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Abstract Not every exposure to virus establishes infection in thd;hostead, the
small amount of initial virus could become extinct due tach@mstic events. Different
diseases and routes of transmission have a different avaragber of exposures re-
quired to establish an infection. Furthermore, the hostumeresponse and antiviral
treatment affect not only the time course of the viral loaoMvded infection occurs,
but can prevent infection altogether by increasing thenetitin probability. We show
that the extinction probability when there is a time-demmtdmmune response de-
pends on the chosen form of the model — specifically, on theemee or absence of
a delay between infection of a cell and production of virus] ¢he distribution of
latent and infectious periods of an infected cell. We hypstbe that experimentally
measuring the extinction probability when the virus isdaaliiced at different stages
of the immune response, alongside the viral load which isllysmeasured, will im-
prove parameter estimates and determine the most suitatteematical form of the
model.

Keywords multi-type branching processviral dynamics: within-host model
influenza: extinction probability: immune response

Mathematics Subject Classification (200092D30- 60J70- 60J80

Ada W. C. Yan- Pengxing Cao James M. McCawlK))
School of Mathematics and Statistics, The University of heirne, VIC, Australia
E-mail: jamesm@unimelb.edu.au

James M. McCaw
Melbourne School of Population and Global Health, The Ursig of Melbourne, VIC, Australia

James M. McCaw
Modelling and Simulation, Infection and Immunity Theme, tdoch Childrens Research Institute, The
Royal Children’s Hospital, Parkville, VIC, Australia.



2 AdaW. C. Yan et al.

1 Introduction

A host viral infection can be established with just one idtroed virion. However,
there is a chance that deaths of virions and infected cetigrestich that the infection
fails and the virus population becomes extinct. As a resudt,every exposure to
virus leads to systemic infection; there is a chance elerimetite number of times
an individual is exposed to a pathogen before systemic tiofe¢s established, as
demonstrated by animal studies in diseases such as SIVgKeal! 2009). Factors
which lead to viral extinction before systemic infectioneistablished include the
innate and adaptive immune responses, spatial heterdgémé@ifection processes,
and the stochastic nature of processes such as infectieli®by virions, production
of virions from cells and death of virions and infected cells

The extinction probability when a number of virions is irdtaced to the host
is of interest, not only because it reflects important infation about the reproduc-
tion characteristics of the virus and the effectivenesshefrhode of transmission,
but also because there may be ways to manipulate this @gtinptobability and
defend the host against infection. Many studies of the hostune response and
of pre/post-exposure drug prophylaxis have concentratetheir effect on the vi-
ral load (Beauchemin and Handel 2011; Dobrovolny et al. 2&k8ith and Ribeiro
2010) rather than the extinction probability, but the @pitd induce stochastic ex-
tinction is another way to quantify the effectiveness ofithenune response or inter-
vention.

Studies of successive respiratory viral infections in aigave shown that mor-
bidity and mortality are reduced when infections are sepdray days or weeks
(Seo and Webster 2001; Walzl etlal. 2000; Bodewesl|et al.| A0duirje et all 2010);
in the case of different influenza A subtypes, the subseqguésttion can be pre-
vented altogether (Laurie etlal. 2015). The reduction oélvihedding can be at-
tributed to cross-reactive adaptive immunity and a heigddleinnate immune re-
sponse. We hypothesise that subsequent infections arerpieghaltogether when the
immune response is so effective that stochastic extinctidime virus becomes likely
(Cao et all 2015). The proportion of prevented subsequésttions depends on the
interval between primary and subsequent exposures, sdféut is time-dependent.
Studies have also shown that pre-exposure interferomterdtin animals can pre-
vent infection with pandemic influenza (Steel etlal. 2010 ¢hat both pre- and
post-exposure prophylaxis reduce the probability of Hiféation (Cardo et al. 1997;
Baeten et al. 2012; Grant etlal. 2010; Thigpen et al. 201aBse infection is often
initiated by only one or a few virions (Keele et al. 2008),c$tasticity plays an im-
portant role in the effectiveness of prophylaxis. The shianeframe within which
post-exposure prophylaxis must be administered sugdeststte extinction proba-
bility is time-dependent.

In the absence of a time-dependentimmune response, sticahaslels for HIV
incorporating target cells and virions have been studigggusionte Carlo simula-
tions of the multi-type branching process (Heffernan anthVZ805%; Kamina et al.
2001; Tan and Wu 1998), or by simulating solutions to stotihakfferential equa-
tions where the infection and death processes are diffysimresses, represented by
noise terms in the equations (Tuckwell and Corfec 1998). ikarat al. (2001) has
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shown that branching process simulations estimate thaatxin probability more
accurately than diffusion approximations. However, eation of the extinction prob-
ability using simulations can be computationally costlyistmakes the procedure
infeasible for certain situations. For example, when catidg sensitivity analyses,
sampling procedures generate many different parametefa@etvhich the extinc-
tion probability must be simulated. In addition, when figtimodels to experimental
data using methods such as maximum likelihood estimathuJikelihood of the
observed data given model parameters at each point in pteaspace depends on
the extinction probability at that point. Analytic results the extinction probability
have been obtained, but most of these have either only kagk of the number of
infected cells\(Merrill 2005) or the number of virions (Twesll et al. 2008).

Pearson et all (2011) derived analytic expressions for xkination probability
when an arbitrary number of infected cells and/or virionsitsoduced to the host.
This method provides a fast, accurate calculation of thetkdn probability, but
it is assumed that the rates of target cell infection by alsimyion, death of a
single virion, production of a virion by a single cell, andatle of a single cell are
constant throughout the early stage of infection, when #imetion probability is
non-negligible. This is not necessarily the case if the imentesponse is changing
during the early stage of infection, such as through vaticingprophylaxis or pre-
vious infection| Conway et al. (2013) extended the work adrBen et al.[(2011) to
cover the case when there is explicit time-dependence dhthetion rate and viral
production rate, and used the results to analyse the effgneeand post-exposure
prophylaxis for HIV. In general, the time dependence of tredet parameters may
not be explicit; the parameters may be functions of otherehcampartments, which
may be time-varying.

Both|Pearson et al. (2011) and Conway etlal. (2013) have asbtimt infected
cells are immediately able to produce virus, whereas bioéily there is a delay, of-
ten termed the latent period, caused by intracellular ewghtch must happen before
the production of virions. In addition, both Pearson etl201(1) and Conway et al.
(2013) have assumed that the mean lifetime of an infectddicelxponentially-
distributed, such that the most likely mean lifetime is zeBnce this is biologi-
cally unlikely, models with different latent and infect®periods have been devel-
oped. Adding these complexities into the model lead to meaéstic viral dynamics
(Jenseh 1948; Grossman et al. 1998; Lloyd 2001), and makeslparameters more
biologically plausible[(Baccam etlal. 2006; Beauchemin.e2@08).

We apply the method presented|by Pearsoniet al. (2011) talatdche extinc-
tion probability at different stages of infection for a wiithhost viral model with a
time-dependent immune response modelled by ordinaryrdifteal equations, with
multiple latent and infectious stages. We take a differ@praach ta Conway et al.
(2013) by directly solving for the probability function fextinction from a given
state and time, rather than using the probability geneagdtinction. Using a case
where the viral infection is strongly affected by the timgodedence of the immune
responsel (Laurie etgl. 2015; Cao etial. 2015),we show tleatd#ficulations agree
with the results obtained using Monte Carlo simulationsl examine the change in
extinction probability when the number of latent and ini@g$ stages, and the mean
duration of these stages, changes.
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2 Derivation of the extinction probability
2.1 The TIV model with continuous production of virions

A common model for within-host viral infection is the TIV mel(Perelsan 2002).
The transitions are

viT 2 (1a)
12 o (1b)
1 214V (1c)
VS (1d)

whereT is the number of uninfected target cellss the number of infected cell¥,

is the number of infectious virions, and@ denotes transition to the empty set i.e.
clearance. Homogeneous mixing between uninfected ceflsvaions is assumed.
Uninfected cells become infected by virus at r@tper target cell per virion. Infected
cells produce infectious virions at a rgigoer cell and die at a rai& per cell, where
1/ is the mean life span of a productively infected cell; thesogbroduce nonin-
fectious virions, but as these do not contribute to the tidecdynamics, they are
ignored. Free virus is cleared at rat@er virion, as well as being lost to entry into
target cells. This model is considered ‘continuous’ beeahs infected cells contin-
ually produce virions during their lifetime, in contrasttte ‘burst’ model where all
virions are released when a cell dies. In this study, we wits on the continuous
production stochastic model, but the same methods can lieédppthe burst model.
The mean-field kinetics of both models are given by the dedtestic equations

dT

5 = BTV (2a)
%:Bﬂhﬁl (2b)
‘3—\: =pl—cV—pBTV. (2¢)

Some versions of the above deterministic model have a gcédictor in front
of the BTV term in Eq[Zh anf 2b; this is because the number of infectiziens
in the host usually cannot be measured in absolute termgnbyin terms of units
such as plaque forming units (PFU), 50% egg infectious d&E3s) or 50% tissue
culture infectious doses (TCHg). Often, even these cannot be measured directly,
and one only knows the concentration of these units in sasmvkavn from the host.
The scaling factor is the ratio between the number of viri@agiired to infect a cell
and the number of virions corresponding to one measurenméntfuve assume that
V is the absolute number of virions, and each cell is infectedxactly one virion,
the scaling factor is not required. We will consider the mominmonly modelled



On the extinction probability in models of within-host isf®n 5

case, where infection of a target cell requires only on®mrirA detailed study of the
feasibility of different binding processes is beyond thepcof this paper and is left
for future work.

The basic reproduction numbigg is given by

BpTo

Ro= St pro) ™ 3)
wherey = 3Tp/(c+ BTp) is the probability that a virion infects a cell and= p/d is

the mean number of virions produced by an infected cell ififeagme. It is defined
as the number of secondary infected cells due to a singletedecell in a population
of uninfected cells of sizdy, i.e. the number of cells infected by virions produced
directly by the first infected cell.

2.2 The extinction probability for the TIV model

For a time-independent immune response (con&anp,c), the system is most sus-
ceptible to stochastic extinction in early infection, whnon and infected cell num-
bers are small. At this stage, the change in target cell nisnthge to infection is
small, soT is approximately constanT (= Tp) and we can simplify Eq.J1 to

vE (4a)
1% o (4b)
| 214V (4c)
VS o, (4d)

The continuous-time Markov chain becomes a multi-type tharg process. The
extinction probabilities when the system is initiated watlsingle virion or a single
infected cell are given respectively hy (Pearson &t al. 011

pv =min(1— %L,l) (5a)
pi = min(1/Ro,1). (5b)

If the system is initiated witimy virions andn, infected cells, because the extinc-
tions of the lineages of each virus and infected cell arepeddent, the extinction
probability is given by

e(nv,n) =py'p. (6)

In natural infection or inoculation experiments where tlosth are initially naive to
infection, the initial condition is, = 0,ny > 0.
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It is worth noting that for acute diseases such as influenzzrevthe viral load
peak is orders of magnitude higher than the initial valuenynstudies neglect the
loss of virions due to entry into target cells to initiatedofion (Lee et al. 2009;
Miao et al! 2010; Baccam etlal. 2006; Saenz &t al. 2010; Paweek. 2012). By ne-
glecting virion loss due to cell entry, the transitions foe model become

v 4y (72)
12 o (7b)
YRV, (7¢)
VS o, (7d)

This simplification assumes th@T < ¢, which becomes more valid as the infec-
tion progresses and target cell depletion occurs. As threafentioned studies are not
focussed on the very early stages of infection, the assomgiused to simplify the
form of the model. However, for very early infection where tiarget cells have not
been depleted, the assumption is not necessarily valid extiection probabilities
become

. c(0+p)
. O0(BT+c)
o= mln(iBT((ﬂ— o)’ 1). (8b)
By rewriting Eq[5 as
. C(0+p)+ 0BT
pv = mm(—p(BT ™ 1) (9)
. O(BT+0)
p| = m|n(W,1), (gb)

one can see that neglecting loss of virus due to entry inls celderestimates the
extinction probability, as virions have the opportunityriéect more than one cell.

2.3 Extension to more realistic models with time-indepengarameters

The continuous production TIV model has been extended todiean exponentially-
distributed latent stage where infected cells do not yetipce virions, reflecting
the delay in virion production due to biological processdsciv must happen in
the cell to induce virion production. For many diseaseshaginfluenza and HIV,
the length and form of the latent phase affect parametenatdis|(Herz et al. 1996;
Mittler et alll1998; Nelson et al. 2000), and the parametetiseé model take on more
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realistic values when fit to data if a latent stage is inclu@@dccam et al. 2006;
Beauchemin et al. 2008). The extinction probability in ttése is a function of the
initial number of virions, latently infected cells and aetiy infected cells, and the
absorbing state is when all of these quantities are zero.

In the general case there are multiple latent and infectgtages, each with
exponentially-distributed transition times, and the disspmodel recovered as a spe-
cial case with one latent and one infectious stage. Theseisiode the method of
stages to make the distribution of the total time spent inl¢hent and infectious
period more realistic (Jensen 1948; Grossman/et al. 19980.2001), such that the
most likely transition time is no longer zero, as in the cadsb®exponential distribu-
tion. The resulting distributions for the total latent anéectious period distributions
are Erlang distributions with meangd. and 7/ &, and modegK —1)/(K4d.) and
(M —1)/(M&) respectively, wher& andM are the number of latent and infectious
stages respectively. This is analogous to having gamnighdited latent and infec-
tious periods in an epidemic model (Anderson and Watson))l 8{tause the tran-
sition times for each stage are exponentially-distributied resulting model is still
a Markov chain, and the procedurelby Pearsonlet al. (2011pearsed to calculate
the extinction probability. The extinction probabilitytisen a function of the initial
number of virions, latently infected cells in each stagel actively infected cells in
each stage, and the absorbing state is when theg€ -+ M quantities are all zero.

The transitions for the continuous production model Viithatent stages anill
infectious stages are given by

vE L, (10a)
L% Lios, k=12 K—1 (10b)
L %1, (10c)
M3
I 22 Tt m=12..M-1 (10d)
™ (10e)
Im > Im+V, m=12,..M (10f)
VSo (109)
for K > 0 and
vy, (11a)
M3
I 22 1y, m=12..M-1 (11b)
w2 o (11c)
Im 2 Im+V, m=1,2,...M (11d)
VN (11e)

forK =0.
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The independence of virion/cell lineage extinction can ligt@n in this case as

K M
(v, NLL, oo Nk, i, s i) = A0 [T oL 1P (12)
k=1 m=1

Following the procedure of Pearson et al. (2011), we obtarfollowing set of
simultaneous equations for the extinction probabilities:

1
pv = BT——i—C(BTp|1+C) (13a)
PLi1=pPL2=...=PLK = P11 (13b)
XN pi1 0
' p :
!2 =1 - (13c)
.n : 0
x| LPwm —n
Mo
h p—
where n 0T MG
Pov
= —-1.
X=prma

TheM-by-M matrix in Eq[I3E is a Toeplitz tridiagonal matrix (with zerim the
diagonal below the main diagonal); inverting it yields (tHgand McColl 1997)

i1 min((—n/x)™,1

)
Ll M—
sz _ min(( ’7/.X) 1) ' (14)

i min((~n/x),1)

Note thatn/x < 0. EquatioriI3a can be solved simultaneously with the firstab
Eq.[123 to obtain a numerical result foy andp,1, which can then be substituted into
Eqs[I3b and14 to find the remaining extinction probabditie

The extinction probability for a latent cell in any stage égial to the extinction
probability for an infectious cell in the first stage, beaim each latent stage, there
is only one possible transition. Thus, the latent cell titéarss to an infectious cell
in the first stage, with an unchanged number of virions, wittbpbility 1, and the
latency does not affect the extinction probability. Theiretion probability of an
infected cell in stagl — mis equal to the extinction probability in stad, to the
power of m. This is because the infected cell is guaranteed to passghreach
stage, and the stages are identical. Consequently, thalgfidyp mass function for
the number of virions produced by an infected celhirstages is the same as the
probability mass function for the number of virions proddits m infected cells in
one of those stages, and the extinction probability is tmeesa both cases. The
independence of extinction of each infected cell leadseafbrementioned result.
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2.4 Extension to a time-dependentimmune response

For a time-dependent immune response, we focus on the case whring early
infection, when virion and infected cell counts are low atmtkastic extinction is
most likely, the contribution to the immune response by tve humber of virions
and infected cells is small; rather, the immune responsaislgninduced by factors
such as a pre-existing infection or prophylaxis. The pristang infection or prophy-
laxis may also change the number of target cells over tineh that the assumption
in the previous subsections thhtis constant is no longer valid. The unidirectional
interaction between immune response and virus/infectéslaliows a generalisation
of the TIV model parameters to be explicit functions of time.

We useg(i,t) to denote the extinction probability when the system staois
the statem at timet. We need the probabilitigs (T, t,t 4 1) that at timet, given the
statem, theit" reaction (infection of a target cell, death of an infectelt] peoduction
of a virion, or death of a virion) is the next reaction, anddtors at time 4 7. We
must integrate over all possible times to next evetat find the extinction probability
at timet.

This is summarised by the equation

© R
e(M,t) = / > P (M,tt+ T)e(M+dm,t+1)dr, M #£ 0,  (15)
0 &
whereR = 4 is the total number of possible reactions, and the bounztarglition

g(0,1)=1 (16)

This is a time-dependent generalisation of Egs. 8 and 9 insBeet al.|(2011).
Equation§ b and 12 still hold, but the probabilities are niowetdependent:

K M
e(Mv, N1, o, NLK, M, -, Mim, E) = pv (E)™Y |_| PL(t) M |'| Pim(t)Mm. (17)
k=1 m=1

The time-dependent event probabilitém, t,t + 1) are given by/(Lu et al. 2004)

t+1

pi(M,t,t+1) = ri(t+r)expl— i/t rs(r’)dr’] ) (18)

Combining Eq[IB and EG. 15, we obtain (after some algebchydimg differen-
tiating on both sides to turn the integral equation into &edéntial equation)

Py

d

m [e(T,1)] = ri(t) [e(M,t) — (M +dmij,t)]. (19)
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For the TIV model, substitutingi = (ny,n;) = (1,0) and ™ = (0, 1) separately
into Eq.[I9 yields the two simultaneous equations

9 BT I o) et fov 1 (20a)
9B 5(0) [~ 1]+ p(t) o~ v (20b)

Similarly, for the model with multiple latent and/or infémtis stages, substituting
m = (nv,nL1, ..., Nk, N1, ..., Niw) = (1,0,...,0),(0,1,0,...,0),....,(0,...,0,1) in turn,
we obtain the following set of simultaneous equations ferdktinction probabilities:

98V _ B(e)T 1) lov — pua] +clt) fov — @1a)
%:K‘W)[M—PLML k=1,..,K—1 (21b)
dﬁ% =Ko (t)[pk — pi1] (21¢)
9O 5 Ol Pimial + PO P~ pvl. M= L.M—1 (21d)
dz%:M&(t)[pm—1]+p(t)[p|M_g,pIM], (216)

Equation§ 20 anld 21 are a set of coupled ordinary differiesdizations which can
be solved given initial conditions; in other words, if we knthe extinction proba-
bilities for introduction of one virion, introduction of @latent cell at each stage and
introduction of one infected cell at each stage at any pdeidime, we can solve for
the extinction probabilities at any time. Often, the timepdndent immune response
is such that the parameters approach a constant valuesas, sopy (t), pLk(t) and
pPim(t) approach their time-independent values as given i Eq. E3c&v thus set
the values opy (1), pk(t) andpim(t) at some time& much longer than the timescale
of the infection, and solve backwards in time to find the valakpy (t), p.k(t) and
pim(t) when the immune response is changing most. For the timeadepécase, it
is no longer true thap 1(t) = ... = pk (t) = pi1(t), or that the extinction probability
is independent of the mean and distribution of the lateribdebecause changing the
time spent in the latent period shifts the period for which ¢tell is infectious, and
the immune response during that period will be different.

3 Dependence of the extinction probability of virions on thenumber and mean
duration of latent and infectious stages

Having developed a method for calculating the extinctioobgability, we examine
how the extinction probability of introduced virions deplsron the form of the model
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htbp
Parameter  Value Units
p 14 infected celt! day!
c 20 day?!
B 5x 107 target celt? virion—1 day!
To 7x 107 target cell
Vo 10 virion

Table 1 Parameter values for the TIV model with multiple infectiostaiges, adapted from_Cao et al.
(2015).

chosen, i.e. the number of latent and infectious stagestremnchéan latent and infec-
tious periods, for both the TIV model and a model with a tirependent immune
response. We focus on the extinction probability when asioather than infected
cells or latent cells are introduced, because this is theerolitransmission for both
natural infection and inoculation experiments.

3.1 TIV model

From Eq[IB, we can see that the extinction probability abwis is independent of
the number and duration of latent stages, but is dependehearumber of infectious
stages and the mean infectious period. We vary the numbefeitious stages and
the mean infectious period, and fix the remaining parameteishow the effect of
these parameters. The fixed parameter values are takeh fiorat@l. |(2015), which
are chosen to be typical values for influenza infection (@&B!

100 p¥ . . . . . .
1
=

T 3 i

10 3
* 5
+ 6
X 7

10-3 L

£\

s .\ - 3
2.5 3 315 4

0%k

Extinction probability of 10 virions

1 -5 L L L L
0 0 0.5 1 15

2 .
1/6 . (days)

Fig. 1 Extinction probability when introducing 10 virions, vang the mean infectious period' & and
the number of infectious stag#, indicated in the legend. Parameters are given in Table 1.
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Figure[1 shows the extinction probability when introducit@ virions, vary-
ing the mean infectious period/& and the number of infectious stagkk indi-
cated in the legend. The number of virions is chosen to be Ifitoic the num-
ber of infectious virions introduced to the upper respinatoact in an influenza in-
fection; justification is given in Online Resource 1. Theutesfor different num-
bers of virions can be obtained using Egl 12. The simultapeguations I3a and
the first row of Eq[I4 are solved fgij; numerically using Matlab 2014b%&ero
function, with a starting guess @f; = 0; the result is substituted into Hg. 13a to
solve for py. The code for generating all the figures in this paper is plediat
https://ada_yan@bitbucket.org/prism2/extinction_probability_ayan.git.

We see that when the number of infectious stages is heldamnghe extinction
probability decreases as the mean infectious period isesed his is because as the
expected number of virions produced by an infected gelb) increases, the basic
reproduction numbeR, increases. As the mean infectious period increases totinfini
the extinction probability of one virion approact&$ST + c), because in this limit
once the virion infects a cell, the cell lives forever andts® ¢onditional extinction
probability is zero; thus, the extinction probability isuadjto the probability that the
virion dies before infecting a cell. On the other hand, asntiean infectious period
decreases such thRp approaches 1, the extinction probability approches 1. When
the mean infectious period is held constant, the extingbiabability decreases as
the number of stages increases. If we can determine the ptgesp, c, 3, To, Vo and
one ofd andM accurately using data such as viral load measurementsg#taron
the extinction probability can help us determine the retngiparameter. The distri-
bution of the latent period, on the other hand, cannot berahted experimentally
using the extinction probability, but nevertheless aeather aspects of infection
such as the viral load time course.

3.2 A model of re-infection with a time-dependent immuneuoese

We will now apply the method of calculating the extinctiorpability with a time-
dependent immune response to the scenario detailed by @Eq2015), in which
the host is sequentially infected with two different inflaarviruses. In the experi-
ment which motivated this model, it was observed that wherefe were infected
sequentially with different strains of influenza virus,dnfion with the second virus
was prevented in some ferrets and not others, dependingeostithins used and
the interval between primary and secondary exposuresifteeéxposure interval)
(Laurie et all 2015). Moreover, for some combinations odiss and inter-exposure
intervals, infection with the second virus was only seensnlaset of ferrets, suggest-
ing that stochastic effects are important for this tempoiamunity. For those ferrets
where infection with the second virus was eventually esghbl, the level of the sec-
ond virus stayed low for up to days after infection; this s the hypothesis that
stochastic extinction, which is most likely for low viriorumbers, was responsible
for the prevented infections. Motivated by the results af #xperiment, Cao et al.
(2015) developed a mechanistic model for strain-deperaighistrain-independent
components of the immune response to influenza in ferretisstaowed through nu-
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merical simulation that stochastic extinction was likedy €ertain numbers of initial
virions, and a chosen inter-exposure interval and set afmpater values. Here, we
explore extinction in this model systematically, and eatdthow changing the inter-
exposure interval, initial number of virions, mean latendl infectious periods, and
number of latent and infectious stages changes the extmptiobability. This will
lead to a better understanding of the phenomenon of tempionanunity.

The early kinetics of the first virus strain, when extinctiermost likely to oc-
cur, are not affected by the second strain (which is not yesgmt), so the infection
parameters can be treated as time-independent and thetmxtiprobability is given
by Eq.[6 and Ed.]5. However, given the large inoculum and nstiate of the host,
extinction is unlikely to occur, and indeed was never obsérn the experiments.
Our interest lies in the early kinetics of the second stnaimere the time-dependent
immune response initiated by the first strain affects thaetibn probability. Figure
shows the ways by which the first virus induces a time-depetichmune response
(reproduced from Cao etlal. (2015)).
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Fig. 2 Induction of a time-dependent immune response by the firssviReproduced from_Cao ef al.
(2015)

The target cell poolT, is shared by the two viral strains. The time-dependent
innate immune response is mediated by type | interféfpmhich is produced in
response to infected cells. It acts in three ways to modifgation kinetics, through:

1. introduction of a temporary resistant st&ta target cells;
2. inhibition of the production of virions from infected tgland
3. directkilling of infected cells.

The model also captures the role of antibodis)s fesponsible for strain-specific
viral clearance and induction of long-term sterilising inmmity, mediated by stimu-
lation of B cells ). In addition, target cells are replenished at a rate prigraal to
the product of the number of target and dead cells. Cag €2@15) has explored the
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dynamics of all three mechanisms; to aid exposition, we $amu one mechanism,
which we choose to be the second mechanism (inhibition gbtbéuction of virions
from infected cells). However, the extinction probabilitgn be calculated for each
of the mechanisms using the same method.

The equations for the dynamics of virus 1, the target celithainduced immune
response (for the second mechanism) are

% = 1—?/511F l1 — O0viVi — KaViAL — BiVi T (22a)
Z—I —orTa- T gt (22b)
% =BT — a1l (22c)
(:J_'t: = pral1— O F (22d)
% =m1Va(1—By) — mpBy (22€)
% = Mg1B1 — r1A1 — Ka V1AL (221)

The solution of Eq_22 for the number of target cells and araofitype | in-
terferon is shown in Fid.13 for the parameters in TdBle 2, Whice adapted from
Cao et al.|(2015) and will be used for the remainder of theystlile time depen-
dence of the extinction probability of the second virus isnttentirely due to these
two functions.
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Fig. 3 The number of target cell§,(t), and the amount of type | inferferoft)
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Parameter  Value Units

pvi,pv2 14 infected celt! day!

ov1,0v2 20 day!

KA1 0.2 antibody unit® virion—1 day!
Ky 1x10°3 antibody unit? virion—1 day !
BL.B2 5% 1077 target celt? virion—! day !

g 0.8 day?t

Fo 2 day !

M1 25%x10°%  virion—1 day?!

M1 102 day !

Mgy 12x10*  day?!

r 0.2 day?!

A1 3 day?

S, S 1 interferon unit®

PF1 1077 infected celt! day !

Pr2 5x 106 infected celt? day !

Vo1 10 virion

To 7 x 107 target cell

Table 2 Parameter values for the two-strain model. These parasnateridentical to those presented in

Cao et al.|(2015), adjusting for differences in units. Theriieron and antibody are measured in arbitrary
units, while the B cell compartment is unitless, as it is nalised to the highest measured value; see
Cao et al.|(2015) for justification. All initial values, exge/y; andT, are zero.

The second virus and infected cell equations can be writtéme form of the TIV
model with time-dependent parameters which are functidriseotwo time courses
shown in Fig[3:

d
B Pl (Bt BTV,
= p(t)l2 — (dv2+ BT (1))V2
where p(t) = %ﬁz(t) (23a)
% = Bo\VoT (t) —O2l2 (23b)

We substitute the time coursggt) andp(t) into Eq[20.3(t), d(t) andc(t) in Eq.
are constants, equalfe, &, anddy, in Eq.[Z3 respectively. We solve the coupled
ODEs in Egq[2D for the extinction probability when one viriof, is introduced at
time t after the introduction of a fixed number of virions \¢f, then use Ed.]6 to
calculate the extinction probability whew virions of Vi, are introduced. To solve
the ODEs, we use our knowledge thatas o, T (t) — Tp andp(t) — pv2, Sopv (t)
andp (t) approach the values given in Ed. 5. Thus, we set the initialesa

pv (te) = min(1— Roz— 1
az

pi(te) = min(1/Roz, 1), (24b)

1) (24a)



16 AdaW. C. Yan et al.

wheret, is a predetermined time much further than the end of the pyiiméection
such thafT (te) /To, p(te)/pv2 @andd(t)/ 2 are all approximately equal to one. The
subscript 2 indicates th&, anda are to be calculated using the parameters of the
second virus.

The ODEs are solved using MATLAB R2014lpdel5s ODE solver (The Math-
Works, Natick, MA), with absolute tolerance of 1% and relative tolerance of 186.
We sette = 50, which is much longer than the time course of a single tidacFor
numerical stability of the ODE solver, we substittite- —t, then integrate frortl =
—te tot’ = 0. We validate the results against stochastic simulationslacted using
Gillespie’s tau-leap algorithm (Gillespie 2001) conductéth timestepdt = 1032,

=

. simulated
calculated

©c o o o o
o N o ©

Extinction probability
o
~

© o o
kN oW

o

2 4 6 8 10 12 14
Inter-exposure interval (days)

o

Fig. 4 Calculated vs. simulated extinction probabilities whemaducing 10 virions of the second strain a
number of days after primary inoculation (the inter-expesaterval), indicated on theaxis. Parameters
are as per Tablgl 2. The simulated probabilities are obtaived 1000 simulations for each scenario.
The grey area indicates the 95% prediction interval for ttepertion of extinction events out of 1000,
assuming that the number of extinction events follows atiabdistribution where the event probability
is the calculated extinction probability

Figure[4 shows the calculated vs. simulated extinction ghdilies when intro-
ducing 10 virions of the second strain a number of days aftargry inoculation (the
inter-exposure interval), as indicated on thaxis, with the time-dependent param-
eters in Fig[B. The simulated probabilities are obtaineer 000 simulations for
each scenario. The grey area indicates the 95% predictierval for the proportion
of extinction events out of 1000, assuming that the numbexthction events fol-
lows a binomial distribution where the event probabilityhie calculated extinction
probability. We get excellent agreement between the catledland simulated results.

Figure[® shows the calculated vs. simulated extinction @bdities when intro-
ducing different numbers of virions of the second strainif@scated on the«-axis)
with a 3.5-day inter-exposure interval. We get excellemeament between the cal-
culated and simulated results over a wide range of initi@rinumbers.
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1

0.9 - . simulated | 1
calculated

0 500 1000 1500 2000
Number of virions

Fig. 5 Calculated vs. simulated extinction probabilities wheinaducing different numbers of virions of
the second strain (as indicated on faxis) with a 3.5-day inter-exposure interval. Parameteesas per
Table[2. The simulated probabilities are obtained over X@ilations for each scenario. The grey area
indicates the 95% prediction interval for the proportioregfinction events out of 1000, assuming that the
number of extinction events follows a binomial distributiwhere the event probability is the calculated
extinction probability

We can modify the model to includ€ latent stages anill infectious stages for
the cells infected with the second virus. Although one maibtogically motivated
to do the same for the first virus, for ease of comparison weel@aur model for
the first virus unchanged with no latent stages and one iofecstage for the first
virus, such thaT (t) andp(t) are the same as for the previous case. Equifibn 23 then
becomes (with the same definitionsToft) andp(t))

1Y M
= PO Y Ine— (B2 + T (D)2 (252)
m=1

o - BVaT (1) — Kool (25b)
d;—t"z — Kbk 12— KoL, k=2,..,K-1 (25¢)
dL
TKZ =Kdolk—_12—Kdolka (25d)
di

le =Kdolko —Marali2 (25e)
%—TZZMfiz'm—l,z—Mdz'mz, m=2,.M-1 (25f)
dl

% =Md2ly-12—Md2lu2. (259)

The initial values at = te are given by Eq._13, where all parameter values are for
the second virus. We will investigate how changing the meaenk and infectious
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periods of the second virus/& > and 1/ &2, and the number of latent and infectious
stagesK andM, changes the extinction probability. All other parametsil be
fixed, and are listed in Tab[ée 2.

First, we assume that for cells infected with the secondsyitliere is one latent
stage, and one infectious stage with = 3.

[N

0.9 7N 0.2 days
/ LT — — 0.4days
>, 0.8 TN i ol o
% 0.7 / 1~ X\\ X 1.0 days
o X
Sos6 [ 1x )
o A
o | Jx X,
2 08 //>< )
c b e
£03 1/ X)
£ L \
0.2 ‘Q&
0.1f
0 . : : '
0 2 4 6 8 10 12 14

Inter-exposure interval (days)

Fig. 6 Extinction probabilities when introducing 10 virions ofettsecond strain with varying inter-
exposure intervals, for different values ofd., as indicated by the legend. Parameters are as per Table

2

Figurel® shows the calculated extinction probabilities mheroducing 10 viri-
ons of the second strain with varying inter-exposure irgksivfor different values
of 1/4 > as indicated by the legend. Parameters are as per [Table Z2éAtbat for
this particular model and set of initial conditions, if thecend virus is introduced
in the early stage of infection, increasingd. increases the extinction probability.
This is because increasing the mean latent period increhseshance that a cell
infected with the second virus soon after introduction lpees infectious when the
innate immune response is most active, so the expected mwhb@ions it pro-
duces decreases. However, if the second virus is introdndbd middle stage of the
first infection (2-5 days), when the innate immune resposseast active, then in-
creasing 10, decreases the extinction probability. This is becauseasing 1 »
increases the chance that a cell infected with the second s@on after introduction
becomes infectious when the innate immune response is reashattive, so the ex-
pected number of virions it produces increases. Moreoggh@mean latent period
approaches 0, the extinction probability curve approatieof the model without a
latent stage, as shown in Fig. 4. A comparison with simufatesults for this figure
and subsequent figures is given in Online Resource 1, andragré is excellent.

By contrast, Fig[17 shows the calculated extinction prolit&s when 1/ 3, is
changed. 10 virions of the second strain are introduced vetkiing inter-exposure
intervals, for different values of /B, as indicated by the legend. Parameters are
as per Tablgl2, witld o, = 3 and one latent stage. In contrast to increasing 4, in-
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Fig. 7 Extinction probabilities when introducing 10 virions ofettsecond strain with varying inter-
exposure intervals, for different values ofd, as indicated by the legend. Parameters are as per Table
[2, with & > = 3 and one latent stage

creasing 1¢» always decreases the extinction probability. This is beeaucreasing
1/&; increases the basic reproduction numBegr by increasing the expected num-
ber of virions produced by an infected ceflo( d2) in the absence of the immune
response. In the presence of the immune response, inaqeBsiy still increases
the expected number of virions produced by a cell which bexsoimfected at timg,

| per (1 sF ) exp—8alt) '

35} J

25¢ 1

1/6 k (days)
N

O N N N N N N N
01 02 03 04 05 06 07 08 09
1/6L (days)

Fig. 8 Extinction probabilities when introducing 10 virions ofetlsecond strain with a 3.5-day inter-
exposure interval, for different numbers ofd.» and ¥/ 42 as indicated by the andy- axes, when there
is one latent stage and one infectious stage. Parametesis peg TablE]2
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Figure[8 shows the extinction probabilities when introdigclO virions of the
second strain with a 3.5-day inter-exposure interval, fiiexent values of 14 » and
1/4 as indicated by the- andy- axes, when there is one latent stage and one in-
fectious stage. We see that & is increased, for the extinction probability to be
conserved, 14, must be decreased/d_and 1/& cannot both be determined by
measurements of extinction probability at one time poiahal but when considered
with additional data, such as viral load data, the degegdraparameter values is
less than if each type of data were considered separatefsiiements of extinction
probability for different inter-exposure intervals, thiting parameters to be consis-
tent with the data at all time points, is another way of desirgathe degeneracy.

We now look at how changing the number of latent and/or indest stages
changes the extinction probability. First, we consider aletavith no latent stages
andM infectious stages. We holyl, constant at 3.
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Fig. 9 Extinction probabilities when introducing 10 virions ofettsecond strain with varying inter-
exposure intervals, for different numbers of infectioweysts as indicated by the legend. Parameters are as
per Tabld®, andy» is held constant at 3

Figurd9 shows the extinction probabilities when introdigcd 0 virions of the sec-
ond strain with varying inter-exposure intervals, for difint numbers of infectious
stages as indicated by the legend. We see that for shortérparsure intervals (0-1
days) and long inter-exposure intervals (6 days or morejeasing the number of
infectious stages decreases the extinction probabilityfdr medium inter-exposure
intervals (2-5 days), increasing the number of infectidagas increases the extinc-
tion probability. For long inter-exposure intervals, themmber of target cells at the
time of introduction is close tdp and the immune responseis close to zero, so
the dependence of the extinction probability on the numibénfectious stages is
like that of the TIV model in Figldl. For short inter-expostingervals, the initial
conditions suggest that exponential growth of infectetsaaid virions is likely (as
target cells have not been depleted and the immune responséyet active), so if
extinction has not occurred by the time the temporary depleif target cells and
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the immune response occur, the number of virions and irdexs will have grown
large enough to survive the immune response. Hence, thendepee of the extinc-
tion probability on the number of infectious stages is orga&iralike that of the TIV
model. For medium inter-exposure intervals, it appearstti@ dependence of the
extinction probability on the number of infectious stagepehds on the parameter
functions. For example, if we changgto 5x 10~%in the model, thus changiriyt)
andF (t) such that the immune response is stronger and target cafistdeecome as
depleted, we see in Fig. 110 that increasing the number oftioigs stages decreases
the extinction probability for all inter-exposure intelsaCompared to changing the
mean infectious period, changing the number of infectidages only has a small
effect on the extinction probability for our model and pageders; this is because the
chosen mean latent and infectious periods, which lie witiénbiologically realistic
parameter ranges for influenza, are short compared to tieérime within which the
immune response changes significantly, so the distribsitigratent and infectious
periods do not have a large effect on the immune responseierped by an infec-
tious cell. However, since the biologically realistic paeter ranges for the mean
latent and infectious period are large, changing theiresithin this range has a
large effect on the immune response experienced by an iofsatell.
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Fig. 10 Extinction probabilities when introducing 10 virions ofetlsecond strain with varying inter-
exposure intervals, for different numbers of infectioweysts as indicated by the legend. Parameters are as
per TabléP excemyy = 5x 107%, andd,2 is held constant at 3

Finally, we consider a model witlk latent stages and one infectious stage. Both
&2 andg; are held constant at 3.

Figure[11 shows the extinction probabilities when intradgcl0 virions of the
second strain with varying inter-exposure intervals, fiffedent numbers of latent
stages as indicated by the legend. As the number of lateg¢siacreases, the ex-
tinction probability increases slightly for short intexpmsure intervals, but decreases
slightly for long inter-exposure intervals (the differenis too small to be seen in
the figure). Increasing the number of latent stages des¢hsevariance in the time
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0 2 4 6 8 10 12 14
Inter-exposure interval (days)
Fig. 11 Extinction probabilities when introducing 10 virions ofetlsecond strain with varying inter-

exposure intervals, for different numbers of latent stagedndicated by the legend. Parameters are as
per Tabld P, and both » and g, are held constant at 3

taken for an infected cell to become infectious. As a resaoittshort inter-exposure
intervals, the first infected cells are more likely to becanfectious when the im-
mune response is strong, rather than before or after thegtinvhich there is a strong
immune response. For long inter-exposure intervals, tmaume response exponen-
tially decays, so decreasing the variance in the time theififscted cells become
infectious decreases the mean immune response experientee infectious cells.
Overall, for this particular model of the immune response iitial values, the dif-
ference in extinction probability for different numberslafent and infectious stages
is small, suggesting that the number of latent and infestgtages may be difficult to
determine from experimental measurements of extinctiobaibility. However, the
number of latent and infectious stages chosen will affeetvinal load time course
given a set of parameters, so when the extinction probwbi¢ita is combined with
other data such as viral load measurements, the numbeenf Eid infectious stages
chosen will impact parameter estimates.

4 Discussion

In this study, we have calculated the extinction probabdit a disease upon intro-
duction of a number of virions and/or infected cells to thethérevious studies
have derived these expressions for the TIV model, both viitle-independent pa-
rameters|(Pearson et al. 2011) and time-dependent paranj@étnway et al. 2013)

which reflect the effects of prophylaxis on viral reprodantiWe have generalised
these expressions to models where cells have multipletlatetior infectious stages,
such that the times spentin the latent and infectious stageSrlang-distributed. We
have also shown how mechanistic models of the immune resparsbe written in
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terms of time-dependent viral parameters, such that thieatixin probability given
the number of initial virions and/or infected cells can biakated.

For a time-dependent immune response, we have shown thextihetion prob-
ability depends on the time of introduction and the initiahmber of virions; these re-
sults are verified by full stochastic simulations, and eectlagreement is obtained.
We have also demonstrated how the extinction probabilingles when the mean la-
tent and infectious periods are changed, and when the nurhlzéent and infectious
stages are changed. This suggests that the extinctionkplibpat different times of
introduction can be used to help determine the parametéhg ahodel. Because the
mapping of extinction probability to parameter values i$ oioe-to-one, additional
information, such as the viral load time course, is also aded

The methods used in this study are applicable to many sistivhere the vi-
ral dynamics cannot be described with a simple TIV model. Gfitbese situations,
which we have used as a case study, is when the host has priarriity due to a
previous infection. We have shown that given a time-depetidemune response in-
duced by the first virus, changing the introduction time & siecond virus changes
the probability that infection is established. This helpglain experimental observa-
tions by Laurie et al. (2015) that immunity conferred by apaiy infection against
subsequent infection is temporary, and is only observedsabset of hosts under
identical experimental conditions.

Other within-host influenza studies have constructed iffemodels incorporat-
ing the effects of the immune response (Beauchemin and Hia6d#; Smith and Ribeiro
2010); the viral loads predicted by these models have beepamed qualitatively
(Dobrovolny et al. 2013), and different models have beeeditb the same viral load
data to determine the best-fitting model (Pawelek et al. pG8wever, the effec-
tiveness of the immune responses in these models in pragentbsequent infection
have not been compared systematically. Our approach talatiitg the extinction
probability given a mechanistic model provides the toolexamine how different
modelled components of the immune response work togethmete@nt subsequent
infection. The emergence of drug-resistant viral straimsrd) prophylaxis is an in-
creasingly important issue, and several models, both miééstic and stochastic,
have been developed to study the conditions for the emeegamt survival of these
strains [(Handel et al. 2007; Canini et al. 2014; Haeno andaw200/7; Moghadas
2011), but only some of these models take the immune respottsaccount. Ex-
tinction probability calculations enable the study of howttb stochasticity and a
time-dependentimmune response affect the proliferatiainug-resistant strains.

The effect of prophylaxis on the viral load had been studisitigi various de-
terministic models (Baccam etlal. 2006; Beaucheminlet 2182Canini et all. 2014;
Dobrovolny et al! 2011, 2013); our methods can be used taiat@ahow different
pre- and post-exposure drug prophylaxis regimes not owlyae the severity of in-
fection, but prevent infection altogether. Conway et/a1(@) analysed how pre- and
post-exposure prophylaxis affects the probability of HiWeiction becoming estab-
lished. In their model, prophylaxis has an explicit timgzdedent effect on the infec-
tivity of virus; we have shown how these time-dependenttffean be generated by
mechanistic models.
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A limitation of the extinction probability calculation nietd used in our study is
that it can only calculate the probability of extinction givthat the time-dependent
immune response is independent of viral and infected celhthics. For example,
some models predict that the viral load oscillates befaaehing a steady state, such
as due to delayed cellular immune responses (Canabarr@&al); one would ex-
pect the extinction probability to be largest at these thmun these cases, extinction
is due to target cell depletion and/or immune responseshwidcy greatly with the
stochastic time courses of the virions and infected celiscaBise of this feedback
loop, the parameters in Hq.]20 are no longer functions kreopriori, and the method
cannot be used. Also, there are experimental difficultiesbitaining the extinction
probability because extinction can only be observed on@aah replica of the ex-
periment. This makes it difficult to determine the effectmter-host differences on
the obtained extinction probability across hosts.

Moreover, when estimating parameters using extinctiobgldity data, the ini-
tial number of virions must either be known or be includedrasgtimated parameter.
The number of virions transmitted may be fewer than the numwbéh reach the in-
fected body parts, and it is often impractical to measurevited load immediately
after transmission. As a result, the initial viral load isesf an unknown parameter
which is fitted to the data. Even if the initial viral load cae thus estimated accu-
rately, viral load is usually measured in units such as PRCIDEg or EIDsq, and as
a sample concentration rather than as the total numberiohgiin the host. There
can be much uncertainty in the conversion factor betweersarement units and
the number of virions (Handel etlal. 2007). If we could expemtally determine the
conversion factor between measurement units such assp@ml virions, this would
enable a better understanding of the impact of extinctioimfattion outcomes.

Our study has looked at the effect of gamma-distributechta#éad infectious
periods, but some models have used other distribution$, asa constant infec-
tious/latent period, a normal distribution or a log-norufiatribution (Holder and Beauchemin
2011). In this case, the inter-event times are no longer bagk, and the extinction
probability from a given state is no longer only dependenthennumber of virions
and infected cells, but also on their ages. Hence, the meitbed in our study cannot
be directly applied in these cases. Extension to generaltitons for latent and
infectious periods is the subject of future work.

The methods used in our study can also be used in an epidentiextofor ex-
ample, where two viruses are co-circulating in the poporfatind infection with one
confers immunity to the other, depletion of susceptible®bg virus affects the ex-
tinction probability when another virus is introduced ithe population. This is anal-
ogous to the within-host two-strain model presented iniSe@2. Exploration of the
application of our study to epidemic contexts is left foruig research.
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