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Abstract

A finite graph T" is called G-symmetric if G is a group of automorphisms of I which
is transitive on the set of ordered pairs of adjacent vertices of I We study a family of
symmetric graphs, called the unitary graphs, whose vertices are flags of the Hermitian unital
and whose adjacency relations are determined by certain elements of the underlying finite
fields. Such graphs admit the unitary groups as groups of automorphisms, and they play a
significant role in the classification of a family of symmetric graphs with complete quotients
such that an associated incidence structure is a doubly point-transitive linear space. We give
this classification in the paper and also investigate combinatorial properties of the unitary
graphs.

Key words: Symmetric graph, arc-transitive graph, unitary group, Hermitian unital,
linear space, unitary graph

1 Introduction

This paper was motivated by our interest of classifying a family of symmetric graphs with
complete quotients such that a certain design involved is a doubly point-transitive linear space.
It is known that for such a linear space the group involved is almost simple or contains a regular
normal subgroup which is elementary abelian. We handle the almost simple case in this paper.
It turns out that the most interesting graphs arisen from this classification are what we call the
unitary graphs. Their vertices are the flags of the Hermitian unital and their adjacency relations
are determined by certain elements of FZQ (see the next section for precise definition). The groups
involved in the unitary graphs are the unitary groups between PGU(3, ¢q) and PT'U(3, q).

Let G be a finite group and I a finite graph with vertex set V(I'). Suppose G acts on V(T') as
a group of automorphisms of I', that is, G preserves the adjacency and non-adjacnecy relations

of I'. If G is transitive on V(I') and, in its induced action, transitive on the set of arcs of T,
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then I is said to be G-symmetric, where an arc is an ordered pair of adjacent vertices. A G-
symmetric graph is also called G-arc transitive in the literature. There is an extensive literature
on symmetric and highly arc-transitive graphs beginning with [20]. The reader is referred to
two useful surveys [17, 18] in this area.

For a G-symmetric graph I, if V(I") admits a nontrivial G-invariant partition B = {B,C, ...},
that is, 1 < |B| < |[V(I')| and any element of G maps blocks of B to blocks of B, then we call
I' an imprimitive G-symmetric graph. In this case the quotient graph I'g of T relative to B is
defined to be the graph with vertex set B in which B, € B are adjacent if and only if there
exists at least one edge of I' between B and C'. We assume without explicit mentioning that I'g
has at least one edge. Since I' is G-symmetric and B is G-invariant, this implies that each block
of B is an independent set of I'. Denote by I'(a) the neighbourhood of o € V(I') in I' and set
I'(B) = UgepI'(a). For C € B adjacent to Bin 'z, wecallm = |{D € B: I'(D)nB =T'(C)NB}|
the multiplicity of B. Since I' is G-symmetric and B is G-invariant, |B|, |[['(C') N B| and m are
all independent of the choice of B and C. If |[I'(C) N B| = |B| or |I'(C) N B| = |B| — 1, then
I is called a multicover (e.g. [14]) or almost multicover of T'p respectively; if in addition the
edges between B and C form a matching, then I' is called a cover or almost cover [22] of I'g
respectively.

A natural incidence structure D(T', B) [24] arises when I' is an almost multicover of I'g. Its
points are the blocks of B and its blocks are the images of B(«) U {B} under the action of G,
where o € B is fixed and B(a) = {C € B : T'(C) N B = B\ {a}}. The incidence relation of
D(I', B) is the set-theoretic inclusion. In general, D(I", B) is a 1-design of block size m + 1 [24,
Lemma 2.2]. In the special case when I'g is a complete graph, D(T", B) is a 2-design that admits
G as a doubly point-transitive and block-transitive group of automorphisms. A program set up
in [24] is to classify all possible I' in the special case when I's is complete and this 2-design is
a linear space. (A linear space [1] is an incidence structure of points and lines such that any
point is incident with at least two lines, any line with at least two points, and any two points are
incident with exactly one line.) When this linear space is trivial (that is, each line is incident
with exactly two points), all graphs are classified in [24, Theorem 3.19] and interesting graphs
arise, including the cross ratio graphs [6, 24] from finite projective lines.

All nontrivial doubly point-transitive linear spaces are known [12] and the corresponding
group G is almost simple (that is, G has a nonabelian simple normal subgroup N such that
N <G < Aut(N)) or contains a regular normal subgroup which is elementary abelian. In this
paper we classify (I', G, B) such that I'p is complete and almost multi-covered by I', D(T', B) is
a nontrivial linear space and G is almost simple. The most interesting graphs arisen from this
classification are the unitary graphs; see Definition 3. Let I'"(P;d,q) (I'=(P;d, q), respectively)
be the graph [24] with vertices the point-line flags of PG(d — 1,¢q) such that two such flags
(0,L), (7, N) are adjacent if and only if L, N are intersecting (skew, respectively) in PG(d—1, q).

The following is the main result in this paper.

Theorem 1. Suppose I is a G-symmetric graph admitting a nontrivial G-invariant partition B

of block size at least 3 such that I'g is a complete graph, I is an almost multicover of I'g and
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D(T', B) is a nontrivial linear space. Suppose further that G is almost simple. Then one of the

following occurs:

(a) T is isomorphic to T (P;d,q) or I=(P;d,q), and PSL(d,q) < G < PT'L(d,q), for some

integer d > 3 and prime power q;

(b) I' is isomorphic to a unitary graph I'y x(¢q) and PGU(3,q) QG < PI'U(3,q), for a prime
power q > 2 and appropriate r, \;

(¢) T is isomorphic to one of the four graphs whose vertices are the flags of PG(3,2), and
G = Ay; these graphs have order 105 and (valency, diameter, girth) = (24,2,3), (24,3, 3),
(12,3,4), (12,3,3) respectively.

The unitary graphs I'; z(¢) in (b) will be defined in Definition 3; they are the main objects
of study in this paper. The four graphs in (c) will be described in the proof of Theorem 1 in
Section 5.

Theorem 1 relies on the classification [12] of doubly point-transitive linear spaces (which
relies on the classification of finite simple groups) and the flag graph construction introduced
in [24]. A major part of the proof of Theorem 1 is to analyze the unitary graphs. This will
be carried out in Section 3. As we will see later, the vertex set of a unitary graph admits two
natural partitions such that one of the corresponding quotient graphs is a complete graph and
the other one is not. It seems that the second quotient is interesting, and we will study its
combinatorial properties in Section 4.

In a recent paper [25] the fourth-named author used unitary graphs to obtain a lower bound
on the largest number of vertices in a symmetric graph with diameter two and degree q(¢? — 1)
for a prime power ¢ > 2.

The reader is referred to [4] and [1] for undefined terminology on permutation groups and
combinatorial designs respectively. This paper forms part of the fourth author’s project of
studying imprimitive symmetric graphs; see [5, 11, 13, 15] and [21]-[24] for recent progress in

this direction.

2 Definition of the unitary graphs

Before giving the definition of the unitary graphs, we gather basic results on the unitary groups
and the Hermitian unitals. The reader is referred to [16, 19], [8, Appendix A] and [9, Section
I1.8] for more details.

Let ¢ = p® > 2 with p a prime. The mapping ¢ :  — z? is an automorphism of the
Galois field F,
fixed field of this automorphism. Let V(3,q?) be a 3-dimensional vector space over Fgp and

which we will write as 29 = T occasionally. The Galois field F, is then the

B:V(3,¢%) x V(3,¢%) — F,2 a nondegenerate o-Hermitian form (that is, 3 is sesquilinear such
that f(au,bv) = ab?f(u,v) and B(u,v) = B(v,u)?). The full unitary group I'U(3, ¢) consists
of those semilinear transformations of V(3,¢?) that induce a collineation of PG(2,¢?) which
commutes with 3. The general unitary group GU(3,q) = TU(3,q) N GL(3,¢?) is the group of
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nonsingular linear transformations of V' (3, ¢?) leaving 3 invariant. The projective unitary group
PGU(3, q) is the quotient group GU(3,q)/Z, where Z = {al : a € F 2, a?tl = 1} is the center of
GU(3, ¢) and I the identity transformation. The special projective unitary group PSU(3, ) is the
quotient group SU(3,q)/(Z N SU(3,q)), where SU(3, q) is the subgroup of GU(3,¢) consisting
of linear transformations of unit determinant. PSU(3,¢q) is equal to PGU(3,¢q) if 3 is not a
divisor of ¢ + 1, and is a subgroup of PGU(3, ¢) of index 3 otherwise. It is well known that the
automorphism group of PSU(3, q) is equal to PT'U(3, q) := PGU(3, q) x (1)), where

Vx> a2l w e Fp

is the Frobenius map. (We may also view 1 as the element o’/ = 2P,y = yP, 2/ = 2P of PT'U(3, q)
induced by this map.)
Choosing an appropriate basis for V (3, ¢?) allows us to identify vectors of V (3, ¢?) with their

coordinates and express the corresponding Hermitian matrix of 8 by

-1
D:

= O O
O = O

0
0
Thus, for uy = (z1,y1,21), u2 = (2, y2, 22) € V(3,4?),

B(ur,uz) = —z128 + y129 + 2194,

If B(uy,u) = 0, then u; and uy are called orthogonal (with respect to 3). A vector u € V(3,¢?)

is called isotropic if it is orthogonal to itself and nonisotropic otherwise. Let
X = {<:1"7y7 Z> LT, Y, 2 S ]Fq2,$q+1 = yzq + qu}

be the set of 1-dimensional subspaces of V' (3, ¢?) spanned by its isotropic vectors. Hereinafter
(u) = (x,y,2) denotes the 1-dimensional subspace of V(3,q?) spanned by u = (z,y,2) €
V(3,4%). The elements of X are called the absolute points. It is well known that |X| = ¢® + 1,
PSU(3, q) is doubly transitive on X, and PT'U(3, ¢) leaves X invariant. Denote

0o = (0,1,0), 0= (0,0,1).

Then 00,0 € X. Any point of X other than oo is of the form (z,y, 1) and can be viewed as the
point (z,y) of AG(2,¢?) satisfying 297! = y 4 y9.

If u; and uy are isotropic, then the vector subspace (uj,us) of V(3,¢?) spanned by them
contains exactly ¢ + 1 absolute points. The Hermitian unital Ug(q) is defined to be the block
design with point set X in which a subset of X is a block (called a line) precisely when it is the
set of absolute points contained in some (uj, uz). It is well known (see [12, 16, 19]) that Uy(q)
is a linear space with ¢* + 1 points, ¢?(¢> — ¢+ 1) lines, ¢ + 1 points in each line, and ¢? lines on
each point. (Any linear space with these parameters is called a wunital.) It was proved in [16, 19]
that Aut(Ug(q)) = PT'U(3,q). Thus, for every G with PSU(3,¢q) < G < PT'U(3,q), Un(q) is a
G-doubly point-transitive linear space. (Note that either G = PSU(3, q) or G = PGU(3, ¢) x (")
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for some divisor > 1 of 2e.) This implies that G is also block-transitive and flag-transitive on
Up(q), where a flag is an incident point-line pair.

A line of PG(2, ¢?) contains either one absolute point or ¢ + 1 absolute points. In the latter
case the set of such ¢ + 1 absolute points is a line of Uy (q); all lines of Ug(q) are of this form.
So we may represent a line of Ug(g) by the homogenous equation of the corresponding line of
PG(2,¢%).

Lemma 2. Let u; = (a1,b1,¢1) and ug = (ag, b, c2) be isotropic vectors of V(3,¢%) such that
(u1) # (ug). Then for each p € 7, there are exzactly q + 1 vectors ug € V(3,¢%) such that

/B(u07u0) = _/'Lq+17 5(“07“1) = 07 /B(U.O,U.Q) =0. (1)
Moreover, any two such vectors ug differ by a scalar multiple.

Proof Since (uj) # (ua), either ajby — agby # 0, ajca — ager # 0, or byca — bacy # 0.
Consider the case byca —bacy # 0 first. Denote ug = (ag, bo, co) € V(3,¢?). From B(ug,u;) =
B(ug,uz) = 0 we have

bo = ao(a2b1 — albg)q/(Cle — Clbg)q, Co = ao(a201 — alcg)q/(bgcl — blcg)q. (2)
Plug these into S(ug, ug) = —udt! we obtain al™' = uot! /1y for a certain 7 € F? determined

by u; and uy. Since (9! /n)? = ptt! /n, we have ¢! /n € F;. Hence there are exactly g + 1
elements ag € IFZ2 such that agH = p9t1 /n and so there are exactly ¢ + 1 vectors ug satisfying

(1). Because of (2) any two such vectors are multiples of each other.

The case where a1bs — agb; # 0 or ajce — ascy # 0 can be dealt with similarly. O

Define
V(q) = the set of flags of Ug(q). (3)

Definition 3. Let ¢ = p® > 2 be a prime power and r > 1 a divisor of 2e. Suppose A € JFZQ such
that A\? belongs to the (1)")-orbit on F . containing A\. The unitary graph I, x(q) is defined to be
the graph with vertex set V(q) such that ({(ai,b1,c1), L1), ({az,ba,c2), La) € V(q) are adjacent
if and only if L; and Lo are given by:

r aip ag+ as
Li:|ly by bg+ba|=0 (4)
zZ ¢ cg+c2

r as ag+ )\qu:Tal
Lyt|y by bo+XP"by| =0 (5)
z ca g+ NP ¢y

for an integer 0 < i < 2e/r and a nonisotropic (ag, by, ¢p) € V (3, ¢*) orthogonal to both (ay, by, 1)
and (ag, bg, 02).
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Remark 4. (a) The requirement on (ag, bg, co) is equivalent to that ug = (ag, bo, co) satisfies
(1) for uy = (a1,b1,c1) and ug = (ag, be, c2), because every element of IFZ;Q is of the form —pdt!

for some p € Fzg. We will often use this fact in the sequel.

(b) The requirement on A is equivalent to that A’"" = A? for at least one 0 < ¢ < 2¢/r. This
ensures that I'; \(¢) is defined as an undirected graph. (However, I'; x(¢) is independent of the
choice of such ¢.) In fact, since r is a divisor of 2e, we have (j 4 t)r = 2e for some integer j and

so A = A" Hence the equations of L1 and Lo above can be rewritten as

x ay Aag+ /\qplim’lal x qufr+1a1 Aag + qujirag
Ly:ly by Aog+ AP "Hby| =0, Li:|y AP"Fby Abg + AP by | = 0. (6)
z ¢y Ao+ APl z APl Aeg + AP ey

Since Aug is a solution to (1) with u replaced by Ap, from (6) it follows that the adjacency
relation of I, \(¢) is symmetric and so I'; \(q) is well-defined as an undirected graph.
(c) Tya(q) has |V (q)| = ¢*(¢3 + 1) vertices. Its valency is determined by 7 and A (for a fixed

q) as we will see in Theorem 8.

Example 5. In the case ¢ = 3, r can be 1 or 2. If » = 1, then every A € Fg trivially satisfies
A = A3 for t = 1 and hence gives rise to the unitary graph I''aA(3). If r =2, then t = 0,
and A = A3 holds if and only if A = 1 or A\ = w? = 2, where w is a primitive element of Fy.
So I'21(3) and I'y 2(3) are the only unitary graphs obtained from r = 2. We will see that each
I'1 A(3) is PI'U(3, 3)-symmetric, and I'y1(3) and I'22(3) are PGU(3, 3)-symmetric. With the
help of MAGMA [2] we obtain that I'11(3) = I'21(3), ['1w(3) = T'y 13(3), I'14,2(3) = Ty 6(3),
['12(3) = T22(3) and T'y ,5(3) = Ty ,,7(3), all with order 252, and they have (valency, diameter,
girth) = (24,3,3), (48,3,3), (48,2,3), (24,3,3), (48, 3,3), respectively.

Similarly, if ¢ = 4, the only graph-group pairs are: (I'; 5(4), PI'U(3,4)), (I'2.1(4), PGU(3,4) x
(1?)), (P4,1(4), PGU(3,4)) and (I'y ,5(4),PGU(3,4)), where A € F§s and w is a primitive element
of Fyg.

Example 6. For every divisor r > 1 of e, say, e = tr, N = A\ s trivially satisfied by all
Ae ]FZQ and so I';. \(q) is well-defined. These graphs are PGU(3, ¢) x (¢")-symmetric as we will

see later.

3 Characterization of the unitary graphs

As part of the proof of Theorem 1, in this section we characterize the unitary graphs as a
certain family of imprimitive symmetric graphs admitting the unitary groups as groups of auto-
morphisms. This characterization involves the quotient of a unitary graph with respect to the
natural partition of its vertex set induced by the points of Ug(g). A major tool to be used is
the flag graph construction introduced in [24] which we outline below.

Let D be a 1-design which admits a point- and block-transitive group G of automorphisms.
For two points o, 7 of D and a line L incident with o, denote by G, the stabilizer of ¢ in G, by
G+ the stabilizer of o, 7 in G (subgroup of G fixing each of o and 7), and by G, 1, the stabilizer
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of the flag (o, L). For a subset 2 of flags of D, denote by (o) the set of flags in 2 with point
entry 0. A G-orbit Q on the flags of D is called feasible with respect to G [24] if

(A1) |Q(0)] = 3;

(A2) LN N = {o}, for distinct (o, L), (0, N) € Q(0);

(A3) Go p is transitive on L\ {o}, for (o,L) € ;

(A4) G, is transitive on Q(o) \ {(o, L)}, for (o,L) € Qand 7 € L\ {o}.

Since G is transitive on the points of D, the validity of these conditions is independent of the
choice of 0. Given a feasible Q, a pair of flags ((o, L), (7, N)) € ©Q x Q is said to be compatible
[24] with Q if

(A5) c € N, 7¢ Lbut 0 € N', 7 € L for some (c,L’), (1, N') € Q.

From (A2) both (o, L’) and (7, N') are uniquely determined by ((o, L), (1, N)). If ¥ C Q x Q is
a self-paired G-orbital of Q compatible with , define [24] the G-flag graph of D with respect
to (2, ), denoted by I'(D, Q, ¥), to be the graph with vertex set Q and arc set W. It is proved
in [24, Theorem 1.1] that, for an imprimitive G-symmetric graph (I', B) with B having block
size at least 3, I' is an almost multicover of I'g if and only if T" is isomorphic to I'(D, 2, ¥) for
a G-point-transitive and G-block-transitive 1-design D. And in this case the block size of D is
equal to m + 1 and I'g has valency mv [24, Lemma 2.1(a)], where m is the multiplicity of B. In
particular, we have:

Lemma 7. ([2/, Corollary 2.6]) Let s > 3 be an integer and G a finite group. The following

statements are equivalent.

(a) T is a G-symmetric graph admitting a nontrivial G-invariant partition B of block size s

such that I'g is a complete graph and I is an almost multicover of I'p.

(b) T' is isomorphic to I'(D,Q, V) for a G-doubly point-transitive and G-block-transitive 2-
(v,k, A) design D with (v—1)/(k —1) = s, a feasible G-orbit Q@ on the flags of D, and a
self-paired G-orbital W of Q0 compatible with €.

Moreover, v is equal to the number of vertices of I'n, k — 1 is equal to the multiplicity of B, and
G is faithful on the vertex set of I' if and only if it is faithful on the point set of D.

The design D in (b) corresponding to a given (I',G, B) is isomorphic to D(I", B) (see the
introduction for its definition) as shown in the proof of [24, Theorem 1.1].

We will need Lemma 7 in the proof of Theorem 1. At present we use it to prove the following
characterization of the unitary graphs, which forms part of the proof of Theorem 1. Denote by
B(o) the set of flags of Ug(q) with point-entry o. Define

B={B(0):0€ X}, (7)
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so that B is a partition of V(q) with block size ¢>. Denote by L(o7) the unique line of Ug(q)
through two given points ¢ and 7. For r» and A as in Definition 3, define

()]
NS

where (¥")) is the stabilizer of A in (¢"). Then k. )(q) is the size of the (y)")-orbit on F
containing A. Note that &, (¢) is a divisor of 2e/r and is equal to the least integer j > 1 such
that A7 = ).

kr,/\(Q) =

(8)

Theorem 8. Let g = p® be a prime power and r > 1 a divisor of 2e. Let G = PGU(3,q) x (7).

(a) Suppose \ € B2 such that X7 belongs to the (")-orbit on Fy2 containing A. Then I'y,x(q)
is a G-symmetric graph of order ¢*(¢> + 1) and valency k. x(q)q(¢*> — 1) that admits B
above as a nontrivial G-invariant partition such that the quotient Iy \(q)B is a complete
graph and I'y. x(q) is an almost multicover of I'; x(q)s. Moreover, for distinct points o, T of
Un(q), (o,L(oT)) is the only vertez in B(o) which has no neighbour in B(7). Furthermore,
the bipartite subgraph of I'y \(q) induced on B(o) U B(7) (excluding the two isolates) has
valency ky \(q), and each vertex of Ty \(q) has neighbours in ezactly q(q*> — 1) blocks of B.

(b) Conversely, if T is a G-symmetric graph that admits a nontrivial G-invariant partition B
of block size at least 8 such that I'p is a complete graph, I' is an almost multicover of I'g,
and D(I', B) is a linear space, then I' is isomorphic to a unitary graph I'y x(q) for some
q,7, A as above.

The rest of this section is devoted to the proof of Theorem 8. We need the following results

which can be easily verified. (We write elements of PGU(3, ¢) as linear transformations.)

Lemma 9. (a) PGU(3,q)e = {2/ = (ax + b2)/a,y’ = (ab%z + a? 'y + c2)/a,2' = z/a : a €
IFZQ,b,c €EFp,cl+c= b1y,

(b) PGU(3,¢)oco ={2' =2,y =a%y,z’ =z/a:a € Fra}.
(c) For any divisor r > 1 of 2e, (PGU(3,q) x (¥"))so = PGU(3,q)o0 x (¢7).

In the following we will use the following well known facts: for any n € Fy, the equation
29t = p has exactly ¢ + 1 solutions in IE‘ZQ; for any n € Iy, the equation x + 29 = 7 has exactly
q solutions in F .

Now we prove that V(q) is feasible with respect to PGU(3, q).

Lemma 10. (a) For any divisorr > 1 of 2e, V(q) is feasible with respect to PGU(3, q) x (7).
(b) If 3 divides ¢ + 1, then V(q) is not feasible with respect to PSU(3, q).

Proof (a) It suffices to prove that V(q) is feasible with respect to PGU(3, ¢). Obviously V(q)
satisfies (A1) and (A2). Let L : x = 0 be the line through oo and 0. Since PGU(3, ¢) is transitive
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on V(q), to prove (A3) it suffices to prove that PGU(3, ¢)o, 1, is transitive on L \ {oco}. In fact,
by Lemma 9 we have

PGU(3,q)oor = {2/ = 2,y = (a™ 'y + c2)/a,2' = 2/a:a € Fl2,c?+c=0}. (9)

By the orbit-stabilizer lemma, the PGU(3, ¢)oo -orbit on L \ {oco} containing 0 has length
IPGU(3,q)o0,]/IPGU(3,q)oo,z,0l = ¢ = |L \ {oo}| (note that PGU(3,¢)oc,,0 = PGU(3, ¢)o0,0)-
It follows that PGU(3, ¢)co,r, is transitive on L\ {oo}.

Since PGU(3, q) is doubly transitive on the set of points of Uy (q), V(q) satisfies (A4) with
respect to PGU(3,q) if and only if PGU(3, ), is transitive on the set of lines through 0
other than L. Fix such a line, say, N : y = z. The image of N under a typical element
¥ =,y =aly, 7 = z/a of PGU(3, ¢)oo,0 has equation y = a9z, where a € IF;2. Since all lines
of Un(q) through 0 other than L are of this form, it follows that V' (q) satisfies (A4) and so is
feasible with respect to PGU(3, q).

(b) By Lemma 9, the image of N : y = 2 under a typical element of PSU(3,¢),0 has
equation y = alx, where a € IFZQ satisfies a?~! = d3 for some d € IFZQ such that d?t! = 1. Since
not every line of Up(q) through 0 but not oo is of this form when 3 divides ¢ + 1, V/(¢) is not
feasible with respect to PSU(3, ¢) in this case. O

Lemma 11. For (o,L) € V(q), PGU(3, q)s,1, is reqular on the set of points of Ur(q) not in L.

Proof Since PGU(3, g) is transitive on V(g), without loss of generality we may assume o = 0o
and L : © = 0, so that PGU(3, ¢)so,z, is as given in (9). Fix a point 7 = (I,m,1) of Ux(q)
not in L, where I € Fy, and m € Fgp2 such that 19t = m + m?. An element 2/ = z,y’ =
(a?ly + cz)/a, 2 = z/a of PGU(3,q)e.r fixes 7 if and only if a = 1 and ¢ = 0; that is,
PGU(3, ¢)co,1,7 is the identity subgroup of PGU(3,¢q). Thus the PGU(3, ¢)oo r-orbit on V(q)
containing 7 has length [PGU(3,¢)co.r.| = (¢* — 1)g. Since there are exactly (¢? — 1)g points of
U (q) not in L, it follows that PGU(3, ¢)oo,r, is regular on such points. O

Proof of Theorem 8 (a) Denote I' = I'; x(q) and k* = k; x(q). Since PGU(3,q) preserves
the Hermitian form (3, one can verify that G preserves the adjacency relation of I' (under the
induced action of G on V(gq)) and hence can be viewed as a subgroup of Aut(I'). T is clearly
G-vertex transitive. We now prove that I' is G-symmetric.

Choose d € FZQ such that d +d? = 1. Then (1,d,1) € X and L : © = z is the unique line
through oo and (1,d, 1). Since an element of G fixes L if and only if it maps (1,d, 1) to a point
in L, we have

H :=Gs,1 =PGU3,¢)oo,r x (¥"), (10)
where by Lemma 9 one can show that PGU(3,¢)s,r = {2/ = (ax + (1 — a)z)/a,y’ = (a(l —
a)lx +altly +cz)/a, 2 = z/a:a € Fro,el+e=(1- a)itiy,

A flag ((ug), La) € V(q) is adjacent to (oo, L) in I' if and only if there exists ug = (ao, bo, co) €

V (3, q?) satisfying (1) for u; = (0,1,0), us = (az,ba,c2) and some p € F7; such that L and

9
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Lo are given by (4) and (5) respectively. One can see that (4) gives L : x = z if and only
if cg+ c2 = agp + az # 0. From the second equation in (1) we have ¢y = 0, and using this
the other two equations in (1) amount to al™ = 91 and agal = bocd respectively. Thus
uy = (ag, apad/(ap + a2)?,0). Since ug is assumed to be isotropic, we have (ag + az)%b2 + (ap +
az)bd = a%“, which gives exactly ¢ possible values of by for fixed ag and as. Note that for a
fixed ag, az can be any element of F 2 other than —ag. Thus, for a fixed ao, there are exactly
q(q® — 1) isotropic vectors us = (ag, ba,ap + az), of which no two are multiples of each other,
such that ((ug), L2) is adjacent to (0o, L) for some Ly through ug. Since for a fixed p any two
solutions to x4t = p9*+1 differ by a scalar multiple which is a (g + 1)st root of unity, one can

see that different pairs (ag, p) satisfying ag+1 = p?t! give rise to the same set of up. Thus it

suffices to consider one fixed pair (ag, ) only. Since PLL— qui/r if and only if P = )\pllr,
each ug corresponds to precisely k* different lines Lo such that ({(uz), L) is adjacent to (oo, L).
Therefore, the valency of (0o, L) (and hence all other vertices) in T is equal to k*q(q® — 1).

Choosing p =1, up = (1,0,0), ug = (0,0,1) and 7 = 0, (5) gives rise to the line N : y = Az
and thus (oo, L) and (0, N) are adjacent in I'.. We have Hy = (¢"), where H is as defined in
(10). An element 47" of Hy maps N to the line y = A?%”"z and hence it fixes N if and only
if W = X\ In other words, Hony = {477 : 0 < j < 2e/r, AP = A}, which is the stabilizer
of X in (¢") < Aut(F,2). Thus [Hon| = 2e/(k*r). Since |H| = 2eq(¢*> — 1)/r, by the orbit-
stabilizer lemma the H-orbit on V(g) containing (0, N) has size k*q(¢> — 1), which is equal to
the valency of (oo, L) in I' by the previous paragraph. Since H is a subgroup of Aut(I") fixing
(00, L) and (0, N) is adjacent to (oo, L), the H-orbit on V(g) containing (0, N) is contained in
the neighbourhood of (0o, L) in I'. Since the two sets have the same size, it follows that H is
transitive on the neighbourhood of (oo, L) in I'. This together with the G-vertex transitivity of
I" implies that I' is G-symmetric.

It is clear that B is a G-invariant partition of the vertex set V(q) of I'. Since Goo 1,0 = Ho =
(¥") and G0 = PGU(3,¢)oc,0 x (¥"), by Lemma 9(b) the G o-orbit containing L on the set
of lines through oo has size g2 — 1. Since I' is G-symmetric and (oo, L) is adjacent to (0, N), it
follows that exactly ¢ —1 vertices in B(oo) have neighbours in B(0). Since G is doubly transitive
on the points of Uy (q), this implies that for every pair of distinct blocks B, C € B, exactly ¢ —1
vertices of B have neighbours in C. Let Ly : x = 0 be the unique line of Ug(q) through oo and
0. One can verify that (0o, Lg) is not adjacent to any vertex in B(0) and (0, Lo) is not adjacent
to any vertex in B(oo). Thus (oo, L) is the only vertex in B(oco) without neighbour in B(0),
and (0, Lo) is the only vertex in B(0) without neighbour in B(o0). Since G is doubly transitive
on X, the last statement in (a) follows.

Since the Hp-orbit containing N on the lines of Uy (q) has size |Hp|/|Ho n| = k*, (00, L) has
exactly k£* neighbours in B(0). Since I' is G-symmetric and B is G-invariant, it follows that any
block B € B contains either none or exactly k* neighbours of any vertex not in B. Since the
valency of I is equal to k*g(¢> — 1) as shown above, each vertex of I' has neighbours in exactly
q(q®> — 1) blocks of B.

(b) By Lemma 7, we have I" = I'(D, Q, ¥) for a G-doubly point-transitive linear space D,

10
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a feasible G-orbit €2 on the flags of D, and a self-paired G-orbital ¥ of 2 compatible with 2.
From the classification [12] of such linear spaces it follows that D = Ug(q) and so Q = V(q) by
Lemma 10. We will determine all possible ¥ and prove that they produce precisely the unitary
graphs.

Let L : x = z be as above. Since 0 is not on L, by Lemma 11 any G-orbital of V'(q) should
contain ((co, L), (0, N)) for some line N through 0 but not co. Suppose this G-orbital is self-
paired. Then there exists ¢ € G that interchanges (oo, L) and (0, N). Since ¢g : 2’ = 2,9y’ =
z,7" =y isin PGU(3, ¢) and interchanges oo and 0, it follows that ¢¢g € Go 0. Thus, by Lemma
9(b), ¢¢pg is of the form: 2’ = 2Py = AP = zpkr//\ for some A € 7, and 0 < k < 2e/r.
Hence ¢ is of the form

/ kr / kr / kr
pra=al [y = NP =y A

It follows that ¢? : o/ = xP™" o = NP yp™" o/ = P =1p"" Since ¢2 fixes L and maps

(1,d,1) € L to (1, )\q_pkrdp%r, )\qpkr—1>’ where d € FZQ is such that d+d? = 1, we have AP =

1, that is, P Conversely, one can see that if ¢ above satisfies AP = A7 then it
interchanges (0o, L) and (0, V) and hence the G-orbital of V(q) containing ((oco, L), (0, N)) is
self-paired, where N : y = Az is the image of L under ¢.

The argument above shows that each self-paired G-orbital ¥ of V' (¢) should contain ((oco, L), (0, N))
for some N : y = A which is the image of L under some ¢ above such that MNP = A for some
k, and vice versa. Since 0 ¢ L and oo ¢ N, ¥ is compatible with V(q) (taking for example
L’ = N’ to be the unique line through oo and 0 in (A5)) and hence gives rise to the G-flag graph
I'(Un(q),V(q),¥). Moreover, all G-flag graphs of U (q) are of this form.

We now prove that I'(Un(q), V(q), ¥) above is isomorphic to I'; z(q). Let uy = (a1,b1,¢1)
and ug = (ag, ba, c2) be isotropic vectors with (uj) # (ug). If an element of G maps co,0 to
(u1), (ug) respectively, then it must be of the form ¢y,; : @’ = aozz:p" + alyp" + agzpir,y’ =
bozP"" + blyp” + bgzpir,z’ = coz?" + clypir + e92P" for some uy = (ag, by, co) € V(3,¢?) and
0 <@ < 2e/r. Scaling when necessary, we may assume that ¢y, ; maps (0,1,0),(0,0,1) to u, ug
respectively, so that S(u;,uz) = 8((0,1,0),(0,0,1)) = 1. Denote by A the matrix of ¢y, ; with
columns ugp,u; and up. Since ¢y,; € G, we have ATDA = D, or equivalently B(ug,ug) =
—1,B(ug,u;) = 0, 5(ug,uz) = 0. By Lemma 2 these conditions are satisfied by precisely ¢ + 1
vectors ug = (ag, bp, ¢p) that differ by scalar multiples. Thus the arcs of I'(Ug(q), V(q), ¥) are
precisely those (((u1), L1), ((ug), L2)) such that u; and ug are as above, ug is a solution to (1)
with =1, and L1, Lo are respectively the images of L, N under ¢y, ; for some ¢. On the other
hand, since L has equation = z, one can verify that L; has equation (4). Similarly, since N
has equation y = Xz, Ly has equation (5). Therefore, I'(Ug(¢), V(q), ¥) = I'y A(q). O

The neighbourhood in I'; \(¢) of a subset of V(g¢) is defined as the union of the neighbour-
hoods of its vertices in I'; x(¢). As a consequence of Theorem 8, the neighbourhood of each
B(o) € Bin I'; z(q) is equal to the set of flags {(7, N) € V(q) : 0 € N} of Un(q) whose lines do

not pass through o.

11
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4 Another quotient of the unitary graphs
Denote by C(L) the set of flags of Uy (q) with line-entry L. Let
C={C(L): Lisaline of Uy(q)}. (11)

Obviously, C is a partition of V' (¢) with block size ¢ + 1. Unlike I'; x(¢)5 = K31, the quotient
graph I'; \(q)c of I'; A(q) relative to C is not a complete graph. This section is devoted to
combinatorial properties of I'; x(¢)¢ in relation to I'; x(q).

If A # 1, denote

1—/\>q+1 (")
n=\——) - bAld=757 (12)
< A (%7 )n]
Then I, 5(q) is the size of the (¢")-orbit on F 2 containing . Straightforward computation yields
(¥")x < (¢")y and hence [, (q) is a divisor of k; x(¢). The following is the main result in this

section. (The lexicographic product of a graph ¥ with a graph A is defined to have vertex set
V(X) x V(A) such that (v,w), (v',w) are adjacent if and only if either v, v’ are adjacent in X

or v =v" and w,w’ are adjacent in A.)

Theorem 12. Let g = p° be a prime power and r > 1 a divisor of 2e. Let G = PGU(3, q) x (¢").
Suppose \ € F;g such that A\ belongs to the (y")-orbit on F 2 containing X. Denote I' = I'; x(q),
k* =krx(q) and I* =1, 1(q). Then the following hold:

(a) the valency of T'c is equal to q(q — 1) if A =1, q(¢®> — D)I* if X\ # 1 and A+ X\ # 1, and
(@+1)(@® = 1) if A+ X =1;

(b) the number of blocks of C containing at least one neighbour of a fized vertex of T is equal

toqlg—1)if \=1,q(@®> = DI* if \£1 and X+ X # 1, and q(¢*> — 1) if \+ X =1;

(¢) if X\ =1, then T is isomorphic to the lexicographic product of T'c and the empty graph of
q + 1 vertices; if A # 1 and A+ X1 # 1, then I' is a multicover of T'¢c and for adjacent
C(L1),C(L3y) € C the valency of the bipartite subgraph of T induced on C(L1) U C(L3) is
equal to k* /I*; if \+ X1 =1, then T is an almost multicover of T'c and the valency of this
bipartite graph (excluding the two isolates) is equal to k*.

We need the following two lemmas in the proof of Theorem 12.

Lemma 13. Under the assumption of Theorem 12, let d € Fp2 be such that d +d? = 1 and
d#1—X Let L:x=0and N:(1—-XNz+y+(1—X—d)z=0 be lines of U (q). Then (oo, L)
and (1,N) are adjacent in I'; \(q), where T = (—1,d,1).

Proof Choose uy = (1,—1,0),u; = (0,1,0),us = (—1,d,1),4 = 1 and i = (2¢/r) — k in
Definition 3 and (1). O

Lemma 14. Under the condition of Lemma 13, the following hold for G = PGU(3,q) x (¢"):

12
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(a) |G| = 2q(g+1)(¢*~1)e

Agtb)e ifa=1

(b) |Grnl =1 26ihe e X 21 and A+ X7 #£ 1
2e FA+ A =1

M, ifa=1

() [Gorn| =1 7, iFAAL and A+ X £ 1
2 A+ =1

T

Proof Since G is transitive on the lines of Ug(q), we have |G| = |G|/¢*(¢* —q+ 1) =
2q(q + 1)(¢?> — 1)e/r and this proves (a).
To prove (b) and (c) we need more information about Gr. Consider an element (4 ; : 2/ =
ajz?’ —|—a2ypjr —i—agzpjr, y = biaP" —i—bgypjr —i—bgzpjr, 2 = craP” —i—ch”jT + e3P of G, where A =
ap az as
bi by bs| is the corresponding matrix. Since (4; maps 00,0 € L to (as, b2, c2), (as, bs, c3)
¢ c2 c3
respectively, (4 ; fixes L if and only if ag = a3z = 0. This together with ATDA = D implies that
Ca,j € G if and only if

—a(erl +bic] 4+ b = -1 (13)
bicd + b =0 (14)
bicd + b =0 (15)
bacd + c2b3 = 0 (16)
bock + cobd =1 (17)
bscd + csbd = 0 (18)

If none of by, by and bs is equal to 0, then ¢1/b; = —(c2/b2)? = c2/bs and ¢1 /by = —(c3/b3)? =
c3/bs. Call this common ratio h. Then h + h? = 0 but (h + h?)badd = 1 by (17). This
contradiction shows that at least one of by, be and b3 is equal to 0. On the other hand, by (17) at
least one of by, b3 is non-zero. If by # 0, by = 0 but bs # 0, then ¢y = 0 by (14), which contradicts
(17). Similarly, if b; # 0, bg = 0 but ba # 0, then ¢z = 0 by (15), which again contradicts (17).
Therefore, we must have b; = 0, which implies a‘fﬂ =1 by (13) and ¢; = 0 by (14) and (15).
Scaling when necessary, we may assume a; = 1 in the following.

If ba, b3 # 0, then by (16) and (18), we have co = abs and c3 = bbs for some a,b € F . with
a+a?=b+b? =0. From this and denoting b3 by ¢, we get by = (a — b)~1c™? by (17). Hence
A is of the form

1 0 0
0 (a—b)"lc? ¢, (19)
0 a(a—0b)~te™? be

where a,b, ¢ € Fp2 such that a +a? =b+ 07 = 0,a # b and ¢ # 0.
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If by = 0 but by # 0, then co = by ? by (17) and (c3/bs) + (c3/b3)? = 0 by (18). In this case
A is of the form

1 0 0
0 0 b, (20)
0 b7 ab

where a € F2 and b € IF‘;g such that a 4+ a? = 0. Similarly, if bs # 0 but bs = 0, then A is of the

form

01, (21)

where a € Fg2 and b € Fj, such that a 4 a? = 0. Note that (19)-(21) give rise to all elements
Ca,j of Gr, where 0 < j < 2e/r.

Case 1: A =1.

In this case N has equation y = dz.

CramM 1.1: G n consists of those (4; such that 0 < j < 2e/r and A is in one of the

following forms:

(i) Ais given by (19) with a = —(bd — 1)7T[(bd — 1)%d +d®""| "' + b and ¢4+! = d@TDP’" (bd —
1)=(@1), where b € F 2 is such that b+ b9 = 0 and b # d~' — d~(++7",;

(ii) A is given by (20) with a = d~! — d~ (@)D" and pa+l = g+,
(iii) A is given by (21) with a = d~* — d~ @D+’ apd pa+l = g—(@rHE" 1),
CLAIM 1.2: G, 1, N consists of those (4 ; such that

(iv) 0 < j < 2¢/r with d”" # d, and A is given by (19) with a = 0, b = (d — d”")~* and
Tt = (d — gV’ )Tt or

(v) 0<j < 2e/r with d”" =d, and A is given by (21) with a = 0 and b9+! = 1.

Since the numbers of elements of G n of types (i)-(iii) are (¢ — 1)(q + 1)(2¢/7), (¢ +
1)(2¢/r), (q + 1)(2e/r), respectively, we obtain |G n| = 2(¢ + 1)%¢/r from Claim 1.1 and
|Goo, 1, N = 2(q + 1)e/r from Claim 1.2.

Proof of Claims 1.1 and 1.2: One can verify that the image of N under (4, € G with
A given by (19) has equation [(a + b9)bc?t! + ad”"ly = [(a + b9)c4T! + d””"]z. Thus N is
fixed by Ca; if and only if (a + b%)c?™t + 7" = d[(a + b?)bctt! + ad”’"], or equivalently a =
[dP" — bacat(bd — 1)][dP" ! + ¢t (bd — 1)]!. Plugging this into a + a? = 0, and using
b+b7 =0 and d+ d? = 1, we obtain ¢?t! = d@tDP’" (bd — 1)~(@+1) (Note that bd # 1.) Hence
a = [(bd—1)74-bd®”"|[(bd—1)2d+d®" |1 = —(bd—1)T"[(bd—1)%d+d®" ]~ +b. One can see that
(bd—1)2d+d®"" = 0 if and only if b = d~' —d~(@tD+P"" and on the other hand this particular b
satisfies b+b? = 0. Therefore, an element (4 ; of G, with A given by (19) fixes NV if and only if a, b

and c are as in (i). Such an element of G, y maps oo to (0, (a+b7)"tc™9 a(a+b?)"1c™7). Hence it
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fixes oo if and only if a = 0, or equivalently b = (d—dpjT)_l. Here we require ar’" # d. Note that
this b satisfies b+ b? = 0 and is distinct from d~! —d~ @D+ because dP’" # d —d?. (In fact, if
d”" = d—d?, then (d+d9)?"" = dP’" +d%"" = (d—d9)+(d—d?)? = 0, contradicting the assumption
d+d? = 1.) Note also that if b= (d—d”’")~! then ¢?t! = d@tDP’" (hd —1)~(a+1) = (4 — P’ )a+!.
Thus (4,; € G n with A given by (19) fixes oo if and only if it is as described in (iv).

The image of N under (4 ; € G, with A given by (20) has equation (ab?*! + dpjr)y = patly,
Hence N is fixed by such an element if and only if b%T! = d(ab?™! + dP’"), or equivalently
a=d1—b @@’ Plugging this into a+a? = 0 and using d+ d? = 1, we obtain b?+! = da+1
and consequently a = d—! — d—(@+D+P"" Thus Ca; fixes N if and only if A is as given in (ii).
This element of Gy maps oo to (0,0,b77) and so cannot fix co.

The image of N under (4 ; € G, with A given by (21) has equation (abq“dpjr + 1)y =
b?+1dP"" 2. Hence N is fixed by such an element if and only if b9 dP" = d(ab?™dP" + 1), or
equivalently a = d—! — b—(atD) g—p"" Plugging this into a + a? = 0 and using d + d? = 1, we
obtain b9t! = d=@DE" =1 and so @ = d~! — d~(@TD+9’" Hence this Ca,j fixes N if and only
if A is as given in (iii). Such an element of G x maps oo to (0,b,ab) and hence it fixes oo if
and only if @ = 0, that is, d”" = d. Note that if @’ = d then b97! =1 and so A is as described
in (v).

So far we have completed the proof of Claims 1.1 and 1.2.

Case 2: \ # 1.

Denote u =1 — X so that u # 0 and u # d by our assumption.

Consider a typical element (4 ; of Gf, with A given by (19). Set f = (a — b)~'c¢™9 so that
f#0and a =b+c 9f!. Since b+ b? = 0, one see that a + a? = 0 if and only if cf? +c?f = 0.
Thus (19) can be rewritten as

1 0 0
0 f cl, (22)
0 bf +c 9 bc

where b € Fp2, ¢, f € FZQ such that b+ b? =0 and cf?+4c?f = 0.
CrAamM 2.1: G n consists of those (4 ; (where 0 < j < 2e/r) such that one of the following
holds:
(i) Ais given by (22) with ¢ = (u— d)P P b —d) + 17! and f = [¢9T! — cp?’" (p —
d)jc™(u — d)™"", where b € F,» satisfies b+ b7 = 0, b # —(p—d)™, b # (u—
d)P’" =@+ D) =@t DE" =1 _ ( — @)L, (note that b # —(u — d)! is satisfied automati-
cally when A + A\? # 1), and in addition j satisfies

1\ @)@ =1)
(15 -

when A\ + \9 # 1;
(ii) A is given by (20) with a = (u—d)P"" —(@tD =@ D@ =D _ (;,— d)~! and b = pa@ =D (4 —
d)?, and in addition j satisfies (23) when A + A7 # 1;
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(iii) A is given by (21) with a = (p — d)’" e+ )~ D)@ =) _ (), — @)~ and b = (u(p —
d)~1)9®" =D "and in addition j satisfies (23) when A 4 A9 # 1.

CLAIM 2.2: Goo N consists of those (4 (where 0 < j < 2e/r) such that one of the
following holds:

(iv) A is given by (22) and j is such that p@D@®" =1 £ (4 — )P =1 where b = pa+DE" =1
[tV =D (4 — d)? — (u—d)?""]71, ¢ and f are as in (i) above, and in addition j satisfies
(23) when A+ \? # 1; or

(v) A is given by (21) and j satisfies p@t D@ =D = (4 — d)P’" =1 where a = 0, b = (u(p —
d)~1)9P" =D "and in addition j satisfies (23) when A 4+ A9 # 1.

One can see that the number of integers 0 < j < 2e/r satisfying (23) is equal to 2e/l*r.
Thus, by the claims above, if A\ + A7 # 1, then |G n| = 2(¢ + 1)e/l*r and |Geo 1, N| = 2¢/U*r;
and if A + A% =1, then |G n| = 2¢e/r and |G 1 N| = 2¢/T.

Proof of Claims 2.1 and 2.2: The image of N under (4; € G with A given by (22) has
equation cp?’ x + {(u— d)P"" — bet[ec — f(u— AP 1}y + e — f(u— d)P" ]2 = 0. So N is fixed
by this element (4 ; if and only if

belle — f(p—d)P"] # (u—dP”

o = p{(p—d)P" = befe — f(p—d)”"]} (24)
Ale—flp—d)”"] = (u—d){(u—d)?" —belle— f(u—d)”"]}. (25)
These hold if and only if
b(p—d)+1 # 0 (26)
fo= e e = ) (- d) (27)
¢ = (u—d)" " bl —d)+ 1] (28)

Given ¢ and f above, by using b+ b? = 0, one can check that ¢f?4 ¢?f = 0 holds if and only
if
D (= d) + (0= )] = [(p— d) + (u— D) (29)
Note that (u—d)+ (u—d)? =1—A— A% since d+d? = 1. If A\+\? # 1, then (29) can be rewritten
as (1—X\) @)@ =1 — (1—X—X9)P"" 1 which holds if and only if \@tD® =1 = (1 \—\a)P"" 1,
Using this one can further verify that in this case (29) holds if and only if j satisfies (23). Thus,
if A+ A? =1 then cf?+ c?f = 0 holds for any j, and if A + A? # 1 then c¢f? + ¢?f = 0 if and
only if j satisfies (23).
Note that (26) holds automatically if A + A9 # 1. If A+ X9 = 1 then by := —(u —d)~ ! is
a solution to x + x? = 0 and (26) amounts to b # b;. With ¢ and f above we have: f # 0 &
¢ " p—d) & e A @D (pd)t & (= d) P (= d) + 1) et (- d)?
S b by = (u—d)P’" @t~ @)@ =1 _(;, — d)~L. One can verify that by + b = 0 if (29) is
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satisfied. So b can be any solution to x + x? = 0 except b; and by when A+ A? = 1 and by when
A+ AT £ 1.

The above shows that an element (4 ; € G, with A given by (22) fixes N if and only if ¢
and f are given by (28) and (27), respectively, where b € F 2 satisfies b + b9 = 0, b # by, ba,
and in addition j satisfies (23) when A + A? # 1. This element maps oo to (0, f,bf + ¢~ %) and
hence it fixes oo if and only if bf + ¢9 = 0. Using (27), (28) and b+ b? = 0, this condition is
equivalent to that b[p@ @ =1 (4 — d)4 — (u—d)?""] = VP =1 which can not be satisfied
when p(@ )@ =1 — (4 — d)"~! as y # 0. On the other hand, if p@+DE "= £ (4 — gy’ 1,
then this condition amounts to b = bg := p@+*DE =D @@ 1) (), — d)7 — (4, — d)?"]~L. One
can check that b + b3 = 0 and b3 # by, ba.

The image of N under (4; € G with A given by (20) has equation buP’ x + [—ab?t! +
(u—d)P" |y + b7z = 0. So N is fixed by this element if and only if a # b=+ (y — d)P’",
b’ = pl—ab?t! + (u — d)P’"] and b9t = (p — d)[—ab?t! + (u — d)P"]. From this and noting
a+ a? = 0 one can verify that such an element (4 ; fixes N if and only if j satisfies (29) and a
and b are as in (ii) of Claim 2.1. (The proof above shows that (29) is satisfied when A + A7 =1
and is equivalent to (23) when A + A? £ 1.) Such an element maps oo to (0,0,b~%) and so it
never fixes oo.

The image of N under (4; € G with A given by (21) has equation b,upjrx +[1 — ab?t (-
d)P" y+b9+ (u—d)P"" 2 = 0. Hence N is fixed by this element if and only if a # b~ @1 (u—d)=#""
b’ = p[l — ab?t (p — d)P"] and b (p — d)P’" = (u— d)[1 — ab?(u — d)P’"]. From this and
using a + a? = 0 one can verify that such an element (4 ; fixes N if and only if j satisfies (29)
and a and b are as in (iii) of Claim 2.1. Since this element of G’ y maps oo to (0, b, ab), it fixes
oo if and only if @ = 0, which holds if and only if ,u(q‘*‘l)(lfjr—l) = (u— d)pjr_l.

Up to now we have completed the proof of Claims 2.1 and 2.2 and hence the proof of the

lemma. O

Proof of Theorem 12 It is clear that C is a G-invariant partition of V(g). By Lemma
13 and using the notation there, (oo, L) and (7, N) are adjacent in I' = I', x(¢). So by the
orbit-stabilizer lemma the valency of I'c is given by b(C) := |Gr|/|Gr,n|, which together with
Lemma 14 yields (a). The number of vertices in C'(L) having neighbours in C'(N) is given by
k(C) :== |G N|/|Goo,r,n|- This together with Lemma 14 and the G-symmetry of I'c implies that
I is a multicover of ¢ if A\=1or A # 1 and A+ A2 # 1, and k(C) = ¢ if A+ \? = 1. Since C
has block size ¢ + 1, the number of blocks of C containing at least one neighbour of (oo, L) is
given by b(C)k(C)/(¢ + 1) and so (b) follows. Since the valency of I is k*q(¢> — 1) by Theorem
8 and k* = 1 when A = 1, for adjacent C'(L;1),C(L2) € C, by (b) the valency of the bipartite
subgraph of I" induced on C'(L1) UC(L2) (excluding the isolates) is equal to ¢+ 1 if A =1, k*/I*
if A#1and A+ A2 # 1, and k* if A+ A? = 1. In particular, if A = 1, then I' is isomorphic to
the lexicographic product of I'c and the empty graph of g + 1 vertices. O

Remark 15. (a) Using the notation in Lemma 13, if A + A? =1, then (u) = (0,1 — A —d, —1)
is a point of Up(g) which is in both L and N. Since ((u), L) and ((u), N) are not adjacent in
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I'; 2 (q), by part (c) of Theorem 12, ((u), L) (((u), N), respectively) is the only vertex in C(L)
(C(N), respectively) without neighbour in C'(N) (C(L), respectively).

(b) In the special case when (") = (¥"),, we have k* = [* and so I'; x(q) is a cover of
I'; 2 (q)c by part (c) of Theorem 12.

5 Proof of Theorem 1

Suppose I', G, B and D(T', B) satisfy the conditions in Theorem 1. By Lemma 7, T" is isomorphic
to a G-flag graph I'(D, Q, ¥) for a G-doubly point-transitive linear space D. Since such a linear
space is necessarily G-flag-transitive, {2 must be the set of all flags of D, and ¥ is a self-paired
G-orbital of € compatible with Q. Since Q clearly satisfies (A2) and (A3), Q is feasible if and
only if every point of D is incident with at least three lines and, for distinct points o and 7, G4,
is transitive on the lines incident with ¢ but not 7.

Since D is nontrivial and G is almost simple with socle N, by [12, Theorem 1], D and (G, N)

are as in one of the following cases:
(i) D=PG(d—1,q), N = PSL(d,q), d > 3;
(ii) D is the Hermitian unital Ug(q), N = PSU(3,q), ¢ > 2 a prime power;
(iii) D is the Ree unital Ugr(q) (see [10]), N = 2Ga(q) is the Ree group, ¢ = 32*1 > 3;
(iv) D= PG(3,2), N = A;.

Note that in each case above, except N = 2Go(3) (=2 PTL(2,8)), N is also doubly transitive on
the points of D.

Case (i) In this case we have PSL(d, q) <G < PT'L(d, q) and T is isomorphic to 't (P;d, q)
or I'*(P;d,q) by [24, Theorem 3.6].

Case (ii) In this case we have PGU(3,q) < G < PI'U(3,¢) and I' is a unitary graph by
Theorem 8. Note that, if 3 divides ¢ + 1, then G # PSL(3, ¢) by Lemma 10(b).

Case (iii) It is well known that N := 2Gs(q) is transitive on the flags of Ur(q) and
Aut(Ugr(q)) = Aut(N) =2 N x Cas41 (see e.g. [7]), where Cos4q is the cyclic group of order 2s+1.
Identify Aut(N) with K := N x Co541 and let N <G < K. Let o and 7 be distinct points of
Ur(q). Since G and K are doubly transitive on the points of Ur(gq), we have G = NG, and
K = NKyr. Thus Nyr 4 Gor, Nor 4 Kor, G 1= G/N = Gyr/Nyr and (¢) = K/N = K, /Ny,.
It is known that N, is isomorphic to the cyclic group of order ¢ — 1 (see e.g. [4, Section 7.7]).
Since |G/N| divides |K/N| = 2s + 1, we may assume |G| = 25’ + 1 > 1 for some divisor 2s’ + 1
of 2s + 1 so that |Gyr| = (¢ — 1)(2¢' + 1). If (A4) is satisfied by (G,Ugr(q)), that is, Gy, is
transitive on Q(o) \ {(0, L)}, where L is the line through o and 7, then ¢*> — 1 divides |G,/
which occurs if and only if ¢ + 1 divides 2s’ + 1. However, this cannot happen since ¢ + 1 is
even but 25’ + 1 is odd. Thus (G, Ug(q)) does not satisfy (A4) and so the set of flags of Ur(q)
is not feasible with respect to GG. Therefore, no G-symmetric graph satisfying the conditions of

Lemma 7 arises from Ug(q).
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Case (iv) We may view A7 as a subgroup of GL(4,2) (= Ag) generated by

_ o o O
—_— O = O
OO O =

1
1
0
1

O = O
O = =

1
0
0 Y
1

O == =

Then A7 is 2-transitive on the vertex set V' (4,2)\{0} of PG(3,2). The only possibility is G = Ay
because Aut(A7) = Sy is not a subgroup of Aut(PG(3,2)). A typical line of PG(3,2) is of the
form L(oT) := {0, 7,0 + 7}, where o0 and 7 are distinct points of V' (4,2) \ {0}. Since G, = A4
is transitive on V(4,2) \ {0,0,7,0 + 7} (see e.g. [3]), Gy is transitive on the flags of D other
than (o, L(o7)) whose point-entry is 0. Consequently, the set Q of flags of D is feasible with
respect to G.

We now give all self-paired G-orbitals ¥ = ((o, L), (1, N))% of  compatible with Q.

Consider first the case when L and N have a common point for some (and hence all)
((e,L),(1,N)) € W. By the 2-transitivity of G on V(4,2) \ {0}, we may fix distinct 1,0 €
V(4,2)\{0} and L = L(on), and take n as the common point of L and N. It is known that each
involution of G fixes exactly three points in V(4,2) \ {0}. Choose an involution g of G which
fixes n but not 0. Set 7 = ¢9 and N = L(rn). Then ¥ := ((o, L), (1, N))% is self-paired and
compatible with Q. Since Goy, < Gy and G4y = Ay is transitive on V(4,2) \ {0,0,n,0 + 1},
Gy.,1, is transitive on the flags of D with point-entry n and up to isomorphism I'(D,Q, ¥y) is
the unique G-flag graph of D in the case when L and N have a common point. Moreover,
since PG(3,2) is G-flag transitive, we see that two flags (o1, L1), (11, N1) € Q are adjacent in
I :=I'(D,0Q,¥;) if and only if L; and N; have a common point which is neither o1 nor 7.
Since there are 7 lines passing through each point and L has two points other than o, this graph
has valency 2 - 2 - 6, diameter 2 and girth 3.

Next we consider the case when L and N have no common point for any ((o, L), (7, N))
€ V. Since D is G-flag-transitive and Gy, is transitive on the points of D not in L, in searching
for such self-paired G-orbitals ¥ = ((0, L), (7, N))¢, we may fix 0,7 and L without loss of
generality. For a fixed choice of o,7 and L, there are at most four such ¥ because there
are exactly four lines of D through 7 which have no common points with L. Choosing ¢ =
(1,0,0,0),7 = (0,0,1,0) and L = {(1,0,0,0),(0,1,0,0),(1,1,0,0)}, these four lines are N3 =
{r,(0,0,0,1),(0,0,1,1)}, No = {r,(1,0,0,1),(1,0,1,1)}, N3 = {r,(0,1,0,1),(0,1,1,1)} and
Ny = {r,(1,1,0,1),(1,1,1,1)}. Using MAGMA [2] we verified that ¥y := ((o, L), (1, N1))¢ =
((0, L), (1, No))¥, W3 := ((0, L), (1, N3))¥ and ¥, := ((0, L), (1, Ny))¢ are all self-paired, and the
corresponding graphs I'y := I'(D, Q, ¥y), I's := I'(D, 2, ¥3) and I'y := I'(D,Q, ¥y) are pairwise
nonisomorphic.

Since PG(3,2) has 15 points and 35 lines with each line containing 3 points and each point
contained in 7 lines, the graphs I';, i = 1,2, 3,4, have 3 - 35 = 105 vertices. We have |G, 1| = 24

1101
and G, 1, consists of the identity together with the involution 0 0 (1) (1) fixing both N3 and
0 001
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N4 and swapping Ny and No. Thus I'e, I's and I'y have valency 24,12 and 12 respectively. Using
MAGMA [2] we obtain that I's,I's, I'y have (diameter, girth) = (3,3), (3,4), (3, 3) respectively.
O

In Case (iv) of the proof above, the pointwise stablizer G ) of L in G is generated by

1011 1 011
01 10 0100
001 0[”|00O0°1
00 01 0 011

and is regular on the 12 points of PG(3,2) \ L. Hence the neighbourhood of (o,L) in I's
(I's, respectively) consists of the images of (7, N3) ((7,Ny), respectively) by G(ry; and the
neighbourhood of (o, L) in Ty consists of the union of the images of (7, N1) and (7, N2) by G 1.

Acknowledgment: This work was partially supported by the Italian Ministero dell’Istruzione,
dell’Universita e della Ricerca (MIUR), and by the Gruppo Nazionale per le Strutture Algebriche,
Geometriche e le loro Applicazioni (GNSAGA) during a visit of Zhou to Universita di Perugia in
2010. Zhou was also partially supported by a Future Fellowship (FT110100629) of the Australian
Research Council and a Shanghai Leading Academic Discipline Project (No. S30104).

References

[1] T. Beth, D. Jungnickel and H. Lenz, Design Theory, Cambridge University Press, Cambridge, 1986.

[2] W. Bosma, J. Cannon and C. Playoust, The Magma algebra system. I. The user language, J. Symbolic
Comput. 24 (1997), 235-265.

[3] J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker and R. A. Wilson, Atlas of Finite Groups,
Clarendon Press, Oxford, 1985.

[4] J. D. Dixon and B. Mortimer, Permutation Groups, Springer, New York, 1996.

[5] A. Gardiner and C. E. Praeger, A geometrical approach to imprimitive graphs, Proc. London Math.
Soc. (3) 71 (1995), 524-546.

[6] A. Gardiner, C. E. Praeger and S. Zhou, Cross ratio graphs, J. London Math. Soc. (2)64 (2001),
257-272.

[7] D. Gorenstein, R. Lyons and R. Solomon, The Classification of the Finite Simple Groups, No. 3,
Mathematical Surveys and Monographs 40.3, American Mathematical Society, Providence, RI, 1998.

[8] J. W. P. Hirschfeld, G. Korchméros and F. Torres, Algebraic curves over a finite field, Princeton
University Press, Princeton, NJ, 2008.

[9] D. R. Hughes and F. C. Piper, Projective planes, Springer, New York, 1973.
[10] H. Liineburg, Some remarks concerning the Ree groups of type (Gs), J. Algebra 3 (1966), 256-259.

[11] M. A. Iranmanesh, C. E. Praeger and S. Zhou, Finite symmetric graphs with two-arc transitive
quotients, J. Combin. Theory (B) 94 (2005), 79-99.

[12] W. M. Kantor, Homogeneous designs and geometric lattices, J. Combin. Theory Ser. A 38 (1985),
66-74.

20



JACO422_source [12/28 10:48] SmallExtended, MathPhysSci, Numbered, rh:Standard 21/21

[13]

[14]

[15]

[23]
[24]
[25]

C. H. Li, C. E. Praeger and S. Zhou, A class of finite symmetric graphs with 2-arc transitive quotient,
Math. Proc. Cambridge Philos. Soc. 129 (1) (2000), 19-34.

C. H. Li, C. E. Praeger, A. Venkatesh and S. Zhou, Finite locally quasiprimitive graphs, Discrete
Math. 246 (2002), 197-218.

Z. Lu and S. Zhou, Finite symmetric graphs with 2-arc transitive quotients (II), J. Graph Theory
56 (2007), no.3, 167-193.

M. E. O’'Nan, Automorphisms of unitary block designs, J. of Algebra 20 (1972), 495-511.

C. E. Praeger, Finite transitive permutation groups and finite vertex transitive graphs, in: G. Hahn
and G. Sabidussi eds., Graph Symmetry (Montreal, 1996, NATO Adv. Sci. Inst. Ser. C, Math. Phys.
Sci., 497) Kluwer Academic Publishing, Dordrecht, 1997, pp.277-318.

C. E. Praeger, Finite symmetric graphs, in: L. W. Beineke and R. J. Wilson eds., Algebraic Graph
Theory, Encyclopedia of Mathematics and Its Applications 102, Cambridge University Press, Cam-
bridge, Chapter 7, pp.179-202.

D. E. Taylor, Unitary block designs, J. Combin. Theory (A) 16 (1974), 51-56.
W. T. Tutte, A family of cubical graphs, Proc. Cambridge Philos. Soc. 43 (1947), 459-474.

S. Zhou, Imprimitive symmetric graphs, 3-arc graphs and 1-designs, Discrete Math. 244 (2002),
521-537.

S. Zhou, Almost covers of 2-arc transitive graphs, Combinatorica 24 (2004), 731-745. [Erratum:
Combinatorica 27 (2007), 745-746]

S. Zhou, Symmetric graphs and flag graphs, Monatshefte fiir Mathematik 139 (2003), 69-81.
S. Zhou, Constructing a class of symmetric graphs, Furopean J. Combinatorics 23 (2002), 741-760.

S. Zhou, Unitary graphs, J. Graph Theory, to appear.

21




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


