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Abstract

In this paper we consider a company whose assets and liabilities evolve according to a correlated bivariate
geometric Brownian motion, such as in |Gerber and Shiu| (2003). We determine what dividend strategy
maximises the expected present value of dividends until ruin in two cases: (i) when shareholders won’t cover
surplus shortfalls and a solvency constraint (as in is consequently imposed, and (ii) when
shareholders are always to fund any capital deficiency with capital (asset) injections. In the latter case, ruin
will never occur and the objective is to maximise the difference between dividends and capital injections.

Developing and using appropriate verification lemmas, we show that the optimal dividend strategy is,
in both cases, of barrier type. Both value functions are derived in closed form. Furthermore, the barrier is
defined on the ratio of assets to liabilities, which mimics some of the dividend strategies that can be observed
in practice by insurance companies. Existence and uniqueness of the optimal strategies are shown. Results
are illustrated.
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1. Introduction

1.1. Motivation and main contributions

The optimisation problem that is described in many modern definitions of Enterprise Risk Management
(“ERM?”, see, e.g., Taylor} 2015) is one that is closely related to the so-called stability problem in actuarial
risk theory (see, e.g.,[Bithlmann| [1970). How to distribute dividends is one consideration (see, e.g. Albrecher

and Thonhauser, [2009; Avanzi, 2009, for reviews of the literature in actuarial risk theory). For instance, the

Australian Actuaries Institute| (2016) write:

An insurer’s target capital policy is an integral part of its risk and capital management plans,
and is likely to be used to inform dividend policy and to determine capital management triggers
and mitigating actions required such as capital raising or distributions.

In this paper, we consider a risky company, whose assets and liabilities follow a bivariate geometric
Brownian motion with dependence. Such a model was considered by |Gerber and Shiu| (2003), who con-
jectured that a barrier strategy formulated on the funding ratio of assets to liabilities was the optimal
strategy. Sometimes, insurance companies use such a funding ratio based method to set their target capital;
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see for example |[Australian Actuaries Institute| (2016); | International Actuarial Association (TAA) (2016]).
The conjecture of |Gerber and Shiu| (2003) was subsequently proven by [Decamps, Schepper, and Goovaerts|
(2009). Other relevant references are Decamps, Schepper, and Goovaerts| (2006, without optimality, but
with finite horizon), (Chen and Yang| (2010, without optimality, but with regime-switching dynamics), and
|Avanzi, Henriksen, and Wong| (2018, without optimality, but with recovery requirements).

In this paper the company is underfunded, and ruined, if its funding ratio decreases below a certain level
ag. This level would typically be 1, but it only needs to be positive in this paper. For instance, a higher
level than 1 could reflect the higher liquidation value of liabilities (as opposed to going-concern value).

In this paper, we are interested in determining the optimal dividend strategy in the presence of solvency
considerations. Specifically, we consider two cases. In the first case, shareholders won’t be held liable further
than the value of the company. In this case, a solvency constraint oy > g on the surplus level is introduced,
below which no dividends are allowed to be paid. Note that our formulation differs from [Decamps, Schepper,|
land Goovaerts| (2009), where the authors also propose to model the assets and liabilities of a company by
means of correlated geometric Brownian motion and where they also formulate an optimal control problem
based on the funding ratio, but without a solvency constraint. In our paper, a dividend payment cannot
bring the surplus level below a given solvency constraint. In the second case, shareholders will always inject
capital if needed. Consequently, ruin does not occur, and shareholders will maximise the difference between
dividends and capital injections. Lest the problem becomes trivial, capital injections attract transaction
costs. With proportional transaction costs, it turns out (unsurprisingly) that if such measures are warranted
(have positive expected value), these will be made only at level «q to avoid bankruptcy. A recent treatment
of optimal dividends and capital injections with transaction costs is|Lindensjé and Lindskog| (2020)), although
they considered a pure diffusion rather than a ratio of two correlated geometric Brownian motions as in this
paper.

Both cases described above make sense in a practical setting. Trigger points are routinely used to
define different stress situations (e.g., exceeding target vs below target). Furthermore, resulting actions
from management may include the injection of capital, or the reduction of dividends (see, e.g.,
|Actuaries Institute, 2016); see also |Avanzi, Henriksen, and Wong (2018).

The paper is structured as follows. Section [2] establishes the optimal dividend strategy, if ruin occurs as
soon as liabilities are worth less than «q assets and in presence of a solvency constraint a > . Section
considers the case where capital injections are always made at ag to prevent ruin. Numerical illustrations
are presented in Section

Remark 1.1. Note that we do not consider a solvency constraint a; when capital injections are forced. This
is mainly because the shareholders bear the entire responsibility of a shortfall, and then there is no point in
restricting the amount of dividends they can distribute from a regulatory point of view.

That being said, the company could decide to self-inflict this constraint, as it can significantly improve
the stability of the outcomes for minor cost in expectation, as discussed in Section (see also
land Wong, 2012; | Avanzi, Henriksen, and Wong, 2018). One could even imagine optimising this parameter,
subject to a mazimum coefficient of variation of the present value of dividends (when considered as a random
variable). We conjecture that the optimal dividend strategy would remain of barrier type.

1.2. The bivariate asset and liability process

Let (Q,{F:;t > 0},P) be a filtrated probability space as usually defined. We consider a risky company,
whose assets X7 := {X1(¢) : t > 0} and liabilities X5 := {Xa(t) : t > 0}, respectively, follow a bivariate
geometric Brownian motion with correlation p € (—1,1). That is, the uncontrolled processes (X1, X2) follow
the dynamics

d (Xl(t)) _ <HA 0> <X1(t)> g+ [ 7a%1(®) 0 d <W1(t)) (1.1)

Xz(t) 0 KL Xg(t) pULXQ(t) \/ 1-— p2O'LX2(t) Wg(t) ’ '
where X1(0) = Ag > 0, X2(0) = Lo > 0, 04 > 0, o, > 0, and where Wy := {Wy(t) : t > 0} and
Wy := {Ws(t) : t > 0} are standard Brownian motions. Furthermore, we define the funding ratio process
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Y :={Y(t): ¢t > 0} with

X1(t)

Y@:me >

This is the same model as in |Gerber and Shiu| (2003)).

2. The optimal dividend strategy under a solvency constraint

2.1. Model formulation
In this section, we discuss the case where we are allowed to distribute assets according to a strategy m,
i.e.
XT(t) = Xa(t) — D™(1), (2.1)
where D™ := {D™(t) : t > 0}, the aggregate dividend process, is a cadlag, non-decreasing process which is

adapted to {Fi;t > 0}, the filtration generated by the bivariate process (X7, X3). The modified funding
ratio (for a strategy ) is then defined as Y™ := {Y7(¢) : ¢t > 0} given by

_ Xt
Xo(t)”

Y7 (t) (2.2)

We now introduce the ruin level ag such that the company is ruined whenever its funding ratio (asset
divided by liability) downcrosses ag. In this case, the time of ruin, 77 , is defined as the first time the
modified funding ratio Y™ reaches ay, i.e.

™
Tao

=inf{t>0:Y"(t) < ap} (2.3)

with the convention that inf{()} = co. For convenience, we define (the funding ratio set) L : 28+ — 2R}
with

um:{@wyjeB} (2.4)

For a set B, we use the notation 27 for its power set (the set of all subsets of B), i.e. 28 := {X : X C B}).
In this sense, we can see that ruin occurs at the first time the process (X7, X5) is outside L((cg, 00)).
We require that

= > ay, (2.5)

or equivalently (X;(0), X2(0)) € L([ag,00)). While we need to consider Ag/Ly = vy as a boundary case, it
would not make sense to start at a lower level.
In this sense, the bivariate process after payments of dividends is given by

XT(O)N _ (ra 0 (XT() oaXT(t) 0 Wi (t) D (t)
d = dt + 5 d —d .
Xg(t) 0 ur Xg(t) pO'LXQ(t) \/ 1-— P O'LXQ(t) Wz(t) 0
A sample path of (XT, X5) is illustrated in Figure|l} Note that the subscript “R” indicates that we consider
a model with solvency constraint where ruin is possible. Likewise, we will throughout the paper use the
subscript “CI” in Section 3 where ruin is prevented by capital injections.
For a given (dividend) strategy m, we measure its performance by its expected present value. That is, if

we denote the discount rate 6 > 0 and the shifted operator E*1*2[-] := E[-|X1(0) = 1, X2(0) = x2], then
the performance function is given by

Jr(x1, 05 ) = E¥1-2 [/ " e‘sSdD’T(s)] . (2.6)
0
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Figure 1: Figures illustrating the model. The uncontrolled processes are in black and the controlled processes are in grey. The
dotted lines depict the undiscounted, aggregate payment process.

In this section we consider a solvency constraint level oy > «g such that after paying the dividend, the
surplus level can never be less than «;. This is equivalent to the constraint introduced in (2003, in
a univariate, pure diffusion setting). In mathematical terms, this constraint translates into the condition

T;O
/0 Liyn(s)<a;3dD7(s) = 0. (2.7)

In this sense, a strategy = is said to be admissible if D™ is a non-decreasing, cadlag, {F:;t > 0}-adapted
process with D™(0—) = 0, and (2.7) satisfied. We denote IIp as the set of admissible strategies.
Denote the optimal value function

Ji(z1,22) := sup Jr(z1,z2;7). (2.8)
wellr

We are interested in finding an optimal strategy 7* such that
Jr(x1,x2;7") = T (21, 22). (2.9)
Finally, for the model to make sense, we impose the profitable condition

A > [ir, (2.10)



and require (as in|Gerber and Shiul 2003)
0> pa (2.11)

such that the optimal value function Jj is finite.

2.2. Verification lemma

We define the extended generator o for the bivariate process (X1, X3) as

1o} 0 15 5 0?
o f(x1,x2) =pary5—f(x1,22) + prro—f(r1,22) + S04 f(z1,z2)

0 0 274 0a?
o 2 ) 1 (2.12)
+102mza—f(x Zo) + poaoLTT 0 flxy,x2)
B LQ@x% 1,22 POACL 1263518952 1,22),

for a function f and (x1,x2) such that the above is well-defined. Now, under the model described in Section
2.1} one sufficient condition for a strategy 7 € Il to be optimal is given by the following lemma.

Throughout the paper, we use €' to denote the class of continuously differentiable functions, and €2
for the class with the first and second derivative of the function both existing and continuous.

Lemma 2.1. For a strategy @ € Ilg, denote its value function H(x1,x9) := Jr(x1,22;7). Suppose H
satisfies the following six conditions

1. H(z1,22) > 0 on L([ag, 00)),

2. H(wy,22) € €' (L([a, 00)) N €*(L([w0, 00)\L({e1 })),

3. For each n € N, the following holds: On L([ag + %, ag +n)), all partial derivatives of H are bounded,
i.e. there is a positive number K such that

0 0
max ( ‘%H(J?l,l‘g) , T@H(azl,xg) ) < K for all (x1,22) € L([ag, 00)),
4. On L(Jon, ), H satisfies
0

aile(JChl‘Q) Z 1, (213)

5. On L((ap, 1)), H satisfies
(o — 0)H(z1,32) =0, (2.14)

6. On L((0aq,00)), H satisfies
(JZ% — 5)H($1, 372) S 0. (2.15)

Then 7 is optimal, that is, T = 7%, and Jr(x1, xe;7*) = J(x1, 22) for all (x1,22) € L([avg, 00)).

Proof. According to the definition of optimal value function in (2.8), we have H(z1,22) < Jj(21,22). Then
it suffices to show that
H(x1,22) > Jp(w1,22;7)

for any strategy m € Ilg.
For any 7 € IIRr, we denote the family of sequential stopping times {T},,n € N} when the funding ratio
of the modified process is outside the interval [og + %, ag +n), ie.

T, :=inf{t >0:Y7(t) & [ap + %,Oéo +n)}.

First, from (2.13)), for any (z1,x2) € L([a1,00)) and d > 0, we have

z1+d x1+d
H(z,zq)dx > / dx =d,

z1

H(zy + d,ws) — H(x1,29) = /

z1

dx



which gives
H(l‘l —l—d,xg) > H(.Z‘l,.%'g) +d. (2.16)

For (z1,z2) € L([ay,0)), it is obvious to have (x; + d, x2) € L([a1,00)). For any dividend strategy 7 with
D™(0) = d > 0, we revise by removing its dividend distribution at ¢ = 0 without changing its distributions
at other time points, then as revealed by , the resulting value function associated with (z1 + d, z2) is
non-decreasing. Or, equivalently, for any (z1 — d, z2) € L(Jay,00)), we obtain

H($1 — d, .’£2) + d S H($1,$2).

Then it suffices to consider the case with the dividend distribution at time 0 is D™(0) = 0. Now, we shall
note that H is not 42 over the entire range [ag,c0) and therefore we shall use the generalization of Itd’s
formula, the so-called Meyer-1t6 Formula (e.g. Theorem 70 in Chaper IV in [Protter, 2005). As pointed out
by [Peskir| (2005), H(z1,72) € € is enough to exclude the local time at L({c;}) so that with Condition 2
in Lemma 2.1, we can proceed with the Itd’s lemma in its standard form.

On the event {X1(0) = z1, X2(0) = 22}, by using Itd’s lemma for the stopped jump diffusion processes
{e 0T F(XT(t ATy), Xo(t AT))}, we get that

e VAT H(XT(E AT, Xo(t AT,))

AT,
= H(z1,22) — /7 Se S H(XT(s—), Xo(s—))ds

tAT), a
+ / 05 O H(XT (), Xa(s—))dXT<(s)
0 0y

tAT, 2 2 92
" 5s0a(XT(s—))” O .
/ e AL U~ H(XT (s—), Xo(5=))1{(X7 (=), Xa(s— ) ¢L({or })} 45
0— 2 81'1
(

—— s H(XT (5—), X2(5=)) L {(x7 (s—). Xa(s—))¢L({ar})} 45
2 Oxs

tAT, 2
n 0
—ds T s
+/ e “poaor Xy (S—)X2(S—)7axlamzﬂ(x1 (8=)s Xo(5=))L{(X7(s—),Xa(s—)¢L({o1 })} D5

£ T HXT(9), Xa(s) — HOXT (s=), Xa(s-))].

s<tATy,

where X{"¢ is the continuous part of X7 and we have used the fact that the discontinuity comes from the
dividends (—AXT).
Furthermore, using dX{°(s) = pa X7 °(s)ds+ 04X (s)dW1(s) —dD™¢(s) where D™ is the continuous



part of D™, and similarly for Xs(s), by collecting terms, we have

e—é(t/\Tn)H(Xf(t ANT,), Xa(t ATy))
tATy, 5
= H(x1,22) +/ e (o = O)H (XT (s=), Xa(s—))1{(x7 (s-). Xa(s—)¢L{or D}IS
tAT, 0
+ / €T AXT (=) g H(XT (=), Xa(s=))dWi(s)
0

tAT),
o [ 0t H KT (), Kot )l

0 i (2.17)

0

tAT),
4 /7 e VT Por Xa(s ) 5 HXT (5-). Xo(s—))dWa(s)

_ /MTn e L H(XT (), X (s-))AD™* (s)
(91‘1

.
+ Y0 e [H(XT(s), Xa(s)) — H(XT(s—), Xa(s—))].

s<tAT,

We denote the sum of the integrals in the second, the third and the fourth line of the right-hand side of
(2.17) by M(t AT,). After adding and subtracting some terms, we have that

eV [I(XT(t ATy), Xo(t AT))

tATy,
= H(x1,22) +/O ™" (o — 0)H (XT (s=), Xa(s—))1{(X7 (s=) Xa(s—)¢L({ar )} 45

+ M(@EAT,)

[ e [, %) 1] avee)

+ 3 e [H(XT(s—) + AXT(s), Xa(s)) — H(XT(5-), Xa(s—)) — AXT(s)]

s<tAT,

tATy,
. / e—ésdDTr,c(S)_ Z e_ésAXf(S)
0—

s<tATy,

Using the fact that (XT, X3) are continuous except at time ¢ when dividends is paid, which changes the X7
by the amount of —AXT(¢), we deduce that

e SN H(XT(EAT,), Xo(t AT))

tATy,
= H(w1,22) +/0 ™% (o — O)H(XT (5=), Xa(s—))L{(X7 (5-). Xa(s-)EL({ar )} 05

+M(tAT,)
[ e [ x| apees)

+ Y e H(XT (s-) — ADT(s), Xa(s-)) — H(XT (s-), Xa(s—)) + AD"(s)]

s<tAT,

tAT,
- / e dD™(s) + Y e P AD(s)

s<tAT,




By rearranging, we get

AT,
/ e 9%dD™(s) + Z e 9SAD™(s)| — M(tAT,)
0—

s<tAT,
= H(Jfl, .132)
— e 0T H(XT(EAT,), Xo(t AT))

o, ) (215)
+/0 e (e — O)H(XT (5—), X2(5=))1{((X] (s—), Xa(s—)2L({ar }))} 45

_ /0 R {ailH(Xf(s),Xg(S)) - 1} dD™(s)

+ Y O [H(XT(s-) — AD7(s), Xa(s—)) — H(XT(s-), Xa(s-)) + AD™(5)].
s<tAT,

Now, by hypothesis (Conditions 1,4,5,6), (2.16]) and recall the solvency constraint, we have

AT,
/ e %%dD™°(s) + Z e OSAD™(s)| — M(tAT,) < H(z1,x2).

s<tAT,

By taking expectation, we have
tAT,
E®1®2 / e %%dD™ (s)| — E*v®2 [M(t A Ty)] < H(z1, o).
0—
Note that {M(t AT,,) : t > 0} is a zero-mean martingale by Condition 3, we have
tAT,,
Er1v2 / e %%dD™(s)| < H(x1,22).
Finally, we note that 7;, T 775, and hence by Fatou’s Lemma, we get

ATy,
H(z1,x9) > liminf E*1-72 (/ 6755dD’T(5))

t,n—00

ATy,
> k7172 (lim inf/ ef‘ssdD”(s))
0—

t,n—00

™

= IE“’“(/TQD e_‘ssdD”(s))
0

= Jg(z1,22; 7).

2.3. The value of dividends under a barrier strategy
In this section, we derive the value function of a barrier strategy with an arbitrary barrier level £
(disregarding any solvency constraint). The corresponding value function is denoted by
B

Gﬂ($1,$2) = ET1.22 / ag 6_5thﬂ—ﬁ (t) 7
0—



where 77 " is the time of ruin defined in the previous section, when a barrier strategy with barrier level 3, 77,

is apphed Note that using a martingale argument, |Gerber and Shiu| (2003|) deduced that the value function

G” satisfies the second condition in Lemma ie. GP € €1 (L([, 0)) N E?(L(Jan, 0)\L({a1})).
Clearly, the value function of G? is given by

G(x1,22;B), (z1,72) € L([ao, B]),

BiL’l,ZL’Q = .
w1, 22) {IE15$2+G(5$2,$2;5), (x1.2) € L((5.0). (2.19)

with G(z1, z2; 8) given by
(o — 5)G(x1,x2;ﬂ) =0 for (z1,22) € L([ag, B]), G(apxa,x2;08) =0. (2.20)
The differential equation can be obtained by the following heuristic reasoning. Let I < 8 & 1 <

Bxo. Consider an mﬁnltes tlme interval of length dt such that no dividend is paid durlng dt. We get
that

G(z1,m9; B) =e *ME[G (1 + praz1dt + o az1 Wi (dt),

(2.21)
Zo + prrodt + porraWi(dt) + /1 — p2opzeWo(dt); ﬁ)}

Developing the expectation using Taylor series, subtracting G(z1, z2; 8) and dividing by d¢ on both sides
yields
eédt -1

G(x1,x2; B) ( o ) =/ G(x1,x2; B).

We let dt — 0 and using I'Hopital’s rule we obtain (2.20)).
The boundary conditions for the value function, which hold for all levels of barrier g8, are given by

G(Oéoxg,"EQ;ﬂ) = 0, (222)

0
Txla(fﬂl,xg;ﬁ)|x1:ﬂmzf = 1. (223)

Condition follows directly from the definition of ruin. Condition is similar to |Gerber and Shiu
(2003, Equation (6.4)) which can be obtained using the same heuristic argument.

To find the solution to equation , we take advantage of the fact that G# (and G) are homoge-
neous functions of degree 1, which follows since the dynamics of both assets and liabilities are progress-
ing proportionally to the assets and liabilities, respectively. That is, for a given constant o it holds that
GP(ox1, 0x2) = 0GP (21, x2) so that the important quantity (up to a scaling factor) is the ratio 2 /2. The
solution to the system of equations is given in the following lemma:

Lemma 2.2. The solution to differential equation with boundary conditions and 18

given by
(ml/mz)CI B (11/I2><2
« «
G(x1,22; 8) = g2 5 - i1 Oﬁ oo 1) (2.24)
G (070) — G2 (?0)
where
6% =04 + 03 —2poaoy,
162 — (ua — pr) — /264 + (ua — ue)® — 6 (wa + i — 20)
G = ~ <0, 2.25
52 (2.25)

—

; 552*(%4*!%)*\/i54+(#A*HL)2*5’2(HA+HL*25)>1
2 = = .

2
G
Proof: See Appendix [A]

Remark 2.1. Note that for xo = 1 this result of Lemma is also given by |Gerber and Shiu (2003,
Equation (9.6)).




2.4. The optimal barrier

We see from , that only the denominator depends on § and that both the numerator and the
denominator are negative. Furthermore, it is interesting to note that, apart from a scaling factor of x5, the
function is only expressed in terms of ratios of z1 to x5. Hence, the shape of the value function is unaffected
by the scale of the two processes.

Note that both numerator and denominator in are negative. We now take the derivative of the
denominator and set the derivative equal to 0 to find the maximum of the denominator (and hence the
maximum of G(-;8)). The resulting optimal barrier level is

B - ()T )T 0

Because of the assumption that pa > pr, we have that 55 > . We obtain this result by using the
representation given by (A.5)) for both the numerator and the denominator of (2.26)),

GG —1) d—pr—(pa—pL)G

> 1, (2.27)
C2(Ca—1) 60— pr— (pa—pr)ée
c ©25).
Hence, the optimal barrler level 50 ex1sts and is unique. Let f denote the denominator of (2.24 - as a
function of 3. Using the assumptions (2.11)) and (2.10] ) and the result (| -7 we get that f'(cp) > 0. Then
because f(oc0) = —oo we know that ﬁo maximises (|2.24

Also, note that for § = pa we get that (o =1 Wthh 1mphes that 8§ — oo for pa — ¢ (if we become very
patient (J is getting closer to p4) it is optimal to wait more before distributing profits) and for ps < pr, we
get B = ap (if the company is not profitable we should liquidate it immediately).

Remark 2.2. At the optimal barrier B3, we have

82

WG(xl,xQ;BS) |11:,35$2— = 0. (228)
1

Condition is obtained by taking the derivative of with respect to B. This gives us that (using
the chain rule for partial derivatives)

) 0
o (Lot )

9? 0? 0

[ 0 3 T1=Lxo— a. an ) 3 r1=Pxo— — —1=
8$%G(9€1,$275)| 1 =Baa— + axlaBG(xl 225 B) o= a5 =

(2.29)

The term %G (1,225 B) |ay=Bas— N is claimed to be 0 at the optimal barrier. Specifically, we see
from that G(z1,22; 8) and %G(xl,xg; B) share the same denomz’nator with respect to 5. Since the
ptimal barrier B§ is obtained by setting %G(mhxg;B) =0, then 5~ ﬂG(xl,xQ,ﬁ) is also 0 at B5. We get
by inserting By and dividing the equation by 3.

Finally, we denote the optimal barrier in the model with (simple) solvency constraint by 57. We conjec-
ture that the optimal barrier for the assets is given by g7, where

ﬁi(:{ ﬁ(>)k7 /6820417

a1, ﬁg < 1.

With techniques similar to the ones in [Decamps, Schepper, and Goovaerts| (2009) (who also derived S but
had no solvency constraint) we will show that 8] is the optimal barrier. To make the paper self contained,
we also give a proof for the case 85 > ;.

10



2.5. Verification of all the conditions of verification lemma

Next, we show that the barrier strategy with level 57 = max {«a1, 8§} satisfies all the conditions in the
verification lemma. First, we need the following lemma.

Lemma 2.3. For a > (33, we have
(¢ * *
Glazg,zo; ) > EG(ﬂOx%xQ;BOL (2.30)
0
where G(x1,x2; B) is the value function of the barrier strategy of barrier level 8 > « (i.e. without solvency
constrain) with initial asset and liability values x1 and x2, respectively.
Proof. First, we show that
* * * A — ML
G(Byxa, x2; 8y) = ﬁoxgu(si'u. (2.31)
—HL
By definition of § and using that %G(xl, To; [33)|%/ﬁ3 =0, we have

GG —1)(55)Cl :CQ(CQ_U(fj)cz

Qg

@ C2—C1 B <1(<1 . 1)
= (a0> = 74'2(4'2 — 1). (2.32)

Therefore, using (2.24)) we have that

=X3

()" - ()"

G )Cl —@(i—i)@
B (%3)42—41

G — CQ(%‘E)CTCI

C2(Ca—1) = Gi(¢G1 — 1)

C1G2((Ca = 1) = (¢ — 1)]
G-G-(e-0)

0(569627362;55) = 58952

BE

= 5S$2

= 58%

= ﬂ*]j‘
006G - G)
* CQ + Cl -1
= Byrog—-"—. 2.33
BO 2 ClCQ ( )
Using the definition of ¢; and {2, we have (; + (o — 1= w and (1( = w, we get 1)

To complete the proof, we need to show that G(axs; xe;a) > %G(ﬁ(’ﬁxg,xg;ﬁs‘) for o > B§. This can be
0

11



done by direct computation with help from (2.31)), that is

(&) - (&)
G

=qax B
=axs —
(g)@_{lg 85 C2—C1 ¢
Bg 2\ ao 1
By noticing that f(x) = % is an increasing function for x > 1, we have
(i)@ ¢ BS G2=G N
[50 @0

G(axa, r2; ) = axg

<@5><2 @ (%) g

[ \/
/-\
\_/

= ﬂo (60372,152,50)

O

Next, we show that the value function of the barrier strategy with barrier level 3 is concave in the first
argument, i.e.

0?

ale (.’El,.’Ez) S 0. (234)

12



Specifically, when % < B;, we have

2
5 G(w1,22; B))

o2
GG — 1) (522)%er? = GG - D (55) e
G(8)% — ¢ (8"

azlG 0 (21, 22) =

= Box2

50331 $2( Xy )Cl

_ Ty B T, (2~ B B
" QB o) (G- ~aG-D)
By e (522)" < GG
S B g (TG —aa)
- (2.35)

by equation (2.32)). That is, by (2.19) and (2.35)), (2-34) holds.

Now we are ready to show that our candidate strategy, a barrier strategy with barrier level 5 =
max {35, a1}, is the optimal strategy. We proceed by showing that the value function associated to the
barrier strategy satisfies all the conditions in the verification lemma. This is shown by the next lemma.

Lemma 2.4. The barrier strategy with barrier level BT is admissible and its value function GP1 satisfies all
the conditions in the verification lemma, Lemma [21]

Proof. The barrier strategy is admissible because it only brings down the asset level when the ratio is above
87 = max {f},01} > a1 and it does nothing when the ratio is below «;. By the definition of the strategy,
there is never a negative contribution and therefore Condition 1 in Lemma is automatically satisfied.
For the other conditions, we separate the cases into 5§ > a1 and 5§ < a.

Case 1: 85 > ;. The strategy is simply the barrier strategy with barrier level 55. By (2.19) and -,
Condition 2 is obvious for GP1 except for the second order differentiability at the barrler point 35. In
view of this and by the definition of 35, we have

02 0?
a 2G (l'lazQ)l%/‘ﬂa‘ = 8 2G(1‘1,.’172,,60)|"1/(ﬂ0 _O

Hence, we also have

0? 9 0%
or QG (1’1,3}‘2)|"1/5* _/BO Or 2G51 (x171‘2)|%/‘68 207

and
T L 0% g
8m18x2G 1($1,$2)|%/53 Z/BOQTC%G 1($1,$2)|%/;33 =0.

Therefore, G®1 € €%(L((a,0))) and Condition 2 is established. For 2L < fg, by the definition of
the strategy, we have (&7 — §)GP1 (x1,25) = 0. For % > G5,

(o = 0)GP (21, 22) = — 8(z1 — Bywa) + (o — 8)GP (Bywa, 22)
<0.
This proves (2.14) and (2.15) (Conditions 5 and 6).
By using 1) %Gﬁl (z1,22)|2154. = 1 and GPi € €2, we have %G'BT (x1,22) > 1, which leads
s
to (2.13) (Condition 4).
13



Case 2:

Since GP1 is concave in the first argument, we have %Gﬂf (z1,22) < =GP (xy, )

— Oz Tl—ao -
Bs C1—Co

@ RN Nz
e

is bounded.

Lastly, we show that Gﬁl (21, x2) is bounded (and therefore establish Condition 3) by direct com-

putation combining the two branches, i.e.
¢1 C2
I T
1—C() K| —
(1-C)K (3?2) +(1-¢) 2(@) }

T Gt T C2
Smax{ﬁg7|(1_<1)[(l<1;> + |(1—<2)K2|<x;> }

<manx {85, 1(1 = ) Kilao + (1 - G2) Kal 5 }

Combining with %Gﬂf (x1,22) > 1, we have shown that 8716’ (21, x0)

—Gﬁl (z1,2
‘8372 1,72)

Smax{| - 551,

where the maximum is taken over the two branches and K7 and K are pre-determined constants given
by (2.24). All conditions are established.

a1 > (5. Since the barrier level is a;, Conditions 2,4 and 5 are satisfied automatically.

Using similar arguments as above, i.e. separating the value function into 2 branches and making use
of the properties that the value function (and its derivatives) is continuous and therefore bounded on
one branch, equal to a constant on the other branch, we can show that Condition 3 is satisfied.

For Condition 6, with the help of the second branch of 7 and , for i—; > «aq, we have

. 0
(L(Zf — (5)Gﬂ1 (;El,itg) = HAT1 =+ ‘LLL.'I:Q( (05] + TQG(ale,I% 041)) 5(1‘1 — X1T2 + G(OQCCQ,IQ; 051))

G(arza, x9501)

= pazy + prre(—ag + ) = 0(z1 — arxp + Glag e, w25 001))

T2
(pa —0)z1 + (6 — pr)oaws + (ur — 0)G (o ze, 225 1)

IN

(pa —0)arxe + (0 — pur)arxe + (ur — 9) (gg) G(Byz2, v2; 5))

= (pa — pr) arwa + (ur —9) <B0>5o 2ML_M5A

= (pa — pr) arz2 + oqwa(pr — pa)
= 0.

All conditions are established.

O

As all conditions in the verification lemma (Lemma |2.1]) are satisfied, we can conclude that 71 is optimal
in our formulation. This is restated in the following.

Theorem 2.5. With 3 defined by and (2.26), the barrier strategy with barrier level 37 = max(85, a1)
is optimal in the presence of solvency constraint at level oy > a.

Proof. The result follows from Lemmas [2.1] and 2:4] O

3. When capital is injected to prevent ruin

3.1. The model with capital injections

In this section, we assume that capital injections are made in order to prevent ruin. In this case, a
strategy 7 consists of two parts: (1) D™(t) to pay dividends to shareholders, and (2) E™(t) to rescue the
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company when the asset is too low. In this sense, we have
XT(t) = Xa(t) = D™(t) + E™(t), (3.1)
where both D™ and E™ are non-decreasing, cadlag and {F;;t > 0}-adapted processes such that

XT(t
Xo(t)

~—

>ag, t>0. (3.2)

The set of admissible strategies is denoted as II¢y. The dynamics of the bivariate process (X7, Xs) become

T B ORI o O R 1 B G

Similar to the case in Section [2] the value function of a strategy m € ¢y is given by

t—o00

t t
Jor(z1, o, m) = lim sup E¥+*2 [/ e %%dD"™ (s) —/ me‘ésdE’r(s)] , (3.3)
0 0

where £ is a constant strictly greater than 1 which recognises that there is a price of raising capital.
We also denote the optimal value function as

Jep(@,22) = sup Jor(zy, x2;m) (3.4)
mellor

and we are interested in finding a strategy 7m* € Il such that

X
Jor(@1, xo; ) = JE (1, 32), ;; > ag. (3.5)

In addition to the above, because k > 1 we restrict the set of admissible strategies so that
AD™(t)AE™(t) =0, (3.6)

that is, the company does not raise money to pay dividends, which would not be optimal in view of .
Conditions and are also assumed to be true here.

The model is illustrated in Figure [2] where the funding ratios are depicted by solid lines and net distri-
butions (distributions, minus rescue measures, in absence of transaction costs) by dotted lines for a given
sample path of the two-dimensional Brownian motion. The plot also contains the optimal upper barrier,
which we find in the following sections.

Remark 3.1. In this section, capital is always injected to prevent ruin. Such capital injections are not
always desirable, in that the expected present value of future dividends gained from the rescue may not
compensate for the cost of the capital injection. But in some cases it could indeed be profitable. This idea
goes back to|Borch] (1974}, Chapter 20) and|Porteus (1977).

Determining the optimal unconstrained dividend and capital injection strategy in our context is outside
the scope of this paper. It makes sense that capital injections would be warranted if, and only if, the associated
value function Jor(yxa, x2; B,7y) was greater than or equal to zero. This conjecture is supported by previous
results in the literature (see, for instance|Lokka and Zervos, |2008; |Avanzi, Shen, and Wong, |2011). This is
explored in Section[{.2.3

3.2. Verification lemma

Under the model formulation described in Section one sufficient condition for a strategy m € IIo; to
be optimal is given by the following lemma.

15
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Figure 2: Simulation of the controlled funding ratio in the model where ruin must be prevented. The dotted lines are the net
distributions.

Lemma 3.1. For a strategy # € Iley, denote its value function H(x1,22) := Jor(xy,22; 7). Suppose on
L(ag,00), H satisfies the following & conditions

H(x1,22) € €*(L(ag,0)), (3.7
H(zy,22) = 0, (3.8)
(o —6)H(w1,72) < 0, (3.9)
1< iH(zl,xg) < K, (3.10)

81'1
‘;@H(!El,l‘g) S Ko, (311)

where Ky is a positive number. Then 7 is optimal, that is, 7 = ©*, and Jor(x1, 2, 7)) = J& (x1,22) for
all (x1,22) € L([awg, 0)).

Proof. According to the definition of value function in (3.4)), it is obvious to have H(z1,x2) < J& (21, z2).
Then it is suffices to show that
H(x1,22) > Jor(z1, 225 )

for any strategy m € Ilgy. First, from (3.10), using the mean value theorem, we can show that for any
(x1,22) € L([ovg, o0) and d > 0 we have

H(zy,20) +d < H(zy +d,x2). (3.12)
On the other hand, also implies that for € > 0 we have
H(z1 —€,22) > H(x1,22) — Ke. (3.13)
16



Similar to Lemma 2.1, thanks to (3.12)) and (3.13) it suffices to consider the case when D™(0) = E™(0) = 0.
Condition on the event {(X;(0), X2(0)) = (21, 22)}, by using Itd’s lemma for the process {e ™ H(XT (t), Xo(t)) :
t > 0} and the continuity property of X5, we get

e " H(XT (), X2(1))

t
= H(x1,22) — Se P H(XT(s—), Xo(s—))ds
07
13}

+ / ) e*“a%mxzf(s—),X2<s—>>de’C<s> + / e H(XT (), Xa(s—))dXa(s)

t o2 (g 2 2 t o2 S— 2 2

w [ e BT Ty (o) ot pas + [ e Tt o). ot s
K —ds T 82 T

+/0_e poaopX] (s—))(g(s—)mH(X1 (s—), Xa(s—))ds

+) e [H(XT(s—) + AXT(s), X2(s)) — H(XT (s—), Xa(s—))]. (3.14)

s<t

Rearranging the terms in (3.14), using dX7°(s) = pads + cadW(s) — D™(s) + E™(s) (and similarly for
dXs(s)), we obtain

e~SH(XT(£), X (t)) = H(zr,72) + /0_ =53 (ot — §)H(XT (s—), Xa(s—))ds
+ /0_ e_‘ssa—le(Xf(s—),Xg(s—))oAXf(s—)dWl(s)
4 /0 ) =550 H(XT(5), Xa(5—))pors Xa(s—) AW (s)

+ /t e—és%H(Xf(s—),Xz(s—))m — p20 L Xo(s—)dWs(s) (3.15)

0—
+ e [H(XT (s—) + AXT(s), Xa(s)) — H(X] (s-), Xa(s—))]

s<t

*/ e 0 H (X7 (), Xo(s))aD™ (5
_ 1
+ / ) efésa%mxzf(s» Xo(5))dE™(5).

Denote the sum of the second, third and fourth integral as M(t). After adding and subtracting some terms,
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becomes
e H(XT (t), Xa(t))
= H(z1,22) + /0_ e %% (o — 0)H(XT(5—), Xo(s—))ds

+ M(t)
+ > e PH(XT(5-) + AXT(s), Xa(s—)) — KAXT (s) = H(XT (5-), Xa(s))]
s<t,AXT(t)>0

+ > e [H(XT (s—) + AXT(s), Xa(s—)) — AXT(s) — H(XT (s—), Xa(s))]
s<t,AXT(t)<0

+ /0_ e (1- %H(X{T(s),XQ(s)))dDw,C(s)

+ A_ 6_53(%}[()(?(8),)(2(8)) — H)dETLC(s)

_ te—5s TC(g) — e 98 T(g) — e~ 05, (o) _ re t s ggmela],
{/0_ dD™(s) > AXT(s) > AXT(s) /0_ 1572(s)]

s<t,AXT(t)<0 s<t,AXT(t)>0
(3.16)

Note the assumption that the strategy = is efficient implies that AXT(¢) < 0 corresponds to a dividend
payment at time ¢ while AXT(t) > 0 corresponds to a capital injection, i.e.

o JADT(t), if AXT(t) <O.
AXT(®) = {AE’T(t), £ AXT(1) > 0. (3.17)
Therefore, we can rewrite (3.16|) as
e " H(XT (), Xa(t))
= H(z1,72) + /0_ e 9% (o — §)H(XT (s—), Xo(s—))ds

+ M(t)
+Y e P [H(XT (s—) + AE"(s), Xa(s—)) — KAE™(s) — H(XT (s—), Xa(s))]
+ Ze—és [H(XIF(S—) — ADW(S)7X2(S_)) + AD”(S) — H(X{F(S—), XQ(S))] (318)
+ /0_ 6_63(1 - %H(Xf(s),Xg(s)))dD”’c(s)
+ /0_ e_‘ss(ai:mH(Xf(s),Xg(s)) — k)dE™(s)
— t e %%dD™(s e AD™(s) — e RAET(s) — K t e 3dE™(s)]|.

[/0_ dD()+; AD™(s) ; AE™(s) /O_ dE()}

Using (3.8)-(3.11)), (3.12) and (3.13), we can deduce that {M(t);t > 0} is a zero-mean martingale and
t t
[/ e 9%dD™(s) + Z e 9 AD"(s) — Z e O KAE™(s) — KZ/ e_‘ssdE”’c(s)] < H(xy,z2) + M(2).
0— 0—

s<t s<t
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Therefore, via taking expectation, we get
t t
Er1-r2 [/ e %%dD™(s) — Ii/ e OdE™(s)| < H(x1,zy).
0— 0—
Finally, taking lim sup on both sides yields the result. O

3.83. The barrier strategy with capital injections

Gerber and Shiuf (2003]) match inflow and outflow in the situation where x = 1. Here, we set k > 1 and
obtain the expected present value of outflow minus inflow if a barrier strategy is applied. The distribution
barrier that maximizes this difference exists and is unique. The differential equation characterising the value
function in this case has the following form:

0 =max {(JA/ —0)For(xy,22),1 — gFC](l'l,xQ), iFgl(xl,xg) - n}. (3.19)
T 8$1

We conjecture that an optimal strategy in this formulation is a strategy 7”7 with two reflecting barriers:
a dividend barrier § and a capital injection barrier «. Of course, for the strategy to make sense and
admissible, we require ay < v < . Under the reflecting barriers strategy, when the modified funding ratio
is above 3, the amount x1 — Sxs is paid as dividend, then the modified asset value is reduced to Sx2; when
the modified funding ratio is below ~, the cost of capital injection is k(x; — yx2), then the modified asset
value is increased to yxo. Therefore, the expected present value of dividends for a doubly-reflected barrier

with barriers (3,7), denoted by G#+7, is given by

G(‘TlaxQ;ﬂaV)? (ZZ?1,132) S L([77B])a
GP(w1,20) = (21 — Ba2) + G(Br2, w25 8,7),  (w1,22) € L((B,0)), (3.20)
k(1 —yw2) + G(yxe, 22; 6,7),  (21,22) € L([ao,7]),

where G(z1, z2; 8,7) is given by the differential equation
(o — 8)G (1,02, 8,7) = 0 for 4 < - < .
T2

Since we have forced capital injections we do not have a boundary condition at the ruin level as in (2.22)).
Instead, we have a boundary condition at the capital injection level which can be obtained in the same way
as ([2.23)). In total, the boundary conditions are

0
aile (.131,.’1)2; /877) ‘w1=,8$2— = 17 (321)
0

aimG(-ml;xQ;/Ba’Y) |z1:712+ = kK, (3'22)

For a heuristic derivation of conditions (3.21)) and (3.22)), see |Avanzi, Shen, and Wong] (2011, Section
3.1). Analogous to the solution for (& — §)G(x1,z2;8) = 0 as given in (A.7), the solution of (& —
0)G(x1,x2; 8,v) = 0 is in the form

G(z1,22; B,7) = Cra19 221 ¢ 4 Comy 2y 72,

where C; and Cj are two constants need to be solved by using conditions (3.21)) and (3.22)). Using condition
(3-22)), we obtain that C; and Cj fulfill the equation

Cr6r (ya2) 2y o+ oo (ya2)? oy = k. (3.23)
This means that

K — 01417(1—1 B I'i’}/l_CZ _ ClclfyCl—Cz
Goysz1 G2 '
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Further using condition (3.21]), we obtain that
11— k—C St 11—
Cr6 (22B) k=6 4 Cﬂl%@ (228) 2y = 1.

This implies that C; is given by

B 7(2—1 _ Hﬁ<2_1 B 1— Kﬁ(’z—lryl—@ (3 24)
o (1 (ﬁCl*lryCz*l — 7C1*15(2*1) B G (541*1 — 7C1*C2ﬁ€2*1)' ’
That is, in total we get that the value function for a strategy with dividend barrier 5 and capital injection
barrier v with g > v is

Gy

N ,{71*(2 _ ClglfYCl*Q

G(I1,$2;/6,’}/) = Clzglzé_g C2

2P, (3.25)

where C is given by (3.24).

3.4. The optimal barriers
In this section, we propose the choice of the optimal barriers, denoted as (3, ~*). Because of transaction

costs it makes sense that the optimal rescue level is the lowest possible (i.e. v* = ag), which is our choice
of ~*.

Remark 3.2. Note that this may not hold any more if transaction costs are not constant. Furthermore, we
conjecture that the form of the optimal distribution strategy is as before, that is, of the barrier type.

For (5, it makes sense to maximize 1) with respect to 3, for 1 € [v*, B]. By rearranging the terms,
we see that

1_C2.T<2x1_<2

_ ¢1—C2
Glan,a0; By) = 202 06yt g 0 T 61

riiw ,
G G tee
where the first term of the right-hand side does not depend on 8 and z$'z3 ", z$*23 > and _C%Zlicz are
all positive terms. That is, to maximize (3.25)) we need to maximize C; as a function of £.
The partial derivative of Cy wrt. g is given by
0 o 0 1 — kBS21yl—C2
o8 ' 0B (C1 (BG—1 = 7@‘1—@542—1))
1
— _ -1 C2—2,1-C2 ¢Gi—1 _ ¢1—C2¢—1
412(50—1_741-@5@-1)2( (Go = R 2y 762y (B — 0G0
— (L= kBT G (G- DB (G — Dy e ).
Setting this term equal to zero leads to the equation
_ — 1822417 C Gi—1 _ Cl*CzﬁCz*l
(G2 —1)RB2y 702 (B ol ) (3.26)

= (1= mB%T19 ) G (G = B2 = (G = 1257

We can rewrite this representation for the optimal upper barrier and obtain the following representation for
K:

kR =

G-v--n()" "
G- ()

20
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Equation (3.26) gives us an equation of the form (dividing by 3%~%)

G (VTER(G = Q)BT (G = DB+ (1 )BT = 0. (3.28)

The “optimal” dividend barrier level 33 is defined as the solution to (3.28]). The existence and uniqueness
of the optimal barrier level is given by the following lemma.

Lemma 3.2. The “optimal” barrier level B3 (defined as the solution to ) exists and is unique.

Proof of Lemma[3.3 The problem is to show that the equation (3.28)) has a unique root. We denote by ¥
the function

\Ij(ﬁ) = (IBC171*C2HC1 _ 5(1,}/1*{2%@“2 + 7(1*C2B<2 _ 51*C2+41<1 _ 7(1*@5 + B1*C2+C1) )
We want to prove that sgn (¥(7)) # sgn (limg_,oc ¥(5)), and that

sgn (V'(z)) = sgn (¥'(y))

for z,y > 7.
1.
U(y) =Gy 2t (k¢ — kG — G+ () > 0.
2.
lim ¥(B8) = lim ¢ (7417(2/3@ _ ,YleCzﬁ) - .
B—o0 B—o0
3. For g > ~,

V(B)=-G ( = AU TR BTG T RG 4 BTGP - BOTRGG
+ 5(1*@@ _ f)/leCzCZ _ 6C1*Cz + ,YClCz).

We want to show that the inner part of the delimiters is negative. It is given by

KBTIV (<GP GG) + BT (G -G+ e —1) =T (G- 1). (3.29)
To get that (3.29)) is negative, we need the two following conditions to be fulfilled:

6@71717(2 > IBC1*C2 and 7(1*@ > 5417@. (3.30)
1—C2 C1—C2
Since (%) > 1 and (%) > 1, both inequalities holds and ¥'(8) < 0.

That is, the optimal barrier exists and is unique. O

Having chosen the optimal barriers (53,v*), we are left to prove the optimality of the barrier strategy.

3.5. Verification of all the conditions of verification lemma

It remains to show that our candidate strategy 7720 satisfies all the conditions purposed in the lemma.
We start by showing concavity of the value function.
Lemma 3.3. It holds that
2
+5G(@1,72;65,7%) < 0.
o3
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Proof. We use the representation (3.25)) for the optimal levels v* and £5:

82
a 2G<.’IJ1,.’I)2;B;,'}/*)
92 B «\1—=C2 C %) C1—C2 B
- (Clx?mé Gy £ (7") C21C1 (") gl
\1—Ca #)$1—C2
= GG~ D0l 4 Gl - )T GO P

G
¢1 L T ¢1
= a7 x2{<1<<1—1>01( ) = 1) (s 7)1 — G (7)) (@) } (3.31)
Note we have that

AR

o 1_,{,6;(2*17*1—(2 B 1—%(?)

1= - )
G (B0t — g eTt) g (B0 e

where the denominator is positive. By substituting the expression of C to (3.31) and multiplying the whole
expression by x%x;l ;41_1 — 7*41_425’2“42_1) (negative by using ¢; < 0 and {2 > 1 which are discussed

below (A.6])), we have

2

@G(ﬂflax%ﬂ;a'ﬁ) <0
1

¢2—1 T G
5 ) > (G- 1)(@)

0\ S2—1 G2
oyl (ﬂ;cl—l _ 7*41—42@@—1) G <1 N H(fz) )] (G2 —1) (2) >0

Jr
%\ G2—1 £\ G2—1
= (1 - n( i > (Cl _ 1) ,{,y*l—Q (’Y*Cz_C1[3;CI_1 . ﬂ;(z—l) o <1 B H<ﬁi) >]
Y
C2—C1
x (G2 — )(7133162) >0

C2—1
<:><1—m(ﬂ2> )(gl—l)
v
w0\ G2—1 C2—1 C2—C1
g —%(%) ~1+x <52) ] (G — 1)( et ) >0
gl oA VX2

= (1 - n(%)C?_l) (G —1)+ n(fé)ﬁ_l - 1] (Co — 1)(722)42_41 > 0. (3.32)

ca—¢
(@-1-(c-1)(2 ) o o I oGt
3.32) to simplify 1 — Ii(,y%) and /i(,%) —1. We

+

‘l\)*

o

Now, we can use k =

@-c) (2
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have

%\ C2—C1
(G=C)— (G —1)+(¢—-1) (fﬁ) )

and

- ( e (((@—1) <<2—1)(f§)<2_<1) (f)<1_1—<<1—<2>(f)<2_1>
< (G -1)— (1) <§€><ch) (fz)u ~ (G- @))

—C2+1—C1+C2>

e
G —C \\*
Putting these two expressions back to (3.32)), we have

32
da?

=t () e () e n(E) e
= B - (8) - (3) () o

i (5) () ()
(3 =)

2 (B (3)) o)

where we used the fact that % > 1 and the last inequality is always true since the right-hand side is an
arithmetic sum (of two positive numbers) while the left-hand side is the geometric sum of them. 0
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Remark 3.3. When % = 35, the inequality in becomes equality and therefore we have

0? .
@G(xl,@;ﬁz, V)L gy = 0. (3.35)

Lemma 3.4. The value function of a barrier strategy with barrier levels v* = ag and 85 (defined as the
solution to ) satisfies all the conditions in the verification Lemma .

Proof. For presentation purpose, we denote G(z1,z3) for G(x1,x2;85,~*). First, we need to show that
GB;”Y* (l‘l 1‘2) € ¢>.
Since v* = ag, we have only 2 branches to work with, namely = ‘"’3—1 € [, #3) and 2% Le [85,00). From Lemma

[3-3] we have

6822 G(JE171‘2)|$1 S8y = =0. (336)
By taking partial derivatives of G using (3.2F)), we are able to show that
2 82
@G(.’El,l‘gﬂ%/ﬁg = a 2G($1,Ig)|m1 B X 6 (337)
and o o2
8.’1’,‘16x2 G($17£L’2)|:71/‘B§ = a 2G(3§'1,£L’2)|w1 B X BQ =0. (338)

Equations (3.36] , 3.37) and ([3.38)) prove that the second-order partial derivatives are continuous. Since the
function GP2:7" is ﬁrst order dnoferentlable we can conclude that GP2:7" is second-order differentiable, i.e.
GP:" e 62,

Next, we show that (&7 — §)GP27" (x1,25) < 0. We need to show that (& — §)G% (z1,25) < 0
holds for the 2 branches I € [ag,33) and It € [83,00). For the first branch, by the form of the value

function, we have (&7 —0)G?27" (x1,13) = 0. For the second branch, since G#27" € €2 and G2V (x1, x3) =
Ty — P32z + G(B522, 22), we have
(o = 8)G (21,29) = — 8(x1 — F3wa) + (o — 6)G (B2, 22)
= —d(z1 — B322)
< 0.

The condition 1 <3 Gﬁzﬁ (z1,22) < K is an automatic result from , and Lemma

Lastly, we show |52 G52 7" (21, 29)| < K for some positive constant K.
For the first branch € |, B3), we have

0 Z‘Kl(l—Cl)(i;)Cl+K2(1—Cz)(x1>42

B3
asz (371,.’[}2)

€2

T 1 T Ca
<K (1— () (x;) T K1 - G (x;)

<K (1= Gl (o)™ + | K2(1 = G)| (83),

which is bounded. For the second branch, we have
0
8:52

=GP (x1,x2)

=| = B3l

which is also bounded. Take K = max {65,[(1(1 — ()] (a0) + | K2(1 — C2)|(ﬂ’2“)<2} + 1, and by noticing
that G is continuously differentiable, we arrive at ‘%Gﬂ%q* (z1, acg)‘ < K for some positive constant K. O
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Since the value function G20 satisfies all the conditions proposed in the verification Lemma we
conclude that the barrier strategy with level v = ag and 5 = 5 is optimal. This is restated in the following.

Theorem 3.5. Define v* = ag and 55 as the solution to , the doubly-reflected barrier strategy with
barriers (85,~*) is optimal.

4. Numerical illustrations
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Figure 3: Scatter plots of 10,000 simulations in presence of solvency constraints (horizontal axis) or absence of solvency
constraints (vertical axis).

The left figure shows pairs of outcomes for the present value of dividends until ruin for each simulation, whereas and the right
figure shows pairs of outcomes of the time to ruin (censored at 15,000). The figures shown in-between squared brackets are the
mean and variance of the present value of dividends on the left hand side, and time to ruin (censored at 15,000) on the right
hand side.

4.1. The impact of the solvency constraint

In this section, we consider the impact of the solvency constraint on the stability of operations. In Figure
we compare outcomes of 10,000 simulations (according to an Euler scheme) for the aggregate distributed
amount (left), as well as the associated time to bankruptcy (right), when a solvency constraint is applied
(horizontal axis) or not (vertical axis). The simulations were censored at time 7' = 15,000 (unless declared
bankrupt before). For parameters used, see Table |A|in Appendix [B} set no. 1.

In all scatter plots, values in the top left triangle are those where the outcome in absence of constraints
beats that in presence of a solvency constraint, whereas outcomes in the bottom right triangle are those
where the constraints beats the base case.

In terms of dividends, we know that the absence of constraints will lead to a higher expected present
value—on average (here 0.778 > 0.774). However, what the left hand side of Figureteaches us is that, when
there is a substantial difference, it is in favour of the solvency constraint (dots that are significantly away
from the 45 degree line are in the bottom right triangle). Also, the coefficient of variation of the aggregate
distribution amount is lower with the solvency constraint than without (0.214/0.774 < 0.217/0.778).
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We now turn our attention to right hand side of Figure[3] which focuses on the the impact of the solvency
constraint on the time to ruin. It illustrates that the time to ruin in the presence of a solvency constraint
clearly dominates the time to ruin in the absence of solvency constraint. This is evidenced by (i) the
outcomes are in the bottom triangle (away from the 45 degree line), and (ii) moreover, many trajectories are
not ruined yet after "= 15,000 time units when a solvency constraint is applied, whereas the corresponding
trajectories re-calculated in absence of solvency constraint were ruined (see the vertical accumulation of dots
at T = 15,000).

Combining both results, one could argue that the solvency constraint in this case is really effective and
comes at a relatively small cost. Note that while these results would be quantitatively different with other
parameters, conclusions would be qualitatively similar.

4.2. The impact of of capital injections
In this section, we illustrate the impact of introducing capital injections on the dividend strategy and its
outcomes.

B,

Figure 4: The optimal barriers 35 as a function of k. The higher the transaction costs, the higher the optimal dividend barrier
level.
For parameters used, see Table E in Appendix set no. 1.

4.2.1. The impact of transaction costs on the optimal distribution barrier

Whatever the level of transaction costs k, the optimal capital injection level v* will always be «y.
However, the optimal distribution barrier will be affected by different values of x. This is illustrated in
Figure [d For x = 1, the optimal distribution barrier is « since there is no reason to hold an extra buffer
when additional capital comes at no cost. It then increases as k increases.

4.2.2. The impact of the capital injection and distribution barriers on the value function
In Figure |5] we depict surface plots for v and £ of the value function for the model in the case where
capital is injected to prevent ruin. The existence of an optimal level for § is obvious, as is the fact that the
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Figure 5: Surface plots of the value functions as functions of v and g with k = 1.05.
For parameters used, see Table E] in Appendix set no. 1.

optimal level for v will always be the ruin level (here oy = 1).

4.2.8. Should capital be injected to prevent ruin?

In this section, we explore the conjecture spelt out in Remark [3.1} which asserts that, in fact, the company
should be rescued only if the value function at the capital injection barrier is nonnegative. Under which
combination of parameters would rescue be optimal?

In Figure [6] we plot the values of x which makes the value function exactly equal to 0 for the optimal
choice of the upper barrier. This is because everything else being equal, the cost of injecting capital (k) will
be the main parameter determining whether capital injections are worthwhile or not.

Lower risk levels will allow for higher levels of transaction costs k. In fact, very low risk will make it
very attractive to rescue the company even though the cost of capital injection is high.

Acknowledgements

Part of the paper was written while Henriksen was visiting the other authors at the UNSW Business
School and the Department of Mathematics and Statistics of the University of Montreal. Henriksen would
like to thank both Universities for their hospitality. Henriksen would also like to thank Griselda Deelstra
and Jostein Paulsen for helpful comments on earlier versions of this research, which appeared in his PhD
thesis.

27



o -
©
M o
<
< - m o
[aV)
¢ Mo @
o -
o
M o
~ 4
| @
©
T T T T -
0.05 0.10 0.15 0.20
S

Figure 6: Illustration of which values of x (black line) that makes the value functions equal to 0 at the funding ratio ag. The
corresponding optimal values for 8 are in grey. Assuming the conjecture is correct, this means that if s is higher than the
plotted figure, then one should never rescue the company with capital injections (and vice versa).

For parameters used, see Table E in Appendix E set no. 2.

This research was supported under Australian Research Council’s Linkage (LP130100723, with funding
partners Allianz Australia Insurance Ltd, Insurance Australia Group Ltd, and Suncorp Metway Ltd) and
Discovery Project (DP200101859) funding schemes. Furthermore, Avanzi and Henriksen acknowledge sup-
port from a grant of the Natural Science and Engineering Research Council of Canada (project number
RGPIN-2015-04975). The views expressed herein are those of the authors and are not necessarily those of
the supporting organisations.

References

International Actuarial Association (IAA), 24 October 2016. Asset liability management techniques and practices for insurance
companies. Tech. rep., The Insurance Regulation Committee of the TAA.

Albrecher, H., Thonhauser, S., 2009. Optimality results for dividend problems in insurance. RACSAM Revista de la Real
Academia de Ciencias; Serie A, Mathemdticas 100 (2), 295-320.

Australian Actuaries Institute, 31 May 2016. Cross-practice target capital working group: Information note: Target capital
(life and GI). Tech. rep., Institute of Actuaries of Australia.

Avanzi, B., 2009. Strategies for dividend distribution: A review. North American Actuarial Journal 13 (2), 217-251.

Avanzi, B., Henriksen, L. F. B., Wong, B., 2018. On the distribution of the excedents of funds with assets and liabilities in
presence of solvency and recovery requirements. ASTIN Bulletin 48, 647—672.

Avanzi, B., Shen, J., Wong, B., 2011. Optimal dividends and capital injections in the dual model with diffusion. ASTIN Bulletin
41 (2), 611-644.

Avanzi, B., Wong, B., 2012. On a mean reverting dividend strategy with Brownian motion. Insurance: Mathematics and
Economics 51 (2), 229-238.

Borch, K., 1974. The Mathematical Theory of Insurance. Lexington Books, D.C. Heath and Company, Lexington (Mas-
sachusetts), Toronto, London.

28



Biithlmann, H., 1970. Mathematical Methods in Risk Theory. Grundlehren der mathematischen Wissenschaften. Springer-Verlag,
Berlin, Heidelberg, New York.

Chen, P., Yang, H., 2010. Pension funding problem with regime-switching geometric brownian motion assets and liabilities.
Applied Stochastic Models in Business and Industry 26 (2), 125-141.

Decamps, M., Schepper, A. D., Goovaerts, M., 2006. A path integral approach to asset-liability management. Physica A:
Statistical Mechanics and its Applications 363 (2), 404 — 416.

Decamps, M., Schepper, A. D., Goovaerts, M., 2009. Spectral decomposition of optimal asset-liability management. Journal of
Economic Dynamics and Control. 33 (3), 710-724.

Gerber, H. U., Shiu, E. S. W., 2003. Geometric brownian motion models for assets and liabilities: From pension funding to
optimal dividends. North American Actuarial Journal 7 (3), 37-56.

Lindensjo, K., Lindskog, F., 2020. Optimal dividends and capital injection under dividend restrictions. Mathematical Methods
of Operations Research 92, 461-487.

Lgkka, A., Zervos, M., 2008. Optimal dividend and issuance of equity policies in the presence of proportional costs. Insurance:
Mathematics and Economics 42 (3).

Paulsen, J., Oct. 2003. Optimal dividend payouts for diffusions with solvency constraints. Finance and Stochastics 7 (4),
457-473.

Peskir, G., 2005. A change-of-variable formula with local time on curves. J. Theoret. Probab. 18 (3), 499-535.

Porteus, E. L., 1977. On optimal dividend, reinvestment, and liquidation policies for the firm. Operations Research 25 (5),
818-834.

Protter, P., 2005. Stochastic Integration and Differential Equations, 2nd Edition. Springer-Verlag, Berlin-Heidelberg.

Taylor, G. C., 2015. ERM in an optimal control framework. Tech. Rep. 20156ACTL17, UNSW Australia Business School
Research Paper Series.

A. Proof of Lemma [2.2]

Proof of Lemma[2.3. We introduce the notation G(-; 3) by

G(z1,22; 8) = (z1 + 22)G ( & 2 ;5) = (v1 +22)G (y,1 —y; )

)
1 +x2 X1+ T2

= (11 +22)G (y; ),

where y = = +z . For reformulation of the HJB equation, we need the following derivatives
P 2
%G(.’El,xg;ﬂ) and mG(‘Tl?xQ;ﬁ), l,] = 1,2
We get
0 0 ~
—G ; = — G
Ers (z1,72; 3) Ers <($1 +x2) <331 . >

Il
@)

B ( n 1 X1
—_ T+ —
1 + Ta ! 2) T1 +CU2 r1+zo (@1 +22)?

)
o (57
= Gy;8)+ G (y;: 81 —y),
%G(ml,xz;ﬁ) = 322<(x1+x2)é<$1+“ >>
R e

= G < ,B) T1 + T2)
T+ X2
= G(y; 8) + G (y; B)(~v),

i) (o)
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32 82 ~ T
876%(;(9617552,5) = e ((xl +x2)G<x1+x2’ﬂ>>
o [ ~ X T ~,< T ))
= —_— G ] G 3
8%1( <x1+x2”8)+m1+x2 x1+$2’ﬁ
_ é/ ( T ﬂ) ]. _ I . )
Ty + o Ttz (B 22)? (2 + 2)°

T2 =1/ 1 T2
+ G ;
X1 =+ xro (931 + X9 ﬁ) (CCl 4+ IQ)Q
2

_ My — T
(y ﬂ) ($1 +£C2)3
Likewise,
2 11 IC%
TJ;%G(%’@’B) =G (y,ﬁ)m,
82 =11 1T
D105 G(x1,22;8) =—G (y,ﬂ)m~

In total we get that

FCe, 2 0) Z0GEL 25D L (68 4 0%~ 2poacs) v - )6 (4:8) + (ha — pr) (1~ 1) (:5)

+ (pay + pr(l —y) = 0) G(y: B).

1+ T2

(A.1)
We guess that the solution to the right-hand side of equation equal to 0 has a solution of the form:
G(y; B) =y’ (1 - y)*. (A.2)
Inserting this in gives:
A G(x1,x9; 8) — 6G(x1,22; B)

X1 —|—$2

—_

=5 (04 + 0% = 2poacr) (1 - y)*

x (2 (02 =9) (1= 9)" = 20" 0 (1= y)* oy’ (1= (¢~ )
+(pa = nz)y(L—y) (99" (1= 9)? — oy’ (1 =) 1) + (nay + pr(l —y) = 6y’ (1 - y)*.
Dividing the above equation with y”(1 — 5)¥ = G(y) and setting
<2

2 =04+ 02 —2poa0L (A.3)

yields that the right-hand side is equal to

[N

. . 1.
(0 =9) 6" +9(pa —pr) +pr =0+ @+ —1) ((—1902 = pa+ pL)y + 560 + @)y2) . (A9
Setting the part of (A.4]) not depending on y equal to 0 gives us a quadratic equation for

1 1
5&2192 + (,uA —pur — 252> V4 pup —6=0, (A.5)
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and setting the last term of (A.4)) equal to 0 we get that ¢ = 1—1. We denote by ¢; and (3 the two solutions
to the quadratic equation. The solutions are given by

—(pa —pr —30%) \/(MA — pr — 162)" — 4452 (uy, — 6)

=2
g
30° = (pa —pr) + \/iff“ + (pa — pr)® = (pa — pr) 6% — 262 (g, — 0)
30° = (pa —pr) = \/i54 + (pa — pr)® = 62 (pa + pr — 20)
= 5-2 . (A.~6)

Because the coefficient of the quadratic term of 1) %&2, is greater than 0 and because the left-hand side

of (A.5) is negative for ¥ = 0 by (2.11)) and (2.10) the quadratic equation (A.5) has a positive solution,
which we denote (2, and negative solution, which we denote (;. Because the left-hand side of (A.5|) is equal

to pa —d <0 for J =1, we get that (2 > 1.
By using that G(y; 8) = G(y,1 — y; 8) we get that a general solution is given by

G(x1,2; B) = 91219 217 + Doz 2ao' 2, (A7)

¢ ¢
which is equivalent to s (191 (;’;—;) ' + 192(%) 2). Solving 9 and ¥ using (2.22)) and (2.23)), we obtain

224). i
Note the solution to (& — 0)G(y; 8) = 0 is unique, given the 2 boundary conditions (2.22) and (2.23).
This shows that our guess (A.2) is correct. O

B. Parameter values

No. | p 1) A WL oA o, | ag | o1 Qo K Ay | Lo
11 0.5 1] 0.055 | 0.05 | 0.04 | 0.03|0.01 1113135 1.05 | 1.2 1
0.5 | 0.055 | 0.05 | 0.04 -1 0.01 1125 - - 1 1

Table A: Parameter values for numerical illustrations.
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