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Model Reduction of Automotive Engines using Perturbation Theory

R. Sharma, D. Nesic and C. Manzie

Abstract—In this paper, a new constructive and versatile considering this trade-off several reduced order models ha
procedure to systematically reduce the order of control orented  peen proposed and subsequently used for control (see for
engine models is presented. The technique is governed by the example [6]-[9]).

identification of time scale separation within the dynamics H th isti d d ord del tirel
of various engine state variables and hence makes extensive owever, the existing reduced order models are entrely

use of the perturbation theory. On the basis of the dynamic based on empirical findings anald-hoc assumptions and
characteristics and the geometry of engines, two methodsrfo thus correspond only to specific engines. More specifically,
model reduction are proposed. Method 1 involves collectivase  none of the existing works utilize the dynamic and physical
of the regular and singular perturbation theories to eliminate  ayihytes of the engine to develop a systematic procedure
temperature dynamics and approximate them with their quast f del reducti The k led f h -
steady state values, while Method 2 deals with the eliminain or model re uction. € Knowleage or such a rigorous
of fast pressures. The result is a library of engine models wbh ~ Procedure will not only ease the task of model reduction but
are associated with each other on a sound theoretical basis@  will also improve the portability of the same reduced order
simultaneously allow sufficient erX|b|I|ty in terms of the reduced engine model to different engines |eading to reduced engine
order modeling of a variety of engines. Different assumptios  ajibration times as prior work in controller development o
under which this model reduction is justified are presented ad b ilized ltio|
their implications are discussed. one sySFem Car_1 e uti |;e on mu t!p e systems.
The aim of this paper is twofold. Firstly, the paper presents
. INTRODUCTION a systematic and rigorous approach for model reduction,
applicable to a wide range of internal combustion engines
ICEs). Secondly, noting that the controllers based on the
xisting reduced order models often perform well, the pro-

For the development of engine control, a critical initiayst
is to acquire the system characteristics in a set of mathem

cal eq_ua_tlons referred to acantrol orl_ented modfaIAmong . cedure provides valuable theoretical insight into thedigli
the existing approaches for control oriented engine modeli of the existing reduced order models so as to enhance

a major trend has been to use the measured engine datgfgi. o rapility to other engines and operating regimes.
obtal_n ste_ady statg engine maps. Howevt_ar, this empiric he procedure utilizes approximation techniques, based on
quaS|—stat|c.mo_deI|ng app.roach, though W|d.ely used, I"?‘leﬁgular and singular perturbation theoryvhich, on the one
the generalization capability for usage on different eagin hand, can be theoretically justified and, on the other hand,
and leads to !engthy and costly calibrations [2], [3]. . the errors introduced by these approximations charaetdriz

An alternative is to formulate models based on physica}, o gh simulations. Different sets of assumptions under
principles and conduct the few experiments necessary {thich these model reductions are justified are presented and
identify key parameters. An important class of engine medeljiscssed. The eventual outcome is a library of engine mod-
established on physical laws, which in recent decades hayg; \vhich are shown to evince close characteristics under
proven to be quite effective in performing studies on enging yige range of operating conditions provided certain sets
dynamics, supervision and control, is the mean value engiRg 5ssumptions hold. Nevertheless, these assumptiongdshou
models (MVEM) [2]-[5]. MVEMSs describe the average en-y, e checked on a case-by-case basis for each engine. We
gine behavior over several engine event cycles. verified their validity quantitatively for a 13th order mdaé

A critical survey of the existing literature reveals that a, turbocharged engine. In addition, the techniques deeelop

range of mean value models of different order and comyre gpplicable to other systems such as gas turbines, where
plexity have so far been reported. Whereas, the high ordg{ode| reduction is a necessary step in control design.

engine models are typically a closer description of the the girycture of this paper is as follows. In section I,
actual system (e.g. [10]-[12]), often the task of contmlle; generic description of the mean value control oriented
development can be substantially alleviated if the model i$,qdels of ICEs is introduced. Then. in section Ill. the

in a sufficiently simplified form. In other words, there exitSyqcedure of model order reduction is devised. This section
a trade-off between the model accuracy and ease with whigh 4 rtitioned into two section to discuss the two methods of

the controller development problem can be solved. Whilg,oqe| reduction. In order to demonstrate the effectiveness
R. Sharma is with Department of Mechanical Engineeringvehsity of and flexibility of the new model reduction technique, a case

Melbourne, 3010, Parkville, Australiahar mar @ni mel b. edu. au study is presented in section IV.
D. Nesic is with Department of Electrical and Electronic

Engineering, University of Melbourne, 3010, Parkville, swalia Il. SYSTEM DESCRIPTION
d. nesi c@e. uni nel b. edu. au In thi . ic d _— f
C. Manzie is with Department of Mechanical Engineering, Jersity of n this section, we present a generic description of mean

Melbourne, 3010, Parkville, Australimanzi ec@ini mel b. edu. au  value engine models (including both spark ignition and com-



pression ignition engines). The common strategy in engina (3), P = [Pl,...,PN]T; T = [Tl,...,TN]T; f =

modeling is to incorporate the physics due to individualfi,..., fx]* where for eachcv € {1,...,N} f., and
constituent components and their interactions througkoip ICQ) gev represent the right hand sides of (1) and (2),
and/or manifolds (referred to a®ntrol volumes/reservoiys N _ T

Then, the modeling approach utilized is to placenponents "€SPeCtvVelyzc, (Pey, Ten) = (_u)

(like air filter, compressor, intercooler, throttle, engjinur- PT) — . P 4
bine and turbo-shaft) between the control volumes. Next, er(PT) cve"{?,l.’?,N}acv( v Tew) “)
we present the dynamic description of an individual contral,q

volume as a basic building block of a complete engine model. s;T(I(’E%) g1 (P, T,u(t))

A. Control Volume (CV) Modeling % g2 (P, T, u(t))

The pressure and temperature within the control volumds (£ T, u(t)) = :
are determined by mass flows into and out of the volume. :
On the other hand, mass flows and the temperatures of the (%) gn (P, T, u(t))

flows at the inlet of control volumes are determined by the : . . .
. The functionsf, G ander in (3) are continuously differen-
components on the basis of the pressure and temperatyI

e .
. able in their arguments fdtP, T') € Dpx Dy V' t € [to, t1],
in the control volumes before and after them. In Othe.\cvherer c Rf and Dy C Rf It may be noted that.

words, the behavior of the gas within the control volumes Rue to its dependence dhandT, is dependent on time and

dictated by filling and emptying dynamics of temperaturelsnitial conditions.
and pressures.

Therefore, control volume of an ICE can be modeled a Remark 2: In the context of the mean value modeling
' Vol 5f a turbocharged engine, in addition to temperatures and

a dynamic element with two _states, namely temperalure . pressures, an additional state of turbo speed, to account fo

and pressurd,. The dynamic e_quatlon for tempe_rature 'Sthe turbo-shaft dynamics, should also be included. Gelgeral

b?:sesdur?an dthnearlr?i\gsogric(i):;fergafl:fr?] ?rfeeigzgy’ ;:vsh::\},vt{]gaﬁ qu dynamics of turbo speed are of the same magnitude as

P y 9 9 " those of pressures and can be assumed to correspond to the
same time scale as pressure when considered.

. . ﬁ X
FPeu = ( v ) itcu, (BT, u(t)) Tews, (B T) [1l. M ODEL REDUCTION PROCEDURE
—Mevgus (P T u(t)) Teo] (1) This section presents the new model reduction procedure
Tow = (Tw) (VR) ltew,, (P.T,u(t)) Too,,, (P.T) and the cc_)nditions under which these model reductions are
Pey Vew most applicable. The procedure comprises of two methods
—Mevgye (P Ty u(t)) Teo and is based on the use of perturbation theory [1]. In the
Tew first method (as elaborated in subsection IlI-A), dynamic

(1eu,, (P T u(t)) = ritce,u (P, T, u(t) o .
v characteristics of pressure and temperature of mass in the
(2)  control volumes are considered. In this direction, fiegular
mperturbation theonyis applied onX to obtain a preliminary
system denoted by:;. Under certain assumptiong;; is
identified to demonstrate two time scale separation. The

orresponding fast and the slow systems, after the apiplica
\F ponding fast and the slow syst fter the apiplicat
\%f singular perturbation theoryare expressed in the form of

g‘”t and ¥3/°v, respectively. On the other hand, Method
of P, T andu(t) for various ICEs can be found in [12]. The 2 O.f model reduct|oln, as demonstrateq n subgechon -

B, is based on relative sizes of the various engine control

ratio of the specific heats; is taken to bel .4. | It is sh that q diti h
Remark 1: It may be noted that mean value modelingvo umes. 1t 1s s %’Q al, under some condartions on the
ngine geometryy;“”" can be decoupled into two separate

of any ICE can be carried out as an interconnection ot(? | bevat Jast oo d yslow |t dnalv. th

components and control volumes with subtle differencels witime scale subsystems,; ™ and %37, In erestingly, fhe

respect to the components involved. However, the equatior@%;cedure allows for a grgat deal of mo‘?'e"”g, erX|b.|I|ty as

governing the dynamics of pressure and the temperatu two metths can be implemented either in cor_uunct|on

within the control volumes remain the same as (1)-(2). or completely independent of one another depending upon
the satisfaction of certain conditions.

A. Model reduction: Method 1

This model simplification is based on the observation
Rat in all engine control volumes the magnitude of the

where, P and T are the vectors of pressures and te
peratures, respectively, corresponding to all enginerobnt
volumes.u(t) denotes the vector of control inputs.,,,
andr,,,,, represent the mass flows into and out of the C
andT,,,, symbolizes the temperature of the gas at the C
inlet. The expressions oficy,,, 7icy,,, andTe,,, in terms

B. Engine model

Let us consider an engine witN' control volumes. Then,
based on (1)-(2), the overall state-space representafion

such an engine system is given by derivative of pressure is significantly larger in compamiso
5. }—f = f(P,T,u(t)) 3) the magnitude of derivative of temperature. This diffeeenc
" L =er(P,T)G (P, T, ul(t)) in magnitudes can be attributed to tae (P,T") term in



(3). Typically, ( ZZ) and hences (P, T) in the context Thus (7), which governs dynamics of the temperatures, can

of engine CVs is a very small positive quantity. This timebe approximated by equations (8). Accordingly, the origina

scale separation allows for the use of perturbation themry systemX can be approximated by the following system

obtain reduced order models B as demonstrated next. 9P _ (P, T, u(t)), Plto) = Py
If e, . ander,, denote the maximum and minimum 1 it _ G (PT (), T(to) =T, 9)

values ofer(P,T) over Dp x D, respectively, then its . dt “ A 0 0

average values,,, in this domain of operation becomes By introducing a change of time variable as,¢t = 7, ¥

can be rewritten as

eEr. +ET .
Eav — max min 5 dP _
2 ® L Tt/ Pl = B @O
-
From (5), we deduce that Aer (P, T), which signifies the dT ~ B B
variation ofe,, from its average value, such that 7 = G(P,T,u(T/eav)), T(to) =To (11)
er(P,T) = cay + Aer(P,T) (6) The system description (10)-(11) is in standanggularly

perturbed form[1] and demonstrates the time scale sepa-
ration between the dynamics of pressure and temperature.
dar cauG (P, T, u(t)) + Aer(P,T)G (P, T, u(t)), Specifically, the dynamics of pressures are much faster than

By substituting (6) in (3) we obtain

dt those of temperatures. The smallnessegf permits the
T(to) =To (7) application of singular perturbation theory to interpbét
in two separate time scales. For that, we sgt = 0 to

Assumption 1: The magnitude ofAer(P,T) is suffi- X )
obtain the following reduced order system

ciently small in comparison te,, for (P,T) € Dp x Dr,

vVt € [to, ta]. 0 = F(P,T,u(t/cav)) (12)
Assumption 2: The average value,, << 1. dT ~ ~
Remark 3: The conditions onAer(P,T) and ¢4, as - = GWT,u), T, u(r/cav)) (13)
per Assumptions 1 and 2 above, is a qualitative require-
ment. In practice, their smallness can be easily ascedtain@here,i = [h1,...,hy]" is the solution of (12) forP in

quantitatively by carrying out comprehensive simulationierms of T andu(7/e,,). One way to analytically evaluate
and experimental studies. Nonetheless, the magnitudes fgpction h(T,u(7/4.)) is to expand the right hand side
cav and Aep(P,T) depend on initial conditions and the Of (12) in its Taylor series expansion and solve forby
inputs. Therefore, we require Assumptions 1-2 to hold fogguating it to zero.

all reasonable initial conditions and inputs. The more explicit repre_sentation_ of slow time scale sub-
Due to the smallness ake; (P, T), solving equation (7) System is given by following equations:

can be seen as mgular pertgrbatlonproblem. By setting % (= “Eii?iiifi“”ii’%) a1 (h(T, u(r/ea)), T)
Aer(P,T) = 0, the following nominal or unperturbed dTy _ ( 2(hy(Trulr/an)) To) (h(T, ulr/ea)), T)

. . — = T/€av)),
system is obtained: sglow . dr cr (W(Tu(r/eav)). 1) ) 92 ’

dT G (P.T. u(t T (to) = T, 8 :dTN en (hn (T),Tn) 7 s

E €av ( ) 7u( )) ) ( 0) — 1o ( ) ar = (W) gnN (h(Tvu(T/aav))vT)
where,V t € [to,t1], T € Dy C RY. For a given admissible control inpuf(7/e,,), the close-

For a given continuous control inputt), the closeness of ness of solutions of systems (10)-(11) and (12)-(13) is
solutions of dynamic equations (7) and (8) can be ensured Bgcertained by the application of Theorem 11.1 (page 434) of
following Theorem 3.4 of [1]. In the context of the engine[1] (commonly known adikhonov’s theorejrwhose natural
we have the foIIowing _ . consequence for the case at hand can be expressed as follows.

Corollary 1: Lete,,G(P,T,u(t)) be continuousintand Corollary 2: Consider the singularly perturbed system
Lipschitz in(P,T') € Dp x Dy V't € [to, t1] with Lipschitz (10)-(11) and letP = h (T, u(7/eq.,)) be an isolated root
constantL. Let T'(t) and T'(t) be the solutions of (7) and of (12). Assume that the following conditions are satisfied
(8), respectively, such thélf(t) T(t) € Dr ¥V t € [to,t;]. forall
OS'U#’ one thafAer (P, T)G (P, T, u(®)) | < pfor somep > 7 b _ 4 (7 u(r/ean) s2a] € 10,m] X D x Dyp (0, Zao]
for the domainsDr ¢ RY and D, ¢ RV:

IT (&) = T()| < |ITo — TollexplL(t — to)] + = {explL(t — to)] — 1}
oo A ’ o The functionsF, G, their partial derivatives with

V t € [to, t1]. respect to (T, P), and first partial derivative ofF
Remark 4: The continuous differentiability of with respect tor are continuous for admissible control

G (P,T,u(t)) is ensured only for continuous inputs. inputs; the functiom (T, u(7/e4,)) and the Jacobian

Here, we refer to such an input aslmissible The time [0F/OP] have continuous first partial derivatives with

continuity of the control inputs can be assumed because respect to their arguments.
inputs to the engine (like throttle and waste-gate) vary « The reduced order system (13) has a unique solution
smoothly with time. T € S, whereS is a compact subset dbr.



« The boundary layer system, is inversely proportional to volum&_,. Thus, smallerl,,

dyr will lead to faster transients and hence there may exist a

o F (To,yr + h (To,u(t)) ,u(t)) (14) time scale separation within the dynamics of control volume
_ ) ) states. In order to demonstrate Method 2, we consider the
where yr = P — h(T,u(r/eq0)), is exponentially problem of further model reduction of reduced order model

stable at the origin, uniformly if7, T'); let M C Dy, siJast optained after the application of Method 1 Bn This

be the region of attraction of (14) arfd,, be a compact . I
subset of\/y. entails the classification of control volume pressures @as sl

Then, there exists a physu:al constasit such that and fast on the basis of relative valueslif.

vV Py — hSTO, w(70/€av)) and 0 < gq < &%, Assumption 3: First r of the N control volumes are of
the singular perturbation prolglem of (10)-(11) has asufficiently larger sizes than those of the rest (with appro-
gﬂ'c?ue solution off’ (7, ¢4,) @nd P (7,€40) ON[70, 71}, priate reordering if necessary). That iEVi,...,V,} >>

) i {Vis1,-., VN )

T(7,€av) = T'(7) = O(cav) Remark 5: Assumption 3 is justified as sizes of the engine
P (7,eav) = h(T (1) ,u(7/2av)) = §1 (7/2av) = Oleav) control volumes are sufficiently different. For instandees

of intake manifold and exhaust manifold are typically much
Il]arger than rest of the control volumes.

Remark 6: It is easy to see that the Method 2 can also be
implemented to further reduce the ordersof°*. However,
P (T,ea0) — R(T(7),u(T/€av)) = O(Eav) the main use ofSs¥ is in conjunction withxJ“*" for
: . performing simulation studies, while countering numdrica
holds uniformly forr € [r,, 71), whenevee,, <e stiffness issues that may be encountered when high order

The usual practice in singular perturbation theory is t?nodeIE is used for simulations. Nevertheless, model reduc-
approximate the fast dynamic with its quasi steady staﬁe

I d red h q f th ‘ b id on is usually needed to aid the control development and,
value and reduce the order ot the system Dy considerng, o implementation of Method 2 a5/ may not be
only slow dynamic. For the purpose of control oriente equired.
modeling, we pursue the alternative mode by focusing on the

€ Therefore, the control volume pressures can be separated
fast dynamic (pressure) and approximating the slow dynamfﬁto two time scales. Thati¢P, .1, ..., Py) are much faster

(temperature) by a fixed value. This course of action ig comparison with(P,, ..., P,). In order to conceptualize
motivated by the following: this time scale separation, let us express the reduced order
» Most engine control algorithms are related to torquémodel ©/*** in the following form:
which in turn requires scheduling of pressures.
o The transient fluctuations in temperatures are much dPs - fs(p’ To,u(t)), Py(ty) = P,, (16)
smaller than those in pressures. This makes elimination
of the dynamics of temperatures a more viable choice.

Thus, following (14), thefast time scale subsystecan be r
expressed as where, P = [PE,PH . P, = [P,....P);

holds uniformly forr € [r, 7], T and yr are the
solutions of (13) and (14), respectively. Moreover, give
any 7, > g, there existg** < ¢* such that

fr (P, To,u(t)),  Pylto) = Py, (17)

dP L P; =[Poi1,..., PN
_t =F (P,To,u(t)) (15) ! [ i [ %Il (ml. (P To, ) ( ) 70)
1 wn . —
More explicitly, the following reduced order control orted 22 (1 _(Tgl%“' (P, :)Fo’u(t)()P 19;
model is obtained: _ Ve i 1 S0 (p To, u(t)) - 0) .
o e\ L - fs (P, To,u(t)) = M2y 0, U 2) |;
apy (vv_1> [r1,, (P, To,u(®) Th,, ) :
_mlout (P7 To,u(t)) Tlo] % (mr'in (P7 T()yu(t))Tmn (P7 TO)
ar (vv_ﬂ') [1ha,,, (P, To, u(t)) Ta,,, (P, To, u(t)) I ~tity g (P, To,u(t)) Try) |
EgaSt : —M2,y (P: Tg,u(t)) TQO] (0‘7‘1+1> (VYnIZ:c) (i1, (P To, u(t)) Tamb
. =141, (P To, w(t)) Trt1g)
ﬂ:<ﬂ)[ (P, To,u(t)) Tn,, (P,To) E
dt VN ' m _ L) (2E) (i, (P, T sin (P T4 .
— MNyut (P, To,U(t)) TNO] fr(P,To, u(t)) = (“i) (Vm%) ("Z};"T(O (O;)jg))) o (P To) ;
B. Model reduction: Method 2 : ;
While the Method 1 of model reduction is based on (i)( YR )(mN (P, To, u(t) T, (P.To)
the dynamic characteristics of the engine control volumes, o V—mrffN (Plglfo u(t)) T, ) B
Method 2 is governed by relative sizes of the engine contrat .. = maxz(V1,...,V,); for ‘eachi — [r 4[1 1,...,NJ;
volumes and hence on the engine geometry. The motivatian, (V:M b €Pp = min{ep.,,.. ey

for this follows from the fact that the magnitude of the ° _E _
pressure and temperature dynamics, as shown in (1) and (2),= ( mlm)



Due to Assumption 3, we havep_, to be sufficiently functionsy; can be obtained. Expanding in the Taylor series

small. By settingep,,, = 0, from (16)-(17) the following and solving, as demonstrated in this paper, is but one of the
reduced order system is obtained ;])_ossible ways. _ _
he reduced order mogel thus obtained after the exclusion

dPs of fast pressures frous'°* and replacing them with their

= = I (Ps, (P, To, u(t)), To, u(t))  (18) quasi-steady state values is given by the followifi order
0 = fy (PS, Py, To, u(t)) (19) System,zglow;
where (P, To, u(t)) = [¥rsa,..., ¥n] " is the solution of By = (32) sy, (Por (P, To,u(®)  To,u(®) Th, (P, T0)

777‘1101” (Ps,’l,b (PS,Tg,u(t)) ,To,u(t)) Tl()}
PQ = (%) [m%n (PS,’l[) (Ps,To,u(t)) ,To,u(t)) TQin (P, To)

Po= i (PoToult), i€{r+1,..,N} (20 Sitsgue (P (PeTo.u0) To,u(5) Ty

(19) for P in terms of Ps, expressed in the following form:

The functions ¢»; can be approximated by expanding
[ (Ps, Pr, Ty, u(t)) in its Taylor series and solving faPy
by equating it to zero.
For a given admissible control input(t), the closeness
of the solutions of (16)-(17) and (18)-(19) is ascertaingd b IV. CAsE sTuDY
the application ofTikhonov’s TheorenfTheorem 11.1, [1]) The model reduction procedure developed in this paper is
whose validity in this case is elaborated in the Corollary 3now implemented on a3‘" order model of a turbocharged
(TC) spark ignition (SI) engine as developed in [10], [11].
Corollary 3: Consider the singularly perturbed systemthe model comprises of six control volumésy), namely,
(()1f6()ig1)7)A2rs]ﬂr:1eetpt];1; %gﬁsé%\;ﬁrgt))cgﬁ dﬁiré)éssogrtgds;ct)izf‘ieair_ﬁlter (af), compressotc), intercooler(ic), intake mani-
for all’ 9 old (im), exhaust manifoldem) and turbine(tb). Each of
the control volumes is modeled as a dynamic element with
min) o states, namely, temperatuf&.,) and pressuréP.,).
for the domainsDp, C R”, and D, C RN—T- The 13" state corresponds to the speed of the turbocharger.
The model order reduction is accomplished in two stages

respect to (P, Py), and first partial derivative of which involve the sequential application of Method 1 and
f; with respect tot are continuous; the function Method 2. In Method 1, the original3** order model®

4 (Ps, Ty, u(t)) and the Jacobial) f;/dPf] have con- is decoupled into two time scale systems, namé]{/‘,m
tinuous first partial derivatives with respect to their (Pressures and the speed of the turbocharger) Bjidt”
arguments. (temperatures). This is followed by the elimination of fast

« The reduced order system (18) has a unique solutigAessures in Method 2. In the subsequent subsections, we
P, € 5,, whereS, C Dp.. examine the errors introduced by the reduced order models

« The boundary layer system (fast time scale subsysterf@btained by the successive application of Method 1 and
Method 2 on13!" order model) with respect to higher order

d _ _ ;
di—i = [t (Pso»yp + ¥(Psy, To, u(to)), To, u(to))  engine model.

Pr= () [1itryy, (Posto (Pe, To,u(t) , To) Try,, (P, To)

—1ry s (Ps, (Ps, To,u(t)) , To, u(t)) Tre]

[t, Ps, Pt — 4 (Ps,To,u(t)) ,ep

min ]

€ [0,t1] x Dp, X Dyp % (0,ep

« The functionsf,, f;, their partial derivatives with

Eé‘ast .

N . H fast slow ypji
where,rp = ;P,to ) andyp — Py — b(Py, To, u(t)), A. Method 1: Comparison af;** and 5% with ¥

is exponentiallymgtable at the origin, uniformly in In this subsectior_1, we examine the errors in the pressures

Et7ps); let Mp C D,, be the region of attraction of and temperatures introduced by the reduced order engine

21) and(2,,. be a compact subset af/ . model ©1**" (7% order in this case) ands** (6" order

Then, ther(e exists a( pf;)yswal ConSt?ﬁm such that iy this case) with respect ta3t" order model of TC SI

V Pr, — (P, To, u(to)) € ,, and0 < ep_ .. <  angine. Figures 1 and 2 show tpercentagedeviations in

€p,.,, the singular perturbation problem (16)-(17) hasthe responses of pressures and temperatures under changing

a unique solution o (¢,ep,,,,) and Py (t) on [to, t1] . " . :

and operating conditions. In the simulation, we assume that at
_ time ¢ = 4s a change in the throttle takes place followed

B B " — Ps(t) = Olep,,,) by opening of the wastegate at tinte= 8s. It is clear
Py (t:2Ppin) = ¢(Ps(), To,u()) = 9P (t/2P,,) = O(eP,in)  from Figure 1 that the errors introduced in the pressures by

holds uniformly fort € [to, 1], Ps(t) and §p (7p) are  the control oriented modeﬂig‘”t under changing operating
the solutions of (18) and (21), respectively. Moreovegonditions are quite small. On the other hand, in case of

given anyr, > 0, there existg}’ <} suchthat the temperatures;s’® (based on second order of Taylor

= = series approximations) incorporates errors of up& with

Fr (tepnin) = 9(Ba(0), To, ult)) = Oer,in) respect fopz temperatur)e respF:)nses (elaboratedpi)n Remark 8).
holds uniformly fort € [t;,t1], wheneverep, ., < Remark 8: The percentage errors in temperatures in Fig-

ep - ure 2 are based on t&? order Taylor series approximation

Remark 7: It is worth highlighting that the procedure ofh(T,u(t)). With a higher order approximation, the errors
allows for a sufficient flexibility in the manner in which can be reduced further. However, due to the complexity

Py (t, ep

7n1ﬂn)
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Fig. 3. Approximation

_ vazras‘
2

---1% order approximation
2" order approximation | |

-39 order approximation

4" order approximation 1

1.07

6 8 10 12
time (seconds)

ofP,;, for change in throttle at 3, 6 and 9 seconds

|| Pc'zlas(
2

x10

T T T
—1% order approximation

2" order approximation
-39 order approximation
4" order approximation

1.16

1.14

112

1%

1.08

10 2 4 . 6 8 10 12
time (seconds)

Fig. 4. Approximation ofP. for change in throttle at 3, 6 and 9 seconds

and order of F(.) (as per (12)), obtaining higher order
approximations poses significant numerical challenges and
increases the complexity of solutions.

B. Method 2: Comparison of with corresponding®®*’
responses

In order to apply Method 2 model reduction 8***, we
assume that th&,, for intake manifold, exhaust manifold
and intercooler have a much higher values than those for
air-filter, compressor and turbine. Accordingly, it is easy

4
10 i i i I Paf,Z';S‘

10.0:
1% order approximation

2" order approximation| -
-39 order approximation
~4" order approximation

10.02-

10

9.94

0 2 4 10 12

6
time (seconds)

to say that{Paf7 P, Ptb} have much faster transients thanFig. 5. Approximation ofP, ; for change in throttle at 3, 6 and 9 seconds

{Pim7 Pema Pu:}
The key to the accuracy of reduced order engine models
obtained after Method 2 lies in the accuracy with which[3]

the fast pressureq,P, s, P, Pw}, can be approximated by

1 (as per (20)). Figures 3-5 show the solution of (19) for(e]
fast pressures. It is easy to see that the approximated fast
pressures (as obtained in the formfapproach the corre-
sponding responses (ifg‘“t as the order of approximation

is increased. -
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