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Abstract: We study networked control systems (NCSs) where the controller is given by a
state-feedback law and the plant is modeled by a dynamical system evolving on two time-
scales, representing a characterization by some slow and fast dynamics. When using the stability
analysis frameworks for NCSs from the literature, this time-scale separation is ignored and, as a
result, the slow dynamics are in general updated at the same rate as the fast dynamics, leading
to many redundant transmissions of the slow dynamics. Therefore, we assume in this paper that
the slow dynamics and fast dynamics can be transmitted separately over the network, allowing
us to use techniques inspired by singular perturbation methods in the stability analysis. That
is, we show by means of a Lyapunov-based proof how to obtain conditions on the transmission
rates (expressed in maximal allowable transmission intervals (MATISs)) for the slow and fast
dynamics separately such that stability of the NCS is guaranteed, based only on approximated
models of the slow and the fast dynamics.

Keywords: Networked control systems, singular perturbed systems, hybrid dynamical systems

1. INTRODUCTION

Many systems are characterized by both slow and fast
dynamics, and operate, consequently, on multiple time-
scales. As mentioned in Kokotovié et al. (1999), examples
of such systems often occur when mechanical and electrical
components are combined. For instance, an electrically
driven robot manipulator can have slower mechanical
dynamics and faster electrical dynamics. Other examples
arise when there is a need to implement a feedback control
algorithm through a fast actuator, see Sanfelice and Teel
(2011), or in power systems, see, for instance, Chow (1982).

For these multi time-scale systems, the high-frequency
phenomena are often neglected to simplify the model for
analysis. However, a controller design based on a simpli-
fied model might result in a system far from its desired
performance (or even an unstable system). Therefore, one
needs an extra step in the design procedure that takes
into account the disregarded (fast) phenomena. Because
most control systems are dynamic, one way of modeling
and analyzing systems according to this two step design
procedure is by exploiting the multi time-scales, i.e., the
decomposition in stages is dictated by a separation of time-
scales, which happens to be the fundamental characteristic
of the singular perturbation method, see Kokotovié et al.
(1999) or Khalil (2002). Using approximated models for
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both the slow and the fast dynamics, called the reduced
model and the boundary layer model, respectively, sta-
bility of the overall system may be readily addressed by
assessing the stability of these approximated models.

Unfortunately, when considering systems that exploit
(wireless) packet-based networks to communicate sensor
and actuator data to and from the plant/controller, this
time-scale separation appears to be ignored in the design
and therefore also in the existing methodologies for the sta-
bility analysis in the literature. That is, for these so-called
networked control systems (NCSs), it is always assumed
that the networked values (i.e., the most recently received
values) corresponding to the slow and the fast dynamic
states are updated at the same rate; there is only one max-
imal allowable transmission interval (MATI) for the entire
system, see, e.g., Nesi¢ and Teel (2004), Carnevale et al.
(2007), Heemels et al. (2010), and the references therein.
However, one can imagine that maintaining such a com-
munication rate for both the fast and the slow dynamics
leads to many redundant transmissions of the slow dynam-
ics since they will not change (much) between updates.

Therefore, we consider in this paper the scenario in which
the plant is a two time-scale nonlinear system for which
its slow and fast states are transmitted through separate
digital communication channels to the controller. As a
result of this separation, the slow dynamics can be updated
independently of the fast dynamics and therefore do not
have to be updated at the same rate. Consequently, similar
to the continuous-time case as described in Kokotovi¢ et al.
(1999) and Khalil (2002), we can again analyze the overall
system by analyzing its slow and fast dynamics separately.



To this end, following Nesi¢ and Teel (2004) and Carnevale
et al. (2007), we use the emulation-based approach to de-
sign the NCS, meaning that we assume that the controller,
being here a state-feedback law, is such that it stabilizes
the plant in the absence of a network (i.e., under perfect
communication), combined with hybrid systems analysis
tools. Doing so allows us to rewrite the overall NCS as
a singularly perturbed hybrid system. As such, using a
Lyapunov-based proof along the lines of Sanfelice and Teel
(2011) and Abdelrahim et al. (2015), stability of the NCS
can be addressed by assessing the stability of the boundary
layer and reduced systems corresponding to this singularly
perturbed hybrid system, expressed in terms of individual
MATTs for the slow and fast dynamics. Here, in contrary
to Sanfelice and Teel (2011) and Wang et al. (2012), we
model both the reduced system and the boundary layer
system as a hybrid system.

Notation: The set of real numbers is denoted by R and the
sets of non-negative real numbers and integers by Rso and
N, respectively. For vectors v; € R™ i€ {1,2,..., N}, we
denote by (v1,vs,...,vy) the vector [v] v] - v]TV]T, and
by |-| and (-,-) the Euclidean norm and the usual inner
product, respectively. We use the notation r*(t) = r(t*) =
lim,;r(7) for r: R - R", provided the limit exists.

2. SYSTEM DESCRIPTION

In this section, we introduce the NCS setup and a hybrid
model describing the overall dynamics.

2.1 System Setup

We consider the NCS setup as depicted in Fig. 1 where
the plant P is controlled by the controller C by means of
communicating the plant states (z,z) via the network N.
To complete the description, we consider the plant, the
controller, and the network individually in more detail.
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Fig. 1. The considered NCS setup.

The plant P
The plant P is for some small constant 0 < € «< 1 given by
the nonlinear singular perturbed system

. x= f(.'IJ, 2, U)

P {EZ:g(x,z,u) (1)
with (z,z) € D, x D, the state of the system (where
D, c R™ and D, c R™= are open connected sets that
contain the origin (z,z) = (0,0)) and u € D, € R™* the
control input. We assume that the functions f and g are
locally Lipschitz in their first two arguments.

The controller C

As mentioned in the introduction, following the emulation-
based approach we design a state-feedback controller C
for the plant P assuming perfect communication. In par-
ticular, inspired by the singular perturbed method it is
assumed that there exists a composite control law

C:u=T,(2)+T (3 2) (2)
with (Z, 2) the networked versions of (z, z), such that the

origin of (1) is an asymptotically stable equilibrium when
(&(t),2(t)) = (x(t),2(t)) for all times t € Ryg. See, e.g.,
(Kokotovié et al., 1999, Section 7.6) for a design procedure
for such a composite controller for the plant P in the case
that (2, %) = (z, 2) (i.e., under perfect communication).

The network N

Observe that, based on the dynamics of the closed-loop
system (1)-(2), we have a separation of time scales. In
particular, the plant P is characterized by slow dynamics
(related to) x and fast dynamics (related to) z. As a
result, one can imagine that updating the slow dynamics
x at the same rate as the fast dynamics z results in
many redundant transmissions (since the value for z will
not change (much) between updates in this case), which
would be the case when using the analysis framework of
Nesi¢ and Teel (2004), Carnevale et al. (2007) or Heijmans
et al. (2017). Therefore, as can be seen from Fig. 1 we
assume in this work that the network N has two separate
communication channels that are respectively dedicated to
transmissions of x and z. Such a NCS setup can be realized
for many practical network implementations, including,
e.g., a WirelessHART network, see Maass et al. (2017).
As a result of this separation, the slow dynamics z can
be updated independently of the fast dynamics z and
therefore do not have to be updated at the same rate,
potentially preventing many redundant communications.

To be more precise, we assume that the network has
two collections of transmission times, 3, j € N, and t; ,
7 €N, corresponding to transmissions of the slow and fast
dynamics, respectively. For these collections we assume
that the transmission intervals are bounded by

s s s s f f ! !
Toiati < U1 =85 < Toage and 7o, St~ <75 (3)
where 0 < 77, < T denote the minimal allowable

transmission interval (MIATI)! and the mazimal allow-
able transmission interval (MATI), respectively, between
two consecutive transmission instants at which the slow
dynamics x are updated and 0 < Tr{,nati < Tr{,mti the
MIATI/MATI for the fast dynamics z. The two MATIs
have to be selected appropriately to guarantee stability

properties of the NCS, see also Section 3.2 below.

At each of those transmission times, parts of the plant
state (z,z) are sampled and transmitted to the controller
C, which results in an update of the networked values
(#,2). That is, for all ¢, j € N, we have a transmission
of the slow dynamics x, meaning that an update of the
networked values occurs according to

() =2 (L) + ha (J.ea()) n
2((#)7) =2(8),
where the function h, : N x R™» — R™= models the
scheduling protocol for the slow dynamics, while for all

t;c , 7 € N, we have a transmission of the fast dynamics z,
leading to an update of the networked values according to

(1)) - ()
(1)) ==() (e (1)

1 The MIATI represents physical hardware limitations and is em-
ployed to rule out Zeno behavior, see, e.g., Nesi¢ and Teel (2004).

(5)




where the function h, : N x R™= — R™z models the
scheduling protocol for the fast dynamics. Here, e =
(es,€.) denotes the network induced error defined as

e:=(eg,e;)=(&-2,2-2) e R™* x R™=,

which is a result of the sampling/transmitting behavior,
i.e., we have that in general £ #  and 2 # 2.

Finally, it is assumed that 2 and 2 are constant in between
two successive transmissions (zero-order-hold (ZOH)), i.e.,
Z =0 and 2 = 0. However, this can easily be modified, if
desired, see, e.g., Nesi¢ and Teel (2004).

2.2 A Hybrid Modeling Framework

Following the works of Nesi¢ and Teel (2004), Carnevale
et al. (2007), and Heijmans et al. (2017), the above NCS
setup can be rewritten in the hybrid system formalism of
Goebel et al. (2012). To do so, in contrast to the mentioned
works, we need to be able to keep track of the time between
two consecutive transmissions of the slow dynamics = and
we need to be able to keep track of the time between two
consecutive transmission of the fast dynamics z. Therefore,
we introduce two separate timer variables 7,,7; € Rsg,
modeled by

Ts=1, Ts€[0,75 01
{7 0T (6a)
Ts = 0, 7s¢€ [Tmiati77-mati]
and
T etp=1, erype [O’TT{Lati] b
f- + f (6 )
7—f = 07 ETf € [Tmiati’ Tmati]'

Note that we thus model the timer 74 to be evolving in
the fast time scale of z, i.e., its time-derivative depends on
€, which is needed to model the boundary layer system, as
we will see later on in Section 3.1.

In addition to the timers, we also introduce the two
counters kg, kf € N, which keep track of the number of
transmissions for, respectively, the slow dynamics x and
the fast dynamics z. Using now these auxiliary variables,
the NCS consisting of the plant model (1), the control law
(2), and the network N with (3)-(5) can be expressed as
the hybrid model

&= f(x,2e)
ez =g(z,z,e)
b =—f(x,2,€) when 7, € [0, 77,41,

and e7y € [0 ]

et =-g(z,ze) > 'mati
Fo=1, fta=0
<5‘7"f=17 I%:f=0
xt=x, 2t =2, e =e,,

7';:7']07 H}Zﬁf

H:{ L when (7)
ey =hy(Ks,ez) ; ,
x z\Rs) Cx c [ s s ]
+ Ts Tmiatis Tmats
T, =0
K =ks+1
=z, 2t =2, el =e,,
+ +
Ts =Ty fos = Fs when
i
er =h,(ks,e;) f
7 =0 ETf € [T77Liati77—mati]
n} =rp+1

where
f(x,z7e) = f(x,za]-—‘s(eac +.’E) +Ff(em tx,e, +Z))
9(z,z,e)=g(z,2,Ts(eg +x) + Ty(ex + x, e, + 2))

and with the full state of the hybrid system
f = ((l‘, Z), €, (Tsa Tf)7 (Ksa Hf)) eX,

with X := D, x D, x R™= x R™* x R2; x N?, which can be
separated in a set of “slow” and a set of “fast” dynamical
sates, given, respectively, by

&= (.’L‘, emuTsaﬁs) € X5 =Dy x R™= x Ryo xN

= (2,65, 7p, kp) €Xp =Dy x R™ xRyg x N
We are interested in the stability of this hybrid model (7).
Definition 1. For the system H given by (7), the set

E={¢€eX|z=0A2z=0ne=0} 9)

is said to be wuniformly globally asymptotically stable
(UGAS) if there exists a function 5 : Ryg xRy = Ry with
B € KL such that for any initial condition £(0,0) € X, all
corresponding maximal solutions ¢ to H are complete ?
and satisfy |(z(t,5), 2(t,j),e(t,5))| < B(/(x(0,0),2(0,0),
e(0, 0))|,t+j) for all (¢,7) € dom&. Moreover, if 3 is of the
form S(r,s) = Krexp(-cs) for some K, ¢ > 0, then the set
€ is uniformly globally exponentially stable (UGES).

3. STABILITY ANALYSIS

Observe that the hybrid system H in (7) is of a similar
class of singularly perturbed hybrid systems as discussed in
Sanfelice and Teel (2011) and Wang et al. (2012). However,
the results from Sanfelice and Teel (2011) and Wang et al.
(2012) are not applicable as important differences will arise
in the stability analysis, as we will see below. In any case,
similar to the continuous-time case from Kokotovi¢ et al.
(1999), its stability can thus be analyzed by means of
analyzing the stability of the reduced and boundary layer
systems corresponding to (7), which we will first derive.

8.1 Reduced and Boundary Layer Models

For the hybrid system H, we first define its quasi-steady-
state equilibrium manifold, which in this case appears as
the set-valued mapping H : R™* x R™* = R™= x R™=, see
also Sanfelice and Teel (2011). Since both z and e, evolve
with respect to the fast time scale, we need to define the
quasi-steady-state equilibrium for the fast state dynamics
z as well as the quasi-steady-state equilibrium for its
network-induced error e,. Observe that for a sufficient
amount of communications (i.e., updates of %), e, will
converge to zero (i.e., its quasi-steady-state equilibrium).
As such, let, for all (z,e,) € D, x R™=*, z = H,(Z,é,) with
H,(0,0) =0 be the unique root of
0=9(z,2,Ts(€z +Z) +T's(e; + T, 2)),

then, we can define the quasi-steady-state equilibrium
manifold for the overall hybrid system H as

__\_|(H.(Z,8,),0), for all (Z,€,) €D, xR™
H(x’ex)‘{ 0, for all (z,e,) ¢ Dy x R™.
Similar to the classical continuous-time case, see, e.g.,

Khalil (2002) or Kokotovi¢ et al. (1999), we can now define
the boundary layer system for (7) by setting ¢ = 0 and

(10)

2 For details and terminology on hybrid systems of the form (7), see
Goebel et al. (2012).



using the stretched time scale o = t/e, see, e.g., Sanfelice
and Teel (2011) or Wang et al. (2012). However, in contrast
to Sanfelice and Teel (2011) and Wang et al. (2012), we
cannot ignore the jump map for the boundary layer system
corresponding to (7) since its stability with respect to the
error dynamics e, depends on the property of persistently
updating the networked value Z. Therefore, we define the
boundary layer system with its jump map. Moreover, we
will use the change of coordinates y = z — H,(z,e,) € D, C
R™= to express the boundary layer system as this shifts its
equilibrium towards to origin. As a result, we define the
boundary layer system to be given by the hybrid system

dx de, dr,

—=0,—%=0,—3=0
((iia do do
y oo
@ :g(x,y+Hz(x,em),e) when
de. .
C —h(ay+ Halen) o) | 5 € (0.7 0]
de dlif d,‘{S
{—=1,— =0, =0
Ho do do do (11)
$+:$, y+:ya e;:exa
To =Ts, Ky = s when
el =h.(ky,e.) f
7—* =0 ETy € [ mzatz’Tmati]'
Kp=hyp+l

For notational convenience, let now f? = (y,es,Tr,Ky) €
X? := Dy x D, xR0 xN represent the fast dynamical states

expressed using the change of coordinates y = z— H, (x, e,).
Hence, the full state of (11) is given by &§¥ := (&,£}).

Remark 2. When the network-induced error e, is absent,
i.e., in the case of perfect communication, implying 2 = z,
(11) simplifies to continuous-time case boundary layer sys-
tem corresponding to (1) with 2 = z (without considering
the jump map), as expressed in, for instance, Khalil (2002)
or Kokotovi¢ et al. (1999).

Using (10), we can now also obtain the reduced system
associated with (7), which is given by

&= f(w, Ho(,4), (ex,0))
e.a: =~f(z,H.(2,ez), (€4,0)) when 7, € [OaTmatz]
Ts =1

Heoy T (12)
=z
et =h(ks,ey) when
7, =0 Ts € [Tomiatis Tmati)-
Ii:: =Rg+1

Note that the jump map of (12) does not depend on
z = H,(x,e;), so the reduced system ignores the fast
dynamics z when determining jumps.

3.2 Lyapunov Conditions for UGAS (or UGES)

Based on the results from Goebel et al. (2012) for hybrid
systems, it can be shown that UGAS for the system (7) is
guaranteed when there exists a hybrid Lyapunov function
U:X, xXi{ — Ryq that is locally Lipschitz in its arguments
corresponding to (z,y,e) and satisfies for some functions
a7, 0y € Koo and some positive definite function p:

e For all (fs,fgi) € X, x X?

ay ((2,y,€)]) U, §7) <av (I(z,y,€)]) . (13a)
o For almost all (&,&7) € X, x XY
(w@fg) FY(&,,€0) < —o(I(a, WD, (130)

when 75 € [0,75,,] and ey € [0, T ;] and where

(géaff) = (F (faaff) Fy(fwgf)) Wlth Fy(£Sa§f)
= (f(x’y+HZ('rveI)7€)’ f(x7y+HZ(xvew)ve)7 ’0)
and F}’(fs,f}’) = (g(x,y + Hy(z,es),€),—g(x,y +

H,(z,e;),¢e),1,0).
e For all (fé,ﬁf) EX ny when 75 € [72 75 il

miati’ ' mati

U(Gu(E).E0) - UEne) <0, (130
where G5(&s) = (2, h(ks, €4),0, 55 + 1).
o For all (&,£7) € Xy x X when ery €[ oot ]
(e GUED) - U e <0 (13)

where G% (&%) = (y,hz(ky,€2), 0,5 +1).

To obtain such a Lyapunov function, similar to the con-
tinuous case (see, e.g., (Khalil, 2002, Sec. 11.5)) and the
analysis in Sanfelice and Teel (2011), we aim to compose
a so-called composite Lyapunov function given by

U(&s, €9) = (1= d)Val&) +dVy(&,€Y), 0<d<1, (14)
where Vj : X, x XZJ{ - Ry and V; : X, — Ryq are hybrid
Lyapunov functions for the boundary layer system (11)
and the reduced system (12), respectively. Hence, we aim
to analyze under which conditions the overall NCS is stable
by means of analyzing the stability of the boundary layer
and the reduced system.

To this end, observe that both the boundary layer system
(11) and the reduced system (12) are of the standard
hybrid form for NCSs as introduced/described in Nesi¢
and Teel (2004) and Carnevale et al. (2007). Hence, their
stability (including the construction of a hybrid Lyapunov
function) can be determined by means of, e.g., (Carnevale
et al., 2007, Th. 1) or (Heijmans et al., 2017, Th. 1).
Moreover, when we assume that for the boundary layer
system Hp; the MATI Tgum. is such that the set &y :=
{(&.,€7) e Xy x XY [y =0ne. =0} is UGAS uniformly ® in
&s, if follows from the result in Cai et al. (2008) that there
exists a (smooth) Lyapunov function Vy : X, x Xi’c - Ry
such that for (almost) all (&,&7) € X, x X%

a; (I(ye)]) < Vi(&s,€5) <ar (I(y,e2))) (15a)
(VerVi(&s, €0), (&0, €D) < =y B7 (I(yse2)D), (15b)
when e7y € (0,7, ]
Vf(fsa G?(S?)) - Vf(§57f§’c/) <0,
When ETf € [ juatz’ﬂf@ati]’ (15C)

and when we assume that for the reduced system H, the
MATI 7., is such that the set & = {{ e X, [z =04

ez = 0} is UGAS, there also exists a (smooth) Lyapunov
function V5 : X5 = Ry such that for (almost) all & € X,

o, (|(2,e2)]) < V(&) <@ (I(2,e2)]) (16a)
(VVi(&s), Fo(€s)) < =32 (|(,€2)])

when 74 € [0,7 4]

s I'mati
VS(GS(ES)) - Vvs(gs) < 07 when Ts € [TmiatiaTmati] (16C)

(16b)

3 With uniformly we mean here that the UGAS property does not
depend on the value for &, € Xs. See for more details Khalil (2002).



with Fs(fs) = (f(x,Hz(x,ew), (ex,O)),—f(x,Hz(x,ew),
(€£,0)),1,0) and where a;, oy, a,,a;s € Koo, By and B,
are continuous positive definite functions, and n¢,ns > 0.

Using (15) and (16) we can now verify under which con-
ditions the inequalities (13) for the composite Lyapunov
function (14) hold. Obviously, it follows directly from
(15a) and (16a) that (13a) is satisfied. This leaves us with
analyzing the conditions (13¢) and (13d) during jumps of
the hybrid system (cf. updates of the NCS) and the flow
condition (13b).

During Jumps
When we have an update of the fast dynamics z, i.e., when
eTy € [Tj”atimj:mti], we have that
U(€0 GUEY)) = (1~ )Va(E,) + dVy (&, GU(EL))
< (1= V(&) + V(€. Y)
= U(fs, 5]?{)
Hence, (13d) also holds under the assumption that the
boundary layer systems as well as the reduced system
are asymptotically stable. On the other hand, when we
have an update of the slow dynamics x, i.e., when 7, €

S

(T8 iatis Toatils it follows that
U(Gs(gs%g?) = (1 - d)‘/s(Gs(gs)) + de(Gs(és)agjyf)
< (1 - d)‘/s(gs) + de(Gs(fs)af}/)

Hence, for (13c) to be satisfied, it is sufficient to require
the additional condition that for all (§S,§ch) e X, x X?

Vf(Gé(fa)afzf) SVf(&,f?) (18)
Remark 3. Condition (18) captures the “neglected” effect
of the slow dynamics in the boundary layer system during
jumps. That is, no matter how slow the slow dynamics
are (or even “frozen” in Hy;), if they exhibit a jump, their
change is instantaneous and faster than any fast continu-
ous dynamics and this effect should be taken into account.

(17a)

(17b)

During Flows
In between updates of the networked values (during flows
of the hybrid system #), for almost all (fs,fj{) € X, x Xiﬁ

] and e7y € [0 77 it holds that

’ "mati

when 75 € [0,7], .1
(VU (¢0,€7) . FU(80r€D)
= (1 - d) (VESK(£S)7F3(587£?)>

# (Ve Vr (6, €0, F(E0 E0) + 2 (TeVir (60 60), FY (60, €D)
AR
dy
d
= (1= d) (Ve Va(6). F2(6)) + < (Vey Vi (60, €0). 1 (65, 61)
+ (1= d) Ve, Va(€), FY (€,€4) - Fu(&4))
V(€. €0)
dy
< (U= DB e)l) - Dng B2

+(1-d) (Ve Vi(&) FY (60,6 - Fu(&))
V(€4
dy

(Ve Ha(z,e0), F (60 €))
+d<VgSVf(§s,§?)—

VfSHz(x7eI)7F§/(£S7£?))

+d(vgsvf<5s,f;) - ngHz(m),Ff(ss,g;)).

As such, similar to the continuous-time case as described
in Kokotovié et al. (1999) and Khalil (2002), it is sufficient
to have that the interconnection conditions

(Ve Valeo) FY (&0 € - Fu(s))
<ngaBs (|5 e2)]) By (| e2)])

IV (&, &5

(vﬁsvf(€é7§1}‘l) - f(ayf)vszz($7el)aFg(§M§?)

<ny1BF (s e)D) + 15185 (|2, €)]) By (|(y.e2)]) (19D)
hold for some nonnegative constants ns¢,nss, and 75y in
order for (13b) to be satisfied. In particular, when the
conditions (19) hold, along the same lines as in (Khalil,
2002, Sec. 11.5) it can be shown that (13b) is satisfied for
d=—"L— and for all 0 < £ < £* with

Nsf+Nfs
- NsTf

CNTpp o+ Nsffs

3 (20)

3.8 Main Result

Based on all the above, we can now state our main result.

iatis Tmiati > Uy 1f the
MATIS 7, 405 > Trniae: a0d ’7'7J;ati > Tf:w. , are such that for
the boundary layer system (11) and for the reduced system
(12) there exist Lyapunov functions Vy : X;xX% — Ry and
Vs : X5 = Ry satisfying (15) and (16), respectively, and
if (18) and (19) are satisfied, then there exists an €* > 0
given by (20) such that for all 0 < & < &* the set £ given
by (9) for the hybrid system (7) is UGAS.

Theorem 4. For given values of 7, rf

As mentioned above, stability (and, therefore, the ex-
istence of a Lyapunov function) of the boundary layer
system and the reduced system can be readily assessed by
means of the results in Carnevale et al. (2007) or Heijmans
et al. (2017). Moreover, when the boundary layer system
itself is uniform in & (i.e., the dynamics of y and e,
are independent of = and e;) and V; exists, then (18)
also readily holds, which is, for instance, the case for the
illustrative example considered in the next section. Finally,
we have that the interconnection conditions (19) can be
simplified when the Lyapunov functions V¢ and V; are so-
called quadratic-type Lyapunov functions, see also Saberi
and Khalil (1984). Moreover, following (Khalil, 2002, Sec.
11.5) we have also the following.

Corollary 5. In the case that both the boundary layer
system and the reduced system are UGES and (18) holds,
it can be directly obtained that there always exists an
€* > 0 such that for all 0 <& <e* the system (7) is UGES.

4. ILLUSTRATIVE EXAMPLE

In this section, we provide an illustrative example to show
how the quasi-steady-state equilibrium manifold H, the
boundary layer system Hjp and the reduced system 7,
can be computed, and how stability of the overall NCS
can be determined by means of Theorem 4.

Consider the plant and composite controller given by
. 3
T=xz
pe|
EZ=z+u

for D, = [-1,1] and D, = [-3,3]. Observe that in the

case of perfect communication (i.e., & = x and 2 = z), the

and C:u=-32-23" (21)



controller C indeed stabilizes the origin =0, z =0 for € <

3, see also (Kokotovi¢ et al., 1999, Chap. 7, Example 6.1).

Combining the plant and controller dynamics, we obtain
that the flow dynamics for the hybrid system (7) are

&= a2’

. 4/3
ez=-3e,—22-2(e, + )
€y = —z23

(22)
gé, =3e, +22+2(ey + m)3/4
Ts=1, hs=0
Ef’f = 1, I%Jf =0
and that we have for the quasi-steady-state manifold that
H.(z,6,)=—(z +e,)". (23)
Moreover, observe that, since both x and z have dimension

1, an update of the networked values & and/or % always
results in the errors e, and/or e, to be reset to zero.

Combining (22) and (23), it follows that the flow dynamics
of the boundary layer system are uniform in (z,e,), i.e.,
the dynamics of y and e, do not depend on (z,e).
As such, determining UGAS (or UGES) uniformly in
&s for the boundary layer system is now equivalent of
determining UGAS (or UGES) of the “boundary layer”
system given by

dy

—= =2y - 3e,

ddO' Y

dez =2y + 3e, when e7; € [0,7] ]

o

H;l : de B dHf -0 (24)

do 7 do

+ +
y =y, e.=0 -
’T}— =0, ,tg} =Ky + 1 } when ETf € [T::Liati’ Tmati]'

Note that we have not included the dynamics for the state
&5 in this model as they do not influence the dynamics of y
nor e, (and can therefore be left out). As a result, when we
can construct a Lyapunov function for (24), then we can
also construct Vy such that (18) is satisfied for this NCS.
Additionally, the reduced system is in this case given by

i=—x(r+e)?

when 75 € [0, 75,4 ]

bp=x(x+ey)t

Hp:{ Ts=1, k=0 (25)
+ _ + _
Lm0 hen 7y € [P Tt
T, =0, kg =Krs+1

Observe now that, in the case of perfect communication
(i.e., (ez,e-) =(0,0)), we have the dynamics g—g = -2y and
# = —a%, which are both asymptotically stable. As such,
we know from the results of Nesi¢ and Teel (2004) and
Carnevale et al. (2007) that there always exist 7,,,; > 0

and Timti > 0 small enough for which both (24) and (25)
are UGAS. In other words, the UGAS property for the
boundary layer system and reduced system is maintained
when we update “fast enough”. Hence, for small enough
values for 7, ., and Tjwti, which do not have to be
necessarily the same, and using the results from Carnevale
et al. (2007) or Heijmans et al. (2017), we can construct
the Lyapunov functions V, and V¢, verify for those whether
or not (19) is satisfied, and use Theorem 4 to conclude if

the set £ given by (9) is UGAS for the NCS.

5. CONCLUSION

In this paper we considered NCSs that exhibit both some
slow and fast dynamics. By modeling the overall system
as a singularly perturbed hybrid system, we were able to
use a singular perturbed method to derive the boundary
layer and reduced systems and address the stability of the
overall NCS by assessing the stability of these boundary
layer and reduced systems. We foresee that this work opens
up new insights and can possible inspire to obtain new
analyzing techniques for NCSs with multiple time-scales.
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