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A note on the robustness of input-to-state stability

A.R. Teel' and L. Moreau? and D. Negié¢?

Abstract

This paper develops a unified framework for
studying robustness of the input-to-state stabil-
ity (ISS) property and presents new results on
robustness of ISS to slowly varying parameters,
to rapidly varying signals, and to generalized sin-
gular perturbations.

1 Introduction

1.1 Background

One of the strongest threads in the fabric of nonlinear
stability theory is the inherent robustness of uniform
asymptotic stability to regular perturbations, slowly
varying parameters, rapidly varying signals (averaging)
and fast unmodeled dynamics (singular perturbations).
See this paper’s extended version [16] for references.
Averaging and singular perturbation techniques have
been combined, especially in the identification and adap-
tive control literature, under the title “two time-scale
averaging”. In this setting the boundary layer system,
obtained in the singular perturbation approach by set-
ting the derivative of the slow state variables to zero, is
time-varying and possesses a time-varying integral man-
ifold on which the derivative of the slow state variables
can be averaged. See [16] for references.

Averaging can be useful in singular perturbation stud-
ies even when the boundary layer system is not time-
varying. Instead of insisting that the trajectories of the
boundary layer system converge to an equilibrium man-
ifold, as in the classical singular perturbation theory of
Tikhonov, or to a time-varying integral manifold like in
certain adaptive control problems, the “steady-state” be-
havior of the boundary layer may be complex. For exam-
ple, the trajectories of the boundary layer may converge
to a family of limit cycles parameterized by the slow
state variables. The steady-state behavior can then be
used to average the derivative of the slow state variables.
This idea can be found in the work of Anosov [1], more
recently in [7], [8], and in the elegant, pioneering for-
mulation of Artstein and coauthors (e.g., [3], [2]) where
the averaging is done using invariant measures and the
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reduced system is typically a differential inclusion. Ex-
cept for the results on near asymptotic stability of the
origin in [2], these papers focus on compact time interval
approximations.

Many recent robustness studies have focused on systems
with exogenous disturbances where uniform asymptotic
stability is replaced by the input-to-state stability (ISS)
property, introduced by Sontag [13]. Robustness of ISS
has been established for systems with small time delays
[15], for singularly perturbed systems [5] and for systems
having an average [11], [10]. All of these results rely on
the existence of a converse Lyapunov function for ISS,
which was established in [14].

1.2 Contribution

We develop a unified framework for studying robustness
of general ISS properties and present new results on ro-
bustness of ISS to slowly varying parameters, rapidly
varying signals, and generalized singular perturbations.
The common feature in these problems is a time-scale
separation between slow and fast variables which per-
mits the definition of a boundary layer system like in
classical singular perturbation theory. To address the
various robustness problems simultaneously, the asymp-
totic behavior of the boundary layer is allowed to be
complex, and it generates an average for the derivative
of the slow state variables, as in the work of Artstein [2].
The main results establish that if the boundary layer and
averaged systems, also called “limiting systems”, are ISS
then the ISS bounds also hold for the actual system with
an offset that converges to zero with the parameter that
characterizes the separation of time-scales. The set of
initial conditions from which this ISS behavior holds ap-
proaches the set from which the behavior holds for the
limiting systems.

Instead of relying on converse Lyapunov functions, our
results are derived directly from the closeness of the ac-
tual solutions to the limiting systems’ solutions on com-
pact time intervals. We use the proof technique we in-
troduced in [9] which enables capturing the behavior of
the system on the infinite time interval from information
about the behavior on compact time intervals. This is
possible even though the actual system’s solutions are
typically not close to the limiting systems’ solutions on
the infinite interval due to exogenous disturbances and
the general ISS properties considered.

Our results extend to the general ISS setting well-known
facts from the literature on averaging, regular perturba-
tions, and singular perturbations. Due to space limita-
tions, we only briefly comment on these applications; a
detailed exposition is given in [16].

We present these results as follows: In Section 2 we give
an example that illustrates the main concept we will be
developing in more generality in the core of the paper.



We study the robustness of generalized ISS to general-
ized singular perturbations in Section 3 where our main
assumptions and result are given. In Section 4 we present
sufficient conditions for the main assumptions of Section
3 to hold. In Section 5 we briefly discuss applications of
our results. The applications are discussed in much more
detail in [16].

1.3 Notation

o We use 2 := fl—f and 7’ = Z—f where, typically, 7 = et.

e We will often write (x5, ) in place of (z7 m?)T

e A function defined on R taking values in R>( is
said to belong to class-KC if it is continuous, zero at
zero and strictly increasing.

e A function defined on R> xR>( taking values in R>q
is of class ICL if it is class-KC in its first argument and
decreasing to zero in its second argument.

e J3is a closed unit ball, p5 a closed ball of radius p > 0,
and X + pB the union of all sets obtained by taking
a closed ball of radius p around each point in X.

e For a function d(-) belonging to a set of functions
D that take values in V, we will use d € D for the
function and d € V for a value of the function.

e For d:R>o — V, define ||d|[o := ess sup,>old(t)].

2 A motivational example

We start with an example where, as in a wide variety
of industrial applications, the control action is due not
to the instantaneous motion of the actuator but rather
to some average effect of this motion. In our example,
the van der Pol oscillator is a prototype vibrating ac-
tuator and an RL circuit is an elementary linear plant.
The voltage and current in the van der Pol circuit vary
rapidly and the average of the motion can be adjusted by
varying the circuit’s capacitance. The control algorithm
will adjust the capacitance based on the error between
the voltage across the resistor in the RL plant and its
reference value.

We combine the RL circuit input-output equations
!

vy, = —Ustu (1)
Yy = Vs,

where v, is the voltage across the resistance, with those

for the van der Pol circuit

evy = exp(ue) (—%v? +vp— If)
£ I} = Uy (2)
Ye = K|’Uf| — Ude

where vy is the voltage across the capacitor, Iy is the
current through the inductor, and vg. is a constant bias
voltage. Equations (1) and (2) are in normalized units.
The value u, is related to the van der Pol circuit’s ca-
pacitance C, which is the sum of a nominal value C, and
an adjustable value C, by
Co+C

— )
We have normalized y/L/C, to one and defined ¢ :=
v LC,. Central to our control algorithm derivation will

exp(—u.) =

be the assumption that € is small. The output equation
for the van der Pol circuit is realized with the combina-
tion of a rectifier and an operational amplifier.
One interconnection condition that we impose is

Ye =u (4)
which indicates that the output of the van der Pol circuit
is the input voltage to the RL circuit.
The second interconnection condition will include the
control law to be inserted between the measurement of
@e RL circuit voltage, vs, and the adjustable capacitor,
C or u,, in the van der Pol circuit. To derive a control al-
gorithm we exploit our assumption that ¢ is small which
will make the van der Pol circuit oscillations fast com-
pared to the dynamics in the RL circuit. Because of this
time-scale separation property, we will approximate the
effect of the oscillating actuator by the static mapping

ue = flue) == (5)

S
Tlgnmf/o Ko (t,07(0), 15 (0), e, )]t — vae

where the right-hand side turns out to be independent
of e > 0 and (vs(0),17(0)) € R*\ {0}. This mapping is
well-defined and locally Lipschitz continuous. A numer-
ical approximation of this function, with K = 29.63 and
vge = 38.926, for u. in the range [—1, 1] is shown in Fig-
ure 1. Replacing the vibrating actuator with the static,

Figure 1: Approximate plét of the map u. — f(uc).

average map, the reduced control system becomes
gt s (6)
To allow the values of the nonlinear mapping (5) to be
uncertain, we employ an integral controller
gl = T—Us
u. = sat(§) (7)
where r is the reference for the voltage vy and where the
saturation is to keep the capacitor values in a reasonable
range. Our reduced closed-loop system is then
v, = —vs+ f(sat(§)) (8)
& = r—us.
We wish to derive information about the behavior of the
system (1)-(4), (7) from the behavior of the system (8).
Assuming the nonlinearity is monotone on [—,1, 1] and r
is strictly in the range of f([—1,1]) so that f~1(r) exists,
the point (vs,&) = (r, f~1(r)) is globally asymptotically
stable for the simplified closed-loop system (8). (This
is shown via Lyapunov/LaSalle techniques in [16].) The
following result then comes as a special case of our up-
coming main results: Let Ay (u.) be the set of points on
the limit cycle of the van der Pol equation corresponding




to the constant input u.. Then, for the complete closed-
loop system (1)-(4), (7), by choosing € > 0 sufficiently
small we can make a set arbitrarily close to the set
{(USvgvvajf) t(vs,€) = (Tmfil(r))v (vf7If) € Af(f)}

asymptotically stable with basin of attraction arbitrarily
close to the set R? x (R?\ {0}).

In fact, a similar statement can be made even if f is not
assumed to be monotone. See [16] for more details.

3 Unified Framework

3.1 Assumptions

We consider nonlinear dynamical systems with state x
decomposed into a “slow” state zs € R™s and a “fast”
state xy € R"/, and driven by a “slow” disturbance d;
and a “fast” disturbance dy. The governing differential
equation has the form
Fs(xsaxfads(t)vdf(t)7€) (9)
Fy(xs,zp,ds(t), ds(1),€)

where ¢ is a small, positive parameter. To fit time-
varying systems into the form (9), we augment the state-
space with the equations ¢ = 1 and/or £ = . The equa-
tion (9) is assumed to have at least one solution, locally
in time, for each initial condition and disturbance of in-
terest. The functions d, and dy belong to the sets D; .
and Dy of measurable functions taking values in subsets
of Euclidean space V, and V;, respectively. We assume
that the disturbance sets are such that, for each € > 0,
the solution set to (9) does not depend on the starting
time, for convenience. This is guaranteed by:

Ty =

Ty =

Assumption 1 The sets Dy . and Dy are shift invari-
ant, i.e., if t — ds(t) belongs to Dy then t — ds(t+to)
belongs to Dy . for all to, and similarly for Dy.

The “slow” (and, by extension, “fast”) terminology we
are using is justified by the following assumption which
is geared toward ensuring that, when ¢ is small, the rates
of change of ¢t — x4(t) and t — d4(t) are small.

Assumption 2 The following conditions hold:

1. Fo(zs,x¢,ds,df,0) =0 forall (zs,x5,ds,df) € R™ %
R™ x Vg x Vg,

2. For each T > 0 and p > 0 there exists € > 0 such
that, for all € € (0,e*],
ds €Dse = |ds(t) —ds(0)]|<p Vte]0,T].

Remark 3.1 An example of a class of functions D,
that satisfies Assumption 2 is the class of functions given
by t — ds(et) where ds(-) belongs to a shift invariant
class Dy of uniformly equi-continuous functions. In par-
ticular, notice that item 2 of Assumption 2 is satisfied
for this class of functions if for each p > 0 there exists
> 0 such that, for all ds € Ds, |ds(t)—ds(0)| < p for all
t € [0,u]. In general, the condition on the set Dy, does
not impose that its elements are continuous, let alone
absolutely continuous or possessing a uniformly small
deriative. For erxample, in the special case mentioned
in the preceding paragraph, equi-continuity of ds(-) does
not necessarily imply that the derivative of t — ds(et)
exists or is small when € is small.

Remark 3.2 In our motivational example, the states of
the plant and controller, vs and &, correspond to the slow
state variables while the state of the oscillating van der
Pol circuit, (vy,If), corresponds to the fast state vari-
ables. The motivational example can be put into a form
where Assumption 2 holds by changing from the original
time-scale T to a new time-scale t = 7/e.

Remark 3.3 The fast disturbance ds can represent en-
vironmental influences and/or can be used to realize the
behavior of a differential inclusion with a nonempty,
compact, convex right-hand side. There are several ways
to express a set-valued map in terms of a function with a
parameter ranging over a unit ball, in this case df rang-
ing over the unit ball in R™ x R™ =: V¢. The pa-
rameterization based on the Steiner selection is one the
most appealing because the resulting function inherits the
continuity properties of the set-valued map it is parame-
terizing. In particular, the parameterization theorem [4,
Theorem 9.7.2] or [6, Proposition 2.22] is useful for some
of the applications discussed in [16].

For the system (9), we are interested in the infinite time
interval input-to-state behavior resulting from stability
assumptions on two limiting systems that arise from (9).
The first limiting system we consider, obtained from (9)
by setting € = 0 and using Assumption 2, is

zs = 0
j?f = Ff(lrs,l’f,ds,df(t),()) (10)
ds = 0.

We will refer to this system as the boundary layer sys-
tem so that we are consistent with the classical singular
perturbation literature. We will use z; to denote the
composite state for this system, i.e., zy; := (x5, s, ds).
We express our stability assumption on the boundary
layer system, which is to hold from a set H; of ini-
tial conditions, in terms of an output measuring func-
tion zp — wyo(2,) and an input measuring function
dy — wy,(dy). Measuring functions take values in
R>o U {oo} and hence are not required to be continu-
ous, a priori. When the boundary layer has a globally
asymptotically stable origin, respectively closed set, we
will use the output measuring function corresponding
to the norm, i.e., 2o — wfo(2p1) = |2wi|, respectively
the distance to a closed set A, i.e., zy = wyo(2p) =
|zo1]4 = infeea | — zw|. For an appropriate output
measuring function for the boundary layer of the mo-
tivational example, see Remark 3.4. A common example
of an input measuring function is a class-K function ~
of the norm, ie., dy — 7(|ds|). Another common in-
put measuring function, relevant for the case where dy
is used to realize the behavior of a differential inclusion,
is the identically zero function.

Assumption 3 There exists a class-KL function By
such that, for all initial conditions zy(0) € Hy and all
disturbances dy € Dy, the solutions of (10) exist and
satisfy, for allt >0,

Wi o(zei(t)) < max{ Br(wso(20(0)),t) , |lwyi(ds)|loo }
(11)



Remark 3.4 For our motivational example, we can take
wy,; identically zero (we considered no disturbances), and
Hy = R? x (R?\{0}). We can also construct a contin-
uous function wys, of the composite state (vs,&, vy, Iy)
for which Assumption 8 holds. This function vanishes if
(vg,Iy) belongs to the limit cycle associated with sat(§),
is positive elsewhere and is unbounded as |(vy,If)] — 0
or — oo. See [16] for more details.

In the next assumption, we define the right-hand side of
a reduced system using the average effect of the boundary
layer’s asymptotic behavior on the right-hand side of the
slow dynamics, Fs. In what follows Sy (241, df) represents
all solutions of the boundary layer system (10) starting
at zp; under the influence of the function dy. The set R
represents a set over which we expect the x, component
of the solution to (9) to range. The set K is a set that we
expect to be recurrent (see Assumption 6) for (x5, ¢, ds).
Wav,i 18 a measuring function. The role of e(-) is to allow
the possibility of an ensemble of solutions for the average
system corresponding to multiple steady-state solutions
of the boundary layer system.

Assumption 4 There exist an integer m and a function
Fop : R™ x Vg x Vy x R™ = R" s0 that for each p > 0,
there exist T* > 0 and €* > 0 such that for each

T>T*

e € (0,e*]

erdard;) € Ra x Vo x D
(z, f) f (12)
2 = (vs,2f,ds) € Ky
wro(zpr) < llwyi(ds)l|oo

bu1 € Spi(2p,dy)
3 a measurable function e : R>g — R™ satisfying
llefloo < [|waw,i(df)l[oo

(13)
such that

/0 (Fu(a, 6y, (1), du dp (), 2)— (14)

eFoy(zs,ds,ds(t),e(t))] dt| < Tpe .

Remark 3.5 For our example, take m = 0, F,, to be
the right-hand side of the reduced system (8), wqy,; iden-
tically zero, Ry = R? and Ky = R*. See [16].

Remark 3.6 We restrict our attention to asymptotic
trajectories of the boundary layer by considering only
those initial conditions zy € Ky of the boundary layer
(10) satisfying wyio(zp) < ||lwy,i(df)||leo (compare with
(11) letting t — oo ). For the motivational example, this
corresponds to only considering initial conditions of the
boundary layer on a limit cycle, since wy; =0 and wy,
is zero only on a limit cycle.

Remark 3.7 As mentioned above Assumption 4, the
role of e(-) in the definition of the average is to allow
the possibility of an ensemble of solutions for the average

system corresponding to multiple steady-state solutions of
the boundary layer system. The average system proposed
in [2], expressed in terms of invariant measures and per-
taining to the case where ds and dy are not present, is
typically a differential inclusion with a nonempty, com-
pact, convex right-hand side because the steady-state be-
havior of the boundary layer system is often different for
different initial conditions. A differential inclusion can
be recovered through e by taking the measuring function
Waw,i to be identically equal to one and using the idea in
Remark 3.3. For more details, see [16].

Assumption 4 is used to generate the reduced system

j:s = EFa'u(xsvds(t)adf(t)7e(t)) : (15)
We make the following stability assumption for (15) from
initial conditions in some set H,:

Assumption 5 There exists a class-KL function By
such that, for all € > 0, all initial conditions xs(0) € Hs,
all disturbances (ds,ds) € Dse X Dy, and all e satisfying
llelloo < |lwaw,i(df)]loo, the solutions of (15) exist and
satisfy, for allt >0,

ws,o(@s(t)) < max {Bs(ws,o(2s(0)),t), [|ws,i(ds, df)”(Ofg)

Now we want to pass from the stability bounds on the
limiting systems (see Assumptions 3 and 5) to the cor-
responding bounds on the original system (9). Assump-
tions 6 and 7, which follow, will make this possible. We
will later guarantee Assumptions 6 and 7 by joining As-
sumptions 2-5 with regularity assumptions on the func-
tions characterizing the problem.

In Assumptions 6 and 7, K; and Ky are sets of initial
conditions from which we want the stability bounds to
apply. The set Kf is the same one considered in As-
sumption 4. The first of the final two assumptions asks
that the solutions of (9) be close to the solutions of the
boundary layer on compact time intervals.

Assumption 6 The following hold:
1. sup ek, wf.o(z) < 005

2. There exists T* > 0 so that for each T > T* and
d > 0 there exists e* > 0 such that for each e € (0,e*],
each (x5(0),z5(0),25(0),ds(0)) € Ks x Ky, each
(ds,dy) € Ds,e x Dy, and each solution (zs(-),zs(-))
of (9), there exists zp(0) € Hy and a solution zy/(-)
of (10) such that, with z(t) := (xs(t), x¢(t), ds(t)),

wrol2() —wro(u() <8 Vee[.T) (17)
and
z(t) € Ky

Vvt e [T%,T] . (18)

The final assumption before our main result asks that
the x5 component of the solutions to (9) be close, in an
appropriate sense, to the solutions of the reduced system,
on compact time intervals of length proportional to 1/e.

Assumption 7 The following hold:
1. suUp,_cx, Ws,o(Ts) < 00;

2. There exists T* > 0 so that for each T > T* and
0 > 0 there exists €* > 0 such that for each € €



(0,e*], each (x5(0),25(0),2£(0),ds(0)) € Ks x Ky,
each (ds,dy) € Dy x Dy, and each solution xs(-) of
(9), there exists T 4, (0) € Hs, e(-) such that ||e||s <
||Wav,i(df)]|oo and a solution x5 4, (-) of (15) such that
|wero (5 (1) — wso(Ts,av(t)| <6 VEE[0,T/e]

(19)

and
x5 (t) € Ky

Vit e [T /e, T/e] . (20)

3.2 General Result

We are now prepared to state our main result. The proof
can be found in [16]. In the next section, we will give
sufficient conditions for the functions defining the prob-
lem to guarantee that Assumptions 6 and 7 hold. After
that, we will discuss the meaning of our assumptions for
several applications.

Theorem 1 If Assumptions 1, 8, and 5-7 hold then for
each 6 > 0 there exists €* > 0 such that, for all € €
(0,e*], all (ds,dy) € Ds o x Dy and all initial conditions
such that x45(0) € Ky and z(0) := (245(0),2£(0),ds(0)) €

Ky, the solutions of (9) exist and satisfy
ws,o (s (1)) < (21)
max { Bs(ws,0(2s(0)),et) , |[ws,i(ds,df)|loc } +0

and, with z(t) := (z4(t),x¢(t), ds(t)),

wro(2(t) <
max { Br(wr,o(2(0)),) , |lwri(df)llec }+0
for allt > 0.

(22)

4 Conditions for close solutions

In this section we present sufficient conditions on the
measuring functions in Assumptions 3 and 5 and the
functions on right-hand side of the actual system (9) and
the average system (15) that guarantee Assumptions 6
and 7 hold. Our first assumption concerns the measuring
functions. It is made to guarantee the recurrence of the
sets K¢ and K, as in Assumptions 6 and 7.

Assumption 8 The following conditions hold:
Ks CHs,

/Cf C Hy,

SUP.ckc, Wro(2) =tcp0 <00

SUDPg, e, wri(dy) =tecp; < 00

SUP,_cxc. Ws,o(Ts) =1 €50 < 00
SUD(q, 4, )ev, xv; Ws,i(ds,df) =t 5,5 < 00

There exists o« > 0 such that
{ws : ws,o(xs) < Cs,i + O[} CKs

N D G e~

and
{z = (zs,2p,ds) :ds €V , Wro(2) <cpit+oa,
We,o(xs) < max{fs(cs,0,0) , csi}+a} C Ky

Remark 4.1 For our motivational example, we can take
K, to be an arbitrary compact subset of R? that con-
tains a neighborhood of the set where ws , is zero, since
csi = 0, and we can take K¢ to be R? x Q where Q is
an arbitrary compact subset of (R*\{0}) containing a
neighborhood of the set |, e(_q,1) As(u), since cg; = 0.

It is quite common to be able to pick K, and Ky arbitrar-
ily close to H, and Hy, respectively, in order to satisfy
all of the conditions of Assumption 8. In this case, ac-
cording to our main results, the set of initial conditions
from which the ISS behavior holds for the actual system
approaches the set from which the behavior holds for the
limiting systems.

The last assumption we make is on the continuity of
the functions that define the problem. According to the
statement of our main results and using Assumption 8,
we expect the variable z = (z,, s, d) for the system (9)
to evolve so that zs remains in a neighborhood of the set

X = {2 1 ws,o(xs) <max{Bs(cs,0,0) , csi}t } ., (23)
z remains in a neighborhood of the set

Zyi=A{z: wro(z) <max{Br(cso,0), cri} }, (24)
and, by definition, (ds,dy) evolves in Vs x Vy. On these
sets, we assume Lipschitz and/or uniform continuity:

Assumption 9 3 L >0, M > 0 and o > 0 such that:
1. ws,, s uniformly continuous on Xs + 0B,
2. Xy +0BC R}
3. wy,, is uniformly continuous on
Us(o) :=={z = (xs,xf,ds) :
s €Xs+0B, z€Zy+0B, dseVs}
4. for each p > 0 there exists €* > 0 such that
(a) for each ¢ € [0,cs,], if wfo(z) < ¢+ then there
exists z. such that wy(z.) < c and |z — z.| < p,

(b) for all dy € Vy, (zs,25,ds), (ys,ys, ws) € Up(o),
‘ds - ws| S 5*7 ‘6‘ S Supdfevf wav,i(df); oS (0,5*]’

|Fs(xs, x5, ds,dy,e)] < eM
|Fov(zs,ds,dfe)] < M
max {|zs —ys| , |vf —ysl} <" =
|Fs(zs,2¢,ds,df,€) — Fs(ys, ys, ws, dg, )| < ep
|xs 7ys| < e =
‘Ff(xanxf’ds’dfvg)_Ff(ysvyfaws’dﬁoﬂ <
Llzy —ysl +p
|Fon (@5, ds, df, €) = Fau(ys, ws, dy,e)| <
Lizs —ys| +p .

Remark 4.2 The purpose of item 4a is to guarantee
that if wyo(z) is close to ¢ then z is close to the set
{C:wyo(C) < c}. Consider the special case where cj,; =
0. In this case, if it is possible to findn > 0 and a class-K
function k such that, with Ay := {z 1wy (z) =0},

wro(z) <n = klzla,) Swro(z)  (25)
then item 4a is satisfied for any e* < min {n, k(p)}). The
condition (25) is satisfied for our motivational example.
For more details, see [16].

Remark 4.3 For our example, Uy (o) is a compact sub-
set of R? x (R*\{0}) for o sufficiently small, and X,
compact. The right-hand side of our example is locally

1Recall that the set Rs comes from Assumption 4 and charac-
terizes a region where the integral of Fs is approximately equal to
the integral of e Fy,.



Lipschitz and our measuring functions are continuous on
these sets. Combining this observation with the previous
remark establishes that our motivational example, in the
appropriate time-scale, satisfies Assumption 9.

The main result of this section (see [16] for the proof) is
that, under Assumptions 2-5, we can guarantee Assump-
tions 6 and 7, which are assumptions about trajectories,
by replacing them with Assumptions 8 and 9 which are
assumptions about functions.

Proposition 1 If Assumptions 2 - 5, 8 and 9 hold then
Assumptions 6 and 7 hold.

5 Applications

We now briefly discuss how our general result applies to
several situations where F and/or F; have special struc-
ture that corresponds to classical robustness problems.
More details can be found in [16].

Our results can easily be applied to what [12, Chapter 5]
refers to as “averaging over spatial variables”. This type
of averaging arises, for example, when casting into po-
lar coordinates the weakly nonlinear oscillator equation
4y =-¢eg(y,y). We recover asymptotic stability results
for weakly nonlinear oscillators by considering the mag-
nitude of (y, ) as the slow state variable and the phase
angle as the fast state variable.

When the fast state variable corresponds to a fast time
state, i.e., #y = 1, and the slow state variables include a
slow time state, we recover classical and partial averaging
results as well as recent results on averaging with fast and
slow disturbances [11].

When the fast state variables include a fast time state
and the boundary layer system has a uniformly globally
asymptotically stable time-varying invariant manifold we
obtain “two time-scale averaging” resutls from adaptive
control and identification.

Results on robustness with respect to slowly varying pa-
rameters are obtained when the slow state variables are
not present. It is noteworthy that our results, when spe-
cialized to equilibrium manifolds parameterized by dg,
impose no differentiability requirements on the equilib-
rium manifold.

Our framework also addresses standard singular pertur-
bation problems, leading to extensions of the results in
[5], as well as unconventional situations like when the
boundary layer has an unstable equilibrium manifold pa-
rameterized by the slow state variables [2, Remark 5.1].

6 Conclusion

We have developed a unified framework for studying ro-
bustness of the input-to-state stability (ISS) property
and have presented new results on robustness of ISS
to slowly-varying parameters, to rapidly varying signals,
and to generalized singular perturbations. The frame-
work assumes a time-scale separation between slow and
fast variables which permits the definition of a boundary
layer system like in classical singular perturbation theory.
To address various robustness problems simultaneously,
we have allowed the asymptotic behavior of the bound-
ary layer to be complex and have required it to generate

an average for the derivative of the slow state variables.
Our main result has shown that if the boundary layer
and averaged systems are ISS then the ISS bounds also
hold for the actual system with an offset that converges
to zero with the parameter that characterizes the sepa-
ration of time-scales.

References
[1] D.V. Anosov. Oscillations in systems of ODE with
rapidly oscillating solutions. Izv. Akad. Nauk. SSSR Ser.
Math. 24(5), 721-742 (1960).
[2] Z. Artstein. Stability in the presence of singular per-
turbations. Nonlinear Anslysis 34 (1998) 817-827.
[3] Z. Artstein and A. Vigodner. Singularly perturbed
ordinary differential equations with dynamic limits. Pro-
ceedings of the Royal Society of Edinburgh 126A (1996),
541-569.
[4] J.-P. Aubin and H. Frankowska. Set-valued analysis.
Birkhauser, Boston, 1990.
[5] P.D. Christofides and A. R. Teel, Singular perturba-
tions and input-to-state stability, IEEE Trans. Automat.
Contr., 41 (1996), pp. 1645-1650.
[6] R.A. Freeman and P.V. Kokotovic. Robust Nonlinear
Control Design: State-space and Lyapunov techniques,
Birkhauser, Boston, 1996.
[7] V.G. Gaitsgory. Suboptimization of singularly per-
turbed control systems. SIAM J. Cont. Optim. 30, 1228-
1249, 1992.
[8] G. Grammel. Singularly perturbed differential inclu-
sions: an averaging approach. Set-valued Analysis, 4,
(1996), 361-374.
[9] L. Moreau, D. Nesi¢ and A.R. Teel. A trajectory
based approach for ISS with respect to arbitrary closed
sets for parameterized families of systems Proceedings of
the 2001 ACC, Arlington, VA, pp. 3570-3575, 2001.
[10] D. Nesi¢ and P.M. Dower. A note on input-to-state
stability and averaging of systems with inputs”. IEEE
Trans. on Automatic Control, to appear.
[11] D. Nesi¢ and A. R. Teel, Input-to-state stability of
nonlinear time-varying systems via averaging, to appear
in Math. Contr. Sig. Syst., 2001. (also in D. Nesi¢ and A.
R. Teel, On averaging and the 1SS property, Proc. Conf.
Decis. Contr., 1999, pp. 3346-3351.)
[12] J. A. Sanders and F. Verhulst, Averaging methods
in nonlinear dynamical systems. Springer-Verlag, 1985.
[13] E. D. Sontag, Smooth stabilization implies coprime
factorization, IEEE TAC, 34 (1989), pp. 435-443.
[14] E.D. Sontag and Y. Wang, On characterizations of
the input-to-state stability property, Systems & Control
Letters, 24 (1995), pp. 351-3509.
[15] A.R. Teel. Connections between Razumikhin-type
theorems and the ISS nonlinear small gain theorem.
IEEE TAC, vol. 43, no. 7, 1998, pp. 960-964.
[16] A.R. Teel, L. Moreau, and D. Ne§i¢. A unified
framework for input-to-state stability in systems with
two time scales, Submitted, June 2001.



