t

0−
e−δs

( ∂

∂x1
H(Xπ

1 (s), X2(s))− κ
)
dEπ,c(s)

−
[ ∫ t

0−
e−δsdDπ,c(s)−

∑
s<t,∆Xπ1 (t)<0

e−δs∆Xπ
1 (s)−

∑
s<t,∆Xπ1 (t)>0

e−δsκ∆Xπ
1 (s)− κ

∫ t

0−
e−δsdEπ,c(s)

]
.

(3.16)

Note the assumption that the strategy π is efficient implies that ∆Xπ
1 (t) < 0 corresponds to a dividend

payment at time t while ∆Xπ
1 (t) > 0 corresponds to a capital injection, i.e.

∆Xπ
1 (t) =

{
∆Dπ(t), if ∆Xπ

1 (t) < 0.

∆Eπ(t), if ∆Xπ
1 (t) > 0.

(3.17)

Therefore, we can rewrite (3.16) as

e−δtH(Xπ
1 (t), X2(t))

= H(x1, x2) +

∫ t

0−
e−δs(A − δ)H(Xπ

1 (s−), X2(s−))ds

+M(t)

+
∑
s<t

e−δs
[
H(Xπ

1 (s−) + ∆Eπ(s), X2(s−))− κ∆Eπ(s)−H(Xπ
1 (s−), X2(s))

]
+
∑
s<t

e−δs
[
H(Xπ

1 (s−)−∆Dπ(s), X2(s−)) + ∆Dπ(s)−H(Xπ
1 (s−), X2(s))

]
+

∫ t

0−
e−δs

(
1− ∂

∂x1
H(Xπ

1 (s), X2(s))
)
dDπ,c(s)

+

∫ t

0−
e−δs

( ∂

∂x1
H(Xπ

1 (s), X2(s))− κ
)
dEπ,c(s)

−
[ ∫ t

0−
e−δsdDπ,c(s) +

∑
s<t

e−δs∆Dπ(s)−
∑
s<t

e−δsκ∆Eπ(s)− κ
∫ t

0−
e−δsdEπ,c(s)

]
.

(3.18)

Using (3.8)-(3.11), (3.12) and (3.13), we can deduce that {M(t); t ≥ 0} is a zero-mean martingale and[ ∫ t

0−
e−δsdDπ,c(s) +

∑
s<t

e−δs∆Dπ(s)−
∑
s<t

e−δsκ∆Eπ(s)− κ
∫ t

0−
e−δsdEπ,c(s)

]
≤ H(x1, x2) +M(t).
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Therefore, via taking expectation, we get

Ex1,x2

[ ∫ t

0−
e−δsdDπ(s)− κ

∫ t

0−
e−δsdEπ(s)

]
≤ H(x1, x2).

Finally, taking lim sup on both sides yields the result.

3.3. The barrier strategy with capital injections

Gerber and Shiu (2003) match inflow and outflow in the situation where κ = 1. Here, we set κ > 1 and
obtain the expected present value of outflow minus inflow if a barrier strategy is applied. The distribution
barrier that maximizes this difference exists and is unique. The differential equation characterising the value
function in this case has the following form:

0 = max

{
(A − δ)FCI(x1, x2), 1− ∂

∂x1
FCI(x1, x2),

∂

∂x1
FCI(x1, x2)− κ

}
. (3.19)

We conjecture that an optimal strategy in this formulation is a strategy πβ,γ with two reflecting barriers:
a dividend barrier β and a capital injection barrier γ. Of course, for the strategy to make sense and
admissible, we require α0 ≤ γ < β. Under the reflecting barriers strategy, when the modified funding ratio
is above β, the amount x1 − βx2 is paid as dividend, then the modified asset value is reduced to βx2; when
the modified funding ratio is below γ, the cost of capital injection is κ(x1 − γx2), then the modified asset
value is increased to γx2. Therefore, the expected present value of dividends for a doubly-reflected barrier
with barriers (β, γ), denoted by Gβ,γ , is given by

Gβ,γ(x1, x2) =


G(x1, x2;β, γ), (x1, x2) ∈ L([γ, β]),

(x1 − βx2) +G(βx2, x2;β, γ), (x1, x2) ∈ L((β,∞)),

κ(x1 − γx2) +G(γx2, x2;β, γ), (x1, x2) ∈ L([α0, γ]),

(3.20)

where G(x1, x2;β, γ) is given by the differential equation

(A − δ)G(x1, x2;β, γ) = 0 for γ ≤ x1

x2
≤ β.

Since we have forced capital injections we do not have a boundary condition at the ruin level as in (2.22).
Instead, we have a boundary condition at the capital injection level which can be obtained in the same way
as (2.23). In total, the boundary conditions are

∂

∂x1
G (x1, x2;β, γ) |x1=βx2− = 1, (3.21)

∂

∂x1
G (x1, x2;β, γ) |x1=γx2+ = κ, (3.22)

For a heuristic derivation of conditions (3.21) and (3.22), see Avanzi, Shen, and Wong (2011, Section
3.1). Analogous to the solution for (A − δ)G(x1, x2;β) = 0 as given in (A.7), the solution of (A −
δ)G(x1, x2;β, γ) = 0 is in the form

G(x1, x2;β, γ) = C1x1
ζ1x2

1−ζ1 + C2x1
ζ2x2

1−ζ2 ,

where C1 and C2 are two constants need to be solved by using conditions (3.21) and (3.22). Using condition
(3.22), we obtain that C1 and C2 fulfill the equation

C1ζ1 (γx2)
ζ1−1

x1−ζ1
2 + C2ζ2 (γx2)

ζ2−1
x1−ζ2

2 = κ. (3.23)

This means that

C2 =
κ− C1ζ1γ

ζ1−1

ζ2γζ2−1
=
κγ1−ζ2 − C1ζ1γ

ζ1−ζ2

ζ2
.
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Further using condition (3.21), we obtain that

C1ζ1 (x2β)
ζ1−1

x1−ζ1
2 +

κ− C1ζ1γ
ζ1−1

ζ2γζ2−1
ζ2 (x2β)

ζ2−1
x1−ζ2

2 = 1.

This implies that C1 is given by

C1 =
γζ2−1 − κβζ2−1

ζ1 (βζ1−1γζ2−1 − γζ1−1βζ2−1)
=

1− κβζ2−1γ1−ζ2

ζ1 (βζ1−1 − γζ1−ζ2βζ2−1)
. (3.24)

That is, in total we get that the value function for a strategy with dividend barrier β and capital injection
barrier γ with β > γ is

G(x1, x2;β, γ) = C1x
ζ1
1 x

1−ζ1
2 +

κγ1−ζ2 − C1ζ1γ
ζ1−ζ2

ζ2
xζ21 x

1−ζ2
2 , (3.25)

where C1 is given by (3.24).

3.4. The optimal barriers

In this section, we propose the choice of the optimal barriers, denoted as (β∗2 , γ
∗). Because of transaction

costs it makes sense that the optimal rescue level is the lowest possible (i.e. γ∗ = α0), which is our choice
of γ∗.

Remark 3.2. Note that this may not hold any more if transaction costs are not constant. Furthermore, we
conjecture that the form of the optimal distribution strategy is as before, that is, of the barrier type.

For β∗2 , it makes sense to maximize (3.25) with respect to β, for x1

x2
∈ [γ∗, β]. By rearranging the terms,

we see that

G(x1, x2;β, γ) =
κγ1−ζ2xζ21 x

1−ζ2
2

ζ2
+ C1x

ζ1
1 x

1−ζ1
2 + C1

−ζ1γζ1−ζ2
ζ2

xζ21 x
1−ζ2
2 ,

where the first term of the right-hand side does not depend on β and xζ11 x
1−ζ1
2 , xζ21 x

1−ζ2
2 and −ζ1γ

ζ1−ζ2

ζ2
are

all positive terms. That is, to maximize (3.25) we need to maximize C1 as a function of β.
The partial derivative of C1 wrt. β is given by

∂

∂β
C1 =

∂

∂β

(
1− κβζ2−1γ1−ζ2

ζ1 (βζ1−1 − γζ1−ζ2βζ2−1)

)
=

1

ζ2
1 (βζ1−1 − γζ1−ζ2βζ2−1)

2

(
− (ζ2 − 1)κβζ2−2γ1−ζ2ζ1

(
βζ1−1 − γζ1−ζ2βζ2−1

)
−
(
1− κβζ2−1γ1−ζ2

)
ζ1
(
(ζ1 − 1)βζ1−2 − (ζ2 − 1)γζ1−ζ2βζ2−2

) )
.

Setting this term equal to zero leads to the equation

− (ζ2 − 1)κβζ2−2γ1−ζ2ζ1
(
βζ1−1 − γζ1−ζ2βζ2−1

)
=
(
1− κβζ2−1γ1−ζ2

)
ζ1
(
(ζ1 − 1)βζ1−2 − (ζ2 − 1)γζ1−ζ2βζ2−2

)
.

(3.26)

We can rewrite this representation for the optimal upper barrier and obtain the following representation for
κ:

κ =
(ζ1 − 1)− (ζ2 − 1)

(
β
γ

)ζ2−ζ1
(ζ1 − ζ2)

(
β
γ

)ζ2−1
. (3.27)
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Equation (3.26) gives us an equation of the form (dividing by βζ2−3)

ζ1
(
γ1−ζ2κ(ζ1 − ζ2)βζ1 + (ζ2 − 1)γζ1−ζ2β + (1− ζ1)β1−ζ2+ζ1

)
= 0. (3.28)

The “optimal” dividend barrier level β∗2 is defined as the solution to (3.28). The existence and uniqueness
of the optimal barrier level is given by the following lemma.

Lemma 3.2. The “optimal” barrier level β∗2 (defined as the solution to (3.28)) exists and is unique.

Proof of Lemma 3.2. The problem is to show that the equation (3.28) has a unique root. We denote by Ψ
the function

Ψ(β) = ζ1
(
βζ1γ1−ζ2κζ1 − βζ1γ1−ζ2κζ2 + γζ1−ζ2βζ2 − β1−ζ2+ζ1ζ1 − γζ1−ζ2β + β1−ζ2+ζ1

)
.

We want to prove that sgn (Ψ(γ)) 6= sgn (limβ→∞Ψ(β)), and that

sgn (Ψ′(x)) = sgn (Ψ′(y))

for x, y > γ.

1.

Ψ(γ) =ζ1γ
1−ζ2+ζ1 (κζ1 − κζ2 − ζ1 + ζ2) > 0.

2.

lim
β→∞

Ψ(β) = lim
β→∞

ζ1
(
γζ1−ζ2βζ2 − γζ1−ζ2β

)
= −∞.

3. For β ≥ γ,

Ψ′(β) =− ζ1
(
− βζ1−1ζ1

2γ1−ζ2κ+ βζ1−1ζ1γ
1−ζ2κζ2 + βζ1−ζ2ζ1

2 − βζ1−ζ2ζ1ζ2

+ βζ1−ζ2ζ2 − γζ1−ζ2ζ2 − βζ1−ζ2 + γζ1−ζ2
)
.

We want to show that the inner part of the delimiters is negative. It is given by

κβζ1−1γ1−ζ2
(
−ζ12 + ζ1ζ2

)
+ βζ1−ζ2

(
ζ1

2 − ζ1ζ2 + ζ2 − 1
)
− γζ1−ζ2 (ζ2 − 1) . (3.29)

To get that (3.29) is negative, we need the two following conditions to be fulfilled:

βζ1−1γ1−ζ2 ≥ βζ1−ζ2 and γζ1−ζ2 ≥ βζ1−ζ2 . (3.30)

Since
(
γ
β

)1−ζ2
≥ 1 and

(
γ
β

)ζ1−ζ2
≥ 1, both inequalities holds and Ψ′(β) < 0.

That is, the optimal barrier exists and is unique.

Having chosen the optimal barriers (β∗2 , γ
∗), we are left to prove the optimality of the barrier strategy.

3.5. Verification of all the conditions of verification lemma

It remains to show that our candidate strategy πβ
∗
2 ,α0 satisfies all the conditions purposed in the lemma.

We start by showing concavity of the value function.

Lemma 3.3. It holds that

∂2

∂x2
1

G(x1, x2;β∗2 , γ
∗) ≤ 0.
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Proof. We use the representation (3.25) for the optimal levels γ∗ and β∗2 :

∂2

∂x2
1

G(x1, x2;β∗2 , γ
∗)

=
∂2

∂x2
1

(
C1x

ζ1
1 x

1−ζ1
2 +

κ (γ∗)
1−ζ2 − C1ζ1 (γ∗)

ζ1−ζ2

ζ2
xζ21 x

1−ζ2
2

)

= ζ1(ζ1 − 1)C1x
ζ1−2
1 x1−ζ1

2 + ζ2(ζ2 − 1)
κ (γ∗)

1−ζ2 − C1ζ1 (γ∗)
ζ1−ζ2

ζ2
xζ2−2

1 x1−ζ2
2

= x−2
1 x2

{
ζ1(ζ1 − 1)C1

(
x1

x2

)ζ1
+ (ζ2 − 1)

(
κ (γ∗)

1−ζ2 − C1ζ1 (γ∗)
ζ1−ζ2

)(x1

x2

)ζ1}
(3.31)

Note we have that

C1 =
1− κβ∗2

ζ2−1γ∗1−ζ2

ζ1

(
β∗2

ζ1−1 − γ∗ζ1−ζ2β∗2
ζ2−1

) =
1− κ

(
β∗
2

γ∗

)ζ2−1

ζ1

(
β∗2

ζ1−1 − γ∗ζ1−ζ2β∗2
ζ2−1

) ,
where the denominator is positive. By substituting the expression of C1 to (3.31) and multiplying the whole

expression by x2
1x
−1
2

(
β∗2

ζ1−1 − γ∗ζ1−ζ2β∗2
ζ2−1

)
(negative by using ζ1 < 0 and ζ2 > 1 which are discussed

below (A.6)), we have

∂2

∂x2
1

G(x1, x2;β∗2 , γ
∗) ≤ 0

⇐⇒

(
1− κ

(
β∗2
γ∗

)ζ2−1
)

(ζ1 − 1)

(
x1

x2

)ζ1
+

[
κγ∗1−ζ2

(
β∗2

ζ1−1 − γ∗ζ1−ζ2β∗2
ζ2−1

)
− γ∗ζ1−ζ2

(
1− κ

(
β∗2
γ∗

)ζ2−1
)]

(ζ2 − 1)

(
x1

x2

)ζ2
≥ 0

⇐⇒

(
1− κ

(
β∗2
γ∗

)ζ2−1
)

(ζ1 − 1) +

[
κγ∗1−ζ2

(
γ∗ζ2−ζ1β∗2

ζ1−1 − β∗2
ζ2−1

)
−

(
1− κ

(
β∗2
γ∗

)ζ2−1
)]

× (ζ2 − 1)

(
x1

γ∗x2

)ζ2−ζ1
≥ 0

⇐⇒

(
1− κ

(
β∗2
γ∗

)ζ2−1
)

(ζ1 − 1)

+

[
κγ∗1−ζ1β∗2

ζ1−1 − κ
(
β∗2
γ∗

)ζ2−1

− 1 + κ

(
β∗2
γ∗

)ζ2−1
]

(ζ2 − 1)

(
x1

γ∗x2

)ζ2−ζ1
≥ 0

⇐⇒

(
1− κ

(
β∗2
γ∗

)ζ2−1
)

(ζ1 − 1) +

[
κ

(
β∗2
γ∗

)ζ1−1

− 1

]
(ζ2 − 1)

(
x1

γ∗x2

)ζ2−ζ1
≥ 0. (3.32)

Now, we can use κ =
(ζ1−1)−(ζ2−1)

(
β∗2
γ∗

)ζ2−ζ1

(ζ1−ζ2)

(
β∗2
γ∗

)ζ2−1 in (3.32) to simplify 1 − κ
(
β∗
2

γ∗

)ζ2−1

and κ
(
β∗
2

γ∗

)ζ1−1

− 1. We
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have

1− κ
(
β∗2
γ∗

)ζ2−1

=
1

(ζ1 − ζ2)
(
β∗
2

γ∗

)ζ2−1

(
(ζ1 − ζ2)

(
β∗2
γ∗

)ζ2−1

−

(
(ζ1 − 1)− (ζ2 − 1)

(
β∗2
γ∗

)ζ2−ζ1)(β∗2
γ∗

)ζ2−1
)

=
1

ζ1 − ζ2

(
(ζ1 − ζ2)− (ζ1 − 1) + (ζ2 − 1)

(
β∗2
γ∗

)ζ2−ζ1)

=
1

ζ1 − ζ2

(
(1− ζ2) + (ζ2 − 1)

(
β∗2
γ∗

)ζ2−ζ1)

=
1− ζ2
ζ1 − ζ2

(
1−

(
β∗2
γ∗

)ζ2−ζ1)
and

κ

(
β∗2
γ∗

)ζ1−1

− 1

=
1

(ζ1 − ζ2)
(
β∗
2

γ∗

)ζ2−1

((
(ζ1 − 1)− (ζ2 − 1)

(
β∗2
γ∗

)ζ2−ζ1)(β∗2
γ∗

)ζ1−1

− (ζ1 − ζ2)

(
β∗2
γ∗

)ζ2−1
)

=
1

ζ1 − ζ2

((
(ζ1 − 1)− (ζ2 − 1)

(
β∗2
γ∗

)ζ2−ζ1)(β∗2
γ∗

)ζ1−ζ2
− (ζ1 − ζ2)

)

=
1

ζ1 − ζ2

(
(ζ1 − 1)

(
β∗2
γ∗

)ζ1−ζ2
− ζ2 + 1− ζ1 + ζ2

)

=
ζ1 − 1

ζ1 − ζ2

((
β∗2
γ∗

)ζ1−ζ2
− 1

)
.

Putting these two expressions back to (3.32), we have

∂2

∂x2
1

G(x1, x2;β∗2 , γ
∗) ≤ 0

⇐⇒ 1− ζ2
ζ1 − ζ2

(
1−

(
β∗2
γ∗

)ζ2−ζ1)
(ζ1 − 1) +

ζ1 − 1

ζ1 − ζ2

((
β∗2
γ∗

)ζ1−ζ2
− 1

)
(ζ2 − 1)

(
x1

γ∗x2

)ζ2−ζ1
≥ 0

⇐⇒ (1− ζ2)(ζ1 − 1)

ζ1 − ζ2

((
1−

(
β∗2
γ∗

)ζ2−ζ1)
−
((β∗2

γ∗

)ζ1−ζ2
− 1
)( x1

γ∗x2

)ζ2−ζ1)
≥ 0

⇐⇒ (
(
1−

(
β∗2
γ∗

)ζ2−ζ1)
−
((β∗2

γ∗

)ζ1−ζ2
− 1
)( x1

γ∗x2

)ζ2−ζ1
≤ 0 (3.33)

⇐=1−
(
β∗2
γ∗

)ζ2−ζ1
≤
(
β∗2
γ∗

)ζ1−ζ2
− 1

⇐⇒ 1 ≤ 1

2

((
β∗2
γ∗

)ζ2−ζ1
+

(
β∗2
γ∗

)ζ1−ζ2)
, (3.34)

where we used the fact that x1

γ∗x2
≥ 1 and the last inequality is always true since the right-hand side is an

arithmetic sum (of two positive numbers) while the left-hand side is the geometric sum of them.
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Remark 3.3. When x1

x2
= β∗2 , the inequality in (3.33) becomes equality and therefore we have

∂2

∂x2
1

G(x1, x2;β∗2 , γ
∗)| x1

x2
↗β∗

2
= 0. (3.35)

Lemma 3.4. The value function of a barrier strategy with barrier levels γ∗ = α0 and β∗2 (defined as the
solution to (3.28)) satisfies all the conditions in the verification Lemma 3.1.

Proof. For presentation purpose, we denote G(x1, x2) for G(x1, x2;β∗2 , γ
∗). First, we need to show that

Gβ
∗
2 ,γ

∗
(x1, x2) ∈ C 2.

Since γ∗ = α0, we have only 2 branches to work with, namely x1

x2
∈ [α0, β

∗
2) and x1

x2
∈ [β∗2 ,∞). From Lemma

3.3, we have
∂2

∂x2
1

G(x1, x2)| x1
x2
↗β∗

2
= 0. (3.36)

By taking partial derivatives of G using (3.25), we are able to show that

∂2

∂x2
2

G(x1, x2)| x1
x2
↗β∗

2
=

∂2

∂x2
1

G(x1, x2)| x1
x2
↗β∗

2
× β∗2

2 = 0 (3.37)

and
∂2

∂x1∂x2
G(x1, x2)| x1

x2
↗β∗

2
=

∂2

∂x2
1

G(x1, x2)| x1
x2
↗β∗

2
× β∗2 = 0. (3.38)

Equations (3.36), (3.37) and (3.38) prove that the second-order partial derivatives are continuous. Since the
function Gβ

∗
2 ,γ

∗
is first-order differentiable, we can conclude that Gβ

∗
2 ,γ

∗
is second-order differentiable, i.e.

Gβ
∗
2 ,γ

∗ ∈ C 2.

Next, we show that (A − δ)Gβ
∗
2 ,γ

∗
(x1, x2) ≤ 0. We need to show that (A − δ)Gβ

∗
2 ,γ

∗
(x1, x2) ≤ 0

holds for the 2 branches x1

x2
∈ [α0, β

∗
2) and x1

x2
∈ [β∗2 ,∞). For the first branch, by the form of the value

function, we have (A −δ)Gβ∗
2 ,γ

∗
(x1, x2) = 0. For the second branch, since Gβ

∗
2 ,γ

∗ ∈ C 2 and Gβ
∗
2 ,γ

∗
(x1, x2) =

x1 − β∗2x2 +G(β∗2x2, x2), we have

(A − δ)Gβ
∗
2 ,γ

∗
(x1, x2) = − δ(x1 − β∗2x2) + (A − δ)G(β∗2x2, x2)

= − δ(x1 − β∗2x2)

≤ 0.

The condition 1 ≤ ∂
∂x1

Gβ
∗
2 ,γ

∗
(x1, x2) ≤ κ is an automatic result from (3.21), (3.22) and Lemma 3.3.

Lastly, we show | ∂∂x2
Gβ

∗
2 ,γ

∗
(x1, x2)| < K for some positive constant K.

For the first branch x1

x2
∈ [α0, β

∗
2), we have∣∣∣∣ ∂∂x2

Gβ
∗
2 ,γ

∗
(x1, x2)

∣∣∣∣ =

∣∣∣∣∣K1(1− ζ1)

(
x1

x2

)ζ1
+K2(1− ζ2)

(
x1

x2

)ζ2∣∣∣∣∣
≤ |K1(1− ζ1)|

(
x1

x2

)ζ1
+ |K2(1− ζ2)|

(
x1

x2

)ζ2
≤ |K1(1− ζ1)| (α0)

ζ1 + |K2(1− ζ2)| (β∗2)
ζ2 ,

which is bounded. For the second branch, we have∣∣∣∣ ∂∂x2
Gβ

∗
2 ,γ

∗
(x1, x2)

∣∣∣∣ =| − β∗2 |,

which is also bounded. Take K = max
{
β∗2 ,K1(1− ζ1)|(α0)

ζ1 + |K2(1− ζ2)|(β∗2)
ζ2
}

+ 1, and by noticing

that G is continuously differentiable, we arrive at
∣∣∣ ∂
∂x2

Gβ
∗
2 ,γ

∗
(x1, x2)

∣∣∣ < K for some positive constant K.
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Since the value function Gβ
∗
2 ,γ

∗
satisfies all the conditions proposed in the verification Lemma 3.1, we

conclude that the barrier strategy with level γ = a0 and β = β∗2 is optimal. This is restated in the following.

Theorem 3.5. Define γ∗ = α0 and β∗2 as the solution to (3.28), the doubly-reflected barrier strategy with
barriers (β∗2 , γ

∗) is optimal.

4. Numerical illustrations
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Figure 3: Scatter plots of 10,000 simulations in presence of solvency constraints (horizontal axis) or absence of solvency
constraints (vertical axis).
The left figure shows pairs of outcomes for the present value of dividends until ruin for each simulation, whereas and the right
figure shows pairs of outcomes of the time to ruin (censored at 15,000). The figures shown in-between squared brackets are the
mean and variance of the present value of dividends on the left hand side, and time to ruin (censored at 15,000) on the right
hand side.

4.1. The impact of the solvency constraint

In this section, we consider the impact of the solvency constraint on the stability of operations. In Figure
3, we compare outcomes of 10,000 simulations (according to an Euler scheme) for the aggregate distributed
amount (left), as well as the associated time to bankruptcy (right), when a solvency constraint is applied
(horizontal axis) or not (vertical axis). The simulations were censored at time T = 15,000 (unless declared
bankrupt before). For parameters used, see Table A in Appendix B, set no. 1.

In all scatter plots, values in the top left triangle are those where the outcome in absence of constraints
beats that in presence of a solvency constraint, whereas outcomes in the bottom right triangle are those
where the constraints beats the base case.

In terms of dividends, we know that the absence of constraints will lead to a higher expected present
value—on average (here 0.778 > 0.774). However, what the left hand side of Figure 3 teaches us is that, when
there is a substantial difference, it is in favour of the solvency constraint (dots that are significantly away
from the 45 degree line are in the bottom right triangle). Also, the coefficient of variation of the aggregate
distribution amount is lower with the solvency constraint than without (0.214/0.774 < 0.217/0.778).
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We now turn our attention to right hand side of Figure 3, which focuses on the the impact of the solvency
constraint on the time to ruin. It illustrates that the time to ruin in the presence of a solvency constraint
clearly dominates the time to ruin in the absence of solvency constraint. This is evidenced by (i) the
outcomes are in the bottom triangle (away from the 45 degree line), and (ii) moreover, many trajectories are
not ruined yet after T = 15,000 time units when a solvency constraint is applied, whereas the corresponding
trajectories re-calculated in absence of solvency constraint were ruined (see the vertical accumulation of dots
at T = 15,000).

Combining both results, one could argue that the solvency constraint in this case is really effective and
comes at a relatively small cost. Note that while these results would be quantitatively different with other
parameters, conclusions would be qualitatively similar.

4.2. The impact of of capital injections

In this section, we illustrate the impact of introducing capital injections on the dividend strategy and its
outcomes.
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Figure 4: The optimal barriers β∗
2 as a function of κ. The higher the transaction costs, the higher the optimal dividend barrier

level.
For parameters used, see Table A in Appendix B, set no. 1.

4.2.1. The impact of transaction costs on the optimal distribution barrier

Whatever the level of transaction costs κ, the optimal capital injection level γ∗ will always be α0.
However, the optimal distribution barrier will be affected by different values of κ. This is illustrated in
Figure 4. For κ = 1, the optimal distribution barrier is α0 since there is no reason to hold an extra buffer
when additional capital comes at no cost. It then increases as κ increases.

4.2.2. The impact of the capital injection and distribution barriers on the value function

In Figure 5, we depict surface plots for γ and β of the value function for the model in the case where
capital is injected to prevent ruin. The existence of an optimal level for β is obvious, as is the fact that the

26



1.0

1.1

1.2

1.3

1.4

1.1

1.2

1.3

1.4

0.5

0.6

0.7

0.8

γ

β

VCI

Figure 5: Surface plots of the value functions as functions of γ and β with κ = 1.05.
For parameters used, see Table A in Appendix B, set no. 1.

optimal level for γ will always be the ruin level (here α0 = 1).

4.2.3. Should capital be injected to prevent ruin?

In this section, we explore the conjecture spelt out in Remark 3.1, which asserts that, in fact, the company
should be rescued only if the value function at the capital injection barrier is nonnegative. Under which
combination of parameters would rescue be optimal?

In Figure 6, we plot the values of κ which makes the value function exactly equal to 0 for the optimal
choice of the upper barrier. This is because everything else being equal, the cost of injecting capital (κ) will
be the main parameter determining whether capital injections are worthwhile or not.

Lower risk levels will allow for higher levels of transaction costs κ. In fact, very low risk will make it
very attractive to rescue the company even though the cost of capital injection is high.
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Bühlmann, H., 1970. Mathematical Methods in Risk Theory. Grundlehren der mathematischen Wissenschaften. Springer-Verlag,
Berlin, Heidelberg, New York.

Chen, P., Yang, H., 2010. Pension funding problem with regime-switching geometric brownian motion assets and liabilities.
Applied Stochastic Models in Business and Industry 26 (2), 125–141.

Decamps, M., Schepper, A. D., Goovaerts, M., 2006. A path integral approach to asset-liability management. Physica A:
Statistical Mechanics and its Applications 363 (2), 404 – 416.

Decamps, M., Schepper, A. D., Goovaerts, M., 2009. Spectral decomposition of optimal asset-liability management. Journal of
Economic Dynamics and Control. 33 (3), 710–724.

Gerber, H. U., Shiu, E. S. W., 2003. Geometric brownian motion models for assets and liabilities: From pension funding to
optimal dividends. North American Actuarial Journal 7 (3), 37–56.
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A. Proof of Lemma 2.2

Proof of Lemma 2.2. We introduce the notation G̃(·;β) by

G(x1, x2;β) = (x1 + x2)G

(
x1

x1 + x2
,

x2

x1 + x2
;β

)
= (x1 + x2)G (y, 1− y;β)

= (x1 + x2)G̃ (y;β) ,

where y = x1

x1+x2
. For reformulation of the HJB equation, we need the following derivatives

∂

∂xi
G(x1, x2;β) and

∂2

∂xi∂xj
G(x1, x2;β), i, j = 1, 2.

We get

∂

∂x1
G(x1, x2;β) =

∂

∂x1

(
(x1 + x2) G̃

(
x1

x1 + x2
;β

))
= G̃

(
x1

x1 + x2
;β

)
+ (x1 + x2) G̃′

(
x1

x1 + x2
;β

)(
1

x1 + x2
− x1

(x1 + x2)2

)
= G̃(y;β) + G̃′(y;β)(1− y),

∂

∂x2
G(x1, x2;β) =

∂

∂x2

(
(x1 + x2) G̃

(
x1

x1 + x2
;β

))
= G̃

(
x1

x1 + x2
;β

)
+ (x1 + x2) G̃′

(
x1

x1 + x2
;β

)(
− x1

(x1 + x2)2

)
= G̃(y;β) + G̃′(y;β)(−y),
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∂2

∂x2
1

G(x1, x2;β) =
∂2

∂x2
1

(
(x1 + x2) G̃

(
x1

x1 + x2
;β

))
=

∂

∂x1

(
G̃

(
x1

x1 + x2
;β

)
+

x2

x1 + x2
G̃′
(

x1

x1 + x2
;β

))
= G̃′

(
x1

x1 + x2
;β

)(
1

x1 + x2
− x1

(x1 + x2)2
− x2

(x1 + x2)
2

)

+
x2

x1 + x2
G̃′′
(

x1

x1 + x2
;β

)
x2

(x1 + x2)2

= G̃′′(y;β)
x2

2

(x1 + x2)3
.

Likewise,

∂2

∂x2
2

G(x1, x2;β) =G̃′′(y;β)
x2

1

(x1 + x2)3
,

∂2

∂x1∂x2
G(x1, x2;β) =− G̃′′(y;β)

x1x2

(x1 + x2)3
.

In total we get that

AG(x1, x2;β)− δG(x1, x2;β)

x1 + x2
=

1

2

(
σ2
A + σ2

L − 2ρσAσL
)
y2(1− y)2G̃′′(y;β) + (µA − µL) y(1− y)G̃′(y;β)

+ (µAy + µL(1− y)− δ) G̃(y;β).

(A.1)

We guess that the solution to the right-hand side of equation (A.1) equal to 0 has a solution of the form:

G̃(y;β) = yϑ(1− y)ϕ. (A.2)

Inserting this in (A.1) gives:

AG(x1, x2;β)− δG(x1, x2;β)

x1 + x2

=
1

2

(
σ2
A + σ2

L − 2ρσAσL
)
y2(1− y)2

×
(
yϑ−2

(
ϑ2 − ϑ

)
(1− y)

ϕ − 2 yϑ−1ϑ (1− y)
ϕ−1

ϕ+ yϑ (1− y)
ϕ−2 (

ϕ2 − ϕ
))

+ (µA − µL) y(1− y)
(
ϑyϑ−1(1− y)ϕ − ϕyϑ(1− y)ϕ−1

)
+ (µAy + µL(1− y)− δ) yϑ(1− y)ϕ.

Dividing the above equation with yϑ(1− y)ϕ = G̃(y) and setting

σ̃2 = σ2
A + σ2

L − 2ρσAσL (A.3)

yields that the right-hand side is equal to

1

2

(
ϑ2 − ϑ

)
σ̃2 + ϑ(µA − µL) + µL − δ + (ϑ+ ϕ− 1)

(
(−ϑσ̃2 − µA + µL)y +

1

2
σ̃2(ϑ+ ϕ)y2

)
. (A.4)

Setting the part of (A.4) not depending on y equal to 0 gives us a quadratic equation for

1

2
σ̃2ϑ2 +

(
µA − µL −

1

2
σ̃2

)
ϑ+ µL − δ = 0, (A.5)
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and setting the last term of (A.4) equal to 0 we get that ϕ = 1−ϑ. We denote by ζ1 and ζ2 the two solutions
to the quadratic equation. The solutions are given by

−
(
µA − µL − 1

2 σ̃
2
)
±
√(

µA − µL − 1
2 σ̃

2
)2 − 4 1

2 σ̃
2 (µL − δ)

σ̃2

=

1
2 σ̃

2 − (µA − µL)±
√

1
4 σ̃

4 + (µA − µL)
2 − (µA − µL) σ̃2 − 2σ̃2 (µL − δ)

σ̃2

=

1
2 σ̃

2 − (µA − µL)±
√

1
4 σ̃

4 + (µA − µL)
2 − σ̃2 (µA + µL − 2δ)

σ̃2
. (A.6)

Because the coefficient of the quadratic term of (A.5), 1
2 σ̃

2, is greater than 0 and because the left-hand side
of (A.5) is negative for ϑ = 0 by (2.11) and (2.10) the quadratic equation (A.5) has a positive solution,
which we denote ζ2, and negative solution, which we denote ζ1. Because the left-hand side of (A.5) is equal
to µA − δ < 0 for ϑ = 1, we get that ζ2 > 1.

By using that G̃(y;β) = G(y, 1− y;β) we get that a general solution is given by

G(x1, x2;β) = ϑ1x1
ζ1x2

1−ζ1 + ϑ2x1
ζ2x2

1−ζ2 , (A.7)

which is equivalent to x2

(
ϑ1

(
x1

x2

)ζ1
+ ϑ2

(
x1

x2

)ζ2)
. Solving ϑ1 and ϑ2 using (2.22) and (2.23), we obtain

(2.24).
Note the solution to (A − δ)G̃(y;β) = 0 is unique, given the 2 boundary conditions (2.22) and (2.23).

This shows that our guess (A.2) is correct.

B. Parameter values

No. ρ δ µA µL σA σL α0 α1 α2 κ A0 L0

1 0.5 0.055 0.05 0.04 0.03 0.01 1 1.3 1.35 1.05 1.2 1

2 0.5 0.055 0.05 0.04 - 0.01 1 2.5 - - 1 1

Table A: Parameter values for numerical illustrations.
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