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Ensuring Communication Connectivity in Multi-agent Systems in the
Presence of Uncooperative Clients

Zhiyang Ju, Iman Shames, and Dragan Nesi¢

Abstract—1In this work, the problem of maintaining and
guaranteeing communication connectivity between a pair of
“client” agents via controlling a number of “router” agents
is considered. It is assumed that agents satisfy quadrotor
dynamics. A set of controllers are proposed and it is shown that
these controllers solve the problem exponentially fast under a
set of mild assumptions. The simulation results illustrate the
effectiveness of the proposed controllers.

I. INTRODUCTION

Research in networked multi-agent systems has increased
substantially recently due to their low cost in performing
tasks. These tasks have a wide range of application from
surveillance, exploration to mobile sensor networks and
transportation systems. In networked multi-agent systems, an
important issue is the communication among agents which
is often a necessary requirement for successfully completing
the objectives of the system [2]. There are already many
research papers considering the problem of ensuring con-
nectivity in multi-agent systems, for example, see [4]-[8].
In many of these works, it is common to assume that all
agents cooperate to meet the connectivity requirements.

In many practical scenarios such as tracking fast objects
and intercepting intruders not all the agents may coordinate
to maintain connectivity. In these situations, a group of
agents, termed clients, must primarily focus on performing
their missions, e.g. they should move to an area of interest
for surveillance purposes. For the clients to be able to suc-
cessfully achieve their objectives, they need to be supported
by a second group of agents. An important aspect of such
support is ensuring the communication connectivity of the
clients. The agents that provide the required support are
termed routers. In this paper, we focus on designing con-
trollers for the routers so that they ensure the communication
connectivity of the clients.

There are some existing results in the literature that
address this problem. For example, [9] considers application
of aerial vehicles to provide and optimize communication for
ground vehicles which are clients. But in the control design
stage, the ground vehicles are considered to be static. In [10]
considers single-integrator agents with freely moving clients
in discrete-time. In this paper, we consider the problem
of ensuring the connectivity of two freely moving clients
where routers and clients are quadrotors. We note that the
clients models here are assumed to be quadrotors for the
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sake of the simplicity of exposition, however, they can be
assumed to have any dynamics as long as their position,
velocity, and acceleration can be measured (or estimated)
by the routers. Furthermore, we analytically establish that
the proposed controllers solve the problem exponentially fast
under a set of suitable assumptions.

The paper is organized as follows, in Section II, we
provide the problem statement. The controllers and the
main results are given in Section III. Simulation results are
provided in Section IV to verify the applicability of the
proposed controllers and validity of the theoretical results.
In the end, concluding remarks and future directions are
presented.

II. PROBLEM STATEMENT

We adopt the feedback linearized model of [1] throughout
this paper. Consider N quadrotors in R? where the feedback
linearized model of each quadrotor i € V = {1,...,N} is
given by

1 )
Ty = 03,0 = —gev; + —F, By = —B,F; +uy, (1)
m

where z; € R? denotes the position of quadrotor i, v; € R?
denotes its velocity, g is the gravity constant, ¢ is a constant
related to drag force during flight, m is the mass of the
quadrotor, F; € R? is a variable related to lift generated by
rotors and attitudes of the quadrotor ¢, 3, is a constant, and
u; is the control input.

We start by introducing a standard assumption on the
maximum communication range of the quadrotors.

Assumption 1: Quadrotors ¢ and j can communicate with

each other at time ¢ if ||z;(t) — z;(t)|| < R where R is a
prescribed positive real number that represents the maximum
communication range between any pair of agents.
This leads to an undirected connectivity graph G(V, ) with
vertex set V and edge set & where (i,7) € & if ||z;(t) —
z;(t)|| < R. Let NV; denotes the neighbours of ¢ where \; =
{j|(3,7) € £}. Moreover, it is assumed that ) is partitioned
into two subsets C and R. The agents in C are termed clients
and those in R are called routers.

In broad terms the main objective is to ensure that there is
always a path between any pair i,j € C via controlling the
position of the routers. For the rest of the paper we assume
that C = {1, N} and R = {2,..., N — 1}. The system with
two clients is illustrated in Fig. 1. We assume that at time
t =0, N; satisfies the following assumption.

Assumption 2: Let M; = {i—1,i+1},fori=2,...,N.
Then at time t = 0, M; C N, fori =2,...,N — 1.
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An example of the multi-agent system considered in this paper.

Fig. 1.

The objective in this work now is to find u; for all € R
such that the two clients can communicate with each other
all the time aided by the routers. In order to achieve the
objective, we have the following assumptions on the motions
of agents and clients.

Assumption 3: Each agent ¢ measures its own state, i.e.
[z}, v, F]T, and receives [z}, v, F;']T from j € M,.

Remark 1: Note that if v; and Fj, j € M,, are not
directly available then ¢ may estimate them by measuring
x; and receiving u; instead.

As stated earlier the main problem of interest is to ensure a
connected path from client 1 to client NV with N — 2 routers.
For this to be feasible we need the following assumption.

Assumption 4: Let supHxl(t) —zpn(t)] < 4, for some

bounded real value §. Then N — 1 > where A is a

design parameter.

0
R-A
We will provide explicit bounds on A later in this paper.
The following assumptions provides a limit on the maximum
speed of the clients.

Assumption 5: Let vy, = sup|lv;(¢)||, ¢ € C, then
t

macx(vim) < Uem, Where v, is some bounded positive real
i€
value.

In order to guarantee connectivity for all time ¢ > 0, the
initial positions of the agents should satisfy the following
assumptions.

Assumption 6: If N is an even number, then it can be
written as N = 2n for some integer n. It is assumed that at
time ¢t = 0 the following statements are true:

1
12(0) = Zn4+1(0)]] < gll2n-1(0) = 2nr2(0)] (22)
1
125 (0) = 220415 (O]l < 5 (llz-1(0)
= Tan42—5 (0) ]| + [|zj4+1( 0) — 2205 (0)]) (2b)
1
[1(0) — 22(0)]| < [|22(0) — z5(0)]| + 7 Vem (20)
1
12(0) = 41 (O < 5 (|2k-1(0) — z& (0)]
+ [[k+1(0) = zr42(0)) (2d)
1
[zn-1(0) —2zNn (0)]| < [lzn—2(0) — zn-3(0)[| + 5 Vem
(Ze)
where k =2,....,.n—1,n+1,.... N=2,5=2,...,n—1,

and f3 is a positive real number which will be defined later.
If N is an odd number, then it can be written as N = 2n—1
for some integer n. It is assumed that at time ¢ = O the

following statements are true:

1
12n-1(0) = Zn41 (O] < Sl|20-2(0) = 2ny2(0)l,  GBa)
1
125(0) = 22— (O)I] < 5 (llzj-1(0)
= 220415 (0)|| + [|[2j41(0) — 220—1-;(0)[]), (3b)
1
[21(0) — 22(0)|| < [[22(0) — 25(0)[| + 7 Vems (o)
1
12(0) = 41 (O < 5 (l2k-1(0) = z& (O)]
+ lzk+1(0) — z42(0)[)), (3d)
1
120-1(0) = 2 (O]l < 5ll2n-1(0) = 2n11(0)]
1
+ §||33n—2(0) - xn—l(o)Ha (3e)
1
12(0) = 241 (0)]] < gll2n-1(0) = 2nr1(0)]
1
+ 3 lwn41(0) = 2ni2(0)]] (3)
1
[zn-1(0) — 2N (0)]| < [|zn—2(0) —2Nn—1(0)]| + 7 Vem
(32
where k =2,...,n—1,n+1,...,. N—-1,7=2,...,n—1,

and the same as in the previous case [ is a positive real
number.

An illustration depicting the distances considered in Assump-
tion 6 can be found in Fig. 2.

[
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Fig. 2.
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Initial conditions for x; when N = 2n

Remark 2: Assumption 6 is easily satisfied for small ¢ as
defined in Assumption 4 by making ||z;(0) — x;41(0)| =
Hxi+1(0) — .’L’i+2(0)”, 1= 1, ey N —2.

Then the problem can be formalized as the following.

Problem 1: Consider N agents in set ) where the dynam-
ics of each agent ¢ is governed by (1). Under Assumptions
1-6, find w; for all ¢ € R such that there exists a path
between agent 1 and NN for all ¢ > 0.

One way to solve this problem is to guarantee following
conditions are satisfied V¢ > 0.

i(t) — zipa (D] < R, C)

where 1 =1,...,N — 1.

Remark 3: The way of solving Problem 1 is equivalent to
designing controllers such that the trajectories remain in the
non-compact set that characterizes the desired states, i.e. the
states that result in the existence of a path connecting 1 and
N, if Assumptions 1-6 hold.



III. CONTROLLER DESIGN AND ANALYSIS FOR
QUADROTOR MODEL

In this section, we first give the designed controller and
give the results of connectivity in Theorem 1. In order to
prove the theorem, we then give two lemmas, one is on the
relationship between an auxiliary system and the original
system, the other one is about the connectivity results of the
auxiliary system. Finally, the proof of Theorem 1 is given
based on the two lemmas.

For a multi-agent system with N quadrotors whose dy-
namics are as in (1), we design u, = [ul,... ,u% _|]7 as
follows,

u; =P Fi + m[(—f, + g¢ — 28)a; + B(ai—1 + ait1)

— Bs(20; — vi—1 — vig1)] — Bref,
. . _ 1
where ¢+ = 2,...,.N — 1, a; = v; = —gcv; + —F;,
5 m
Bqs Br, Bs, Br are positive real constants, 5 = B—S, ep =
T
T 4T
[e2" ..., el T, where,

Bs(xi —xi—1) — Bs(xi — ig1)
Vi—1 + Vit1
f)],

et =F; — m[—Bv; —
+ gcv; — 28(v; —

where 1 = 2,..., N — 1.

By using these control inputs, we have following results
regarding the positions of quadrotors.

Theorem 1: Suppose Assumptions 1 — 6 hold. Using
controllers u, in (5), the solution z;(¢) of (1) satisfy the

conditions in (4), V¢t > 0 where A > 7 Vem + 2K, for
some positve Kj.
The proof of this theorem is obtianed via applying two
lemmas that will be introduced next. The first lemma involves
establishing that the solution z;, ¢ € R, of multiple quadrotor
system (1) for an appropriately chosen set of control laws
will converge to the solution of Problem 1 for an auxiliary
system comprised of N single-integrators. Then, in the
second lemma the connectivity of the clients in the system
of single-integrators is demonstrated. The proof of Theorem
1 is then achieved via invoking these two lemmas.

An auxiliary system with N agents with single-integrator
dynamics is introduced where

ii = ;, )

where ¢ = 1,..., N, Z; is the position of agent ¢, and v; is its
control input. Similar to the assumptions on (1) we assume
the following for (5).

Assumption 7: The control inputs v; and states T; in sys-
tem (5) satisfy Assumptions 1-6 where the agents dynamics
are governed by (5) instead of (1).

For this system, we design v;, 1 € R as,

Uy = —B(Ti — Ti—1) — B(Ti — Tig1), 6)

where i = 2,..., N — 1, [ is the same as in (5).
Additionally, it is assumed that the following holds.

Assumption 8: For all t > 0, Z;(t) = z;(t), v:(t) = v;(¢),
i €C.

Remark 4: This assumption ensures that the clients in the
auxiliary system of single-integrators have the same position
and velocity of their counterparts in the original system.
We denote

er=[e27,... eN 1T, 7

where,
ey = Ti — T, 3)
where ¢ = 2,..., N —1. Now we have the following lemma,

Lemma 1: Consider systems in (1) and (5), suppose As-
sumptions 1 — 8 hold. Using controllers in (5) and (6), the
ex(t) in (7) will converge to 0. Additionally, there exists
some Ky > 0, v > 0, such that e,(t) satisfies |le,(¢)| <
Koe ™t vt > 0.

Proof: See the Appendix. [ ]
In the following Lemma 2, a result of connectivity from the
controller (6) designed for system (5) will be stated.

Lemma 2: Suppose Assumption 7, 8 hold for system (5),
using controller in (6), the solutions of states Z;(t) will
always satisfy the following conditions V¢ > 0.

[Z:(t) = Zipa (D)[| < R — A, 9)
2
where A; = A — ﬁchmH, i=1,...,N—1.L
Proof: See the Appendix. [ ]

After having the results in the two lemmas, we give the
proof of Theorem 1 as follows.

Proof: We already proved in Lemma 2 that the con-
troller designed for single-integrator system (5) will guar-
antee states Z,(t) satisfy the requirements in (9). From
Lemma 1, the solution z;(t), ¢ € R of (1) with controller
(5) will exponentially converge to z;, ¢ € R. Here we will
link these two lemmas to prove the results in this theorem.

From (8), we have, x;(t) = Z;(t) + e’ (t), where i =

2,...,N — 1. Based on these equations and Assumption 8,
we have,
21 = zo|| =[|Z1 — 72 — €3 |
<[|Z1 — Z2|| + llez]l, (102)
i = i1 ]| =% + € — Tipr — e ||
<N@i = Tiga ]| + lea ]l + e, (10b)
len—1 —2nll =|Zv-1 +ep ! = zn]
<[z =zl + flex ", (10c)
where 1 = 2,..., N — 1.
From Lemmas 1, for i =2,..., N — 1, we have,
ezl < llewll < Koe . (11)

Based on Lemma 2 and (10),(11), forz =2,..., N —1,we
have,

lzi — zip1] < R — Ay + 2Kge ™, (12)

INote that A1 > 0 because from the statement of Theorem 1 it is known

2
that A > ﬁllvcmH-



By choosing

2
A> 2 b oKe ™, (13)
N
based on (12), z; satisfy the conditions in (4). |

IV. SIMULATION RESULTS

In the simulation, we choose parameters from [3] in order
to have a result close to the practical quadrotor system. These
parameters are g = 9.8,¢ = 0.01,m = 1.04, 3, = 0.1. For
the parameters of controller designed, we set 8 = 2.5, 3, =
5,6r = 5. R is set as R = 20 which satisfies Assumption 1.
In the simulation, Assumption 3 holds for we will use these
information in the simulation.

The clients are governed by the following inputs:

U; = Q V; +K(T V5 — UZI )"‘J}ia
Fi FZ GJZ
where @ € C, @ = [03x3,0.009873,0.19815], K =
[-3015, —31I5,—1013],
1.0413 033 O3x3
T = 03x3 1.0413 O3x3 |,
O03x3 —0.1019I5 I3
1
10+ 10sin(-t - g)
1 _ 1 s =
g = 10 cos(=t — = T =
Ocos(5 2)
5
1
53 + 20sin( ¢ - g)
QOCOS(it— [) , and vfi, afi, Jé are the first,
150 2

second, and third derivatives of xg. Using these u;, ¢ € C,
and set the initial conditions as z1(0) = 0, zy(0) =
[33,0,0]7, v;(0) = 0,F;(0) = 0, i € C. We obtain
sup|lz1(t) — zn(t)]] = 70, ||v;(¢)|| < 2.5, Vt > 0,Vi € C.

t

/Furthermore, set 6 = 70, vey, = 2.5 with which As-
sumption 5 is satisfied, N = 5. We set the initial values of

clients as z4(0) = [% 0 5], 23(0) = [% 0 5], 22(0) =

33
[Z 0 57 and v;(0) = 0, F;(0) = 0,i € R, to satisfy the

conditions in Assumption 6. From the initial conditions, we
have Ko = 0 in (17). And we set A = 2.5 as in (13).
We can see that these choices satisfy Assumption 4. And
in the simulation we label the quadrotors with the number
that satisfy the relationships in Assumption 2. With these
settings, all the Assumptions 1-6 of this multiple quadrotor
system are all satisfied.

The simulation results of distances between neighboring
two quadrotors and the norms of v; are in Fig. 3 and Fig. 4.

From the results, we can see that the distance between any
two neighboring quadrotors is less than R = 20, V¢ > 0. This
simulation verify that the controller we designed maintain
the connectivity of the multiple quadrotor system, that is
satisfy the conditions in (4). Additionally in Fig. 4, we can
see the magnitude of velocities of clients can compare to

Distances between neighboring two quadrotors

Tl
Il 4.
I

I

Wl
Il
el

Distance(m)

] 50 100 150
Time(s)

Fig. 3. Distances between two neighboring quadrotors

Norm of velocities
2.5

o

Velocity{m/s)

0.5

Time(s)

Fig. 4. Norms of velocities

the magnitude of routers’ velocities, which implies that our
control law can be applied for maintaining connectivity for
comparable fast clients.

V. CONCLUSION AND FUTURE DIRECTIONS

In this work, we consider a practical multi-agent system
and design controllers for routers to maintain the connec-
tivity of the system. The main concern of this connectivity
design is to guarantee that the clients can move freely to
perform their own tasks, which is always the situation in
practical environments. The controllers designed for routers
are proved to maintain communication connectivity assisted
by an auxiliary single-integrator system and the simulation
results verified the efficiency of the designed controllers.
However in some cases, not all the routers are needed to
provide connectivity if a subset of them is sufficiently to
maintain connectivity, this is also an interesting aspect to
consider.

In this work, we only considered a simple situation
with two clients. However, in many situations in practical
scenarios, the number of clients are more than two. As a
possible future direction, we will extend the results of this
paper to design similar controllers for the scenarios where
the connectivity of more clients needs to be guaranteed.



Moreover, the disk model of communication with radius R
is just an approximation of communication, more realistic
communication models need to be considered for connectiv-

ity purpose.
APPENDIX
A. Proof of Lemma 1

Proof: By using the control input u,. as in (5), we can
calculate the derivatives of ep in (5) as,

e = —PBreg. (14)
Now the dynamics of the system (1) becomes,
‘/Lz =V,
0y = = Brvg — Bo(ws — w-1) — By — Tig1)
Vi—1 + Vi1 1
-2 v, — ———————— —€n,
Blvs 2 )+ m
ér = — fBrer,
where ¢t =2,...,N — 1. .
Furthermore, we define e, as e, = [e%T, co e

where, €' = v; + B(z; — xi_1) + B(w; — 2441), where i =
2,...,N — 1. By taking derivate of e, and with the sylstem
(1), we have the dynamics of e, as, ¢/ = —f.el + —eb,,

m
that is,

1
é?) = *Brev + —ep (15)
m

Then the dynamics of the system can be rewritten as,
i, = —B(x; — wi—1) — B(w; — wiy1) + 62, U= —0re, +
iepy éF = ,N — 1.
chcording to Assumption 6 and dynamics in the above
equations and (5), we can taking derivatives of e, in (7)

—Brer, where i = 2,...

and get the dynamics of it as, €, = Ae, + e,, where
-28 B8 ... ... 0
A 15} -28 B ... 0
0 e ... B =2p8
Then the dynamics of e,, e, and ey can be written as,
és A In_o X On—2 ex
€y | = | On—2 —Brin—2 —In_zeF €y
ér m (&
On—2  On—2 —Brin_2
(16)

We can see that A is a tridiagonal matrix and it is also
Toeplitz, the eigenvalues of A are

)\i:—25+2ﬁcos(%),fork:1,2,...,N—2
which are all negative. So A is Hurwitz. Furthermore,
—BrIn—o and —fBpIn_o are all Hurwitz, then the system
(16) is exponentially stable at the origin. So e,(t) will
converge to 0.

By denoting z, = [el, el eL]T, we can also con-
clude that, there exists a A > 0, such that ||z.(¢)| <
|z (0)|[e=*t, ¥t > 0. By letting,

Ko = [lz(0)], a7
we have, |le;(t)]| < ||lze(t)] < Koe™. [ ]

B. Proof of Lemma 2

Proof: The proof will be slightly different between N
is even number and odd number. We start the proof from
analyzing the system with IV is even number, that is N = 2n,
where n = 2,3,...,. The proof will be similar for N =
2n —1, where n = 2,3, ..., so we will just give the results

directly.
In the first step of this proof, we check that the distances
|Z; — Zant1-il|, where i@ = 2,..., N — 1 are less than or

equal to some upper bounds which are functions of z;,7 € V.
Based on these inequalities, we can find a constant upper
bound on ||Z,, — Zy+1||. In the second step, we will check
that the distances ||Z; — T;41] where ¢ = 1,..., N — 1 are
less than or equal to some upper bounds which are functions
of z;,7 € V. By using these inequalities and the upper bound
on ||Z,, — Tp+1]| in the first step, we can get constant upper
bounds on ||Z; — Z;41]| where ¢ = 1,..., N — 1, which will
satisfy the requirements in (9).

For each pair of z; and Z3,41—;, we construct a Lyapunov
function V; = = ||Z; — Zany1-4|% where i = 3,...,n+ 1.
By this choice of ¢, we will start the analysis by considering
the left-hand part agents in the system as in Fig. 1.

The derivatives of V; are as follows,

Vn :(i'nJrl - fn+2)T[_3ﬁ(jn - jn+1)
+ 5(jn—1 - 1_77:,+2)]
< - Sﬁ”fn - jn-&-l“(”jjn - jn-&-l”
1, _
- §||:Cn,1 = Tny2ll),
Vi =(&; — Tont1-1)T [~28(%; — Tont1-1)
+ B(Zi—1 — Tang2—i) + B(Zit1 — Tan—i)]
< = 28)|Z; — Tant1-ill(|1Z: — Z2n1-4l
1, _ 1 _ _
= 5l1Zim1 = Zansaill = Sl1Ties — T2n—i),

where : =n—1,...,2. A sufficient condition under which
the derivatives of V; are less than O are as follows,

- L. _
||xn - xn-&-l” >§Hxn—l - J/‘TL—&-Q”»

L 1, _
1Zi — Tant1—ll >§(H5L'i—1 — ZTopyo—ill
+ [|Ziv1 — Tan—ill),

where ¢ = n — 1,...,2. From this condition, we can see
the solution of the single-integrator system will converge to
states that satisfy the following conditions,

1
||Q_77, - fn-&-lH S g”a_?n—l - jn+2||7

1Zi — Zont1—ill < z(|Zim1 — Zanta2—l|

5
+ [|Ziv1 — Tan—ill),
Additionally, from the requirements on the initial states
in (2) in Assumption 2, we can conclude that ||Z;(t) —
Ton+1—4(t)|| will satisfy the former inequalities V¢ > 0.



Furthermore, by some calculation, we can rewrite the for-

2n — 21+ 1

mer inequalities as, ||T; — Tapt1—i] < |Ziz1 —

Zonta—il|l, According to Assumption 4, we have, ||Z1(t) —

N < (N —1)(R—A), ¥t > 0 Substitute this into the
former inequalities, we have, ||Z; — Zopt1—4| < (2n — 20 +
1)(R — A). Especially for ||Z,, — 41|, we have,

1Zn — Zng1l] < (R —A). (18)

In the second step of the proof, we construct another group

of Lyapunov functions for each pair of z;, Z;y1, where ¢ =
1 L

1,...,n—1,as Vo; = = ||#; —Z;41]|?, this is still for the left-

hand part of the agents in the system as in Fig. 1. According
to Assumptions 6 and 3, the derivatives of Vj; are as follows

Vor =(&1 — 22)T[B(Z2 — T1) + B(T2 — T3) + v1]
< = Bllzn — 22| (21 — 22l — |22 — T3] — vim) ,
Voi =(&; — Zi1) T [-2B(F; — Tis1) + B(Ti—1 — 7y)]
+ B(Zit1 — Tit2)]
< =2B(|Z; — Zia |([1Z — Ziga || — [|Zi—1 — 24|
—|Zit1 — Tigall)s

where i = 2,...,n— 1. A sufficient condition under which
these derivatives of V/{y; are less than O is,

o o 1
o1 — 23l > 122 = ] + oim,
1
1Z; = Ziga || >3 (H*Tzfl = Zil + |1Zis1 — Tival]),

where v1,, is the maximal value of ||v1(¢)|| as in Assump-
tion 3. Similar as above analysis for V;, the states z;, ¢ € V
will converge to states such that the following inequalities
will always be satisfied.

- - 1
|z1 — @2 <||Z2 — Z3| + B’Ulmy

_ _ 1, _ _ _ _
1Zi = Zival] <5 (1Zi-1 = Zill + |Zigs = Tige]]),
where ¢ = 2,...,n — 1. Additionally, according to (2) in
Assumption 5, we conclude that these inequalities are always
satisfied V¢ > 0.

Furthermore, by some calculation, we can rewrite the
above inequalities as,

1
Hjl - jQH SHj‘Q - j?)” + Bvl’rru

_ 1
Tiyoll + Bvlm-

From former analysis, we have || Z,—Z, 11| < (R—A) asin
(18). By substituting this inequality in the above inequalities,

we finally have, |Z; — Z;11|| < (R—A)+ uvlm, where
1<i<n—1.

1Z: — Ziva |l <||Ziv1 —

B

Similar analysis can be applied for the other half side
containing agent 1 as in Fig. 1, so we also have, ||Z; —

Tipa| < (R—A)+

V1, 18 the maximal value of ||v1(¢)]| as in Assumption 3.
Analysis on system with 2n agents can also be applied
similarly on the system consisting of 2n — 1 agents, where
n = 2,3,.... By using the similar analyzing method and
under the conditions of initial states in (3) in Assumption 35,
we finally have the f0110w1n% results will always hold V¢ > 0.

7 = Zipa || < (R—A) +

U2ma Where n + 1 < 7 < 2n — 1

V1m, Where 1 < i <

QB 21— 2 1
_ 1 —2n +
Tip1] < (R—A)‘i‘T

n <i<2n—1. We denote d;maz, dNmaz aS,

n—1,||z; — U1m, Where

dimar = ml?lX{SltIPHfi(t) = Ziv1(t)|},

where i = 1,..., N — 1, and we denote d,,q; aS, dpmaz =
max{dimas}. From Assumption 5, we have, vy, <
Vems Vom < VUem. Then, from the results of upper bound on
the distance between neighbouring two agents on systems
with odd and even number of agents, we have, Admaz <

N
(R—A) + 5vcm By denoting, A; = A — %vcm, we
have dar < (R — Aq). From the definition of d,q., We
conclude that the states z;,¢ € V satisfy the conditions in
9) vt > 0. ]
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