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[11 The quasi-dynamic wetness index, in its original development, was computed by
calculating the travel time along all the possible upslope flow paths on a contour-based
terrain network. In more recent applications the same approach has been extended to
gridded digital elevation models with single-flow-direction algorithms. Multiple-flow-
direction algorithms, although more effective in representing flow paths, have not been used
because they are not practicable with the established methodology. We propose an
alternative method for computing the quasi-dynamic wetness index based on the numerical
integration of the linear-kinematic wave equation. This method can be applied to any of the
terrain-based flow-direction algorithms currently published. The method is robust and
efficient.  INDEX TERMS: 1815 Hydrology: Erosion and sedimentation; 1824 Hydrology: Geomorphology
(1625); 1860 Hydrology: Runoff and streamflow; 1866 Hydrology: Soil moisture; KEYWORDS. quasi-dynamic

wetness index, topographic wetness indices, terrain analysis, digital terrain model, kinematic flow
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1. Introduction

[2] Topographic wetness indices are largely used as sim-
ilarity parameters for estimating the spatial distribution of
soil moisture and runoff source areas. Traditional topo-
graphic wetness indices [Beven and Kirkby, 1979; O ’Lough-
lin, 1981; Ambroise et al., 1996] assume the specific upslope
area as a surrogate for the local lateral discharge rate with the
following underlying hypotheses: (1) uniform upslope
recharge rate; (2) equilibrium condition of the upslope
catchment response (steady state assumption); and (3) lateral
flow parallel to the surface slope and therefore unit contour
length equivalent to the unit flow width. The steady state
assumption has been recognized as being the most limiting
hypothesis, particularly in nonhumid areas, when the
upslope catchment is far from being in equilibrium condition
and only a limited portion is effectively contributing to the
lateral discharge [Jones, 1986; Barling et al., 1994; Beven,
1997; Piniol et al., 1997; Beven and Freer, 2001].

[3] Barling et al. [1994] proposed the quasi-dynamic
wetness index (QDWI) for the assessment of the soil
moisture distribution, based on an effective contributing
area accounting for the timing of the lateral soil moisture
distribution. The QDWTI is conceptually analogous to many
traditional rational methods for assessing the flow peak,
derived by applying rectangular hyetographs as design
effective hyetographs and a linear model for simulating
the catchment response [Schaake et al., 1967]. The QDWI
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represents the wetness condition associated with the peak
flow response produced by a uniform and constant upslope
recharge rate of given duration, under the hypothesis of
kinematic lateral flow routing, with time-independent pat-
terns of lateral celerity. The peak response to rectangular
hyetographs of different durations d is synthesized by the
specific time-area curve a(d). Curve a(d) is the upslope plane
area per unit flow width, located within a distance such that
the flow can travel in a time equal to or less than d. It is also
equal to the lateral flow per unit width due to a constant and
uniform unit upslope vertical recharge after a time interval
equal to d [Clark, 1945]. A generic formulation of the QDWI
for a given duration d and recharge » [L/T] is

_r-a(d)
=5 (1)

where ¢ [L/T] is the local lateral celerity and S [L] is the
“effective” saturated soil moisture capacity.

[4] The assumption of constant lateral flow celerity, i.e.,
independent from the local wetness conditions, is a tradi-
tional modeling approach for runoff routing [e.g., Beven et
al., 1995]. However, it is not always appropriate for
predicting lateral soil moisture distribution. Barling et al.
[1994] applied the QDWI to predict the observed lateral soil
moisture distribution in Wagga Wagga (Australia), an area
characterized by shallow topsoil above a bottom horizon of
low hydraulic conductivity. Assuming that the lateral dis-
tribution of soil moisture was primarily controlled by
subsurface flow in a saturated zone of the topsoil, and are
estimated with the following relations [Barling et al., 1994]:

ODWI(r,d)

Ks sin ¥
c=—" 2
. 2)
S =Dn (3)
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Ky is the saturated hydraulic conductivity; D is the depth
(orthogonal to the slope angle ) of the topsoil within which
lateral saturated subsurface flow develops, effectively
contributing to lateral soil moisture distribution; m is the
“effective” porosity, equal to the difference between soil
apparent porosity and the initial soil wetness conditions.
Barling et al. [1994] set the initial soil moisture equal to the
field capacity, with the hypothesis that vertically infiltrating
volumes rapidly redistribute and generate lateral subsurface
flow, and they assumed m and Ky vertically uniform, such
that the celerity of the subsurface flow is independent of the
local wetness conditions. These assumptions are not
realistic if lateral soil moisture distribution occurs within
deep and vertically heterogeneous soils, but are reasonable
where there is a shallow confining layer.

[s] The advantage of assuming constant lateral celerity
resides in the possibility of synthesizing the topographical
effects on the timing of lateral soil moisture distribution
with a single parameter a(d), independent from the actual
recharge rate, to be used in a simple wetness index. If the
hypothesis of constant celerity is relaxed, the patterns of
wetness condition can be assessed only by routing the
lateral flow for each design recharge rate over the entire
element network, as is done in fully distributed models. A
compromise is represented by some recent model develop-
ments, such as Dynamic TOPMODEL [Beven and Freer,
2001]. This approach restricts the lateral flow routing
among a few units, representing classes of elements that
are identified as having similar hydrological behavior on the
basis of stationary properties. However, this still requires
dynamic computation (as, of course, do fully distributed
models). The need for any dynamic computation under-
mines the essential interest in index-style approaches,
namely, that key effects of spatial organization can be
captured by a single index.

[6] Since Barling et al. [1994], the QDWI has been
applied in a few cases, related mainly to landslide mapping
[e.g., Duan and Grant, 2000; Chirico et al., 2001; Gritzner
et al., 2001; Borga et al., 2002]. Chirico et al. [2001] and
Borga et al. [2002] coupled the QDWI with the intensity-
duration-frequency curves to identify the design recharge
rate and duration of equation (1), analogous to what is done
for estimating the peak flow with rational formulae [e.g.,
Rossi and Villani, 1994]. Fried et al. [2000] extended the
QDWI concept to the stream power index, for assessing the
sediment transport to the riparian zone.

[7] Patterns of a(d) have been computed on element net-
works, consisting of a discrete representation of the terrain in
elemental units, with defined patterns of lateral flow direc-
tion, distribution, and celerity [Moore et al., 1991; Barling et
al., 1994]. Currently implemented methods follow a geo-
metrical approach, consisting of accumulating the areas along
the upslope flow paths that can be covered within a travel time
less than or equal to d. Barling et al. [1994] first used this
method on a contour-based element network. The same
method has been then extended to gridded digital elevation
models (DEMs) with single-flow-direction algorithms [Wil-
son and Gallant, 2000; Borga et al., 2002]. The method has
not been applied to gridded DEMs with multiple-flow-direc-
tion algorithms, although these have been shown to be better
representations of surface flow paths than the single-flow-
direction algorithms [7arboton, 1997]. The reason is that the
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geometrical approach is not practicable with multiple-flow-
direction algorithms, due to the extremely high number of
alternative upslope flow paths generated by these algorithms
[Wilson and Gallant, 2000]. In this technical note we suggest
a new method that can handle any kind of flow-direction
algorithm. It is more computationally efficient than the geo-
metrical approach and can be used to produce QDWI patterns
based on multiple-flow-direction algorithms. We first outline
a generic representation of the flow path patterns on a discrete
representation of the terrain. Then we present the method and
show its robustness and efficiency with a numerical example.

2. General Representation of an Element
Network

[8] An element network is an ordered set of connected
plane elements. The spatial location of each element is
generally identified by the spatial coordinate of the element
center. The width of the lateral flow across the element is
assumed to vary linearly from upslope to downslope in
contour-based element networks, while it is assumed con-
stant in grid-based element networks [Gallant and Wilson,
2000]. Therefore, in the most general case, the plan geom-
etry of the element and the flow is characterized by the
element area, the downslope width, and the element length.
The connectivity defines for each element i, the downslope
elements /(i) and the proportion p,(j) of the outgoing lateral
fluxes allocated to each of the downslope elements /(7). The
proportion factors p,(j) are subjected to the condition

Zpi(j) <L 4)

The sum above is less than 1 when the element i allocates
part of the outgoing flow across the boundary of the study
area or in an internal pit. It is worth noting that it is not
necessary for the boundary of the study area to coincide
with the boundary of a specific catchment; rather it need
only include all the area upslope of the study area that
contributes flow for the duration of interest. Once the
element connectivity is defined, elements can be ordered to
form a cascade of one-dimensional flow paths, according to
a sequence integer number, such that the generic element i
does not have any element in the upslope area with element
number larger than ;.

3. Numerical Method for Computing the Quasi-
Dynamic Wetness Index

[o] Given its definition, a(d) patterns can be computed by
integrating the kinematic flow on an element network with a
uniform vertical recharge rate » [L/T] for a duration up to d.
Each element i of the network can be identified as a single
channel of width w,(s) linearly varying between the upslope
(s = 0) and the downlsope (s = /;) extremes. The kinematic
flow equation along the element slope per unit vertical
recharge rate is

00, , 100 _

ds ¢ Ot

wi(s)rcos O; (5)

where c; is the element celerity, Q,(s, ?) is the discharge, and
rcosV; represents the uniform recharge rate per unit element
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area along the slope V;. The ratio T; = [;/c; represents the
characteristic timescale of each element. The initial condi-
tions are set uniformly equal to zero when computing the
QDWI [Barling et al., 1994], while the upslope condition is
given by the sum of the discharge O(¢) = Q,(/}, t) from the
upslope elements:

( . _
Os = 0,1) = > 0;(0)p; (i) (6)

J

The value of Qi) is known if the kinematic wave is
integrated for each element following the order of the
element sequence number.

[10] For a generic duration d, the effective contributing
area a,(d) is given by [Barling et al., 1994]

o Qid)
ai(d) = —= s 0 (7)

The system of equations (5) and (6) can be resolved
numerically. There are not any practical limitations in the
choice of spatial and temporal discretization with respect to
obtaining stable solutions with limited numerical dispersion
(see below). In order to compute the whole range of
possible a(d) patterns, the numerical integration has to be
run only once for # up to the time of concentration, i.e., the
longest flow path travel time in the study area. Moreover,
once a(d) patterns are known for a given distribution of the
lateral flow celerity c, it is easy to derive the a'(d) patterns
for any celerity patterns ¢' equal to the original pattern ¢
scaled by a constant value X\, such as ¢' = \c. In fact, in this
case a'(d) can be simply obtained by scaling a(d) in time by
the same constant value \: a'(d) = a(d/\). This property is
highly relevant in practical applications, because lateral
flow celerity is often assumed to be proportional to the
tangent or the sine of the local slope angle, with a
proportionality factor defined by parameters, such as Ky
and m in equation (2), uniform across all the study area.
These parameters depend on the nature of the lateral flow to
be studied and are generally defined by calibration and/or
by field measurements [e.g., Fried et al., 2000; Borga et al.,
2002].

[11] Many distributed hydrological models implement the
kinematic wave for routing lateral flow with various types
of spatial discretization of the catchment area [e.g., Grayson
et al., 1992; Smith et al., 1995]. The adopted finite differ-
ence schemes are all special cases of the following gener-
alized finite difference scheme, examined by Smith [1980]:

B(o" - 0”) +a-8)(0” - 0")]
As

[o(0 ~0") + (-0 o)
oAt

= w;rcosV;
(8)

where Q; superscripts 1 and 3 refer to the time ¢ at the
positions s and s + AS, respectively; superscripts 2 and 4
refer to the time ¢ + At at positions s and s + AS,
respectively; w; is the average flow width between s and s +
AS; and o and (3 are weighting factors in the space and time
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directions, respectively. A stable solution can be obtained
for [Smith, 1980]:

%scrsllf‘g; c,.:c,% 9)

where C, is the Courant number. Smith [1980] showed that
the scheme has a second-order accuracy for o= = 0.5 and
that the first-order truncation errors in s and ¢ increase
independently as o and (3 depart from 0.5. It is important to
note that in most practical circumstances the celerity is set
proportional to the slope, which varies over more than 1
order of magnitude. Therefore, for a given A¢, As should be
set for each element in order to satisfy the condition in
equation (9). A generally practicable approach is to set Az
equal to a fraction f of the minimum element characteristic
time T,,;, to ensure limited truncation error in time, while
varying the space-step As from element to element, as a
submultiple of the element length, As = [/n;, so that the
condition of equation (9) is satisfied. The parameters a, (3,
and f are chosen so that an integer n; can be always found
within the following limits:
e 7 1l—a
<< ————
B f * Tmin 1 - B
A value of o = 0.5 is to be preferred to avoid first-order
truncation errors in space and significant errors in continuity
[Smith, 1980]. For a = 0.5, an integer within the range of
equation (10) always exists if

B>2/3

Ti

f * Trmin

(10)

£>0.75

B> [+~ (L =f)] /2 £<07s

In general, more than one integer number n; can occur
within the limit of equation (10). The smallest integer
number n; is to be preferred, as it implies coarser spatial
discretization and therefore less computational effort, with-
out a significant increase in truncation errors. Larger n;
values, i.e., finer spatial resolution, do not increase
significantly the computational accuracy, as this only affects
the second-order truncation errors in space. The first-order
truncation errors in time are more important. These can be
reduced by choosing smaller f values and, 3 as a
consequence, as close as possible to 0.5, given the condition
in equation (11). The parameter f should be chosen
accounting for the level of accuracy needed within the
range of durations of interest, considering that smaller f
leads to larger computational effort and that significant
truncation errors only occur when the kinematic wave is
characterized by steep fronts. Steep fronts are generally
associated with areas of high planar and profile curvature
(e.g., channel heads) for durations less than the upslope
concentration time.

(11)

4. Numerical Example

[12] In this section we present a test of the numerical
approach illustrated above. The a(d) patterns computed with
the numerical approach are compared with those computed
with the traditional geometrical method. The test is per-
formed on a grid with flow paths defined by both the single-
flow-direction algorithm D8 [O’Callaghan and Mark,
1984] and the multiple-flow-direction algorithm Doo [7ar-



Figure 1. Contour map and boundary of the sample area.
Contour spacing is 5 m.

boton, 1997]. The sample area is the 1 km? Satellite Station
catchment, in the north island of New Zealand [Woods et
al., 2001] (Figure 1). This area is chosen because its
topography provides a strong test for the numerical scheme
outlined above. The ridge area is composed of 13 peaks
along the boundary and two internal peaks. Valley areas are
crossed by four main channels. Slope and aspect vary
considerably within short distances. Slope ranges from 1%
to more than 30%, while landscape aspect covers a 360°
range. The sample area is discretized in an element network
of 8857 pixels derived from a 10-m-grid DEM. Figure 2
shows the topographic slope computed with the D8 algo-
rithm. The pattern of lateral celerity is set equal to the sine
of the slope angle, ¢; = sind; m/s. This is a representative
pattern, and as explained above, it is commonly used in
practical applications to define the scaling of celerity.

[13] For the computation of a(d) using the numerical
method and the geometrical methods, Fortran codes have
been compiled and executed on a desktop computer with a
2.4-GHz CPU, under the Windows " operating system. The
algorithm used for the geometrical method is similar to that
implemented in DYNWET [Barling et al., 1994; Wilson
and Gallant, 2000]. Figure 3 shows the pattern of the
upslope time of concentration computed with the geomet-
rical approach using the D8 flow path pattern. Average time
of concentration of the hillslopes is about 1000 s, while the
maximum time of concentration in the valley areas is
46,000 s. The application of the geometrical approach on
the Doo flow path pattern proved impracticable for dura-
tions above 1500 s. The number of alternative upslope flow
paths rapidly increases as the duration increases. For exam-
ple, the maximum number of alternative flow paths asso-
ciated with one pixel increases from 69,533 to 571,399 as
the duration increases from 1000 to 1500 s. For a duration
of 2000 s, the program execution was stopped after 4 hours
without having found the extent of the actual contributing
areas. This is the reason why Wilson and Gallant [2000]
stated that the QDWI could not be used with multiple-flow-
direction algorithms.
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Figure 2. Slope map computed with the D8 algorithm on
a 10-m-grid digital elevation model.

[14] The numerical method allows instead a fast compu-
tation of a(d) patterns on the Doo flow path pattern for
durations up to the maximum time of concentration. The
numerical method is much faster than the geometrical
approach for durations above 1200 s (3 min to analyze the
whole catchment for durations up to the catchments time of
concentration). Unlike the geometrical method, the compu-
tational time using the numerical approach does not depend
on the number of alternative flow paths generated by the
flow-direction algorithm, but only on the spatial and tem-
poral discretization adopted. With a computational time step

]<1000s .
[ ]1000-2000 *
[ 2000 - 5000
5000 - 10000
I > 10000s

Figure 3. Map of the time of concentration computed with
the geometrical approach on the D8 flow path pattern.
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Figure 4. Maximum relative absolute error of the a(d)
patterns computed with the numerical approach compared
with those computed with the geometrical approach, using
the Doo flow path pattern. Error is expressed as percentage
of a(d) computed with the geometrical approach.

At = 2 s, corresponding to f = 0.1 and 448,403 subele-
ments, the results of the numerical and the geometrical
methods for duration up to 1500 s differ by less than
10%. Figure 4 shows the maximum absolute relative errors,
expressed as a percentage of a(d) computed with the geo-
metrical approach. Figure 5 shows a map of the absolute
relative error for a duration of 1200 s, which is the duration
with the largest errors.

[15] The performance of the numerical scheme for dura-
tions larger than 1500 s is evaluated by comparing the a(d)
patterns computed with the geometrical and the numerical
methods on the D8 flow path pattern, for durations up to the

h -".:.
N ,'.!__:,-' - ] B
‘.!,E.‘.J. ,'“ 47! N PR
B " ':". 'I 'J_.;'gll f
-, L
\T"J::f”"-..-" ¥ st
.|!I .k.i ‘-II :-‘ o '
]40.1% (= e |
TH01-10% o= |
B LOo-50 |\ )
B .0 - 10%

Figure 5. Map of the relative absolute difference between
a(d) computed on the Doo flow path pattern with the
numerical and the geometrical approach, for d = 1200 s.

TNN
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Figure 6. Maximum relative absolute error of the a(d)
patterns computed with the numerical approach compared
with those computed with the geometrical approach, using
the D8 flow path pattern. Error is expressed as percentage of
a(d) computed with the geometrical approach.

maximum time of concentration (46,000 s). A computa-
tional time step Az = 10 s, corresponding to /=2 0.5 and a
total number of subelements equal to 72,013, ensures
numerical errors below 10% for durations larger than
2000 s. Figure 6 shows the maximum absolute relative
errors, expressed as a percentage of a(d) computed with the
geometrical approach. Figure 7 shows a map of the absolute
relative error for a duration of 2000 s, which is the duration
with the largest errors. Errors above 10% occur in a few
pixels located in areas of high convergence and with abrupt
reductions in slope (i.e., celerity), for durations less than the
upslope time of concentration. As for the case of Doo, the
maximum numerical errors for durations less or equal to

ol
o
8

<0.1% \

01-10 ' |
I 10-10
> 10 % o
.-/I’ -
¥

Figure 7. Map of the relative absolute difference between
a(d) computed on the D8 flow path pattern with the
numerical and the geometrical approach, for = 2000 s.
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Figure 8. Relative absolute difference between a(d)
patterns computed with the numerical approach, using D8
and Doo flow path patterns. The difference is expressed as a
percentage of a(d) computed using the DS flow path pattern.
The solid line is the average. The broken lines are the 50th,
75th, and 90th percentiles.

2000 s could be lowered to less than 10% by reducing the
computational time step A¢ = 2 s, corresponding to /= 0.1
and a total of 450,396 subelements.

[16] The structure of the lateral connectivity defined by
the two flow-direction algorithms has a significant influence
on the actual a(d) patterns, since it affects the lateral
distribution of the flow volumes. Figure 8 shows some
statistics of the absolute differences between the a(d)
patterns computed with the numerical approach outlined
above, using the Doo and D8 flow path patterns. The
absolute differences are expressed as a percentage of a(d)
computed using the D8 flow path pattern. The average value
is about 70%, and approximately 25% and 165% at the 50th
and the 90th percentiles, respectively, much larger differ-
ences than those between numerical and geometrical
approaches. Given the documented superiority of the Doo
algorithm for flow path definition [7arboton, 1997], it is
clear that the numerical approach described in this technical
note is a significant advancement for the computation of
QDWI in practice.

5. Conclusions

[17] The quasi-dynamic wetness index (QDWI) can be an
effective parametric approach for assessing the wetness
conditions accounting for the timing of the lateral flow
distribution [Barling et al., 1994]. The established method-
ology for computing the QDWTI is based on a geometrical
analysis of the flow path length, and it is not practicable if
grid-based multiple-flow-direction algorithms are to be
used. The most recent studies based on the QDWI analysis
were therefore forced to employ the D8 algorithm [e.g.,
Borga et al., 2002, Duan and Grant, 2000; Fried et al.,
2000], despite this being recognized as inferior to multiple-
flow-direction algorithms in tracking the flow path patterns
[Tarboton, 1997]. In this technical note we present a
numerical approach for computing the QDWI. The numer-
ical method is just as accurate (at worst to within 10%) as
the geometrical method and is capable of handling the large
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number of alternative upslope flow paths associated with
multiple-flow-direction algorithms. Even with the relative
errors associated with the numerical method, its computa-
tional efficiency and ability to work with multiple-flow-
direction algorithms are superior to the geometrical
approach, particularly when the QDWI analysis involves
relatively large upslope areas with complex terrain.
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